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Abstract

We study vector-valued solutions u(t,z) € R? to systems of nonlinear stochastic
heat equations with multiplicative noise:

2
0z2

t,r) = u(t,z) + o(u(t,z))W(t,z).

pri

Here t > 0, € R and W(t, ) is an R%-valued space-time white noise. We say that a
point z € R is polar if

P{u(t,x) = z for some t > 0 and z € R} = 0.

We show that in the critical dimension d = 6, almost all points in R? are polar.

1 Introduction
We say that a vector-valued stochastic process (X, t € I) hits a set B if
P{X;, € Bforsometel}>0.

Hitting properties constitute one of the most intensively studied topics in probability theory.
For many Markov processes, probabilistic potential theory gives a powerful set of tools
for answering such questions [1, 12, 13]. However, for processes taking values in infinite
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dimensional spaces, potential theoretic calculations are usually intractable and we must fall
back on more basic methods, such as covering arguments.

We also note that such hitting questions are always the most difficult in the critical
dimension, and we expect that hitting does not occur in the critical dimension. For example,
if a family of vector-valued processes (Xt(d)) can be defined so that for each d > 1, Xt(d) takes
values in R, and if B = {z} is a one-point set in R, we say that d, is the critical dimension
if hitting of B occurs for d < d. but not for d > d. (often, the superscript d is omitted from
the notation, as in (1.1) and (2.1)). For many natural families of such processes, we can
often identify the critical dimension d. even if we usually cannot prove that hitting of points
fails to occur in that dimension.

In this paper, we deal with vector-valued solutions u(t, z) to the stochastic heat equation

0 0 |
gt ) = 5 ult,x) +olu(t, )W (¢, ), (1.1)

u(0,z) = ug(x),

where = € R, where W is a vector of d independent space-time white noises, and where o is
matrix-valued. We give more precise conditions in the next section.

It would be possible to consider the solution u(t, -) as a stochastic process parameterized
by t taking values in function space. In view of the difficulties mentioned above, we restrict
ourselves to the question of hitting points. We say that (u(t,-), t € R, ) hits the point z € R?
if

P{u(t,z) = z for some t > 0 and = € R} > 0.
So we are asking whether (u(t,-), ¢ € R;) can hit the set B of continuous functions f(z)
such that f(z) = z for some value of = € R.

Defined in this way, the question of hitting probabilities for stochastic partial differential
equations (SPDE) has been studied by a number of authors, see [16, 10, 7, 8, 11]. They obtain
results for a broad class of sets B, but only [16, 10] deal with the critical dimension. There
are also some earlier papers about the question of whether random fields can hit points or
other sets. For the vector-valued Brownian sheet, Orey and Pruitt [18] gave a necessary and
sufficient condition for hitting points, and Khoshnevisan and Shi [15] developed a complete
potential theory which answers the hitting question for any set. Both groups of authors
used special properties of the Brownian sheet. For fractional Brownian fields, Talagrand
20, 21] answered the question of whether the process can hit points, including in the critical
dimension. He also dealt with multiple points.

Building on Talagrand’s methods, the article [9] proved that for a broad class of Gaussian
random fields, the process does not hit points in the critical dimension. This paper also
provided a general framework for this type of problem. Some follow-up papers also deal with
the question of multiple points for Gaussian random fields [5, 4].

In this paper, we deal with the nonlinear stochastic heat equation (1.1) and show that in
the critical dimension, which was known to be d. = 6 (see [17, 8]), almost every point is polar.
We will give a more precise statement in the next section. Because of the multiplicative noise
term, the equation is nonlinear and in most cases u(t,z) will not be a Gaussian process. It
is usually difficult to carry over results about Gaussian processes to more general processes.
However, it is well-known that on small scales u(t,z) resembles a Gaussian process. By
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freezing in particular the coefficient o(u), it becomes possible to carry over many of the
arguments from [9]. However, we are still unable to prove that all points are polar in the
critical dimension. As part of our proof, we show that in dimensions d > 6, the 6-dimensional
Hausdorff measure of the range of u is 0.

For the linear heat equation, where 0 = 1 and the solution of (1.1) is a Gaussian random
field, the extra step that allows to go from “almost all points are polar” to “all points are
polar” involves taking the conditional expectation of the random field given its value at a
specific point (see [9, Section 5]). In the Gaussian case, conditional expectations can be
computed explicitly, but in the nonlinear SPDE where o # 1, this is no longer true and a
new argument seems to be needed.

We should also mention that because we can only show that almost every point is polar
in the critical dimension, we do not expect for the moment to be able to extend the results of
this paper to the question of existence of multiple points and show that there are no multiple
points in the critical dimensions (except in the cases handled by [5, 4] where o(u) is constant
and so u(t, r) is a Gaussian process).

2 Setup and main theorem

Let 0 : RT — RY x R? be a matrix function. We are dealing with solutions u(t, z) to the
system of d equations

0 0? :
au(t,x) = @u(t,x) + o(u(t,z))W(t, ), t>0, x €R, (2.1)

where W (t,z) = (Wy(t,z),..., Wy(t,z)) is a d-dimensional space-time white noise (see [14])
defined on a probability space (2, F, P), with i.i.d. components, subject to the initial con-
dition

u(0,x) = up(x), x € R, (2.2)

where uo : R — R?. We associate to the white noise its natural filtration (F, t € R, ), where
F; is the o-field generated by the white noise on [0,¢] x R (and completed with P-null sets).

For an element 2z € R%, |z| denotes the Euclidean norm of 2. We use the same notation
for a matrix oy € R x R? = R%,

Assumption 2.1. (a) The function o : R — R x R? is Lipschitz continuous with Lipschitz
constant L: for all vy, v, € RY,

|o(v1) = o(v2)| < Ljvy — val.
(b) There is a finite constant oy € R such that for all v € RY,
|o(v)] < o1
(c) The initial function ug(x) is bounded: there is Ko € Ry such that, for all x € R,

|U0<I>| S Ko.
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Finally, we note that (2.1) has a rigorous formulation in terms of the mild form, see [6]:
(u(t,z), (t,z) € Ry x R) is a jointly measurable and (F;)-adapted process such that, for all
(t, l’) € R+ X R,

u(t,z) = /_OO G(t,x — y)uo(y)dy +/0 /_OO G(t—s,x —y)o(u(s,y))W(dy,ds),

where

1 x?
G(t,xz) = _47Ttexp o

is the heat kernel on R. Existence and uniqueness is proved in [22, Chapter 3] in the case
d = 1, and this proof extends directly to d > 1 (see [8, Section 2]). The random field (u(t, z))
has a continuous version on ]0, co[ xR (see [22]), and if the initial condition vy is continuous
(which we do not assume here), then this version of (u(t,x)) is continuous on Ry x R [2,
Theorem 3.1]. We will work only with this continuous version.

The main result of this paper is the following. For the definition of Hausdorff measure,
see [13, Appendix C].

Theorem 2.2. Assume that d > 6. Almost surely, the range of v = (u(t,x), (t,x) €
10, 00[xR) has 6-dimensional Hausdorff-measure 0. In particular, if d > 6, then almost all
points in RY are polar for u.

This theorem is proved at the end of Section 7.

Remark 2.3. For linear systems of stochastic heat equations (o constant), according to [16]
and [9], d = 6 is the critical dimension for hitting points and points are polar when d = 6.
According to [8, Corollary 1.5], when the matriz function o is smooth and uniformly elliptic
and d > 6, then the Hausdorff dimension of the range of w is precisely 6. This implies
of course that for d > 6, almost all points in R% are polar. Therefore, the conclusions of
Theorem 2.2 are most interesting in the critical dimension d = 6.

