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AssTrACT. Let f(x) =14 Y7 1 a,x" be a formal power series with complex
coefficients. Let {r,}°’ ; be a sequence of nonzero integers. The Integer
Power Product Expansion of f(x), denoted ZPPE, is [Tt>; (1 + wix¥)"s. In-
teger Power Product Expansions enumerate partitions of multi-sets. The
coefficients {wy};> ; themselves possess interesting algebraic structure.
This algebraic structure provides a lower bound for the radius of conver-
gence of the ZPPE and provides an asymptotic bound for the weights
associated with the multi-sets.

1. INTRODUCTION

In the field of enumerative combinatorics, it iswell known that
(1) 1+ ) pn)x" =T —-x""",
n=1 n=1

where p(n) is the number of partitions of n [1]. Equally well known is the generating
function for p;(n), the number of partitions of n with distinct parts [1]
e 1+ Y palmx = T1(1+x").
n=1 n=1
Equation (2) is a special case of the Generalized Power Product Expansion, GPPE. The
GPPE of a formal power series 1+ )" ; a,x" is

o0

(3) 1+ ) apx” = [J(1 4 gux™)™,
n=1 n=1
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where {r,} _; is a set of nonzero complex numbers. If r, = 1 and g, = 1, Equation (3)
becomes Equation (2). Similarly, Equation (1) is a special case of the Generalized Inverse
Power Product Expansion, GIPPE. The GIPPE of a formal power series 1+ ;> ; a,x" is

[ee]

(4) 1+ i anx" = (1 = hpx)™",

n=1 n=1

where {r,} . _; is a set of nonzero complex numbers. Equation (1) is Equation (4)
with r, = 1 and h, = 1. The analytic and algebraic properties of the GPPE and the
GIPPE were extensively studied in [5, 6, 4]. Since Equations (1) and (2) are generating
functions associated with partitions, it is only natural to define a single class of product
expansions that incorporate both as special examples. Define the Integer Power Product
Expansion, ZPPE, of the formal power series 1+ Y " ; a,x" to be

(]

() 1+ Y apx” = [T+ wax™),
n=1

n=1

whenever {r,} ~_, is a set of nonzero integers. Then Equation (2) is Equation (5) with
rn = 1 and w, = 1, while Equation (1) is Equation (5) with r, = —1 and w,, = —1.

The purpose of this paper is to study, in a self-contained manner, the combinatorial,
algebraic, and analytic properties of the ZPPE. Section 2 discusses, in detail, the role of
integer power product in the field of enumerative combinatorics. In particular, we show
how integer power products enumerate partitions of multi-sets. We also discuss how
the ZPPE factors the formal power series associated with the number of compositions.
Section 3 derives the algebraic properties of w;, in terms of {a,};> ; and {r,};> ;. The

most important property, known as the Structure Property, writes w; as a polynomial
p(71/7’2/--/7'11)
. . L. ‘7(71/72/~-/r;1) .
the Structure Property in Section 4 when determining a lower bound for the radius of

convergence of [T 1 (1 4 w,x™)". Section 4 also contains an asymptotic approximation
for the integer power product expansion associated with 1 — Y ;s"x" where s =

in {a;}!"_;, whose coefficients are rational expressions of the form . We exploit

1 o .
sup,~1 |ax|", namely the majorizing product expansion.

2. COMBINATORIAL INTERPRETATIONS OF INTEGER POWER PRODUCT EXPANSIONS

Given a formal power series 1+ Y7 ; a,x" or an analytic function f(x) with f(0) =1
which has a Taylor series representation 1+ Y77 ; a,x", we define the Integer Power
Product Expansion, denoted ZPPE, as

(6) flx) = f—o[(l + wyx™)’,
n=1
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where {wy},._; is a set of nonzero complex numbers and {r,},._; is a set of nonzero
integers. We say (1 + w,x")™ is an elementary factor of the ZPPE. If r, > 1, an elemen-
tary factor has the form (1 + w,x") = (1 + g,x")™, while for r, < —1, an elementary
factor has the form (14 w,x")" = (1 — hyx™) =", If r, = 1 for all n, Equation (6) be-
comes the Power Product Expansion f(x) =[]~ (1+ gnx™"), while if r, = —1 for all n,
Equation (6) becomes the Inverse Power Product Expansion f(x) = 15 (1 — h,x™) L.

Given a fixed set of nonzero integers {r,},._;, there is a one-to-one correspondence
between the set of formal power series and the set of ZPPE’s. To discover this corre-
spondence, expand each elementary factor of Equation (6) in terms of Newton’s Bino-
mial Theorem and then compare the coefficient of x". In particular we find that

e L= 2 () e 1 (5 (o) 2 (50 (o)

k1=0 ka=0
Hence,

_ (" M) oo (Tl ) on .. g0
” o= (7)o 2 ) ()i ei

where | = [I1,1p,- -+ ,Ig] and v = [v1, vy, - - -, vg|. Equation (7) implies that

1 gl g\ . o v
8 w, = — | a,, — Ty... 0 wl...w9
Z]'<1’l
We formalize the above discussion in the following proposition which is a statement
about a bijection between the sequence of the coefficients in a given power series and

the sequence of coefficients in its ZPPE expansion.

Proposition 1:Let {r, } -, denote a sequence of nonzero integers. Let wy € C,k =1,2,..., be
an infinite sequence. Let the symbol TT5>; (1 + wixX)"* stand for the infinite product
) [T+ W) = (1 4+ wyx) (14 wpx?)™2 - - - (14 wexk)" - - -

k=1
Then there exists a unique sequence a, € C,n = 1,2, ..., such that in the sense of power series
the following holds

[e0]

(10) 1+ ) ax" =]+ wiexk)x,
n=1 k=1

Conversely, let a, € C,n = 1,2,..., be an infinite sequence. Then there exists a unique
sequence of elements wy € C,k = 1,2,..., such that the identity (10) holds. Moreover, the
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elements wy have the representation provided by Equation (8).

