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Abstract

Using the Landweber—Araki theory of Real cobordism and Real-oriented spectra, we define a Real
analogue of the Adams—Novikov spectral sequence. This is a new spectral sequence with a potentially
calculable E,-term. It has versions converging to either the Z/2-equivariant or the non-equivariant stable
2-stems. We also construct a Real analogue of the Miller-Novikov ‘algebraic’ spectral sequence. © 2000
Elsevier Science Ltd. All rights reserved.
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1. Introduction

The Adams-Novikov spectral sequence calculating stable homotopy groups of spheres
EXtBP*BP(BP*,BP*):>TC*(SO)(I,) (11)

behaves differently at the prime 2 than at other primes. For p = 2, (1.1) contains extra families of
elements which do not occur for p > 2. One can see this phenomenon in two ways: (1) The strict
automorphism group of the Lubin-Tate formal group law @, reduced modulo 2 (the Morava
stabilizer group) contains a subgroup generated by the formal inverse (which is the identity for
p > 2). This produces additional families of elements in its cohomology, which, by the chromatic

* Corresponding author. Tel.: + 734-764-0374; fax: + 734-763-0937.
E-mail address: ikriz@math.lsa.umich.edu (I. Kriz)

0040-9383/01/$ - see front matter © 2000 Elsevier Science Ltd. All rights reserved.
PII: S0040-9383(99)00065-8



318 P. Hu, I. Kriz | Topology 40 (2001) 317-399

spectral sequence of Miller, Ravenel and Wilson, translate to additional families of elements in (1.1).
(2) While at p > 2 the Adams—Novikov E,-term is smaller than the classical Adams E,-term, this
does not happen at p = 2. This is explained by the algebraic Novikov spectral sequence, whose
E{ term for p > 2 (but not for p = 2) can be identified with the Adams E,-term. This is related to the
fact that the dual of the Steenrod algebra for p > 2 (but not p = 2) splits as a semidirect product (in
the Hopf algebra sense) of an exterior and a polynomial algebra.

Geometrically, the prime p = 2 is special also. The complex cobordism spectrum has an
automorphism of order 2, given by complex conjugation. So, one could conjecture that there might
be an analogue of the Adams-Novikov spectral sequence taking into account the complex
conjugation structure, which would avoid the anomalies (1) and (2).

In this paper, we do, in fact, construct a candidate for such a spectral sequence. Recall Atiyah’s
Real KR-theory [7] of complex bundles with anti-linear involution. Then KR is a Z/2-equivariant
spectrum. Similarly, there exists a Real cobordism spectrum (defined by Landweber [27,28]). We
construct an Adams-type spectral sequence based on Real cobordism. We prove that it converges
to Z/2-equivariant stable homotopy, which is essentially 7 (BZ/2, v S°). We also construct
another version of this spectral sequence which converges to the non-equivariant stable homotopy
groups of spheres 7, (S°). Concrete calculations with these spectral sequences were done by the first
author [21].

The behaviour of the new spectral sequences with respect to problems (1) and (2) above is as
follows: The non-equivariant version of our spectral sequence eliminates (1) (see Section 5 below).
In other words, we show that the real Morava stabilizer group at p = 2 does not contain the formal
inverse. For (2), it is simpler to consider the equivariant version of the real spectral sequence. In this
case, we construct an algebraic spectral sequence. We conjecture that its E;-term can be identified
with Greenlees’ equivariant Adams E,-term [18]. We give some evidence in that direction. In
particular, we show that the splitting of the dual Steenrod algebra into a semidirect product for
p > 2 has an analogue in the Z/2-equivariant Steenrod algebra at p = 2.

To explain the results of this paper in more detail we have to start from the beginning. First
consider a larger picture. Let E be a complex-oriented spectrum with formal group law F. Let G be
a finite group of automorphisms of the ring E,, together with underlying strict isomorphisms of F.
Then sometimes it can be shown that G also acts on E, i.e. that E has the structure of a G-
equivariant spectrum (see [20]). Now there is one such group G=~7/2 which occurs for E = MU:
the generator MU, —» MU, is (— 1)¥ in dimension 2k. The underlying strict isomorphism is

—[— r(x)

This group has a very natural geometric interpretation: it corresponds to the action of Z/2 on
CP* by complex conjugation. In fact, complex conjugation also acts on the classifying spaces
BU(n) and the corresponding universal Thom spaces. Consequently, this action very naturally
rigidifies to a Z/2-equivariant structure on M U. This was first noticed by Landweber [27,28], who
called the resulting spectrum Real cobordism MR. This was prompted by Atiyah’s discovery of Real
KR-theory [7]. Later, Araki [4-6] observed that complex conjugation preserves essentially all of
the notions of the general theory of complex-oriented spectra. He defined the notion of a
Real-oriented spectrum, and associated formal group laws with Real-oriented spectra. He also
used Quillen’s idempotent to construct a Real analogue BPR of the Brown-Peterson
spectrum. However, it was not known if Morava K(n)-theories and other complex-oriented spectra
have Real analogues (although for Landweber-exact complete spectra, this is a consequence of
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Hopkins-Miller theory [20]). A general construction of Real analogues of complex-oriented
spectra is a by-product of the present paper (see below).

We want to develop and investigate the analogue of the Adams-Novikov spectral sequence
based on the Landweber-Araki Real cobordism. Realizing this goal turns out to be a more
formidable task than it may seem at first. First of all, Real cobordism MR, like Atiyah’s Real
K-theory KR ([7]), is an RO(Z/2)-graded (co)homology theory, or, in other words, a Z/2-
equivariant spectrum indexed over the complete universe in the sense of Lewis et al. [31]. We
review the main aspects of MR, BPR and the theory of Real-oriented spectra from the point of
view of modern foundations of equivariant stable homotopy theory in Section 2 below.

Section 3 contains some constructions and calculations suggested by this theory. Using the fact
that MR is an E_-ring spectrum, we construct, by the methods of [ 14], Real analogues of all the
usual derived spectra of MU, including ER(n), PR(n), BR(n), Morava K-theories KR(n), etc. We
also give a calculation of the coefficients of Real Morava K-theories, and show that the Real
version KR of K-theory constructed by our method is Atiyah’s Real KR-theory.

In Section 4, we give a calculation of the coefficients BPR,. This has been announced, but as far
as we know not published, by Araki [4].

Next, we show that BPR, MR satisfy a strong completion theorem in the sense that the canonical
maps to the corresponding Borel cohomology theories are equivalences. It turns out that the Hopf
algebroid (BPR,, BPR,BPR) is flat and almost completely determined by its Borel cohomology
spectral sequence. In Section 4, we will prove this up to a certain error term, which we later
eliminate in Section 7 by different methods. What we unfortunately do not know is a “moduli
interpretation” of BPR,, which would say that ring maps from BPR, represent “Real formal group
laws” in some natural sense.

One way or another, we obtain the spectral sequence

Extppr, ppr(BPR4, BPR,) = 14(S2)2). (1.2)

We also prove convergence using the completion theorem for BPR.

Section 5 is devoted to ways of modifying the spectral sequence (1.2) so that it would converge to
the non-equivariant stable 2-stems. To this end, we apply a “Galois descent” method. The key
notion is a graded spectrum. This is simply a Z-graded sequence of spectra. (The idea that it may be
advantageous to consider objects consisting of several spectra was inspired by the work of
Bousfield [9].) In effect, we show in Section 5, that the Hopf algebroids corresponding to ER(n),
considered in our category of graded spectra, are flat. Unfortunately, this is not the case for BPR
(the difficulty is caused by the fact that the geometric fixed points of MR are non-trivial and equal
to MO). Nevertheless, motivated by the case of ER(n), we define an Adams-Novikov-type spectral
sequence based on the graded version of BPR, and show that it converges to the 2-completion of
7,8 We also explain algebro-geometric interpretations of our discussions, and their connections
with the work of Hopkins and Miller [20].

In Section 6, we develop the theory of Z/2-equivariant Steenrod algebra. This partially overlaps
with previous work of Greenlees [ 16-18] in considering the Borel (co)homology Steenrod algebra.
We introduce a slightly different setup and notation, which are more suitable for investigating the
connections with our Real Adams—Novikov spectral sequence.

We also consider the Z/2-equivariant Steenrod algebra A% based on the ‘honest’ Z/2-equivariant
Eilenberg—MacLane spectrum HZ/2,, associated with the constant Mackey functor Z/2. We show
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that this Steenrod algebra has some remarkable properties. For example, HZ/2,, is a flat spectrum,
and there is an A%-based Adams spectral sequence converging to the homotopy of X for any finite
7 /2-equivariant spectrum X. Also, A% splits into a semidirect product of Hopf algebras of extended
powers and Milnor primitives in the same way as the non-equivariant Steenrod algebra A4,, for
p > 2. The Steenrod algebra A} is closely tied to BPR: the description of A} intrinsicly involves
H,BPR, unlike the Borel cohomology Steenrod algebra, which can be described directly using the
non-equivariant Steenrod algebra and coefficients of Borel cohomology.

For other work on the Mackey functor Steenrod algebra A%, see [11,12]. There is also
an important connection between our work and the work of Voevodsky [53] on the
motivic Steenrod algebra at the prime 2. In several comments throughout this paper, we
will point out analogies between Z/2-equivariant Mackey-functor cohomology and Voevodsky’s
motivic cohomology of schemes. This analogy culminates in a surprising similarity of Steenrod
algebras. More details on relations between Z/2-equivariant and motivic cohomology can be found
in [25].

In Section 7, we first write down the Z/2-equivariant Adams spectral sequence for BPR, and use
it to eliminate the possible error terms in our structure formulas of the Hopf algebroid
(BPR,, BPR,BPR) given in Section 4. Then, we construct the Real algebraic spectral sequence.
This is our analogue of the Miller—-Novikov spectral sequence [ 38,39,44]. It is the spectral sequence
converging to the Real Adams—Novikov spectral E,-term, based on the Adams filtration on BPR,,.
Similar to the classical case of the Miller-Novikov spectral sequence for p > 2, the E;-term of our
algebraic spectral sequence coincides with the E,-term of a certain Cartan-Eilenberg spectral
sequence associated with the Z/2-equivariant Steenrod algebra. We conjecture that the Car-
tan-Eilenberg spectral sequence collapses, thus showing that our Real Adams-Novikov E,-term is
sparser than the Z/2-equivariant Adams E,-term.

2. Preliminaries on real-oriented spectra

In this section, we shall review the theory of real cobordism and real-oriented spectra discovered
by Landweber [27,28], and Araki [4-6]. The reader might find this review of known results useful,
as the language of equivariant stable homotopy theory has changed quite substantially since
Landweber’s and Araki’s work.

In this paper, Z/2-equivariant spectra will always be indexed over the complete universe (abbr.

Z/2-spectra).
Definition 2.1. Let S* denote the group S* = C* with complex conjugation as an involution. We
shall consider S* a based space with the base point 1. A Real space (group) in the sense of Atiyah
and Segal is a space (group) with involution. Let BS! be the classifying space of S*, which is the
space of all complex lines in C* with complex conjugation as involution.

Note that we do have

QBS!'~S!
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in the category of based Z/2-spaces. Thus, by adjunction, we obtain a canonical equivariant-based
map

n:S'** - BS!,

where o is the non-trivial one-dimensional real representation of Z/2.

Definition 2.2. Let E be a Z/2-equivariant commutative associative ring spectrum. A Real orienta-
tion of E is a map

u:BS' - X1TE

which makes the following diagram commute:

Sl+u _r,» BSI

Remark. According to the terminology of Adams [1], this would be called a strict orientation.

Examples. First consider the Z/2-equivariant Eilenberg-MacLane spectrum HZ,, associated with
the constant Mackey functor Z.

Lemma 2.3. We have BS' ~ (HZ,): +,.

Proof. Consider the cofibration of spectra

3Z/2,AHZ,—3YHZ, — Y HZ,

(2.4)
Y HZ,~— Y'Z/2,A HT,
Passing to infinite loop spaces and fixed points, the last two maps give a fibration
(HZ,)#.—CP* - CP™, (2.5)

where the right-hand map is the squaring of a line bundle, which is 2 on homotopy groups (this is
by the definition of the constant Mackey functor Z). By (2.5), (HZ,,){?, ~ BZ/2. Moreover, from
(2.4) we see that the first map

c

BZ/2 - CP~

of (2.5) coincides with the inclusion

(Hzm)%/-%a - (Hzm)l +a (26)
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given by forgetting the Z/2-action. We see (by Z/2-equivariant CW approximation) that this
characterizes the space BS! up to 7Z/2-equivariant weak homotopy type. [

Comment. This result has an analogue in Voevodsky’s motivic cohomology [43,52]. Since we plan
to follow this analogy throughout this paper, we introduce some of its basic notions. Morel and
Voevodsky [43] introduce a category of spaces over a field k (or k-spaces), which are simplicial
sheaves in the category of smooth schemes over Spec(k) with the Nisnevich topology. One can put

S'=AY{0,1}, S$*=G,=A'—{0}.

(Voevodsky’s original notation is S! = S*, S} = $*) A fundamental fact is that in Voevodsky’s
category of k-spaces, one has

StAS* ~ Pl
Now Voevodsky defines a notion of spectra in his category, i.e. k-spectra. If we do not insist on
understanding point set rigidity questions (which were worked out in [22,24,26]), one can

characterize (a generalized cohomology theory associated with) a k-spectrum by a sequence of
k-spaces Ejy; +, With

Ex1+a) = Map(P*, Eg+ 1)1 +a)
(where Map (X, Y), for the moment, denotes the k-space of based maps from X to Y).
Now Morel and Voevodsky [43,52] show that one can define the motivic cohomology k-
spectrum HZy,, by
(HZpodk(1 +2) = SPP(PY/P*Y)
(where SP® is an algebraic version of the symmetric product). In particular,
(HZyot)1 +o =~ P

We remark that the motivic cohomology k-spectrum has some remarkable properties. For
example, its coeflicients are Bloch’s higher Chow groups [54].

Now for k = R, there is a forgetful functor ¢t from k-spaces to Z/2-spaces, which takes a smooth
scheme X to the space of its complex points X(C) with the analytic topology, and the natural action
of

7/2=Gal(C/R).

This forgetful functor ¢t extends to spectra.
Now back in the category of Z/2-spaces, following Voevodsky’s method, one can actually show
that

(Hzm)k(l +a) = SPOO(Sk(IH))-
It follows that
t(HZMot) = HZ,.

The reader is referred to [25] for other interesting properties of the functor t.
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By Lemma 2.3, HZ,, is Real-oriented (by the identity BS! — BS').
In the sequel, we will also refer to the mod 2 motivic cohomology k-spectrum

HMot = HZ/zMot = HZMot/\ Mz/za

where MZ/2 is the cofiber of the self-map 2 of the sphere k-spectrum, and the corresponding
Z/2-equivariant spectrum of cohomology with coefficients in the constant Mackey functor Z/2:

HZ)2,, = HZ, A MZ)?2.

Next, recall some more of Atiyah’s terminology: A Real bundle is a complex bundle with
a Z/2-action which acts by an antilinear map. Following Atiyah and Segal, we denote by U the
unitary group with the complex conjugation as an involution. We denote by BU the classifying
space of this Real group, which is the Real space of all infinite-dimensional subspaces of C* with
complex conjugation as an involution. Using Real Bott periodicity, BU is the Oth space of
a canonical Z/2-spectrum, called Real K-theory KR. Moreover, following analogous notation, we
can consider Thom spaces BU(n)’z where the involution is, again, complex conjugation. Thus, we
obtain maps

SUHaBUm): — BU(n + 1),

There arises a Z/2-spectrum MR, which was originally defined by Landweber [28] (who also
introduced the notation MR, perhaps to avoid the potentially more ambiguous MU).

Proposition 2.7 (Araki [6]). The spectrum MR is Real-oriented.

Proof. Same as in the complex case. BS' is the Thom space of the canonical Real line bundle on
BS!, and therefore the first term of the prespectrum defining MR. [

Theorem 2.8. The spectrum KR (Real K-theory) is Real-oriented.

Proof. First, one can use the tensor product of Real bundles to show that KR is a commutative
associative ring spectrum. Next, Atiyah [7] proved that the Bott map refines to produce both
a homotopy equivalence

b:X'"*KR - KR,

and a KR-orientation on every Real line bundle. [

Convention 2.9. For an equivariant spectrum E, by E,,, E* we shall mean coefficients, homology
and cohomology in integral dimensions. By E,, E* we shall mean coefficients, homology and
cohomology in all the dimensions k + Zu, k,/eZ.

Comment. Itis more common to denote (at least the Z-graded) G-equivariant coefficient groups by
ng(E) or ES. However, we find the simplified Notation 2.9 much more convenient in calculations.
To avoid confusion in cases when we have to consider the same spectrum E as a G-spectrum for
different groups G, we shall make this explicit by replacing E with Ej.
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Theorem 2.10 (Araki [6]). If E is a Real-oriented spectrum, then
E*BS! = E*[[u]], dim(u) = — (1 + ),
E*(BS' x BS!) = E*[[u®1,1®u]].

Moreover, E A BS' is a wedge of suspensions of E by k(1 + «), k = 0,1,2, .... Thus, using the map on
classifying spaces induced by the product S* x S* — S, a Real-oriented spectrum specifies a formal
group law over the ring E*.

Comment 2.11. The grading in E, is such that the FGL F(x, y) is homogeneous of degree 0 if both
x,y are of dimension — (1 + «). Also, isomorphisms of formal group laws are formal power series
homogeneous in dimension 0, where x has dimension — (1 + «).

However, the grading raises an even more serious issue. Note that even non-equivariantly,
coefficient rings of commutative ring spectra are not necessarily commutative: they are graded-
commutative. RO(G)-graded coefficient rings of equivariant commutative ring spectra need not be
even graded-commutative, at least in the ordinary non-equivariant sense (see [2]).

For the purposes of this paper, we specialize to the case G = Z/2. Recall that

5 %(S°) = A(Z)2),
where A(G) denotes the Burnside ring, i.e. the Grothendieck ring associated with the semiring of

finite G-sets with respect to disjoint sum and Cartesian product.

Lemma 2.12. If E is a commutative 7/2-equivariant ring spectrum (indexed over the complete
universe), and X€ Ey 1,4, V€ E 4 ny» then

xy=(— l)kmg/nyXEE(k+m)+(/+n)a7
where in the Burnside ring A(Z/2), ¢ is represented by [1] — [Z/2]. (Note that, in particular, ¢* = 1.)
Comment. We explain why there is no sign attached to switching trivial representations with .
This is because, precisely speaking,

xye[SEAS*AS™AS™, E],

2.13
yxe[S" A S"™ A SEA S E]. 213)

The groups on the right-hand side are not identical. To identify them, we allow composition with
the permutation maps
Ti,:S*AS' > S A S~ (2.14)
Using such compositions, the two groups on the right-hand side are uniguely identified with
Exsmsqsma =[S ASCT E],

However, the choice of the maps T, as identifications in (2.14) is a matter of convention.
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Proof. This can be found in [2], and also in Morel’'s work on motivic ring spectra [42]. We
reproduce the argument here to keep our reasoning self-contained. It suffices to show that
the map

§2 _, §22 (2.15)

obtained by switching the two copies of « is stably homotopic to &. First, (2.15) is stably homotopic
to the map

v:S* — §* (2.16)

which reverses the sign of the coordinate. Thus, we need to show that v is stably homotopic to ¢. But
recalling the Pontrjagin—-Thom construction, we see that the map [Z/2] € A(Z/2) is realized by the
map

A:8*—8*
which is squaring when we identify S* with S!, and — [Z/2] € A(Z/2) is represented by
u:S*— §*
which is z—z~2 when we identify $* with S*. But now if
1:8% - §*
is the identity, we easily see that stably
vV=u-+1i,
and hence
e= —[Z/2] + 1€ A(Z)2),

as claimed. [
To properly interpret the above proposition, we assert the following.