3 Local decomposition

In this section, our goal is to study the range of (¢, ) +— w(t, z) when (¢, z) belongs to a small
rectangle with center (tg,zo) € Ry := [1,2] x [0, 1], where tq and x( are fixed. Throughout
most of the paper, we will be working on subrectangles of Ry.

For p €]0, 1], define

R, = R,(to,70) = {(t,z) ERy x R: |t —to| < p*, |z — mo| < p*}. (3.1)
This rectangle has side-lengths that are compatible with the metric
d((ta SL’), (57y)) = A(t - 5T = y) = maX(’t - S|1/47 ’1: - y,l/Z)

We often write p for a couple (¢, z) € R?. Finally, we define the oscillation of an R¢-valued
function f on a rectangle R C R? as follows:

oscr(f) = sup |f(p1) — f(p2)|

p1,p2€ER
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In a first stage, we would like to replace (¢,x) — u(t,z) by a modified process obtained
by freezing coefficients at stopping times, so that certain regularity and growth conditions
are satisfied. We will also do this for an associated Gaussian process. For this, we define a
first stopping time 75 ; that will help with Holder-continuity properties of the solution, then
a stopping time 7x o that will deal with growth as x — $o00, and a third stopping time 7x 3
that will help with an associated Gaussian process.

First stopping time Tk 1

Fix To > 3 and a large constant K > 0. From [2, Theorem 3.1], we know that u(¢, x) is
locally (1 —6)/4-Holder continuous in ¢ and (1 — 0)/2-Holder continuous in z on ]0, co[ xR.
More precisely, for each 6 €0, 1[, there is an almost surely finite positive random variable Z
such that for all s,¢ € [3,Ty] and z,y € [-2,2],

u(t, ) —u(s,y)| < ZA( —s,2 —y)' . (3.2)
Now we define the stopping time 7x; to be the first time ¢ € [%, To] such that there exist

z,y € [—2,2] with
lult, 2) — u(s,y)| > KA(t — 5,2 — y)'~%,

if there is no such time ¢, let 751 = 7.
Now (3.2) shows that
I%lm P{TKJ < T()} = 0. (33)
—00

Also note that u(t A 7k 1, x) satisfies
1-5
|u(t1 A TK71, .1’1) — U(tg N TKJ, .1'2)‘ S KA(tl — tg, xry — .TQ) (34)
for (tz,l'z) € [%,Tg] X [—2,2]
Modified solution

We will modify the random field w using 7x;. We define a(t,z) = tx(t,z) as the
(continuous version on ]0, co[ xR of the) solution of

2 .
212(15,93) = %ﬂ(t,x) +o(u(t AT, 2))W(t, ), t>0, z€R,
(0, x) = ug(x), r eR.

Note that on the right-hand side of the equation for u, ¢ is evaluated at u, not at u. In
terms of the mild form,

ita) = [ " Gt — yuoly)dy

+ /0 /O; Gt — s,z —y)o(u(s ATra,y))W(dy,ds). (3.5)



Finally, note that on {rx; = To}, we have that u(t,z) = a(t,z) for all (¢t,z) € [0,Tp] x R.
Thus,
I}im P{u(t,z) = ug(t,x) for all (t,z) € [0,Tp] x R} = 1. (3.6)
—00

For the time being, we will work with .
Second stopping time Tr 2

We also want to control the growth of our solution @ as x — Foo. Let 7k 5 be the first
time ¢ € [0, Tp] such that there exists € R with

ja(t, )| = K(1+ |x]).

If there is no such time ¢, let 7x o = Tp.
Since we are assuming that our initial function ug(z) is bounded, it is a consequence of
Lemma 6.8 below (taking ¢(r, z) = o(u(r A7k, 2)) in (6.4) and ¢; = oy in (6.5)) that

lim P{TKQ < To} = 0. (37)
K—o0

Third stopping time T 3

We also work with the (continuous version on ]0, co[ xR of the) following linear system
of stochastic heat equations with additive noise:
gv(t x) = a—211(t z) + Wit z) t>0, zeR (3.8)
at ) - 81'2 ) ) ) ) ) .
v(0,2) = up(z), z e R.

Now we define 7k 3 in the same way as Tx 2, but with respect to v rather than «:
T3 = To AN inf{t € [0,T0] : Jz € R with |v(t,z)] > K(1 + |z|)}.

As with the stopping time 7x o, since we are assuming that our initial function wug(z) is
bounded, it is a consequence of Lemma 6.8 (taking ¢(r,z) =1 in (6.4) and ¢; = 1 in (6.5))
below that

lim P{TK,g < To} = 0.

K—o0

4 Local decomposition of the solution

Fix

aelh2,  Belal] (4.1)
Consider the rectangle R,(to, o) defined in (3.1). In order to study the behavior of @ in this
rectangle, we are going to use a decomposition based on a time prior to t; — p*, namely, we
define

ty =ty (p) = to — p* = p*" =%



(notice that since tg > 1, p €]0, 3] and a < 2, we have t5 > ). We also set

Ly = Ly(p) = p* + p* 7.

The rectangle
R* = [t5 (p).to + p'] x [wo — Ly, w0 + La].

is an enlargement of R, (to, zo).
Note that for small p > 0,

pHe) [P0,

the idea is that in the x-direction, R™ is larger than parabolic scaling would indicate. Indeed,
we would have exact parabolic scaling if § were equal to «.

4.1 Isolating the dominant term

We use the Markov property [3, Chapter 9] to start @ afresh at time ¢, , so that for (¢,z) €
R,(to, zo), we have

ﬂ(t, JZ) = 71to,ﬂio,p(tv x) + Nto,:Bo,p(ta x)?

where, for ¢t > ¢, and x € R,

iy (1, ) = / Glt — .7 — y)i(ts, y)dy (4.2)

o0

t o0
Nigzop(t, ) = / / Gt — s,z —y)o(u(s ATka1,y))W(dy,ds).
ta —00

Note that iy, 4, ,(t, ) is the solution of the heat equation started at time ¢, with initial
function u(ty, ).
We further decompose Ny, 4, ,(t, z) as follows. Let

t e’}
NO() = [ [ G5 = W dy.as),
0 —00
1 t zo+L1
N () = / / ) Gt — 5,2 —y)[o(u(s ATi1,y) — o (ulty AT, 0))|W (dy, ds),
ty Jxo—L1

t
Nt(j)zoﬂp(t, T) = / /[ . . G(t—s,x—1y) [U(u(s ANTr1,Y)) —o(u(ty ATka, xg))} W (dy,ds),
ta xo—L1,x0+L1]|¢
ty [e'e)
Ut (1) = /0 / G(t — s,z —y)W(dy,ds)

- / Gt = t5, 2 — ) NO (15, y)dy. (4.3)

In the last line above, we have used semigroup property of G and the stochastic Fubini
theorem, see [22, Theorem 2.6; notice that the dependence of these processes on K is



(1)

omitted from the notation. Note also that v; % ,

t>t, and x € R,

is very similar to i, 4,,. We see that for

Nigop(ts @) = a(ulty A1, 0)NO(t,z) + N (tx) + N2 (@)
— o(ulty AT, 0ol (t, ).

»L0,P

With the notation in (4.2) and (4.3) above, we have
a(t,x) = o(u(ty ATi1,0))NO(, x)
ity o p(t ) + N (@) + N2 ()
—o(u(ty NTra, O))vij’)mo’p(t, x).