The one-to-one correspondence of Proposition 1 has many combinatorial interpre-
tations. Let n be a positive integer. A partition of n is a sum of k positive integers
ir such that n = iy +ip + -+ + 4. Each i for 1 <[ < k is called a part of the par-
tition [1]. Without loss of generality assume 1 < i; < ip < --- < i < n. Given
n =1y +1ip+--- + i, we associate each part ik with the monomial x*. Then each sum-
mand of } 7% (x ( k)] =14 xi + x% 4 x3* 4 ... represents the part i, occurring j times,
and the product T, Y320 (x')) = [T524 (1 — ') 7! becomes

(11) [Ta-x)t=@1-x)t1-x?)11-2)"" Z

i=1 =0
where p(n) is the number of partitions of n. Equation (11) is Equation (6) with r, = —1
and w, = —1 for all n. To obtain a combinatorial interpretation for Equation (6) with

ry = 1 and w, = 1 we observe that

[ee) (o)

(12) [Ta+x) = 1+x)A+x)A+2%) =} pa(n)x,

i=1 n=0

where p;(n) counts the partitions of n composed of distinct parts [1], where a partition
of n has distinct parts if n = iy +ip + - - + i and i; = iy if and only if | = p.

Equations (11) and (12) may be combined as follows. Let {ry}> , be a set of integers

such that for each k, ry = 1 or v, = —1. Furthermore require that wy = r;. Equation (6)
becomes
(13) H(l +rx!)li = Z py(n)x",
i=1 n=0

where py(n) is the number of partitions of n composed of unlimited number of copies
of the part x* if 7, = —1, and at most one copy of the part x* if r, = 1. For example
suppose that r; = —1if i is odd and r; = 1 if i is even. Equation (13) becomes

(1—2)"11+x2) 1 =) T +2H(1 - 2°) 11+ %) Z

In Equation (13) we required that r, = £1. Let us remove this restriction and just
assume {ry}72_, is an arbitrary set of integers. Define

(14) sg(ry) =4 —1, ry < —1.
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Is there a combinatorial interpretation for [13>; (1 + sg(r;)x')"i? To answer this ques-
tion we need the notion of a multi-set. Let {r;},.; be a set of nonnegative integers.
Define the associated multi-set as 112"2.. . kk ..., where k' denotes r; distinct copies
of the integer k. If ry = 0, there are no copies of k in the multi-set. Given {r;};-, a set
of positive integers, we form the generating function

15  [Ja+a)i =4 nnd ) (At = Y pa(n),
i=1 n=0

where p;(n) counts the partitions of ncomposed of distinct parts of the multi-set 1112”2 . ..

To clarify what is meant by distinct parts when working in the context of multi-sets, it
helps to introduce the notion of color. Each of the r; copies of i is assigned a unique
color from a set of r; colors. Differently colored i’s are considered distinct from each
other. Thus p;(n) counts the partitions of n over the multi-set 1"12"2.. . k"% ... which
have distinct colored parts. As a case in point, take the multi-set 1224334, and repre-
sent it as

{1r,1B,2r,28,20,2y,3R,38,30,4r, 48, 40,4y, 4} where the color of the digit is denoted
by the subscript and R = Red, B = Blue, O = Orange, Y = Yellow, and G = Green. The
generating function for this multi-set is [Tt_; (14 x™)" = (14 x)2(1+x2)*(1 +x%)3(1+
x*)> where exponent of x denotes the part while the exponent of each elementary factor
denotes the number of colors available for the associated part.

Equation (15) is the multi-set generalization of Equation (12). There is also a multi-
set generalization of Equation (11). Assume r, is a positive integer. Equation (11)
generalizes as

16) ﬁlu )= (L= 2 (1 )1 ) = iomn)x",

where p(n) is the number of partitions of n associated with the colored multi-set which
contains an unlimited number of repetitions of each integer k in r; colors. In other
words, the multi-set is S7'S72...S! ..., where S; = {i,i+i,i+i+1i,...}. The factor
(1—x))i = (14« +x% +x% +...) corresponds to {i,i +i,i+i+1i,...} replicated
in r; colors. As an example of Equation (16), let r1 = 2, ro» = 1 and r3 = 3. The
associated generating function is (1 — x)~2(1 — x?)~!(1 — x3) 3, and the multi-set con-
tains two copies of {1,1+1,1+1+1,...}, one in Red and one in Blue; one copy of
{2,242,2+2+2,...} in Red; and three copies of {3,3+3,3+3+3,...} in Red, Blue,
and Orange.

We combine Equations (15) and (16) as
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o0

(17) [T +sg(ri)x i

i=1

where py(n) is the number of partitions composed from |r;| copies of M;, where
M; = {i,i+ii+i+i,---}ifsg(r;) = —1, and M; = {i} if sg(r;) = 1. As a spe-
cific example of Equation (17), let ry = —1, r, = 2, and r3 = —2. Then M; =
{1,1+1,14+1+1,---} occurs in Red, M, = {2} occurs in Red and Blue, while
M; = {3,34+3,3+3+3,---} occurs in Red and Blue, and the associated generat-
ing function is (1 — x) (1 + x?)2(1 — x%)2.

