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ON THE HOMOTOPY THEORY OF K-LOCAL SPECTRA AT
AN ODD PRIME

By A. K. BoUsFIELD*

Introduction. In this paper we investigate the algebraic structure of
the stable homotopy category localized with respect to K-homology theory
at an odd prime, and we give a purely algebraic classification of all homo-
topy types in that localized category.

Before describing our results more fully, we must recall the theory of
homological localizations of spectra (see [5], [7], [11]). Let Ho® denote the
homotopy category of CW-spectra (see [S]) or any of the other equivalent
versions of Boardman’s stable homotopy cateogry. A spectrum E € Ho*
determines a homology theory E, with £, X = w,E A X for each X € Ho®,
and a spectrum Y € Ho’ is called E ,-local if each E .-equivalence A — B in
Ho* induces an isomorphism [B, Y], = [A4, Y], . For each E € Ho® there is
a natural E.-localization which assigns to each spectrum X € Ho® an
E-equivalence X — X in Ho® such that X is E-local. It follows that the
full subcategory of E-local spectra in Ho® is equivalent to the category of
fractions obtained from Ho® by giving formal inverses to the E-equiva-
lences. In this paper, we are interested in the case E = K|, for an odd
prime p where K, is the spectrum of nonconnective complex K-theory
localized at p. However, we often find it convenient to replace K, by its
summand E(1) from the well-known splitting K, = VZ=¢ L¥E(1) (see
Section 4). Since the K ,)«-equivalences in Ho* are the same as the E(1)-
equivalences, it follows that the K ,«-localization in Ho® is the same as the
E(1)4-localization. This localization has previously been studied by Ad-
ams-Baird (unpublished), Ravenel [11], and the author [7]. We remark
that it is the next after the rational localization in Ravenel’s hierarchy of
localizations which take account of progressively higher sorts of periodicity
phenomena in p-local stable homotopy theory.

In order to approach the homotopy theory of a K ,,-local (= E(1),-
local) spectrum X, we first consider the homology groups K,),X or
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896 A. K. BOUSFIELD

E(1),X together with appropriate primary operations. The required infor-
mation can be captured by treating K ), X or E(1),X as a comodule over
the coalgebra K ), K () or E(1),E(1). However, this comodule structure is
somewhat awkward to work with, and we find that exactly the same infor-
mation is more conveniently captured by the stable Adams operations /*
with k prime to p. To formalize this, we construct graded abelian catego-
ries @(p)4 and ®B(p), whose objects have the algebraic properties of the
homology groups K ()X and E(1),X respectively with their stable Adams
operations. We show that G(p), and ®(p), are canonically equivalent to
each other and we use B(p), in most of our subsequent work. In the last
section (Section 10) we demonstrate that G(p), and B(p), are canonically
equivalent to the categories of K ;)4 K ,)-comodules and E(1),.E(1)-com-
odules respectively. This is of independent interest and generalizes a some-
what similar equivalence obtained by Ravenel [11] for torsion E(1),E(1)-
comodules using a very different approach. In Sections 1, 3 we construct
Q(p)s and B(p),. as graded periodic versions of ungraded abelian catego-
ries @(p) and B(p) which resemble the abelian category of Adams [1] but
differ because we impose rational diagonalizability conditions on our oper-
ations and work in a p-local nonfinitely generated context. In Section 5 we
give a very simple alternative construction of &(p) involving a single oper-
ation ¢", and we see that a torsion object of B(p) is merely a p-torsion
abelian group with a locally nilpotent operator. Interestingly enough, as
noted by Ravenel [11], these same torsion objects have been studied by
Iwasawa in connection with cyclotomic fields (see [8], [9], [12]). The struc-
ture of ®(p), is likewise very accesible since that category is equivalent to
the product of 2p — 2 copies of ®(p). In Section 7 we obtain detailed
results on the groups Ext‘&’( .M, N)fors = 0, 1, 2 and show that they all
vanish fors > 2 so that the objects of B(p),. have injective dimension <2.
A slightly weaker version of this vanishing result was obtained by Adams-
Baird in the equivalent category of K, K ,)-comodules (see [4]).

In order to investigate the homotopy theory of E(1)y-local (= K,y
local) spectra, we need the E(1),-Adams spectral sequence. In Section 8 we
construct a version which has

E5'(X, Y) = Extg(,, (E(1),X, E(1),Y)
for arbitrary X, Y € Ho* and converges strongly to [X gy, Yr)ls. We next

note that E5 (X, Y) = 0 for s > 2, so that the only possible nontrivial
differential is
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dy:Homg ), (E(1)4 X, E(1)4 Y), = ExtZ(m (E(1)4X, E(1); Y).

To determine this d, algebraically, we introduce the canonical E(1),-k-
invariant

kw € Extkl,), (E) W, E(1), W)

for each spectrum W € Ho® and prove the general formulad,f = kyof +
(—1)'*1f o ky. Our definition of k involves the theory of E(1),-Moore
spectra. For each object G € B(p) and each n € Z, we build an E(1),-local
spectrum NG, n) with an isomorphism E(1), M(G, rn) = G in ®(p) and
with E(1); UG, n) = 0 fori = n mod 2p — 2. We call NG, n) an E(1)4-
Moore spectrum and show that it is unique up to a canonical equivalence
and depends functorially on G € B(p). Also for each object H € B(p), we
build a natural E(1),-local spectrum M(H) = V 3”:33 M(H,, n) with
E(1),MH) = Hin ®(p)s, and we call M(H) a generalized E(1),-Moore
spectrum. For W € Ho®, our E(1),-k-invariant ky measures the obstruc-
tion to finding a map W — IMUE(1), W) inducing the identity on E(1), W.

In Section 9 we arrive at our main results on the algebraic classifica-
tion of the E(1)4-local (= K ,,-local) spectra. First we easily see that two
spectra X and Y in Ho® have equivalent E(1),-localizations if and only if
the pairs (E(1).X, kx) and (E(1), Y, ky) are isomorphic. Then we prove
that for each object M € B(p), and each element k € Extéi (M, M) there
exists a spectrum W € Ho® such that (E(1), W, k) is isomorphic to (M, k).
Indeed, we prove that this W may be chosen to be a finite CW-spectrum if
and only if M is of finite type over Z,). We arrive at the result that the
homotopy types of the E(1)4-local spectra correspond to the isomorphism
classes of the pairs (M, ) with M € B(p)yand k€ Exté} (M, M). In fact,
we obtain much stronger results on the homotopy category Ho ;) of E(1)-
local spectra. Using the E(1)%-Adams spectral sequence we algebraically
determine the bigraded category obtained from Ho;, by taking Adams
filtration quotients, and also determine the full subcategory of Ho%j, given
by the generalized E(1),-Moore spectra. In particular, for M, N € ®(p)s
we obtain canonical isomorphisms

2
[9MM), TN, ~ @ Extiify: (M, N)

such that compositions of homotopy classes correspond to Yoneda prod-
ucts. We remark that a spectrum W € Hoy ;) is equivalent to a generalized
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E(1)4-Moore spectrum if and only if k£ = 0. Some examples of spectra
with this property are: (i) the E(1)-module spectra, (ii) the spectra W €
Ho¥y) such that E(1), W vanishes in all even (or odd) dimensions, and (iii)
the spectra XZ/p for arbitrary X € Ho¥;). We have not included a proof of
the required splitting in case (iii) since we hope to deal with it in a future
note.

It would, of course, be desirable to obtain a still more complete alge-
braization of the homotopy theory of E(1),-local (= K ,),-local) spectra.
In subsequent work we have constructed a certain algebraic homotopy cat-
egory in which differential injective B(p)4-objects are used in place of
E(1)4-local spectra, and we have obtained results suggesting that our alge-
braic homotopy category may be equivalent to that of E(1)-local spectra.

Although we work over an odd prime throughout this paper, we are
able to partially extend our results to the prime 2, and we hope to deal with
that case in a future paper. In particular, we can extend our algebraic clas-
sification of homotopy types to cover the K ,),-local spectral X € Ho® such
that 7: KO (X — KO(@4X is zero or, equivalently, such that the se-
quence

1+y 7! 1—y 7! 14y !
F—> KX 5 KX 5 KX~ -

is exact. For such spectra X, the K (), K )-comodules K ;). X have injec-
tive dimension <2 and the methods of this paper are applicable. To deal
with the general case where K (;), X may have infinite injective dimension,
we are developing other methods using K ;)X together with KO (). X.

1. The abelian categories @(p) and Q(p),. Let p be a fixed odd
prime throughout this paper. Our first aim is to construct the abelian cate-
gory @(p) whose objects have the formal properties of the homology groups
K,(X;Z,) = K(,),X with their stable Adams operations for X € Ho’ and
n € Z (see Section 2).

Let y-Mod denote the category of modules over the group ring
Z(,)(ZE,)) where, in general, R* denotes the multiplicative group of units
in a ring R with identity. For M € y-Mod let y*:M =~ M denote the auto-
morphism given by multiplication by k € Z,. We construct the finitely
generated part of ®(p) as follows. Let Q(p), be the full subcategory of
Y-Mod given by all M € y-Mod such that:

(1.1). M is finitely generated over Z,;
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(1.2). foreachm = 1 the action of Z{, on M/p™ M factors through
the quotient homomorphism Z (";) — (Z/p")* for sufficiently large n; and

(1.3). the vector space M ® Q has a direct sum decomposition M &
Q = @iz W, such that W* ® )w = kw for each w € W;, i eZ, and
ke Z(’l;,) .

LemMmA 1.4, If M is an object of Q(p) and if H is a y-Mod-subobject
of M, then H and M/H are in Q(p),.

Proof. Toshow (1.2) for H, let m = 1 and choose a sufficiently large
s such that H N p*M C p™H. Then choose a sufficiently large » such that
the action of Z{, on M/p*M factors through (Z/p")*. Since H/p™ H is a
subquotient of M/p°M, it follows that the action of Z{, on H/p™H also
factors through (Z/p")*. To show (1.3) for H, let M ® Q = @,z W, be
given by (1.3) for M. It will suffice to show H Q@ Q = @,z V; where V; =
W; N (H® Q). For a fixed k € Z¥, with k # =1, the operator y* @ 1: M
® Q — M ® Q is diagonalizable with W; = {w e M ® Q|(Y* @ 1)w =
k'w). Thus V; = {ve HR Q| (¢* ® 1)v = k'v}. Since the minimal polyno-
mialof y* @ 1: H® Q > H® Q divides that of Y* ® 1:M ®Q > M ®Q,
this restricted operator is also diagonalizable and H ® Q = @,z V; as
desired. Thus H is in ®( p)s, and an easy argument shows that M/H is
likewise.

Q(p)yis also closed under finite direct sums. Thus Q(p); is an abelian
category.

1.5. The abelian category Q(p). For M € Y-Mod and x € M, let
C(x, ¥) € y-Mod denote the y-Mod-subobject of M generated by x. Let
Q(p) be the full subcategory of y-Mod given by all M € y-Mod such that
C(x; ¥) is in @(p),for each x € M. Using the properties of @(p);, one shows
that if M is in Q(p) and if H is a y-Mod-subobject of M, then H and M/H
are in @(p). Furthermore @(p) is closed under arbitrary direct sums.
Hence Q(p) is an abelian category. One easily checks that the finitely Z -
generated objects of @(p) are the same as the objects of @(p);. Moreover,
the p-torsion objects of G(p) are the same as the discrete p-torsion abelian
groups with continuous Z, *-actions, where Z)* = lim,,(Z/p" )* is the to-
pological group of units in the p-adic integers. In particular, for a p-tor-
sion object M € @(p) and x € M with p™x = 0, the action of Z{, on C(x; ¥)
€ Q(p); factors through (Z/p")* for some n because p” C(x; ¥) = 0, and
this induces an action by Z ;,‘ * on C(x; ¥). These actions for the various x €
M combine to give the continuous action by Z,* on M.
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ForieZ and M € y-Mod, let T'M € y-Mod equal M as a Z py-module
but have y*: T"M — T'M equal to k'y*:M — M for each k € Z(”;). This
defines a categorical automorphism 7":y-Mod — y-Mod. Let T = T"' and
note that 7% is the /! iterate of T.

