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1. INTRODUCTION

Ruscheweyh and Shell-Small [7] while proving the Pélya-Schoenberg conjecture [6],
used an ingenious and intricate argument which generated a wealth of results in con-
volutions. One such result is that of Ganesan [3] where convolution conditions for
certain subclasses of analytic functions related to the Janowski classes defined using
subordination, a concept which can be traced to Lindeldf [5]. In this note we give
characterizations for g-analogue classes related to the Janowski class in terms of convo-
lution. The intrinsic properties of g-analogues including the applications in the study
of quantum groups and g-deformed subalgebras and of fractals are known in the litera-
ture. Some integral transforms in classical analysis have their g-analogues in the theory
of g-calculus. This has led various researchers in the field of g-theory to extending
important results in classical analysis to their g-analogues.

Let A denote the class of functions of form

(1.1) f(z) =z+ i a,z",
n=2
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which are analytic in the open unit disk
U={z:zeCand|z| <1},

Deﬁnition 1.1. Let q € (0,1) and let n € C. The g-number, denoted by [nl,, is defined as
[n]q = L. In the case when n € N, we obtain [n); = 1+ q+¢* + ¢° + ... + "' and when
q— 1_, [ ]q = .

Definition 1.2. [1] The Jackson g-derivative of a function f € A is defined by

(1.2) D,f(z) = , where (0<g<1)

z
£'(0), z=0.
and Dgf (z) = 1+ Lo [nlganz"™", 2z #0.
As a right inverse, Jackson [2] presented the g-integral of a function f as
z o)
| Fdgt ==0—a) Y a"f (")
n=0

provided that the series converges. For a function f(z) = z", we note that

z z " Zn+1
Jy Fodt = [ = cEme £ )

and

im [ FOdt = tim = P
| .
lim [ fOdyt = i (F = ey = [

where fo t)dt is the ordinary integral.

Under the hypothesis of the definition of g-difference operator, we have the following
rules.

(i) Dy(af(z) £bg(z)) = aDyf(z) £ bD,g(z), where a and b any real (or complex) con-
stants

(ii) Dy(f(2)8(2)) = (qz)qu( 2) + f(2)Dog(z) = f(2)Dyg(z) + Dyf (2)2(q2)
(i) Dy (112)) = SO S EIPas(e)
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Definition 1.3. For two functions f and g analytic in U, we say that the function f is subor-
dinate to g in U and write f(z) < g(z), if there exists a Schwarz function w, which is analytic

in U with w(0) =0 and |w(z)| <1, such that f(z) = g(w(z)), z € U.

Definition 1.4. For real numbers A,B, —1 < B < A <1, p € P(A,B) if and only if

() < 1742 o
p 1+ Bz’

Definition 1.5. A function f(z) € A is said to be in the class C4(A, B) if and only if

Dy(zDyf(2))
Dyf(z)

Definition 1.6. A function f(z) € Ais said to be in the class S; (A, B) if and only if

zDyf (z)
f(z)

Definition 1.7. The convolution or Hadamard product, of two analytic functions

€ P(A,B).
c P(A,B).

flz) =z+ ) anz", (|z| <Ry) and g(z) =z + Y buz", (Jz| < Ry),
n=2 n=2
is defined as the power series

(f*g) (Z) =z+ Z anbuz", |Z| < RqR».
n=2

It can be easily seen that

(1.3) zDgf x g = fxzDgg.

2. Main results

Theorem 2.1. The function f € C4(A, B) in |z| < R < 1if and only if

Xz + <x+ [2]qlg17+AAX)> C]Zz + (1+q—%]j24(1+Ax) qZ3

(1-2)(1-4q2)(1-4q°2)

1
- f* # 0
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Proof. The function f € C4(A, B) if and only if

D, (zD,;f(z))
2.1 —71 2 € P(A,B), orallz e U.
Since 21 (ququf ) = latz =0,so (2.1) is equivalent to

Dq (zDof) , 1+ Ax

, R, =1, —1
b * iy (<R =1 x% 1)

which implies
(2.2) (1+ Bx)Dy (zDyf ) — (14 Ax)Dyf # 0.