Equation (17) is the multi-set generalization of Equation (13). To further generalize
Equation (17) we multiply each part i of the multi-set with the weight w; to form

o0

(18) [0 +sgrwi’)’ = Y pra@, )",
n=0

i=1

where py(@,n) is a polynomial in {w;};-, such that each @ is the sum of monomials
wilwy? ... wy', where Y | iny = n and a,, counts the number of times colored part m
appears in the partition. If sg(r;) = —1, there are |r;| colored copies of the weighted
multi-set M; = {w;i, w;i + w;i, wii + w;i +w;i...} = {kw;i};> |, and each kw;i is associ-
ated with the monomial wk(x')¥ = wkx. If sg(r;) = 1, there are r; colored copies of
the weighted multi-set M; = {w;i}, where w;i is associated with the monomial w;x!
In the case of the previous example with rqy = —1, r, = 2, and r3 = —2, we now
have one copy of the weighted multi-set {w , w1 + w1, w1 + wy + w1, - - - }, two copies
of the multi-set {2w,}, and two copies of the multi-set, and the generating function is

(1 — wix) 11 4 wox?)?(1 — w3x®)2.

The combinatorial interpretations of Equations (11) through (18) originated from the
product side of Equation (6). To develop a combinatorial interpretation from the sum
side of Equation (6), define f(x) = 1 — 37, a,x" where {a,}; , is a set of positive
integers. Equation (6) implies that

(19) 1— Y apx™ = TT(1+wux™)™
n=1 n=1

Take Equation (19) and form the reciprocal.

1 1 s
20 - = — = 1+ wyx™)~ ",
( ) 1— anl anx” Hn:l(l + wnxn)rn }:[1( n )
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Equation (20) shows that the reciprocal of 1 —}_” ; a,x" is also a ZPPE. Expand the
left side of Equation (20) as

2
+

3
4+

k
+ ...

1 J—
1—Y% jauxt

(o0]
Y anx"

n=1

1+ianx”+

n=1

o o
Y apx” Y anx"
n=1 n=1

=1+ ) Cn,1)x"+ )Y Cn,2)x"+---+ ) C(nk)x"+...

n=1 n=2 n=k
00 n

=1+ ) ZC(n,k)] x",
n=1 k=1

where C(n,k) is a polynomial representation of the compositions of n with exactly k
parts such that the part i is represented by 4; and the + is replace by *. In other words,
C(n, k) is composed of monomials ca; a;, . . . a;_such that i 4-ip 4. .. i is a partition of 7.
Recall that a composition of a positive integer n with k partsisasumi; +i; +...iy = n
where each part i; is a positive integer with 1 < i; < n. The difference between a
partition of n with k parts and a composition of n with k parts is that a composition
distinguishes between the order of the parts in the summation [?, 2]. Our combinatorial
interpretation of C(n, k) is verified via a standard induction argument on k.

Since

1) ! =1+ i

(o)
1 - Z7’121 [ann n=1

n [ee]
Y. C(n,k)] xXMi=1+ ) Cux,

k=1

we may interpret C, to be the sum of all non-trivial polynomial representations of the
compositions of n with k parts, i.e. C, is a polynomial representation of the compo-
sitions of nwhere C, is constructed by taking the set of compositions of 7, replacing
i with a;, replacing + with %, and summing the monomials. If a, = 1, C(n,k) is the
number of compositions of n with k parts, while C,, is the total number of compositions
of n. In particular, we find that

1 _ 1 +(x)2+m+<x)k+
I-Yoax" 1—(%) 1—x 1—x 1—x
(22) =14+ ) X"+ | Y2 YA A+ )X+
n=1 n=1 n=1 n=1
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Define [y, x"]* = ¥ €(I,k)x! whenever k > 1. Clearly €(I,1) = 1 and a standard
induction argument on k shows that C(I, k) = (l ~1). Equation (22) then becomes

2 3 k
—10 D DE LR DI B DI L SRR DI Ll I
1- Zn:l x n=1 n=1 n=1 n=1
—1+2Cn1 é 2)x" 4+ Y C(n, k) +
n=1 n n=k
© | XA & n—1 "
= Z Z 1—1—21]; 1) *®
k=1 n =

o0

n—1.n
22 x".

Our calculations have proven of the fact that number of compositions of # is 2" !, and
the number of compositions of n with k parts is ('Zj) See Example 1.6, Page 44 of
[2] or Theorem 3.3 of [8]. But more importantly, by combining our observations with
Equation (20), we see that the ZPPE [T;_; (1 + w,x") "™ provides a way of factoring the
series 1+ ) ;7 | C,x", where C, is the polynomial representation of the compositions of

n.

3. ALGEBRAIC FORMULAS FOR COEFFICIENTS OF INTEGER POWER ProDUCT EXPANSIONS

In this section all calculations are done in the context of formal power series and
formal power products. For a fixed set of nonzero integers {r,}? ;, there are three
ways to describe the coefficients of the ZPPE in terms of the coefficients of a given
power series. First is Equation (8). An alternative formula for {w,}?’ ; is found by
(~ ) (@)

k

computing the log of Equation (6). Since log(1 + w,x") = Y72, , we

observe that

= n\r = n > > (—1)k_1(wnx
(23) log [[(1 4+ wux™)™ = Y rplog(1+wux™) =) )
n=1 n=1 n=1 k=1

Represent log f(x) = Y3 ; Dix¥. Comparing the coefficient of x° in this expansion of
log f(x) with the coefficient of x° provided by the expansion in Equation (23) implies
that

(24)

(nl»—\

o0
Z E Yir wl.
n

Solving Equation (24) for ws gives us



COMBINATORIAL ANALYSIS OF INTEGER POWER PRODUCT EXPANSIONS 9

s s
Ds — %2n|5 (_1)” 1nrnwﬁ

(25) ws = nzs
Ts

Although Equations (8) and (25) are useful for explicitly calculating w;, neither of
these formulas reveal the structure property of w, crucial for determining a lower
bound on the radius of convergence of the ZPPE. Take Equation (6), define a, = Cy ,,
and rewrite it as

