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ABsTRACT. For Cauchy numbers of the first kind {a, },>0 and Cauchy numbers of the
second kind {b, },,>0, we prove that two sequences { {/]a,|},>2 and {/b, },>1 are log-

concave. In addition, we show that two sequences {1} and {}11} are
Lvar n>2 Vbu n>1
log-balanced.
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1. INTRODUCTION

Let a, and b, denote the n-th Cauchy numbers of the first and the second kind,
respectively. The values of a,, and b, are defined by the following integrals (see Comtet

n n 7 n n ’

where

1, n=20,

x(x+1)---(x+n-1), n>1

The first few Cauchy numbers of two kinds are as follows:
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ni01 2 3 4 5 6 7 8 9
o117 1 —1 1 _19 9 _83 1375 _ 33953 57281
n 2 "6 4 T30 1% Y 90 20

6 4 30 12 84 24 90 20
Cauchy numbers of two kinds are related to Bernoulli numbers, harmonic numbers,

and Stirling numbers of two kinds. For properties and applications of Cauchy numbers
of two kinds, see for instance [3, 7, 10, 11, 12, 13, 14, 15, 1, 5, 6, 8]. The object of this
paper is to study log-concavity of two sequences involving {a, },>0 (or {by },>0).

Let us recall some definitions in combinatorics. For a positive sequence {z,},>0,
it is said to be log-convex (or log-concave) if 22 < Zy_12Zp4 (oOr z% > zy-1zy41) for all
n > 1. It is well known that a sequence {z, },>¢ is log-concave if and only if {Zln}nzo
is log-convex. A log-convex sequence {z,},>o is said to be log-balanced if {34},>0 is
log-concave (Dosli¢ [4] gave this definition). It is clear that log-balancedness is a special
case of log-convexity and a log-convex sequence {z,},>¢ is log-balanced if and only
if (n+ 1)2% —nzy_1zy41 > 0 for each n > 1. Log-convex (or log-concave) sequences
appear in many subjects such as combinatorics, algebra, and geometry. See for instance
Brenti [2] or Stanley [9]. Log-behavior of a sequence is often instrumental in obtaining
its growth rate and asymptotic behavior. Moreover, log-behavior is an important source
of inequalities in combinatorics. Since log-balancedness of a sequence is related to log-
convexity and log-concavity, it is useful for us to find more inequalities. Many famous
sequences in combinatorics, including Motzkin numbers, Fine numbers, and central
Delannoy numbers, are log-balanced. For more log-balanced sequences, see Dosli’c [4].
Hence the log-behavior of a sequence deserves to be studied.

Recently, the log-behavior of some sequences involving Cauchy numbers has been
studied. For instance, Zhao [15] showed that two sequences {|a,|},>1 and {b,},>0
are log-convex. Zhang and Zhao [11] proved that {\/|an|},>2 and {\/b,},>1 are
log-balanced. In this paper, we mainly discuss the log-behavior of {{/|a,|},>1 and
{{/bu}y>1- In the next section, we prove that {{/|a|},>2 and {/by},>1 are log-
1

Vlan] }n22

b, |1 1 5 9 251 475 19087 36799 1070017 2082753
2

concave. In addition, we investigate the log-balancedness of the sequences

and { Wlﬁ}nx'
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2. THE LOG-CONCAVITY OF TWO SEQUENCES { {/|ay|},>2 AND { /by }>1

The following lemmas will be used later on.

Lemma 2.1. ([11]) For n > 0, let x;, = onal 5nd Yn = b’;}:l. Then

|an]

1
(2.1) n—s <xp<mn, (n>2),
1
(2.2) n+§<yn<n+1, (n>1).

Lemma 2.2. For Cauchy numbers of two kinds {ay, },>0 and {by, },>0, we have
(n—1)!

(2.3) aal < 2, (n23),
n!
(2.4) by < 5, (n>2).
Proof. For 0 < x <1, it is evident that
x(1—x)---(n—1-x) < (n—1)x(1—x), (n>23),
x(x+1)---(x+n-1) < nlx, (n>2)

Then we have

1 1
/ x(1—x)---(n—1—-x)dx < (n—l)!/ x(1—x)dx,
0 0

1 1
/ x(x+1)---(x+n—-1)dx < n!/ xdx
0 0

On the other hand, we observe that

1
|ay| :/ x(1—=x)---(n—1—x)dx.
0
Hence the inequalities (2.3) and (2.4) hold.

Lemma 2.3. Forn > 1,
n
2.5) nl < G) V2ermn.