LEMMA 1.6. For i € Z, T' restricts to a categorical automorphism
T :Q(p) = Q(p).

Proof. For M € Q(p); we claim that T'M is in @(p);. For m = 1
choose n = m such that the action of Z{, on M/p™M factors through
(Z/p")*. Then vk equals ¢k+p"x on M/p™ M for each k eZ(";,) andx €Z,,
and thus k'y* equals (k + p"x)'¥**?"* on M/p™M since p” annihilates
M/p™M. Thus the action of Z{#, on T'M/p™T'M factors through
(Z/p")*. The required direct sum decomposition of 7°M & Q can be ob-
tained by re-indexing the decomposition of M ® Q. Thus T'M is in G( Dss
and the lemma follows easily.

1.7. The abelian category G(p),. Let Q(p), be the abelian category
such that an object M € Q(p), is a collection of objects M,, € @(p) forrn € Z
together with isomorphisms u:TM, = M, ., in GQ(p) for all n, and a
morphism f: M — N in @(p), is a collection of morphismsf,: M, = N, in
Q(p) for n € Z such that uf;,, = f,+,u for all n. Note that an object M €
@(p)y is a graded module over the graded algebra Z(,[u, u~'] with
deg u = 2, and has isomorphisms «': "M, = M, 1,; in G(p) for all i,
n €Z. Thus M is determined (up to a canonical isomorphism) by My, M, €
Q@(p), and @(p), is equivalent to the product category Q(p) X G(p).
There is a suspension automorphism L': ®(p)y — @(p)s for ¢ € Z, where
(Z'M), = M, _, € Q(p) for each n € Z and where ‘M has the same
u-action as M.

2. The spectrum K, and its homology theory. We now outline for
later use some properties of the spectrum K, and show that the homology
Ky (X; Z()) = K(p)sX is in Q(p)y for each spectrum X.

Recall that the complex K-theory spectrum K € Ho® is a commutative
ring spectrum with 7, K =~ Z[u, u '] where u € 7, K is the canonical gen-
erator. Thus K, € Ho’ is also a commutative ring spectrum with 74K,
=~ Zylu, u~']. The following lemma (essentially due to Adams-Clarke
[6]) shows that all maps K(,) A -+ A K, = K, in Ho® are rationally
detectable and are thus detectable by their induced actions 74, K(,) ® - - -
® 7oK () = mxK(p). Let Ko € Ho® denote the rationalization of K.
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LeEmMA 2.1. The rationalization map
p: K, K(pyls = [KG', Kols

is an injection for n = 1 (where X" denotes the smash-product of n copies

of X).

Proof. By [6], KK is a free left 7, K-module. Thus K" is equiva-
lent to a wedge of copies of K, and K, (K"") is a free left w4, K-module. By
[S], for any K-module spectrum M € Ho®, there is a short exact sequence

0 = Ext,, x(KuX, 74M)gr1 = [X, M1, > Hom,, g (KX, 74M)y = 0

where j is the obvious map. Thus there is an isomorphismj:[K"", M, =
Hom,, x (K (K""), 74 M)y, and hence the canonical map p": [K"", K]
— [K™, K gl is an injection. Since the rationalization map p is equivalent
to p’, it is also an injection.

For each k € Z{%,, there is an Adams map ¥*:K(,) = K, in Ho® which
carries u' € w4 K, to k'u’ € myK,) for each i € Z. These may be con-
structed as composites of classical Adams maps (where k is an integer
prime to p) and homotopy inverses of such maps. They satisfy the condi-
tions ! = 1 and y" o y*¥ = Yy for h, k e Z)), so that the group Z,) acts
on K, in Ho®. Moreover, ¥*:K,) = K, is a ring spectrum equivalence
foreachk € Z (";,). Now for X € Ho®, K.(X; Z,)) is a graded module over
1K) = Zplu, 1~ '], and the Adams maps induce Adams operations
VK4 (X; Z(,)) = Ko(X; Z(,y) for k € ZE,. Once checks that ¥* (u'x) =
k'u'y*(x) for each k € Z(”;) ,i€Z, and x € K (X; Z,)). Thus, multiplica-
tion by #’ induces an isomorphism u': 7K, (X; Zp) = K, 12i(X;Z () in
Y-Mod for each i, n € Z.

ProposiTION 2.2. For each X € Ho'®, K. (X; Z(,,)) is in Q(p)s.

Proof. Using the above structure, it suffices to show that K ,(X;
Zp) is in Q(p) for each n € Z. By Lemma 13.7 of [5], for each x € K, X
there exists a finite CW-spectrum W and a map f: W — X such that x is in
fu(K,W)and K W is a free 7, K-module. Since the rationalized spectrum
W, is equivalent to a wedge of rationalized sphere spectra, K,(Wg; Z(,,))
is clearly in @(p). Applying the results of 1.5 to the monomorphism K, (W;
Zy) = K,(Wg; Z(,) and to the epimorphism K,(W; Z,) = fo (K, (W;
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Zp))), one shows that £, (K, (W; Z »)) is in @(p). Since each element of
K, (X; Zp)) lies in such an image, K, (X; Zp) is also in Q(p).

For each X € Ho® and ¢ € Z, there is a natural isomorphism K, (X'X;
Z(p)) = EtK*(X, Z(p)) in @(p)*

3. The abelian categories ®(p) and ®(p),. In our subsequent
work it will be convenient to replace the spectrum K, by its summand
E(1). To permit that, we introduce the abelian category ®(p),. which is the
E(1)-theoretic analogue of @(p),, and_we prove that B(p), is actually
equivalent to Q(p),. Our first aim is to construct the ungraded abelian
category B(p) whose objects have the formal properties of the homology
groups £(1), X with their stable Adams operations for X € Ho®* and n € Z
(see Section 4).

For n = 0 let I denote the quotient of (Z/p"*!)* by its subgroup of
order p — 1, so that I'” is a cyclic group of order p". We construct the
finitely generated part of ®(p) as follows. Let &( p)s be the full subcate-
gory of y-Mod given by all M € y-Mod such that:

(3.1). M is finitely generated over Z Y

(3.2). foreachm = 1, the action of Z (";,) on M/p" M factors through
the quotient homomorphism Z{, — T'" for sufficiently large n; and

(3.3). the vector space M & Q has a direct sum decomposition M ®
Q = ®jcz Wj(,—1) such that (J* ® 1)w = k/»~Vw for each w € W;(,—y),
JE€Z,andk e Z{).

Asin 1.4, if M is an object B(p),and if H C M is a -Mod-subobject
of M, then H and M/H are in B(p);. Moreover, B(p),is also closed under
finite direct sums. Thus B(p),is an abelian category, and it is clearly a full
subcategory of G(p);.

3.4. The abelian category ®(p). Let B(p) be the full subcategory of
¥-Mod given by all M € y-Mod such that C(x; ¢) is in B(p), for each x €
M. Thus B(p) is a full subcategory of @(p). As in 1.5, if M is an object of
®(p) and if H is a Y-Mod-subobject of M, then H and M/H are in B(p);
and ®(p) is closed under arbitrary direct sums. Hence ®(p) is an abelian
category. One easily checks that the finitely Z( ,-generated objects of B(p)
are the same as the objects of B(p);. Moreover, as in 1.5, the p-torsion
objects of B(p) are the same as the discrete p-torsion abelian groups with
continuous I'-actions where I' = lim,, I'” is the topological quotient group
of Z)* by its subgroup of order p — 1. As noted by Ravenel [11], these
torsion objects have been studied by Iwasawa in connection with cyclo-
tomic fields (see [8], [9], [12]).
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LEMMA 3.5. ForjeZthe functor TP~V :y-Mod — y-Mod restricts
to a categorical automorphism Tj(p_l):CB(p) - ®(p).

Proof. For M € ®&(p);andi = j(p — 1), we claim that T'M is in
®(p)s. For m = 1 choose n = m such that the action of Z{yon M/p"M
factors through I'"~!. Then the action of Z#, on T'M/p™T'M factors
through (Z/p")* as in 1.6. If k € Z{%,) maps to the identity of I"~1, then
kP~'= 1 mod p", and thus k'y* = y¥ = 1 on M/p™ M. Hence the action
of Z¥, on T'M/p™ T'M factors through T'""~!, The required direct sum
decomposition of (7" M) ® Q can be obtained by re-indexing the decompo-
sition of M ® Q. Thus T?M is in ®&( p)y and the lemma follows easily.

3.6. The abelian category ®(p),. Let B(p), be the abelian cate-
gory such that an object M € B(p), is a collection of objects M,, € B(p) for
n € Z together with isomorphisms v:T? "M, = M, ;, p—2 in B(p) for all
n, and a morphism f: M — N in B(p),, is a collection of morphismsf,: M,
— N, in B(p) for n € Z such that vf, = f,+,,—,v for all n. Note that an
object M € B(p), is a graded module over the graded algebra Z(,,)[v, vl
with deg v = 2p — 2, and has isomorphisms v/: TP~V M, = M, 12i0p-1)
in ®(p) for all j, n € Z. Thus M is determined (up to a canonical isomor-
phism) by Mg, My, ..., M, 3 € ®(p), and B(p), is equivalent to the 2p
— 2)-fold product category ®(p) X -+ X ®B(p). There is a suspension
automorphism £*: B(p),. = ®(p), fort € Z where (E‘M),, = M,_, € B(p)
for each n € Z and where ' M has the same v-action as M.

Before proving that ®(p), is equivalent to Q(p),, we must first de-
compose Q(p) as a product of p — 1 subcategories which are equivalent to
®(p). Fori € Z let T ®(p) be the full subcategory of Q(p) given by all T'N
for N € ®(p) (or equivalently by all M € Q(p) with T M in B(p)). Note
that T ®(p) is categorically equivalent to B(p) for each i € Z, and that
T'®(p) equals T/ B(p) for i = jmod p — 1. For M € G(p) and i € Z, let
MY c M be the natural subobject

MY = {x e M|Cx; ¥) e T'®(p)}.
Clearly M is in T'®(p) and contains all subobjects of M in T°®(p). Also
M = MUl fori=jmodp — 1.

ProrpositioN 3.7. Each M € Q(p) is the direct sum of its natural
subobjects M e T'®(p) fori = 0,1, ..., p — 2. Thus Q(p) is the prod-
uct of its subcategories T'®(p) for i = 0, 1, ..., p — 2. Furthermore,
T' MYy = (T'M)] for M € G(p) and i, j € Z.



