INTEGER POINTS IN ARITHMETIC SEQUENCES
THOMAS J. TUCKER
Abstract. We present a dynamical analog of the Mordell-Lang conjecture for integral points. We are able to prove this conjecture in the
case of endomorphisms of semiabelian varieties.

1. Introduction
Faltings [Fal94] proved the Mordell-Lang conjecture in the following form.
Theorem 1.1 (Faltings). Let G be an abelian variety defined over the field
of complex numbers C. Let X ⊂ G be a closed subvariety and Γ ⊂ G(C)
a finitely generated subgroup of G(C). Then X(C) ∩ Γ is a finite union of
cosets of subgroups of Γ.
In a more general dynamical setting, one might consider analogous questions for an endomorphism Φ : X −→ X of a quasiprojective variety defined
over C and the orbit of a point α ∈ X(C) under Φ. We let OrbΦ (α) denote
set set {Φm (α) | m ∈ N}, where Φm denotes the mth iterate Φ ◦ · · · ◦ Φ.
The Mordell-Lang conjecture describes the structure of the intersection of
a finitely generated group with a subvariety; it seems natural to ask for a
description of the structure of OrbΦ (α) ∩ V (C) for V a subvariety of X. The
Skolem-Mahler-Lech theorem for linear recurrences [Sko34, Lec53, Mah58]
suggests that OrbΦ (α) ∩ V (C) can be described in terms of arithmetic progressions, that is sets of the form {k + `n | n ∈ N} for some k, ` ∈ N.
We allow for the possibility that ` is 0, so that the progression is a single
number. Various authors [Den94, Bel06, GT09] have proposed the following
conjecture.
Conjecture 1.2. Let X be a quasiprojective variety defined over C, let
V ⊂ X be any subvariety, let Φ : X −→ X be any endomorphism, and let
α ∈ X(C). Then {n ∈ N | Φn (α) ∈ V (C)} is a union of finitely many
arithmetic progressions.
Note that here we think of the empty set as a union of finitely many arithmetic progressions. The conjecture does not assert that there are necessarily
any n such that Φn (α) ∈ V (C).
We would like to present a similar general question for integral points in
orbits. We will prove it for self-maps of semiabelian varieties, present some
counterexamples in other situations, and suggest a possible conjecture.
The author was partially supported by NSF Grant 1200749.
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First, we describe our notation a little, following Vojta [Voj87]. Let X
be a variety defined over a number field K, D an effective divisor on X,
and S a finite set of places of K including all the archimedean places. Let
RS denote the ring of integers of K localized away from S and let X be a
model for X over RS . Let ι : X −→ X be the usual map coming from base
extension from RS to K. We say that a point z ∈ X(K) is S-integral if z
is the pull-back of a point P ∈ X (RS ). We say that z ∈ X(K) is (S, D)integral if there is a P ∈ X (RS ) such that ι(z) = P and such that P does
not meet the Zariski the closure of D in X .
Question 1.3. Let X be a variety defined over a number field K, let S be
a finite set of places of K that includes all the archimedean places, and let
X be a model for X over RS . Let Φ : X −→ X be a finite morphism that
extends to a map from X to X , let α ∈ X(K), and let D be a divisor on X.
Is it true that
{n ∈ N | Φn (α) is (S, D)-integral}
must form a finite union of arithmetic sequences?
Acknowledgments. We thank Pietro Corvaja, Dragos Ghioca, Joe Silverman, Yu Yasufuku, and Umberto Zannier for many helpful conversations.
We would also like to thank the referee for numerous helpful suggestions
and corrections.
2. Morphisms of semiabelian varieties
We show here that Question 1.3 has a positive answer when X is a semiabelian variety.
Theorem 2.1. Let X be a semiabelian variety defined over a number field
K, let S be a finite set of places of K that includes all the archimedean
places, and let X be a model for X over RS . Let Φ : X −→ X be an étale
finite morphism that extends to a map from X to X , let α ∈ X(K), and let
