A g-SYMMETRIC ALGORITHM AND ITS APPLICATIONS
TO SOME COMBINATORIAL SEQUENCES

ISTVAN MEZO AND JOSE L. RAMIREZ

ABSTRACT. In this paper, we define the g-analogue of the so-called symmetric infinite
matrix algorithm. We find an explicit formula for entries in the associated matrix and
also for the generating function of the k-th row of this matrix for each fixed k. This helps
us to derive analytic and number theoretic identities with respect to the g-harmonic
numbers and g-hyperharmonic numbers of Mansour and Shattuck.

1. INTRODUCTION

The Euler-Seidel algorithm is a useful method to study some recurrence relations and
combinatorial sequences such as harmonic numbers, hyperharmonic numbers, Lucas
numbers and polynomials, hyper-Fibonacci numbers, Bernoulli, Euler and Genocchi
polynomials, among others. For more details, see for example [7, 8, 10, 11, 12, 15, 16,
19].

Dil and Mez6 [9] introduced a new method called the symmetric algorithm, which is
an analogue of the Euler-Seidel method. This new method takes two initial sequences
as an input, and the output is an infinite matrix. The elements of this matrix are
obtained by the recurrence relation

0

>
ay=a, g +a, ", (nk>1),

Date: September 24, 2017.

1991 Mathematics Subject Classification. 05A30, 11B65.

Key words and phrases. g-symmetric algorithm, g-hyperharmonic numbers, g-harmonic numbers, com-
binatorial identities.

The research of Istvan Mez6 was supported by the Startup Foundation for Introducing Talent of
NUIST. Project no.: S8113062001. And by the National Natural Science Foundation for China. Grant no.
11501299.



2 ISTVAN MEZO AND JOSE L. RAMIREZ

that is, the elements are given as the following scheme shows:

Recall that the Euler-Seidel matrix [10] is defined by

A =a, (>0

aﬁ = a',fl +a'fljrll, (n>0k>1).

Clarke et al. [5] introduced a g-analogue of the Euler-Seidel matrix and with this they
studied the g-analogue of the results of Dumont and Randrianarivory about the com-
binatorial interpretations of the coefficients of the Euler-Seidel matrix associated to 7!
[11]. The g-analogue of the Euler-Seidel matrix is defined by the following recurrences:

an(x,q9) = an(x,q), ag(x,q) =a"(x,q), (n>0)
ay(x,q) = xqay t +ai(xg),  (nk>1).

This algorithm was recently generalized by Cetin-Firengiz and Tuglu [3].

Recently, Ramirez and Shattuck [17] introduced the following g-analogue of the sym-
metric algorithm:

a(11,0,q) = an(x,q),  ah(u,0,9) = a"(x,q), (n>0)
ak(1,0,q) = vak_y (1,0,q) + ug" >k N (u,0,q),  (n,k >1).

In this paper our goal is to introduce a different g-analogue of the symmetric al-
gorithm. Then we use this new method to study the g-hyperharmonic numbers and
g-harmonic numbers. Moreover, we give several analytic and number theoretic identi-
ties.

2. A g-ANALOGUE OF THE SYMMETRIC INFINITE MATRIX

Definition 2.1. Let (an(x,9))nen, (" (x,q))nen  be two real sequences with
ao(x,q) = a%(x,q) = ad(x,q). We define the elements of the q-symmetric infinite matrix
associated with these sequences via the following recursive formulae:

(1) ay(x,q) = an(x,q), ag(x,q) =a"(x,q), (n>0)
) ak(x,q) = af_1(x,q) +xq"a H(x,q), (n,k>1)
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Note that if x = 1 = g we obtain the matrix of Dil and Mez6 [9].
We need some notation from g-theory. The g-binomial coefficient is defined by

I

n

(a;9)n =[] (1 —ag)

where

I
[ay

stands for the g-Pochhammer symbol.
Another way to write the g-binomial is

with [n]; =14g+---+¢" 1 and [n],! = [1],[2]; - - [n],.
With this notation, we can find an expression for an arbitrary entry of the g-symmetric
infinite matrix.

