SOME PROPERTIES OF CYCLIC FLATS OF AN INFINITE MATROID

HUA MAO

ABSTRACT. We prove that when a pre-independence space satisfies some natural proper-
ties, then its cyclic flats form a bounded lattice under set inclusion. Additionally, we show
that a bounded lattice is isomorphic to the lattice of cyclic flats of a pre-independence
space. We also prove that the notion of cyclic width gives rise to dual-closed and minor-
closed classes of B-matroids. Finally, we find a difference between finite matroids and
B-matroids by using the notion of well-quasi-ordering.

1. INTRODUCTION

For finite matroids, J. Bonin et.al. said in [1]: cyclic flats of a matroid have played sev-
eral important roles in matroid theory. This paper will discuss some properties relating
to cyclic flats of an infinite matroid. Though J. Oxley pointed out in [2]: there is no sin-
gle class of structures that one calls infinite matroids, one does notice that most of infi-
nite matroids presented in [2, 3, 9], etc. are pre-independence spaces. Thus we find that
pre-independence spaces are widespread and have a profound influence among infinite
matroids. Therefore, this paper adopts pre-independence spaces to study and establish
the relationship between bounded lattices and cyclic flats of pre-independence spaces.
Simultaneously, it explores the class of B-matroids— a special class of pre-independence
spaces and shows that the class of cyclic width k or less among B-matroids is closed under
duals and minors.

We will narrate our working investigations in this paper as follows.

In light of the definition of pre-independence space (cf. Definition 1) and the definition
of independence space (cf. [2], p. 387& 3, p. 74), we know that an independence space is a
pre-independence space, but [2], Example 3.1.1, and [3], p.387, Theorem 3 and Theorem
4, together hint that a pre-independence space is perhaps not an independence space.

In addition, we notice that Sims [10] presents a way to show that any lattice of finite
length is isomorphic to the lattice of fully dependent flats of a rank-finite independence
space (a fully dependent flat is called a cyclic flat in the present paper).

On the other hand, according to [4, 5], we may observe that a finite length lattice is a
bounded one, but not vice versa.

Hence, we need to build up the relationship between a bounded lattice and an infi-
nite matroid. We may solve this relationship with the help of cyclic flats of an infinite
matroid. Analyzing the results of Sims, we will not choose the set of rank-finite indepen-
dence spaces. Recalling back that the viewpoint of J. Oxley in [2]: there is no single class
of structures that one calls infinite matroids, ..., it is natural to ask which family of infinite
matroids are suitable for playing the role in the above relationship?
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We exactly choose the family of pre-independence space as the discussing object. The
results from Section 2 to Section 4 will demonstrate the correctness of this choice. Of
course, in view of Section 2 and Section 3, we can say that the results here are a general-
ization of [1] with [10].

First of all, we may begin by reviewing some knowledge what will be needed later on. In
what follows, we assume that S is some arbitrary—possibly infinite—set.

Definition 1.1. From [2], p. 74 & 3, pp. 385-387, A pre-independence space M,(S) is a set S
together with a collection .# of subsets of S(called independent sets) such that
(il) & # &;
(i2) A subset of an independent set is independent;
(i3) If I, I, € .# with |I;| < |I5| < 0o, then there exists x € I, — I; suchthat [ Ux € .#.

X c Sis called dependentif X ¢ .#. A circuit of M,(S) is a minimal dependent set, and a
basis of M, (S) is a maximal independent set.

Definition 1.2. From [2], p. 80, A B-matroid Mg(S) is a set S together with a collection .#
of subsets of S(called independent sets) such that .# satisfies (i1) and (i2) together with
(Ipl) f T< X < Sand T € .#, then there is a maximal .#-subset of X containing 7.
(Ig2) For all X < S, if B; and B, are maximal .#-subsets of X and x € B; — By, then there is
an element y of By — B; such that (B — x) U y is a maximal .# -subset of X.