D be a divisor on X. Then the set
{n ∈ N | Φn (α) is (S, D)-integral}
forms a finite union of arithmetic sequences.
Proof. This is trivial when α is preperiodic for Φ, so we may assume that
it is not. Furthermore, we may assume that there is some m ∈ N such that
Φm (α) is (S, D)-integral, since otherwise our assertion is vacuously true.
Since proving the theorem for Φm (α) is equivalent to proving it for α itself
we may also suppose that α itself is (S, D)-integral. If Supp D is empty, then
the fact that Φ extends to a map from X to X means that Φn (α) is then
(S, D)-integral for all n. Hence, we may ssume that Supp D is nonempty.
We will proceed by induction on the dimension of X. If X is 1-dimensional,
then it is either the multiplicative group Gm or an elliptic curve. If X is
an elliptic curve, then the fact that D is nonempty implies that there are
finitely many n such that Φn (α) is (S, D)-integral, by Siegel’s theorem for
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integral points on curves of positive genus. If X is Gm , then (S, D)-integral
points on X correspond to points on the projective line that are S-integral
relative to a divisor with support at three or more points; Siegel’s theorem
for integral points on curves of genus zero states there are finitely many such
points.
By [Voj99, Theorem 0.4], the set of (S, D)-integral points X is equal to
all the S-integral points on some finite union of translates of semiabelian
subvarieties Bi of X. If we have Bi = X for some Bi , then Φn (α) is (S, D)integral for all n (since Φ sends S-integral points to S-integral points) and
we are done. Thus, we may assume that the Bi all have dimension less than
dim X. In this case, either there are finitely many n such that Φn (α) is
(S, D)-integral or there is an infinite subset of OrbΦ (α) that is not dense
in X. In the first case, our result follows trivially; in the second, [BGT10,
Corollary 1.4] implies that OrbΦ (α) is itself not dense in X (note that Φ is
étale since by [Iit76, Theorem 2] it is a composition of a translation and an
algebraic group endomorphism). But then the closure of OrbΦ (α) is a proper
subvariety W of X. If Y is the union of the positive dimensional components
of W , then Φ(Y ) = Y , because W \ Φ(W ) consists of at most one point.
Since Y has finitely many components, it follows that Φ must permute the
components of Y ; therefore, there is an m such that Φm (Yi ) = Yi for each
component Yi . Applying [BGT10, Corollary 1.4] to each Φm |Yi for each i, we
see that since OrbΦ (α) ∩ Yi is dense in Yi , any infinite subset of OrbΦ (α) ∩ Yi
is dense in Yi as well. Hence each Yi contains either a dense set of (S, D)integral points or contains at most finitely many (S, D)-integral points in
OrbΦ (α) ∩ Yi . If (S, D)-integral points are dense in Yi , then Yi is a finite
union of translated semiabelian subvarieties of X, by [Voj99, Theorem 0.4].
Since Yi is irreducible, this means that Yi itself is a translated semiabelian
variety. We write Yi = Bi + ti , where Bi is a semiabelian subvariety of X
and ti is an (S, D)-integral point (we may choose ti to be (S, D)-integral
since (S, D)-integral points are dense in Yi and any two points on Yi are in
the same coset of Bi ). Hence the isomorphism, induced by translation, of
Yi with Bi extends to an isomorphism of RS -schemes.
Now, there is an ` such that Φ` (α) ∈ Y , since W \ Y is finite. For
i = 1, . . . , m, let Yi be a component of Y such that Φ`+i (α) ∈ Yi . Since
Φm (Yi ) = Yi and dim Yi < X, the inductive hypothesis implies that the set
of k such that Φmk (Φi (α)) is (S, D|Yi )-integral is a finite union of arithmetic
sequences. Since any finite union of finite unions of arithmetic sequences
is itself a finite union of arithmetic sequences, taking the union over i =
1, . . . , m gives a finite union of arithmetic sequences, and completes our
proof.