Theorem 2.2. Let n,k > 0, not both zero. Then the entries of the q-symmetric infinite matrix
are given by

k ; n
n+k—i—1| ; _ n+k—s—1
an(x,q) =) { "1 }%(xrq)(qx)k REDD { (1 ]ag(x,q)qks-
i=1 s=1
Proof. We proceed by induction on s = n + k. The statement clearly holds when n = 0
or k = 0 (in particular, when s = 1). Suppose that the result holds for all i < s. We are
going to prove it for s + 1, where n,k > 1. We have two cases; if s+1 = (n+1) +k,
then

a1 (%,9) = ay(x,9) + xq" a3 (x,q)
K n+k—i—1] i L n+k—s—1

= Z{ "1 }ﬂo(x,q)(qX)k XY { (1 }ag(x,q)q’“
i=1 s=1

k—1 o ) )
+xg" (Z {n Tk 11 ah(x,q)(gx)* 1

s=1 h

k= 1%{n+k—s—1] O (x q)q(k—l)s)

Y ([“k_z_l] +q" [Hk_i_lD ag(x,q) (q%)* " + ag(x, q)

: n—1 n

L ([n+k—s—-1 n_seqn+k—s—1 "
o q k-1 ] o H{ k-2 D a3 (%, 0)4"° + x4 (x q)q "
s=1

I \
[y

Avg
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From the defining recursions

AR e N e

we get that
k n+tk—i i ( Yei 4 gk
a1 (%,q) = ap(x,4)(qx)"" + ap(x, q)
n
k ntk—s| o 0 1)k
+x ;{ 1 } 2, )q" + 2"l (x, )Y
k n+1
n+k—i n+k—s
=) af(x, ) (g) T+ 25 Y ad(x, )4,
i=1 n =R
In the other case when s + 1 = n + (k 4 1), the result similarly holds. O

In the theory of infinite symmetric matrices, the form of the generating function of
the rows has crucial importance.
Now we introduce the following generating function:

That is, a(z) is the generating function of the input sequence a,, (initial row).

Theorem 2.3. Let (a,(x,q))nen and (a"(x,q))nenN be two initial sequences. Then the gener-
ating functions of the kth row of the q-symmetric infinite matrix is

4E) = 3 it = ST 4oy WA
n=1 i=1

Proof. From Theorem 2.2 we get that
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00 k+1 n — )
Y aingzt =) (i[ e “}aé(ac,q)(qx

= n n - n+k n
Y 60 (gD ) 3 [ ! ]Z

n=0
o

+ iaéfl(x,q)(qx)“ y [ ke l}

n

= (aé(x,qqu)kz FAHY (g

n=0

k oo g
+Zaz+1(x q) qu zZZ {n—i_: l]zn

- ,:o " (b s+ )

. n+k n = n n
=) { ]Z (ﬂ%(x,q)(qx)“rxk“ Y- a3, )g DOz )

) (qk+1z)n+1)

n
k 00 .
- i n+k—i
s o ]zn
i=1 n=0
— kg gkt )Z{”:k}z +Zaz+1 ol 122[n+:_1]z”
n=0 n=0
, 1
kL ( gkt i1y x)k-i
=x"Ta + a Z—.
@ ( )k+1 ; (z@)k-it11

Online Journal of Analytic Combinatorics, Issue 12 (2017), #7



3.1. g-hyperharmonic

numbers. Mansour
g-hyperharmonic numbers:
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3. APPLICATIONS

BN

i=1

= Zquq(i,r —1).

and Shattuck [14]

introduced

the

The hyperharmonic numbers, as referred to by Conway and Guy [6], correspond to the
q = 1 case of Hy(n,r) and have been an object of previous study (see, e.g., [2]).

In [14], the authors gave a combinatorial proof of the following result. Here it will
be proven by the g-symmetric algorithm (1).