Proof. We prove by induction that (2.5) holds. We observe that

k
k! < (g) V2erk for k=1,2,3.
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k
For k > 3, assume that k! < (lg) v 2ertk. Next we prove that

k+1
(k+1)! < (’%1) Yy

for k > 3. It is clear that
k
(k+1)! < (’g) V2ertk(k +1).

Now we show that
k+1

(g)k@(kJrl) < (“71) V2er(k+1).

We note that
k+1

(’f)k\/m(kﬂk(k%l) 2e(k+1) (k> 3)

e
if and only if
Ink In(k+1)

(2.6) Klnk—KkIn(k+1) + &= — == +1<0 (k>3).

Now we prove that (2.6) holds. For x > 0, define a function

Inx In(x+1)
2 2

f(x) =xInx —xIn(x+1) + +1.

By computation, we have

X 1 1

+__—

/ _ _ =
fi(x) = Inx+1—-In(x+1) Py Sl el TP Y

1
1/ - -
fix) = 2x2(x +1)%°
Since f(x) < 0, f’(x) is monotonic decreasing on (0, +c0). We find that Lur f(x) =
X o0
0. This implies that f’(x) > 0 for x > 0. Then f(x) is monotonic increasing on (0, +0).
On the other hand, we observe that lim f(x) = 0. This means that f(x) < 0 for x > 0.

X—r—+00

Naturally, (2.6) holds. Then we have

(k+1)! < <k+71)"+1 2er(k+1).

This completes the proof of (2.5). U

Now we give the main results of this paper.

Theorem 2.4. The sequences {/|an| }n>2 and {/by },>1 are log-concave.
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Proof. Forn > 0, let x,, = % and y, = b'l;—:l. For n > 2, we have

2Infa,| Infa, 1| Inlay|
n n—1 n+1
2(n?> — 1) Inla,| — (n®> +n)In|a,_1| — (n®> —n)In|a, |
nn—1)(n+1)
—2In|ay| + (n?>+n)Inx,_1 — (n*> —n)Inx,
nn—1)(n+1)

and

2Inb, Inb, 1 Inb,4
n  n—1 n+1
_ 2Inby+ (> +n)Iny,—1 — (n*> —n) Iny,
N nn—1)(n+1) '

For n > 2, put

S, = —2In|a,|+ (n*>+n)Inx,_1 — (n* —n)Inx,,
T, = —2Inb,+ (n*>+n)lny, 1 — (n* —n)Iny,.
Then we get
2Infa,| Infa, 1| Infa,] _ Sy
n n—1 n+1 nn—1)(n+1)’
2Inb, B Inb,,_4 B Inb,41 T,
n n—-1 n+1  nn-1)(n+1)

In order to prove that {{/|ay|},>> and {/b,},>1 are log-concave, we need to show
that S, >0 (n >3)and T,, > 0 (n > 2). It follows from (2.1)-(2.2) and (2.3)—(2.5) that

Sp > 21n6—21n(n—1)!—|—(n2+n)1n(n—;—’) — (n*> —n)Inn

— 21n6—21n(n—1)!+2n1nn—(n2+n)1n<1+2n3—_3>
> 1n18—1—ln7r~|—ln(n—1)~|—2nln(14—%)+2(n—1)
—(n®+n)In 1+ 5
2n—3
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and
T, > —21nbn+(n2+n)1n(n—%>—(2—n)1n(n—|—1)
> In2—1—Inm+42n—1Inn— (n®> +n)ln 1—|—;
2n—1
—(n®> —n)In 1+1 .
n
Since
X
(2.7) m<ln(1—|—x)<x, (x > 0),
we obtain
3(n® +n)
Sy > Inl8—Inmt+Inn—1)+2n—-1———=
2n—3
n2—11n+3
> 17+h‘1(7’l—1)+W
> 0 (n>6),
n?+n
T, > In2—Inmt+n—Inn—
2n —1
n 3n
= —1 ——Inn— —.
In2 n7r+2 nn 22n = 1)
For x > 0, define a function
X 3x
g(x)—ln2—ln7t+§—lnx—m.
Since
, ox=2 3
§(x) = St ome 1y
> 0 (x>2),

g(x) is monotonic increasing on [2,+o0). Due to g(7) > 0, g(x) > 0 for x > 7. This
implies that T, = g(n) > 0 for n > 7. On the other hand, we note that S, > 0 for
3<n<5and T, >0for2 <n < 6. Hence we have S, > 0 (n > 3)and T;, > 0
(n > 2). O

In the rest of this section, we discuss the log-balancedness of { ’{/1\a_n\ }n>2 and { {’/15 }n>1.

