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APPENDIX A3

Tables of Homotopy Groups of Spheres

The Adams spectral sequence for p = 2 below dimension 62. The Adams—
Novikov spectral sequence for p = 2 below dimension 40. Comparison of Toda’s,
Tangora’s and our notation at p = 2. 3-Primary stable homotopy excluding in J.
5-Primary stable homotopy excluding in J.

In this appendix we collect most of the known values of the stable homotopy
groups of spheres for the primes 2, 3, and 5. Online graphic displays of these
are given by Hatcher [?]. The results of Toda [?] on unstable homotopy groups
are shown in Table A3.6. A table of unstable 3-primary homotopy groups up to
dimension 80 can be found in Toda [?].

Extensive online charts of various Ext groups over the Steenrod algebra have
been provided by Nassau [?] and Bruner [?].

In F1gs. A3.1a—c we display the classical Adams Es-term for p = 2,

Ext’(Z/(2),Z/(2))

for t — s < 61, along the differentials and group extensions. The main reference for
the calculation of Ext is Tangora [?], which includes a table showing the answer for
t — s < 70. We use his notation for the many generators shown in Ext. His table is
preceded by a dictionary (not included here) relating this notation to that of the
May spectral sequence, which is his main computational tool.

In our table each basis element is indicated by a small circle. Multiplication
by the elements hg, h1, and ho is indicated, respectively, by vertical lines and lines
with slopes 1 and % Most multiplicative generators are labeled, but there are a
few unlabeled generators due to limitations of space. In each case the unlabeled
generator is in the image of the periodicity operator P (denoted by IT in Section 3.4),
which sends an element z € Ext®’ to the Massey product (Section A1.4)

(z, hg, hs) € ExtstHiT12,

Differentials are indicated by lines with negative slope. For ¢t —s < 20 these can
be derived by combining the calculation of Ext in this range due to May [?] with the
calculation of the corresponding homotopy groups by Toda [?]. For 21 <t —s < 45
the results can be found in various papers by Barratt, Mahowald, Milgram, and
Tangora and most recently in Bruner [?], where precise references to the earlier
work can be found.

Differentials in the range 46 < t — s < 61 have been computed (tentatively
in some cases) by Mahowald (unpublished) and are included here with his kind
permission.

Exotic group extensions and some exotic multiplications by h; and hs are
indicated by broken lines with nonnegative slope.
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In F1c. A3.2 we display the Adams—Novikov Es-term for p = 2 in the range
t—s < 39. The method used is that of Section 4.4, where the calculation is described
in detail through dimension 25. The small circles in the chart indicate summands of
order 2. Larger cyclic summands are indicated by squares. All such summands in
this range have order 4 except the one in Ext®?®, which has order 8. The solid and
broken lines in this figure means the same thing as in Figs. A3.1a—c as described
above. This figure does not include the v;-periodic elements described in 5.3.7, i.e.,
the elements in the image of the J-homomorphism and the elements constructed in
Adams [?].

In TABLE A3.3 we list the values of the 2-component of the stable stems 7}, for
k < 45, showing the name of each element given by Toda [?] (where applicable),
by Tangora [?] in the Adams spectral sequence, and by us in the Adams—Novikov
spectral sequence. Again we omit the vi-periodic elements described in 5.3.7. These
omitted summands are as follows.

Z for k =0,

Z/(2) for k=1 or 2,

Z/(4) for k =3,

Z/(2™)  for k = 8t — 1, where ¢ is an odd multiple of 2™,
Z/(2) for k=0o0r2 mod (8) and k > 7,

(Z/(2))*> fork=1 mod (8) and k > 7, and,

Z/(8) for k=3 mod (8) and k > 7.

In TABLES A3.4 and A3.5 we do the same for the primes 3 and 5, recapit-
ulating the results obtained in Sections 7.4 and 7.5, respectively. Again we omit
the vi-periodic elements described in 5.3.7, which in these cases are (in positive
dimensions) precisely im J, i.e.,

Z for k =0 and
Z/(p™ ) for k= (2p—2)t —1,

where t = sp™ and s is prime to p.
In F1Gc. A3.6 we reproduce the table of unstable homotopy groups of spheres
through the 19-stem, given in Toda [?].

