IRREDUCIBLE FACTORS OF THE ¢g-LAH NUMBERS OVER Z
QING zOU

ABSTRACT. In this paper, we first give a new g-analogue of the Lah numbers. Then we
show the irreducible factors of the g-Lah numbers over Z.

1. INTRODUCTION

In combinatorics, the Lah numbers are used to count the number of ways a set of n
elements can be partitioned into k nonempty linearly ordered subsets. These numbers
were first discovered by Ivo Lah in 1955. Usually, the Lah numbers were denoted by
L(n, k) and defined as

(1) L(n k) = (Z:DZ—:

It is straightforward that L(n,k) can also be represented as

2) L(nk) = <’Z) ((Z - il)):

Another kind of numbers related to Lah numbers is r-Lah numbers, which were

denoted by L Z

;
of the set {1,2,--- ,n} into k nonempty ordered lists, such that the numbers 1,2,-- - ,r
are in distinct lists. The r-Lah numbers have the following explicit formula

3) {nJ _(n—r)(n+r—1)!_(n+r—1)(n—r)!
k|, k—r) (k+r—1)! k+r—1) (k—r)"
There are some results on r-Lah numbers recently, see for example [1, 2, 3].
In this paper, we would like to introduce the g-analogue of the Lah numbers given
by (1), which we call them g-Lah numbers. Before introducing the g-Lah numbers,

several notations need to be introduced.
The basic notation of this paper is the quantum factorial symbol, which is defined as

. The r-Lah numbers were used to count the number of partitions

n—1

(g =] - xgF), 0<g<1.
k=0

Date: March 24, 2017.
2010 Mathematics Subject Classification. 05A10, 33D05, 12D05.
Key words and phrases. Lah Numbers, g-Lah Numbers, Irreducible, Cyclotomic Polynomial.



2 QING ZzOU

Let x be a real number, the g-real number of x is defined as

1—g*

In particular, when k is a positive integer, [k]; = 1+ ¢+ - + g is called g-positive
integer. It is clear that [k]; is irreducible over Z. The k-th order factorial of the g-
number [x], is defined as

(1-g)A—g" 1. (1—g" "

(1—q) '
In particular, [k];! = [1]4[2],- - - [k]; is called the g-factorial. The g-binomial coefficient
is defined as

[x]qu = [x]glx =15 [x —k+1]; =

[x] B R C i [C ot A R ¢ Skl A
kl, [k 1-q)1-g*) - (1-9g%

In particular, for a positive integer n,

H __ @ga
ko @@ a)n—x
With these concepts, we can now define the g-Lah numbers as

) Ly(n,k) = {Z:Hq [n],!

[K]g!

Actually, at the end of Wagner’s beautiful paper [4], Wagner also gave three kinds of

g-Lah numbers as follows,
. nlgt n—1
Ly(n, k) := e <k—1)'

~ n! {n—1
) q

and
k(k—1)

Ly(n,k):=q 2

Ly(n, k).

The reason why we use the g-Lah numbers defined by (4) instead of these three kinds
of g-Lah number is though these three kinds of g-Lah numbers are g-analogues of the
Lah numbers, they do not generalize L(n,k) “completely”. In other words, these three
kinds of g-Lah numbers do not hold the property like Property 2.2 we will show in
next section. However, both Lah numbers and r-Lah numbers hold the same property.
In the remaining of the paper, the term g-Lah numbers and the notation L,(n, k) refer
to the g-Lah numbers defined by (4).
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In next section, we will discuss the basic properties of the g-Lah numbers L,(n, k).
Next, we would like to introduce another concept, the n-cyclotomic polynomial. Let
®,,(q) be the n-cyclotomic polynomial,

Du(q)= ] (g—e™/m).

o<m<n
ged(m,n)=1

It is well-known that ®,(q) € Z[q] is the irreducible polynomial for e>™/". The poly-
nomial x”* — 1 has the following factorization into irreducible polynomials over Z:

(5) M —1=]]oix).
jln
With these definitions and notations in hand, we can now start our discussion.
2. BAsic PROPERTIES OF q-LAH NUMBERS

In these section, we would like to introduce two basic properties of g-Lah numbers.

Property 2.1. The relation between q-Lah numbers and Lah numbers is
lim Ly(n,k) = L(n, k).
qg—1

This relation can be obtained by the following two limits.

lim {Z} = lim (q;q)”
q

g—1 =1 (4 )T 9) n—k
1-q)(1—¢*)---(1-q")
g1 (1—q) - (1-g)(1—¢q)---(1-g"7F)
— lim A+ +qg+q)---(A+g+--+4"")
g—1 (1—|—q)---(1+q—|—---qkfl)(l-l-q)---(1-I-q-|-----|-q"*k+1)
I1x2x---x(n—1)xn
:1><2><---><(k—1)><k><1><2><---><(n—k+1)><(n—k)

i =1

11113}[”]01' }If}[l]q[z]q [l
1—q1—q2”.1—q”
—11—g1—gq 1—9q

=lm(1+q)- - (L+q+--+q"")
g—1

=1l Xx2X---xn=nl

By Property 2.1, we can now claim that g-Lah numbers are g-analogue of Lah numbers.
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Just like (2) and (3) for Lah numbers and r-Lah numbers, g-Lah numbers also have
the same relation, which can be stated as the following property.