We also impose some growth conditions on x — 1, 4, (¢, ) and = — vt(;?mo’p(t,x) by
defining, for ¢ > ¢, and z € R,

U u t,x ift; <7
uto,xo,p(tyf) = { to’mo’p< ’ ) 0 K,2)

0 if ty > Tk 2,
(1) e,
t fty <
ﬁg)xo p(t7 x) _ Utowmp( 7‘7;) 1 (1 > TK,3, (4.4)
o 0 if ty > i 3.

Finally, for t > ¢t; and = € R, we define a new process (wy, +,.,(t, z)), which is related to the
solution (¢, x) but with frozen coefficients and controlled growth, by

Wiy z0,p(t, ) = o(u(ty ATr, O))N(O) (t, ) + By zo,p(t, ), (4.5)
where

1 2 — ~(1 A~
Eiyaop(t,x) = N (t,2) + N2 (tx) — o(ulty AT, 0)050 (@) + figg g ot ).

(4.6)

Observe that if 752 A Tk 3 = Tp, then Uy 40 = Usy .z, and ﬁé;’)mo’p = vt(;?mw(t,a:). Thus, if
Tr2 N\ T3 = 1o, then for ¢ > t; and x € R,

U(t, x) = Wiy z0,p(, ). (4.7)

We wish to show that the oscillation of 4 on the rectangle R,(to, () is comparable to
the oscillation of N© on R, (tg,z9). By (4.7), it suffices to study the oscillation of wy, 4, ,
on R,(ty,x). The oscillation of wy 4, , on R,(t, zo) consists of those of N ©) and Eiy 20.p-
The oscillation of Ey, ., , comes from those of N N® $(1) and 4. Roughly speaking, the
term in the square brackets in the definitions of NV is small, and so the oscillation of N
is small compared to the oscillation of N . Also, in the definition of N®, the heat kernel
G is small on the region of integration. The oscillations of t(!) and @ are small because t; is
chosen far enough in the past of ¢y so that the heat kernel has the time to smooth the initial
condition at time ¢, thanks to the growth bound 1+ |z| related to the stopping times 7x 2
and Tr 3. So altogether, we will see that N(© is the term with dominant oscillation, and
since it is Gaussian, we have precise estimates for it (see Proposition 5.1).
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4.2 Oscillations of NO)(t,z), N (t,z) and N (t,z)

to,Z0,0 t0,Z0,p

The random field N (¢, z) is a Gaussian process whose canonical metric is bounded by the
metric A defined at the beginning of Section 3. Thus Talagrand’s analysis [20, 21] will apply
to this case. To obtain a modulus of continuity for N(©)(¢, z), we can use Corollary 6.7 below
withp=1,¢, =1, So =0, 5 =ty — p', T =ty + p*, to obtain constants Cy and C; such
that for all A > 0,

P (OSCRP<N(O)) > Ap) < Coexp (—C1N?).

Oscillations of N, t,x)

o:cop(

Lemma 4.1. Let 5 be defined in (4.1). There are constants Cy, Cy € Ry (which may depend
on K and the Lipschitz constant L) such that, for all (to,zo) € [1,2] x [-1,1], p €]0,1] and
A >0,

P {OSCRp(to,xo) (Nt(ol,)xo,p) > /\} < Cy exp( Ci N2 p~20-8)(1=0)= ) ‘

Proof. Because ¢ is Lipschitz with Lipschitz constant L (by Assumption 2.1(a)), and since,

for (t,z) € R,(to, zo), in the stochastic integral that defines Nt(0 )IO ,(t,7), we have t; < s <
to + p* and |y — 20| < Ly, we know from (3.4) that

’0(u(3 ANTr1,Y)) —o(u(ty ATka, :L‘o))’ < Llu(s ATk 1,y) — ulty ATia, o)l (4.8)
< LKA(tg+p* —ty, L)
< LKp(l_ﬁ)(l_é).

It therefore follows from Corollary 6.7 below, with

o(r,z) = o(u(r AN, 2)) —o(u(ty AT, o)), ¢1 = LK p(t=A0-9)
So=ty,S1 =t —p*, and T =ty + p*, that for all A > 0,
to,x0,p

P {OSCRP (N( ) > )\} < Cpexp (_C«sz—m—ﬁ)(l—&)(2p4)_1/2) .

This proves the lemma. ]

Oscillations of Nt0 0,015 T)

Recall that
¢
Nt(j)mp(t,x) = / / G(t—s,z—y) [a(u(s ANTr1,Y)) —o(u(ty A TKJ,IO))] W(dy, ds).
o Y [zo—L1,x0+L1

Our goal for this subsection is to establish the following lemma.



Lemma 4.2. Fiz k > 1. There are constants Cy, C; € Ry (which may depend on K and
1) such that, for all (to,z0) € [1,2] X [=1,1], p €]0, 3] and A > 0,

P sup |Nt0 (L) > A p < Coexp (—Ci1A%p~ %) (4.9)
(t,x)GRp(to,:E())
and
P {oscRp(tO@O) (Nt(f,)mp) > A} < Cyexp (—C1>\2,0’2”) , (4.10)

with possibly different constants Cy and Cf.

Proof. Since the oscillation of a function is bounded by twice its absolute maximum, we see
that (4.9) implies (4.10). So we now prove (4.9).
First, we split up N® as follows:
NO

to,x0,p

(t,x) = Ni2ob (t, @) + N (¢, @),

t0,20,p to,ro,p

where

to xo St ) / / G(t— s,z —y)o(u(s AN1r1,y)) W(dy, ds),
a?o L1 LI:0+L1]C

N, (t,) / / Glt — s, — y)o(ulty A7ics, 0)) W(dy, ds).
[to—L1,x0+L1]¢

It suffices to show (4.9) for N replaced by N©?% and N®». By Assumption 2.1(b), the
factor o(---) in both N? and N is bounded by ¢;, and that is the only information
about o that we will use in our proof. So we will only deal with N% since the proof for
N@) is identical.

The intuition is the following.

Step 1: Since R,(to,zo) is far away from [ty ,to + p*] X [xo — L1, 20 + L1]%, we expect
G(t—s,x—y) to be small for (t,x) € R,(ty, x0) and (s,y) € [ty ,t] X [xog — L1, o+ L1]°. This
will lead to a small value of N\>%) (¢, 2) when (t,z) is fixed, with high probability.

Step 2: To go further and show that the supremum of |Nt0 wp(t, )| over (t,x) €
R,(to, zo) is small, we divide R,(ty, z) into even smaller subrectangles. Ignoring the helpful
fact that the domain of integration is far away from each of these subrectangles, we simply
take the size of each subrectangle to be so small that, by Corollary 6.7, the oscillation of
NG (t,x) over such a subrectangle is small with high probability.

to,zo,p

We begin with Step 2, which is a bit easier. Divide R, (o, x¢) into a union of nonoverlap-
ping subrectangles of dimensions p** x p**, where x > 1 is fixed in the statement of the lemma.
Since R,(to, 7o) has dimensions p* x p?, the number of subrectangles required is bounded by
Cp~8==1_ On each of these subrectangles R', Corollary 6.7 with ¢(r, 2) = o(u(r A Tx 1, 2))
in (6.6), ¢1 = 01, So =1y, T — S; = 2p**, tells us that for all A > 0,

