A NEW CLASS OF SYMMETRIC FUNCTIONS OF BINARY PRODUCTS OF
TRIBONACCI NUMBERS AND OTHER WELL-KNOWN NUMBERS
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ABSTRACT. In this paper, we will recover the generating functions of Tribonacci numbers
and Chebychev polynomials of first and second kind. By making use of the operator
defined in this paper, we give some new generating functions for the binary products of
Tribonacci with some remarkable numbers and polynomials. The technique used here is
based on the theory of the so-called symmetric functions.

1. INTRODUCTION

Recently, Fibonacci and Lucas numbers have been investigated very largely and au-
thors tried to develop and give some directions to mathematical calculations using these
type of special numbers [16, 22, 29, 32]. One of these directions goes through to the Tri-
bonacci and the Tribonacci-Lucas numbers. In fact Tribonaccinumbers have been firstly
defined by M. Feinberg in 1963 and then some important properties for these numbers
have been investigated by [18, 21, 25, 28, 33]. On the other hand, Tribonacci-Lucas num-
bers have been introduced and investigated by Elia in [17]. In addition, there exists
another term, namely incomplete, on Fibonacci, Lucas and Tribonacci numbers. As a
brief background, the incomplete Fibonacci, Lucas and Tribonacci numbers were intro-
duced by authors [19, 26, 27], and further the generating functions of these numbers
were presented.

Definition 1. For n > 2, it is known that while the Tribonacci sequence {T, } neN is defined by

(1 1) { Tl’l - Ti’l—l + Tn—z + Tn,?,,]’l 2 3

To=T1=1T,=2
It is also well-known that each of the Tribonacci numbers is actually a linear combi-
nation of
(1.2) T, — — (1’2 + 13 — 113 — 2)7,11 n (7‘1 + 13— 1113 — Z)Tg B (1’1 + 1y — 1112 — z)i’g,
(11 =r2)(r1 = 13) (1 =r2)(r2 = 13) (1 —73)(r2—73)

where 11, 7, and r3 are roots of the characteristic equations of (1.1) such that
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1
rn o= 3 {1—1— </19+3\/33+ \3/19—3\/33J =1.8393,

ry = {1 +w\/19 + 3v/33 + w? \/19 — 31/33| = —0.419 64 + 0.606 29i,

1
3

{1 + w19 +3v/33 + w\/19 — 3@ — —0.419 64 — 0.60629i,

with w = _H“f . Meanwhile we note that equations in (1.2) are called the Binet’s for-

mulas for Tr1bonacc1 numbers.

Definition 2. Let k be a positive real number. Then, the recurrence relation of generalized k-
Fibonacci numbers { Gy, }, o 18 defined by

Gk,n+1 = ka,n + Gk,n—lr n>1

with initial conditions Gyo=a, Gx1 = b (a,b € R).

Generalized k-Fibonacci number is called to each element of Generalized k-Fibonacci
sequence. Taking a =1, b = k and a = 2, b = k gives k-Fibonacci numbers and k-Lucas
numbers, respectively. A few special values for Generalized k-Fibonacci sequence{Gy , },, .
are listed below:

i. If k = 1, then we have generalized Fibonacci numbers{Gy , }

{Gi,} ={a, b, a+b, a+2b, 2a+3b,...}.

e Puttinga = 1, b = 1 reduces to Fibonacci numbers knownas {F,} = {1,1,2,3,5,...}.
e Substituting a = 2, b = 1 yields Lucas numbers givenby {L,} = {2,1,3,4,7,11, ...} .

ii. If kK = 2, then we have generalized Pell numbers
{Gon}=1{a, b, a+2b, 2a+5b, 5a+12b, 12a+ 290, ...} .

e Taking a = 0, b = 1 gives Pell numbers given by {P,} = {0,1,2,5,12,29, ...}.
e In the case when a = 2 and b = 2, it reuces to Pell-Lucas numbers known as
{Qn} =1{2,2,6,14,34,82,...}.

In this part, we define k-Pell and k-Pell Lucas numbers, Mersenne numbers and k-
Jacobsthal-Lucas numbers.