Property 2.2. The q-Lah numbers have the following formula
n—1] [nlg!  [n] [n—1]g!
© L k) = | }_:H_.
”’ k=1, Wt~ k), T 1

Proof. By the definitions showed in last section, we have

(GDn1 (@q)a (1—9)F
Ly k) = o G s @ L)
@ (@@)ea Q=g
(@@ Dk (@ @)k (1 —q)
_ [n [n—l]
k], Te—1],!
Thus, (6) holds true. O

3. IRREDUCIBLE FACTORS OF THE q-LAH NUMBERS

In this section, we will mainly focus on irreducible factors of the g-Lah numbers over
Z. 1t is clear that the g-Lah numbers always have the following irreducible factors over
Z,

2]g,- -+ [nlg-
.. _n—1 [n]q! e
This is because L;(n,k) = k—1| T, [n]y! = TTL[i]q = TTiL,[ily and we have
q tq:

mentioned above that [i], is irreducible over Z. So, we call [2],,---,[n], the trivial
irreducible factors of the g-Lah numbers over Z. By these trivial irreducible factors, we
get the following congruence

Ly(n, k) (mod H

Except for these trivial irreducible factors, g-Lah numbers also have some other irre-
ducible factors under certain condition.

Theorem 3.1. Suppose 2k < n + 1. Not including these trivial irreducible factors mentioned
above, the g-Lah numbers Lq(n, k) have at least other k irreducible factors over Z.

Proof. By the definition of g-Lah numbers, we have

e = [ 23] i

(k]!
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Since [5, Theorem 2] is important to our statement. Let us recall it here. Let | x| stands
for the largest integer less than or equal to x. Then by (5), we can get that

mq B (q;qui]i;;)q)n

/i
= (@i(g) """
oo k/i] oo (n—k)/i
I 1<<I> >” (i) "
n/z —|k/i]—|(n—k)/i]
_H )

Suppose n —k+1 <i < n. When 2k < n, we have that i > k 4 1. So,
R
i i i

These give us that when 2k < n, {Z} has at least k irreducible factors over Z: ®,,_;.1(q),
q

D, ri2(q), -+, Pu(g). By this statement, we can say that when 2k < n +1, {Z : ﬂ
q

has at least k — 1 irreducible factors over Z: ®,,_,1(9), Py _x12(9), -, Pu_1(9)-

There are two ways to show that ®,(g) is also an irreducible factor of L;(n,k). The
tirst way is as follows. By (5), we can obtain that

(q, ch[n/zj

which implies that ®,(g) is also an irreducible factor of Ly(n, k).
Another way to show this is to use Property 2.2. By Property 2.2, we have

Lo(nk) = [”] Dl by
1 k ] [k —1],!
Then according to [5, Theorem 2], we know that ®,(g) is also an irreducible factor of
Ly(n, k).
To sum up, we can say that ®,,_,1(9), P, _r12(9), -, Pn(q) are k irreducible factors
of Ly(n, k) in this case. O

According to this conclusion, we can derive the following corollary at once.

Corollary 3.2. For 2k < n + 1, we have the following congruence

k—1

Ly(n,k) =0 (mod .lqu)”_i(q))'

Here, we would like to introduce another irreducible factor of a very special L,(n, k).

Online Journal of Analytic Combinatorics, Issue 12 (2017), #E1



6 QING ZzOU

Theorem 3.3. For the special case n = 2k. In addition to these trivial irreducible factors and
the k irreducible factors mentioned in Theorem 3.1, 1 + g* is also an irreducible factor.

Proof. Since [6, Proposition 3.7]

Lt = 1+g+---+g" +q 04+ 447 1+ 4451 (1-4¢%)

(14+g+---+g1) _1+..._|_qk—1_(1_qk)'

Thus,

o [2k=1] _ (- @@ur  _ @@ _ [2k
(144 ){ k L_ 1—g" (@@ (97 {kL'

Furthermore, by the definition of Gaussian polynomials, it is clear that [2kk— 1} =
q

{Zkk__ﬂ . These give us that
q
2% o [2k—1] o [2k—1
I a2 —asm T
q q q
Then the conclusion follows from the above formula and Property 2.2. U

With this we can get the following congruence
Ly(2k,k) =0 (mod (1+4)).
Theorem 3.4. Let {x} denote the fractional part of x. ®;(q) (1 < i < n) is an irreducible
factor of Ly(n, k) if and only if {k/i} > {n/i}.

n

k
only if {k/i} > {n/i}. So, we can get that ®;(g) (1 <i < n) is an irreducible factor of

Ly(n, k) if and only if {k/i} > {n/i} because {n} is a factor of L,(n, k). O

Proof. It is straightforward that ®;(q) (1 <i < n) is an irreducible factor of { } if and
q

k
q

According to this theorem, we have

Corollary 3.5. The congruence
n
Lq(n,k) =0 (mod H@i(q))
i=1

holds if and only if {k/i} > {n/i}.
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