P {osc R <N (2a

to,x0,p

) > /\/2} < Coexp (—C1A2p~2)
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where the constant ' incorporates the constant oy.
Let A;(p, Kk, \) be the event that the oscillation of N, (20)  over each of these rectangles is

to,zo,p

less than or equal to A\/2. Then for all A > 0 and p €]0, 3],

P(Ai(p,r,\)°) < CpSI=r) . Cyexp (—CiX*p~?) (4.11)
< Coexp (—C1Ap~")

where Cy, Cy may vary from line to line.
Now we turn to Step 1. Let R’ be one of these subrectangles, and let p' = (¢',2') € R’
be a distinguished point. We wish to estimate P{|N>% ()] > A/2}. For r € [ty , 1], let

to,x0,p
M, = / / G(t' — s, 2" —y)o(u(s AN Tr1,y)) W(dy, ds)
ty v [ro—Li,x0+L1]¢
and note that (M,) is an (F,)-martingale with quadratic variation

(M), = / /[ G st s A s,
ty J|ro—Li,wo+L1]¢

t/
< O'%/ / G*(t' — 5,2’ — y)dyds
ty V[ro—Li,z0+L1]¢

— o2 /t o / 1 exp {_M} (4.12)
= 0] . )
0 [20—L1,wotLa]e 27T r

Note that for a > 0, 7 + % exp(—a?/r) is increasing on the interval |0, a?], then decreasing.
Let « and 3 be defined as in (4.1). For r € [0, — ty] and y € [zg — L1, zo + L1]°,

r<to+pt—t; <Cpl=e and 2’ —y| > p?1P).

Since > «a, we replace r by ' — t; in (4.12) to see that
2

(M), < ﬁ/ dy exp [_ (z' — y)j - g_%/ dy exp {_ (z/ — y)2:|
e [zo—L1,zo+La]® t— to T 27 [xo—L1,z0+L1]¢ 0;04(1_0‘)

This integral is a sum of two integrals, over | — oo, g — L] and [zg + L, +00[. Both are
bounded above by

22 02
/pm‘ﬁ) - { 0/34(10‘)} /p2(a—ﬁ) “p P cl|— P exXp [ p ]

< Cexp [—p_4(o‘_ﬁ)] )

Finally, we obtain
<M>’I‘ S CO exp (_Clp_4(6_a)) ’ re [tav t/]

Since 8 > «, this exponential is small for small p.
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Thus, M, is a time-changed Brownian motion with time scale bounded by our bound on
(M),., and by the reflection principle for Brownian motion,

P{|N§fzo,,<t,m'>|>A/2}sp{ sup |MT|>A/2}

to <r<t/

< QP{ sup B, > /\/2}

0<t< (M),

< Chexp < — Oy % exp (Clp_4(ﬁ_“)) ) (4.13)

Let As(p, &, A) be the event that for each subrectangle R" and for each distinguished point
p € R, we have |[NP2% (p)| < A/2. By (4.13),

OCL’OP

P(A2<pv K, )‘)c) < COP_G(H_I) exp ( o CQ)‘Q eXp (Clp_4(ﬂ_a)) )

Therefore, using (4.11),

P {( Sl)lp ‘Nto zo p(t“%)‘ > A} < P<A1(p7 K, )‘)C> + P<A2(pa K, )‘>C) (4'14>
t,x)eR,
S Op—ﬁ k—1) OO exp ( Cl)\2p—2m)
+ Cop 5 exp < — Cy\? exp (Clp_4(5_a)) )
< Chexp (—Cg)\Qp_Q") :
here, we have allowed the constants Cy, Cy to vary from line to line. O]

4.3 Oscillations of i, , ,(t, ) and 3. (t,x)

Let 4y 2,,,(t, ) and @ﬁj) (t,x) be as defined in (4.4).

»L0,P

Lemma 4.3. Let « be as defined in (4.1). There exists a constant C' (which may depend on
K and L) such that, for all (ty,zo) € [1,2] x [—=1,1], a.s., for all p €]0, 3],

OSCR, (t,20) (Thtoz0,0) < CP°* and oscRp(tova)(vt(g)zo ,) < Cp**.
Proof. The only difference between y, , ,(t, z) and 1787)%7 ,(t; ) is the initial data at t =t
which, in both cases, by the definitions of 7x > and 7k 3, have growth bounded by K (1+|z|),
and this bound is all that we use in our proof. Therefore we will only deal with @y, 4, ,(¢, z),
and leave 0\ (t,x) to the reader.

to,zo,p
As mentioned,

[thsg 0, (tg » )| < K (1 + |z]).
Recall from (4.4) that for (t,x) € R,(to, xo),

Uty w00 (L, T) = / Gt —ty, 0 — 2) Uy a0ty , 2)d2,

[e.e]
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and so, using the inequalities |z| +1 < |z — 2| + |z| + 1 < |z — 2| + 3 since |z| < 2, and the
standard inequality

20| < Lot
we obtain
—aato’x(%;’(t’ ?) < C/oo (t—t5) " YV2GQQ2(t —t5),x — 2) (|z| + 1)dz
< C/oo (t—t5) YV2GQQ2t —ty),x — 2) (|x — 2| + 3)dz
41,
where

L= C/ o= 2| (=) 2GR — £ ), 7 — 2)de,
L=3C(t— ta)‘l/Q/ G2t — ), — =) d=.

Clearly, I, = 3C(t —t; )~/ and by change of variables, I; < C’, therefore, since t —t; < 1,

aato ,L0,P (ta :Ij')

< — )72, 4.1
o) < O - 1) (4.15)

Next, again using |z| + 1 < |z — z| 4+ 3 since |z| < 2, and the standard inequality

0G(t, ) c
T < ZG(2t
‘ ot - tG( @),

we find that

g0, 1 N
Dty ap,p(t, T) < C/ — G2t —ty),x — 2)(|Jx — 2| + 3)dz
at —oot_ 0
= I3—|-[4,
where

I = C/ 2= A ot — 1), 2 — 2) d,

1 OO _
I, =3C _/ GQ2(t—ty),x—z)dz.
Clearly, Iy = 3C(t — t;)~", and again, a change of variables gives us I3 < C(t —t;)~/2, so
we conclude that 3
Uty 0,0t .
%#M <Cot—t5)" (4.16)

Now, since t — t; > p*1=* we can bound the oscillation of iy, 4, , over R,(ty, 7o) as
follows. First, consider oscillation in the z-direction. Let I be a line segment contained in
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R,(to, o), consisting of points (¢, z) with ¢ fixed. The rectangle R,(to, xo) has width p?, so
using (4.15), we get

—-1/2

osci (i) < CPA(E— 17)™2 < O (p0=0) 2 = ¢,

Second, consider oscillation in the ¢-direction. Let J be a line segment contained in R, (%o, zo),
consisting of points (¢, ) with z fixed. The rectangle R,(to, zo) has height p*, so using (4.16),
we get
~ —\— —a)\ ! «
08C7 (g me p) < Cp*(t —t5) ™" < Cp* (p4(1 )) < Cp*™.

Putting together these estimates establishes the conclusion of the lemma for 4, 4, - O

5 Existence of rectangles with small oscillations

For integers ¢ > 1 and ¢ > 0, set

—q — q
r,g:2qqz and 62{ J
! ! log, ¢
(where log, is the base 2 logarithm), so that r,o = 277 and 74, > 2727 (and is of the same
order as 2727). Define

f(r) =r (logy log, %)71/6 . (5.1)

In [9, Prop.2.3], we established a result for Gaussian random fields satisfying [9, Assump
2.1]. In [9, Sect. 7], we showed that this assumption was satisfied for systems of linear
stochastic heat equations with i.i.d. coefficients and vanishing initial condition (these last
two assumptions are removed in [4]). Since N is the solution of such a system of linear
stochastic heat equations, we restate here the result of [9, Prop.2.3] for N in the form
that we will need.