Definition 3. [30] For n € IN, the k-Mersenne numbers, say { My ,, },,c s defined recurrently
by:
Mkn—H = 3kMkn —ZMkn pforall n>1,
My=0, M; =1
Definition 4. [22] For n € IN, the k-Pell numbers, denoted by { P, }, . defined recursively by
{-Pen = 2P n—1 + kPip—a, 1 2 2Po =0, Py =k.
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Definition 5. [22] We define k-Pell-Lucas numbers {Qy .}, by the following recurrence
relation as

{-Qin = 2Qkn—1+kQn—2, 122 Qo =2, Q1 =2
Definition 6. We define k-Jacobsthal numbers { ], },on by the following recurrence relation as
{Jkn = Kn-1+2fkn-2, 1220 =0, Jig =1.

Definition 7. For n € IN, the k-Jacobsthal Lucas numbers, denoted by {ji , }
sively by

1eN defined recur-

{Jkn = kjkn—1 4+ 2jkn—2, 1 > 2 jko =2, jk1 = k.

The further contents of this paper are as follows: Section 1 gives the preliminary, in
Section 2, we introduce new symmetric functions and some of its properties. We also
give some more useful definitions which are used in the following sections. In Section 3,
we prove our main result which relates the symmetric function defined in the previous
section with the symmetrizing operator. This main theorem unifies several previously
known results about the generating functions.

2. Definitions and some properties

In order to render the work self-contained we give the necessary preliminaries tools;
we recall some definitions and results.

Definition 8. [24] Let k and n be two positive integers and {ay,a, ..., a,} are set of given
variables the k-th elementary symmetric function ey (a1, ay,..., a,) is defined by

i iy i
ex (a1,az,...,4n) = Y, ajag.ay  (0<k<n)
i1 +ig o Fin=k
with iy,1,...,1,, = 0 or 1.

Definition 9. [24] Let k and n be two positive integers and A = {ay, ay, ..., an } are set of given
variables the k-th complete homogeneous symmetric function hy (ay,a, ..., a,) is defined by

h (ay,az,...,a,) = Y. ajaj.ay  (0<k<n)
i1 +ip+...+i=k
with iy, iy, .., iy > 0.

Remark 1. Set eq (a1,ay,...,an) = 1 and hy (ay,ay,...,a,) = 1, by usual convention. For k < 0,
we set ey (ay,ay,...,a,) = 0and hy (ay,ay,...,a,) = 0.

Definition 10. [11] Let A and P be any two alphabets. We define S,,(A — P) by the following
form

o0

[Tyep(1 — pt)
peP p n
—_ = E S,(A—P)t",
IMea(1—at) =0 nl )

with the condition S, (A — P) = 0 for n < 0.

2.1)
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Equation (2.1) can be rewritten in the following form

o0

@2) Sn(A = P)t" = (f Sn<A>t"> x (f sn(—Pw),
=0 n=0 n=0

n

where
Su(A—P) = Z(:)Snj(—P)SJ-(A).
]:

Definition 11. [9] Given a function f on R", the divided difference operator is defined as follows
3 _ v pipiva, o) = f(PL - Pica Piga Pis Piva - Pa)
PiPi+1 (f) - P,
Pi — Pi+1
Definition 12. Let n be positive integer and P = {p1, p2} are set of given variables, then, the
n-th symmetric function S, (p1 + p2) is defined by

pn—H _ pn+1
Sn(P) = Su(p1+p2) = 1z
P1— P2

with
So(P) = So(p1+p2) =1,
S1(p1+p2) = p1+p2,
S2(P) = Salpr+p2) =pi+pmp2+ps

[¥p)
[
—~

=

I

Definition 13. Given an alphabet P = {p1, p2}, the symmetrizing operator 5’;,1 p, 15 defined by

18(p1) — p5g(p2)
5];71p2(g) = Plg ppl — zzg P ,f07’ all k € ]No.

3. Generating functions of the products of Tribonacci numbers and some well-known num-
bers

The following Proposition allows us to obtain many new generating functions of bi-
nary products of Tribonacci numbers, some well-known numbers and Chebychev poly-
nomials.