X ¢ .4 is called dependent. A maximal member of .# is called a basis.

From [2], pp. 83-84, if f is defined as f(X) = XU {x:IuUx ¢ .# for some I < X such that
Ie #}forall X ¢S, then we call f the closure operator of Mg(S).

Remark 1.3. (1) Aminimal dependent set of M (S) is a circuit. Let f be the closure opera-
tor of Mp(S). If f(X) = X, then X is called a flat of Mp(S).

(2) Our lattice theory follows [4, 5]. A bounded poset is referred to [5], p. 62. We assume
that the reader is familiar with vector space theory (cf.[6]).

We use 07 and 1 for the least and greatest elements of a bounded lattice L. For x, y € L,
if x and y are incomparable, then it will be denoted by x| y.

(3) In this paper, the family of all the circuits of M, (S) is denoted by € (M, (S)).

(4) Since all the discussion in [1] are of finite cases, it follows that all the lattices appear-
ingin [1] are bounded, though this is not pointed out in [1]. Thus some of results here are
the generalizations of that found in [1].

2. SOME PROPERTIES OF PRE-INDEPENDENCE SPACES

This section discusses some properties about pre-independence spaces and postulates
that if a pre-independence space satisfies some special properties, its cyclic flats form a
lattice.

Property 2.1. Let M, (S) = (S,.#,) be a pre-independence space. The closure operator of
M,(S) is a function 0, : 25 - 2% as X — XuU{x:IUx ¢ .# forsome I < X and [ € 4}. A
subset X < Sis a flat of M,(S) if 0, (X) = X.

(1) o, satisfies the following properties
(cll) X c0p(X) forall X c S.
(cl2) X =Y < Simplies 0, (X) S0, (Y).

(2) If 0, satisfies (cl3): 0 (0 (X)) =0, (X) for VX S S. Then
(2I) 0 (X) is the smallest flat containing X.
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(2II) That A, B are flats of M,(S) asserts that An B is a flat of M (S).

QIID) #,|T ={Y = T:Y € #,} is the collection of independent sets of a pre-independence
space My|T on T < S. One calls it the restriction of M, (S) to T. The closure operator o,
of M,|T states that for any Y < T, there is a flat X of M, (S) satisfying o, 7(Y) =XnNT.
(2IV) The set of circuits of M| T is € (Mp|T) ={C < T: C € € (M,(S)}.

Proof. (1) Routine verification.

(2) 21) 0p(X) is aflat since (cl3). X S0 ,(X) as (cll). Let Y beaflatand X €Y S0, (X).
By (cI2) and (cI3), 0»(X) S 0p(Y) S0op(0,(X)) =0,(X), and hence, Y = 0 ,(X).

2II) x € (AN B) — (AN B) means I U x ¢ .#, for some I € %, with I < An B, further,
I< A,B,andso, x€0,(A) = A,0,(B) =B. Thus, xe AnB. Sayo,(ANnB) = AnB.

(211D It is a straightforward to assurance that .#,| T satisfies (i1)-(i3).

Let Y€ T and X =0,(Y). Theno,r(Y) =Y U{y:Iruy¢ #|T for some It S Y and
It e #y|T}=YUulyeT:Iruyé¢.¥ for some IT € Y and I7 ¢ .#,}. On the other hand,
XnT=(nTu(x:Iux¢ Fyforsome <Y and I €.#,}NT). Hence, 0,7(Y)=XNT.

(21IV) It is straightforward.

O

Remark2.2. In [2], p. 74, Example 3.1.1, shows that some of pre-independence spaces have
no circuits or no bases, and so J,;‘ ={X:S— X contains a basis of M, (S)} and .#,.T ={Y <
T:YUB € ., for some basis B of M,| T} is not guaranteed to be the set of independent sets
of a pre-independence space on S and on T < S respectively. Besides, this example implies
that .#, does not satisfy (Iz1). However, for some class of pre-independence spaces such
as B-matroids, both J;,“ and .#,.T exist as B-matroids My(S) = (S,J;) (the dual of Mg(S))
and Mp.T = (T,.#,.T) (the contraction of Mp(S) to T) (cf.[2]).