Setting f(z) =z + Y5, a,2", we have

D,f =1+ Z n)ganz""

ad 1
D, (zD;f) =1+ n)2a,z" 1 = D, f * :
7 (2Dqf) n;z[ Jgan of (1-2)(1—gz)
The left hand side of (2.2) is equivalent to

—Dgf * Y (1+ Ax)z"!
n=1

(14 Bx) | Dyf + ¥ [n],=""

= D,f * i [(1+Bx)[n]; — (1+ Ax)] 2"

:(1—|-Ax) 1+ Bx
( -z +<1—z><1—qz>)

B . x(B—A)+ (1+ Ax)gz
=0+ (g )
Thus

1 Xz + (113+‘L};‘)q

PPV ><1—qz)]7é°'

By using (1.3), we can write (2.3) as

1 [ Xz + <x + —[zqu(;leAx)) qz% + (Hq_%]fl‘(HAx) qz3] I
| fx

(2.3)

(1-2)(1-4q2)(1-4°2)

which completes the proof.
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As g — 17, we have following result proved by Ganesan et al. in [3].

Corollary 2.2. The function f € C(A,B) in |z| < R < 1 if and only if

(Ax+Bx+2) 72

1 X2+ “—p—x—
E[f* (1—BZ)A3 ]#0

Remark 2.3. Asq — 1" and A =1, B = —1, we get convolution condition characterizing

convex functions as in Silverman et al. in [9] with a suitable modification.

Theorem 2.4. The function f € S;(A, B) in |z| < R <1 if and only if

1 f xz + LrAx 472
(

|7 1—2)(1—qz)] #0, (|2l <R, |x[=1).

Proof. Since f € S;(A, B) if and only if g(z) = fOZ %dqg € Cy(A, B), we have

1 Xz + (x + —[Z]ql(gleAx)) gz? 4+ LBl 1A s 1 xz + Lrdxg?

— | g == |fx

z (1-2)(1—gz)(1—g%2) z (1-2)(1—gz2)
Thus the result follows from Theorem 2.1. O

As g — 17, we have following result proved by Ganesan et al. in [3].

Corollary 2.5. The function f € S*(A, B) in |z| < R < 1 if and only if

1 xz + A2
—[f*ﬁ £0, (<R, |+ = 1)

As a corollary we can derive coefficient inequalities for the class S; (A, B) .

Corollary 2.6. A function f € Ais in the class S;(A, B) if and only if

flz)=1+ i Azt #£0,

n=2

where A, =
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Proof. A function f € S;(A, B) if and only if

zDyf(z) , 1+ Ax
f(z) 7 14 Bx’

That is
(1+ Bx)(zDyf(2)) — (1 4+ Ax)f(z) #0
which implies

(0]

(B—A)xz |1+ Y ([n]g(1+ Bx) — (1+ Ax)) a,z"| #0.
n=2
This simplifies into
o £ =t
which completes the proof. u
Remark 2.7. Asq — 17 and A =1, B = —1, we get convolution condition characterizing

starlike functions as in Silverman et al. in [9] with a suitable modification.

Now by using the concept of g-derivative we define the classes of Janowski g-spirallike

and Janowski convex g-spirallike functions as the following

Definition 2.8. A function f € A is said to be in S:]‘A(A, B) if and only if

2D f(2) . "
N1 € P(A,B), |z| < R <1, Areal with |A| < —.
A= P, A <2
Definition 2.9. A function f € A is said to be in CZI‘(A, B) if and only if
- Dg(zD
el)‘m € P(A,B), |z| < R <1, Areal with |A] < s
Dyf(2) 2
Theorem 2.10. For |z| < R <1, A real with |A| < T and |x| = 1, we have
2 Dq(2Dqf ()
et T 2 ¢ P(A,B
Dyf(2) (4.5)
if and only if
2] (1+xe* (A cos A+iBsinA)) 5 (1+q—[2]5)(1+xe* (Acos A+iBsinA)) 3
1 ; Xz + (x + B (A cos ATiBsin ) ) qz° + B¢ (A cos A+ iBsin ) z 20
p— k .
z (1—-2)(1 —q2)(1 - g%2)
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Proof. We have, eM% € P(A, B) if and only if