TABLE A3.3. 2 at p =22

Stem Toda’s name Tangora’s name Adams—Novikov name
6 v? h3 Ba/2
8 e= (% 2n) co B
9 V3 h% hg (651 62
14 O'2 h% 54/4
K do B3
15 nK hidg a183 = 1844
16 n*{o,20,n) hyhy 54/3
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TABLE A3.3 (continued)

Stem Group Tangora’s name Adams—Novikov name
17 '’ hiha a1fB4/3
VK hadg /233 = Q728474
18 v* <0’, 20’, V> h2h4,h0h2h4 54/2’2
hi3hohy = hihy 4B4s2.2 = aifays
19 o= {0%+k,n,v) ¢ 2
20 K g B4
2k hog 204 = 20 = (2,03, Bay3)
4K h%g 2299 = Oég/Qﬁg,
21 o’ h3hy a2/284/2,2
nK hig 14
22 va hocy Q27272
772,‘76 Pdg 04%54
23 Z/2®Z/8 h4C() ’173/2
hag x93 = (2,0}, Bass)
hohag 2123
Phldo 41’23
24 Z/2 h1h400 a1773/2
26 Z/2 h3g (/223
28 Z/2 Pg = dj T9s = (B2, 0%, Bass)
30 Z/2 h3 Bs/s
31 (2/2)2 h%h4 04158/8
n V3
32 (Z/2) hihs Bs/7
dy r32 = (a1, Baa + B3,
at, Bays + Bs)
q Bs
33 (2/2)° hihs 1B/
p N5/6
hiq a133
34 Z/4® (Z/2) hohahs Bs/6,2
h3hahs = hihs oF Bs )7
€ Q2/273
C3 234 = (83,03, Bass) = PP
35 (Z/Q)2 hady /232
hleg a1 T34
36 Z/2 t 36 = 7
37 (Z/2)2 h§h5 042/2,38/6,2
T Y4/2,2
38 (Z/4) @ Z)2 h3hshs, hihshs Bs/4,2
hix 174/2,2
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TABLE A3.3 (continued)

Stem Group Tangora’s name Adams—Novikov name
39 (Z/2)° hihshs o487
hsco Ya/2
hic r39 = (a1, B2/2,73)
c1g o = (N2, 03, Bays) = P
u xé’g = <58/6,111,042/2>
40 Z/4+ (Z)2)* hihshs 10487
fi 7407
hihsco B2Bs7 = Y201
Phyhs Bs/3
g ?
hin a1
41 (2/2)° h1 f1 1740
Ph%h5 140
z ?
42 Z/80Z)2 Phahs, Phohahs Boz,2
PhZhohs = Phihs 48322 = 03 B33
Pe% ?
44 Z/8 92 Bs?
hoga
h%92
45 (Z/16) @ (Z/2)3 h3 Y4?
hohi
hg a1 38”7
hsdy
hohsdy
h2hsdo
w

@ All element have order 2 unless otherwise indicated. (im J and pgg+1, pgg+2

omitted.)
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TABLE A3.4. 3-Primary Stable Homotopy Excluding im J¢

Stem Element Stem Element
10 ﬁ1 81 Y2
13 af rg1 = (1, a1, B5)
20 pi 82  fBss3
23 Oélﬁ% 84 Q172
26 o B1Bs = a1ws1
29 Ozlﬂg 85 <04170£1,ﬂg’> :ﬁl,u
30 B =(B2,3,01) a186/3
36 B1/2 86  fBs/2
37 (a1, 00, B7) = (61,3, 52) 90 B
38 63/2 = <(X1,ﬁ%,3,0¢1> 91 /81'72
39 a1Bife B1rs1
40 Bt 92 B1Bs/3
42 B3 r92 = (B1,3,72)
45 Za5 = {1, a1, 53/2> with 93 Tg3 = <a1, a1,66/2> with
3145 = 183 3we3 = 136
46 ,B%ﬁQ 94 (11,81V2
47 <a1,041,5%> ﬂf%
49 a13Bs 95 a1B1Be3
50 ﬁ? 99 <0417 g, $92>
52 3 = (o, a1, Ta5) 100 B20s
55 o33 101 B
62 iP5 Bixs:
65 1B/ 102 BiBs/3
68  xes = (a1, 83/2, B2) B1w92
72 ﬁ%ﬁg = <a1, 3, -7568> 104 a1,6’1272
4 Bs 106 w106 = B7 £ Boyg
75 w5 = (a1, a1, 768) = (B, B3/2,8,) 107 yfe
with 3z75 = a1 873 Baws1
78 B3 = Pizes 108 Bafsss = (ou, ou, Bias)

@ (See 7.5.3 and subsequent discussion.) All elements have order 3 unless other-
wise indicated.
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TABLE A3.5. 5-Primary Stable Homotopy Excluding im J

Stem Element Stem Element
38 ,81 255 alﬁ%ﬁg
45 Ozl,Bl 258 ﬂ%ﬂ4
6 A7 265 a1f76s
83 o f3? 266 A7
86 52 268 ﬂ254 with 6165 =0
93  aif 275 a1B284
114 B 278 e
121 o f} 281 287
124 p132 285 a1
131 a18:162 286 103
134 ,83 293 041,811ﬁ3
141 Oé1,63 296 B?ﬂ4
152 511 303 alﬂ?@;
159 a1} 304 B3
162 (752 306 B18284
169  a15%82 313 a1 B1B254
172 B1Bs 316 B10s
179 a16163 319 26?