As in finite matroids, a flat of M (S) is cyclicif it is a (possibly empty) union of circuits.
The family of cyclic flats of M, (S) is denoted by L(Mp,). Then

Theorem 2.3. Let M, (S) = (S,.#) be a pre-independence space such that € (My(S)) exists
andfor X ¢ .4, thereis acircuitC € 6 (M,(S)) satisfying C < X, and additionally, o, satisfies
(cl3). Then (L(M,), <) forms a bounded lattice and for any A, B € L(Mp), AV B =0,(AU B)
and A A B is the union of all circuits contained in AN B.

Proof. By Property 2.1, 0,(AU B) is the smallest flat of M,,(S) containing A and B, and so,
one does need only to prove that o ,(AU B) is the union of circuits of M,(S).

Let x€ 0,(AUB) - (AUB). One has Iy,pU x ¢ .# for some I4yp € ¥ and I4up S AU B,
and so, there is a circuit Cy satisfying C, < I4,p U x. Further, by (i2), x € Cy is true. Thus
0p(AUB) is a cyclic flat. Considered with the definition of L(M},), then Av B =0,(AUB)
is followed.

Let X = U C. We seek to prove that X is a flat of M, (S). Put x € 0 (X) — X.
ANB2CE€ (M (S))

Then Iu x ¢ .# for some I € X and I € .#. Considering (i2) with the given, it follows that
there is a circuit Cy of M, (S) satisfying x € C, < I U x. Because AN B is a flat by Property
2.1, one has 0, (X) € An B, and so x € An B, further, Cx € An B. Hence Cyx S X. Herein
0p(X) = X. Obviously, AAB = X.

Similarly to the above, U C is the greatest element in (L(M)),<). Evidently,
S2Ce€ (Mp(9))
0 (@) is the least element in (L(M)), S).

O
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In what follows, the lattice (L(M)), <) is said to be L(M,), if there is no confusion from
the context.

3. THE LATTICE OF CYCLIC FLATS

In [7], H. Mao presents that every finite height geometric lattice is isomorphic to the
lattice of flats of some matroid of arbitrary cardinality. Here, we only discuss more general
cases and obtains that for any bounded lattice L, there is a pre-independence space M (S)
for which the lattice L(M),) is isomorphic to L.

Theorem 3.1. Every bounded lattice L is isomorphic to the lattice L(M)) of cyclic flats of
a pre-independence space M,, in which 6 (M) exists and if X is not an independent set of
My, then there is C € € (M) satisfying C < X, and additionally, o, satisfies (cl3).

Proof. We construct a pre-independence space M, for which L(M,) is isomorphic to L.
We will finish the proof by five steps.

Step 1. (I) Let B be the set of elements in L other than 1;. Forz€ L, let V; = {y: z £ y}.
Evidently, V,cBand z¢ V, for z€ L.

Let f:z— V,. Then ({V;: z € L},<) is a lattice, where Vi, = Vy AV, Vi, = Vi vV V, for
x, z € L. The closely following proofs (III) and (V) inform us that these definitions of lattice
operators for ({V,: z € L}, <) are effective.

(II) We will prove that f is an isomorphism between L and the lattice ({V,: z € L}, <).

Letx,ze Landx<z. AsV,={yeB:y<zju{yeB:yllz}and Vy={weB: w<xju{we
B: w|lx}, we Vyassures w < x or w||x. Butif w < x, then w < x < z; if w||x, then w||z or
w < z. No matter which status happens, it has w € V. Namely, V, c V.

Conversely, let V, c V.

Assume that z < x. By the above proof, one has V, c V,, a contradiction with V, c V,.