904 A. K. BOUSFIELD

This will be proved in 3.10, and it implies

3.8. The equivalence of ®(p)s and Q(p)y. Using the embedding
w:Zplv, v 1] - Zplu, u '] of graded algebras with w(v) = u?~!, de-
fine a functor L: B(p)y = Q(p)y by LIN) = Zpylu, u™ ]®Z( vy~ 1N for
N € ®(p), where t//k(u"' ®x) = k"u" @ y*x fork e ZE), me Z, and x €
N. Thus (LN), = @"~¢ T'N,_,; in Q(p) for each n € Z. Also define a
functor R: Q(p), — ®(p)y by RM) = MY for m € Q(p), where vx =
uP~1x for each x € M9, Now 3.7 implies that the functors L : B( p)* -
Q(p)y and R: Q(p)y — ®B(p), are equivalences with L left adjoint to R.
These equivalences respect suspensions.

For the proof of 3.7 we need a lemma involving the cyclic group J =
{j€Zp*|j?~' = 1} of order p — 1. Consider the p-adic group ring Z)J
and let [j] € Z,J denote the element corresponding toj €J.

LEMMA 3.9. In Z}J there exist elements ey, ey, ..., e,_, such that:

(i) e;e; = e; and e;e;, = 0 for each i + k.
(li) e0+e1 + .- +ep_2= 1
(iti) [jle; = j'e; for each j € J and each i.

Proof. Let & be a generator of J. In the polynomial algebra Z;,‘ [x],
note that

=== O — ) e £

and let BieZI’,‘ [x] denote (x? ! — 1)/(x — &) for0 <i<p — 2. Using the
ring homomorphism ¢:Z}[x] = Z,J with o(x) = [£], letd; = ¢(§;) inZ}J
for eachi. Then ([£] — E’)d = 0andd;d, = Oforeachi # k since ker ¢ is
the ideal generated by x”~" — 1. Using the quotient map Z" — F), to the
prime field F,, let d € F,J be the image of d; for each i. Then do, .. dp_
,formaF, p-ba51s for F,, J because they are eigenvectors of [£]:F,J = F,J
with distinct eigenvalues. Consequently, dg, ...,d,—formaZ ;,‘-basis for
the free Z ;,‘-module Z,J. Thus there exist elements ag, ..., a,_, € Z, such
thataogdg + -+ +a,_»d, , = 1in Z"J and we let e; = a;d; for each i.
Clearlye;e, = Oforeachi # k,eq + -+ +e,_, =1,and [£]e; = &'e; for

each i. The other required properties follow trivially.

3.10. Proof of 3.7. We first show M = @®=¢ M for M € Q(p);.
Form = 1, the Z{,‘*-action on M/p™M in 1.5 restricts to a J-action, so M/
p"Mis a ZI’,‘J-module. Thus there is a decomposition M/p™ M = QP=¢
e;(M/p™M) by 3.9. We form the arithmetic square
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M — M)
! !
MRQ5M®Q

which is a pull-back diagram in y-Mod involving the p-adic completion
M} = lim,, M/p™M, and we now have the following decompositions:

-2

P
M) = ’@0 P;M, where P:M, = lime,(M/p"M),
= m

-2
M, ®Q = T@o PMy;®Q) where P;(My®Q)=PM,®Q, and

p—2
M®Q = i€=90 P,(M®Q) where P,(MQ Q)= ,@ Witi(p—1)

using the eigenspace decomposition M @ Q = @,z W; of Section 1. We
claim thatc ®1: M ® Q — M, ® Q respects the P;-decompositions. To see
this, choose a finitely generated free Z,)-module F C M ® Q such that F
contains the image of M - M @ Q and has a decomposition F = @;cz F;
with F; C W;foreachi € Z. Now c @ 1: FQ® Q — F, ® Q clearly respects
the P;-decompositions, and the above claim follows by a naturality argu-
ment using the map M — Fin Q(p);. Let M = @P=¢ P;M be the decompo-
sition induced via the arithmetic square. It is straightforward to check that
P;:M is in T'®(p) and P,(M"1) = M for each i. Consequently, P;,M =
MY and M = @F=¢ M. The proposition now follows easily.

4. The spectrum E(1) and its homology theory. It has been shown
by Adams [2] and Anderson-Meiselman (unpublished) that the spectrum
K, splits into a wedge V¢ L¥ E(1) involving a certain spectrum E(1) €
Ho*. We now recover that result and develop basic properties of the spec-
trum E(1) corresponding to those of K,). We show that E(1),X is in the
abelian category ®B(p), for each X € Ho® and explain how E(1),X and
K ;)X determine each other.

4.1. The spectrum E(1). By 3.7 the homology theory K ), on Ho*
contains a homology subtheory (K () ). Thus by the Brown representa-
bility theorem for homology theories (see 4.3), there exists a spectrum E(1)
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and map w:E(1) = K, in Ho* such that the induced map E(1), X —
K ()X is an injection onto (K (). X )% for each X € Ho®. We choose such
an E(1) and w. Using X = § we see that w,: m,E(1) = m;K(,) = Z(,, for i
= Omod 2p — 2 and w;E(1) = 0 otherwise. Thus there is an equivalence
VEZ# T2 E(1) > K, given by u'w on Z¥E(1). Now 2.1 implies that the
rationalization map [E(1)"", E(1)], — [E(1)3", E(1)g], is an injection for
n = 1, and consequently [E(1)"", E(1)]; = 0 unless i = 0 mod 2p — 2.
Hence E(1) inherits structures corresponding to: the multiplication p: K,
AK () = K(py, theunita:S — K, and the Adams maps ¥*: K ) = K,
for k € Z{%,. Specifically, there exist unique maps p:E(1) A E(1) - E(1),
a:S = E(1), and y*:E(1) = E(1) in Ho® for k € Z(";) such that

EQ)AEQ)—S>E1) S§S—>EQ1) E(1)—“';E(1)
A

@ ] vk
K(p) A K(p) K(p) A K(p) K(p) K(p)

commute in Ho®. With these maps, E(1) is a commutative ring spectrum,
and y*: E(1) —» E(1) is a ring spectrum equivalence with ' = 1 and y" o
Yk =y forh, keZ () because of the corresponding properties for K ).
Letv € m,,—,E(1) denote the element such that w, v = uP lin Top—2K (p)-
Then clearly 7, E(1) = Zp,lv, v~ 1], and y*:E(1) — E(1) carries v/ to
k/P~VyJin my;,—1yE(1) for eachj € Z and k € Z,).

4.2. The homology theory E(1),. For X € Ho®, E(1),X is a graded
module over 1, E(1) = Z ) [v, v~!] and the Adams maps ¢k:E(1) - E(1)
induce Adams operations i :E(1) X = E(1) X fork € Z("I‘,). One checks
that y*(v/x) = k7P~ Vyiyk(x) for each k € ZY,,jeZ, and x € E(1),X.
Thus, multiplication by v/ induces an isomorphism v/: T7?"VE(1),X =
E(1),+2(p—1)X in y-Mod for each j, n € Z. Since wy:E(1), X = K. (X;
Z p))[ol is an isomorphism respecting the Adams operations, it now follows
that E(1). X is in B(p)y for each X € Ho®. Moreover, the natural isomor-
phism wy E(1), X = K. (X; Z, p))[ol in B(p)y is adjoint to the natural iso-
morphism T K ) Qr, g1y E(D)X = Ky (X; Z(p,)) in G(p), by 3.8. Also,
for ¢ € Z, there is a natural isomorphism E(1),(£'X) = EY(E(1),X) in
(B(P)* .

In our construction of E(1), we used the following variant of the
Brown representability theorem. It is due to Adams and is implicitly con-
tained in [3]. Let Ab denote the category of abelian groups. A functor
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h:Ho® — Ab is called half-exact if it carries each cofibre sequence X — Y
— Z to an exact sequence #(X) — h(Y) — h(Z), and h is called convergent
if A(X) is the colimit of { #(X,)} for each X € Ho® where X, runs over the
finite CW-subspectra of X. By a homology theory hy on Ho® we mean a
collection of convergent half-exact functors 4,:Ho* — Ab and natural
equivalences b, = h,yEforn e Z.

THEOREM 4.3. (Adams). Each homology theory h, on Ho’ is natu-
rally to A, for some A € Ho®. Each natural transformation of homology
theories Ay = B, for A, B € Ho® is induced by some (not necessarily
unique) map A — B in Ho".

Proof. Let Ho ; denote the homotopy category of finite CW-spectra.
Adams’ arguments in [3] apply in the context of CW-spectra to prove that
each contravariant half-exact functor H: Ho ; — Ab is naturally equivalent
to[—, Al:Hoj — Ab for some A € Ho*, and that each natural transforma-
tion from [—, A]:Ho} = Abto[—, B]: Ho ; = Ab is induced by some (not
necessarily unique) map A — B in Ho’. Given a homology theory 4, on
Ho®, let H:Ho ; — Ab be the contravariant functor with H(X) = hy(DX)
for X € Ho } where D: Ho ; = Ho j is the Spanier-Whitehead duality func-
tor. By the above result, H is equivalent to [—, A]: Ho ; = Ab for some A €
Ho*, and one easily deduces that A, is equivalent to A, . The second part of
the theorem follows similarly.

5. Simplified constructions of B(p) and ®(p),. Recall that I'" de-
notes the quotient of (Z/p"*!)* by its subgroup of order p — 1, so that I'"
is a cyclic group of order p”. Let r be a fixed integer generating I'!, and
therefore generating I'” for each n = 1. We now show that the operations
¥ on an object M € B(p),, are all canonically determined by the single
operation y”, and we show that B(p), can be identified with a certain cate-
gory B(p)% involving only the operation y". Similar results have been ob-
tained for torsion I'-modules by Serre [12] and for torsion E(1), E(1)-com-
odules by Ravenel [11].

We begin by constructing a category ®B(p)” which can be identified
with B(p). Let y"-Mod denote the category whose objects are Z,)-modules
equipped with an endomorphism denoted by y", and whose morphisms are
Z -homomorphisms commuting with ". Let &(p)” be the full subcate-
gory of y"-Mod given by all M € y"-Mod such that:

(5.1). for each p-torsion element x € M, there exists # = 0 such that
(¥)P"x = x, and
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(5.2). the operator y" ® 1 on M ® Q is diagonalizable with eigen-
values all of the form r/?~? for j € Z (or equivalently M ® Q = @ jez
VVj(p—l) where VVj(p—l) = {x eM@QIer = rj(p—‘)x}.)

Letting " = y" — 1 it is often convenient to replace condition (5.1)
by:

(5.3). For each p-torsion element x € M, there exists 2 = 1 such that
@) 'x = 0.

LemMA 5.4.  For an object M € y'-Mod, (5.1) is equivalent to (5.3).

The proof is in 5.11. In view of 5.4 a torsion object in B(p)" is merely a
p-torsion abelian group equipped with a locally nilpotent endomorphism
J". Clearly ®(p)" is closed under arbitrary direct sums in y"-Mod, and
B(p)" is an abelian category since:

LEMMAS.S. IfM e ®(p) and if His a y"-Mod-subobject of M, then
H and M/H are in ®(p)".

The proof is in 5.12.

Forie Z and M € y"-Mod, let T'M € y"-Mod equal M as a Z,y
module but have y": T°'M — T'M equal to r'y":M — M. This defines a
categorical automorphism T":y"-Mod — y'-Mod. It is straightforward to
show that 77"~ D restricts to a categorical automorphism T/ ~1: ®(p)"
- ®(p) forjeZ.

5.6. The abelian category B(p)y. Let B(p), be the abelian cate-
gory such that an object M € ®(p)Y is a collection of objects M,, € ®(p)"
for n € Z together with isomorphisms v: T? ™M, = M, 1,5 in B(p)" for
all n, and a morphism f: M — N in B(p)% is a collection of morphisms
fu:M, = N, in B(p) for n € Z such that vf,, = f, 1, v foralln. Fort e
Z, there is a suspension automorphism L*: ®(p); — ®B(p)% defined as in
3.6.