Proposition 1. [11] Given two alphabets P = {p1, p2} and A = {ay,ay, ...}, we have

k—1 0o
o L Su(=A)pipaSion-1(p1 +p2)t"  Pipat™ L Susia(=A)Su(pr+

Y Su(A)Skin-1(p1+ p)t" = =2
n=0 I1
acA

(1—apit) Ry (1 —apat) Ry (1—ap1z) Ry (

1—apyz)
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e For P = {0,0} and A = {ay, a2, a3} using the formula (2.1), we have

3.1) ,;()S”(A)t T A a1 —at)(1 —azt)’

with
(1 —ait)(1—axt)(1 —azt) =1+ Sy(—A)t + So(—A)t* + S3(—A)F.
Setting S1(—A) = Sa(—A) = S3(—A) = —1in (3.1) and this gives

_ 1
S 1—t—t2 13

(3.2) i Su(A)t"
n=0

which represents a generating function for Tribonacci numbers, such that T,, = S, (A).
e The case of A = {ay,a,a3} and P = {p1, p2}

If k= 0,1 in Proposition 3.1 we deduce the following lemmas.

Lemma 1. Given two alphabets A = {aq,a,a3} and P = {py, p2}, we have

(3.3)

Y Su(A)Sp(P)t" = 1 — p1paSa(—=A) — pipa(p1 + p2)Sa(—A)P
n=0 ! " (

1—ayp1t) (1 —agpit) (1 —azpit) (1 — aypat) (1 — axpat) (1 — azpat)’

Lemma 2. Given two alphabets A = {a1,a3,a3} and P = {p1, p2}, we have

(3.4)

) Su(A)S,a(P)" = - ~SUCA) = (pr 5 p2)Sa(Z AN = Ss(—A) (pr £ pa)” — prpa)”
n=0

1—ayp1t) (1 —agpit) (1 — azpit) (1 — aypat) (1 — axpat) (1 — azpat)’

Replacing p» by (—pz) in (3.3) and (3.4), we obtain

(3.5)
S n 1+ p1p2Sa(—=A) + pipa(p1 — p2)S3(—A)P
;;o (A)Su(p1+[—p2))t (

1—aiprt) (1 —azpat) (1 —azprt) (1 + aypat) (14 azpat) (1+ aspat)’

(3.6)

3 Su(A)Sumalpr-+ [-pal)et = om AN R S(=A)2 = S5(=A)((pr = p2)* + pip2) P
n=0

1-— 6!1]911’) (1 — azplt) (1 — a3p1t) (1 + alpzt) (1 + 612]921') (1 + a3p7_t)'

with
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(1 —aypat) (1 — azpat) (1 — azpat) (1 + aypat) (1 + azpat) (1 + azpat)

= 1+ (p1—p2) Si(=A)t+ (S2(=A) (p1 — p2)* — p1p2Sa(—A) (Sa(—A) —2))F
+[S3(=A)(p1 — p2)° — p1pa(p1 — p2) (S2(—A)S1(—A) — 3S3(—A))]¥
+(=p1p2(p1 — p2)*S3(—A)S1(—A) + pip5(Sa(—A)* — 253(—A)S1(—A)))t*
+83(—A)pip3 (p1 — p2) S2(—A)E — S3(—A)*pip3te.

This case consists of four related parts.
Firstly, the substitutions of S;(—A) = Sy(—A) = S3(—A) = —1and {

(3.5), we have the following theorems and corollary.

p1—p2 =k,
pip2 =1,

in
Theorem 1. For n € IN, the new generating function of the binary product of k-Fibonacci

numbers with Tribonacci numbers is given by

o0 1— 2 — k3
3.7 T, E. t" = )
(3.7) EO ko 1—kt — (K2 4+3)12 — k(k2 +4)83 — (k2 4+ 1)t4 + kt5 — t6

We can state the following corollary.