Proposition 5.1. There exist constants K and qo with the following property: for all ¢ > qq
and for all (ty,x0) € [1,2] x [—1,1],

P {36 c {0, o ,gq} : OSCquJ(to,xo)(N(O)) < Kf(rq,é)} >1—exp (_ﬂ) '

Proof. This proposition is essentially equivalent to [9, Prop.2.3] (applied to N(®), but since
the notation is different, we explain how Proposition 5.1 is obtained from the proof of [9,
Prop 2.3].

In the proof of [9, Prop 2.3], we considered a sequence r, = roU =%, we set {5 = |
and we showed that

log,(1/ro) J
2logy, U

1\ /2
P {Ell < 14 < EO : OSCRrg(to,xo)(N(O)) < Kgf(Te)} >1- €xp [_ (IOgQ _) ] .
To
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Towards the end of the proof, U was chosen by setting

1\ /2
U= (10g2 _) )
To

where this 3, defined in the proof using the Holder exponents of the Gaussian random field,
takes the value § = 1 in the case of N©,

Here, we take 7o of the form ry = 279, so U = ¢'/?, and the r,, which now depend on
q and which we denote 7,4, take the value r,, = 279¢7*, and ¢, = Lﬁj, which we now
denote ¢, in the statement of Proposition 5.1. O

In this section, we let (tg, zo) € Ry, where
Ry :=[1,2] x [0,1].
We will establish the following theorem.

Theorem 5.2. Consider the process Wy, defined in (4.5) (with p there replaced by r).
Let K be the constant in Proposition 5.1 and f be the function defined in (5.1). There is
po €10, 1] with the following property. Given 0 < rq < po, for all (ty,zo) € Ry, we have

~ 1
P {Hr € [15,70] 1 0SCR, (19 0) (Wiom0,r) < 201Kf(r)} >1—2exp [— (log2 7“_) ] (5.2)
0

(we will only use this for ro of the form 279).

Remark 5.3. The statement in this theorem should be compared with the statement for
Gaussian processes in Proposition 5.1: notice the factor 201 in front of K and the factor 2
in front of the exponential on the right-hand side.

Lemma 5.4. Let Ey ., , be as defined in (4.6). There are constants a > 0, ¢y > 0 and
c1 > 0 such that, for all (to, xo) € R and all sufficiently large q,

P {EIE €{0,...,4,}: OSCR,_, (tow0) (Eto,ao,rq) = Ulf(f(Tq’g)} < coexp (—c12%) .

Proof. Define the event

B, = {ae € {0, by} s 05cr,, o) (Broomy) = 01K f(rq,g)} . (5.3)

Then

Ly 4
B, cJ|JBY. (5.4)

(=0 i=1
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where

= {OSCqul(to 20) (Nto A %f("’qﬁf)}
BY = {OSCRr Lt00) (Nithorns) = Ulf(f(rqf)}’

Bé?’e) = {OSCRT o (t0,0) ( Ozo W) > %f(rql)}?

(@

4) _ K
Bqé - {OSCqul(to x0) \Utg,zo,r,, e) > Ule(rq,f)} .

By the definition of 7k ; and Lemma 4.1,

- 1 1\ 2
P < oo [-Culon kT (s 0]

= CO exp

(log, log, )%/

Therefore, for a = 2(1 — 3)(1 — §), we have

£q

Z P(B;lé)) < ¢ exp(—e299).
(=0

—Claff(Q 1 R—2<Tq7£)2(1,3)(15)] _

(5.5)

We develop similar estimates for B(fé), Bfe) and Béfg. According to (4.10) in Lemma 4.2,

P(Bﬁ)) < Cpexp [—Cl <%f(rq7€)>2 (rqjg)—mi} .
We take k = 2, so that
ZP Bf < Cpexp(—c12%9).
For large ¢ and ¢ € {0,...,¢,}, by Lemma 4.3, since o > %
P(BY)) = 0.
Finally, for Bg?, also by Lemma 4.3, for large ¢ and ¢ € {0,..., ¢},

P(BY) =o.

q,t

Putting together (5.4)—(5.8) establishes Lemma 5.4 with a = 2(1 — 5)(1 — 9).

Proof of Theorem 5.2. Define

0 ~
Aql = {OSCquJ(tOyﬁO)(Nt(o,?’ﬂoﬁ‘q’g) S Kf(rq,f)} *
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Consider the event B, defined in (5.3). If we set 7o = 279, then the event in (5.2) contains

the event ,
(U Aq,ﬁ) \ By,
(=0

whose probability, using Proposition 5.1 and Lemma 5.4, is bounded below by

1 exp(—/a) — P(B,). (5.9)
From Lemma 5.4, we see that for ¢ large enough, this is bounded below by 1 — 2 exp(—,/q),
which proves the theorem. 0]

6 Probability estimates via chaining

Now we describe the chaining framework, which has been used in previous papers, such as
[17].

Let Ry be a rectangle with side lengths no greater than 1. By translating our coordinate
system if necessary, we may assume that the lower left hand corner of R lies at the origin, so

Ry =[0,a] x [0,0], a,b € 0,1].

We consider the grid
G, = {(k27*",027*") . k,¢ € N}.

Note that the choice of exponents —4n, —2n corresponds to the parabolic scaling: nearest
neighbors in G,, have A-distance 27". Finally, let

G=1JGn
n=0

Also, we say that a closed rectangle R is of type n if each of the four edges of R is an interval
whose endpoints are nearest neighbors in G,. Two elements in a given rectangle of type n
are at most at A-distance 27" of each other. We also say that a line segment (a step) is of
type n if its endpoints are nearest neighbors of G,. Finally, a path of type n is a path whose
steps are line segments of type n.

Lemma 6.1. Let (6,, n € N) be a sequence of nonnegative numbers. Let g : Ry — R and
suppose that for all nearest neighbor pairs pg),p,(f) € G, N Ry, we have

l9(p) — g(pP)| < 6, for alln > 0.
If pV,p® € GN Ry, then
(V) —g(®)] <40 Y b,

n=ng

where ng = no(pM, p®) is the integer part of logy(1/A(p™M, p@)) (so ng >0).
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Lemma 6.1 follows from the triangle inequality and from the following lemma.

Lemma 6.2. Let pY p® € GN Ry, and let ng be the integer part of logy(1/A(p™, p))).
Then we can connect pV) and p® by a path consisting of line segments (steps) satisfying the
following two conditions:

(i) each line segment is of type n for some n > ny.
(ii) for every n > ngy, there are at most 40 steps of type n.

Proof. Ttem (i) is a requirement which enters into the proof of (ii).

Item (ii): For i = 1,2, let R§”°) be the rectangle of type ny which contains p(. First we
claim that the rectangles RE"O), 1 = 1,2, are either the same or they share a corner qéo) = q%)
that also belongs to R;. We leave it to the reader to verify this assertion, which is similar
to the statement that if two real numbers x and y are such that |z — y| < 1, then either x
and y lie in the same interval with integer endpoints, or they belong to two adjacent such
intervals.

In view of the above statement about rectangles sharing a corner, we see that it is enough
to show that we can connect any one of the corners of R§”°) to p() using a path with all
corners in G N Ry and with at most 20 steps of type n for each n > ngy. Indeed, the same
statement would hold for ¢« = 2, giving a path of 20 4+ 20 = 40 steps of type n altogether,
using the shared corner as common starting point.