We now show that the categories ®B(p)% and B(p)” can respectively be
identified with ®(p), and ®(p). First note that there is a forgetful functor
¢:®(p) > ®B(p). In particular, if x € M € ®(p) with p™x = 0, then
C(x; ¥) is in ®(p), with p™ C(x; ¥) = 0, and thus the action of Z(";,) on
Cl(x; ) factors through I'” for some n. Since I'" is of order p”, it follows
that (x//’)”"x = x. The functor ¢: B(p) = B(p)" clearly prolongs to a for-
getful functor ¢: ®B(p)y, = B(p)k.

ProposiTioN 5.7.c  The forgetful functor ¢:®(p)y = ®B(p)y (resp.
¢:®(p) = B(p)") is an isomorphism of categories. In more detail, the
structure of each object in ®(p)s (resp. B(p)") extends uniquely to a
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structure in ®(p)y (resp. ®(p)), and these extensions provide a functor
which is inverse to ¢. These functors respect suspensions.

The proof is in 5.13, and we now give some preparatory lemmas. We
say that an object M € y"-Mod has Property A if M is finitely generated
over Z(,,) and if for each integer m = 1 there exists # = 0 such that (y")” ’
acts as the identity on M/p™ M.

LemMA 5.8. If M € y'-Mod has Property A and if H is a y"-Mod-
subobject of M, then H and M/H have Property A.
The proof is similar to that of 1.4.

LEMMAS.9. If M € B(p) is finitely generated over Z ), then M has
Property A.

Proof. Let M be the p-torsion subgroup of M, and let M = M/M.
Using the diagonalizability property of " ®1 on M &® Q, one constructs a
free Z,)-module F generated by a set of eigenvalues in M ® Q and such
that M C F C M ® Q. One easily shows that F has Property A, and thus
M also does by 5.8. Now for a given m = 1 consider the short exact se-
quence

0— M/p"M - M/p"M — M/p"M - 0

and choose v = 0 such that (y")” "acts as the identity on both M/p™M and
M/p™M . Let G be the group of all automorphisms of M/p™ M which act
as the identity on both M/p™M and M /p™M. Then G has order p* for
somew = 0 since it ~is isonlorphic to the additive group of homomorphisms
from M /p™M to M/p™ M. Consequently (") acts as the identity on
M/p™M.

For M e y"-Mod and x e M, let C(x; ") € y"-Mod denote the y"-Mod
subobject of M generated by x (i.e., C(x; ") is generated over Z(,, by the
elements (" )'x for all i = 0).

LEMMA 5.10. If M € B(p) and x € M, then C(x; y") is finitely gen-
erated over Z ).

Proof. Let M be the p-torsion subgroup of M, let M = M/M, and
let X € M be the image of x. Using the diagonalizability property of " ® 1
on M ® Q one shows that C(x; ¥") is finitely generated over Z,). Thus
there exist ¢ = 0 and ag, ..., a, € Z,) such that W)itlx =
L9, a;(¥")'%. Consequently W)t x-= x + L a;(y")x for some £ €
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M. Since the set R = {(y")'%|i = 0} is finite, it follows that C(x; y") is
finitely generated over Z(,) by R U § where § = {(")'x|0 < i =< q}.

S.11. Proof of 5.4. First suppose (5.1) and let x € M be a p-torsion
element with (y")? “Xx = x. Then C(x; ¢") is a finite p-group and has a finite
filtration { F;};s o with F; = p'C(x; ¢"). Then (¢ — 1)?" = (¢")*" —1=10
on each of the Z/p-modules F;/F;,,. An easy extension argument now
shows that ¢ — 1 acts nilpotently on C(x; ¥"), and this implies (5.3). The
reverse implication may be proved similarly, using an extension argument
like that in the proof of 5.9.

5.12. Proof of 5.5. The diagonalizability property (S5.2) for M ® Q
holds also for H® Q and (M/H) ® Q by elementary linear algebra. Thus
H is clearly in B(p)", and it remains to show the periodicity property (5.1)
of " on an elementx € M/H with p™x = 0 for some m = 1. Choose x e M
representing X. Then the y"-Mod-subobject C(x; ¥") C M is in B(p)” and
is finitely generated over Z,) by 5.10. Hence C(x; y") has Property A by
5.9, and its image C(X; y") must also have Property A. Thus, since p™ C(x;
Y") = 0, ¢" has the desired periodicity property on x.

5.13. Proof of 5.7. We shall first impose a canonical &B(p)-struc-
ture on an object M € ®(p)” which is finitely generated over Z(,). We use
the arithmetic square

M — M)

M®Q > M"@Q

which is a pull-back diagram in y"-Mod involving the p-adic completion
M 1/1\ = lim,, M/p™M. Clearly M ® Q has a unique y-Mod-structure such
that \V‘ = k/P~ Dy for each k € Z{,) and w € W;(,_;y where M ® Q =
®jez Wj(p—1) is the eigenspace decomposition given by (5. 2) Also, for
m = 1, M/p™M has a unique y-Mod-structure such that 1,V = (") on
M/p™M for eachi = 0 and such that the action of Z{, on M/p™ M factors
through I'” for some ». This follows because (1,&’)” acts as the identity on
M/p™M for some n = 0 by 5.9 and because r generates the cyclic group I'"
of order p”. The y-Mod-structures of M/p™M for m = 1 determine -
Mod-structures of M, and M, ® Q. To show thatc @ 1:M ® Q — M;®
Qisin y-Mod, let M C F C M ® Q be as in the proof of 5.9. Since F €
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®(p)" is a free Z(,,-module on a finite set of eigenvectors of ¥’ @ 1: M ® Q
= M ® Q, one easily proves that c @ 1: FQ Q — F, ® Q is in y-Mod.
Since the vertical maps in the commutative diagram

MR0E M®0
FR0 B Fi®0

are monomorphisms in y-Mod,c Q1:MQRQ > M ,’,‘ ® Qs also in y-Mod.
Now let 8(M) € y-Mod denote M equipped with the y-Mod structure deter-
mined by the arithmetic square. One checks that (M) is in ®(p), that this
is the unique ®B(p)-structure on M extending its B(p) -structure, and that
0 is functorial. Next, for an arbitrary object N € ®(p)”, we let (N ) denote
N equipped with the y-Mod-structure which restricts to 0C(x; ") for each
x € N. One checks that 0(N) is in B(p), that this is the unique ®(p)-struc-
ture on N extending its B(p)"-structure, and that @ is still functorial. Now
5.7 follows easily.

6. Universal objects in B(p) and B(p)x. Let m+E(1)-Mod denote
the category of graded modules over 7+ E(1) = Z(,[v, v~ 1]. We shall con-
struct a functor U: w4 F(1)-Mod — ®(p)s which is right adjoint to the
forgetful functor, and we shall obtain a canonical isomorphism E(1)Y =
U (74 Y) in B(p)s for each E(1)-module spectrum Y. We begin by con-
structing the corresponding ungraded functor U :Z,)-Mod — ®&(p) on the
category of Z(,-modules. Whenever convenient, we identify ®(p) (resp.
®B(p)«) with B(p)" (resp. B(p),) using S.7 where r is a fixed integer
generating T'!.

Definition 6.1. A universal B(p)-object over a Z,-module G is an
object U(G) € B(p) together with a Z, p»-homomorphism e: W(G) - G
such that for each X € ®(p) and each Z(,,- homomorphismf:X — G there
exists a unique map f:X — WU(G) in ®(p) with ef = f.

Such a universal B(p)-object over G is clearly unique up to a canoni-
cal isomorphism. We now construct it in two important cases and prove
that it always exists.

For a p-torsion abelian group G, let W(G) = @;=; G, where each G,
is a copy of G, and let §": W(G) = W(G) send (g4, g2, --.) to (g2, g3,
...). By 5.4 and 5.7, this determines a B( p)-structure for U(G) with " =
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J" + 1. We claim that e: U(G) — G is a universal ®( p)-object over G
where e sends (g, g2, - . -) tog;. For each X € ®(p) and each Z,)-homo-
morphismf: X — G, alifting f: X — U(G) in B(p) must send x € X to (fx,
F¥'x, f@")*x, ...), and it suffices to show f(¥")*x = 0 for sufficiently
large k. Since C(x; y") is finitely generated over Z,,, we may choose m = 1
such that p™fC(x; ") = 0. Then for sufficiently large A, @) equals 0 on
C(x; ¥")/p™C(x; ") and therefore f(§")"x = 0.

For a rational (i.e., uniquely divisible) abelian group G, let G = @ ez
G/P~D where each G/?"Vis a copy of G, and let V¢ U(G) > W(G) be
given by k/P7D:GI/P™D — GiP~D for each j € Z and k € Z{,. Then
e:U(G) — G is a universal B(p)-object over G where e is given by
1:G/?~D - G for each j € Z. For each X € &(p) and each Z,)-homo-
morphism f: X — G, the unique lifting f: X = U(G) in B(p) is obtained by
factoring f through X &® Q and using the eigenspace decomposition of
X®O0.

PROPOSITION 6.2.  Over each Z ,-module G, there exists a universal
®(p)-object e: U(G) — G.

Proof. 1If Gisdivisible, then G = I ®J where I is rational and J is p-
torsion, and we let e: UW(G) — G be the direct sum of the universal B(p)-
objects e: U(I) = I and e: U(J) — J constructed above. In general, we
construct a short exact sequence 0 = G = D° = D! - 0 with D° and D'
divisible Z(,)-modules, and we let e: UW(G) — G be the kernel of the in-
duced map from e: U(D°) » D% to e: UW(D') » D'.

We have now constructed a right adjoint U :Z,-Mod — &B(p) to the
forgetful functor from B(p) to Z,,-Mod. To show that U is exact we need:

LemMmaA 6.3. If g:1 — Jis an epimorphism of Z,-modules where I
is rational and J is p-torsion, then U(g):U(I) — WUJ) is also an
epimorphism.

Proof. ForyeJ ands € Z with s = 0 mod p, we first show that the
element (y, sy, szy, ...)€U()isin the image of U(g). Choose n = 1 such
that p"y = 0, and note that »P~! generates the kernel of (Z/p")* — (Z/
p)*. Now choose j € Z such that #/?~D = 5 + 1 mod p" and choose x € I
such that g(x) = y. Then U(g) sends the element x € I/? ™D C U) to (y,
sy, szy, ...) € UWJ) as desired. Next, for m = 0 andy €J, we may choose z
€J with p™"z = y sinceJ is the quotient of a rational group. Taking s = p”
we have s™z = y and s” 1z = 0. Thus the element (z, ..., s" 'z,y, 0,
...)isin the image of U(g): U(I) > W), and consequently U(g) is onto.
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PropPoSITION 6.4. The functor U:Z,-Mod — B(p) preserves ex-
act sequences, arbitrary direct sums, and arbitrary direct limits.

Proof. Since U is a right adjoint, it is left exact. To show that U is
exact it suffices to show that its derived functor R" U : Z(,)-Mod — ®B(p) is
zero for n = 1. For a torsion-free Z(,,-module F, U preserves the exactness
of 0 > F>FRQ - F®Q/Z - 0by6.3, and thus R"W(F) = Oforn =
1. For any Z,)-module G, there is an exact sequence 0 > F; = Fy ~> G —
0 where each F; is a free Z(,-module. Since R"W(F;) = 0 forn = 1,
R"W(G) = Oforn = 1. Next, U preserves arbitrary direct sums because it
preserves direct sums of divisible groups and is exact. Finally, U preserves
arbitrary direct limits because it preserves arbitrary direct sums and is ex-
act.