Lemma 2.17. If E is a Real-oriented spectrum, then
¢= — l€E,. (2.18)

Thus, E 1 +4 < Ex is a commutative ring.

Remark. (1) If we choose the maps — Ty, instead of T'{, in (2.14) to identify the right-hand sides of
(2.13), then E, becomes a graded-commutative ring, where the grading is by k + 7.

(2) By Theorem 2.25 below, it suffices to consider E = MR. We will later see that
MRy = MU, = Z. Since (2.18) holds non-equivariantly (i.e. in the target of the forgetful map
Ey — (E),), it therefore holds equivariantly because the forgetful map is iso in that dimension.
However, we will give a more geometric proof.
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Proof. First of all, both of the elements [Z/2] and 2 of the Burnside ring come from the unstable
homotopy group m.,S' "% We have a canonical diagram

table o0
TCl+ Sl+a TE; esz/z
o

l (2.19)
7{1+a (BSI))'I » 7_C(A;mble MIR,

because (BS')" is the (1 + o)’s space of the prespectrum defining MR.
Thus, it suffices to show that [Z/2] and 2 represent the same element in

144 (BSYY (2.20)
But (BS')" = BS!, so (2.20) is
1+, (BSY). (2.21)

But (2.21) classifies Real line bundles on S**% and is equal to Z. [

Before proving Theorem 2.10, we introduce one additional notion: by a Real CW-complex we
shallmeana Z/2-space K = \U,K,, Ky, <€ K; € K, < ---,where K is a discrete fixed set, and K, is
a pushout of a diagram

K

n-1

T (2.22)
H S2n—l H ]l)Zn’

where
Sl ={zelC" |z| = 1},
D" = {zeC" |z| < 1}

have Z/2-action by conjugation, and the maps in (2.22) are equivariant.
We call the filtration

Ko K,<c - =K
the Real CW-filtration of K and call K, the Real n-skeleton of K. A real CW-map is a map-
preserving Real CW -filtrations.

Lemma 2.33. Let K, L be Real CW-complexes. Any equivariant continuous map f: K — L is homotopic
to a Real CW-map ¢:K — L.

Proof. The map ¢ is obtained inductively by iterating the following process: suppose K' = K is
a Real subcomplex including K,,— ; and suppose f| K’ is Real CW. Consider an n-cell ¢ in K and an
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m-cell ¢’ in L such that n < m and
f(Int(e))nInt(e’) # 0.

We introduce a filtration on D?" by
D" < ... ¢ D" = D",

where D?" is the unit disk of a real subspace spanned by n real and i imaginary coordinates. By
induction, we will construct maps f; homotopic to f such that

fi(K'uD?) € L,

To construct f,, we have f(D3") < D3™, and
dimD3" =n <m = dim D3™

Thus, f'is homotopic rel K’ to a map g such that
Ize D" — g(DF").

Contracting via a radial projection from z and then extending by the cofibration property gives the
map fo.

Suppose f; is constructed. Notice that D??, is obtained from D™ by attaching an equivariant
cell Z/2. AD"***1 This equivariant (n + i + 1)-cell is contracted into L, in the same way as the
non-equivariant cell D"*'*1, Thus, f;;, is constructed. [J

Now let E be a Z/2-spectrum and let X be a Real CW-complex. Then, similarly as in the
non-equivariant case, the Real n-skeleta X, of X form a sequence of Z/2-cofibrations

Xn*l_)Xn_) \/ Sn(1+az)‘

Real n-cells

Applying E-cohomology, we obtain an exact couple which gives a conditionally convergent
spectral sequence

Epi= @ Ei=ErI*otqy) (2.24)

e realp-cell
of X

Here ge RO(Z/2),s0 q = q' + q", q',q" € Z. The differentials are
dr:E,Ia)’q _)Ef+r,q+1—r(1+a).

Further, if E is a ring spectrum, (2.24) has a ring structure in the obvious way. Also, by Lemma 2.23,
the spectral sequence (2.24) is functorial with respect to equivariant maps in X. It should be pointed
out that (2.24) is not the usual equivariant Atiyah-Hirzebruch spectral sequence.

Proof of Theorem 2.10. Using Schubert cells, we see that BS® is a Real CW-complex. E*[[u]] is
the E'-term of the spectral sequence (2.24) for X = BS'. Because E is Real-oriented, u is a perma-
nent cycle. Similarly for X = BS' x BS'. O
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Theorem 2.25. For a Real oriented spectrum E, every Real bundle is E-oriented. Moreover, we can

identify
E*MR = E*[[by,b>,... 1], (2.26)

where the b/s are the elementary symmetric series in infinitely many indeterminates X{,X,....
Moreover, in this notation, those maps from (2.26) which are maps of ring spectra MR — E correspond
under (2.26) to series in the b;’s which, when expressed in terms of the x;’s, are of the form

Hf (xi)
qoXi

where f'is a strict isomorphism of formal group laws. Therefore, Real orientations of E are in bijective
correspondence with maps of ring spectra MR — E, which, again, are in bijective correspondence with

strict isomorphisms whose source is the formal group law of E.

Proof. To prove the assertion about Real-oriented bundles, it suffices to consider the case of the
universal Real n-bundle, which is the canonical n-bundle on BU(n). Note that the Thom space BU is
a Real CW-complex (using Schubert cells). Consider the spectral sequences (2.24) for X = BU™ and
X' = ((BS')")". By functoriality, the canonical inclusion X’ — X induces a map of spectral sequences.
Further, this map of spectral sequences is injective on E;-terms. (The E,-term for X’ injects as the
algebra of symmetric polynomials.) Now since the spectral sequence for X’ collapses (because E is
Real-oriented and by the Kiinneth theorem), the spectral sequence for X also collapses.

Passing to the limit, we obtain the calculation of EXMR. To verify the statement about products,
we notice that by a similar method, we can calculate E*(MR A MR). The reader is referred to the
non-equivariant analogue of this result (e.g. [1]) for the rest of the proof. [

To proceed further, we need some initial information about the coefficient ring MR,. A complete
calculation will be given later in Section 4. Recall [31] that for any G-spectrum E there is
a canonical map

EG g E{e\.

S

Proposition 2.27. The canonical map
MR, - MU,
splits by a map of rings
MU, - MR,
which sends the generator x;e MU, into an element of dimension i(1 + o). (By abuse of notation, this
element of MR, will be also denoted by x;.)
Proof. Use Theorem 2.10 and the fact that MU, is the universal formal group law. [

Remark. (1) By a (weakly) Real manifold of dimension k + /o we shall mean a smooth manifold
M with smooth Z/2-action together with a Real bundle v of Real ( = complex) dimension m,
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together with an isomorphism of Z/2-bundles
T@v=k + Lo+ m(l + o).

While we do not have a transversality theorem which would say that Real cobordism actually is the
cobordism theory of Real manifolds, the Pontrjagin-Thom construction still gives, for a Real
manifold of dimension k + Z«, a class in 7, ,,MR.

Now we claim that the C-points M of an n-dimensional smooth projective variety defined over
R are a Real manifold of dimension n(1 + «). This is easy: the tangent bundle comes with a Real
structure by complex conjugation. Embed t,, as real bundles into M x C",n > > 0 (this can be
done by equivariant partition of unity). Then the unitary complement of 7,; in M x C" is a Real
bundle of the required dimension.

Thus, we have explicit representatives for the elements x;e MR, if the elements x;e MU, are
represented by C-points of (not necessarily connected) smooth algebraic varieties defined over R.
Such varieties are given in the literature (see, e.g., [48, p. 130]).

(2) The simplest example showing that MR, does not, in fact calculate the cobordism ring of Real
manifolds is provided by Lemma 2.17. That lemma asserts that the Real manifolds Z/2, =L1x
represent the same element in MR,. On the other hand, it is easy to see that a fixed Real manifold
can only be Real-cobordant to another fixed manifold. For more details, see [23].

(3) There is yet another approach to the generators

xieM[R*.

In Section 4 below, we will construct a spectral sequence converging to MR, where differentials
are determined by primary Z/2-equivariant Steenrod operations (see Theorem 4.1). These operations
can be computed directly, in fact, yielding a stronger result (see Section 4 below, after Lemma 4.5):

Theorem 2.28. For ke Z, we have
MR+ =MU .
Corollary 2.29. The formal group law F associated with Real cobordism (via Theorem 2.10) is Lazard’s

universal (one-dimensional commutative) formal group law (see Comment 2.11 for a discussion of the
grading).

Next, recall some of the standard methods of equivariant stable homotopy theory. Recall the
cofibration of Z/2-spaces
EZ/2, — S° —>EZ\//2.

Now smash with an equivariant Z/2-spectrum E indexed over the complete universe and take
Z/2-fixed points. There are two facts to recall: first, the Adams isomorphism [31] gives

(EZ/2+ N E)Z/z ~ EZ/2+ N Z/ZE'

(More precisely, the right-hand side is the pullback of EZ/2. A E to the trivial universe, factored
through the action of Z/2 in the sense of [31].) If E were a split spectrum in the sense of Lewis et al.
[31], this would be further equal to E,, A BZ/2,, but we shall soon see that E = MR is not a split
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spectrum (if MR were split, Real-oriented spectra would essentially give nothing new).
Next, we have
N
EZ]2~ SV, (2.30)

where V = oo a. Thus, ()@/2/\ E)*'? is the spectrum of geometrical fixed points of E, which is
usually denoted by ®*/?E. (More generally, for any compact Lie group G, one has

®°E = (E? A E)®

where 2 is the family of all proper subgroups of G — see [31].) Therefore, we obtain a cofibration
sequence of non-equivariant spectra

EZ/2+ A Z/ZE — E‘Z/2 — (DZ/ZE. (231)

We now turn to the case E = MR.
Recall that geometrical fixed points can be calculated on the prespectrum level by taking fixed
points both on the spaces and the structure maps. Using this method, Araki [4] found that

P MR = MO.

On the other hand, EZ/2, has the usual filtration (for example skeletal in the usual simplicial
model). We obtain a spectral sequence

E; = H)Z2,n,MU) =1, (EZ/2, A7, MR). (2.32)

A closer inspection shows that Z/2 acts trivially on n,MU for ¢ = 0mod 4 and by minus one for
q = 2mod4. (Thus, MR cannot be split, for then Z/2 would act trivially.)

Theorem 2.33 (Araki [6]). Localize at p = 2. Let
MU =\/ x*™BP

for integers m,-.xT hen there exists a spectrum BPR such that
MR =\/ 2" *2BPR.

Further, ®*>?BPR = HZ/2 and there exists a spectral sequence
E2.,= H,Z/2,BP,)=(EZ/2. A BPR),.
and the action of Z/2 on BP, is obtained by restriction from the case of MU.

Remark. The numbers m; range over dimensions of additive free generators of a symmetric algebra
— not in the graded sense — on generators in dimensions i, i # 2" — 1, see [48].

By considering the cofibration sequence (2.31) for ¥ "%k > 0, one sees that on the level of
coefficients (in integral dimensions), there is no room for extensions or connecting homomor-
phisms, except in the case k = 0 when there is an easily detectible extension (1€ HZ/2,, is the actual
unit). In particular, we obtain the following result:
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Corollary 2.34. The connecting homomorphism of (2.31) is zero on coefficients (in integral dimensions)
for E = MR.

Proof of Theorem 2.33. The Real-oriented spectrum BPR is obtained by applying the Quillen
idempotent [45] (which works for any formal group law), using Theorem 2.25. On geometric fixed
points, we obtain, by (2.31), the usual splitting of MO by the Quillen idempotent, which produces
HZ/2. Therefore, we have @”/?BPR = HZ/2, the element 1en, HZ/2 is the actual unit and on 7,
the cofibration sequence (2.31) becomes the short exact sequence

0575 7-7/2-0.

Now the Quillen idempotent provides a splitting
MRS BPRS MR, =~ Id.

Next, we use Proposition 2.27. Consider the wedge of all compositions
BPRS> MRS MR,

where u is multiplication by products of x,, n # 2* — 1. Note that vpuy is an equivalence non-
equivariantly, but also on geometric fixed points (since it simply defines the standard splitting of
MO into copies of HZ/2). Thus, vuy is a Z/2-equivalence. [J

3. Some constructions and calculations

In this section, we prove some of the more advanced results on spectra constructed from MR.
First, using the E_-module theory of Elmendorf et al. [14], we define real analogues of all the
standard complex oriented spectra. We show that real K-theory defined in this way coincides with
Atiyah’s real K-theory [7]. In the second part of the Section, we calculate the coefficients of real
Morava K-theories.

Proposition 3.1. MR is an E_, ring spectrum and, after taking fixed points, the right-hand arrow
MR*? - &*? MR of (2.31) is a map of E ., ring spectra.

Proof. The proof that MR is E, is exactly the same as for MU (that proof was given in May et al.
[35] and in Lewis’s thesis, see [31]). To prove the second statement of the proposition, recall that if
9 is a complete universe, then the spaces of isometries .#(%",%) form the linear isometries operad.
Note that isometries .#(%",%)¢ is also a contractible operad. McClure [37] observed that we have
a canonical action

U )< SV A - AS") > SV
%/—J

ntimes
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(see (2.30)). There is, of course, also an action

I(U )< (SO A -+ AS?) — SO,
%/_J

ntimes

and the inclusion S° — S¥ preserves the action. Smashing with MR and taking fixed points, we
obtain the result. [

Now we have, directly by construction,
MR, = MU.

Let MU, = Z[x1,..., Xy, ...]. By a derived spectrum of MU, we mean any E,, M U-module obtained
by killing off a regular sequence

(Zl,Zz,...) n MU*

and localizing at elements of MU, (see [13,14]).

Now by Proposition 2.27, we have a map Z[ x4, ..., X,, ... | = MR,. Thus, for a derived spectrum
E of MU, we can construct an E, MR-module ER by killing off and localizing at the lifts of the
relevant elements to MR,. In more detail, for each element ze MR,, every MR-module M has
a self-map of MR-modules

z:M — M.

(Here the notion of module is used in the same sense as in [14], i.e. we mean E_-modules, not
module spectra.) Now denoting the canonical lifts of the elements z; to MR, by the same symbols,
let My = MR and let

Mi—li Mi—l —)Mi

be a cofibration of MR-modules. Localization is handled similarly. Observe that the lifts z;e MR,
may not form a regular sequence in MR,. Because of that, we do not get an immediate calculation
of ER,. Non-equivariantly, however, we have

ER, =E

(see also [36]). This will enable us, at least in some cases (when there is an appropriate completion
theorem) to calculate ER, by means of a Borel cohomology spectral sequence. We agree to write
KR(n), ER(n), etc., instead of K(n)R, E(n)R, etc. These spectra are unfortunately not always Real-
oriented in the sense of our definition, because they may not be ring spectra (example: KR(n) for
n = 1). Note that the same difficulty arises also non-equivariantly, although because of the simple
structure of MU, we can get ring structures on derived spectra of M U much more generically (see
[14]).

Our first result concerns a well-known spectrum, the “fixed” version of Z/2-equivariant co-
homology, constructed by change of universe.
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Proposition 3.2. Ifi: R® — % denotes the embedding from the trivial to the complete universe, then the
spectrum i, HZ /2 (which we also denote by HZ/2) is Real-oriented.

Proof. First construct BPR by killing all x;em;q+,MR, i #2* — 1. (These do actually form
a regular sequence, by Theorem 2.33.) Next, construct inductively a sequence of MR-modules
2R(n), where ZR(0) = BPR, and for n = 0, ZR(n + 1) is the cofiber of the composition

2(2’1_1)(““)[52/24— A PR(n) 2’(2"—1)(1+o¢)gIR(n)
v, (3.3)

2ZR(n).
Now let
H = holim ZR(n). (3.4)

We claim that H = HZ/2. To this end, first, by definition, we have

H, = HZ/2,.
Thus, by adjunction, we obtain a (Z/2-equivariant) map

Z/2. NHZ/2 - H. (3.5)
The obstructions to extending this to

EZ/2, NAHZ/2 - H (3.6)
lie in the (1 — n)th non-equivariant Z/2-valued cohomology group of HZ/2(,,,n = 1,2,3,.... Thus,

the only possible non-trivial obstruction is for n = 1. But that group is Lisomorphic to the Oth
non-equivariant cohomology of S°, so it is detected by homotopy and consequently vanishes, since
the canonical map 7Z/2, — H extends to S®— H (the latter map is induced from the unit
S° - BPR).

By looking at non-equivariant coefficients, we see immediately that (3.6) induces a Z/2-equiva-
lence

EZ)2. AHZ2S EZ)2, AH. (3.7)

Now we proceed to study the “Tate diagram’ of the spectra Hz/,, HZ/2;,,. More precisely, we will
make use of the fact that H is the homotopy pullback of the diagram

STAH

l (3.8)

F(EZ/24,H) —H
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and HZ/2 is the homotopy pullback of the diagram

SN HZI2

l (3.9)
F(EZ/2+,HZ/2) — HZ/?2

Here the hat denotes the Tate spectrum, i.e., for any spectrum E,
E=EZDAF(EZ)2. ,E). (3.10)

Thus, to prove the proposition, it suffices to give an isomorphism of the diagrams (3.8), (3.9) over
the Z/2-equivariant stable homotopy category. We will construct, say, an equivalence from (3.8) to
(3.9). Note that, on the bottom row of the diagrams, such equivalence is supplied by (3.7).

On the other hand,

S®*ANH ~S**ABPR ~S**AHZJ2

by the construction (3.3) and Theorem 4.1 below.
Thus, we are done if we can choose the cited equivalence on the top and bottom parts of (3.8),
(3.9) in such a way that the diagram

S™ANHZ/2 — STAH

L o

A

HZ/2 — H

commutes (in the Z/2-equivariant stable category). To this end,
[S** A HZ/2, HZ]21=[HZ/2, HZ]2] = [HZ/2,.,,(HZ]2] = A*. (3.12)

Here the last term denotes the non-equivariant Steenrod algebra considered as an ungraded
Z/2-module, completed at the augmentation ideal I: this is because

(HZ]2)'? ~ [] £"HZ/2,

neZ

Note that the Z/2-submodule generated by 1 in A* is characterized as the set of all maps
S**AH—H, (3.13)

where the composition

HZ/2,s > (S°* A H)"? - A
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lifts to F(EZ/2,H)*?. Since this is clearly true for the element given by passage through the
lower-left corner in (3.11), and since 0 can be distinguished from 1 by =, it suffices to prove the
following claim. [J

Claim 3.14. The map HZ/2,,, — H?"? obtained by applying <~ to the canonical map BPR — H lifts to
a map HZ/2,, — F(EZ/2, , H)"/?.