1 + Z Cl,nxn = (1 -+ wlx)’l [1 —+ Z Czlnx”],
n=1 n=2

where 1+ Y77 5 Co yx" = [Ten (1 + wyx™)™ . Next write
1+ Y Copx™ = (14 wpx®)2[14 Y C5ux"],
n=2 n=3

where 14+ Y 7”5 C3 ,x" = [T5_3(1 + w,x™)"™. Continue this process inductively to define

(26) 1+Z X = (14w )1+ Z Ci1,nx"],
n=j+1

where 1 + Z;’f:j Cjnux" = Hf:j(l + wpx™)™ and 1+ ZZO:]'H Ciy1ux" = HZ":].H(l +
wyx™)"". By comparing the coefficient of x/ on both sides of Equation (26) we dis-
cover that w; = % for all j. This fact, along with Equation (26), is the key to proving

the following theorem.

Theorem 3.1. Let j be any positive integer. Define Cjo =1and C;jy =0for 1 < N <j—1
Let {rn};>_, be a set of nonzero integers. Assume that C;y < 0forall j < N. Then Ci1qn <0
whenever j+1 < N.

Proof: Our proof involves two cases.
Case 1: Assume r; > 1. Then (1 + wx/)"i = (1+ gg/)", and Equation (26) is

equivalent to

(27) 1+ ), Ciax" = (1+gn)™
n=j+1

1+ c]-,nx”] :

n=j

Online Journal of Analytic Combinatorics, Issue 11 (2016), #2
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Newton’s Binomial Theorem and (7*) = (—1)¥(*"{ ') implies that

L+ ), Graax" = |1+ Z ( k ) (g |1+ 2 Cjmx"
n=j+1 n=j
k(titk—1 Nk a "
= |1+ Z(—l) L (giX)| |14 ) Cjnx
L k=1 n=j
L +k—1\C; oo
=1+ Z(_l)k(r]Jr >%x]k 1+ ) Cinx"|,
L k=1 k " n=j

. . C;
where the last equality uses the observation that w; = g; = i,

Tj

If we compare the coefficient of x° on both sides of the previous equation we discover
that

(rj+k—1)
(28) Cit1s = 2 (—1)kr#kcj’fjcj,n
n+jk=s j
Equation (28) may be rewritten as
(29) Cit1s = A+B,
where
( f+k—1) (r]+j_1) (r,j§;2)
A=) ( 1) kk C]k]C]'” B:= —(=Cj) — 1571 (=Cjj)-
n+jk=s r] r] r]
n#0,j J ]

rj+(k—1) L L A
We begin by analyzing the structure of A. If r; > 1, then ( r’; ) _ itk 1)15!2;" 2)-7]
is always positive. By hypothesis C;; < 0 and C;,, < 0. Hence Ck ;Cjn is either zero or

(+k 1)

has a sign of (—1)¥1. Therefore, (—1)*
() =

% Ck Cjn is either zero or has a sign of
i
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We now analyze the structure of B. Unless j is a multiple of s, B vanishes. So assume
? = k where k > 1. Then

(]ic ) k kl(]fc—l) k
B = R ( C]]) (-1) 1 i
] ]
1’]'+IA<—2 1’]'-0-]2 2
_r]+k (k—l)_ Nk 12—1(12—1) fc
= i 7 (=Cj))" +(=1) = G
] j
r]—i-k 2 - ~
_ iU ) o [ rm+k-1
= (-1) Ll |- 1
rjf i T]k
(r]+12—2) - ~
_ (_1)12_1 kA_l f( —1’] —k—|: 1 +1’]k
r;(_l I i T]k
+k—2 - N
N P B P Y |
(30) — (_1)k—1 kA—l Ck' ( ] )E )
pk=1 I rik
j L )
+i< 2

] N
If rj > 1 then ——— g= is positive. By hypothesis C;; < 0. Thus, the sign of C]-k, j is either

]
r]-+k72

(—1)]2 or zero, and (—1)]2_1(’%;11@‘ is nonpositive. On the other hand, r; > 1, with
r],_ 1]
(r—1)(k-1)
r-k
Equation (30) shows that B is either zero or negative.

k > 1, implies that is positive or zero. The representation of B provided by

Case 2: Assume r; < —1; that is 7; is a negative integer which is represented as —|r;|,
and (14 w;x/)i = (1 —hjx/)~ I"il. Equation (26) is equivalent to

1 + Z Cj+1,nx” = (1 — h]x])|r1|
n=j+1

1+ i Cj,nx”]

n=j
_ (Il Yk ]
_Hk;(k)( h) 1+Z

[ () ()
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where the last equality follows from the fact that w; = —h; = % If we compare the
]
coefficient of x° on both sides of the previous equation we find that
()
(31) Citis= ), (-1 ) = %S nc]k]
jk+n=s ’ ‘
Equation (31) may be written as
(32) Cit15s=A+B,
where
B (7 _ g L GT)
A= ¥ (ADEEC G Bim (-G (-1) oh
n-jk=s 7] |1 7 |]_1
n#0,j J ]

<p

]
nonpositive numbers and is either zero or has a sign of (—1 )k“. Thus (—1)ij,nC].k, jis

Since |r)| is a positive integer, 0. By hypothesis C; nC is the product of k +1

either zero or negative, and A is nonpositive.