We now construct and apply the graded version of U.

6.5. The functor U:74E(1)-Mod — ®(p)s. For H € 7+ FE(1)-Mod,
let W(H) € ®B(p)+ consist of the objects W(H,,) € B(p) for n € Z together
with the unique maps v/: 79" "D U(H, ) > WH 142, (,—1)) in B(p) forj e
Z making the diagram

‘ yi
TIP=DU®H,) > WH, 45j(p1)
v

Hn - n+2j(p—1)

commute. Then e: W(H) — H has the universal property that for each X €
®B(p)+ and each w4E(1)-homomorphism f:X — H there exists a unique
map f:X = W(H) in ®(p)s with ef = f. Thus the functor U : 74 E(1)-Mod
— ®(p)+ is right adjoint to the forgetful functor. It also preserves exact
sequences, arbitrary direct sums, and arbitrary direct limits.

For an E(1)-module spectrum Y € Ho® the multiplication map p: F(1)
A Y = U induces a w5 E(1)-homomorphism m:E(1)xY — 7Y and we let
m:E(1)xY = WU(wgY) be the unique map in ®(p)s with em = m.

ProposiTION 6.6. For each E(1)-module spectrum Y € Ho’, the
map m :E(1)3Y = W(w4Y) is an isomorphism in ®(p)x .

The proof depends on the following lemma. For M € ®(p), let M¥
and M, respectively denote the largest subobject and quotient object of M
with trivial y-action. Thus by 5.7, M¥ and M y are respectively given by the
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kernel and cokernel of §": M — M. Consequently a short exact sequence
0—~>L—> M- N— 0in B(p) gives rise to a six-term exact sequence

0->LV>M'>N >L,>M,~>N,~ 0.

Note that W(G)¥ = G and U(G)y = 0 for a torsion Z(,-module G.

LEMMA 6.7. A map f:L = M in &(p) is an isomorphism if and only
if it induces isomorphisms LQQ = M Q Q and LY = MY and a monomor-
phlsm L\[, d M\[, .

Proof. The “only if”’ part is obvious. For the “if”’ part, note that ker
£ is torsion and (ker f)¥ = 0. This implies ker f = 0 since §" acts locally
nilpotently on each torsion object of B(p). Likewise cok f is torsion and
(cok £)¥ = 0 by a six-term exact sequence argument. Thus cok f = 0 and
f is an isomorphism.

For an abelian group G and spectrum X € Ho®, let XG € Ho® denote X
with coefficients in G, i.e., XG is the smash product of X with a Moore
spectrum of type (G, 0).

6.8. Proof of 6.6. First, if Y = E(1)Z/p® then Y is a K, %-local
(= E(1)g-local) torsion spectrum, and thus the sequence Y 3K mNY
VAl g (» A Y is a cofibering in Ho® by Section 4 of [7] where, for the mo-
ment,  denotes a positive integer generating (Z/p?)* instead of merely I''.
Hence the sequence Y = E(1) A Y YA E(1) A Yisalsoa cofibering in Ho®
because it is a direct summand of the above sequence. Thus there is a short
exact sequence 0 = w4xY S E()sY J’;E(I)*Y — 0 which is split by
m:E(1)3Y = w4 Y. Consequently (E(1)x Y)Y = 74Y and (E(1)+Y), = 0,
som :E(1)Y = U(7w+Y) by 6.7. Next, if Y = F(1)Q then E(1)¢Y has a Q-
basis {v/w V| j € Z} with ¥ (v/w ™) = k/P"Dyiw Y for all k € Z{, and j
€ Z, and the map m:E(1)oY = 7oY = Q sends v/w 7 to1foralljeZ.
Thus, comparing E(1)oY with our explicit description of U(Q), we find
m:E1)yY = U(myY). Since E(1),, Y = 0 when » is not divisible by 2p —
2, we obtain m :E(1)Y = WU(wY). Next, if Y = E(1)D where D is a
divisible Z(,-module, then m :E(1):Y = U(wgY) since D is a direct sum
of copies of Z/p® and Q. Thus, if Y = E(1)G for any Z(,,-module G, then
m:E(1)+Y = U(wsY) since there is a cofibering E(1)G — EQ1)D° -
E(1)D! of E(1)-module spectra corresponding to an injective resolution 0
- G — D' » D? - 0. Finally, if Y is any E(1)-module spectrum, then
m:E(1)xY = U(wsY) since Y is equivalent to the F(1)-module spectrum
vZ253 L E() (7, Y).



HOMOTOPY THEORY OF K-LOCAL SPECTRA 915

7. The Ext functors in B(p) and ®B(p)x. We first obtain detailed
results on the functors Ext® in the abelian category B(p) and then extend
these results to the functors Ext®’ in ®(p)s or equivalently in G(p)s.

ProrosririoN 7.1.  If D is a divisible Z ,-module, then U(D) is in-
Jective in &(p). Thus ®(p) has enough injectives.

Proof. U(D) is injective by an adjointness argument. Likewise, each
M € ®B(p) can be embedded in an injective object by choosing a Z ,,)-mono-
morphism f: M — D’ with D’ divisible and then taking the lifting f: M —
WD) in B(p).

For later use, we now determine all the injectives in B(p). For a Z(,,-
module G and j € Z, let T? "G € ®(p) equal G as a Z(,-module and
have ¥ = k7P~ D for each k € Z.

ProrosiTiON 7.2. An object M € B(p) is injective if and only if

M = WD) @ (@ /" "R;)
J€E

for some divisible torsion Z,r-module D and some rational Z(,-modules
R;forjeZ.

Proof. The “if”’ part is easy, so let M € B(p) be injective. As in proof
7.1, construct a monomorphism?:M — U(D’) with D’ divisible, and note
that f has a left inverse. Thus M is divisible and its torsion subobject is
injective in B(p) because WU(D ) has these properties. Hence M = N®R
in ®(p) where N is an injective torsion object and R is rational. Since Nis a
retract of W(N) in ®(p) and since W(N W =~ Nand WN )y = 0, it follows
that NV is divisible and Ny = 0. Thus by 6.7 there is an isomorphism 7: N
~ WNY) in B( p) wherer:N — NV is a retraction. The proposition now
follows using the eigenspace decomposition of R = R ® Q.

ProrositioN 7.3.  For G € Z(,,-Mod, L € &(p), and s = 0, there is
a natural isomorphism Ext (L, W(G)) = Extfz(p)(L, G).

Proof. If0 » G —» D° » D' - 0 is an injective resolution of G in
Zpy-Mod, then 0 — UW(G) = WD) - WD) - 0is an injective resolu-
tion of U(G) in B(p) by 6.4 and 7.1. Thus the adjunction isomorphism
Homg (L, U(—)) = Homz(p)(L, —) induces the desired natural isomor-
phism.

To determine Extf,)(L, M) for more general L, M € B(p), we need
the natural sequence
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(7.4) 0- M3 UM d>um 3> Mme0 -0

in B(p) where « is adjoint to 1: M — M, where 8 = ¢ — U{') = ¢ —
U(y") with r a fixed integer generating I'', and where v is the composition
of the canonical maps

UM) > UM R Q) = @Z M®Q)/w=h =3 D
i€

@ -1 = M&®Q
where M @ Q = @ ez Wj(,—1) is the eigenspace decomposition from (5.2)
and where g;: (M @ Q)/*~V —» W;,_, is the projection.

LemMA 7.5. For each M € B(p) the sequence (7.4) is exact.

Proof. If M is p-torsion or rational, then the exactness of (7.4) fol-
lows using our explicit constructions of U(M). In general, one easily
checks that Sa = 0 and v8 = 0, so (7.4) is a chain complex. Using the
short exact sequences of chain complexes induced by0 > M - M —» M —
0and0—~> M - M Q®@Q —» M ®Q/Z — 0 where M is the torsion subobject
of M, one deduces the exactness of (7.4) from the exactness of the corre-
sponding complexes involving M, M ® Q, and M ® Q/Z.

For any Z(,)-module G, one can apply (7.4) to deduce WGY =~ G
and UW(G), = G ® Q by treating G as a trivial object of B(p). However,
our main application is:

7.6. A spectral sequence for Extigy,)(L, M). LetL, M € B(p). Us-
ing the exact sequence (7.4) and the isomorphisms 7.3, one obtains a spec-
tral sequence { EZ*} with differentials d,: EJ* — EJt7k~r+1 and with E,-
term given by E9? = = Homg (L, M), E° = Exty (L, M), E}° =
Homy, }C(L M), Eb! = Eth (L M), E}° = Hom@(p)(L ®RQ, MRQ),
and E% k= 0 otherwise. The dlfferentlal d,:Ext} . )(L M) — Extk ( )(L
M)fork =0, lisgivenbyd,f =f°y] — ¢y °fwhere Yh:M — M and
Ji:L — L denote y", and the differential d: Homz(p)(L, M) —
Homg,)(L®Q, M ® Q) carriesf:L = M tothe mapdf:LQ®Q > M
Q given by the homogeneous components of f® 1:L ® Q > M @ Q with
respect to the eigenspace decompositions of L @ Q and M @ Q. The only
other possible differential is d,:ES! = E%° and thus E; = E,. The spec-
tral sequence converges to { Extf,)(L, M)} so that there are natural exact
sequences

0 = EXY > Exty, (L, M) > EX M -0

for all 5. Since E%* = 0 forj + k > 2, we have
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ProrositioN 7.7. If s > 2 then Exty,)(L, M) = 0 forall L, M €
®(p).

Now suppose that L, M € B(p) satisfy the condition Homg,)(L ® Q,
M®RQO)=03G(.e., ¥y R1LKRQO>LRQandy" I:MRQ > MKRQ
have no common eigenvalues). Then the spectral sequence reduces to a
natural exact sequence

d
(7.8) 0 — Homg,(L, M) > Homy, (L, M) = Homy (L, M)
= Extly (L, M) > Exty (L, m S SExty (L, M)
= Ext}y (L, M) = 0

where p is the forgetful map, d, is as above, and o: Homz( L, M) —
Ext(B(p)(L M) is as follows. For f € Homz (L M), the element a(f) e
Ext@(p)(L M) is represented by the extensmn 0-MSN>>L-0in
®(p) such that N = M @ L as a Z(,,-module, " (x,y) = (y'x + fy, xVy)
for (x,y) €N, e(x) = (x, 0) for x € M, and 8(x, y) = y for (x, y) € N. To
ver1fy this description of o( f), consider the exact sequence 0 = M = U(M)
L UM) = 0 in B(p) where U(M) = ker y. The Z p-module splitting
e:U(M) — M induces a corresponding splitting d: W(M) — WU(M ), and it
suffices to prove:

LEMMA 7.9. For each M € ®(p), ey’'d = e: W(M) — M.

Proof. First suppose M is p-torsion. Then UW(M) = W(M) and
dm,, m,, ...)is of the form (0, m,, ...). Hence e¥"d(m, m,, ...) =
my = e(my, my, ...)soey’d = e, and thus ey’d = e because ed = 0.
Next suppose M is finitely generated over Z(,,. Since our conclusion holds
for each M/p"M € ®(p), the maps ey’d, e:U(M) = M become equal
when composed with each quotient map M — M/p"M, and thusey’d =
because N, p"M = 0. Now the general case follows a direct limit argu-
ment.