182 34 326 By

189  aifs=m 331 2015
190 ﬁi’ 333 a1pr

200 7, 334 Bifa

205 2ﬁ% = <Oél, aq, ﬁ?> 341 Ollﬁil54
206 P54 = (a1, 57,5, 1) 342 B

207 o B 344 BiB2pa
210 fifs 351 1782
213 a1fsa 354 57 Ps

214 By3 357 2889

217 o fiBs 364 3157

220 B1fa 369 26786
221 011,85/3 374 68

222 P50 379 B16r

227 a1f1Ba 380 B°

228 ﬁ16 381  a1fs

230 Bs 382 (76204
237 2B5/2 with 5(285/2) = a1f5 389 1828
238 B 392 3B

243 289 402 Bipr

245 al,é’fﬁg 403 §6}0

248 33833 404 w404 = (0181, B1, B5/4)
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TABLE A3.5 (continued)
Stem Element Stem Element
407 28366 491 2572 = (Bra, 72)
411 anza04 = B5a267 = (11, 1,5,72)
412 31 fBs 493 28167
x412 = B1Ps + 5§/4 494 Bp°
417 2B83B; 498 B70y
418 Bt 503 28338s
419 alﬂlﬂg with 1412 = 0 508 ﬂgﬂg with 61510 =0
420 B{B2fs = (1,5, T412) 513 Bive
422 By 2518y
427 2410 with 514 B2B105
5(2x412) = a1 31 B2fa 517 3673
430 BB 518 fBu
437 259 520 Ozlﬁ%’h
V2 523 202039
438 Bioys B1y2
440  B367 524 B2Bi0/5
441 §ﬁ%1 525 011511
444 aqys 526 ﬁf,@g
445 ai1Bioss 529 258172
261 s 530 a7
446 Bio4 531 (3727 = a1 B2B105
450 (Bs with B2, =0 532 Bl
453 11074 536 S8
454 PBioys 541 20618s
455 28367 546 (15239
456 %2 551 ﬂf’yz
460 (5159 2633 By
461 CY1/310/3 952 5%572
462 Proja 555 3P}
465  2/32/3s 556  B1B11
470 510 558 alﬂ?’)ﬁ
475 Pivye 561 (128289 with 18272 =78126259
476 B1Bross = (a1, B1Bs, B1) 566  Si2
572 = (B1,5,72) 567 572572
477 2B10y2 With 5(2819/2) = a1fo | 570 B°
478 BifBr 571 26161
479 3p}2 572 B3Bioss
482 1 B172 573 a1f12
483 a1B1B10/5 574 Bifo
488  B3fs 579 (9287 = a1PsPioys
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TABLE A3.5 (continued)

Stem Element Stem Element
583 375200 659 151513
589 B%’}/g With A1XeE2 — 0

2531 By 660 516209
590 5%572 662  Big
594 S761 665 357012
596 o117 B2
599 B72820 666 B7572
601  4B{° 667 250
602  weo2 = (267, B1. B5/4) 670 BB
604 31812 675 283120
605  B72572 677 261
608  Bi° 4617
609  ajweoe with 287811 =71 602 678  Pis/s
610 B1B3B10/5 = (@1,5, Teo2) 680  f37p12
614 fus 267572
617  we17 = (a1, (@126203), (xgg2)> 685 18155
with 686 ﬂ15/4
5617 = 1618381075 689 387572
620  BafPiross 690  Bipis
621 Oélﬂlg, 692 92 — <O(1,ﬁi), 113>
622 375209 693 1154
627 361512 381 A11
B2 694 Bi5/3
628 31572 700 B1fua
632 fB7fn 701 a1Bi53
635 2B4B10/5 702 Bis)2
636 wess = (87,167, Bioys) 703 3833 Bi2
= <55/47ﬁ97a1> 5;72
637 2670200 704 BP5y
639  46,° 710 Bis
642 ﬂfﬂlg 713 éfﬂlg
26772 714 w7a = (81, B1B2, 72 + 269)
643 258172 = B5/472 715 261814
17636 392
644 Bs/4810/5 716 B1P15/5
646 317 717 2B15/2 with
651  a185/4P10/5 5(2815/2) = a1Pis
652 B1P13 718 (P12
Bs/3B10/5 + B1B13 = Tes2 28772
655 zﬁifﬂn 721 A1X714
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TABLE A3.5 (continued)
Stem Element Stem Element
723 a181B15)5 786 B1P2514
724 w724 = ($1,5,51,51") 789 3P31bs
Thoy = (B3, B3 P11, aron) 794 26772
with 81 815/4 =0 796 B1P16
727 3857 799 36751
728 Bipis B1r761 With
730 Biw692 4Bf w92 =7
731 011$/724 With 800 B%x724
a1%724 =0 Biaty,
738 f1fua 803 34757,
739 23;‘724 806 517
741 3Bif2 a1 B1z761 = BiTeo2
ﬁ?% 807 041/3%$/724
742 S5, 809  frzrm
748 ﬁ2514 Wlth 810 ﬁ2$/724
B1P1s =0 811 21516
751 36763 812 B3B15/5
753 3B1x692 813 a1Bir
756 2857, 814 Bifia
with 712 = 0 815  2B%w7o4
758 B 816  aiBizrry
761 x761 = (B3, 71,72) 817 A1,
381814 43182814 with
762 Prx724 2fB2615/5 = 0
P17y 318 5%0510/5
763 2828314 824 16114
764 B2fisss 825 23217y,
765 ai1Bi6 826 wsas = (o1, A7, a1B4, Bross)
387572 827  2B3B15/5
766 5%513 833 1826
768  ai1zre1r = 12281086 834  B%b1e
Bixe92 xg34 = (81,265, Bross)
769 a1611’724 837 §ﬂ%ﬂ14
771 e = (B2, 57, BT3) Bix761
776 ﬁ§514 838 ﬁ%x724 With
T 2817704 Biahe, =0
778 x1T771 840 36%0’}/2
779 ﬂ?"}@ 841 A1X834
2628155 361%B10/5
780  fY57ye 842 wgaz = (267, b1, Bio/4)
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TABLE A3.5 (continued)