We can make a further reduction as follows. i = 1, we write p in place of p in this
paragraph. If p) € G, , then it is one of the Corners of R(no and only two steps of type
no are needed to connect p(l) to @n,- Assume that p 93’ Gn, and that n; is the smallest
integer > ng such that p € Gn,. For ng < n < ny, let R(n) R("O) be a rectangle of type n
which Contams pM. Since this rectangle must intersect Ry, we can choose one of its corners,
denoted gn ), in gn N R;. We also require that qu) is the shared corner mentioned above. For
n = ny, we let qfn) = p). Tt suffices to show that for ny > n > no, we can find a path of type

n between ¢\, and qfll), with at most 20 steps. However, R 'n Qn c0n31sts of a 2% x 22
grid of points. Given one of these points, and one of the corners of R1 , we can connect

them by a path of type n by taking at most 2* = 16 steps of type n in the t-direction and
at most 22 = 4 steps of type n in the z-direction. Altogether, this gives at most 20 steps of
type n, as we claimed.

Thus we have a path from q%) to qflll) of the re%lulred type To get the full path from

p“i to 1(0()2) , we put together the two paths from qn0 to p, i = 1,2, and we recall that
1 2
Gno = Qny - O

Probability estimate for chaining

We use the notation of Lemmas 6.1 and 6.2 .

Lemma 6.3. Let ng, be the largest value of n such that G, N Ry is contained in a single
rectangle of type n. Forn > ng,, let N(n) be the number of nearest neighbor pairs in G, N Ry,
so that for alln > ng,,

N(n) S 26n+1 4 24n 4 22n S 26n+2'
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Let (Y (t,x), (t,x) € Ry) be a stochastic process. Let (6,,, n € N) C Ry and (¢,, n € N) C Ry
be two sequences of nonnegative numbers. Suppose that for all n > ng, and for all nearest
neighbor pairs pg),p,(f) € G, N Ry, we have

P{Y () =Y (p?)| > 0.} < e (6.1)

Let -
e=4 ) 27, (6.2)

n=npg,
Let A be the event that for all p, p® € GN Ry, we have

[e.9]

YY) -y <4 Y b,

n=no(pM) ,p(2))
where no(pV, p@) (> ng,) is as in Lemma 6.1. Then P(A°) < ¢.

Proof. Let F,, be the event that for all nearest neighbor pairs pg), pg) € G, N Ry, we have

|Y(p7(11)) — Y(p£12))| < 0p, and let F =N, F,. By assumption (6.1), we have

n=npg,

P(F°) < i N(n)e, <4 i 2, =¢.

n=npg, n=npg,

Next we claim that on the set F, for all points p!), p®® € G N Ry, we have

Y(p?) =Y <40 > b (6.3)

n=ng(p(1) p(2))

Indeed, this follows from Lemma 6.1 with g = Y. Therefore A° C F*°, and this finishes the
proof of Lemma 6.3. O

The following estimates are standard [14]. Here, T'> 0 and 0 < s <t < T.

Lemma 6.4. There exists a constant C' > 0 such that for all 0 < s <t, x,y € R,

t 00
/ / Gt —r,x—2) =Gt —r,y—2))] dzdr < Clz —y),
0 J—-oo

/ / Gt —r, 2 —2) — G(s —r,x — 2)]> dzdr < CJt — s|'/2,
0 —o00

t 00
// [G(t —r,x — 2)]* dzdr < C|t — s|Y/2.

We also give a probability estimate which we will use together with Lemma 6.4.
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Lemma 6.5. There exist constants Cy, Cy > 0 such that the following holds. Suppose that
p® = (t;,m;) € [0,00) x R fori = 1,2. Let ¢(t,x) be jointly measurable and (F;)-adapted,
and assume that there is ¢1 € Ry such that

sup |¢(ta IL')| S ¢17 a.s.
t,x

Define
xi= [ ot syt W a0,
Then for A > 0, 0 )
P{|X; — X,| > A} < Coexp (=Ci\267 A (Y, p@)~2) .

Proof. Note that by replacing ¢ by ¢/¢; and A by A\/¢;, we can reduce to the case ¢ = 1,
so we assume from now on that ¢; = 1 and so |¢(s,y)| < 1. By possibly changing indices,
we may assume t; < ty5. Then

Xo—X; = /Otl /_Z Gty — 1,9 — 2) — G(ty — 1,29 — 2)] @(1, 2)W (dz, dr)
+ /Otl /_Z G(t1 —r,xe — 2) — G(ty — ryxy — 2)] @1, 2) W (dz, dr)
+ /: /_Z G(ta — r,xe — 2)p(r, 2)W(dz, dr)

= ]1 +IQ+I3.

We analyze term [, leaving I, and I3 to the reader using very similar arguments. For
0 S t S tl, let

M, = / /_oo (G(ty —ryx9 — 2) — G(ty — 1,29 — 2)] @1, 2)W (dz, dr)

We note that M, is an (F;)-martingale with quadratic variation
)= / / Gty —r x5 — 2) — Gty — 7,09 — 2)]° O(r, 2)2dzdr

< / / Gty —ryxeg — 2) — G(ty — 1,29 — z)]2dzd7“
0 —00
<capy, p@)?

by Lemma 6.4. Thus M, is a time-changed Brownian motion with time scale 7(¢) bounded
by
Tnax = CA(pWY, p?))?

for 0 <t <t;. Noting that [; = M,,, we obtain from the reflection principle for Brownian
motion and standard Gaussian estimates that

max)

P{|L|>)\/3} < P{ sup |B,| > )\/3} < CP{|Br,..| > \/3} < Cyexp (—C1 N\’

0<s<Tmax
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for appropriate constants Cy, C7 > 0.
Similar estimates hold for I and I3. Combining these estimates and using the definition
of Tp.x finishes the proof of Lemma 6.5. ]

Probability bounds for the modulus of continuity

In this section we combine Lemmas 6.3 and 6.5 to get the probability bound in Lemma
6.6 below. For this section, let

t [ee)
N®(t,z) = NO(t,z,¢) = / / Gt —r,x— 2)p(r, 2)W(dz,dr), (6.4)
0 —00
where ¢(r, z) is a jointly measurable and (F;)-adapted process, and for some ¢; € R,

sup |p(r, 2)| < ¢, a.s. (6.5)
We will be using the jointly continuous version of N® (which exists by Lemma 6.4 and [2,
Propositions 4.3 & 4.4]).

Lemma 6.6. Fix A\g > 0. There exist constants Cy and Cy such that the following holds.
For p €]0,1] and X > ), for each rectangle R C Ry = [1,2] x [0,1] of dimensions p* x p?,
let A\(R) be the event that for all ™V, p®? € R,

IN® (M) = NO @) < AAPD, pP)log, (1/A(Y, p@)),
where for v > 0, log, () := max(1,log,(y)). Then
P(A\(R)) < Cyexp (—C1A%¢; 2 log? (1/p)) .

Proof. As in the proof of Lemma 6.5, first note that by replacing ¢ by ¢/¢; and A by A/,
we can reduce to the case where |¢(r, z)| < 1, so we assume that that ¢; = 1.
Now let n; € N be such that 27"t < p < 27™  and for n € N, set

dp = cA(n+1)27", e, = Chexp (—0102)\2712) ,

with ¢ > 0 to be defined later, and Cy and C; are the constants from Lemma 6.5. We
want to use Lemma 6.3, but this lemma was stated for rectangles with one corner at the
origin, and since this is not the case for R, we are going to shift the grid G. Suppose that
R = [0, 50+ p] X [yo, o+ p*], where py = (s0,%0) € [1,2] X [0,1]. In the statement of Lemma
6.3, we replace R; by R, G, by po + G, and G by py + G, without affecting the validity of the
statement in Lemma 6.3. .