7.10. The functors Ext*' in B(p)y and @(p)s. There is an equiva-
lence of B(p) with the product of 2p — 2 copies of B(p) where an object
M € B(p), goes to the objects My, ..., M,,_3 € B(p). Thus B(p), has
enough injectives and the graded extension groups in &(p), have a natural
decomposition

2p—3
Ext'g(p), (L, M) = Extg,) (Z'L, M) = [Io Exty(p)(Li—:» M;).
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Moreover, the categorical equivalence (—)7: g( Py = B(p)y of 3.8 in-
duces natural isomorphisms

Ext'yl,) (B, C) = Ext', (B, CI%)

for B, C € Q(p)s. Consequently, our results on the functors Ext* in B(p)
apply to the functors Ext*’ in ®(p)s and @(p)«, and these Ext*’ vanish
fors > 2. A slightly weaker version of this vanishing result was obtained by
Adams-Baird in the equivalent category of K ,)«K ,-comodules (see [4]).

8. The E(1)s-Adams spectral sequence. For spectra X, Y € Ho® we
construct the E(1)x-Adams spectral sequence {E£5'(X, Y)} which has

ES'(X, Y) = Extp), (E(1)«X, E(1)+Y)

and converges strongly to [X g, Y gl« where (—)g() is the E(1)g-locali-
zation functor. We then observe that E5*(X, Y) = 0 fors > 2 and express
the differential d, by a formula involving the E(1)4-k-invariantsof X and Y.
This requires a discussion of E(1)x-Moore spectra. We conclude by indi-
cating the corresponding results for the K (,),-Adams spectral sequence. In
constructing Adams spectral sequences, we follow Moss [10] since he
provides composition pairings and since the method of [5] could give the
wrong E,-term when E(1)4X is not a free w4 E(1)-module.

A spectrum Y € Ho’ is called E(1)s-injective if E(1)3Y is injective in
®(p)+ and the canonical map

[X, Y] = Homg,) (E(D)xX, E(1)+Y)

is an isomorphism for each X € Ho®. Note that the F(1)4-injective spectra
are E(1)g-local and are closed under finite wedges, retractions, and
(de)suspensions in Ho*.

LemMma 8.1.  If Y € Ho’ is an E(1)-module spectrum with w4 Y divisi-
ble, or if Y is any rational spectrum, then Y is E(1)s-injective.

Proof. First let Y be an E(1)-module spectrum with 74 Y divisible.
Using the techniques of Section 13 of [5], one shows that the canonical
mapj:[X, Y] = Hom 4 g)(E(1)+X, 74 Y) is an isomorphism for each X €
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Ho’. Since 74 Y is divisible and since E(1)+ Y = U(w+Y) by 6.6, E(1)4 Y is
injective in B(p)x and an adjointness argument now shows that the canon-
ical map [X, Y] — Homg,) (E(1)xX, E(1)xY) is an isomorphism
for each X € Ho®. Thus Y is E(1)s-injective. Finally, if Y is any rational
spectrum, then Y is E(1)s-injective because Y is a retract of the rational
E(1)-module spectrum E(1) A Y.

ProposITION 8.2, For each injective object M € ®B(p)+ there exists
an E(1)y-injective spectrum Y € Ho® with E(1)3Y = M in ®&(p)x.

Proof. First suppose for some n € Z that M; = 0 unless i = n mod
2p — 2. By 7.2,

M, = UWD)® @ T/*~VR;
JjezZ

in ®(p) for some divisible torsion Z,-module D and some rational Z,)-
modules R forj e Z. Thus M = E(1)4 Y for the E(1)s-injective spectrum Y
=L"E(1)D Vv C where C is the rational spectrum with 7,C = R iwheni =
n — 2%j(p — 1) and with 7;C = 0 when i # n mod 2p — 2. The proposition
now follows for any injective object M € ®B(p)« since M is the direct sum of
2p — 2 objects of the above sort.

An E(1)4-Adams tower for a spectrum Y € Ho® is a sequence of tri-
angles

ill jll
Yn+l - Yn =>J, > z Yn+1

in Ho® for n = 0 such that each J,, is E(1)s-injective, each E(1)si, is the
0-map, and Y, = Y. Each Y € Ho® has an E(1)s-Adams tower which may
be constructed inductively by using 8.2 and the existence of enough injec-
tives in B(p)«.

8.3. The E(1)y-Adams spectral sequence. For X, Y € Ho’ the
E(1)4-Adams spectral sequence {E}(X, Y)},-, is obtained by taking an
E(1)x-Adams tower for Y, then applying [X, — 4 to give an exact couple,
and then taking the associated spectral sequence with the E;-term dis-
carded. The spectral sequence does not depend on the choice of the Adams
tower and is natural in X and Y. As in [10] there is a natural isomorphism

EY' (X, Y) = Extg,), (E(1)xX, E(1)+Y)
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for each s, ¢, and thus E5*(X, Y) = O unless s = 0, 1, or 2. Consequently
the differentials d,: ES'(X, Y) —» EST*"~1(X, Y) are all trivial except
possibly for d,: E3'(X, Y) = E3* (X, Y). Thus E/(X, Y) = E§'(X, Y)
where E5/ (X, Y) denotes N, ES'(X, Y). For s = 0 let F*[X, Y]4 denote
the image of the map [X, Y]+ — [X, Y]x given by an E(1)4«-Adams tower
for Y, and note that { F*[X, Y]s},~¢ is 2 natural decreasing filtration of
[X, Y& = F°[X, Y]s. In fact, an element f € [X, Y14 lies in F*[X, Y]y if
and only if f is expressible as an s-fold composite f = f; - - - f, where each
E(1)sf; is 0. In general there is a natural injection

h:(F/FYY)X, Y],_, —» ESH(X, Y)

which is induced for s = 0 by the canonical map [X, Y]: —
Homg,,), (E(1)+X, E(1)+Y).

ProposiTION 8.4. For X, Y € Ho® with Y E(1)s-local, the spectral

sequence {E>' (X, Y)} converges strongly to [X, Y in the sense that
F[X, Y] = 0fors > 2and

h:(F/FTYHYIX, Y),—, = ES(X,Y) = ES'(X, Y)

foreach s, t.

Proof. Let{Y,+1 > Y, > J, > L Y,4+1}.=0 be an E(1)x-Adams
tower for Y. Then eachJ, is E(1)4-local since it is E(1)4-injective, and each
Y, is E(1)s-local by induction on n (see 1.4 of [7]). Furthermore, E(1)% Y
is injective in B(p)« since E(1)4Y has injective dimension <2. Thus, by
8.2 there exists an E(1)s-equivalence g: Y, = L in Ho® such that L is E(1)4-
injective. Now g:Y, = L since g is an E(1)x-equivalence of E(1)x-local
spectra. Thus Y, is E(1)4«-injective, and we may suppose that our E(1)s-
Adams tower for Y has Y, =J,and Y, = 0 =J, for alln = 3. With this
tower, the proposition follows immediately.

In general, the ‘“‘actual” target of the spectral sequence is [Xf(),
Yemls = [X, Ypuls because of the following easy result:

ProrosiTioN 8.5. For X, Y € Ho® the spectral sequence {E;'(X,
Y)} is naturally isomorphic to {E}'(Xgy, Ygq))} and thus converges
strongly to [X gy, YEq)ls in the sense of 8.4.

8.6. Composition pairings. Theorem 2.1 of [10] applies (in dualized
form) to the E(1)s-Adams spectral sequence and shows that, for W, X, Y e
Ho® and 2 < r < oo, there are natural associative pairings
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ESNX, Y)QE“ (W, X) = Est!T (W, Y)

with the following properties. For » = 2, the pairing is given by the Yoneda
pairing

EXt$ ), (E(D+ X, E1)sY) @ Ext'yl,), (E1)s W, E(1)xX)
> ExtglH " (B W, E(DsY).

If a € EY(X, Y) and b € E**(W, X), then d,(ab) = (d,a)b +
(—1)"%a(d,b). The pairings commute with the isomorphisms E,; =
H(E,)and E,, = N, E,. The composition pairing [X, Y]+ @ [W, X]s —
[W, Y1« preserves filtration (i.e., if a € F*[X, Y] and b € F*[W, X ]« then
ab € F*Y*[W, Y1), and the induced pairing of filtration quotients agrees
with the given pairing of F,-terms.

Before giving our formula for the differential d, we must introduce
the E(1)4-Moore spectra and define the E(1)s-k-invariant. By an E(1)s-
Moore spectrum of type (M, r) for M € ®(p) and n € Z we mean an E(1)4-
local spectrum Y € Ho® together with an isomorphism E(1),Y = M in
®(p) such that E(1);Y = 0 for each i # n mod 2p — 2.

ProrosiTiON 8.7. For each M € B(p) and n € Z there exists an
E(1)x-Moore spectrum of type (M, n). If X and Y are E(1)s-Moore spectra
of types (M, n) and (N, n) respectively, then E(1),:[X, Y] =
Hom@(p)(M, N)

Proof. Choose an injective resolution0 - M — Iy — I, = I, = 0 for
M in &(p), and then apply 8.2 to give E(1)4-injective spectra Jg, J;, J; €
Ho* such that each J; is in E(1)x-Moore spectrum of type (I;, n). Let F; €
Ho’ be the homotopy fibre of a map Jy — J; which is carried by E(1), to I,
— I, . Next let F, € Ho® be the homotopy fibre of a map F; = L ~17, which
is carried by E(1),,—; to an isomorphism. Then F, is an F(1)x-Moore spec-
trum of type (M, n). The last statement of 8.7 may be proved using the
E(1)4-Adams spectral sequence.

For each M € ®(p) and n € Z, let MM, n) € Ho® denote an E(1)x-
Moore spectrum of type (M, n), and note that it is natural in M and unique
up to a canonical equivalence. Also note that M(M, n) = M(T/P~ VM, n
+ 2j(p — 1)) for each j € Z. More generally, for each A € B(p)4 let M(A)
€ Ho* denote the E(1)x-local spectrum Vv ,,2’;63 M(A,,, n), and for each map
¢:A 2B in B(p)s let M(p): M(A) = NMU(B) be the induced map V,,z’;63
M(e,) in Ho¥yyy. Now M : B(p)« — Ho’ is a functor and there is a natural
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isomorphism E(1):M(A) = A for A € B(p)«. By a generalized E(1)4-
Moore spectrum we mean a spectrum equivalent to NU(A) for some A €
®B(p)x.

LemmA 8.8. If X, Y € Ho® are generalized E(1)y-Moore spectra,
then d, = 0 in the E(1)s-Adams spectral sequence {E (X, Y)}.

Proof. We may suppose X = IM(A) and Y = IMB) for A, B €
®B(p)s. Then d, = 0 since the map E(1)4:[X, Y]s — Homg, ), (E(1)+X,
E(1)4Y )y is onto because it has a right inverse induced by the functor 9.

8.9. The E(1)s-k-invariant. For Y € Ho® we construct the E(1)s-k-
invariant

ky € E} (Y, Y) = Ext¥{,,E1)+Y, E1)+Y)

by first choosing a generalized E(1)s-Moore spectrum Y’ € Ho® with iso-
morphism «:E(1)3Y’ = E(1)+Y and then letting ky = (dza)a_l using
aeEY (Y, Y)and a "' € EXO(Y, Y’). To show that k y is well-defined, let
Y” € Ho® be another generalized E(1)x-Moore spectrum with 3:E(1)xY”
= E(1)+Y, and take v:E(1)+ Y” = E(1)+ Y’ such that 8 = ary. Since d,y
= 0 we have (d26)6_1 = (dzot)'y'y_lo:_l = (dzoz)o:_1 as desired. The ele-
ment k y has components

ky(n, n + 1) € Extl,)(E1),Y, E(1),4+,Y)
for n € Z, and is determined by 2p — 2 successive components. If Y is a
generalized E(1)g-Moore spectrum, then ky = 0 by 8.8.