367

Stem Element Stem Element

844 o fiar6 894 B1*Bioyo
B1B17 899 13118 with

847 Bz a1rg92 =0

849  aiwss2 = 26706 900  S1B2814

850  B1P3B15/5 902 Big

853  2Biw7oa 903 467 B16

854  [Bis 905 367617
o 77 906  [1rses

855 %1’)/2 907 21'892

856 B! B10/5 with 910  S1P6

422810 =0 913 «a1B17s68

453361514 Blxzer with

857  wszr = (a1 (@12B156), (5°)) 251BaPr5/5 =0

860 Bafiss 914 B34 with

861 a1fis 51ﬁ%0/5 =0

862 7620614 916 S1%7y2

865  20183515)5 917 2B19

867 351517 918  Baoys

868 Ig68 (See 7.6.5) 920 ﬁ%ﬁn

872 B%/B]G With 6137334 =0 923 ﬁ%l‘771

875 1 T868 925 ()(1,820/5
2B4P15/5 461%B1o/s
Bixr61 = Bross2 926 Ba0/4

876 By 928  2Btx761
Biar24 930  aifirrn

878 §ﬁ111’}/2 ﬁ%ﬁlg with

882 ﬁ%ﬁ17 With ,61.73892 =0

o Biwrer =0 931 B3y,

883 a1fyys 461214

884 Bs/4P15/5 932 Bi*Bioss?

885 ﬁ?$771 933 ’74?

887 481105 a1 3204

890 26?33761 934 620/3

891  2Bfxro4 937 3872794 with
a1B5/4B15/3 a1B187y,, =0

892 Bi1f1s 940  o1va
o1 Biwrm B1P19
Tgga = 5%0/4 + 81618 941 1203

893 1%y 4531 P16
45338214 942 Pag/2
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TABLE A3.5 (continued)
Stem Element Stem Element
950 ﬁgo 969 %4’}/2
951 Bizre 27954
4537 17 with 970 Bi*Bioss?
01,61217868 = 0 971 ﬂl’y4? Wlth
952 SYa724 a161B20/2 =0
T952 = (B1, B1P10/5 + 572, 72) 972 574 with
953 3% P1s B1B20/3 =0
954 361372 975  3PB{w724
Tosa = (o1, ax, B1B2Pra, BT) 978 18174
955 20119 119
956 ﬂ1ﬁ20/5 979 2=T964 with
957 2f5/2 with a15y4 =0 and
5(2820/2) = @120 a1/B1B23 =0
958  Bibi7 987 2574
959  a1w952 988 P19 with B120 =0
963 181820/ 989  Birre
4813 B1oys 990 Biwroa
964  w96s = 345116 B1Tos2
with 8182074 = 0 992 3B{*y, with Biaes4 =0
966 287761 998 oy
968  fifis 999 2999 = (B152,72,72)

with Oélﬂlsl‘771 =0

with 487615 =0
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da(eodo + h5h5) = P2dg hag = hody x =004 h1x = hgu = cf hsr = h%gz
p04 = hZhsdo
s = Z/(16) ® (Z/(2))

FIGURE A3.1 b. The Adams spectral sequence for p =2, 28 <t —s <45

FIGURE A3.1c. The Adams spectral sequence for p = 2, 44 <t — s < 61. (Differ-
entials tentative)
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