Assume that x||z. It has z € V,, and so z € V, since V; c V,, a contradiction to z ¢ V,
according to the definition of V.

Therefore, x < z is real.

It is not difficult to see that f is a bijection. By the definition of isomorphism between
two lattices in [4], p. 19, it follows that f is an isomorphism. Besides, f(07) = Vp, = {y:
0, £y}=0,f11) =V, =Band f(2) # @ forze B—0;.

(III) The following sets to prove that Vy,, = Vi A V, is effective for x,z € L.

The above (II) and xAz < x, z causes Vyp, € Vi, Vz, and so Vya, € VNV, Let V, € V,NV,.
Then ¢ < x,z by (II), and so ¢ < x A z, further V; € Vya,. Thus, Vi, = Ve A V.

(IV) Next to prove Vy, = V,UV, for x,z € L.

X,z < x V z and the above (II) taken together leads to V, U V, <V, .. Let y € Vyy ;.

Assume that y < x v z. Under this assumption, there are three cases to be considered as
follows.

If x < y. Then z £ y, otherwise, x v z < y, a contradiction. It implies y € V, S V, U V.
If x||ly. Thenye V, c V,UV,.
Ify<x.ThenyeV,cV,uV,.
Similarly, for the relation between z and y, one has ye V, U V.
Assume that y||(x V z).
This means y « x and y £ z. Hence y € Vy and y € V;, and so y € Vy U V.
Summing up the above, V.=V, U V,.

n
By the mathematical induction, one has V\/;z_1 x = U Vy.
= i=1
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(V) The result in (IV) implies that Vy, , = V. v V, is effective.
(VI) The following will prove V', xg = U Vxﬁ forxge L (V€ AB).
BeB

PeB
It is easy to see that ﬁUga Vip Vﬁ\/@ x5~ The following will prove the converse. Let p =
€ €

V xgand Q ={q: p covers q in L}.
PeB

Assume that |Q| =1. p = ﬁV@ xXg = (ﬁ g\g Qxﬁ) Vv q causes that there is fy € 2 satisfying
€ edb—
Vg, = Vp,andso, V, s Vg u( U Vig) < U Vg because Vi ©Vp for any f € 4.
BEB,xp#p PesB
Assume that 2 < |Q|. If there is fy € 98 satisfying By = p, then similarly to the discussion
for |Q| =1, the need is obtained. The other cases are proved as follows.
Since Vp:{s:pﬁs}:{s:s<p}u{s:sllp}.
If s/|p. Then, because of g, v g2 = p for any q1, g2 € Q, it follows that there is g, € Q

satisfying g,||s, and so, s € Va, UVycs U Vxﬁ.
qeQ PePB
If s< pand s # xg forany f € %.
Suppose s < g for some g, € Q. This brings about se Vg, = U Vg U Vi,
qeQ

PeB
Suppose s £ g forany g € Q. This means s||q forany g € Q, and further,se V, < U V,; <
qeQ
U Vxﬁ-
PeB
If s<pands=uxgforsome fe B, thense U Vi, isevident.
peB

Step 2. We write B in detailed as B = {b; : j € _#}. Let F be an infinite field with 0, 1 as the
zero and unit element in F respectively. The map g: b; — a; =(0,...,1,0,...), where a; is a

vector whose entries are all zero except for a 1 in the jth position. Let Vp = {x= ). kyaq:
ey

ko € F}. We prove easily that Vr satisfies V1-V8 in [6], p. 2, Definition 1.4, and hence, Vg
is a vector space over F. g is evidently a bijection between B and {a; : j € #}. We say that
there is no difference between a; and b; whenever it is clear from the context.
ForVzeB,onehas V,={yeL:zL y} ={ag:2 % y,aa = g(), a € Z,}. Simply say V, =
{ay: a € Z;}. Selectone S, = Y. kya, where kg, Z0forVae Z,. Let V=BU{S,: z€ B},

aeZ,

orsay, V={a;j:je _#}U{S;:zeB}. Then V c V.