PropPOSITION 8.10.  For X, Y € Ho® the differential d,:EY* (X, Y) —
E3'"Y(X, Y) in the E(1)x-Adams spectral sequence is given by df = kyf
+ (— 1)t fky for each f € E$' (X, Y).

Proof. Let X’ and Y’ be generalized F(1)s-Moore spectra with iso-
morphisms «:E(1)4 X’ = E(1)$X and 8:E(1)+Y’ = FE(1)3Y. Letf' €
EY'(X’, Y’) be such that 8f'a”! = f € E3*(X, Y), where we take a €
EY'(X’, X), a ' € E$(X, X"), and B € ES°(Y", Y). Since d,f’ = 0, we
have

dof = dr(Bf'a™ ") = (daB)f'a + (—1)'Bf(dra™ ")
= (d,B)B8 B + (—1)'Bf o aldya ")

= kyf + (—1)'foldra ™)
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and the proposition now follows because
aldra™!) = dylaa”!) — (dya)a~ ! = dy(1) — kxy = —ky.

CoroLLARY 8.11. For X, Y € Ho*with Y E(1)s-local, a homomor-
phism f € Homgp, (E(1)+ X, E(1)+Y), is induced by some map in [X, Y],
ifand only if kyf = (—1)'fky.

Proof. This follows by combining 8.10 and 8.4.

8.12. The corresponding results over K ,)%. Recall from 3.8 and
4.2 that there is a categorical equivalence (=), @( P)x = ®B(p)y and a
natural isomorphism E(1):X =~ Ku(X; Z(p))[(’] for X € Ho®. Thus the
E(1)x-Adams spectral sequence {ES'(X, Y)} with ES'(X, Y) =
Ext' mx(E(1)+X, E(1)4Y) for X, Y € Ho® corresponds isomorphically to
the K (,)x-Adams spectral sequence {E}*(X, Y; K(,)%)} with ES'(X, Y;
K (pyx) = Exti(,), (KX, K(,)+X). Indeed, the two spectral sequences
can be constructed identically since an E(1)x-Adams tower for Y is the
same as a K ,)x-Adams tower for Y. The correspondence of E,-terms is
given algebraically by the natural isomorphisms

Ext( ), (K(p#X, K Y) = Extig, (E(D«X, E(1)+Y)

of 7.11, 4.2. Moreover, these correspondences respect compositions and
Yoneda products. Finally, for W € Ho", there is a K ,)-k-invariant

kweEY (W, W; K ) = EXtZ(i}p)*(K(p)*W, K yx=W)

corresponding to the F(1)g-k-invariant and such that d,f = k,f +
(—1)*'fky for f € E}'(X, Y; K(,%). Thus when Y is E(1)4-local
(= K()s-local), a homomorphism f € Hom@(,,)*(K(l,)*X, K,#Y), is in-
duced by some map in [X, Y], if and only if kyf = (—1)'fky.

9. An algebraic classification of E(1)4-local spectra. Let Ho};) de-
note the homotopy category of E(1)4-local (= K| pye-local) spectra, and
recall that Ho%y;) is equivalent to the category of fractions obtained from
Ho® by giving formal inverses to the E(1)4-equivalences (= K ,)s-equiva-
lences). Using E(1)4-k-invariants, we now algebraically determine all the
homotopy types in Ho% ;) and determine the bigraded category obtained
from Ho¥y ;) by taking Adams filtration quotients. We also determine
which homotopy types in Ho ;) may be obtained as E(1)x-localizations of
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finite CW-spectra. We conclude by indicating the corresponding results
over K(p)* .

Let k®(p)sx denote the additive category such that an object of
k®(p)+ is a pair (M, k) with M € B(p)x and « € Extz(g'(l,)*(M, M) and a
morphism from (M, k) to (N, \) in k®(p)s is a map f:M — N in B(p)s
with Mf = fk in Ext%gl(l,)*(M, N). By 8.11 there is a full additive functor
kE(1):Hoy) = k®(p)« sending each Y € Ho to (E(1)xY, ky) where
ky is the E(1)4-k-invariant of Y.

THEOREM 9.1. For each (M, «) € k®(p)x there exists Y € Hoy
with (E(1)+Y, ky) = (M, «) in k®(p)«. Thus the homotopy types in Ho)
correspond to the isomorphism classes in k®(p)s .

Proof. The last statement follows from the first since any isomor-
phism kE(1)$ X = kE(1)x Y in k®B(p)s must be induced by an E(1)4-equiv-
alence X — Y in Hoy;, which is automatically a homotopy equivalence. To
prove the first, let NM: B(p)x — Ho® be as in Section 8. Given (M, «) €
k®(p)s form a short exact sequence 0 > M 57 5 N — 0in B(p)s with I
injective, and let f: 9(J) — M(N) be a map (to be specified later) in Ho %y,
such that fs = 0: E(1)x M) = E(1)xMUN). Let Y, € Ho ;) be the homot-
opy theoretic fibre of f + IM(B): M) — IMU(N) and note that it fits in a
triangle

9.2) LN - Y, > ) T au(w).

Identifying (1) Y, w1th M in the obvious way, it will suffice to select f SO
tglat ky,=«in Ext% », (M, M). Form a short exact sequence 0 > N S
= I” = 0in ®(p)x with I’ anc 1" injective. Now construct an E(1)s-Ad-
ams tower for Y, such that the triangle Y, = Y, = J, > EY, ,, isgiven
by (9.2) for n = 0, by

~longy) ! L)

L2 ”) - TIORN) = s lon() 52 s o)

forn =1,by0 —» T 29MUI") ST 2nd”) - Oforn =2, andby0 — 0 o
0 —>60forn = 3. This tower realizes the injective resolution 0 > M ST pd
I' > I” = 0 of Min B(p)s. Let Y’ denote NM(M) € Ho*. The E(1)x-k-
invariant of Y, in ExtZ%! », (M, M) corresponds to an image element of

NM(a) € [Y7, Jplp in Hom g p)*(M , I”); under the composite relation

P ~
[Y',Jolo = [Y', Y 1oy < [Y', Y] = [Y',J;] -, = Homg,)«(M, I"),.
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Going in the reverse direction, choose 6 € Homg,,) (M, 1”), corresponding
to the given « € Eth@;‘(,,)*(M, M)andlet6 e[Y’, Y,]_, denote the image
element of 8. It will suffice to select f € F'[J,, Y;]_, so that the composite
of M(a) € [Y’, Jolo with f + IM(B) € [Jo, Y ]_, equals § € [Y’, Y,]_,.
Note that M(B)M(a) = M(Ba) = 0 and that fisin F'[Y’, Y,]_, because
E(1)4i:E(1)4Y, = E(1)4Y, is zero. Thus it will suffice to select an f
which is carried to 6 by M(a)*: F'[Jo, Y;]_; = F'[Y’, Y] _,. This can be
done since E(1)4 Y, has injective dimension <1, and thus M(a)* corres-
ponds to the epimorphism

Ext',), (E(D)sJo, E()+Y ) = Extg),, (E(D)xY’, ED)xY ")

induced by the monomorphism M(a)s:E(1)+ Y’ — E(1)sJg.

9.3. The bigraded categories GrHo% ) and k®(p)+x. For X, Y e
Ho¥) let {F[X, Y]x},>0 be the E(1)sx-Adams filtration and recall that
F[X, Y]s = Ofors = 3. Let GrHo ;) be the associated bigraded additive
category whose objects are those of Ho%;) and whose morphism groups [X,
Y], ,aregiven by (F/F )X, Y1,—s. For (L, \), (M, p) e k®B(p)xandg €
Z, define d,:Homg (L, M), = Extglf (L, M) by dof = uf +
(— 19117\, Let k®B(p)«« be the bigraded additive category whose objects
are those of k®(p)sx and whose morphism groups [(L, N), (M, )], , are
given by the kernel of d,: Hom g« (L, M), = Extglid (L, M) fors =0,
by Ext}g‘(p)*(L, M) fors = 1, by the cokernel of d5: Homg )« (L, M),—; =
Ext%g‘(p)*(L, M) for s = 2, and by zero for s > 2. The composition in
k®(p)ssx is induced by the Yoneda product in the obvious way. Theorem
9.1 and the results of Section 8 easily imply

THEOREM 9.4. There is an additive equivalence kE(1)ss:GrHo% 1)
— k®(p)sx sending each X € GrHo¥ ) to (E(1)+X, kx) € k®B(p)sx .

Remark. 1In general, for X, Y € Ho¥y, the group [X, Y], need not
split into @?—¢ [X, Y], ,+;. For instance, let Y be a spectrum such that
EQ1),Y = Z/pforn=0,1mod2p — 2,E(1),Y = Ootherwise, and ky #
0. We can show that [Sg), Y]o = 7Y = Z/p? while [Sguy, Y], = Z/p
for s = 0, 1. Of course, this difficulty disappears in

9.5. The homotopy category of generalized E(1)s-Moore spectra.
Since a generalized E(1)sx-Moore spectrum NM(M) € Ho ) is constructed
as a wedge V2243 M(M,,, n), one easily obtains canonical isomorphisms
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2
(M), MN)], = @ Extiy, (M, N)

for M, N € ®B(p)x such that compositions of homotopy classes correspond
to Yoneda products. Thus the homotopy category of generalized E(1)s-
Moore spectra is equivalent to the algebraic category having the same ob-
jects as B(p)s and having morphism groups given by the above sums of
Ext’s with compositions given by Yoneda products. We remark that an
E(1)4-local spectrum Y is automatically a generalized E(1)s-Moore spec-
trum if the groups Ext%g( n(E1),Y, E(1),+,Y) vanish for all n because this
implies ky = 0. This happens, for instance, when the groups E(1)¢ Y van-
ish in all even (or odd) dimensions, or when they all have injective dimen-
sions <1 in ®(p). Furthermore, for an E(1)s-local spectrum Y whose
groups E(1)4 Y are all free Z/p"-modules for some fixed n, we can shows
that Y is a generalized E(1)s-Moore spectrum if and only if p” = 0:Y —
Y. Thus, for instance, XZ/p is a generalized E(1)x-Moore spectrum for
each E(1)x-local spectrum X. We hope to discuss these and other splittings
in a future note.

We next analyze the full subcategory Hojg ) of Hoyy) given by all
E(1)4-localizations of finite CW-spectra. The following lemma easily im-
plies that Hojg) is equivalent to the category of fractions obtained from
Hoj by giving formal inverses to its E(1)s-equivalences, where Hoj is the
homotopy category of finite CW-spectra.

LEMMA 9.6. For each B € Hoj there exists a sequence B = By — B,
- B, = -+ of E(1)s-equivalences in Hoj whose homotopy direct limit is
the E(1)s-localization B yy. Thus for each W € Hoj, colim,[W, B, |+ =
[W’ BE(I)]* .