1G3

Proof. Clearly, it suffices to prove the statement for MR. In other words, we must show that after
applying Z/2-fixed points, the composition

S** A MR > MR — BPR - A (3.15)
lifts to F(EZ/2+,H). But MR - BPR — H were chosen as maps of (E)-MR-modules. Therefore,
(3.15) comes by free MR-module extension from a map

gox _, ﬁ,
for which the statement is automatic (the analogue of the group (3.12) is Z/2). O
Remark. Note that i, HZ cannot be Real-oriented, because a Real orientation would, on geometric
fixed points, induce a map

MO = ¢"PMR - ¢*?| H7 = HZ ,,

which would send 1 to 1 (it would be a ring map). Clearly, there is no such map: the source is Z/2,
and the target is Z.
On the other hand, the inclusion of universes induces an equivalence of naive spectra

i*HZ, ~ HZ,
and hence we get a diagram
i,HZ? - HZ,,— F(EZ)2. ,i HZ). (3.16)

The second map comes from the fact that the first map induces a non-equivariant equivalence, and
hence an equivalence on Borel cohomology theories. Similarly, reducing mod 2, we have a diagram
of equivariant maps which are homotopy equivalences non-equivariantly

i,HZ/2 > HZ/2,, — F(EZ)2. i, HZ)2). (3.17)
Note that we now have two reasons why HZ/2,, is Real-oriented : Proposition 3.2 and Lemma 2.3.
Formula (3.4) is interesting in and of itself. A similar formula can be obtained also for HZ/2,,. We

postpone this until we have more precise calculations (see Proposition 4.9 below).
Our next result is a comparison of Real K-theory with the derived MR-spectrum KR.

Theorem 3.18. We have KR ~ KR.
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Proof. We will make use of the following fact:

Lemma 3.19 (Fajstrup [15]). The spectra
KR,KR,F(EZ/)2,,KR),F(EZ/2,,KR)

are free.
Proof. A Z/2-spectrum E is free if and only if
0O=a 'E=lm((E>ES E— ),

where
a:S°—S*
is the inclusion. But multiplying a by the Bott periodicity element in dimension 1 + o, we obtain

n e my(S°), which is nilpotent. [

Now by Theorems 2.8 and 2.25, we have a Real orientation
MR — KR. (3.20)
On the other hand, by construction, we get a map
MR — KR. (3.21)
Also, KR and KR both enjoy periodicity self-maps:
u:S1*9KR S KR,
u:SUFIKR S KR

Next, consider the free spectra EZ/2, A KR, EZ/2 . A KR and their connective covers EZ/2 ;. A kR,
EZ/2 . A kR. (Note: we just proved in Lemma 3.19 that KR and KR are, in fact, free spectra.) Now
for free spectra, there is an equivariant analogue of the Hurewicz map. We will call this map the fi-ee
Hurewicz map, to avoid conflict with [29], which considers a different concept of equivariant
Hurewicz map. Indeed, recall that the derived categories of free spectra over the complete and fixed
universes are equivalent via the functors i,,?, EG . A (i*?). Thus, it suffices to consider the question
over a fixed universe. But there, if

nE=0 fori<n,
obstruction theory gives a map
E - Hi oo, E, 1) (3.22)

(the right-hand side denotes the Eilenberg—-MacLane spectrum over the fixed universe correspond-
ing to the coefficient system whose value is ¥ E with the prescribed G-action on {e} and
0 elsewhere). Moreover, (3.22) induces an isomorphism on 7.
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Therefore, one can develop a theory of Postnikov towers of connective free spectra, analogous to
the non-equivariant case. In more detail, we first get a tower of the form

k+1

E

E "—¢"> H,. (7 E,k)

l (3.23)

E’—%. H,_(n,E0)

where E° = E, ¢, are free Hurewicz maps, Hy,.. are as above, E**! is the fibre of ¢,. We have

holim EF ~ .

«—

As usual, because of stability (i.e. because fibration and cofibration sequences coincide), there is no
difficulty in rearranging (3.23) into a Postnikov-type tower. Concretely, let E; be the cofibre of the
map E**! — E° Then we have a (co)fibration diagram

n+l 0
——

E - E° ~E"

T -

H; (7, E,n) ——% — H__ (7, E,n+l)

[

n

Then Ey = Hyo(noE,0), and k, are the k-invariants (also known as Postnikov invariants),
holim E, = E.

Now the maps (3.20), (3.21) induce maps
EZ/2. AMR —>EZ/2, AkR,
EZ/2+ AMR — EZ/2+ AN kR,

which are equivalences on the first two stages of Postnikov towers. More concretely, the first two
free Eilenberg-MacLane spectra involved in these towers are

EZ/2, NHZ
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and
X2EZ/2. AnHZ,
where 7 is Z, with Z/2-action by — 1. Now returning to complete universes, we have
n(EZ/2+ AHZ) = H(Z)2,2){c*,icZ}®H(Z/2,7){c* " ieZ},
where o is a formal element of dimension o« — 1. Also, we have
EZ/2, N\HZ = X* " 'EZ/2, AHZ.
It follows that the first k-invariants
Q,:EZ2. NAHZ - X**"EZ)2, NHZ (3.24)

coincide.
Next, the maps (3.20), (3.21) induce the expected maps on non-equivariant coefficients. Thus,
Z/2-actions on non-equivariant coefficients of KR and KR also agree. Thus, we can calculate

n(EZ/2. ANKR), n(EZ/2, AKR). (3.25)
To this end, we shall use the Borel homology spectral sequences

E*=H (Z)2,n,K)=n(EZ/2, AKR), m(EZ/2, nKR). (3.26)
First, the E,-terms are

@ {U%i}®<z@ @ Z/2{€2j+ 1})@@ {U%Hl}®<z@ @ Z/z{er}>a

iezZ j=0 iez j=0

where dim(v,) = (0, 2), dim(e;) = (j,0). Note that, by sparsity, the first possible higher differential is
d3. Now, in the next section, we will see that the first k-invariant (3.24) implies that the differential

d*:E}5; > E} 3 5j12 (3.27)
is

0ifi+j=0,1mod4,

1ifi+j=2,3mod4.

(The same differentials also occur in the Borel cohomology and Tate spectral sequences; the
sequences are compared by the standard maps [19].) We see that the differential d; wipes out the
Tate spectral sequence, so all of the spectral sequences collapse to E* and the coefficients (3.25) are
the same. (For a slightly different argument with the same conclusion, see [47, Theorem 3.1].)

Now even though KR, KR have the same homotopy groups, periodicity and first k-invariant,
this still does not give us a map between them. To get a map, we introduce our final trick: the
spectrum F(KR, KR).

First recall that

KR{E} >~ KR{e} (328)
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This is shown as follows. Denote K’ = KR,;, K = KR|,,. By definition, K is Atiyah’s K-theory.
K’ is, by definition, the M U-module constructed in the following way : we kill a regular sequence of
elements in MU, generating the kernel of the complex orientation map MU, — K, thus con-
structing successively a sequence of MU-modules N, N,,.... Let

k' = holiin N,.
Then K' is obtained from k' by inverting the Bott class u. But then both K, K’ are Landweber flat,
and hence
K. K=K, @uuMUMU®yy K, =K K.
But by Adams-Clarke [3], this is a free K, -module, and hence
K*K'~Homg (K, K',K,)~K*K

by the universal coefficient theorem in K-theory. To obtain an equivalence K ~ K’, choose the
element in K*K' corresponding to 1€ K*K.

Back to the equivariant situation. By Lemma 3.19, n, F(KR, KR) can be calculated by the Borel
cohomology spectral sequence

H*(Z)2,F(K, K)*)= F(KR, KR)*. (3.29)
Now F(K, K)* was calculated by Adams and Clarke [3]. Concretely, they show that
F(K,K), = Homg (K,K,K,)

and that K K is a free K,-module. We claim that (3.29) is a product of copies of the Borel
cohomology spectral sequence

H*(Z)2,K*) = KR* (3.30)

(which collapses to E,, as calculated above). In effect, the d; differential of (3.29) can be calculated
by comparing with the spectral sequence

H*(Z/2, FMU, K)*) = F(MR, K R)*. (3.31)

(Concretely, F(KR, KR) is mapped into F(MR, KR) by mapping the source via
MR - KRY KR,

ieZ, where the first map comes from the construction of KR.)

Now dj3 in (3.31) can be deduced from the fact that the target has been calculated in Theorem
2.25. Consequently, (3.29) is a product of copies of (3.30). (In fact, it can be shown more precisely
that KR,KR is a free KR,-module and

F(KR, KR), = Homgg (KR4 KR, KRy).)
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Thus, we conclude that the map 1: KR, — KRy, is a permanent cycle in the spectral sequence
(3.29), representing an equivalence KR - KR. [

We next turn to Real Morava K-theories.

Theorem 3.32. The coefficients KR(n), are periodic with period 2"**22" — 1). Moreover, there is
a decreasing filtration on KR(n)y such that

E°KR(n), = @ 22~ DM(k)
keZ

where

M(k) = &) 2’2/2.
i,j11-2""'<i<0
0<j<2"
k(2"—1)+i=j mod 2"

Comment. Note that there are some non-trivial extensions: For example, it is well known that
1, KO/2 =n,M7/2 = 7/4. However, we do not know these extensions completely.

We investigate the Borel cohomology spectral sequence
H™"Z)2,nk(n)=mn,, F(EZ/2.,kR(n)). (3.33)
(As indexed, the spectral sequence is homological.) Note that, by v,-periodicity, Theorem 3.32
follows from the following lemma.
Lemma 3.34. The spectral sequence (3.33) collapses to E*"". The only non-trivial differentials are
d¥ 1 originating in E,-Z,"j(lzm,z) where
lE[](l _ 2n) 4+ 2" 4 k2n+1,j(1 _ 2n) + 2n+1 1+ k2n+1]

for some ke Z.

Proof. An induction on n. First note that multiplication by v, induces a periodicity operator
Ef j = Ef-@-1. j+@ -2

compatible with the differentials. Thus, it suffices to consider differentials originating at E¥ ,. Now,
by sparsity, ¥ ~! is the first possible ( = primary) differential. It is well known that primary
differentials in spectral sequences tend to be given by cohomology operations.

To make this more precise in the present case, we return to the theory of free Postnikov towers
introduced in the proof of Theorem 3.18. We shall consider the Postnikov tower of kR(n) A EZ/2 ...
Let

Q,:HZ2 AEZ)2, —» $@ DU+t ig7/5 A E7/2, (3.35)

be the first k-invariant in that tower.
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Remark. The spectrum HZ/2 A EZ/2 , is (1 — a)-periodic — see Section 6 below. So, one can write
X2@=0+1g7 /2 AEZ/2, on the right-hand side of (3.35). This, in fact, is more correct from the
point of view of the concept of free Postnikov towers introduced in the proof of Theorem 3.18
(where suspensions by non-trivial representations were not explicitly allowed in k-invariants).
However, we prefer to keep the notation (3.35), because it makes the @Q,’s behave better as
cohomological operations — see below. For a brief explanation, we point out that the dimensional
reindexing, while almost transparent, is also a cohomological operation, which must be taken into
account (see also Section 6 below).

Lemma 3.36. We have

d* " e) = Qley), (3.37)
where

0 #een_;F(EZ/2,,HZ)2).
(Note that the force of the above formula does not change if we replace HZ7/2 by HZ/2 N EZ/2 .)

Proof. Let k; be the 2(2" — 1)(i + 1)th stage of the free Postnikov tower of the free spectrum
kR(n)AEZ/2, (ie. a free spectrum with (i + 1) non-trivial non-equivariant homotopy groups).
Then we have a cofibration

X2@-VH7D ANEZ2, —» ki — HZ]2AEZ)2,. (3.38)
We have a map
kR(n)AEZ)2 — ky,

which induces a map of Borel cohomology spectral sequences. Thus, it suffices to prove the
statement with kR(n) A EZ/2 . replaced by k;. Now we turn to (3.38). On equivariant homotopy
groups, this induces a long exact sequence, whose connecting map, by definition, is Q,. On the
other hand, (3.38) also induces maps on Borel cohomology spectral sequences. These sequences for
the first and last terms, of course, collapse to E, (because in each case, there is only one
complementary degree). Moreover, we see that (3.38) in fact induces a short exact sequence on
Borel cohomology E,-terms. Because d,»+:_ is the only differential in this case, if an element
xeni*F(EZ/2+,HZ/2 n EZ/2.)does not lift to x e n2/*F(EZ/2 4, k;) (Which means that Q,x # 0), it
must support a d,»+:_; in the Borel cohomology spectral sequence of k. Note that there is only one
non-trivial element in the dimensions of the possible targets of Q,, dy+1—¢. [

Lemma 3.39. Q,(e;) = ¢;4 1.

This clearly is a calculation in (one version of) the equivariant Steenrod algebra
A* = F(EZ/2, AHZ/2,HZ)2)4.

To avoid a forward reference, we postpone until Section 6 (after the proof of Theorem 6.10).
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Lemma 3.40. There is an operation
Qk:El?k,j — El?k_zk’j
which commutes with d*"" = for k < n. Moreover,

@ke,- ?é 0 ﬁ @ke,- ;é 0

Proof. First consider the cofibration sequence
72, —5S° -5

This represents an element
aen”*S°).

We put
Q= Qy-a® 1,

where Qy is written as in Lemma 3.36. To see that Qe; # 0 iff Qe; # 0, note that E¥ ;j1s embedded
into the Tate spectral sequence (see [19])

A4Z/2, 7,(Z*k(n) = 122 SkR(n). (3.41)

Here recall that the hat denotes the Tate spectrum (see (3.29)). The point is that in (3.41),
multiplication by a is an isomorphism, while

Q; commutes with a. (3.42)

Finally, to see that Qy (or @, of Lemma 3.36) is compatible with differentials, it suffices to show
that Q, lifts to an operation

I R A (3.43)
and hence
QQ; = Q,Qy. (3.44)

To this end, we return to the method in [14]. Let BPR, 1+, =BP,, = Z;3)[v1,02,...]. Now
k; = EZ/2 . Ax; where

(Ki)*(l +a) = Z/zl:vn:l/(vilJr 1)‘

Now this spectrum can be constructed from MR by killing off an appropriate regular sequence in
MR, 1+, Butin the same way, one can also construct a spectrum E with

E*(l +a) — Z/z[vna Uk:l/(vitJrlaUI%)s
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and a map
E -k, (3.45)
Then the cofiber of (3.45), smashed with EZ/2 ., is, by definition, (3.43). O

We now resume the proof of Lemma 3.34. To begin the induction, we have @, = Q, = p.
(Precisely speaking, the definition of Qo =Q, above has to be handled separately: we put
kR(0) = HZ, while KR(0) = HQ; so g = Q) is really the first k-invariant of the tower

HZ73 = holim HZ/2",

which is f.) Thus, by non-triviality of the operations Q; for i < n (the induction hypothesis), it
suffices to show that

n+1_ n+1_ n+1 _
0 # dZ I:Ez_zn,ol —>E2_2"+1£_1’2"+1_2. (346)

But by Lemma 3.36, Q,(e;), k < n, can be calculated from the differentials in the Borel cohomology
spectral sequence for KR(k). Now if Q(e;) = e; for some k <n, j, j, then, by commutation of
Q, with 4> 71,

d*""~Ye;) # 0 if and only if d*" ~(e;) # 0. (3.47)
In more detail, we have j/ = j 4+ 2* so
@n(ej') 75 0 1ff @n(ej+ 2") Sé 0 1ff @n@k(ej) 75 0 lff @k@n(ej) 75 0

This certainly implies Q,(e;) # 0. On the other hand, Q,(e;) # 0 implies Q,(e;) = e, »», and since we
assumed Q(e;) # 0, @ Q,(e)) = Qule;+ 1) # 0, since Qy(e;) is 2°* !~ (and hence 2"-) periodic in j.
By (3.47), if we know (3.46), to establish non-triviality of 4%~ !(e;) for all je[1,2¥], it suffices to
show that the graph G, on vertices e;, 1 <j < 2" obtained by drawing an edge whenever Q (for
some k < n) is non-trivial, is connected.
But the subgraphs of G, on e;:je[1,2" '] and ¢;:je[2"~! + 1,2"] are isomorphic to G, ,
which can be assumed connected by induction. In addition,

Q,-1(ex1) = ey,

by the induction hypothesis for @, ;. Thus, G, is connected.

To prove (3.46), we note that the non-triviality of this differential is best visible outside of the
Borel cohomology spectral sequence range. In fact, (3.46) is equivalent to the corresponding
differential in the Tate cohomology spectral sequence for KR(n) (see [19]). There, however, the
same periodicities occur as in the Borel cohomology spectral sequence, and therefore it suffices to
show that

w1 _ ntt_ nal_
0 #dz I:E%"+1_%’_2"+1+2—>E(Z)’0 1. (348)

In fact, consider the integral version KR(n) of KR(n). Let (E be the Borel homology spectral
sequence for KR(n) and let (E be the Tate spectral sequence for KR(n).
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Lemma 3.49. 0 # e Eyivi_ o _ 14, Supports an extension : In the abutment, 2& is equal to 1€ E .
Here 1 is the bottom class in H (Z/2, 7).

Proof. By periodicity, it suffices to prove that the element v, in filtration degree O of the Borel
homology spectral sequence

H,(Z/2,2% 'K(n),) = n2/4 X D*KR(n) A EZ/2..) (3.50)

is the target of an extension in the sense that it is a 2-multiple of an element in filtration degree
2"*1 _ 2 Now by the same arguments as above, one can replace KR(n) A EZ/2 . in (3.50) by its
connective cover, in fact by the second stage of its free Postnikov tower k;. Now consider the
cofibration

S@-DATOg7 NEZ/2, > ky > HZ AEZ)2,. (3.51)

The connecting map of (3.51) is the integral lift Q of Q,. Now we claim that
20 =0. (3.52)

(In fact, note that Q is in the RO(Z/2)-graded coeflicients of F(EZ/2. AHZ,HZ)). But F(HZ,HZ)z»
is a split spectrum. Hence, it follows from the calculation of F(HZ, HZ), that multiplication by 2 is
0 on F(EZ/2, AHZ,HZ), except in the dimensions 2k(1 — a), ke Z.)

By (3.52),

Q=pp
(where f3 is the Bockstein) for some
PeF(EZ/2, NHZ, HZ/2),.

Now the Borel homology spectral sequence for X'~ Y#k, is, in fact, a reindexing of the long exact
sequence in homotopy associated with the cofibration (3.51) in dimensions k + (2" — 1)a. 1w, is
represented by

1€ 11492  VUTYHZ AEZ)2,.

On the other hand, if we consider the Hurewicz image h(iv,) of v, in integral homology (meaning
iA@' -V NEZ)2, A HZ), then the Bockstein lemma ([10]) implies that

u(h(lvn)) = 28’
where the mod 2 reduction of ¢ is
Pien’/*(HZ ANEZ)2, A HZ)2).

Therefore, we see that the extension we are looking for takes place after taking images under the
Hurewicz homomorphism to integral homology. But, on the other hand, P: cannot support
a differential in the Borel homology spectral sequence for dimensional reasons (its filtration degree
is 2"*1 — 2)). Thus, both classes participating in the extension survive to homotopy. [
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Now consider the map
Ep.q— sE

r—1.q

In (E, the element 1 does not exist in the E>-term. Thus, ¢ must support a differential in E! By
comparing with the Tate spectral sequence for the second stage of the free Postnikov tower for the
(—2""' + 1)-connected cover of KR(n) A EZ/2 .., where similar arguments apply (see the proof of
the above lemma), we see that the differential must indeed be 4zt Reducing modulo 2, we
obtain the differential (3.48). O

4. The Real Adams—Novikov spectral sequence

We are now ready to calculate the coefficients of the Real Brown-Peterson spectrum BPR. The
latter calculation was announced by Araki [5], but, as far as we know, not published. We also
prove a strong completion theorem for BPR. We then construct an equivariant Adams-Novikov-
type spectral sequence based on BPR, and show that this spectral sequence converges to 7,S2,,. We
also calculate the Hopf algebroid

(BPR,, BPR,BPR)

modulo a certain possible error term, which will be eliminated later in Section 7. Recall that for
a G-spectrum E, we denoted the corresponding Tate spectrum EGAF (EG.,E) by E.