Corollary 1. The following identity holds true:

Tan,n = Sn(A)Sn(pl =+ [_p2])

Theorem 2. For n € IN, the new generating function for the combined Tribonacci numbers and
k-Lucas numbers is given by

o 2 — kt — (K2 +2)2 — k(K + 3)3
n __
(3.8) EOLk,nTnt T 1=kt — (R +3)2 —k(k2+4)B3 — (kK2 + 1)t + kt5 — 16

Proof. We have

Lin = 2Su(p1 + [—p2]) — kSu—1(p1 + [—p2])-(see [3])
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We see that
Y LiaTut" = ) (2Su(p1+ [—p2]) —kSu—1(p1+ [—p2]))Su(A)"
n=0 n=0
= 2 Su(p1+[—p2))Su(A)" —k Y Suq(p1+ [—p2])Su(A)"
n=0 n=0
ZZZHﬂ%—kZ&1m+[M)()”
n=0 n=0
= 2V 'F ., T, " — S, (A"
n;) knin pl"’pano ) n( )
= 2V F. T,t"— Su( t)" Sul t)
ng) b P1 +P2 <n20 ! pl Z 792 )
% 1
= 2 F. . T, t" — —
ngo o i+ p <1 pit — P2t2 Pt 14 pat — p3t2 + P%t3>
= 2) F,Tut" -
n=0
; +(p1—p2) P+ ((Pl —p2)*+ P1P2> 3

—(p1—p)t—((p1 — P22)2 + 3P1P24)t2 —2((2191 —p2)? t%gzgm —p2))P
—p1p2((p1 — p2)? + pip2)t* + pips(p1 — p2)P° — pip3te

Let’s remember that for k-Lucas numbers { P 1;7_ Iiz 1: K and then
1p2 =1,

, 2 — 2% — 2kt3

Y LinTut" = 2 2 2 3 2 4 5_ 6
= 1—kt— (k24+3)2 —k(k2+4)83 — (kK2 +1)t* + k> — ¢

B kt + k22 + k(k* + 1)1

1—kt — (k24 3)t2 — k(k?> +4)3 — (k2 + 1)t* + kt> — 16
2 —kt — (K2 +2)t> — k(K> +3)
1—kt— (K2 +3)12 —k(k>+4)3 — (kK2 + 1)t4 + kt> — 16
This completes the proof. U

e Put k = 1 in the relationships (3.7) and (3.8), we obtain the following corollaries.

Corollary 2. For n € IN, the new generating function of the product of Fibonacci numbers and
Tribonacci numbers is given by

S TR = 11—
—~ 1—t— 42 —5t3 —2t4 15— t6

Online Journal of Analytic Combinatorics, Issue 16 (2021), #07
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Corollary 3. For n € IN, the new generating function of the product of Fibonacci numbers and
Tribonacci numbers is given by

o0 1—t—3t2 — 43
ZTnLntn: 2 3 4 t5_ 16"
= 1—t— 42 —58 -2t + 15— ¢

Secondly, the substitution of S;(—A) = Sy(—A) = S3(—A) = —1and { le_ P_zkz % in
1P2 =K,
(3.6), we deduce the following theorems and corollary.

Theorem 3. For n € IN, the new generating function of the binary product of k-Pell numbers
with Tribonacci numbers

o t42t2 4 (k+4)8

. TPy pt" = .
5 = o 1—2t — (44 3k)t2 — 8(1+ k)t — k(4 + k)t* + 2k2t> — k3t6

We can state the following corollary.

Corollary 4. The following identity holds true:

Tnpk,n = Sn(A)Sn—l(pl + [_PZ])-

Theorem 4. The generating function for the combined Tribonacci numbers and k-Pell-Lucas
numbers is given by

2-2t—2(k+2)t* —2(3k+4)
1—2t— (44 3k)t2 —8(1+ k)3 — k(4 + k)t* + 2k2#5 — k36"