Step3. (I) Let I ={X ={xg:aeAx} S Vr: Y koxq=0< ky=0forall a € «/x where
aedyx
kq € F (a € &x)}. One asserts that (Vg, #r) is a pre-independence space.

Since Sr 3 {aj} < VF for j € ¢ is evident, one has #r # @, i.e. (i1) holds for #f.
Let VP2 Y X ={xq:aedx}e Ir. Y ={y,: a € &y} ¢ Fr. Then there exist nonzero
scalars pq € F, (@ € ofy) suchthat Y paya=0.SinceY c Xtellsus X = YU{xg: f€ (ofx—

aedy
oy)}. Putgg=0for f € ofx—ofy and qq = pafora € «/y. Then Y qaya+ X  qpxp=

aedy ﬁE.szfx—.Q{y
0. Herein, X ¢ .¢f, a contradiction. Thus (i2) holds.
Let I,I, € $r and || < |I»| < co. Suppose | N | = k. That is
Il = {xl)---)xk’xk+lr---;xn}) 12 = {xl,---,xk,yk+1»---,J/n;J/n+1,---,J’m}-
Ifk=n-1,m=n+1,then I} ={xy,...,Xp—1,Xn}, L = {X1,..., Xn—1, Yn» Yn+1}. Suppose I; U

n n-1 n n-1
Y iU Yns+1 € I, i€ yn = .Zlfixi = .Zl fixi+ fnXn, Yn+1 = _Zl 8iXi= .Zl giXi+&nXxn (fi,8i €
1= 1= 1= i=
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n—1
F;i=1,...,n). Since I, € .$r and (i2), it follows f;,, g, # 0, and so, x,, = ﬁyn + .Zl (—%)xi,
1=
n—1 f n—1 f
y (—f—’gn)xi =Y (gi— f—‘gn)xl- + %yn, a contradiction to
i n i=1 " "

n-1
further y,+1 = Y gixi+ %yn +
i=1

e fp.

By the mathematical induction, we have that (i3) holds.

Therefore, (Vr, #F) is a pre-independence space, denoted it by M),

(II) Next to prove that M, satisfies that 6 (M) exists and forany Y € Vg, if Y ¢ .#f, then
there is X € Y satisfying X € € (M)).

Let aj, = (1,0,...) and k € F — 0. Then it is easy to see that {kaj,, aj,} is a circuit. Namely,
€ (M)) exists.

Y ={y,: a € oy} ¢ $r means that there are nonzero scalars k, € F (a € «fy) satisfying

Y. kaya = 0. The set of subscripts relative with all nonzero elements in {k, : a € ofy}
aedy

is in notation Dy. Then ) kyy, = 0. Besides, one should notice that for any Xy c

aeDy
Dy, Y. kqya # 0 according to the background of Dy. Thus, we may say {y, : @ € Dy} €
aeXy
€ (Mp).

(III) The closure operator o, of M), satisfying (Iz1) is shown in the following.

letTe fpand TS X S.

Assume that | X| < co. If X—T = {x}, then Tux € .#r or not depends only on the property
of x. Namely, if T U x € .F, then T U x is a maximal .#r-subset of X, otherwise, T is the
maximal one. All these results are found quite easily. By the mathematical induction,
when | X| < oo, we obtain the needed result.

Assume that | X| £ co. According to the Well Order Principle in [8], p. 14, there is a well
order < on X — T. Suppose {c:c< d}, (d,c € X—T), there is a maximal .#g-subset I of
Tu{c:c<d}. Itis easy to determine ITUd € £ or IT Ud ¢ #F in view of the definition of
Jr. We may equivalently say, let It = {x; : i € I} be a maximal .#r-subset of TU{c: c < d},
ifd= ) kix;(kjeFieJ.),then Irud ¢ %f; otherwise, Irud € .$r. Thus, if Irud € ¥,

i€g.
then It U d is a maximal .#g-subset of T U {c : ¢ < d}; if not, then I is a maximal one.
Finally, by the Principle of Transfinite Induction (cf.[8], p. 14, Theorem 7.1), the needed
result follows.