3. Examples and counterexamples
One might also imagine that if one takes two commuting morphisms Φ
n
and Ψ on a semiabelian variety that the set of m, n such that Φm
1 Ψ (α) is
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(S, D)-integral will form a finite union of cosets of subsemigroups of N × N.
A special case of this question is treated in [CSTZ13]. More generally,
however, there are counterexamples such as the following, adapted from
[GTZ11] shows.
Example 3.1. Let X = G3m . Fix a set of coordinates (x, y, z) for X (which
gives us a model to define integrality with). Let D be the divisor consisting
of all (2, x, y) ∈ G3m and all (−2, x, y) ∈ G3m (thus D has two irreducible
components). Let S = {∞, 3}, where ∞ denotes the single archimedean
place on Q. Then a point in X(Q) is (S, D)-integral when its first coordinate
is ±1 and its other coordinates are in Z localized away from 3. This is easy
to check: the first coordinate must have the form ±3n for some n ∈ Z. If
n < 0 or n > 1, then ±3n − 2 has a factor in its numerator other than 3.
That leaves only 3, −3, and ±1 as possibilities. But 3 meets -2 at 5 and
-3 meets 2 at 5. So we are left with ±1 as the only possibility for the first
coordinate. Let α = (1, 1/3, 9) and let

Φ(x, y, z) = x2 y −1 , y 2 z −2 , z 2
and

Ψ(x, y, z) = x2 y 2 , y 2 z 4 , z 2 .
Any image of α under Φm Ψn has all of its coefficients in Z localized away
from 3. Thus, Φm Ψn (α) is (S, D)-integral if and only if its first coefficient is
±1. In [GTZ11], it is shown that happens exactly when (m, n) is in the set
{(3k 2 , 3(k 2 + k)/2) : k ∈ Z}
which is not a coset of a subsemigroup of N2 . We see then that Φn (α) is not
(S, D)-integral for any positive integer n except n = 3. Similarly, there is no
positive integer m such that Ψm (α) is (S, D)-integral. Thus the conclusion
of Theorem 2.1 is met for each individual map Φ and Ψ.
Example 3.1 also gives rise to counterexamples on elliptic curves E 3 by
replacing the powering maps with multiplication-by-m maps. More exotic
counterexamples can likely be obtained via the more general methods of
Scanlon and Yasufuku [SY13].
Question 1.3 itself has a negative answer for some individual maps.
Example 3.2. Consider the map ϕ : z 7→ z + 1 on P1 with the divisor D
taken to be [0] and α = 0. Let K = Q and let S = {∞, p} for a prime
number p. Then ϕn (α) is (S, D)-integral exactly when n is a power of p.
4. A conjecture
By imposing extra conditions, we can eliminate maps like ϕ(z) = z + 1
from consideration. One natural condition is Zhang’s notion of “polarization” (see [Zha06]): a map Φ : X −→ X on a projective variety X is said to
be polarized by an ample divisor D if Φ∗ D ∼
= mD for some m > 1.
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Conjecture 4.1. Let X be a projective variety defined over a number field
K, let S be a finite set of places of K including all the archimedean places,
and let X be a model for X over RS . Let Φ : X −→ X be a morphism
polarized by an ample divisor D, and let α ∈ X(K). Suppose that Φ extends
to a morphism X −→ X . Then the set
{n ∈ N | Φn (α) is (S, D)-integral}
forms a finite union of arithmetic sequences.
While we do not yet know how to prove this, one possible approach goes
as follows, though obstacles remain (even assuming other conjectures). If
there is some m such that Φ−m (Supp D) = Supp D, then one naturally gets
arithmetic sequences `, ` + m, . . . , ` + km, . . . . Otherwise, one might expect
that for large n, the reduced divisor R such that Supp R = Supp(Φn )∗ D will
have the property that R + KX is ample, where KX is the canonical divisor
of X. Then a conjecture of Vojta [Voj] would imply that the (S, R)-integral
points are not dense as long as the singularities of R are not too bad (this
approach is used to treat similar questions in [Yas11] and [Sil13]). Using the
conjectural general form of [BGT10, Corollary 1.4], one sees that if there
are infinitely many (S, R)-integral points in the orbit of α, then since these
points are not dense, the entire orbit is not dense. Then one applies the
inductive hypothesis (on dimension) to the Zariski closure of the orbit of α,
as in Theorem 2.1. We note that one might expect to obtain a finiteness
result unless there is an m such that Φ−m (D ∩ W ) = D ∩ W , where W is
the union of the positive-dimensional components of the Zariksi closure of
OrbΦ (α).
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23 (2011), no. 3, 645–666.
[Iit76]
S. Iitaka, Logarithmic forms of algebraic varieties, J. Fac. Sci. Univ. Tokyo Sect.
IA Math. 23 (1976), no. 3, 525–544.
[Lec53]
C. Lech, A note on recurring series, Ark. Mat. 2 (1953), 417–421.
[Mah58] K. Mahler, An interpolation series for continuous functions of a p-adic variable,
J. Reine Angew. Math. 199 (1958), 23–34.

6

[Sil13]
[Sko34]

[SY13]

[Voj]
[Voj87]
[Voj99]
[Yas11]

[Zha06]

THOMAS J. TUCKER

J. H. Silverman, Primitive divisors, dynamical Zsigmondy sets, and Vojta’s
conjecture, J. Number Theory 133 (2013), no. 9, 2948–2963.
T. Skolem, Ein Verfahren zur Behandlung gewisser exponentialer Gleichungen
und diophantischer Gleichungen, C. r. 8 congr. scand. à Stockholm (1934), 163–
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