310) Y QuuTut" =
n=0

Proof. We have

Qin = 25u(p1 + [—p2]) —25,-1(p1 + [—p2]), (see [3]).
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We see that
Y. QuaTut™ = Y (2Su(p1+[—p2]) — 2Su-1(p1 + [—p2]))Su(A)t"
n=0 n=0
= 2 Z [—p2])Sn(A)" =2 )" Sy_q1(p1 + [—p2])Su (A"
n=0 n=0
= +p Z Pt = (—p2)"t ) Su(A)E" —21;)5;1—1(}91 + [=p2])Su(A)t"
— "+ S £)"
P1+P2< nZ: J(pd) PzZ%)n Pz))
—2 Z Sn-1(p1+ [=p2])Su(A)t"
n=0
_ 2 P1 n P2
pr+pa \1—pit—p32 —p33 14 pot — p5t2 + p3t3
—2 )" Su_1(pr+ [—p2])Su(A)E"
n=0
We have
P1 4 p2
1—pit—p32 —p33 14 pot — p3t2 + BB
p1+ p2 — pip2 (p1+ p2) £ — pipa(pi — p3)°
—(Pl—Pﬂf;(Pi—P§+4ﬁfﬂ#;}«P%—P3+Pﬁh—4ﬁpaﬁ
—p1p2(p3 — p3 — p1p2)tt + pipa(p1 — p2)t® — pip3te
So

3 1-— 2 )\
Z Qk,nTntn = 2 P1P2 PIPZ(Pl pZ)

=0 1—(p1—p2)t—((p1— Pzz)2 + 3P1P24)f2 —2((2191 p2)> +4pipa(p1 — p2)) PP
—p1p2((p1 — p2)? + p1p2)t* + pip3(p1 — p2)t° — pipat®

2 Y S i (pr+ [—pal)Su(A)E"
n=0
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Let’s remember that for k-Lucas numbers { g 1}7_2 P_z k: 2, and then
” 1 — kt? — 2kt3
L QunTut" = %far—M+3@ﬂ—8ﬂ+@ﬁ—k@+@%+&ﬂﬁ—ﬁﬁ
n=0
L t4 22+ (k+4)8
1—2t— (443k)t2 —8(1+ k)3 — k(4 + k)t* + 2k?#5 — k3t6
_ 2-2t—2(k+2)t> —2(3k+4)
12t — (44 3k)2 — 8(1 + k)3 — k(4 + k)t* + 2Kk215 — 3¢t6°
This completes the proof. 4

e Put k = 1 in the relationships (3.9) and (3.10), we obtain the following corollaries.

Corollary 5. For n € IN , the new generating function of the binary product of Pell numbers
and Tribonacci numbers is given by

0 £+ 282 4+ 5¢3

T, P, " = |
L T T 0E — 712 — 1610 — 5HE 4265 — 16

Corollary 6. For n € IN , the new generating function of the binary product of Pell numbers
and Tribonacci numbers is given by

a 2 -2t — 612 — 178
T, Qut" = .
;%"Q” 1—2t— 72— 16t — 5t + 25 — 16

TMuLmemmﬁmﬂmmSﬂ—A):SA—A):SJ—A):—Jami{zz;PZi;h in
1P2 — — 4,
(3.6) we deduce the following theorem.

Theorem 5. For n € IN, the new generating function of the binary product of k-Mersenne
numbers and Tribonacci numbers is given by

(3.11)
i ML g t + 3kt? + (9k* — 2)¢3
L TNt T T T3kt — 3(3k2 — 2)12 — 3k(9K2 — 8) + 2(9k% — 2)#* + 12ki5 + 816,

We can state the following corollary.
Corollary 7. The following identity holds true:
TuMin = Su(A)Sp-1(p1 + [—p2))-
e Put k = 1 in the relationship (3.11), we obtain the following corollaries.

Corollary 8. For n € IN , the new generating function of the binary product of Mersenne
numbers and Tribonacci numbers is given by

o t+ 32 + 78

TuMyt" = :
= T 1 =3t — 312 — 315 + 1444 + 1215 + 8t
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Fourthly, the substitution of S;(—A) = Sp(—A) = S3(—A) = —1and { le_ sz: 2 in
1P2 =K,
(3.6), we deduce the following theorems and corollary.
For n € IN, the new generating function of the binary product of k-Jacobsthal numbers

with Tribonacci numbers

in o E4 k2 4 (K2 4-2)8°
A STkt — (K24 6)12 — k(K2 + 8)13 — 2(K2 + 2)t* + 4kt5 — 816

(3.12)

We can state the following corollary.