1 1 .
Theorem 2.5. The sequences { v }n>2 and { W}n>1 are log-balanced.
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Proof. It follows from Theorem 2.4 that the sequences 1 and {%} are
n>2 Von J i1

n
|an|

- 1 1 .
log-convex. Now we prove that {n! W}n>2 and {n!W}n>1 are log-concave. In

- 1 1
order to prove the log-concavity of {”!"—\/W}pz and {m}nzl’ we need to show
that -

Vv

0H4n%4ﬁﬂaﬂw%—m%ﬁ 0,

(n+1)b"1b;’fl—nb” > 0.

We note that 1)|a,_ 1|n 1|an+1|n+1 - n|an| > 0 if and only if

(n+
(2 — 1)1 %) + (4 m) In a1 | + (22 = 1) In]aye] — 2(n — 1) Ina,|

>
n(n?—1) =0
R
and (n+1)b) Y by* —nb” > 0 if and only if
n(n®>—1)In (1 + %) + (n?+n)Inb, 1+ (n*> —n)Inb, 1 —2(n* —1)Inb,
>0

n(nz—1)

b’l;—“. For n > 2, we have
n

FornZO,letxn:%andyn:
2 1 2 2 2
n(n“—1)Iln (1—|—%>+(n +n)In|a, 1|+ (n* —n)Inla, 1| —2(n° —1)In|a,|

=n(n®>—1)In (1 + %) +21In|a,| + (n* —n)Inx, — (n® +n)Inx,_;
and

n(n*—1)In (1 + %) + (n® +n)Inb,_1 + (n®> —n)Inb,4q —2(n*> —1)Inb,

=n(n®>—1)In <1 + %) +2Inb, + (n* —n)Iny, — (n*> +n) Iny,_;.
For n > 2, put

U, = nn*-1)In (1 + %) +2In|a,| + (n* = n)Inx, — (n*> +n)Inx,_q,

V, = n(nz—l)ln(l—i—%)+21nbn—i—(n2—n)lnyn—(n2+n)lnyn_1.
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It follows from (2.1)—(2.2) that

U, > n(n*-1)In (1—1—%) +21In|ay| + (n* —n)In (n— %) — (n* +n)In(n—1)

= n(n®*—1)In (1—1—1) +2In|a,| —2nlnn + (n*> — n) In (1 — i)

2n
n +n 1n(1——>

= n(n®>-1) ln(1—|— )+21n|an|—2nlnn—(n —n)ln(l—l— ! )

2n —1
n—|—nln(1+ )

Vi > n(nz—l)ln(1+%>+21nbn (n* —n)In (n+%)_(n2+n)lnn

and

= n(nz—l)ln(lqt%)+21nbn—2nlnn—|—(n2—n)ln(1—1—%).
Owing to (2.7), In |a,| > 0 (n > 5), and Inb, > 0 (n > 3), we derive
"2
1
> _1+n+

n
— n2+1+21n]an|—2nlnn—§+m

> n2—|—1—2nlnn—g (n >5)

U, > nn—1)+2Inla,| ~onlnn— 2

and

Ve > n(n—l)—annn+n2_n
" 2n+1
In 1]

(n=3)

2n[n®> —1—(2n+1)Inn
2n+1

For x > 0, define two functions
p(x) = x2+1—2xlnx—§,
p(x) = x¥*—1—(2x+1)Inx.

It is evident that

Uy, > o(n) (n>5) and V, > Z’ZP(") (n > 3).
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We have

@' (x) = 2x — ; —2Inx, ¢"(x) =2<1 — 1),

X
/ . o . 1 1" . . 1 1
P'(x) =2x—2—2Inx > P(x)=2(1 » +x2.

Since ¢”(x) > 0 (x > 1) and 9" (x) > 0 (x > 0), ¢'(x) is monotonic increasing on
[1, +00) and so is ¥’ (x) on (0, +o0). We observe that ¢’(2) > 0 and ¢'(2) > 0. Then ¢(x)
and ¥ (x) are monotonic increasing on [2, +00). We find that ¢(2) > 0 and ¥(3) > 0. It
is obvious that ¢(x) > 0 (x > 2) and ¢(x) > 0 (x > 3). This implies that U,, > 0 (n > 5)
and V,, > 0 (n > 3). On the other hand, we observe that Up>0(@G=234), and V, > 0.
Since U, >0 (n > 3)and V;; > 0 (n > 2), we get

v
S
=

V

(14 1) |y 1|77 |apya |77 — njay| s

11 2
(n+1)b, by —nby > 0, n>2.

Hence the sequences 1 and {#} are log-concave. O
91 n! ¥/ |ay| >0 n! /by J y>1 &
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