Theorem 4.1.
(1) The canonical map

EZP A BPR - BPR
is an equivalence (recall also that ( EZ/2/\ BPR)*'? = HZ/2). Thus, BPR satisfies a strong
completion theorem in the sense that

BPR > F(EZ)2.,BPR).
Similar results hold with BPR replaced by MR.

(2) n,BPR=n,F(EZ/2,,BPR) can be described as follows : For a sequence of non-negative integers
m= (mg,my, M, ...) with at most finitely many non-zero entries, put

dim(m Z 2my(2 — 1).

Let k be the smallest number such that my # 0. Let q be the remainder of dim(rzi)/2 modulo 2. Put

7/2{0} if m=0,
N(m) = {Z/2{dim(m) — q} if g #2°"1 —1,
0 if g=2¢"1—-1.
Then there is a filtration on n,BPR such that the associated graded object is

@ N(m).

(Note: The extension corresponding to vy = 2 arises for k = 0.)
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(3) Analogous formulas are valid for the spectra ER(n) if we index over all sequences
m = (mgy,my,M,, ...) such that v5°vT" ... is a monomial in the non-equivariant homotopy of E(n).

Proof. By the same argument as in Lemma 3.34, the same differentials will arlse whenever possible.
For example, consider the Tate spectral sequence for BPR. We claim that E2"'~ ! can be described
as follows:

Letm = (m,,m,+{,Mm,+,, ...) be a sequence of non-negative integers, only finitely many of which
are allowed to be non-zero. Define

dimm = ) 2m(2* —1)
k=n
(which is the dimension of
1_[ veMU,,)
k=zn
similarly as above. Let b be the remainder of dim(m)/2 modulo 2". Put
Q(m) = X~ dimm2.dimtm)7 orq a, 1], dim(a,) = (2, 0).

(In the suspension notation, the two coordinates denote filtration and complementary degrees,
respectively; the grading is as in the Borel cohomology spectral sequence graded homologically.
This means that the filtration degrees are non-positive.) Then

EX. 7' =@ Q(m).
The differential is

& @ g = (@) oms 4y A (@ )gum = 0. 4.2)

(As usual, 4, is the word with 1 in position n and 0 elsewhere.) Note that we need to show that the
sources of the differentials will survive to the terms where the differentials occur. First, the sources
of complementary degree O certainly survive for reasons of sparsity (the next lowest complementary
degree is 2" "' — 2). However, since BPR is a ring spectrum (although we do not know if it is E ),
we have maps

dimm
My, s 1 Tt (1+aw

Un'Un¥1--- 1272 BPR - BPR,

which induce maps of Tate spectral sequences. Consequently, sources in all other complementary
degrees will survive to the terms predicted by (4.2), by naturality.
Now observe that the only element surviving to E* is Z/2{0,0}. Thus, the map

HZ/2 = (S A BPRY? - BPR?? (4.3)

is an equivalence. But now a map of Z/2-equivariant spectra indexed over the complete universe
which is an equivalence both non-equivariantly and after taking fixed points is an equivalence.
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Note that the geometric and Tate spectra are zero non-equivariantly. Thus, the first statement is
proved.

To prove the second statement, we consider the Borel cohomology spectral sequnce .E (asso-
ciated with F(EZ/2 ., E)), the Borel homology spectral sequence (E (associated with EZ/2, A E)
and the Tate spectral sequence (E for BPR. We have maps of spectral sequences

cE - tE - fE- (44)

Now we know all the differentials in (E (in fact, in ([E*, all elements with the exception of bidegree
(0,0) are wiped out). By (4.4), all differentials of (E where the filtration degrees of the source and
target are non-positive (graded homologically) determine differentials in .E, and all differentials of
E where the degree of the source and target are positive determine differentials in (E. We claim that
no other differentials in .E and (E occur. (Note that this immediately implies part (2) of the
Theorem.)

To prove the claim, we state it in the following more precise form: Denote by

N:(EZ/2. A BPRY:> > F(EZ/2 . , BPR)%>
the norm map (coming from the equivalence EZ/2. A BPR ~ EZ/2 A F(EZ/2,, BPR)).

Lemma 4.5 (Biickstedt and Madsen [8, (2.15)]). Suppose an element x € (E; _, satisfies d"x = y where

p>0,(p—r)<0. Then in E; ,, x is a permanent cycle which represents an element

xe(EZ/2, A BPR),/? such that, in .E; ., NX is represented by y.

kosko

Proof. By the definition of the exact couple determining the differentials in (£ ., x survives to

X' en (XTPTrTVE7/2 . A BPR)S? (hence, in particular, to n(EZ/2. A BPRY%/?). Now the differen-
tial d" is realized by taking the map on homotopy induced from the connecting map

Yprrtep7) A BPR 5 Xorrrtl7/2 . A BPR (4.6)

associated with the cofibration
ety - xCrteE7p ., s ycetrt ey L

But now we have a commutative diagram

2(—P+’)°‘EZ/2+ 2(*P+r+l)aEZ/2+ 2—P+’+IZ/2+

A BPR A BPR A BPR
l= l l 4.7)
Ep+nu ’ —p+r+1)a+
> EZ/2+ EZ/2+ N 2( p+r+l) IS((r_p)oz)+
A BPR A BPR A BPRR.

We call the bottom right map N’, because it factors through the norm map
N:EZ/2, ABPR - F(EZ/2,,BPR). If we apply n%/* to the right-hand square (4.7), we obtain on
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elements a diagram

x'—)

o

X —N'x.
Now N'Xx is the element reesenting Nx in the Borel cohomology spectral sequence, as claimed. [

To prove the second statement, consider the Borel cohomology spectral sequence. The differen-
tials are exactly the same, except that the differentials which go from positive to non-positive
filtration degrees are missing. It is easy to see that adding the resulting elements to E® gives the
formula of (2). Note that the new elements are permanent cycles, because the “missing differentials”
from the Tate spectral sequence identify these elements as images of the source elements under the
canonical map

n(EZ/2, A BPR) > n,F(EZ/2 ., BPR).

The treatment of ER(n) is analogous. [

Proof of Theorem 2.28. By the previous theorem, MU, +,) can be computed by Borel cohomology
spectral sequences. Select an element ye MU . Now consider the horizontal line / corresponding
to y in the Tate spectral sequence E” for MR. (We mean only the elements represented by
H%(Z)2,7{y}) = A*(Z/2, MU ,): there may be other elements of the same complementary degree.)
The Borel cohomology spectral sequence E for X~ **MR is obtained by considering the elements in
E" of filtration degree < — k. Now for each value of k, the proof of Theorem 4.1 shows that at
most one element on the line # will survive. For k = dimy/2, we see that the surviving element is on
the edge of the Borel cohomology spectral sequence, and has, in fact, dimension k(1 + «). If
k > dimy/2, we see that the surviving element on # (if any) will be of filtration degree < — k, thus
having a dimension m + no with n > m. On the other hand, recalling the differentials in E”, we see
that also if k < dimy/2, the surviving element on / (if any) will have filtration degree > — k, and
hence dimension m + na with n <m. [

Comments.
(1) Theorem 4.1 is a strong completion theorem. In most completion theorems, one only claims
that the map

E > F(EG,,E)

is an algebraic completion, not an equivalence. However, a strong completion theorem is not
unprecedented; it holds, for example, for KR.

(2) The analogue of (3) of Theorem 4.1 is false for BPR{n) (the Real version of BP{n}), because
additional elements remain on the line of complementary degree 0. However, the right formula
can be worked out by the same method.

(3) The reader is encouraged to check that the formula of Theorem 4.1 gives the right answer for
ER(1) = KR.
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(4) Note that our calculations give completion theorems for
MR, BPR, KR(n), ER(n).

On the other hand, E — F(EZ/2,,E) does not even induce an isomorphism of 2-completed
homotopy groups if E is one of the spectra

HZ)2, HZ ,kR(n), BPR{n.

The point is that the fixed point spectra of the Tate spectra in these cases are non-connective (in
fact their 2-completed homotopy groups are not bounded below), while the corresponding
geometric fixed point spectra are connective.

(5) By the same method, one can also calculate ER(n)*(ER(n) A ER(n)) and show that ER(n) is
a commutative associative ring spectrum.

(6) Hopkins and Miller [20] found a purely obstruction-theoretic way to obtain G-actions on
certain spectra E, related to E(n), where G is a finite subgroup of the group S, of automor-
phisms of a formal group law @, of height n over the finite field F .. Here S, acts on (E,), by
Lubin-Tate theory [34]. The spectra ER, are equivalent to the Hopkins-Miller spectra for
a special subgroup Z/2 < §,.

More concretely, denote by F the Lazard universal formal group law on MU ,, and denote by F’
the formal group law obtained by the map MU, -» MU, which is the identity in dimensions 4k and
reverses signs in dimensions 4k + 2. Then — x defines an isomorphism F =~ F". It is, however, not
a strict isomorphism. The strict isomorphism F — F' is

— i), (4.8)

where i(x) is the inverse function for F. Note that this is also easy to see geometrically, since the
complex conjugation BS' — BS! is B( — 1), and the additional minus sign enters when we pass to
Thom spaces of the corresponding complex line bundles.

To obtain the automorphism corresponding to (4.8) by Lubin-Tate theory, we simply reduce
modulo 2: The resulting automorphism is ig (x).

For more comments on this, see the remarks in Section 5 below.

We are now ready for the promised HZ/2,-counterpart of (3.2):

Proposition 4.9. Define inductively a sequence of MR-modules PR(n) by PR(0) = BPR, and for
n =0, PR(n + 1) is the homotopy cofiber of

0, Z@ DA+ PR(R) - PR(n).
Then

HZ/2,, ~ holim PR(n). (4.10)

Proof. Let H,, be the homotopy colimit (4.10). Since homotopy direct colimits commute with fixed
points, we have

(H3/2), ~lim PR(n);>.
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By induction, PR(n) satisfies a completion theorem analogous to Theorem 4.1. Moreover, by the

same methods, the Borel cohomology spectral sequence for PR(n);/* gives a filtration on PR(n),

whose associated graded object is
D N,(m),

where m is as in Theorem 4.1(2), with k>n and N,(m) is Z/2{0} if m=0 and
@{Z/2{dim(m) — s} |0 <s <2*"' —1, 0 <j < 2", dim(m)/2 = s + jmod 2" '} else. In particular,
we see that for m # 0, -

dim(m)/2 — s > dim(m)/2 — (271 — 1) > (2 — 1) — 2**1 — 1) = — 2,
Therefore, if, for 0 <j < 2" we have dim(m)/2 = s + jmod 2“"*, then
dim(m) — s > dim(m)/2 —s > — 2k 4 k1 — Dk

One way or another, the minimum dimension of any non-zero element of N,(m) tends to infinity
with n. Thus, B

(H3?), = Z/2.
From the edge map of the Borel cohomology spectral sequence, we then see that
(Hﬁ/z)* - ((Hm){e})* - (Hz/z{e})* = Z/Z

is an isomorphism. But any spectrum H,, satisfying these conditions is HZ/2,,. [

Theorem 4.11. In the Hopf algebroid (BPR,, BPR,BPR), we have

Vo,0 = 2,
BPR, = Z)[vy,.aln=0/€Z]| a* ~'v,, =0, ,
for n < m: Um,k'vn,/Z"”" = Um,k+t’-vn,0
lal = — o, [oa /]l = (2" = 1)1 4+ o) + 2" Yo — 1),
BPR,BPR = BPR,[t1,t5,...], |tJ = (2" — 1)(1 + w). (4.12)

Further,writev, , = oﬁmvn. Then the coproduct and right unit formulas in (BPR,, BPR,BPR) are the
same as in (BP,, BP,BP). Further, a and ¢ commute with the operations

nr(ax) = ang(x), (4.13)

ﬂR(UkZMUk) = Ukan’/IR(Uk)' (4.14)

Remark. Instead of the third multiplicative relation in (4.12), we will now only prove that

ifor n < m: Um,k'vn,/Z"'*" = Um,k+/'vn,0 + Aa
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where the error term 4 is a sum of a’-multiples of monomials of the form
Uny e o0 Ung oty (415)
with n; > m. The proof that 4 = 0 requires different methods and will be deferred to Section 7

below (see Theorem 7.4).

Comment. The elements ¢’ v, can be geometrically constructed as follows. Consider the cofibra-
tion

S((2n+1 o 2)OC)+ 580 S(ZNH_IM.

Mapping to MR, we obtain a long exact sequence
K nt1 4

W MR* e MR*HITET T Dx o MR*(S(2"F — 2)a)) « MR* ... .
Now the element v, MR* exists, because it is realized by the Milnor manifold (real algebraic
variety dual to 7y'®7! in CP? x CP?). In MR**1~@"" =D 4 has dimension

R'—1)14+a0)+1—-02"" —1)a=2" — 2"
Further,

K(v,) = 0. (4.16)
Indeed, recall the cofibration

MR AEZ/2, - MR —» MR AEZ]2.

Now a* '~'y, is dimension k + /o where k +¢/ <0. Since MRAEZ/2, is connective,
a®" "'y, # 0 would imply that a® ~'v, has a non-trivial image in #*>MR = MO. However, we
know that v, has a trivial image in MO, because the formal group law of MO is additive. Thus, we

have proven (4.16).

Thus,
v, = 0(8)
for some
se MR ~2%(§((2"*1 — 2)a)). 4.17)

In fact, we see that s is a unit (invertible element) in the ring MR*(S((2"** — 2)«)). To this end, note
that, by comparison with the Borel cohomology spectral sequence of MR, the Borel cohomology
spectral sequence of F(S(2"*! — 2)a); , MR) is |s|-periodic, and moreover s realizes the periodicity
operator, since, as was shown in the previous section, in the Borel cohomology spectral sequence of
MR we have the differential

n ntl_
d2n+1_10'2 = Unaz 1.
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But now also by comparing with Tate cohomology,
F(S(2"*t —2)a); , MR) ~ ZZA"9MR A S(2"FE — 2)a) .,

and thus MR,S((2""! — 2)x) is also ¢*-periodic, where the periodicity can be realized by cap
product with the cohomology class s.

Finally, by (4.16), v, e MR, lifts to MR,S((2"*! — 2)a) via the map S((2""! — 2)x), — S°. Thus,
we can consider the elements

o', € MRLS((2" 1 — 2)a)), (4.18)

and their images in MR,. The reader will notice a discrepancy in that the elements v, are
o’?"-periodic in MR, S((2"*! — 2)a)), but ¢’>" -periodic in MR,. This is due to the fact that by the
differentials in the Borel cohomology spectral sequence of MR,, the images of ¢'*'v, in MR, for
/ odd are 0.

Now for a monomial

x = vga'?d,
put
k(x) = min R.

(For R =(rg,7¢,...), by min R we denote the minimum i such that r; # 0.) For a sum of monomials
z, let k(z) denote the minimum of k(x) over the monomial summands x of z. For a homogeneous
element x € BPR, of dimension r + so, put

ox)=s—r, rx) =r, tHx)=r—+s.

Lemma 4.19. For a monomial
d(x) = imod 2K *2
for some

ie{2 — 2kt o).

Proof. If
x =0ga'? @, 0<j 2T
then
O(x) =2-i- 2K+ _j
which is congruent to one of the numbers {2 — 2¥®*1 0} modulo 2*¥*2. O
Proof of Theorem 4.11 except A4 = 0 (see the Remark after its statement). First, (4.13) is obvious,
since a is realized by the right-hand map of the cofibration sequence

Z/2, —S° 5%
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Next, by the Comment preceding Lemma 4.19,
a "',,=0. (4.20)
Next, an associated graded ring of BPR, is the E , -term of the Borel cohomology spectral sequence
H*(Z/2, BP*)[¢,0~ '] = BPR*.
Because BPR,,(; +, = BP,,, we have an embedding of Hopf algebroids
(BP,, BP_BP) = (BPR,, BPR,BPR)
in dimensions k(1 + «). In particular, we have a multiplicative extension
Vo = 2.

Next, (4.11) holds with the error terms of the described form because other terms are mapped
injectively by the map

BPR, — F(S2™*! — 1)2),, BPR),,

+1

while the right-hand side contains an element ¢2" .
To conclude the proof of Theorem 4.11, it remains to prove the right unit formula. To this end,
once again, by the Borel cohomology spectral sequence we know that

nr(e'? ) = 0™ ng(vy) + ax.
Lemma 4.19 implies that
k(x) > k

(if k(x) < k, then, by the lemma, d(ax) # 0mod 2**2, while d(v,o'" ) = 0mod 2**2). Now suppose
that x # 0. Consider a monomial summand y of x. Note that k(y) > k(x) > k. We distinguish two
possibilities: .
Case 1: y = vy0"*" @[ [t,. But then

(250 — 1) — M0 = (106" S r (oo =28 — 1 — 2k
Therefore,

2K) _ gk < kT _ okl (4.21)
On the other hand, the right-hand side of (4.21) is divisible by 2¥*!. Therefore,

k) < i/2k(y)+1 _ i2k+ 1.

But now since d(ay) = d(ve'® ), we must have

j n 1 _ 5(vk(y)o_i,2k<y)+1) . 5(Uk0'i2“1) _ 2(i/2k(y)+1 _ i2k+ 1) > 2k(y)+ 1’
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and hence
i1k 1

jt1 —
a Uk ()0 = 0,

so ay = 0.
Case 2: y = vyy[ Jv,6"*" @[ [tm, min(/) = k(y). But then, since

ik +1

(Vi) O a*tt) <0
implies vy,)0" 2" @t =0,

Hay) = tUminey) = 2801 — 2 > 2871 2 = ().
a contradiction. [

Next, note that BPR,BPR is a flat module over BPR,.

Theorem 4.22. There is a convergent spectral sequence

Extppr, ppr(BPR«, BPR,) = 1 *(S°)®Z,. (4.23)

Proof. As in the non-equivariant case, the Quillen idempotent defines a Morita equivalence
between (MRy)5 ,(MR,MR);) and (BPR,, BPR,BPR). Thus, it suffices to prove the correspond-
ing statement for MR, i.e.

Extym, me(MRy, MR,)3 = 1*(S°)®Z,. (4.24)

Indeed, for r > 2, the E,-term of the spectral sequence (4.23) is obtained from the E,-term of the
spectral sequence (4.24) by applying Quillen’s idempotent.
Now consider the adjunction

U
E_-MR-modules ? Z/2-spectra (complete universe). (4.25)

The spectral sequence (4.24) is the Borel cohomology spectral sequence of the cosimplicial
spectrum

C(U,FU,FS°).
The identification of the E,-term is a direct consequence of flatness. Thus, if we denote the

cosimplicial realization functor by real , our statement is equivalent to

The canonical map
real C(U,FU,FS% 5 §° (4.26)

is an equivalence after 2-completion.
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Now consider a simplicial model E for EZ/2 .. Consider the map of cosimplicial spectra

real F(E,C(U, FU, FS°) « F(E, S°). (4.27)

C
Here

real
c
denotes the realization of the bi-cosimplicial spectrum on the left with respect to the cobar

coordinates. Note that, by the non-equivariant Adams-Novikov spectral sequence, the map (4.27)
is an equivalence of cosimplicial spectra. Finally, consider the diagram of spectra

| C(U,FU,FS") <~—2—— "
reai (U,FU,FS") S

l P

,

real F(E,C(U,FU,FS")) <=— real F(E,S").
— t —

The map ¢ is an equivalence because (4.27) is an equivalence. The map r is an equivalence because

real F(E,C(U,FU,FS°)« C(U,FU,FS°)

E

is a cosimplicial equivalence by the Completion Theorem 4.1. The map s is an equivalence after
completing at 2 by Lin’s theorem [32,33]. Therefore, p is an equivalence after completing at 2, as
claimed. [

5. Galois descent. The BPO-based Adams-type spectral sequence

In this section, we will refine the methods of Theorem 4.22 to give a spectral sequence converging
directly to n{(S°). The first idea is that BPO = BPR”? is a non-equivariant spectrum, and one
could therefore consider the Adams spectral sequence based on BPO. But, as we shall see, BPO is
not a flat spectrum, and therefore the E,-term of the BPO-based Adams spectral sequence is not
easily identifiable. In fact, even EO(n) = ER(n)”'? is not a flat spectrum (for n > 1). The point is that
suspensions by all representations are relevant, not just the trivial ones (this is invisible for n = 1,
since ER(1)1s (1 + a)-periodic. We will construct a machinery which will allow us to consider all the
fixed points of suspensions by non-trivial representations (X**EO(n))*/? at the same time, and show
that then, in some sense, EO(n) becomes flat. We will also show that the “Morava stabilizer groups”
for BPR do not have the extra subgroup Z/2 generated by the formal inverse, which occurs for BP
at p = 2. From that point of view, they are more similar to the Morava stabilizer groups at p > 2.