Corollary 9. The following identity holds true:

Tn]k,n = Sn(A)Snfl(pl + [_PZ])-

Theorem 6. For n € IN, the new generating function for the combined Tribonacci numbers and
k-Jacobsthal-Lucas numbers is given by

613) Y. Tujout” = 2—kt— (k> +4) 2 —k(K+6)
' R T Tk — (K2 1 6) 12 — k(K2 + 8)13 — 2(k2 + 2) 1 + 4ki5 — 816

Proof. We have

Jin = 28u(p1 + [—=p2]) = kSn—1(p1 + [—p2]), (see [3]).

Online Journal of Analytic Combinatorics, Issue 16 (2021), #07
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We see that
Y Tujint” = ) (28a(p1 + [=p2]) —kSu-1(p1 + [=p2]))Su(A)t"
n=0 n=0
= 2} Su(pr+ [=p2])Su(A)" =k ) Su—1(p1 + [—p2])Su(A)t"
n=0 n=0
2 - n+1 n+1 n = n
= Su(AV =k Y TuJint
p1+ng ISu(A" =k Y Tol
= S ) S H) kY T,
p1+pz (pln;) n(A)(p1t) +Pznzb n —pat) ) Z nJknt"
p2 n
= 3+ — kY TpJint
p1 +P2 < - plt— —pit® 1+ pot - p%f2+z?§t3> Zo e
_ 5 1— pipat® — pipa(p1 — p2)t°
—un—mﬁ—«mfm%”HWmQﬂzgm—Pﬁ+4mmy2 p2))t°
—p1p2((p1 = p2)* + prp2)t* + pipi(p1 — p2)f° — pipot
—k Y JuPut"
n=0
B 2 — 42 — 4k
1 —kt— (k2 +6)t2 — k(k2 + 8)t3 — 2(k2 + 2)t* + 4kt5 — 8t6
B kt + K22 + k(k> +2)83
1—kt — (kK2 +6)t2 — k(k?> + 8)13 — 2(k? 4 2)t* + 4kt — 8t6
B 2—kt— (+4)2—k(k®+6)
1—kt — (k2 +6)t2 — k(k* + 8)13 — 2(k? 4 2)t* + 4kt> — 8t6°
This completes the proof. U

e Put k = 1 in the relationships (3.12) and (3.13), we obtain the following corollar-
ies.

Corollary 10. For n € IN , the new generating function of the binary product of Jacobsthal
numbers and Tribonacci numbers is given by

iT]t”— t+ 12 4 3¢
I T T 702 — 98 — 6t4 + 45 — 816

Corollary 11. For n € IN , the new generating function of the binary product of Jacobsthal-Lucas
numbers and Tribonacci numbers is given by

Y Tujut" = 2ot oS8 7
Z njnt” = 1—t—7t2—9t3 — 614 + 445 — 8t6°
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4.Generating Functions of Binary Products of Tribonacci Numbers and Chebychev
Polynomials
In this part, we now derive the new generating functions of binary product of Tri-
bonacci numbers with Chebychev polynomials.
Replacing p1by 2p; and p; by (—2p7) in (3.3) yields

_1 + 4p1p2Sa(— A2 + 8p1pa(pr — p2)S3(—A)

(4.1) Z Sn(A)Su(2p1 + [—2p2])t" P

7

with
Pap = (1 —2ayp1t) (1 —2app1t) (1 —2azprt) (1 4+ 2ay1pat) (14 2a;p2t) (1 4 2a3pat)
= 1+2(p1—p2) Si(—A)t+4 |S2(=A) (p1 = p2)? = prpa(S1(—A)2 = 255(—A)) | £
8| =S3(=A)(pr — p2)” + prpa(py — p2) (S2(~A)S1(~A) = 383(~A) | £
+16 [—Pllﬂz(lﬂl — P2)*S3(=A)S1(=A) + pip3(S2(—A)* - 253(—1‘1)51(—1‘1))} t

+32S5(—A)pips (p1— p2) S2(—A)P — 64S5(—A)?pipat®.