Theorem 3.1. If n > 1,k > 1, then

(3)

Proof. Let aO(x,q) =
symmetric algorithm (1) with x = g, we obtain the following infinite matrix:

qln+1],

H,(1,0) H,(2,0) H,(3,0) H,(4,0)
Hy(1,1) Hg(2,1) Hy(3,1) Hy(4,1)
Hq(l,Z) Hq(Z,Z) Hq(3,2) Hq(4,2)

1

and aj(x,q)

j=1

Then from Theorem 2.2 we get:

a

k+1
n+1

(x,q) =

k+1

)3

i=1

[”+k;i+ 1} it +qk+1”i1 {

[Tl‘f—k—l] e l"‘i{

e

‘(
‘|

:

I=0

n—+r—
r —

1

j- 1} g7

ire

n+k—
k

k4 h] gD =)
2{ } m—h+2]; |’

1

n+k—s+1

k

q(k+1)(s+1)

[s + 2],

(k+1)s

} ‘16[75 +1

)

= g"! be given for n > 1. From the g-

where | = k —i and h = n —s. From the g-binomial identity (see, e.g., Theorem 3.4 of

[1])
(4)

|

n+m+1
m-+1

|-zl

m—+
m

] qj,
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we get
k+n+1 "o Tk+h q(k—l—l)(n—h—H)
k+1 4 000
(5) anJrl(x q) _q <|: 7’l+1 :| +}§)[ k :| [n_h+2]q
B qknil |:k—|—h} q(kJrl)(Tl*h‘Fl).
=l k| [n—h+2]
Therefore

©) dhor() = Hy(n k) =4 T

This finalizes the proof. U

The following result has already been proven by Mansour and Shattuck in [14] by a
different method.

Theorem 3.2. The generating function of the g-hyperharmonic numbers is

 —log,(1-q"2)

k>0
9(z;9)k

-_ 7

Z Hy(n, k)z"
n=1
where —log, (1 —1t) := Y4 [ ] is the q-logarithm function.

Proof. Let a)(x,q) =
with x = g, we obtaln

[n«lkl] and all(x,q) = g"~! be given for n > 1. From Theorem 2.3

agk

AX(z) = Y Hy(n+1,k)z" _Ean+1k)z — Hy(1,k) = ZHq(nk — g1,

n=1

and thus
Y Hy(n,k)z" = zA*(z) + ¢ 'z
=1

On the other hand,

k k k 2k—i—1
ARz = 10002) - 4 .
) (z5 )k ,221 (Z @)k—it1
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By using the following equation

> 1 1 & 1 1
k k_\n k_\n
a zZ) = _ z = — z —
(72) ; qln + 1]q(q ) qkz ; q[n]q(q ) q
1 [—log(1-¢%2)\ 1 —log(1—4"2) 1
q*z q q gtz q’
we get
—log (1 — gkz k-1 ko 2k—i—1
Ak(z) = 81172 g vy
q9z(z; q)k e S (@Zrin
It is not difficult to show that
k qZk i—1 qk—l -
Z Z = —q -,

= (Z @i (ZWI)k

from where it comes that

0 —log (1 —g*z —log (1—q"*z
5 H, (n, k)" — g, (1-42) 1,y ey g,(1—¢ ).
=1 9(z; )k 9(2; )k
The proof is then complete. u

Corollary 3.3. The generating function of the hyperharmonic numbers is
Z H(n’k)zn — M, k Z 0.
= (1 —2z)k

3.2. Some number theoretical results for the g-harmonic numbers. Taking a slightly
modified version (see, e.g., [18]) of the Mansour-Shattuck g-harmonic number yields
some connections to number theory. Namely, let

i 1

(7) Hn/q — .

i=1 [klg
Then

Proposition 3.4. We have

Z Hyqq" = Z d(n)q"

n>1 n>1
where d(n) = Y4, 1 is the divisor function.

Proof. By definition,

Since
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we have
o0 oo n 1 o0 o0 n
Y Hugg" =(1-9) Y gy = =1-q) L )
n=1 n=1 k=1 q k=1n=k q
00 qk 00 qk ()
=(1- = =Y d(n)q"
LD VY e R R DY ey DR

g

3.3. A recursion with respect to (7). Since the harmonic numbers satisfy the identity

Hy= ) (Z) (_1k)k+1,

k=1

one might think

(8) Hn,q = Z {Z} ag

k=1

holds for some sequence a; with the g-binomial coefficients instead of the classical
binomial coefficients. This is so, but a; does not have a simple form. In order to find
ax, we shall need the notion of the g-Seidel matrix of Clarke [5]. Given a sequence 4y,
the g-Seidel matrix is associated to the double sequence a given by the recurrence

A = a, (n>0),

aﬁ = q”ak 1 —i—a’;jrll (n>0,k>1).
In addition, a9 is called the initial sequence and a the final sequence of the g-Seidel
matrix. Then the identity