The situation of BPR, which we need to consider to obtain our spectral sequence converging to
7,(S?), is more complicated than the situation for ER(n). Very roughly speaking, when considered
globally, the “subgroup generated by the formal inverse” in the Morava stabilizer group is no
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longer injective. To see this, note for example that for the additive formal group law on [F,, the
inverse is the identity. Thus, instead of factoring through a subgroup, one must consider an
appropriate bar construction. As a result, the E,-term of our spectral sequence is the cohomology
of a certain simplicial algebraic groupoid (instead of just algebraic groupoid).

The expository approach of this section is as follows: We first develop all of the necessary
theory in the “pedestrian” language of algebra. We then explain what the constructions mean
in the more appealing dual language of geometry, and how they further connect with
some of the ideas of Hopkins and Miller [20]. In the process of that explanation, we shall
see that the geometric language, while giving better understanding, presents technical difficulties
which are better understood in algebra. A couple of technical proofs in this section will be
postponed until its end.

Our starting point is the notion of a graded homology theory. Let & be the derived category of
spectra (= the ‘stable category’). Define the category %[a,a” '] of graded spectra to be the
category of formal infinite sums of the form

Z Eiai (51)
ieZ
where E; are objects, (resp. morphisms) in &. Thus, the category of graded spectra is isomorphic to
27 The extra structure we are interested in is the smash product. For graded spectra E, F, put

(E/\F)k - Z Ei/\Fk*i'
ieZ
Note that S° = §°.1 is a unit of the smash product of graded spectra, which is also commutative
and associative. The notion of (commutative, associative, etc.) graded ring spectra is introduced in
the standard way.
An example of a commutative associative graded ring spectrum is

BPO =)' BPO[ku]d",

keZ

where
BPO[ ko] = (Z**BPR)*/?.

The coefficients of a graded spectrum E are

Ey = Z (Ei)*al~
ieZ
Put EoF = (EAF)s, EXF =) ,,[Eda", Fla" where ‘[ T denotes maps in 2 and Ed" denotes the
graded spectrum obtained from E by multiplying by a” in (5.1). Note that the coefficients of
a graded spectrum are bigraded in the same way as the coefficients of a Z/2-equivariant spectrum.
This resemblance in notation is deliberate, and helpful in comparing the Hopf algebroids construc-
ted out of graded spectra to those constructed from Z/2-equivariant spectra. For an element of the
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coefficients of bidegree k + /o, the number / € Z will be sometimes referred to as twist. Following
this notation,

BPO* = BPR*,
but
BPO4BPO # BPR,BPR.

Note that graded spectra satisfy Whitehead’s theorem and Brown’s representability theorem (the
proofs are analogous to those for spectra), and therefore we can define graded function spectra by
the adjunction formula

ZXX AY) = F(Y,Z)*X.

We have now set up the machinery for constructing the BPO,-based non-equivariant Adams
spectral sequence. We first explain the analogous construction for the Real-oriented spectrum
ER(n). This case is easier, because ER(n) is a free spectrum (at least when completed at 2).
Analogously as in the case of BPO, we let

EO(n) = Z (Z*ER(n))Y/?.dx.

14

We have

EO(m)AEO() = ¥ (S*ER(n)?? A (ZPER(n)?/%.d**". (5.2)

k.,/eZ

We will find ourselves in need to distinguish between the two copies of Z/2 involved in (5.2). To this
end, put A=B=27/2, and let Z/2=C < A x B be the diagonal. Also, let o (resp. ) be the
irreducible real representation of 4 x B obtained by composing the sign representation with the
projection 7: A x B — A (resp. ¢ : A x B — B). Denote the complete G-universe for any finite group
G by Ug. Now rather than (5.2), it will turn out easier to investigate the graded spectrum

EOn)AEO(m)" = > F(E(Ax B); ,2*ER(n), A 2PER(n)g)**B.a**". (5.3)
k.,/eZ

Here EO(n),, EO(n)g are copies of EO(n), considered as A x B spectra by the projections =,0,
respectively. Note that the smash product on the right hand side of (5.3) can be considered an
A x B-spectrum indexed over U,@® Ug (which is not U 4« g, but this is irrelevant, since we are taking
homotopy fixed points). We will eventually establish the following

Lemma 5.4. The A x B-spectrum

Yk ER(n) 4 A 2 PER(n)g
is free. Furthermore, we have

Ik ER(n)4 A 2PER(n)g ~ F(E(A x B); ,2*ER(n) 4, A X’P ER(n)p)
and hence

EO(n) A EO(n) ~ EO(n) A EO(n)".
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Now we can write

EO(m) A EO(n)" =Y F(EA;,F(EC,,Z*ER, A ZPERp))*.a**". (5.5)
But, by the theory of Real-oriented spectra,

F(EC.,ER4 A ERp)s = ER(n)ER(n) = (E(n) A Em))Ry = ER(n)x[£]/(R) (5.6)

where the relations (R) are the same as in E(n), E(n). The difference is that the dimension of ¢; is
(1 4+ a)(2" — 1). Note, further, that (5.6) does not change when we suspend by S* . In other words,
there is a periodicity operator u of total dimension O on the graded spectrum

ERM)ERM)[ 1, u~ '] = Y F(EC ., Z*ER(n) 4 A 2P ER(n)p)".a**".

By considering, in an analogous way, external smash products of several copies of ER(n) with
actions of distinct copies of Z/2, and taking fixed points with respect to the diagonals, we obtain
a Hopf algebroid structure

(ER(n)x, ER(n)« ER(m)[ 11, ™ ']). (5.7)

Lemma 5.8.
Extenm , ermiu .. (ERM)x, ER(1)x)
is the coefficient at a° of

EXtER(,,)*ER(,,)(ER(n)* 5 E R(n)*)

Proof. The cobar resolution of ER(n), over (5.7) is
Y (Z*ER(n) 4 A -+ A Z5*ER(n) 4, A 5= ER(n),, )% a2

where C,, ¢ is the diagonal Z/2-subgroup of Ag X --- X A, 1. But now another relatively injective
resolution of ER(n), over (5.7) is

nA A o A nA A n+1%n+1 nA *n+l'a n+1
ER(n),4, ER(n) A X ER Crera

The (5.7)-primitives of the second resolution coincide with the (Z + Ox)-dimensional summand of
C(ER(n)y, ER(n)xER(n), ER(n)y). O

Now our main result on EO(n),EO(n) is the following

Theorem 5.9. ER(n),ER(n) is a free ER(n)«[ A]-module by the A-action arising from (5.5). Further-
more, the A-action is multiplied by the sign representation when we multiply by n. Consequently, the
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Hopf algebroid (EO(n)x, EO(n)«EO(n)) is flat and we have
EO(n)«EO(n) = (ER(n)« ER(m)[pt, ™ 1" (5.10)
Proof. Let (ER(n)«, ER(n)x[A]) denote the group algebra of A( = Z/2) over the ring ER(n)s.

Denote by (ER(n)s, ER(n)x[A]") the dual ER(n),-Hopf algebra. Then, by appropriately dualizing,
the A-action on ER(n),ER(n) gives a map of Hopf algebroids

¢ (ER(n)x, ER(m) ER(M)[ 1, ™ '1) > (ER()4, ER()4[A] ).

Concretely, if the action of the generator g of 4 on ER(n),ER(n) is by a map y, then we have the
formulas

P[] =e(x),  P(x)gq] = ex(x).
An explicit formula for y follows from the corresponding formula for y on
BPR,BPR = BPR,[t,]. (5.11)

for x € ER(n)xER(n). First, y in (5.11) is identity on BPR,. The formulas for the action on the ¢;’s are
the same as in BP_BP, because the forgetful homomorphism

BPR,BPR = (X**BPR A X’*BPR)§ — (2**BPR A X’*BPR),), = BP BP[o,6 " 1[t.u "]

is an isomorphism in dimensions k(1 + o). For the same reason, the A-action on u can be detected
by the A-action on

BP.BP[o,c” '1[u,u~ "]
But non-equivariantly, the action of g on « is — 1, while on it is + 1. Thus,

qp) = — .

The formula for the action on the t;’s in BP, BP, by ordinary formal group law theory, represents
sending a map of formal group laws f: G — F (where F corresponds to #g) to f(ig( — x)). Thus, we
have

SFy(t)x? = ZFtiig( — x)2. (5.12)

Applying the augmentation ¢, we get

F

> ex(t)x? = ig( — x) = — ip(x). (5.13)

Now

(x — ip(x)) | [2]Fx, (5.14)
because setting x = ip(x) sets [2]r(x) = 0. Recursively, (5.14) implies that

L ex(t)] = Z[vi].
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Defining x € ER(n).[A]" by x[1] =1, x[«] = 0, we conclude that
ER)x®{x}.(v1,0,5,...) = Im ¢

(where (vq,v,,...) denotes the ideal in ER(n), generated by the v;’s). However, because in ER(n)x
there exists an element v, !, we conclude that

(v1,02,...) = ER(n)4.

In other words, the map ¢ is onto. Consequently, by the Milnor-Moore theorem (see [46, Section
6.1 and Theorem A1.1.17 of the appendix]), ER(n), ER(n) is, as an ER(n),[ 4] -comodule, a sum of
copies of ER(n),[A4]", as claimed. The other claims follow. [

Proposition 5.15. Extgog), pom(EOM)x, EO(n)) is entirely concentrated in dimensions 7 + Ou (twist 0).

Proof. Consider the usual cobar resolution of the graded spectrum S°.a°:
LO == SO,
K, = EOn)A L, (5.16)

L,— K,— L, 1s a cofibration.

Applying EO(n)4 to (5.16), we obtain the cobar EO(n)tEO~(n)-resolution of EO(n)4 (by flatness). On
the other hand, we can also take the graded spectra K,, L, obtained from K,, L, by restricting to
the coefficient at a° (and setting the other coefficients equal to 0). Then, in the category of graded
spectra,

EOn).K, (5.17)

is another relatively injective EO(n),EO(n) resolution of EO(n),.
The EO(n), EO(n)-primitives on (5.17), however, are concentrated in twist 0, thus proving our
statement. [

We state one more result on the periodicities in EO(n),EO(n).

Lemma 5.18. Let y = a® f. Then
I1TVEQ(n) A EO(n) ~ X* PEO(n) A EO(n).

In particular, by symmetry, EO(n) A EO(n) is (200 — 2f8)-periodic and (2y — 2)-periodic.

Proof. By Lemma 5.4, it suffices to prove
E(A X B+) N4 XBZI +ﬂER(n)A N ER(”)B =~ E(A X B+) AW XBZOH—VER(VI)A A ER(}’[)B
We will prove that, more generally, for any U 4-spectrum Z,

ER(”)B/\ EA+ /\A21+ﬁZA ~ ER(”)B/\EA+ /\AZ[IerZA. (519)
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To this end, for Z, = X*X ., where X is an A-space, we have

EAy A 42" Z 4 = T((1 + 0)0),
EA; A 2VPZ, ~ T((1 4 2)2),

where T denotes the Thom space (more precisely Thom spectrum), { is the real vector bundle on
EA x 4X associated with the principal line bundle EA x X, while ¢ is the real vector bundle on
EA x 4X associated with the trivial line bundle. Thus, in this case, (5.19) follows from the existence
of Thom isomorphisms for Real-oriented spectra. The general case follows by a colimit argu-
ment. [J

Before giving a proof of Lemma 5.4, we state a more general result in this situation, which,
however, we use only marginally in the present paper.

Lemma 5.20. Let A, B be finite groups, let X (resp. Y) be a A-U 4-spectrum (resp. B-U g-spectrum).
Then
XAANYE~ (X AY)A7E,

Here, on the right-hand side, X A'Y is considered as an A x B-spectrum indexed over U 4@ Usp.
The proof of this lemma is postponed until the end of this section.

Proof of Lemma 5.4. By Lemma 5.20 and the fact that EO(n) is free,
EO(m)AEO(n) ~ > ((EAxEB); AZ*ER(n)4 A 2PER(n)g)**?- a**'.

k. /eZ

Thus, the statement of Lemma 5.4 follows from saying that the norm-map
N: (EA X EB)+ N 4 XBER(H)A AN ER(TI)B g F((EA X EB)+ , ER(H)A N ER(”)B)A xB

is an equivalence. (Note that the norm map is defined, because the universe U 4@ U p, although not
complete, does contain a copy of the A x B-set A x B.) First of all, we know (by freeness and Thom
isomorphisms for Real-oriented spectra) that the norm map

N:(EAx EB): A cER(n)4 A ER(n)g — F(EA x EB) 4, ER(n)4 A ER(n)p)"
is an equivalence. Thus, it suffices to show that the norm map
N:EA, A (F((EA x EB)., ER(n)4 A ER(n)g)")
— F(EA, (F(EA x EB), , ER(n)4 A ER(n)5))*
is an equivalence. But this follows from the above established fact that the action of A on
(F(EA x EB, , ER(n)4 A ER(1)5) )«

is free. O



362 P. Hu, I. Kriz | Topology 40 (2001) 317-399

We now consider the case of BPR,, which we are really interested in. Unfortunately, one easily
sees that BPO,BPO is not BPR,-flat, as, for example,

BPO Alim X*BPO ~ BPO AHZ/2[a,a™ "],

and the coefficients of the right-hand side graded spectrum certainly are not BPR,-flat.

Because of non-flatness, the situation becomes more complicated. In particular, the term ‘Adams
spectral sequence’ becomes ambiguous, and we have to select one of several possibilities.

Our approach is motivated by the proof of (5.15) above. Consider the action of Z/2 = (4 x B)/C
on

BPR,BPR[p,u~ '] =) (2***"*BPR4 A BPRp) .d**".
This gives a map of Hopf algebroids
(BPR4, BPR,BPR[u,;."']) » BPR,®(Z,Z[Z/2]"),

which, however, unlike its EO(n) analogues, unfortunately is not onto (concretely, 1 is not in the
image). Nevertheless, we obtain a cosimplicial BPR,-coalgebroid

I' = C(BPR,BPR[u.u"'1,Z[Z/2]" ., 2),

which is totalized by the shuffle map into a DG-BPR,-coalgebroid I.
We can now state our main result:

Theorem 5.21. There exists a convergent spectral sequence
EXt(BP[R*,F)(BPR*: BP[R*) = TCE:}(SO).I. (522)

Furthermore, the left hand side of (5.22) is entirely concentrated in twist 0.

Proof. The fact that the left-hand side of (5.22) is concentrated in twist 0, is completely analogous
to the case of EO(n)y.

Now by a semicosimplicial spectrum we shall mean a sequence of spectra X;, i > 0 together with
coface and codegeneracy structure maps, where the coface identities are satisfied on the nose, and
all the other cosimplicial identities (in particular codegeneracies) are satisfied up to homotopy.
Note that this is sufficient to produce a cosimplicial realization functor (by which we will mean its
‘derived’ version, i.e. a functor that preserves weak equivalences). Specifically, the realization is by
totalization, whose definition does not involve the (co)degeneracies. The (co)degeneracies up to
homotopy are used to control the quasiisomorphism type of the resulting cochain complex.

Now let 4g= - =A4,=72/2, let C, < AgX%x --- XxA,, be the diagonal, and let D, =
Ag %X +-+ X Ap/C,. Then there is a double semicosimplicial graded spectrum (indexed by m, p)

Q =Y F(B,(Dy, D), Z50%* =~ TaBPR A oo A BPR g )07 X An ghot -+, (5.23)



P. Hu, 1. Kriz | Topology 40 (2001) 317-399 363

Convergence of (5.22) is equivalent to saying that the double cosimplicial realization of Q is
homotopy equivalent to S°. Now consider also the double semicosimplicial graded spectrum

m m Ao X -+ X A,
Q = ZF<BP<_1__[0 Ai’l__lo Ai,*>,2k°“°+ +k'”“”’BP[R§AD A o A BP[R{AM> ‘ak()+ +k,,,‘ (524)

By completeness of BPR A --- A BPR with respect to C,,, one can see that the totalizations of Q,€’
coincide. But now realizing the m-coordinate first in £’ gives a constant semicosimplicial spectrum
with term §°.a°, by the non-equivariant Adams-Novikov spectral sequence.

In more detail, the pth term of the cosimplicial spectrum obtained from Q' by realizing the
m-coordinate first is

p+1 times

\ZF(< e ol s

0

:|§

Ao X ... X A,
Zkoao-%— +k"'a"'BPRAO A A BPRAW .ak‘>+ -+ k,

m

p+ 1 times
r A N\
— F m m
’Z <<]_[0 A;x - xljo A; ><>x<>+’

m+ 1 times

f—/%
Skot = FkuBP A oo A BP> Laket e

m+ 1 times
A

‘2F<<n Aix - x ] Ai\x*>+’

i=0

m+ 1 times
f—k_\
BP A --- /\BP)

b

m

where | |, denotes realization with respect to the m-coordinate. (The last equality is Morita
equivalence. Similarly as above, but non-equivariantly, we can consider two variables ¢,0 of
dimension o — 1, and the graded Hopf algebroid (BP,[o,0”']),BP,BP[o,c" ',0,0 ']). The
canonical map from the cobar complex of the first Hopf algebroid to the cobar complex of the
second is an equivalence.)
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Now the right-hand side is the diagonal of a (p + 1)-fold cosimplicial spectrum. The diagonal
realization is homotopically equivalent to the totalization:

m times
m, m, —N
F<<*>< [T Aix - x]] Aix*> , BPA - /\BP>.
i=0 i=0

+

(5.25)

The realization of the m, . -coordinate is S°, by the convergence of the non-equivariant Adams-
Novikov spectral sequence. Each of the simplicial sets

1_[ Ais ]=1,,p
i=0
is B(A;, A;,*) written in homogeneous coordinates, and is therefore contractible. [

We shall now explain the geometrical interpretation of our constructions. Let K be a degree
n unramified extension of Q,, and let O be the ring of integers of K. Then p is a prime in Ok and the
residue field is

@K/p(QK = [Fp".
Consider the p-typical formal group law @, on [, given by the map
BP, -,

which sends v, to 1 and v; to 0 for i # n. The group of strict automorphisms of @, will be denoted by
Sp. Now one can study lifts of @, to complete rings with residue field [ . A *-isomorphism of lifts
F,G of @, is a strict isomorphism

fiF->G

such that the reduction of f modulo the maximal ideal is the identity. Lubin and Tate [34] showed
that the set of *-isomorphism classes of lifts of @, to complete (x-algebras 4 with maximal ideal
m containing (p) is in bijective correspondence with maps of rings

¢:Ok[luy, ... ,uy—111—> A (5.26)

for certain elements uy, ... ,u,_ ;. There is a universal lift I',, of @, to Og[[uy, ... ,u,—1]] and of each
lift F of @, to A, there is a unique map of rings (5.26) such that ¢(I",) is *-isomorphic to F. Note
that considering A = Og[[uy, ... ,u,—1]] and the fact that a formal group law isomorphic to
@, always lifts to 4, we obtain an action of Sy on Og[[uy, ... ,u,—1]].