Proof. By2.11 and 4.8 of [7], a spectrum X is E(1)x-local if and only
if[MZ/q, X]s = 0for each prime g # p and [V(1), X]x = 0, where MZ/q
is the Moore spectrum S° U 7 e! and where V(1) is the cofibre of Adams’
K 4-equivalence ¥ "2MZ/p — MZ/p. Let {L,},0 be an indexing of the
countable collection of spectra given by all L' MZ/q and I' V(1) fori € Z
and primes q # p. Let By = B and suppose inductively that the finite CW-
spectrum B, is given. Let F,, denote the E(1)s-acyclic finite CW-spectrum
Vi=o V;L; s where f ranges over the finite set [L;, B,] and where L; ;is a
copy of L;. Then construct B, = B, . as the homotopy cofibre of a map
F, — B, acting by f on each L; ;. The homotopy direct limit of the result-
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ing sequence B = By = B = B, = - - is E(1)x-local by the above crite-
rion, and the lemma follows easily.

THEOREM 9.7. If Y € Hojyy is an E(1)4-local spectrum with each
E(1),Y finitely generated over Z ), then Y = Wy, for some finite CW-
spectrum W.

This implies that an object (M, «) of k®( p)« corresponds to an object
of Hojy ) if and only if each M, is finitely generated over Z(,,,. We prove it
in 9.10 using two lemmas:

LEMMA9.8. IfX S5YSZ3Xisa triangle in Ho %) and if two of
the three spectra X, Y, Z are in Hojg ), then so is the third.

Proof. We may suppose that there are E(1)s-localizations n:4 - X
and n:B — Y with A, B € Hoj. Then by 9.6 there exists a commutative
diagram

A—>B,

bk

Xy

in Ho® such that B, € Hoj and » is an E(1)s-localization. Thus Z is in
Ho g 1) because it is the E(1)s-localization of the homotopy theoretic cofi-
bre of «.

LEMMA 9.9. For any M, N € &(p) with M finite and any e €
Ext(zg(p)(M, N), there exists an epimorphism 6:L — M in ®(p) with L
finite and such that 9%(e) = 0 in Extk,)(L, N).

Proof. Letting I 0= (N® Q) ® U(D) where D is a divisible torsion
Z,-module containing the torsion submodule of N, construct an injective
resolution 0 = N = I > I' > I? - 0 of N in ®(p) with I' and I? both
torsion. Then choose e:M — I? representing e and form the pull-back
square

P—>M

Lok

Il—->12
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in ®(p). Note that P is a torsion object and 6: P — M is onto. Thus, since
M is finite, there is a finite subobject L C P with &(L) = M.Now 6:L - M
has the desired properties.

9.10. Proof of 9.7. The total rational dimension of Q ® 74 Y is fi-
nite. Thus there is a triangle V= Y = W — LV in Ho}y; such that Vis a
finite wedge of E(1)s-localized sphere spectra and W is a torsion spectrum
with each E(1), W finite. By 9.8, it suffices to show that W is in Hoj).
Using 9.9, choose an epimorphism 6: L = E(1),,—, W in &(p) with L finite
and such that 6%k y,(2p — 2,2p — 1) = 0in Exté(p)(L, E(1);,—1W). Then
choose a map (L, 2p — 2) = W carried to 0 by E(1),,,, and let W, _,
€ Ho* denote its homotopy cofibre. Proceeding downward, given W, € Ho*
with E(1);W,, = 0forn < i < 2p — 2, choose a map M(E1),W,,, n) —
W, carried to the identity by E(1),, and let W, _, denote its homotopy
cofibre. We obtain an “E(1)s-Postnikov tower” of spectra W,, , ...,
W, Wy with Wy = 0. By 9.8 it now suffices to show that MU(N, n) is in
Hojy,) for each finite N € B(p) and n € Z. This follows when N has trivial
y-action because IM(N, n) is then the E(1)s-localization of the correspond-
ing ordinary Moore spectrum. It follows in general, using 9.8 and Section
S, by noting that N has a finite filtration (e.g., given by kernels of ()" : N
— N for i = 0) such that the filtration quotients have trivial J-action.

9.11. The corresponding results over K ). Let kQ(p)s« denote the
additive category such that an object of kQ(p)x is a pair (M, k) with M €
Q@(p)x and k € Extz(i{,,)*(M, M), and a morphism from (M, «) to (N, N) in
kG(p)s is a map f:M — N in Q(p)s with M = fk in Ext%(,) (M, N). By
8.12 there is a full additive functor kK ()« : Ho ;) = kQ(p)« sending each
Y € Hoyyto (K ()« Y, ky) where ky is the K(,,)s-k-invariant of Y. Theo-
rem 9.1 implies that kK )« induces a correspondence between the homot-
opy types in Ho %) and the isomorphism classes in k@(p)s. Theorem 9.4
implies that kK )« induces an equivalence between the bigraded catego-
ries GrHo %) and kQ@(p)sx. Finally, Theorem 9.7 implies than an object
(M, «) € kQ(p)s« corresponds to the E(1)«-localization (= K,)s-localiza-
tion) of a finite CW-spectrum if and only if each M, is finitely generated
over Z ).

10. An interpretation of B(p)sx and Q(p)x as categories of com-
odules. Having previously shown that ®(p)s is equivalent to Q(p)s, we
now show that B(p)sx and Q(p)sx are equivalent to the categories of
E(1)4E(1)-comodules and K ()« K ,)-comodules. Thus our main results
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may be reformulated using these comodule categories. We refer the reader
to [2], [S], or [13] for an introduction to the relevant theory of coalgebras
and comodules.

We begin with preliminaries leading to the equivalence of ®(p)s with
the category of E(1)xE(1)-comodules. Recall that an object M € B(p)«
automatically has a left module structure over 7+ E(1) = Z,)[v, v Bya
7 E(1)-bimodule in B(p)s we mean an object M € B(p)s with a right
wxE(1)-module structure such that (xm)y = x(my) and ¥*(my) = (*m)y
for each x,y € 74 E(1), m e M, and k € Z,.

LemMmA 10.1. If B is a wE(1)-bimodule in B®(p)x and G is a left
w+E(1)-module, then B ®,,*E(1)G isin B(p)s.

Proof. ForxewyE(1),beB,geG,andk eZ{,, weletx(bRg) =
xb®g and VEBb® g)= Vb ® g. Now form a short exact sequence 0 = F’
— F — G — 0 of left m4E(1)-modules with F’ and F free, and note that B
Qn, eyF’ and B ®, _guyF are in B(p)s. Thus the cokernel B &, )G is
also in B(p)«.

By 4.2, E(1)+E(1) is a w%E(1)-bimodule in ®(p)x, and we let
e:E(1)+E(1) = 74 E(1) be the map induced by the multiplication u: E(1) A
E(1) = EQ1). For a left w4 E(1)-module G, consider the diagram

e

E+E(1) ®4, p1) G.—> fuIc»

€

G

where € is given by e(x @ g) = e(x)g for x € E(1)+E(1) and g € G. By 6.5
there is a unique map € in ®(p)sx making the diagram commute.

Lemma 10.2.  The map €: E(1)+E(1) ®,, 1) G = W(G) is an isomor-
phism for each G. Moreover, SforM e ®(p)s each left wyE(1)-module map
M- G has a unigue lifting f: M — E(1)+E(1) ®,, g1)G in B(p)« with
f=¢d.

Proof. 1If G is a free left w4 F(1)-module on one generator, then € is
an isomorphism by 6.6. The general isomorphism now follows since U pre-
serves direct sums and is exact. The last statement follows from the univer-
sal property of U.

10.3. The equivalence of ®(p)s with the category of E(1)sE(1)-com-
odules. For M € ®(p)« let A:M — E(1)+E(1) @, g1)M be the unique
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map, given by 10.2, in ®(p)« such that eA = 1: M — M. This gives M the
structure of an E(1)4E(1)-comodule by an easy formal argument using
10.2. For an E(1)3E(1)-comodule N with comultiplication A:N —
E(1)+E(1) ®,,e1)N, the bar resolution gives an exact sequence

0o NS EM)+EQ) Qqr z0yN

AR1—1QA
— E(1):EQ1) ®,,*E(1)E(1)*E(1) ®,,*E(1)N.

Since A® 1 — 1 ® A is clearly in B(p)«, its kernel N has a canonical
structure in B(p)s. The foregoing constructions are inverse to each other
and provide additive equivalences between ®(p)sx and the category
E(1)4E(1)-comodules. A similar equivalence involving torsion E(1)sE(1)-
comodules was obtained by Ravenel [11] using very different methods. For
X € Ho* the structure of E(1)+X in ®(p)s corresponds via the above con-
structions to its standard structure as an E(1)%E(1)-comodule. Thus
®(p)s: may be replaced by the category of E(1)+E(1)-comodules in our
main results.

To show the equivalence of @(p)s with the category of K )4 K (,-com-
odules, we recall that an object M € @(p)s automatically has a left module
structure over 4K (,) = Z(,[u, u”']. By a 74K ,-bimodule in Q(p)s we
mean an object M € Q(p)s« with a right 74K ,)-module structure such that
(xm)y = x(my) and xpk(my) = (wkm)y foreachx,y € 74K ,), m € M, and
keZ{,. IfAisa mxK,-bimodule in ®(p)s« and G is a left 74K ,)-mod-
ule, then A ®,,*K(p)G is in @(p)s by the argument of 10.1. By 2.2,
K(p)*K(p) is a r*K(p)-bimodule in @(p)*, and we let GIK(p)*K(p) g
72K () be the map induced by the multiplication u:K ) A K(,) = K(;).
For a left 74K (,)-module G let ¢: K ()« K () ®r, k)G — G be given by e(x
®g) = elx)g for x € K(,,xK(,)and g € G.

LEMMA 10.4.  For a left 7K (,ymodule G and for M € G(p)«, each
left w4 K (,-module map f:M — G has a unique lifting f:M = K+ K,
Ok, O in Apls with f = ¢f.

Proof. By the equivalence of Q(p)s and B(p)« in 3.8, it suffices to
show that each left 74 E(1)-module map f: M - G has a unique lifting
F:MO - EQ)LK ok, G in B(p)s with f = ¢f. For this it suffices to
show that €: E(1)«K ) ®, K(p)G = U(G) is an isomorphism in B(p)s for
each 74K ,-module G. If G is a free 74K ,)-module on one generator,



HOMOTOPY THEORY OF K-LOCAL SPECTRA 931

then € is an isomorphism by 6.6. The general case follows since ‘U preserves
direct limits and is exact.

10.5 The equivalence of Q(p)y with the category of KK ,-com-
odules. In view of 10.4, the constructions in 10.3 apply to show that each
M € Q(p), has a canonical K,)#K ,-commodule structure and that each
K(*K p-commodule N has a canonical structure in @(p)y. The construc-
tions are inverse to each other and provide additive equivalences between
@(p)4 and the category of K ,#K)-comodules. For X € Ho* the structure
of K(y#X in @(p), corresponds via the above constructions to its structure
as a K(,,#K,)-comodule. Thus @(p), may be replaced by the category of
K (K )-comodules in our main results over K, (see 7.10, 8.12, 9.11).

10.6. The equivalence of the category of E(1)xE(1)-comodules with
that of K (,xK ,-comodules. 1In 3.8 we established an additive equiva-
lence from ®B(p)« to @(p)« sending M € ®B(p)« to 74K (p) Qr, pyM €
@(p)s. This corresponds via 10.3 and 10.5 to a (presumably well-known)
additive equivalence from the category of E(1)4E(1)-comodules to that of
K (K (py-comodules, sending an E(1)4E(1)-comodule N to the K ()% K (,)-
comodule 74K () Qp, g1)yN with comodule structure induced via the iso-
morphism

K pxKp) = 14K (p) Qr, 5ty E(D+ E(1) @, £1) T2 K () -
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