Next, we use Lemma 6.5 in order to check (6.1), for » € po+ G, fori = 1,2. Lemma
6.5 yields

PAIND D) = NOGE)| > 6.} < Coexp (~Cra2A 00, p2) ).
For pg ) e (po + Gn) N R nearest neighbor pairs in py + G,,, we have

A, pP)y =27,
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and so, using the definition of 9,
P{‘N@ (ptl)) — N(3)(p§?))| >0, } < Coexp (—C1022°") = Cyexp (—C1*A*(n+1)?) .

Now we use Lemma 6.3 with the shifted grid to complete the proof. In that lemma, let
Y (p) = N®(p) and note that we have verified condition (6.1) with &, = Cg exp (—C1c2\>n?).

Also, for pM p@ € (py + G) N R and ng = no(p™, p@) (defined in Lemma 6.1), we
compute

1037 by < Cye (o + 1) 27 < MG, o) log, (1/AGY, p2))

m=ng

for some constant Cs5 and for ¢ small enough.
Continuing with formula (6.2), we define (with ng, = n,)

e=2 Z 20me, =2 Z 26nCy exp (—0102)\2(71 + 1)2)
n=ni n=ni

< Cyexp (—0102)\2(711 + 1)2)

for A > A\ and as usual, Cy, C; changing from line to line.
Since ny +1 > log, (1/p), the conclusion of Lemma 6.3 directly implies the conclusion of
Lemma 6.6. O

Probability bounds for oscillation over a rectangle

Now we prove an estimate similar to Lemma 6.6, but for the modulus of continuity over
a rectangle.
Assume that

0<5 <S5 <t<T, r €R,

and let
t )
NW(t,z) = NO(t,2,¢,5,5) = / / Gt —r,x — 2)p(r,2)W(dz,dr), (6.6)
So J —c0

where ¢ is a jointly measurable and (F;)-adapted process, and for some ¢; € Ry,

sup lo(t, )| < ¢y a.s. (6.7)

By Lemma 6.4 and [2, Propositions 4.3 & 4.4], N has a continuous version.

Corollary 6.7. Let N(t,z) be as in (6.6). There exist constants Cy, C; > 0 such that for
0< S5y <8 <T and yy € R, letting

Ry = [51,T] x [ymyo + (T - 51)1/2]
we have for all A > 0,

P{oscr, (N®) > A} < Chexp (—Ci 2¢7%(T — S1)7?) . (6.8)
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Proof. First, note that by translation of the time and space variables, which preserves the
space-time white noise and property (6.7), it suffices to consider the case Sy = 0 and yo = 0,
so we will assume Sy = 0 and yp = 0 from now on.

Secondly, by considering N (¢, z, ¢/¢1,0,S;) and noting that

NW(t,2,0/$1,0,51) = o' ND(t,2, 6,0, )

we can remove the dependence on ¢; and assume that ¢; = 1. Thirdly, we will remove the
dependence on T'— Sy by scaling: let

N(t,2) = 671 (T = S)"VIND (T = 8),2(T — $)'?)
o(t,x) = ¢ p(t(T — Sy), (T — S1)'/?)

and note that N(t,z) satisfies (6.6) with the following modifications,

N(t,z) // Gt —r,x — 2)¢(r, 2)W (dzdr)

where 1V is another two-parameter white noise and |¢| < 1. With these transformation, the
rectangle R; is replaced by
Ry = [a,a+ 1] x [0, 1],

with a = S1/(T — S7). In particular,
P {oscp, (N®) > A} =P {oscR2(¢1 (T — S)VIN) > A} (6.9)
=P {OSCRQ(N) > Ao, (T — 51)71/4} :

Thus it suffices to prove Corollary 6.7 for N and Sy = 0, yo = 0, T = S; + 1. With these
changes, since Sy = 0, we can replace N by N©® | as defined in (6.4).

We now reduce Corollary 6.7 to Lemma 6.6. In Lemma 6.6, let R = Ry, whichisa 1 x 1
rectangle, so p = 1. Let A\g = 1. Observe that |zlog, (1/z)| <1 for x €]0,1], and for points
pM, p? € Ry, we have A(p™), p®) < 1, so on the event Ay(R;) in Lemma 6.6, we have

|N(3)(p(1)) — N(3)(p(2))‘ <\

for all points p(V), p? € R, and thus oscg,(N®) < A. Therefore, if A’ is the event that
oscp, (N®) < ), then we have Ay(Ry) C A" and also (A’)¢ C Ay(R,)¢. Therefore, Corollary
6.7 will follow if we can show that for all A > 0,

P(A\(R»)) < Chexp (—C1A?), (6.10)

where we recall that we are in the case ¢; =1 and p =T — S; = 1. However, the conclusion
of Lemma 6.6 gives (6.10) for A > Ay = 1. To deal with 0 < A < A, it suffices to increase
Cp if necessary, so that Cyexp (—C1A2) > 1.

This establishes (6.10) and finishes the proof of Corollary 6.7. O
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Growth of N®(t,) as |z| — oo
Let N®)(t,x) be the jointly continuous version of the process defined in (6.4).

Lemma 6.8. Fix T' > 0. There exists an almost surely finite random variable Z such that
with probability one, for all x € R,

sup |[N®(t,2)| < Z(|z| + 1).
t<T

Proof. We split up [0, 7] x R into unit blocks B, = [0,T] X [n,n + 1] and let

N, = sup |N(3)(t,l‘)|
(t,x)EBn

Since N®(0,2) = 0, and B, is the union of at most [I'] + 1 squares, to each of which
Corollary 6.7 applies, for each n € Z, we have

P{N, > A(n+ 1)} < Coexp (—=C12\*(n +1)?)..

Here we have incorporated ¢, into C';. By the Borel-Cantelli lemma, there exists an almost
surely finite random variable Z such that with probability one, for all z € R,

sup ‘N(S)(t,x)‘ < Z(|z| +1).

t<T

7 Establishing polarity of almost all points for d > 6

The goal of this section is to prove Theorem 2.2. We want to study the range of @, which
takes values in R? (d > 6), as (£, z) varies in the time-space rectangle Ry = [1,2] x [0, 1].

Let ws,, be as defined in (4.5) with ¢y, xo, p there replaced respectively by s, y, 7. Let
K be the constant in Proposition 5.1. For ¢ > 1, consider the random set

G, = {(s,y) € Ry : 3r € [2729,279 with oscp, (s,) (Wsyr) < 201[~(f(r)} :
where the function f is defined in (5.1), and the event

Qq71 = {)\Q(Gq) 2 )\Q(RQ) (1 - exp(—\/a/él))}

(here, Ay denotes Lebesgue measure on R? so A\y(Ry) = 1). Then

(Q24,1) = {Xa(Gy) < Aa(Ro) (1 — exp(—+/q/4))}
= {A2(Ro \ G¢) > Aa(Ro) exp(—+/q/4)} .