It remains to show that B is also nonpositive. Notice that B only exists if ? is a positive

integer, say = k. Then B becomes

_ 1l € A N\ C
B= —1"( 1>4{+ ~1 k—l(A ! >—l']

(=D ¢ B A P P

ct

A|(|VJ|_1> C]] (_1)121<|J|> jj
Ak 7l k—1) |rf1
_ DR {_T<Im| —1) . (Alrjl )1

it L kN k=1 k—1

_ (_121271 <|r]-| _1>CIT‘. _1+ ’1’]'|
’1’]'|k_1 k—1 1] i k |1’]|—k+1

(—D)F Ll =1\ 4 [(rl+ D) (k=1)
(34) :—f(< ] . )Ck ]

(3) = (-1)f

=t N\ k=1 )77 k(I —k+1)
Since |r;| and k are positive integers (‘ k| ) > 0. By hypothesis C’T‘- is either zero or has
a sign of (—1 ) Thus & i (|r - 1)Ck is nonpositive. It remains to analyze the sign

|‘k1

of the rational expression inside the square bracket at (34). The sign of this expression
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depends only on the sign of |rj| — k — 1 since the other three factors are always nonneg-
ative. If [r| — k+1 >0, then il +1 > k, and the rational expression is nonnegative.

If |rj| +1— k<0, then1< rj| < k — 1, which in turn implies that (‘k| 11

again the quantity at (34) is nonpositive. Only one case remains, that of |rj| +1 = k.

) = 0. So once

N - + 1 CE
Notice that 1 < |rj| = k— 1. Then B = (—1)"*1#, a quantity which is either zero or
j

has a sign of (—1)’%’1(—1)]2 = —1. In all three cases we have shown that B is nonposi-
tive. 0

If we use the notation of [3], we may transform Theorem 3.1 into a theorem about the
structure of the C; 1 ;. Define &« = (ji, 2, . . ., jn) to be a vector with n components where
each component is a positive integer. Let A = A(«) be the length of &, i.e. A = n. Let |«
denote the sum of the components, namely |a| = Y {_; js. The symbol C;, represents

the expression C; ;, C; ;, ...Cj . For example if « = (2,3,4,3), then A =4, |a| = 12, and
C

_C. C2 .
j(2343) — C]rZC]/3C]/4C]/3 C,,zC]-/3C],4.

Theorem 3.2. (Structure Property) Let j be a positive integer. Then
(35) Cirrs = L= e(a(1), 1,9)ICinq

I

where the sum is over all unordered sequences a(l) = (j1,j2,...jx) such that |a(l)] = s
and at most one j; # j . The expression |c(«(l),],s)| denotes a rational expression in terms
of j, s and |rj| which is nonnegative whenever |rj| is a positive integer. Furthermore, define
Ciag = = C;j,Cjj,---Cjjr- If Cjs < 0 for all nonnegative integers j and all s > j, Equation
(35) is equivalent to

(36) Citv1s = — Z| )/J.s HC]]1HCJ]2|

where the sum is over all unordered sequences a(l) = (jy, j2, - - .jA) such that |a(l)| = s and at
most one j; # j .

Proof. If r; > 1, we have Equation (29) which says C;;1s = A + B, where

ri+5—1 ri+S—
(T S : )
py— — / i i /
A=) (-1 — GG Bi=—— (=G + (1) =G
n+jk=s j r! rl —1
n=£0,j J ]

r]+k 1

For A we represent C]-]‘,]-Cj/n as Cj (1), and as |c(a(1),7,s)|. Notice that (—1)F =

]

(—1)M«()=1, For B we combine via Equation (30), let C;-(A’]- = Cja(y, andle [c(a(]),j,s)| =

Online Journal of Analytic Combinatorics, Issue 11 (2016), #2
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(rf,f;z) (r—1)(k—1)
: a2y

k— r:k
re
j j

If r; < —1, we have Equation (32) which says Cj 1 = A + B, where

() (7 GOy

- 2 s s_q 7 H

A= ) (VRGCw  Bi= e (G + (D) G
n—&-;élf);S ] ‘7’]"7 |1’]'|J —1
n#0,j

[l

For A we represent C 'iCin as Cjay and % as |c(«(1),],s)|. Notice that (—1)F =
] ~
(—=1)M*)=1, For B we combine via Equation (34), let C]’.‘,]. = Bj a1y, and [c(a(l),],s)| =

Iril 1 . X
(/ D (rl+0)(k=1)  k=1)(Irj[+1) (17| = 1) (rj—=2)...(Jrj| —k+2)
|r \k Uk(rl-k+1) 7<=kt

A — 2 C
k+1,then B = (—1)k1 i

|I"k 1

as long as |rj| # k+1. 1f rj| =

and Ck = Cjq() while [c(a(]),j,s)| = 1 O

[rjl<
If we take Equation (35) and iterate j times we discover that

(37)  Cisrs = Y (—DM D e(a(D), ] s D s)|aj, llag| - - a1,

l

where where the sum is over all a(I) = (j1, 2, - - - ja) such that [a(l)| = s and |c(a(]),],s)|

is a rational expression in ., S, and {|r; ] which is nonnegative whenever |r;| is a pos-
tJi=1 !
itive integer.