Now in algebraic topology, one deals with graded rings and maps of rings realized by maps of
spectra must preserve dimensions. Lubin-Tate theory carries over essentially without change to
the category of Z-graded commutative rings (in the ungraded sense), where formal group laws are
by definition homogeneous series of degree 1. The appropriate analogue of [F, is

Fplu,u™1].
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The appropriate analogue of @, is the graded p-typical formal group law (which we will also denote
by ®,) given by the map BP, — F,[u,u"'] where v,~u” "', v;~0 for i # n. The reason this is
the right graded translation is that the group of graded strict isomorphisms of @, is still S?. Now
the appropriate graded analogue of Ok is Ox[u,u”'], and the appropriate analogue of

(QK[[ula ,Un_l:l:l i
En* = Ok[[uy, ... sun—l]][usuil]a (527)

where the u;’s are (necessarily) in degree 0. This was invented by Mike Hopkins. In particular,
E,, represents -isomorphism classes of graded FGL’s on graded complete Noetherian E,,-
algebras A with (graded) maximal ideal containing (p). In particular, Sy acts on E,. But, in fact, by
the same argument, the action can be extended to

G, = Gal(K/Q,P<(jt - 1<S?).

where i, ;><S? = S, is the group of non-strict (graded) isomorphisms of @,, and Gal(K/Q),) acts
on everything by the Galois action.

Now Hopkins and Miller [20] observed that using Landweber exactness, one can construct
a complex-oriented spectrum E, with coefficients E,,, such that I', is the formal group law
associated with the complex orientation of E,. Further, by considering G, as a pro-algebraic group,
we see that G, acts algebraically on Spec(E,,,). It is a result of Hopkins and Miller that E, E, can be
identified with Og ® E,,,, after appropriately completing both sides. (E,,.E, must be completed for
the same reason as Z,® 7, # Z,; on the other hand, G, being an inverse limit, (g, is a direct limit,
and is not complete, either.)

Now from the point of view of Real orientations, we can construct a Real-oriented spectrum ER,
where

(ERn)k(l +a) — (En)Zk'

Now similarly as above, G, acts on ER,, and after appropriately completing, (Spec(ER,«),
Spec(ER,+ER,)) can be identified with the algebraic groupoid obtained from the group G, acting
on Spec(ER,4). Now ER,x, ER,+ER, have an additional grading by the twist. From a geometric
point of view, a Z-grading specifies an action of G,, = Spec(Z[u,u~']) by shifting of the degree (if
we take advantage of the (2" — 1)-periodicity in the grading, i.e. consider the Z/(2" — 1)-graded
factor object obtained by identifying degrees modulo 2" — 1, geometrically that means we have
found a subgroupoid with an action of u,-_ {, from which the present object is obtained by applying
?% .. ,Gy). Our point is that, after completing,

(Spec ERn*a Spec ER,,*EIR”[,M, :u_ 1])

can be identified with the groupoid obtained from the group G, x G,, acting on Spec(ER, ). (Here
the product is direct because G, is concentrated in twist 0 or, geometrically speaking, has trivial
G,,-action.) Now to interpret

(Spec(EO,x), Spec(EO,+EQ,)) (5.28)
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(where EO,, is the graded spectrum associated with ER,, in the same way as EO(n) is associated with
ER(n)), consider the map

MZ_)Gn

which takes the generator ( to the formal inverse ig4 (x). But this, of course, does not give the trivial
action on EQ,,. In fact, to calculate the map on EO,, we must lift is (x). Now such a lift, to a strict
isomorphism, is — iy(x). If we denote by I"" the image of I’ under — i(x), it is the same as the image
of I under the non-strict isomorphism — x. This is induced by the map

(:EO,x = EO, %

which is ( — 1) in twist /. But this action is the same as the action of the image of { under the
canonical inclusion

Uy & Gm-
Thus, we have an inclusion
Uy & Gn X Gm:

where the image acts trivially on EO,4, and, up to completion (5.28) is isomorphic to the groupoid
obtained by the action of (G, X G,,)/1, on Spec(EO,4).

Now the cohomology of G,, with coefficients in a graded module is 0 in positive dimensions
(similarly as for representations). Consequently, the cohomology of (G, x G,,)/u, (in a suitable
category of complete modules) with coefficients in EQ, is the same as the cohomology of G,/u,
with coefficients in EO,,,, (the twist O part of EO,). This is what we mean when we say that the Real
Morava stabilizer groups are equal to the complex Morava stabilizer groups modulo the subgroup
U, generated by the formal inverse (see (1) in the Introduction).

However, technically, we prefer to consider the uncompleted Hopf algebroid

(ER(n)s, ER(n)« ER(n)), (5.29)

to avoid problems with the completion. This, of course, results in a certain loss of symmetry:
Consider (5.29) as an affine algebraic groupoid ©,. Then G,, acts on ©®, by the grading. Then, one
can form a semidirect product @, > G,,. (The objects of &, > G,, are the same as the objects of O,,
the morphisms are the morphisms of ®, times G,,, where G,, acts on objects and interchanges with
morphisms via the specified actions.) The structure is

Uo,¢, = (ER(M), ER(M)« ER(M)[ .~ 1]).

Now consider the algebraic groupoid

M, = (Spec(ER(n)*)7(:“2)Spec(ER(n)*))a

with structure ring

(ER(m)x, ER()x[112]7).
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We can describe the normal subgroupoid inclusion
1"M,— 0,>~<G,, (5.30)
as follows: The composition
M,—-0,~<G, > (Gm)Spec(ER(n)*)
is induced by the standard map
Vil = Gy (5.31)
(sending the generator { to — 1). Now a map (5.30) is the same thing as an element of
H'(M,,0,),
by which we mean a twisted homomorphism
¢o:M,—> 0O, (5.32)

where the twisting is given by (5.31). In our case, the desired map (5.32), on the generator { of
U, represents the strict isomorphism

—ir(x)

F > G. (5.33)

In this case, the map (5.30) is an inclusion (Theorem 5.9), and we have an identification of the
structure ring

00,6,ym, = (EO(n)x, EO(n)« EO(n)). (5.34)

Note that Hopkins-Miller theory makes the factor G,, (or, more precisely, u,»— ; when considering
the periodicity) transparent, but the factor is hidden in introducing the element u (see (5.27)) which,
in fact, makes the theory ER, (1 + o)-periodic.

Now in the case of BPR, the situation becomes further complicated by the fact that if we replace
0O, by the algebraic groupoid @ with structure ring

(BPR4, BPR,BPR),
the analogue

1M - O><G,, (5.35)
of the map (5.30) is no longer an inclusion. Here we let

M = (Spec(BPRy), (U2)specPr,))>
which has structure ring

(BPR,, BPR,[1>]").
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Note that the map (5.31) is not an inclusion, although it is an inclusion on the complement of the
point 2. On the other hand, over [,, the map (5.31) is actually 0. Similar reasoning can be applied to
(5.35): the objects of @ represent all p-typical formal group laws, in particular the additive formal
group law, where the isomorphism (5.33) is the identity.

For this reason, instead of (©><G,,)/M, we need to consider the appropriate derived object,
which is the simplicial algebraic groupoid

® = B(O>=<G,,, M %) (5.36)

(where * stands for Spec(BPR,)). Note that the structure ring of the simplicial algebraic groupoid
(5.36) is exactly

(BPRy, I

(see Theorem 5.21). Therefore, the E,-term of the spectral sequence constructed in Theorem 5.21 is
the cohomology of the simplicial algebraic groupoid (5.36).

Finally, note that while the geometric language presented in the above remarks helps clarify the
meaning of the objects we constructed, if one wants to make sense of what the geometrical objects
really means, one has to go back to the algebra.

Proof of Lemma 5.20. Let i: (U, )* — Uy, j:(Ug)® — Ug be inclusions. First, we have a map
FXAFY > ([ Dj)*(X AY), (5.37)
adjoint to the counit map
(i@®)),(i* X Aj*Y) = i, i*X Ajj*Y > X A Y.
Next, for spectra Z, T indexed over (U 4)*, (Ug)®, respectively, we have
ZANTE =(ZAT)""B,

because for X-closed inclusion prespectra indexed over trivial universes the fixed point functor
commutes with the L-functor.
Thus, we obtain a map

(#X) A G*Y)E > (i@))*(X A Y15, (5.38)

We need to show that (5.38) is an equivalence. But then, by induction, it suffices to show this for
orbit spectra

X=3"A/H,, Y=2X3"B/J,.

By the Wirthmiiller isomorphism, however, we have a commutative diagram

GA/HRY A (uBIJy) —  ((i®)).(A x B)/(H xJ)})""*

~ = (5.39)

@SN A (8" ————— ((@j).s)"

and hence it suffices to consider the case X = S°, Y = S°.
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Now we claim that the wedge of transfer maps

\/ BW 4H), AB(WgJ). — (i®)),S)***? (5.40)
0en
is an equivalence, where (H),(J) run through conjugacy classes of subgroups of 4, B, and W denotes
the Weyl group in the ambient group specified by the subscript. Note that this implies our
statement by naturality of transfer, since the splitting principle of [31] (Theorem V.9.1 and
Corollary V.11.2) says that

\/ B(WH)« > (i, S°)4.
(H)S A
Obviously, (5.40) is a variant of the splitting principle for a non-complete universe. For a recent
account of some non-complete universe splitting theorems, see [30].

To prove (5.40) here, we use Segal’s infinite loop space approximation theorem [31, Theorem
VIL.5.6], which is stated for general universes. By the Approximation theorem, the infinite loop
space 0S° with respect to the universe U, x Uy is equivalent to the group completion of the
unordered configuration space Conf(U 4 x Up) (by which we mean the space of unordered tuples of
distinct points in the universe, with action induced by the group action on the universe). By taking
fixed points, we obtain the space of configurations of 4 x B-orbits. Now it is easy to see that

1. the orbits occurring in U 4 x Uy are exactly A/H x B/J,

2. (Conf(U 4 x Ug))**® is homotopically equivalent to the product of the configuration spaces of
orbits of the different fixed types A/H x B/J,

3. the configuration space of A/H x B/J-orbits is

[ BELWH x W),

n=0
This implies (5.40). [

6. The Z/2-equivariant Steenrod algebra

In this section, we will study the Z/2-equivariant Steenrod algebra. Large parts of this subject
were previously thoroughly investigated by Greenlees [16]. In particular, Greenlees has construc-
ted a Z/2-equivariant Adams spectral sequence. In this paper, however, we are mostly interested in
connections between the Z/2-equivariant Adams spectral sequence and the Real Adams—Novikov
spectral sequence. For this reason, we use a somewhat different approach.

First of all, the reader should be warned of the ambiguity of the term Z/2-equivariant Steenrod
algebra. First note that there are several sets of “coeflicients” around. Consider the fixed Eilen-
berg—MacLane spectrum HZ/2,,;, indexed over the trivial universe. Let i: R* — % be the inclusion
from the trivial to the complete universe. We put

H=HZ/2 =i (HZ/2,).
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For any Z/2-equivariant spectrum indexed over the complete universe, we have the Tate
diagram

EZ/2, NE E EZI2 A E

(6.1)

—~—~

EZ/24 N F(EZ/24,E) —= F(EZ/24,E) — EZ/2 A F(EZ/2,,E)=E

(see [19], and also Section 2 above). In (6.1), coefficient groups associated with terms of the lower
row are usually decorated by the letters fic,t, in this order — see [19]. In accordance with that
notation, let

HS = F(EZ)2, ,H)y =Z)2[c,6 " *,d],
\ = (F(EZ/2+ ,H) AEZ])y = Z/2[0.0 ™ ,a,a™ 1],
HY, = (EZ/2, AH), = Hy/H = Z)2[o,0 " a™ '],
H, = Z2[al®HY)o 1 .Z)2[a" ] = Z)2[a]®Z/2[6,6 ", a" ]/o = .Z/2[a'],
HE = (H AEZ]D), = Z/2[a,a" ],

The reader is encouraged to draw pictures to visualize these coefficient groups. Here also the
superscript g stands for geometric. In the above calculations, dim(a) = — «, dim(g) = o — 1 (which
agrees with the way we used these symbols before). Additionally, the map a is defined by the
standard cofibre sequence

72, —»S°S s
The above calculations are done using the Tate diagram, the Adams isomorphism and the splitting
of HZ/2 (see [31]). Concretely, the splitting means that the canonical map

HZ/2Z/2 g HZ/2{8}

has a left inverse in the derived ( = stable) category of spectra. The Adams isomorphism in this case
simply asserts that

F(Z¥EZ/2,,HY”? ~ F(BZ/2"", H,,),
(ZEZ/2, A HY?> ~ BZ/2" A Hy,

where y; is the canonical one-dimensional real line bundle on BZ/2, and the superscript denotes
Thom space.

All of the above coefficient systems are rings (with structure induced by commutative ring
structure on the corresponding spectra), except H%. The ring structure of H, is not immediately
obvious, but can be calculated from dimensional considerations: Z/2[a] is a subring of H, over
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which H, is a module in the standard way (multiplication by a). The product of two elements of
H', is 0, since these elements are both a-torsion and a-divisible (see also Proposition 6.2 below).

Now even ignoring the ‘geometric and Tate’ cases, there are at least three natural versions of the
Steenrod algebra:

A* = (H A H)*s
S = (F(EZ/2.,H) A F(EZ)2, , H))s,
A = (F(EZ)24,H A H)),.

Note that there are still other possible versions of the equivariant Eilenberg-MacLane spectrum
and the Z/2-equivariant Steenrod algebra. Most interestingly, one can consider the ‘honest’
Z/2-equivariant Filenberg-MacLane spectrum HZ/2, associated with the constant Mackey
functor Z/2. We shall also consider the HZ/2,,-based Steenrod algebra,

*x = (HZ/2m A HZ/zm)*
This is the ‘honest’ Z/2-equivariant Steenrod algebra. We will show that this algebra has some
remarkable properties, which make it, in some sense, analogous to the Steenrod algebra 4,, for
p > 2 [41]. We will begin by calculating the RO(G)-graded coeficients of HZ/2,,.
Proposition 6.2.

Hiv/f k=0,
(HZ 2400 = {Hivrn i k< —1, (6.3)
0 ifk=—1

An analogous statement holds with 7 /2 replaced by 7 throughout. The ring structure on (6.3) is given as
follows:

Hi s ra®@Hi 10 = Hi v+ 040y
(k, k" = 0) coincides with the multiplication on HY,
His ro®Hip g = Hisio 1040
(k < 0 < k') coincides with the Hs%-module structure on H'., and the multiplicative structure on
Hi/o®Hj 4 1
is 0.
Remark. In particular, it follows that most (de)suspensions of HZ/2,,, HZ,, by non-trivial repres-
entations are not equivariant Eilenberg-MacLane spectra associated with Mackey functors.
Proof. We already know that HZ/2,, is split and that
HZ7/2,— F(EZ/2,,HZ/2,) ~ F(EZ/2,,HZ/2) (6.4)
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induces an isomorphism on non-equivariant coefficients. But (6.4), of course, does not induce an
isomorphism on Z/2-equivariant (untwisted) coefficients. In fact,

(HZ/2,);* = Z)2,

(6.5)
(F(EZ)2,,HZ/2)%? = H*BZ/2, = 7/2[x],

where dim(x) = — 1 (x = oa). Next, consider the cofibre sequence
q
HZ)2, — F(EZ/2,.,HZ/2) > E.

Then E, ~ %, and hence a:E — 2°E is an equivalence. Thus, by (6.5),
E, = xZ/2[x,a,a"'].

Now the fact that we know ¢ on homotopy groups in twist 0 together with the Z/2[a]-module
structure and dimensional considerations gives our statement. The case of HZ is handled analog-
ously.

To compute the ring structure, the assertions about H$ ® H§ and HY ® H$ follow from compari-
sons with the respective coefficient modules. To get the multiplication on HY ® HY, note that an
element xe H} | ,,, k,/ > 0 is both a-divisible and a-torsion. Thus, any product of such elements
satisfies

Xy = <%>(yaN),

whichis O for N > 0. O

Proposition 6.6. Additively, (as Hy-modules), we have
Ax=H,[& i > 1]@JQHL[& i = 1],

where J is the augmentation ideal of the exterior algebra on generators (;, i =0,1,2, ..., where
{; has dimension 2:*! — 1, and ¢&; are generators of dimension (2° — 1)(1 + «).

Proof. We will use the standard approach of smashing with the cofibration
EZ/2, - S° —>EZ\/_§

and taking fixed points. We obtain a long exact sequence
1 [
i A*®H~fk_)‘4*_"4*[aaa_1]_)

So we are done if we can identify the connecting map o. To this end, recall the map

H*BP[R i H*H = A*.
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Since H is Real-oriented, we have
H,BPR = H,®Z7Z/2[&], dim(&) = (2" — 1)(1 + ).
In particular, A, contains the subalgebra
Z2[&i =11, (6.7)

which, moreover, survives injectively if we forget the Z/2-equivariant structure. Consequently, by
the long exact sequence associated with smashing with the cofibration

Z/2, —S° -8,

the elements (6.7) cannot be multiples of a. Note that Z/2[a,a”*][&;|i = 1] maps injectively into
A,la,a™'], since Z/2[&;]i > 1] maps injectively into A4,. Thus, we may write

Z/2[a][&;] < Ker(9). (6.8)
But now by a count of dimensions of graded Z/2[a,a”']-modules,

a 'Z2[a][&)i= 1] = A [a,a” ']
However, given the fact that the elements (6.7) are not divisible by q, this is only possible if equality

arises in (6.8). [

Computing A} is more difficult and will be postponed until later. We will first compute A%
When computing A4S, it will turn out appropriate to work in the category .# of bigraded
Z/2[ a]-modules complete with respect to the topology associated with the principal ideal (a), and
continuous homomorphisms. Here, the degrees will be written in the form k + Za, the degree of a is
— o. The condition that M is complete means that

M = lim M/(d"),

where the limit is taken in the category of graded Z/2[ a]-modules. Note that .# is not an abelian
category. The point is that a continuous inclusion in .# may not be closed, and if it is not, it cannot
be a kernel.

For example, let M be the (a)-completion of the free graded Z/2[a]-module with
basis {x,Xs, ... } where dim x; = ko, and let N be the free Z/2[a]-module with basis {y;,y,,...}
where dimy, =0. Then N is complete (in the graded sense), and we have a continuous
homomorphism

N->M (6.9)
given by
Yi— Xkak.

But the map (6.9) is not closed.
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On the other hand, ./ is a reflexive subcategory of the category .#, of bigraded Z/2[ a]-modules,
which means that the inclusion

%—)%o

has a right adjoint. This is, of course, the completion functor
M — lim M /(d").

Therefore, .4 has all limits and colimits where limits are the same as in .#,, and colimits are
obtained by applying colimits in .# , followed by completion. Similarly, there is a tensor product in
/ which is the completion of the product ® in .#,.

We shall abuse notation slightly by denoting the colimit-type constructions in .# (including the
tensor product) by the same symbols as in .#,, omitting the reflection ( = completion) from the
notation. (There is certainly precedent for that in reflexive subcategories: for example, the wedge
sum of two spectra X and Y is denoted by X v Y, not L(X v Y), where “ v ” denotes the wedge sum
of prespectra.)