(IV) That o, satisfying (cI3) is proved as follows.

By (IIT), we have that there exists abasis B ={c; : i € #p} of X forany X = {x; :i € ¥x} < S.
We prove that 0 ,(X) = 0(B).

In virtue of (cl2), o, (B) € 0,(X). Because B € #, one has 0,(B) =BU{q:BUq ¢ ¢} =
Bu{geVr:q= Y escsand es € F6 € A; < 9Bpl. Obviously, g # 0 since ¢5 # 0, (6 € Ay)

€Ny
and B € f. Besides 0,(X) = XU{y:y= Y fixi, (fi € Ei€ %))} Since B is a basis of
€%,
X, itfollows that x; = Y (f¢y) €0p(B),(ty € Fy € Zy; S 9ABp), and so, for y € 0p(X) - X,
Ye&x;
y= > fl( > (tycy)) = > (fity)cy, andhenceyeap(B).
i€¥,  YERy; 1€Wy, YERy;

One gets 0,(X) = 0,(B) and B is a basis of 0,(X). Furthermore, 0,(0,(X)) = 0,(B),
and so (cI3) holds for o .

(V) By Theorem 2.3, L(M),) exists.

(VD) In view of Property 2.1, M|V = (V,.# = #¢|V) is a pre-independence space and
€ (Mp|V) exists. We may easily observe that L(M),|V) exists by Property 2.1 and Theorem
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2.3.

Step 4. (I) It is obviously proven V, U S, € €(M,|V) from the definition of .#, where
€ (Mp|V) is the set of all the circuits of M |V. Furthermore, V, U {Sy : x < z} is the union of
circuits because V, < V; for x < z. Next, one proves € (M,|V) ={V,US,: z€B}.

Suppose C € €(Mp|V) —{V;US;: z€eB}. By (il), C # @. In virtue of (i2) and C ¢ .#, one
gets CNB#@and Cn{S,;:ze B} # @. Let S; € C. By the definition of S; and C ¢ .#, one
has V,U S, c C. By the minimality of C and V, U S, € €(M,|V), one gets C = V, U S,. This
means that V; U S; is the one and only single circuit containing S, in M|V

(II) We will prove that V, U{S, : x < z} is a flat of M|V

Let oy be the closure operator of M,|V. Because V, is a maximal .#-subset in V, one
has o,y (V) = V,Uuly: V;uy ¢ #}. In addition, evidently, for any I < V; and y € B, it has
ITuye ¥. Hence y € opy(V,) =V, follows y e V-B = {S, : z € B}. Moreover, y = Sy for
some x € B. If x < z, then V) €V, and so, by the above step 4 (I), VyU Sy € €(Mp|V), and
hence V,uS, ¢ #. If x>z ,thenS, = Y kja;+ Y t;a;,andsoV,uS, € .#.Ifx||z, then

a;eVz a;€eVx—Vz
ki#0 ;;#0
z € V. Certainly, z ¢ V,. Hence there is a, = g(z), where g is defined as in Step 2. Since
Sy = y kia;=kza,+ )Y k;a;, one follows that Sy could not be represented by
ajeVy={a;:ie/y} aieVyi—z

i€y, ki€eF-0
all the elementsin V,,and so V,u S, € ..
Consequently, o,y (V) = V,U{Sy:x < z}.
(III) In viewof B= U V,,onehas V=(U V,)u{S,:zeB} = U (V,US;) = U[B(VZU{Sx:
ZE

zeB zeB zeB
x < z}), and so, V is a cyclic flat of M,|V. Therefore, the greatest and least elements in

L(M,|V) are V and @ respectively.