If s = j + 1 Equation (37) becomes

Cit1,j+1 = Tj1Wjr1 = Z(—l))‘(“(l))jq|C(“(l)/f)|aa(l)
]

(38) = —Z|C ||ﬂ]1||a]2| |aj/\|/

where the sum is over all unordered sequences a(!) = (j1, 2, ... j1) such that |a(l)| =
j+ 1. For {]rzl}{: a set of positive integers, the coefficient |c(«(!),j)| is nonnegative. If
rit1 = 1, Equation (38) implies that w; 1 = gj11 is negative. If rj; < —1, Equation (38)
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implies that w;, 1 = —hj1 is positive. We explicitly list w; for 1 <i < 6.
1 r—1 1
— (=1 0~ , — (=1 1 2 -1 0~
wy = (—1) o wy = (—1) pTa a; + (—1) 02
r2—1 1 1
wy = (—1)%2 a3 ~1)Zaa .
3= ( )3r%r31+( )73124—( )r33
rn—1, 21+71(2r—1) 5 321+ 2rra =13 + 217 =1y
wy = (—1)1 a -1 asa -1 a
4 ( ) 21,21,4 2+( ) 21,11,21,4 1 2+( ) 87’%7’27’4 1
1 1
+ (—1) —aias + (—1) —ay
ra ¥4
1 1 1
ws = (—1)2r—a%a + (=) Za0a3 + (—1)*=aya3 + (—1)°—alap + (—1) -y
5 5 5
ri—1 1
1(—1)4 5 101,
(U (1 s
r 1
We = (—1)2—a%a4 + (=1)" —apay + (— )1 23 a%
r3t¢
12 +3r2r;+ 1 2r3 — 1
+ (=131 1 3 —1)2 a1a-a
(P s+ (1P ey
r2—1 — 1173 + B3F113F3 — F17r2 + 1 1
+ (122 (-1 22 T ket (—1)0 g,

3rre 21131316 6

4r2 — 4r2r2 — 312p5 + 67113 + 12721275 — 37 1
432 172 1’3 173 172"3 3a‘11a2+(—1)1r—a1a5
6

12r213r3r6
5.2 3 2 2 5 4 5 5 )3 )
+(=1)° 12rir5r3 — 9ryrs + 3r{rs — 12r5r3 — 3r{rs + 9rar] — 4rjr; + 8rar] — 4rir; p
72r?r%r3r6 1

4. CONVERGENCE CRITERIA FOR INTEGER POWER PrODUCTS

Let {r,},_; be a set of nonzero integers. The structure of w; provided by Equation
(38) allows us to prove the following theorem.

Theorem 4.1. Let f(x) = 1+ Yo 4 aux" . Let {r,},_, be a given set of nonzero integers.
Then f(x) has ZPPE

(39) f(x) =1 + Z anx” = H(l —+ wnx”)’”.
n=1 n=1
Consider the auxiliary functions
(e ) oo - n
(40) Cx)=1-Y laalx" =] (1 . sg(rn)an”> ,
n=1 n=1
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(]

(41) M(x)=1— i Mux" =TT (1 —sg(rn)Enx")™.

n=1 n=1

where sg(ry) is defined via Equation (14). Assume that |a,| < M, for all n. Then |wy,| <
W, < E, for all n.

Proof: By Equation (38) we have

(42)

wp= Y, (DM e@l),m)laygy = Y, (DM e(a(l), n)lajaj, - a),,
I|a(l)|=n I|a(l)|=n
Equation (42) implies that

(43)

wa = | Y (=DM c(a(l),n)|aja;, .05 <Y Jela(l),n)||ag||ay] - |aj,|-
Lla(l)|=n Lla(l)|=n

Equation (38) when applied to Equation (40) implies that

0< W, = | % (=DM je(a(l), n)| (—la; ) (=1ag]) - .- (~aj,])
I:|a(l)|=n

= Y (=DM c(a(),n)|(|a; ) (|ap,]) - - (aj,])

La(D)|=n

(44) = ) lela(D),m)l|ajllaj| .. |aj,].

I|la(l)|=n
Combining Equations (43) and (44) shows that |w,| < W,. Since |a,| < M, we also
have

0<Wo= Y Je(a(D),n)llajllag].. 1ol < Y le(a(l),n)|M;M,,...M;

jir = En
I|a(l)|=n Lla(l)|=n

where the last equality follows from Equation (38). Thus W, < Ep. U

We now work with a particular case of M(x), namely

(o]

(45) M(x)=1—) s"x" =T (1 —sg(rn)Exx")™,  s:=sup |2 7.

n=1 n=1 n>1
We want to determine when the ZPPE of Equation (45) will absolutely convergent.
Recall that

o n\l
log(1 — sg(ru)Exx") = rylog (1 — sg(ry)Enx") = =1y Y (Sg(fn)lEnx )
I=1
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Then
(46)
108 H (1 — Sg(rn)En Z n 10g 1 — sg(rn Enx Z Z Sg Enx )
n=1 =1 =5

Equation (46) implies that if the double series is absolutely convergent, then both
Yo 1 tnlog (1 —sg(ry)Eyx™) and 1y, log (1 — sg(r,) Enx™) are absolutely convergent. Fur-
thermore, the absolute convergence of the double series implies the absolute conver-
gence of [ (1 — sg(ry)Exx™)™ since

ern=1Tn10g(1—sg(ru) Enx") _ o152 log(1—sg(rn)Enx")™" _ ﬁ (1 — sg(rn)Enx”)r"
n=1
Thus it suffices to investigate the absolute convergence of Y )” ; 7, log (1 — sg(r,) E,x").
If we take the logarithm of Equation (45) we find that
(47) Y rnlog (1 —sg(ru)Enx") = log (1 -Y s”x”) :
n=1

n=1

Now

ad ad SX 1—2sx
1 myl 1 _ n_1_ _ )
nglls X sx Z(sx) T 1 e

Therefore,

log (1 — 2sx> = log(1 — 2sx) —log(1 — sx)

1—sx
_ i (2sx)"
N n

n=1

_|_
INagk

3
I
2
I
—_

By the Ratio Test we know that Y0 ; 1 2 (sx)" absolutely converges whenever
(1 2n+
(n+1)(1— 2”

limy; 00

|sx| < 1. This is ensured by requiring |x| < 5.