Remark 2. In what follows,{T,(x)},en (respectively {U,(x)}neN represents the Chebychev
polynomial sequence of the first (respectively second) order and { T, },eN the Tribonacci sequence.
P = {p1, p2} (respectively A = {ay,ay,a3}) is the set of roots of caracteristic equation of
Chebychev polynomial of first and second order (respectively of Tribonacci numbers).

By making the following restrictions: Si(—A) = S(—A) = S3(—A) = —1 and
P1—pP2=X%

dpipy = —1, 7 in (4.1), we get following Theorems:

Theorem 7. For n € IN, the new generating function for the combined Tribonacci numbers and
Chebychev polynomials of second kind is given by

& 1+ t2 4 2x#3
42 T, U (x) " = ,
(42) ) Tallu(0)t" = g5 (432 —3)12 — 8x(x2 — 1)3 + (4x2 — 1)1 + 2x15 + 16

Corollary 12. The following identity holds true:
Tl (x) = Sn(A)Sn(2p1 + [—2p2])-
Theorem 8. For n € IN, the new generating function of the binary product of Tribonacci numbers
and Chebychev polynomials of first kind is given by
B 1—xt— (22> —1)#2 —x (4x> - 3)
C 1 —2xt — (4x2 = 3)#2 — 8x(x2 — 1)3 + (4x2 — 1)t4 + 2xt5 + 6

(4.3) i T Ty (x) t"
n=0

Proof. We have
Tu (x) = Sn 2p1 + [—2p2]) — xSp—1 (2p1 + [—2p2]), (see [13]).
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We see that

[ee]

YT ()P = Y Su(A) (Su (2p -+ [-2p2]) — 45, (2py + [2p2])) 1

n=0

= iSn n (2p1+ [—2p2]) —xZS Sn-1(2p1+ [—2p2]) "
n=0

= ETnUn(x)t” - mrgsn(m((ziﬂl)n — (—2p2)")t"

_ iTnUn(x)t”
- (P1+P2 (ZS ) @pt)’ ZS 2p2t)n>'

Since

Y Su(A)" = ,
= 1—t—2—1#3

we have

Z TuTn (x)t" = i T, Uy, (x)t"
n=0

X 1 1
2(p1+p2) (1 —2p1t — 4p3t2 — 8p~;>t3 14 2pyt — 4p22 + 8p3t3>

= ) T.U,(x)t"
n=0
X 2t +4(p1 — p2) P +2(4(p1 — p2)* +4p1p2) P
2 \1—2xt — (4x2 —3)t2 — 8x(x2 — 1)t3 + (4x2 — 1)t* + 2xt5 + 16
= ) T.Uu(x)t"
n=0
. t+ 2xt? 4+ (4x% — 1)#3
1—2xt — (4x2 — 3)#2 — 8x(x2 — 1)#3 4 (4x2 — 1)t* + 2xt5 + 16
Thus
& 142 +2xt3
Y TuT, (x) " = Tl

1—2xt — (4x2 — 3)t2 — 8x(x2 — 1)#3 + (4x2 — 1)t4 4 2xt5 + 10
B xt +2x%t% + x(4x% — 1)
1—2xt — (4x2 — 3)t2 — 8x(x2 — 1)13 + (4x2 — 1)t4 + 2xt5 + 167
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therefore
o 1—xt—(2x2 —1)t? — x (42> = 3) 3
ZTnTn(x)tn: X (x ) x(x ) .
= 1—2xt— (4x2 —3)12 — 8x(x2 — 1)3 4 (4x% — 1)t* + 2xt> + 16

This completes the proof. U

5. Conclusion

In this paper, by making use of Eq. (3.1), we have derived some new generating func-
tions of binary products of Tribonacci numbers and well-known Numbers and Cheby-
chev polynomials. The derived lemmas and corollaries are based on symmetric functions
and products of these numbers and polynomials.
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