We can define rings and modules in .#, and the tensor product over a ring in .#. We can talk
about Hopf algebroids (4, I') in .4, and their cohomology. This, by definition, is the (co)homology
of the standard cobar complex, where the tensor products are in the category of A-modules in the
category .#. Note that various results of homological algebra which use explicit cosimplicial maps
and homotopies will remain in effect. In the sequel, we will assume we are in ., unless the opposite
is specified explicitly.

Now while neither of the spectra H, F(EZ/2 .., H)is flat, it turns out that A3 is flat over HS in the
category /. This endows (H%, AY) with a structure of a Hopf algebroid in the category of
(a)-complete Z/2[a]-modules.

Theorem 6.10. The ./ -Hopf algebroid
(Hx, A%)

(which we call the complete 7/2-Borel cohomology Steenrod algebra) is given by the following
formulas:

S =722[a][e,07'],dma= —a,dimo=0—1,
©=Hi[Gli= 1], dim {=2"— 1,
S(Ci) = 05 l> 15

WG = Y EeL (=1,

0<j<i

nr(e) = o2,

i=z0

ng(a) = a.
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Proof. The formulas follow from the Borel cohomology spectral sequence, from the embedding to
the corresponding Tate cohomologies

EZPAEZ)2, ,HZ/2))x = Z)2[a,a” 10,07 "],
EZ2(EZ/2. , HZ/2 A HZ/)x = A [a,a” 10,07 '],
and from identifying the corresponding geometric theories
EZ]2AHZ/2x = 7/2[a,a” "],
EZRAHZ2 AHZ)2), = A [a,a ']
To identify ng, note that this is equivalent to studying the Steenrod coaction on
% = H3S°,

where H® is the Borel cohomology spectrum. Considering, for the moment, honest fixed points as
opposed to Borel cohomology, the Adams isomorphism together with the splitting of S° shows that
the equivariant Steenrod coaction on H,S° is compatible with the non-equivariant Steenrod
coaction on H,BZ/2. Thus, the element

r = 1g(0)
satisfies
Yr) =Y L.

This implies our formula for ng(c). O

Proof of Lemma 3.39. Consider again
A* = F(EZ/2. NHZ/2,HZ/2)4
and
$=F(EZ2.,HZ/2AHZ/2),.
It can be shown by the above methods that the obvious maps of spectra induce a perfect pairing
A*Q@AE - F(EZ)2,,HZ)2).
Given that, the statement of the lemma follows from Theorem 6.10. More specifically,
e; = (oa).

Now in Theorem 6.10, we have the formula

nr(o) = Y a2 (a® 1,

i=z0
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which implies

nr(oa) = Y. (0a)*¢;,
iZ0

which implies

nrle) = < Z eszj> l-

j=0

Thus,

nr(eita) = ’7R(ei)< Z eszj> = nrle;) Z ez"z"“(Cj)zm-

j=0 jz0

We conclude that the statement of the lemma holds for every Z/2-equivariant cohomology
operation (in the above sense) in (non-equivariant) dimension < 2"*!, [

The following result is not directly applied in the present paper:

Theorem 6.11 (Restatement of Greenlees [16-18]). There is a convergent spectral sequence

Ext g(HS., H) = 15/2(S%)5. (6.12)

Comment. The map of Hopf algebroids

(Z/2,A,) - (Hx, AY)
gives a ring change isomorphism

Ext o5(HS, HS) = Ext, (Z/2, HS). (6.13)
Here by E/x\tA*(Z/2,M) we mean the cohomology of

lim C(Z/2, A,., M/(a)").

(This is the dual formulation of a theorem of Greenlees [17, Lemma 5.2]). Now in twist 0, the right
hand side of (6.13) is

Ext, (Z/2, H*BZ)2) (6.14)

(we mean unreduced cohomology). In (6.14), we mean the cohomology of

lim C(Z/2, A, H*RP").
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Note that if we replace H¥*BZ/2 by H,BZ/2 on the right-hand side of (6.14), we obtain the E,-term
of the non-equivariant Adams spectral sequence for X*°BZ/2.. However, (6.14) is only slightly
different. We refer to the results of Lin et al. [33].

In their notation, H*BZ/2 = Z/2[x], H*(Z/2,Z/2) = Z/2[x,x '] = :P. Now we have a short
exact sequence

0— H*BZ/2> P~ XH,BZ/2—0 (6.15)

(here we index dimensions homologically, to stay consistent with the rest of this paper). From
(6.15), we get a long exact sequence

— Extl, (Z/2, H*BZ/2) > Extiy (Z/2,P) -
— Exty (Z/2,XH BZ/?2) A Exty '(Z/2, H*BZ/2) — ---. (6.16)
In (6.16), similar comments as in (6.14),(6.15) apply. Additionally, by Ext} (Z/2, P), we mean the

cohomology of

lizn liln C(Z/2,A,,,H*RP,),

m n

where RP™,, = X~ "™S((m + n + 1)a)1 A 7/2S° is the stunted projective space. This may look formi-

dable, but (6.16) is actually isomorphic to the ordinary long exact sequence of Ext groups of

A* where the second argument of the Ext groups is Z/2, and the first argument is the dual of (6.14).
Now identifying Z/2 = H*(S°), we obtain a diagram

H'BZ/2—%—»p
\ qu
Z/2.

One of the main results of Lin et al. [33] asserts that
¢, Ext, (Z/2,7/2) > Ext, (Z/2,P).

Consequently, in (6.16), u,, is a split injection, and (6.16) gives an isomorphism
Ext) (Z/2,H*BZ/2)~Ext} (Z/2,7/2)®Ext)_ (Z/2,H,BZ)2).

Calculations further developing this theory can be found in [21].
On the other hand, the E,-term (6.12) is related to the non-equivariant Adams E,-term in various
interesting ways. For example, we have maps of Hopf algebroids

(Z2/)2,A,) = (Hs, A%) i (Z)2[6,07"],ALo,071]), (6.17)
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where on the right-hand side, ¢ is primitive. Here s is reduction modulo (a). Now by (6.17), passing
to Ext’s, we see that the non-equivariant Adams E,-term is a direct summand of the equivariant
Adams E,-term.

In fact, Ext(y) is the edge homomorphism of the spectral sequence converging to Ext ,(Hy, Hy),
associated with the decreasing filtration on (H%, A%Y) by powers of (a). This spectral sequence has
the form

Ext,(2/2,2/2)[0,0~ ", a] = Ext(HS, HS).
Thus, we see that every non-trivial element of the Z/2-equivariant Adams E,-term gives rise to
a non-trivial element in the non-equivariant Adams E,-term.
For any Z/2-equivariant spectrum X, put Hx X = F(EZ/2. ,HZ/2 A X)y, HYX = (HZ/2,y A X)x,
HyX = F(X,HZ/2,)— «
Theorem 6.18. We have
HEBPR = H[Eli > 1], HYBPR = H,[&li > 1], dim& = (2" — 1)(1 + ).
The map
HEBPR - AY
induced by the characteristic class

BPR — HZ/2

sends ; to elements given by the recursion

1 i2—1 éi—l)
i = ot + ia+ i1 | l> 1 619
‘=g <nR<a) Gat (6.19)

Proof. All of the statements follow from the existence of Real orientations, except for the identifica-
tion of &;. To calculate these elements, recall the way one calculates the generators of P, = H, BP/,;:
one looks at the complex orientation

be H>CP~.

Then we have the formula

Y(b) =Y b*®¢. (6.20)
i=z0

The same formula holds in the Real situation, if we let b denote the Real orientation

be(HZ/2,)! **BS".
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The problem is to identify the element b. To this end, consider the map
BZ/2. — BS}.
In Borel cohomology, this induces the map
F(EZ)2, ABS ,HZ7/2) - F(EZ/2, ABZ/2,,HZ)2)
or, on coefficients,
w[b]— Hi[r],
where re H(BZ/2 ). Now
(H3[r])-1-o = Z/2{ca*,ra,r*c"'}.
We claim that
b—ra +r*c” . (6.21)

First of all, the sa? summand comes from the cohomology of S°, which is a wedge summand of
BZ/2 . as well as BS}. Thus, this summand can be eliminated by different choice of b, r. Now to
detect the r?¢~'-summand, map to

F(Z/)2, ABZJ2,,HZ)2).
Thus, we have shown that
bera+r*c” !, &e{0,1}.
We have already seen that
Yir) = Yr* ek,
and thus (6.20), (6.21) give
Y(era + 26 )2 ®¢ = ead (P ®L) + nr(o)” ¥ @2

Comparing coefficients at equal powers of r, we see that ¢ = 0 leads to contradiction, while ¢ = 1
gives the recursion (6.19). O

Now put P, = Z/2[¢|i = 1]. Then P, is a Z/2-Hopf algebra with

Y e
0<j<i
(Note that this identity follows from (6.20) in the preceding proof.) Similarly, (Z/2[a], Px[a]) is
a Z/2[a]-Hopf algebra. From now on, we shall write o = ng(g). Next, we introduce elements
7; analogous to elements arising for p > 2.
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Theorem 6.22. There exist elements t,€ A} of dimension 2' + (2' — 1) satisfying the following
relations:

Y() = @1 + Y &0, (6.23)
J
Further, 1;€ AY satisfy the following relations:
1 i1
T = F(Tiﬂo'_z +Go™Y) fori>0,
1
To =5(971 +ao7 1. (6.24)

Proof. By Lemma 2.3, (HZ,,), ., = BS'. Now 2:HZ,,— HZ,, is, on (HZ,,) + ,, represented by the
map

BS' L Bs! (6.25)
representing the squaring of real line bundles. Denote by B'Z/2 the homotopy fibre
BZ/2 - BS'> BS!. (6.26)

(Caution: Note that B'Z/2 is not homotopically equivalent to BZ/2.) Now consider again the Real
orientation
be(HZ,)' **BS!
and its image
b'e(HZ,) **B'Z)2.
Then b is represented by
Id: BS' —» BS'.
The element b’ is represented by the inclusion
B'Z/2 < BS'.
Because the composition (6.26) is trivial, we have

2b' =0,

and hence b’ must be in the target of the Bockstein, i.e. the connecting map associated with the
cofibration

HZ, > HZ, — HZ)2,
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Let
b =pc, ce(HZ/)2,)*B'Z)2.

Lemma 6.27. HyB'Z)2 is a free H}-module with basis ¢“(b')’, e€{0,1}, i > 0.

Proof. The fibration (6.26) gives rise to a cofibration
B'7/2, - BS} — (BS)", (6.28)

where the right-hand term is the Thom space of the tensor square of the canonical line bundle. The
long exact sequence associated with the cofibration (6.28) by applying H}; is the Gysin sequence.
Now HX(BS')" is a free module over H(BS') because 72 is a real bundle. The generator of this free
module maps to ¢ by the connecting map. The statement follows. [

Now consider ¢ as an element in Borel cohomology. Then, analogously as in the non-equivariant
p > 2 case,

W) =c®1 + Y b?®1,
i=0

and the identity (6.23) is deduced from co-associativity in the standard way.
To deduce (6.24), we must compare the element ¢ with the element r in Borel cohomology.
Analogously as in the preceding proof, we see that

c=a+ro L.

Plugging into the comodule structure formulas for r and ¢, we obtain
Y(e) = Y(ar +r*e " Y@t + Y(a +re Hel
=a®1 + ) (@)
=Y(a) + Y(ra ™).

(Actually, it is possible to add a to c: the same conclusion is obtained: the important formula is
¢ =b'c™! + ca) Comparing coefficients at r*, we obtain for i = 0

1 1

ato +o0 =90 °,
and for i >0

2 _ it -1

a‘ti+0 " 1, =0o 7,

as claimed. O

Proposition 6.29. There is an extension of . -Hopf algebroids of the form
(Z)2[a], Py[al) —» (H5, AS) = (H5, A), (6.30)
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where
A = H5[7 /(77 = 134 10), (6.31)
Y() = 1u®1 + 1®1, (6.32)
ne(@)" '+ 07" = 104, (6.33)
&) = 0. (6.34)

Moreover, (6.33) holds in Ay.

Proof. First of all, (6.33) is (6.24) of the previous theorem, and (6.32) is (6.23) of the previous
theorem. (6.34) is obvious.
To prove (6.31), we first note that by (6.19), we have in A

1
{(f-1=00a fori>1, C1=5(071+Qil)=70- (6.35)

Note that (6.19) for i = 1 says
Gia*=la+o '+l
Now we prove
=1, a (6.36)

by induction on i. Suppose the formula (6.36) is valid for i — 1. Then, by (6.24) and (6.35), for i > 2
we have

1 o _ 1 e _
7 =?(Ti2—10' >+ o7 =T(Tiao' 2+ (10 a) = 14,0
a a

For i =1, by (6.24) and (6.35),

1 B B 1 B _ 1 _ _
T1a=a(ToO' "+ (o 1)=551(0' "+o 1)=;(‘7 "+o7 ) =13 0

Next, we have
Proposition 6.37. In Ay,

2 _ -1
T =Ti1a+ 10 .

Proof. Induction on i. First consider the case i = 0. By (6.19), we have

1 _ _
61:?(9 "+ la+oh),
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SO

Lia=o0 Y+ o7 4 Ea’ (6.38)

Now by (6.24),

1 _ _
T1G=E(T00' "+ lo™h

1 B _
= ;(aroa Y+alio™h)
1 -1 -1 -1 24 —1
—;(aroc +(@ " +o + &)oY
1 -1 2 -1
:;(afoa + (ato + 1a%)o ™)
L5, 2, -1 2 —1
=?(afo+f1aQ )=15+ 0,

as claimed. Now assume the statement is true with i replaced by i — 1. Then, by (6.19) (applied with
i replaced by i + 1),

(o ' =CGa+&o P +a¥ Gy (6.39)
Now compute, using (6.24) and (6.39),
2

1 o _
Ti ZT(T?—N >+ o7
a

1 _ i _ i i1 _
:F(Tizﬂo' P4 lpa0  +GoT o +ad? 07

1 i i
= (by the induction hypothesis) ?(riaa_z + &0 Yo + (a0t
a
+&o Yo +a? 0T
= (by (6.24))

~1
=Ti11a+ &0,

as claimed. O
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Corollary 6.40. The 7/2-equivariant Steenrod algebra ./ -Hopf algebroid can be completely described
as follows:

$= 7200 0,0 La T GG Wl o),
nr(o) =0,
W(E) = Y8,
W(Ti)22531j®fj+ri®1. O

We are now ready to describe the Mackey Steenrod algebra.

Theorem 6.41. (a) We have

% =Hy, 1,0 Tea=0 ' +o P =1 a+ &0 (6.42)

The comultiplication is given by the same formula as in Ay, and

ne(e™ ) =0 1.
Denote by 0 the composition

0:HY - XHS —» XHY
the connecting map, so that

oc*a’ =0 iff £ =0 o0r k<0, (6.43)
then

nr(0c*a’) = d((c ™" + toa) *d’) (6.44)

for k>0, £ <O0. Here the sum on the right-hand side of (6.44) is finite by (6.43).
(b) We have an extension of Hopf algebroids

(Z/Z[a]’P*[a]) - (H$>A11) _)( ﬁaAm)’
where
A™ = T[Ti:Qfl]/(Toa =0 ' + Q71:T§ = T;414)

with t; primitive.
Corollary 6.45. H,, is a flat spectrum, i.e. H,xH,, is a flat (in fact, free) H,,«-module.

Remark. This corresponds to a result of Voevodsky [53] asserting that the motivic cohomology

k-spectrum is a flat k-spectrum. See also remarks after the proof of Lemma 2.3 and after the proof of
Corollary 6.47 below.
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Proof. (a) The elements &;,r; have been constructed in (6.18) and (6.22) above. However, the
relations between them were only verified in A%, But the relations are determined by the relation
between ¢~ 'V, ca, ¢ e H),"%B'Z/2). In fact, the relation is

6~ b + ca = c* (6.46)
(For the indexing sign, recall that HL**(X) = [X,2***HZ/2,,].) We conclude that
H2HB'Z)2)~ H*(BZ/2)~Z/2{¢™ V', ca,c?).

Thus, (6.46) is valid in H}*%B'Z/2), and this implies the relations stated in (a). This gives a map
¢ from the right-hand side of (6.42) to the left-hand side. We must now show that this map is an
isomorphism. To this end, denote the right-hand side of (6.42) by R. Put also

Ag" = (EZ2 A HZ )2, A HZ)2,))s,
R/ = R®; HY,

and
R =720 Yo ',a,a 1 ¢&].

Consider the following diagram:

i

—»Rf J = R¢ d ‘ZRf* -

AN

- A7 -AY —— 347

Here the map i is induced by the natural map H4 — HY, j is the localization by inverting a. The
bottom sequence is the top line of the Tate diagram for HZ/2,, A HZ/2,,. The vertical map u is the
Kiinneth map using the fact that HZ/2, = EZ/2, AHZ/2,, is an HZ/2,-module. The map v is
obtained from u by inverting a. But then v is an isomorphism by the formula

®”(E A F) = ¢“E A &72F.

Now u is an isomorphism because both the source and target are additively direct sums of copies of
HY over basis elements &gty where R = (rq,7,,...) (resp. E = (¢1,¢5,...)) is a sequence of non-
negative integers (resp. 0’s and 1’s) with only finitely many non-zero entries. Thus, because u and
v are isomorphisms, the connecting map ¢ is determined. By definition, the diagram commutes.
Thus, ¢ is iso by the 5-lemma.

To prove (b), the first map is an inclusion of Hopf algebroids similarly as in Proposition (6.29).
The algebra A™ is calculated by the standard Hopf algebroid formulas. [l

We now have the following amusing result: in Z/2-equivariant spectra, the honest Eilenberg-
MacLane spectrum is flat, and defines an honest Adams spectral sequence, which converges
analogously as its non-equivariant analogue!
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Corollary 6.47. For a finite 7/2-spectrum X, there is a convergent Adams-type spectral sequence

Ext (Hx, H3X) = (132 X)3 .

Proof. Form the HZ/2,-based Adams resolution

"= X2 Xy = X =X
The identification of the E,-term follows because HZ/2,, is flat. To prove convergence, we must
show that

Because homotopy limit commutes with cofibrations, it suffices to consider two cases:
X=17)2,. (6.48)

In this case, because we are using Mackey (co)homology, the statement reduces to the convergence
of the non-equivariant Adams spectral sequence.

X =S°. (6.49)

In that case, we use the fact that fixed points and forgetting of Z/2-equivariant structure commute
with homotopy inverse limits. Thus, it suffices to show that

holim Xj* = =
and
hOllm (X(l)){e} = 3k,

The second fact follows again from the convergence of the non-equivariant Adams spectral
sequence. The first statement uses the fact that Z-graded homotopy groups of a bounded below
Z/2-equivariant spectrum are bounded below. Thus, the proof can be done step-by-step analog-
ously as the proof of the convergence of the non-equivariant Adams spectral sequence. [

Remark. As we pointed out in the Introduction, there is a close connection of the above results
with the work of Voevodsky [53] on the (dual of the) motivic Steenrod algebra
ANt = (Hyo A Hyol)w (see the Remark after Lemma 2.3) at the prime / = 2. (In algebraic geometry,
it is customary to call this prime 7, as p is usually reserved for the characteristic; we shall assume
that the characteristic is 0.)

Voevodsky’s main theorem on AY°' is identical to formula (6.42), if we replace H} by HY°'
(Because our work was independent of Voevodsky’s, our notations are different. Our ‘c ™', a, 1;, &
correspond to Voevodsky’s ‘t,p,t;, &) Also, A¥' is a Hopf algebroid and the formula
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nr(c~ 1) = 67! 4 1oa remains in effect. However, in the motivic situation, an analogue of formula
(6.44) does not arise, since the motivic cohomology algebra in that range is 0. We have [25]

HYSy = H P 4(Spec(k); 2/2) = H™?~(Spec(k); 2/2( — q)) = CH ™ %(Spec(k), p — q; Z/2).