—isin A 1+ Ax

eiA Dq(Zqu)
D‘]f #
1+ Bx’

(2 <R, |x| =1, x # -1)

Ccos A

which implies
(2.4) (1+ Bx)D, (2D, f) — [1 + xe'* (A cos A + iBsin A)} D, f #0.

Setting f(z) = z+ Y, a,2", we have

The left hand side of (2.4) is equivalent to

Dy f * Z [n]qz”_1

n=1

—Dyf* ) [1 - xei)‘(AcosA+iBsinA)] z"1

n=1

(14 Bx)

= D,f * i [(1 + xe*(Acos A+ iBsinA)) + (1 + Bx)[n]q] z" 1
n=1

[ + xe"*(Acos A + iBsin )] 1+ Bx
= Dyf *
1-z (1-2)(1—gz)

_Dyf s ( [B—e*(AcosA +iBsinA)| x+ [1+xe* (AcosA +iBsinA)] qz)

(1-2)(1—4q2)
Thus

i . . i 1 i
(2.5) % zD, f * ( [B— e (AcosA +iBsin )\()1] izz—)k(l[l_—;;c; (AcosA +iBsinA)] gz* )] L0,

By using (1.3), we can write (2.13) as

[2],(14-xe* (A cos A+iBsin A)) 5 . (1+q—[2]5)(1+xe* (Acos A+iBsinA)) 3
f Xz + (X + foe—"/\(A cos A+iBsin A) ) qz° + B:tiz—"/\(A cos A+iBsin A) z 20
*
(1-2)(1—9q2)(1 - g%z)
which completes the proof. l

As g — 17, we have following related result proved by Ganesan et al. in [3].
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Corollary 2.11. For |z| < R <1, A real with |A| < T and |x| = 1, we have

e (Z]J:,/((j)) " p(a,B)

if and only if

2(14xe* (AcosA+iBsinA))\ 2
1 f . Xz + (x + B—e A (Acos A+iBsinA) ) z £0
z (1 — 2)3 .

Theorem 2.12. For |z| < R <1, A real with |A| < 5 and |x| = 1, we have

ei)‘% € P(A,B)

f(2)
if and only if

z (1-2)(1—¢z)

z
Proof. The result follows from Theorem 2.10 in the same manner that Theorem 2.4

followed from Theorem 2.1. O

1 [f* ([B—ei)‘(AcosA—i—iBsinA)} xz+ [1+ xe*(Acos A +iBsinA)] qzz)] 0

As g — 17, we have following result proved by Ganesan et al. in [3].
Corollary 2.13. For |z| < R <1, A real with |A| < T and |x| = 1, we have

eiAZ}c;iZ;) € P(A,B)

if and only if

z

1 [B—e*(AcosA +iBsinA)] xz+ [1+ xe'* (AcosA +iBsin )] 22
— | f* 1=z # 0.

As a corollary we can derive coefficient inequalities for the class S;A(A, B).

Corollary 2.14. A function f € Ais in the class S;‘A(A, B) if and only if

flz)=1+ i dnz" 1 #£0,
n=2

where dy, = ([”}q‘?(;@ﬂf‘”xan and v = (AcosA +iBsinA) e
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Proof. A function f € S} (A, B) if and only if

eiAwfq(—J;g'z) —isinA 14 Ay
cos A 1+ Bx’
That is
(1+ Bx)(zDyf(2)) — (1 +7x)f(2) # 0.
The rest of the proof follows as in Corollary 2.6. U
Remark 2.15. Asq — 1~ and A =1, B = —1, we get convolution condition characterizing

spirallikeness of functions as in Silverman et al. in [9].
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