By Markov’s inequality,

) Ea(Ro \ G,)]
P((Q41)%) < A2 (Rp) exp(—\/a/ll)‘
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The numerator is equal to

E [ /R (5.9 dsdy} _ /R Plo9) € Ro\ Gy} dsdy

By definition of G, and Theorem 5.2, for all (s,y) € Ry,

1
2

P{(s.9) # Gy} < 2exp [— (1062 55 ] — 2exp(~ ),

therefore, by (7.1),
PU(©4:)) < 200 [ -3
In particular, N
D P((Q41)°) < +00. (7.2)

q=1
On Q, 1, for each (s,y) € G,, there exists r € [2729,279] such that

OSCR, (s,y) (Wsy.r) < 201 K f(r). (7.3)
Define an “anisotropic dyadic rectangle” of order ¢ as a rectangle in R, x R of the form
[m127%, (my + 1)27%) x [me27%, (my + 1)27%,

where my,ms € N. For (s,y) € Ro, let Qu(s,y) denote the anisotropic dyadic rectangle of
order ¢ that contains (s,y). This rectangle is called “good” if

OSCQ[(S#/)(ﬂ) < dy, (7.4)

where

dp =81 K f(279).
By (7.3), when Q,1 N {7k 2 A Ti3 = 1o} occurs (so that, by (4.7), all the ws,, are equal to
@), we can find a family H, of non-overlapping good dyadic rectangles, each of some order
¢ € [q,2q|, that covers G,. This family is determined by the random field .

Let Hy2 be the family of non-overlapping dyadic rectangles of order 2¢ that meet Ry
but are not contained in any of rectangle of H,;. For ¢ large enough, these rectangles are
contained in [1,2] x [0, 1]. Therefore, when Q,1 N {7k 2 A Tk 3 = Tp} occurs, their number is
at most NV, where

N, 27270 < X\y(R) exp(—+/q/4),
SO
N, < 29 exp(—+/q/4), (7.5)

where C' does not depend on gq.
Let €2, be the event “for all dyadic rectangles R of order 2¢ that meet Ry, the inequality

oscr(il) < Ky2 g (7.6)

holds.” The next statement is a consequence of Corollary 6.7.
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Lemma 7.1. There are constants ¢y, co such that, for Ky large enough, for all ¢ > 1, we
have

P ) < c1 expl—c2K3¢7].
Proof. Let R be a dyadic rectangle of order 2¢q that meets Ry. Consider the event
H(R) = {oscg(a) < K>27%q} .

Recall from (3.5) that u(t,z) = I(t,x) + N(t,z), where I(t,x) is a deterministic integral
and N(t,z) is a stochastic integral of the same form as the process N (¢, z) in (6.6), with
the bound ¢; = oy given by Assumption 2.1(b). We note that on Ry = [1,2] x [0,1],
(t,z) — I(t,z) is C*°, hence Lipschitz continuous with some Lipschitz constant L. Choose
Ky > 2L. Then for ¢ > 1, oscr(l) < L2741 < 2724 therefore,

H(R)® = {oscp(@t) > K227*q} C {oscg(N) > £227%4¢} .
By Corollary 6.7 applied to N(t,x) with T'— S; = 2784, we see that
P(H(R)®) < P{oscg(N) > £227%¢}
< Cyexp [~y (B2272%)" 7227
= Chexp [—C’lKqu} .
It follows that )
P ) < 2"%C)exp [—C1K22q2] < ¢ exp[—ca K3¢%]
for K, large enough. This proves Lemma 7.1. O

We continue working towards the proof of Theorem 2.2: We choose K, large enough so
that

> P((Q2)) < +00: (7.7)
q=1
this is possible by Lemma 7.1.

Set H, = Hy1 N Hyo. This is a non-overlapping cover of Ry (because of how dyadic
rectangles fit together). Set

ra =dy if Ae H,, and A is of order ¢ € [q,2¢],
rg = Ko 272[1(] if Ae 7‘[%2.
Define
Qq — Qq,l ﬂ Q‘LQ'
Lemma 7.2. For x > 0, let
1
((x) = 2%log, log, —. (7.8)
x

For q large enough, if Qu1 N{Tr2 A T3 = To} occurs, then

D ((ra) < KXo(Ry).

AeH,
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Proof. For A € H,,, if Ais of order ¢ € [¢,2q|, then

iy 6
W) 10g2 10g2 26 = K276£,
2

and the right-hand side is the volume of an anisotropic rectangle of order /.
For ¢ large enough and for A € H, o,

((ra) < K(27%9)%logy(2q),

hence by (7.5), on Qu1 N {7x2 A Tk 3 = To},

((ra) < K(

S ((ra) < K(27%19)° logy(2q) - €2 exp(—//4)

A€H 2

= CK¢®log,(2q) exp(—+/q/4).

Therefore, since rectangles in H,; are non-overlapping and contained in Ry = [1,2] x [0, 1],

D ra) < KXo(Ro) + CKq® logy(2g) exp(—/q/4).
AcH,

The first term on the right-hand side does not depend on ¢, while the second has limit 0 as

q — 00, so Lemma 7.2 is proved.

]

For each A € H,, we pick a distinguished point (s4,y4) € A (say, the lower left corner).

Let B, be the Euclidean ball in RY centered at @(s4,y4) with radius r 4.

Lemma 7.3. Let F, be the family of balls (Ba, A € H,). For q large enough, on Q,N{Tx 2 A

Tr3 = To}, Fy covers the random set
M = {u(s,y) : (s,y) € Ro}.

Notice that M C R? is the range of @ as (s,y) varies in Ry = [1,2] x [0,1].

Proof. Fix z € M. By definition, there is (s,y) € Ry such that z = @(s,y). Since H, is a

cover of Ry, the point (s,y) belongs to some rectangle A of H,,.

Consider first the case where A € H, ;. Suppose that A is of order ¢ € [¢,2q|. By (7.4),

|7:L<S,y) - fL(SAayA)’ < df? that iS, |Z - ﬂ’(sz‘hyA)’ <7Ta.

This means that z € By.
Now consider that case where A € H,,. Then on Q,, by (7.6),

|z — (s, ya)| = |a(s,y) — a(sa,ya)| < K227%g =14,

so z € B4. The lemma is proved.

Proposition 7.4. Let g denote 6-dimensional Hausdorff measure. Then A¢(M) =0 a.s.
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Proof. For g large enough so that €, occurs, on {7x2 A 73 = To}, by the definition of ¢ in
(7.8) and Lemma 7.2,

d b < > ((ra < Ka(l) —0

A, log q A, a log2q

as ¢ — oo. Since the family of balls (Ba, A € H,) covers M by Lemma 7.3, we conclude
that )\6(M) =0 on Qq N {TKQ AN TK3 = TD} Since thToo P{TKQ A TK3 = To} =1 and Qq
occurs for large enough ¢ (by (7.2) and (7.7)), the proposition is proved. ]

Proof of Theorem 2.2. We first prove that \¢(M) = 0, where

M ={u(s,y): (s,y) € Ro}.

On the event {75, = Ty}, u and @ coincide on [0,Ty] x R, so M = M, where M is defined
in Lemma 7.3, and therefore, by Proposition 7.4,

X(M) =0 a.s. on {tx1 = To}.

Since limgyoo P{7r1 = To} = 1, we conclude that A\¢(M) = 0 a.s.

Let u(]0, oo[ XR) denote the random set {u(s,y) : (s,y) €]0,00[ xR}. Since in the entire
paper, the rectangle Ry could have been replaced by any other rectangle in 0, co[XR, we
deduce that A\g(u(]0,00[ xR)) = 0. Therefore, for d > 6, A\s(u(]0,00] xR)) = 0, where Ay
denotes Lebesgue-measure on R?. By Fubini’s theorem,

0—F { /R Lugpactm(2) /\d(dz)} _ /R P{z € u(]0, o] xR)} Ay(d2),

that is, for Lebesgue-almost all z € R?, P{z € u(]0, oo xR)} = 0. This proves Theorem 2.2.
O
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