(IV) One proves: for any cyclic flat X # V of M|V, X € {(V,U{Sy:x < z}) : z € B}.

For S; € X, since V, U S; € €(M,|V) and the above closely (I), one has V, U S, < X.

For v e X nB, since v € X and X is a cyclic flat, one obtains that there is a circuit C, € X
satisfying v € C,. By the proofin Step 4 (I), C, n{S; : z € B} # @, and so there is some y € B
satistying Sy € C,. Furthermore, C, =V, U S,,.

Thus, X is the closure of U{V,: S, € X —B}.

By Step 1 (VI), one has X = 0,y (V) where 2’ = v{z: S, € X —B}. Thus the cyclic flats of
M|V are the sets VU {Sy: x < z}.

Step5. Let h:1p — V,z2— V,U{Sy : x < z} for z € B. Then combining with the results
from Step 1 to Step 4, one has that L is isomorphic to L(M,|V).
OJ

Combining Theorem 2.3 with Theorem 3.1, we get the following result.

Corollary 3.2. There is a bijection between the set of a bounded lattice and the set of a pre-
independence space M), = (S, %) in which € (M) exists and if X ¢ ¢, then it has C € € (M)
satisfying C < X, additionally, o, satisfies (cl3).

According to [3], p. 388, for any independence space .#;(S) with ¢ as its closure op-
erator, then o satisfies (cl1)—(cl3), and besides, when considered with [2] and [3], all of
(21)-(21V) are correct for .#;. In addition, by [3], pp. 386-388, one gets that .#/;(S)) exists
and for X ¢ ., it has a circuit C € € (#;(S)) satisfying C < X. Thus, all the results in Sec-
tion 2 and Section 3 are true for independence spaces. That is, the consequences provided
for are a generalization of that in [10].
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At the same time, we note that [1], Theorem 3.2, gives a method to formulate the defini-
tion of a finite matroid using cyclic flats and its ranks. For infinite matroids, we foresee a
similar proof.

4. CycLIC WIDTH

We may ask: do the properties of L(M),) imply infinite matroid theoretic properties of
a pre-independence space M, (S) = (S,.#,)? We know that the three of dual operation,
restriction operation and contraction operation are basic operations for finite matroids.
But by Remark 2.2, (S,J,;" ) and (T, .#,.T) for T < S may fail to exist as a pre-independence
space. Even though, [2] informs us that B-matroids is closed under the dual operation,
or restriction operation or contraction operation respectively. Hence, this section aims to
discuss some properties for a B-matroid Mg (S) = (S, .#) by the properties of L(Mp).

A B-matroid N on T is called a minor of Mpg(S) if N is obtained by any finite combi-
nations of restrictions and contractions of Mp(S). Besides by [2], (Mp|T)* = My.T and
(M5 (S))* = Mp(S). One notices that by [2] and Theorem 2.3, L(Mp) indeed exists. Recall
in [5], p. 98 & [4] that the width of a poset is the maximum number of elements in a set of
incomparable elements. Hence, the cyclic width of Mg (S) is defined as the width of L(Mp).

In what follows, CW (k) represents the family of all B-matroids whose cyclic width is at
most k. One first shows that CW (k) is closed under duals and minors.

Theorem 4.1. The class CW (k) is closed under duals and minors.

Proof. By the dual operation of Mp(S) € CW (k), it follows the closure under duals.

In light of [2],§3.2, we only need to prove the closure under the restriction operation.

Let o be the closure operator of Mg(S) and T < S.

If k £ oo, then obviously, Mp|T € CW (k).

If k < co. By the discussion in [2], pp. 82-83, one haso7(Y) =0 (Y)NnT forall Y € T
where o7 is the closure operator of Mp|T. Suppose Mg|T € CW (k). Before proceeding,
we recall that the family of dependent sets of Mg|T is {Y : Y < T,Y ¢ .#}, and further,
€Mp|T)={Y:Y T, Y €€(Mg(S))}.