We have shown that " ; 7, log (1 — sg(r,) E,x™), and thus [T (1 — sg(ry)Exx™) " will
be absolutely convergent whenever |x| < 2% We claim this information provides a
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lower bound on the range of absolute convergence for the ZPPE of Equation (39) since

logH (14w, x™)n| = Zrnlog (14 wux™)| < Y |7ra] log(1 + wpx™)|

n=1 n=1 n=1
0 o 1\k—1 n\k 0 o n\k
n=1 k=1 n=1 k=1
00 0 E, |x|? k
< ¥ 3 B
n=1k=1

where the last inequality follows by Theorem 4.1. These calculations implies that if

Yo Y w and hence Y"7° |, log (1 — sg(r,)E,x"), are absolutely conver-
gent, then anl rnlog(1l 4+ w,x™) and [T (1 + w,x™)™ will also be absolutely conver-
gent. We summarize our conclusions in the following theorem.

Theorem 4.2. Let f(x) = 1+ Y07 qanx". Let {r,},_, be a given set of nonzero integers.
Define s := sup, ]an\%. Then both f(x) and its ZPPE,

flx)=1+ Z apx" = H(l + wyx™),
n=1 n=1
and the auxiliary function, along with its ZPPE,
(48) M(x)=1—) s"x" =1 —sg(ra)Eax")"™,
= n=1

will be absolutely convergent whenever |x| < ».
We now provide an asymptotic estimate for the majorizing GIPPE of Equation (48).

Theorem 4.3. Let f(x) = 1— Y0 s"x" = 1222 where s > 0. Let {ry )5, be a sequence
of nonzero integers. For this particular f(x) and its associated Z.PPE [T (1+ wyx™)™ we
have

_ 9n\an
(49) TRy ~ %, n — oo.

To prove Theorem 4.3 we need the following lemma.

Lemma 4.4. Let f(x) = 1— Y0 s"x" = 122 where s > 0. Let {ry};,_, be a sequence of
nonzero integers. For this particular f(x) and its associated ZPPE 151 (1 + wpx™)™ there
exists o with 1 < a < 2 such that

(50) m|tm| |wm| < a2™s™.

1|7 |||

Proof: A straightforward calculation shows that 2s) < 1.691 whenever 1 < m <

30. To prove Equation (50) for arbitrary m assume inductively that j|r;| |w]‘ < a2lsl is
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true for 1 < j < m. Our analysis shows that we may assume m > 16. Take Equation
(24) and write it as

m
(51) mD,,, + Z (—=1) nnryw) = mrywy,.

and we deduce that that D,,, = —
Take Equation (51) and write it as
M[Dyp+T1+To+ T3+ Ty + Ts + To + T7 + A] = mrywm,

where

The range of summation of A implies that m > 16. In order to prove Equation (50) it
suffices to show that

mi\r w m
|(;ns|)|mm\ = oy D+ T4 Tt T Tad Tt To+ Ty -4
m
(52) < oy [Pl + [Tal +1Tal + [T + [ Tal + |T5| +|Te| +[T7] + |A]) <2

whenever m > 16. We must approximate 55 m |Dm| m [ T;| for1 <j <7, and mm |A.
Begin with 57 7| Dm| and observe that

(53)
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We now work with ﬁ |T;|. Take the formulas for w; provided at the end of previous

section, let a; = —s', and simplify the results to find that
2 3 (7,2 7 6

S s°(3r; — 1 s2(7r; — 1 s’ (127r7 — 1
U 1 IR s IR

r1 2r11o 3rir3 7riry

s4(=9r3 + 30131y + 617 — 21, — 17) $°(31r; — 1)
Wa =~ 3 Ws==""%a_

8rirary 5rirs
w0 — — s8(—4ryr3 — 1213r3 + 3r3r3 + 561315 + 81r3r} + 75613r3r3 — 1961313 — 811315 — 27ri’r3).
72r1r2r3r6

We use this data to approximate ﬁﬂ” for 1 <j <7. When doing the approxima-
tions recall that r; is a nonzero integer for all j and that m > 16.

m |71] s \" 1 1 1
54 M o= 0L (5 2 o2 < <0.000016
GY e TiI= gy (w) 2@yt = 2 = i =

m m_4 m_q
m |T|_2|rz| 3ri—1[2 ] 3rp —1]|3r;— 1|27 [3ry — 1|31 —1]2
(zs)m 2 47 2r112 N 2 8r1ro 8rirp N 4rq 8ri11o
5) S (3, 1) (3%In" T_onyi oy 0078195
—\4 4|rl| 8|72 —\2 - \2)
When approximatin m T3| use the fact that T3 = 0 if 3 1 m.
9% &
3|13 7r%—1 S 3| o) 72 1|’
(2s)m|T3| Y = 3T |32 =33l |7, 3
73 83 37’1 r3 241’1 r3
71 i 18
72 —1| |72 = 1|3 7/8\3 ' _7/1\* ' 7/1}\°
56 — |1 1 <= <= =_-(=] <0.00361
©e) 8rs || 24rirs — 8 (24) — 8 (3) 8 (3) =
m m
m 7| —9r3 +30r3ry + 613 —2ry — 11| 4 alry —9r3 +30r3ry + 613 —2ry — 11 | 4
T = i = 4lr
(2s)m 4 T (4% 813121y ! 2713ro1y
m

-1

| =91 4+30r3ry + 618 — 21y — 1y
25131,

—9r3 + 30131y + 612 — 21y — 1
2713rar4

(57)
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When approx1mat1ng m | Ts| use the fact that Ts = 0 if 51 m.