©) i =Y [

connects the initial and the final sequence.
Define the generating functions of 43 and al} as

=) ax", a(x) = Y agx”,
n=>0 n>0
and
Alx) =Y a) X! Alx) =) an
n>0 ”[n]q!’ n>0 O[n]q!-
A proposition given in [5] states that these functions are related by the following equa-
tions:

(10) a(x) = n;)a xq)n+1
(11) Alx) = eg(x)A(x),

Online Journal of Analytic Combinatorics, Issue 12 (2017), #7
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where
x
eg(x) = )
1) ,;0 [1]g!

is the g-analogue of the exponential function [13]. We introduce the notation Egf(ay,)
and Gf(a,) for the exponential and ordinary generating function of a,, respectively.

To reach our aim posed in (8), our approach is as follows. Let the final sequence be
by = Hyq. We determine the initial sequence a) = a,. Then Egf(b,) = Egf(H,4) =
eqgEgf(ay). And, to get Egf(a,) we determine a,, by using (10) and

1—g x"
ZH”’qxnzl—le—qn'

n>1 n>1

Therefore
n

(12) Gf(bn) = Gf(Hng) = iiz L 1f

n
=Y g

From this equation a, can be determined. (Note that ap = 0.)

Proposition 3.5. We have

% [n
Hn’q = Z |:k:| Ay,
k=1
where the sequence ay is determined recursively by

1 n—1 1 1-—
I;akq” k{k—l} = m = ﬁ (ap :=0).
Proof. The denominator of the right hand side of (12) is
1 1 I 1 (4"4%9)
(1 T—x(qxq)n  1-x (%)
The g-binomial theorem [13, Section 1.3] states that

(a2;q)eo _ y (2 9)x

—Zk.
(Z 7)o S5 (T9)k

(13)

Applying this to (13),

1 (q"9%9) 1 y (9"
1—x (q69)  1—x55 (49)k

Thus (12) becomes

(1-q) ) 1 Y (Z (qn.mk(qX)"> :

n>1

Let
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for short. Then

n+k—1
Bk,n = qk [ k :|

for all n and k. Moreover,

(14) (1—9q) Z 1 inqn = Z ayx" (Z Bk,nxk> .

n>1 n>0 k>0

If we write the sums term by term, we get

aO(B()’() + Bl,ox + B2,0x2 + - ) + alxl(BOJ + B1,1x + B2,1x2 + - ) + -
= agBoo + x(aoB1,0 + a1Bo;1) + x*(a0Bao + a1B1,1 + a2Bo2) + - - -
Comparing the coefficients here with those on the left hand side of (14), we have
n 1 _ q
LZkB —kk = .
LB =

Note that — bacause of (12) — a9 must be zero. Remember also that a; is the initial
sequence of our g-Seidel matrix, so (9) gives

(15) Huyg =Y. m ar.

k=1
This is our proposition. U]

Remark. It is worth to present the first terms of the sequence a,:

a = 0,
a = 1,
7 +q—1
ap = —————)
g+1
P+q - —q+1
az = 2 ,
gc+q+1
P+ 20+ +q—1
ag = — ’
P+q>+q+1
P +P g g+ ’
e — _q20+q19_q16_2q14+q12+q11+q10+q9_2q7_q5+q2+q_1'
PHat+@+g+q+1

It would be interesting to give a simple formula for the numerator.
As a consequence of (11) and (15), we have the following connection:

Egf(H;,4) = eqEgf(an).

Online Journal of Analytic Combinatorics, Issue 12 (2017), #7
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3.4. A relation to the g-Stirling numbers. The g¢-Stirling numbers of the first kind [4,
p- 155] are defined recursively by

(16) sg(n+1,k) = sq(n,k —1) + [n]ys4(n, k),
and 54(0,0) =1, s4(n,0) = 0 when n > 0.
Note that
1
(17) Hog = fpa(n+1,2),

where H, 4 is defined in (7).
To show this, let H,%’q = ﬁq!sq(n +1,2). Then

1
sq(n,2) = —— + Hz

1 1
2
H sg(n+1,2) = sq(n,1) + P -1’

" Tul,! [n],!

hence H%,q satisfies the same recursion as Hy ¢. Since H? g = 1= Hyg, the two sequences
coincide.

[n—1],!
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