Let {Y, : @ € 27} be a maximal antichain in L(Mg|T) and the cardinality 27| of @7 is
kr. Let B, € Y, be a basis of Y, in Mg|T. Then B, is also a basis of Y, in Mg, and further,
o7(Yy) =07(Bg). Furthermore, 0(By) = BquU{x:ByUx ¢ £} =Y, u{xe S—Y,:BauUx ¢ ¥}
Since B, Ux ¢ . and B, € . together implies that there exists a circuit Cy of Mp satisfying

x€eCy S ByUx,and hence 0(By) = Yy U U Cy. Let X, = 0(Bg). One has that X,
xeCySByUx¢.S

isacyclicflatand Y, = X, N T.
One sees that {X,, : a € D7} is a set of incomparable elements in L(Mp) because {Y, : a €
97} is an antichain in L(Mg|T). Herein, k1 < k, and further, Mg|T € CW (k).
O

Example Let S be the edge set of the infinite graph G shown in Figure 1. %5 = {X <
S: X does not contain the edge set of any cycle in G}. It is a straightforward to prove that
(S,.%;) is a B-matroid, and obviously, €((S,.#;)) = {{e1, a}}. Let o be the closure operator
of (S,.%;). Then o(ey) = o(a) = {ey, a} as the one and only one cyclic flat in (S,.%;). Hence,
(S,#5) € CW(1), and so, the width of L((S, %)) is 1.
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Figure 1

Let H; = S—e; (i = 3,4,...). Routine verification posits that (H;, %G| H;) is a B-matroid
and (H;, $g|H;) is isomorphic to (S,.%;), and additionally, (H;, #;|H;) is a minor of (S, %)
and the width of L((H;, %1 H;)) is 1. (i =3,4,...).

Remark 4.2. As finite matroids (cf.[1]), a class of B-matroids is well-quasi-ordered if it con-
tains no infinite antichain in the minor order. [1] tells that for finite matroids, CW (1) is
well-quasi-ordered. But the above example shows that CW (1) is not a well-quasi-ordered
class of B-matroids. This is also a difference between finite matroids and infinite matroids.
More study is needed.

REFERENCES

[1] J. E. Bonin and A. D. Mier, The lattice of cyclic flats of a matroid, Annals of Combinatorics 12(2008)155—
170, or: (arXiv:math./0505689 v2 [math.Co] 12 Feb. 2007.)

[2] J. Oxley, Infinite Matroid, in Matroid Application, ed. by N. White, Cambridge University Press, Cam-
bridge, 1992, pp. 73-90.

3] D.]J. A. Welsh, Matroid Theory. Academic Press Inc., London, 1976.

4] G. Grézter, General Lattice Theory, 2nd. ed., Birkhduser Verlag, Basel Switzerland, 1998.

5] G. Birkhoff, Lattice Theory, 3rd ed., American Mathematical Society, Providence, 1967.

6] W. Brown, A second course in Linear Algebra, John Wiley & Sons Inc., New York, 1988.

7] H.Mao, On geometric lattices and matroids of arbitrary cardinality, Ars Combinatoria 81 (2006), 23-32.

8] T. W. Hungerford, Algebra, Springer-Verlag New York Inc., New York, 1974.

9] N. White, Theory of Matroids, N. White, Cambridge University Press, Cambridge, 1986.

[10] J. A. Sims, An extension of Dilworth’s Theorem, ]. London Math. Soc. s2-16(3) (1977), 393-396.

[
[
[
[
[
[
[

DEPARTMENT OF MATHEMATICS, HEBEI UNIVERSITY, BAODING 071002, CHINA
E-mail address: yashengmao@263.net



	1. Introduction
	2. Some properties of pre-independence spaces
	3. The lattice of cyclic flats
	4. Cyclic Width
	References