m |Ts| 5|rs| 317/11_1 i 5|75 317%_1 > 317‘%-1 317“11—1 5
= m = r _ —
@)% (25)F | brirs N 2550 24 || 250
31 /32\51 31 /32\7 " 31/32)\°
58 <3 < 1 =2 (22) = 000775
) — 32 <160) ~ 32 (160) 32 (160)

When approximating | Te| use the fact that Tg = 0 if 6 1 m.

m

m
W|T6| =
—4r11’2 127‘2r3 + 3r1r3 + 561’21’1 + 8173,1’1 + 756rlr2r3 — 1961’172 81r?r3 — 27r:15r3 o
(26) 3 721’1 1’27‘31’6
— 6|7 —4r1r2 12r2r3 + 3711’3 + 56r21f1 + 811/31’1 + 756r1r2r3 — 1961’11‘2 811’?1’3 — 271’:151’3
32291713316

817%1’3 — 277‘;’1’3 .

—4ryr5 — 121573 + 3r3rs + 561313 + 8lrsry + 756r3r3rs — 1961373 —
- 3128131313

4r1r2 — 12r2r3 + 3r173 + 561’21*1 + 811‘31’1 + 756r1r273 — 1961’1r2

m
== l
SIr?r3 — 277?1/3 6

322917131376

(59)
1216 1216\ & !

When approximating - m | T7| use the fact that T, = 0 if 7 { m.

m m ﬂ_l
Mg 7|17 12710 — 1|7 i 127/ - 1|7 [127/6 — 1| |127/6 — 1|7
A m - m = T _ —
@7 @)F | 7 " 277 276 || 277r8r,
127 / 128 \7°' 127 /128 \ 71 127 /128 \2
(60) =7 (—7127r7> <> (7127) = > (—7127> <0.021
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It remains to approximate &|A| Here is where we make use of the induction
hypothesis. We also use the fact the 7 > n implies 7% > 2. By definition we have

=3

m 1 m 1 w2s"
Al < < fe v
oy S g L el < o b il (o)
B>n>8 2>n>8
B nlral (1 )"
B P (|_>
14
n>n>8
m*l m
o a5l AN
L (e ()
;: (n|rn\> ;:‘ n ;1: 8
n>p>8 B>n>8 F>n>8
o Bl % o 2 x 2
61 < <_> — 8 | _ T B L
€D <o) (5 “{1—% 8=l =% [8-2] 7373

We now take Equations (53) through Equation (61) and place them in

mielfnl < i (D + |Ta| + | Tal + | Ts| + | Ta] + | Ts| + | Ts| + | T7] + |A]] to find that

M| ¥ || Wi | m [
(2s)m = (2s)™

2
<1+ 0.000016 + 0.0078125 + 0.00361 +- 0.08 + 0.00775 + 0.111 + 0.021 + 3
<19 <2

Dl +|Ta| + [To| + T3] + | Ta| + [Ts| + | Te| + [T7| + [A[]

Equation (52) is valid and our proof is complete. O

Proof of Theorem 4.3: Equation (24) implies that

k k
(62) kriw, = kDy + (—1)kr1w]1‘ -+ Z (=1)nnryw;;.
nlk
E>n>2
For f(x) =1—Y7",s"x" we have D} = M Thus Equation (62) is equiva-
n=1 k q q
lent to
k k k 5 \* LS k
(63) kriwe = —(2s) (1 —27") 4+ (=1)"r <_r_) + Y. (—1)nnryw;.
1 n|k
§2n22

Define
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k
T) = (2K +1)sF, T, :=n (S—l) , A

4]

23

Equation (63) becomes krywy = T1 + To + A. Lemma 4.4 implies there exist a« with

1 < &« < 2 such that

(64) n|wn| < nlry| |w,| < a2"s".

By definition

k k
Al=] Y (—1)nnr,w)

nlk
E>n>2
1
< a(2s)k ) —
nlk LZ)n
%ZHZZ (tx)
1 20
= a(2s)k + —
( ) (2)%71 k
L\«
1 2
(65) < a(2s)k - +2
@k
L\«

< a(2s)" 1k
f=n>2 (3)"
1
+ Z k_q

Define M := Zgznzfs( )1k1
% n

b(n, k) = —log[(8)" '] = — (4 -
ab(n, k) k1 n 1k

(66)

Equation (66) shows that b(n, k) is increasing in n whenever n > 6 . Hence

b(n, k) < b(g,k
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and each term in Z% 6 ;kl satisfies e/ (k) < e—2log(5) — i—g’ . Therefore
()"
1 1 1 1 36
e N Sty S ) D
T R S
1 1 1 36
< T + i -+ - +kk—2
(3)° (%)4 (3)°
1 1 1 36
(67) = + + +22

CIR O ER ) L

These calculations imply that limy_,, M = 0 . By combining Equation (65) with Equa-
tion (67) we deduce that Th

lim A
k—oo |(—1 4 27K)|(2s)k

lim
k—o0

(—2K+1)sk

a(2s)k 1 2u
= Z4+M| =0
o (142 R)@)F | (2)5F Tt

[

Hence limy_,, (—2’<AT)51< =0.
We return to Equation (63) and observe that
s — T: n T, n A
TR Tk
k
s n(i@)
n k k k
C(—2F 4 1) - 1 B A
k ATl (=2k+1) (=284 1)k
_2k 1 k
= % [14+0(1)] =kDi[1+0(1)]. O

Remark 4.5. Theorem 4.3 provides an asymptotic bound for the weights assigned to underlying
colored multi-set of Equation (18).

The authors thank the referees for their careful reading of the paper and thoughtful

suggestions regarding improvement of the exposition.
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