Thus, by Voevodsky’s confirmation of the Bloch-Kato conjecture [50-52], the observation of
Suslin-Voevodsky that the Bloch-Kato conjecture implies the Beilinson-Lichtenbaum conjecture
[49], the fact that motivic cohomology groups are Chow groups [54], and periodicity of étale
cohomology, we have

Mot
Hk+/oc -

~ {K{‘k_/(k)/z ifk>0k+¢<0,

0 else,

where K(k) denotes Milnor K-theory, ie. the tensor algebra on k* modulo the relations
x®(1 — x) for xek — {0,1}.

We will show what translations have to be made in our arguments to obtain the motivic
analogues of the elements 1;, £;, and the relations between them. For the proof that the resulting
algebra is isomorphic to the motivic Steenrod algebra, we refer the reader to [53].

First of all, the motivic analogue of S! is G,, = Spec(k[x, x~']), the multiplicative group over
Spec(k). Some attention must be given to the classifying spaces: Corresponding to the Z/2-
equivariant BS!, there seems to be only one reasonable classifying space of G,,: this is the bar
construction BG,,. This, in Voevodsky’s category of k-spaces, is equivalent to

lim G,* - *G,/G, = lim A" — {0}/G,, ~ P*,

n— oo n— o0

where * denotes the join. For Z/2 = u, = G,, however, Voevodsky points out that we must
distinguish between the bar construction BZ/2 and

B.Z/2 = lim A" — {0}/Z/2.

Since B.Z/2, B,,G,, = BG,, represent étale cohomology with coefficients in Z/2, G,,, we see that the
canonical diagram

B.Z)2 - BG, 25 BG,,
is a fibration sequence. Recalling that for k = R the functor ¢ is the Z/2-equivariant realization of
k-spaces, we conclude that

t(B.Z/2) = B'Z)2

(compare (6.26)). Now our construction of the classes ¢, b’ has a direct motivic analogue, and there
follows a construction of the motivic &, 7;. The coproduct formulas for these elements are deduced
in a formal way.
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Also, the motivic analogue of Borel cohomology is étale cohomology, and there is, correspond-
ingly, a ‘completion’ map

HYo X — HXX.

Analogues of the classes {; in the appropriate étale cohomology Steenrod algebra can also be
constructed. This does not mean, however, that all our Z/2-equivariant calculations could be
automatically carried over to the motivic case. In the Z/2-equivariant calculations, we made
extensive use of the Tate diagram (6.1). While one can construct various analogues of this diagram
in the motivic case, none of them seems to immediately give such a decisive calculational tool.

Back to the motivic Steenrod algebra, to establish the multiplicative relations between the &;’s
and 1;’s, we must first define a. We claim that this is

[ — 1Te Ky (k)/2.

Recalling the proofs of Theorems 6.18, 6.22 and Propositions 6.29, 6.37, the crucial formula we
must prove in the motivic case is

c=bo" ! +ca. (6.50)

(This also gives the right unit formula; see the last lines of the proof of Theorem 6.22.)

To prove (6.50), similarly to the Z/2-equivariant case, it suffices to work in étale cohomology
(since it coincides with motivic cohomology in the relevant dimensions [52,49]). For various
background facts on étale cohomology, we refer the reader to [40]. In particular, since étale
cohomology is ¢~ '-periodic, we can choose re HY (:= H*(Spec(k))) such that

c=a T
To prove (6.50), it then suffices to prove
r’c” ! =b +ra. (6.51)

Thus, comparing with étale cohomology of the algebraic closure (singular cohomology if k < C),
(6.51) can be detected by restricting via the composition

S' - BZ/2 - BG,, (6.52)

where the left-hand side of (6.51) goes away (since the product of reduced cohomology classes is 0 in
a suspension of a space).

Thus, it suffices to show that in HX(S?), b’ restricts to ra. Here in étale cohomology of S, r is
simply the fundamental class.

But because we are working in étale cohomology, we can use the bar construction classifying
space BZ/2 (not B.Z/2) in (6.52). By analyzing the bar construction, we see that the composition
(6.52) factors as

Sl—>[FD1—>[FDOO,
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where the second map is the canonical inclusion, and the first map is suspension of the inclusion
which takes the non-base point to — 1. This is, by definition, a.

7. The Real algebraic Novikov spectral sequence

We begin by clarifying the multiplicative structure of BPR,, i.e. concluding the proof of Theorem
4.11 by proving A = 0 (see the Remark after its statement). First of all, by considering the usual
cobar resolution by cofibrations

Dy, = BPR, E,=D,AHZ)2, D,—E,—>D,;,
we obtain a Z/2-equivariant Adams spectral sequence

Exts, . 45)(H%, HiBPR) = 1, BPR. (7.1)
Now Proposition 6.29 and Theorem 6.18 imply

AL O, HY = He BPR, Cotor; %Ay, HS) = 0.
Thus, the left-hand side of (7.1) is equal to

Extgs, a(Hs, Hy). (7.2)

Note that (7.2), as the Ext of a Hopf algebroid, is a commutative algebra. Furthermore, by filtering
A through powers of (a), we obtain a spectral sequence converging to (7.2), which has the same
differentials as the Borel cohomology spectral sequence of BPR,: this is equivalent to the fact that
all the differentials of the Borel cohomology spectral sequence are given by primary cohomological
operations. By this discussion, the spectral sequence (7.1) collapses, and we have

Exts  1(H%, H¥) = EoBPR,, (7.3)

for some decreasing filtration on BPR,. Consequently, we can denote the generators of (7.2) by
v, ,€ Ext!.

Theorem 7.4. The error term A in the formula (4.12) is 0.
The proof of this theorem is contained in Propositions 7.5 and 7.7 below.

Proposition 7.5. The error term A in the relation
Un 2" Um, k = UnUm(k+7) + 4, (76)

in (4.12) is identical to the error term in the same relation in the associated graded object (7.2), if we
give the generators the same names. (In other words, as a ring, BPR, is isomorphic to (7.2).)
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Comment. Note that (7.2) is not isomorphic to BPR,, since we have the extension 2 = v,. On the
other hand, the error terms A of (7.6) are multiples of a, which annihilates 2.

Proof. Let, in (7.2)
Un.r2m U, k = UnUmk+0) + A"
Thus, we have shown that
A—A
is a sum of monomials
Ay, 4y e On s,

with n; > m (as both 4,4" are). On the other hand, by the definition of the Adams spectral sequence,
A — A" must be of Adams degree ( = Ext degree) > 3. But for a non-zero monomial

X = a'y, U, /U, sy, Minn; >m,
we have

1(x) > t(Un 27 O, i)-
Hence,

A—A"=0,

as claimed. [
Proposition7.7. The error term A in Proposition 7.5 is 0.

Proof. By Theorem 7.5, it suffices to prove the result in
Ext(HS, HS) = EoBPR,,.

It is advantageous to consider only the elements ¢ =2 'v,, [ > 0, i.e. to look at the Hopf algebroid
(Hy ,A7), where

Hy =Z)2[c"'a], A~ =H[n]i>0]/17 =114

The structure formulas are the same as in (H%,4). We claim that if the statement of Theorem 7.7
is true for Ext,-(Hy , Hy ), then it is true for Ext,(H$, H%), and hence BPR,. The reason is that for
m > 0, if we reduce modulo products of ¢'*" v, with n > m only (i.e. products not containing ¢ v,
for n < m), then the formula in BPR, can be verified in

F(S((2™ — 1)2), BPRy) (7.8)
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(see Comment after Theorem 4.11). But there is some N > 0, such that ¢ exists as a self-map
S(2™ — D) = S((2™ — 1w).

Therefore, a structure formula in (7.8) can be multiplied by powers of ¢ ™", to ensure that it only
involves elements ¢'%" v, with [ < 0.

Now ¢~ 2" v, is represented by the element
do_*(21+ 1)2" B B B
a2n+1_1 ECI(H* )A :H*)'
Now
C(Hy, A" ,Hy) (7.9)

is an algebra. In fact, it is identified with the tensor algebra on A~ over H4. Let I be the right
differential graded ideal in (7.9) generated by ¢~ 1, i.e.

I=("")"CHyx,A",Hy)+d(c™ ") C(Hyx , A", Hy).
Let
¢:C(Hy A", Hy) > C(Hy A~ ,Hy)/I

be the reduction map. Note that the right-hand side is not an algebra.
Lemma 7.10. ¢ induces an isomorphism on cohomology.

Proof. Each element of I is a sum of elements of the form ¢ " '®x and d(¢ "’®y), where i,j > 1, and
X,y € Tyaa(a,7:)/t7 = Ti+1a, where T denotes the tensor algebra. This is to say that x,y are
elements of C(Hy , A~ , Hy), containing no powers of ¢~ 1. Note that

do ) =07+p =07+ ("" + 100).

So de7'®y)=de '®y + 6 '/®d” has a term that is (toa)’®y. Therefore, the elements
¢ '®x,d(c "/®y) are linearly independent over Z/2[a]. In particular,

de'®y) #0

for y # 0.
Each element z of I can be written uniquely as

t

77r@x,) + ), dloT ®y)

s=1

IIM»



392 P. Hu, I. Kriz | Topology 40 (2001) 317-399

where i; < --- <1, j; < --- <j,. Hence,

k
dz=) d(c™"®x,)

r=1

k
=Y (do7"®x, + 6~ "®dx,).

r=1

do " *®x, has the term (toa)*, so if dz = 0, then we must have that x, = 0 for all r. So for all z such
that dz =0,

t

z=) dle®y)

s=1

t
= d< Z O-js®ys>a
s=1
i.e. I is acyclic. Hence, ¢ induces an isomorphism in cohomology. [

To finish the proof of Theorem 7.7, we can consider ¢ ~'*" v, € H' M. One can show by induction
on n that (toa)® = 1,a* ~, and so

dg— @12 — g-@rn2 | p—(21+1)2"
— @ +(0—1 + Toa)(zzﬂ)z"

_ + n _ n n+l __ +
=0 (21+1)2 +(O' 2 +Tna2 1)21 1

21+1 o
— Z (21;1)0_—(21+1—k)2 (Tnal —l)k.
k=1
So ¢~ '%""'y, is represented by
21+1 .
Z (21;1)0—(21+1—k)2 T;c(az —l)k—l'
k=1

The only term in this not containing a power of ¢~ ! is

(,L.Oa)(ZIJr 1)2"

21+ 1(612"*1 - 1)21
2"tt—1
a

Ti

_gAn+1 L Amt1 .
Thus, for n < m, (¢~ v, e~ "**" v,,) is represented by

(21+1)2"  2u+1

(Toa) : ® Z (Zulj—1)0_—(2u+1—k)2"‘1.£c”(a2'"“—1)k—1.
k=1

ntl_
a2
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But (1oa))®x =0in M, and 2"*! —1>2"*! — 1, s0 for k > 2,
(‘an)m“)z"

_ _ m m+1_ _
- ®(2uk+ 1)6 RQu+1-—k)2 Tlfn(az l)k 1 0
a

since we can shift ¢ ~! from the right side to the left of the tensor. Hence, (¢ =2

21+ 1)2" 1+ 1)2"
(toa) ot (toa) 4 i
o] ®o " 1, = ?(U + 10a)"" Q7T
a a
n m+1
(Toa)(21+ 1)2"+u2 ®
= w1 _ Tm-
PRI

On the other hand, similarly, (¢ ~¢**2" 72"y, )v,, is represented by

_ mn n n m+1
dg—@U+u2™+1)2 (,Coa)(ZH—l)z +u2

Y Ty = e T

a

same as in (7.12). Hence

(@ 0o~ ) = (6T

393

U)o

in H¥(M) = Ext,-(Hyx ,Hy4), and 4 = 0. This concludes our proof of Proposition 7.7. [

We shall now construct the algebraic Novikov spectral sequence. First, similar to the non-

equivariant case, we consider the Adams filtration F on
(BPR,, BPR,BPR)

(i.e. the filtration arising from the spectral sequence (7.1)).

Proposition 7.13. There is an algebraic Novikov spectral sequence

El = Extp*[a](Z/2[a], E()BPR*) = EXtBPIR*BPIR(BPR*a BPR*)

Proof. Analogously as in the non-equivariant case,

Extg,gpr, spr(Eo BPRy, EoBPR,) = Extp (Z/2[a], E(BPR,). 0

Proposition 7.14. We have the following Cartan-FEilenberg spectral sequences:
E; = Extp o(Z/2[a], EoBPR,) = Ext 5 (H%, HY),

E, = Extp,14(Z/2[a], EoBPR4) = Ext 4 (H%, HY).

(7.15)

(7.16)
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Proof. (7.15) s simply the Cartan—-Eilenberg spectral sequence associated with the extensions (6.30)
and Theorem 6.41(b). [

Comment. The spectral sequences (7.15), (7.16) are actually different. Even though the E,-terms are
isomorphic, there is a filtration shift. The isomorphism

EXtA( C*,Hi);EoBPR*

has been described above. In particular, the element ¢/2" 'vg, n = min(R), has filtration degree
IR| =) r;. But, in the isomorphism

EXt/lm( T,H?)gEoBPR*,

o’?""'vg has filtration degree |R|if £ < 0 and |R| — 1if Z.0. It can be checked that this does not affect
the P,[a]-comodule structure, even though it does change the multiplicative structure.

Conjecture 7.17. The spectral sequences (7.15), (7.16) collapse to their E,-terms. Consequently, the
spectral sequence (4.23) converging to (nxS9,,)3 has a smaller E,-term than the 7 /2-equivariant Adams
spectral sequence.

While we do not know how to prove this conjecture, we would like to present some partial
evidence in its favour. To this end, we briefly analyze the non-equivariant collapse theorem at
p > 2. Consider the extension of Z/p-Hopf algebras

P, > A, 5 E,, (7.18)
where P, = Z/p[¢], A, = Z/pl&i]1®@A[1:], E,. = A[7;]. The extension (7.18) splits into a semidirect
product. This means that the inclusion i has a left inverse

JiA,—~ P,

which is a map of Hopf algebras (of course j(&;) = &;, j(t;) = 0). We claim that whenever a splitting of
this form occurs, we have an equivalence of differential graded P -comodules

C(Z)p,Ey, 2[p) = C(Py, Ay, Z]p) (7.19)

(on the left-hand side, P,, acts by the dual of conjugation, see Lemma 7.21 below). Now the other
relevant fact is that E, is Koszul. This means that there is a splitting s of the canonical inclusion
from the module of primitives to the augmentation ideal of the coalgebra E, such that the map

C(Z/p,E,.Z/p)—> C(Z|p,E,,Z/p)/1, (7.20)
where I = C(Z/p,E,,Z/p) is the differential graded ideal generated by

Ker(s)c E,, <« C(Z/p,E,..Z/p)s
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is a quasiisomorphism. In our case, s is, of course, identity on the 7;’s and 0 on their non-linear
monomials. This is a map of 4,-comodules (acting by dual conjugation), and hence (7.20) is a map
of A,-comodules. Since the differential on the right-hand side of (7.20) is trivial, we have

C(Z/p, Ay, Z[p) ~ C(Z]p, P, C(P,, Ay, Z/p))
=~ C(Z/p, P, C(Zp, Ey, Z)p)) =~ C(Z]p, P, Extg (Z/p, Z/p)).

Hence,

Ext, (Z/p, Z/p) = Extp (Z/p, Extg (Z/p, Z/p)),

which is the Miller-Novikov collapse theorem (see [38,44]). (This may be the world’s most
complicated proof of that fact, but it is one which might generalize.)

To justify (7.19), we state its dual in the category of sets (it is easier to state — the proof dualizes
verbatim).

Lemma 7.21. Let H <|G s J be a semidirect product of groups. Then there is an equivalence of
J-spaces

B(x,H,*) ~ B(J, G, %), (7.22)
where on the left, J acts by conjugation, and on the right J acts by left multiplication on J.

Proof. It is more convenient to deal with the homogeneous bar construction. Let B(G) denote the
homogeneous unreduced bar construction, i.e. the simplicial set whose nth stage is G x --- x G,

%(_J

n+1 times
faces are projections and degeneracies are inclusions of units. Note that this does not require G to
be a group. Then we have an equivalence

H\B(G) ~ H\B(G/J), (7.23)
where H acts diagonally. Writing (7.23) in non-homogeneous coordinates gives (7.22). [
Now the extension (6.30) apparently does not split, but it very nearly does! Put
Hy =7/2[c"',a],

Toda=0 '+o7! >

2 -1
TP = Ti+10 + 410

A‘; = Z/z[O'_l,Q _laaariaéi]/<

a=0 '+ 6_1>

2
Ti = Ti+1d

A = Z/z[d_l,Q_l,Ti,a]/<
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(compare with Corollary 6.40). Then by the above calculations,
(Hy, Ax) © (Hy, AY), (Hy . A7) < (Hy,A)
are sub-Hopf algebroids. Moreover, by Corollary 6.40,
Cu,(Hy , Ax , H3)=Cp (H5, A%, HY),
and hence
Exty (Hy , Hy) = Ext s(Hy, Hy).
We also have an extension of Hopf algebroids
(Z)2[a], Px[a]) > (Hx , Ax) = (Hy ,47). (7.24)
But now (7.24) does split! The splitting
(Hy , Ax) = (Z/2[a], Py[a])
is given by
a—a,éi— &, o o 0.
In fact, the same holds for the Mackey Steenrod algebra (and Voevodsky’s motivic Steenrod

algebra [53]).

Proposition 7.25. The extension (Theorem 6.41(b)) splits into a semidirect product. The splitting map
Y (HR, A%) — (Z)2[a], Py[al)

is given by
Yo ) =0, Y@ =a, Y(&)=¢& Y)=0, Yo=0,

where 0 is the map introduced in Theorem 6.41(a).

Thus, if we could generalize Lemma 7.21 to Hopf algebroids, and if we could prove an analogue
(7.20) (Koszul property), we would have a proof of the conjecture. Unfortunately, this meets with
a difficulty. But first note that for groupoids, an analogue of Lemma 7.21 is no problem:
Lemma 7.26. Let

(4,H) - (4,6)2(B.J)
be a semidirect product of groupoids. Then we have an equivalence of (B, J)-simplicial sets
BB(B,BXAHXAB,B)ﬁBA(JXBA,G,A) (727)

(by X g we mean pullback, by By the bar construction over B). Here J acts by left multiplication on the
right-hand side, and by conjugation on the left-hand side.
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Proof. Let By(Z) denote the homogenous unreduced bar construction over B of a B-set Z ( this is
homotopically equivalent to B). Then we have

H\B (G x 4B/J) ~ H\B4(G). (7.28)

Writing (7.28) in non-homogeneous coordinates we get (7.27). [J

Now the lemma also works for Hopf algebroids (by dualizing the argument), but it requires
a flatness hypothesis. In our case, however, flatness does not hold: the analogue of (B, B x 4H x 4B)
is

(Z/2[a], L), (7.29)
where
L=72[a]®u, A" ®u,Z/2[a] = Z/2[a,1]/(xa' " ).

Obviously, (7.29) is not a flat Hopf algebroid. In fact, one can easily see that the analogue of (7.19) is
false in this case.

It is an interesting problem to see if one can construct a “derived” form of L which would fit into
an analogue of (7.19) and yet have a suitable Koszul property to give an analogue of (7.20). If one
had such an object, one might be able to prove the conjecture.
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