SCALING PROPERTIES OF A MOVING POLYMER
CARL MUELLER AND EYAL NEUMAN

ABSTRACT. We set up an SPDE model for a moving, weakly self-
avoiding polymer with intrinsic length J taking values in (0, c0).
Our main result states that the effective radius of the polymer is
approximately J°/3; evidently for large J the polymer undergoes
stretching. This contrasts with the equilibrium situation without
the time variable, where many earlier results show that the effective
radius is approximately J.

For such a moving polymer taking values in R2, we offer a con-
jecture that the effective radius is approximately J°/4.

1. INTRODUCTION

Because of their widespread presence in the physical world, polymers
have been intensively studied in chemistry, statistical mechanics, prob-
ability, and other fields. See Doi and Edwards [8] for a wide-ranging
treatment from the physical point of view, and den Hollander [7], Gi-
acomin [10], and Bauerschmidt et. al. [1] for rigorous mathematical
results. Konig and van der Hofstad [17] discuss the one-dimensional
case.

From the mathematical point of view, the study of polymers is ham-
pered by the many complicated factors influencing their shapes. The
simplest model for a polymer is a random walk where the time parame-
ter of the walk represents the distance along the polymer. In this model
we assume that new segments are attached to the end of the polymer
with a random orientation. Perhaps the most important modification
of this model is to penalize self-intersection; clearly two segments of
the polymer cannot occupy the same position at the same time. If self
intersection is prohibited, then we are led to study self-avoiding ran-
dom walks. There is a large literature on this subject, see Madras and
Slade [14]. One feature of interest is the macroscopic extension of the
polymer, and there are various ways to quantify this notion. We give
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our own definition later, which we call the effective radius or simply
the radius. The extension is often measured by the variance of the
end-to-end distance, E[|S,|?], where S, is the location of the polymer
at n units from its beginning Sy. From now on we will also assume
that S() = 0.

A famous problem is to show that when (.S,,)nen, is the simple ran-
dom walk on Z¢ with self-avoiding paths, we have E[|S,[?] ~ Cn?*
where

1 if d =1
1) L3 if d =2
0.588... ifd=3
1/2 if d >4

and there should be a logarithmic correction for d = 4. The case of
d = 1 is obvious and for d > 5 the result has been verified by Hara
and Slade [13, 12]. The other cases are open except for partial results
in the d = 4 case, see page 400 of [1] and also [2] and the references
therein. The same results should hold for weakly self-avoiding random
walks, that is, when the probability of a path of length n is penalized
by an exponential term involving the number of self-intersections.

The case d = 1 is the simplest, but it still presents some challenging
problems. For example, consider weakly self-avoiding one-dimensional
simple random walks (S,,)nen,. With Sy = 0, one could try to charac-
terize the limiting speed,

1 91\ 1/2
Jim — (E'[S]])
and there is a fairly complete answer, see Greven and den Hollan-
der [11]. Here the key observation was that the occupation measure
for simple random walk obeys a Markov property similar to the Ray-
Knight theorem for Brownian motion. There has also been work on
the continuous-time situation, see van der Hofstad, den Hollander, and
Konig [16].
One limitation of the above models is that they do not take time
into account. Of course a real polymer changes its shape over time.
On page 5 of [7] den Hollander comments:

“We will not (!) consider models where the length or
the configuration of the polymer changes with time (e.g.
due to growing or shrinking, or to a Metropolis dynam-
ics associated with the Hamiltonian for an appropriate
choice of allowed transitions). These non-equilibrium
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situations are very interesting and challenging indeed,
but so far the available mathematics is very thin.”

The goal of this paper is to make a contribution in this direction, for
the continuous case and in one dimension. We would also like to point
out that in our situation, it is not clear that the occupation measure
has a Markov property as in the time-independent case.

1.1. Setup. In this section we motivate and define our weakly self-
avoiding polymer model, and define the radius. The Rouse model is
commonly used to study moving polymers without self-avoidance; the
polymer is modeled as a sequence of balls connected by springs, with
friction due to an ambient fluid. Doi and Edwards [8], in equation
(4.9) on page 92 explain how to take a limit and obtain the following
stochastic partial differential equation (SPDE), which is also called the
Edwards-Wilkinson model in the context of surface growth (see Funaki
9] for a rigorous derivation),

Ou = 0*u + W (t,z),

(1.2) u(0,z) = ug(x),

where (W (1, ))i>00c[0,5 18 a two-parameter white noise. We assume
that the intrinsic length of the polymer is J, by which we mean that
x € [0,J]. Since the ends of the polymer are not fixed, we impose
Neumann boundary conditions

(1.3) dyu(t,0) = dyu(t, J) = 0.

We also assume that ug is continuous on [0, J].

As is well-known, we do not expect solutions (u(t, z))i>0.c[0,5 to be
differentiable in either variable, so we must regard (1.2) as shorthand
for an integral equation, usually called the mild form:

tpd
(1.4) u(t,m):Gt(uo)(x)+/0/o Gi—s(z,y)W (dyds),
where ;
Gia) = [ Gl )iy

and Gi(z,y) = G/(z,y) is the Neumann heat kernel on z,y € [0, J]
which solves

ath(l',y) - aiGt(xa y)a
aazGt(07 ?J) = a.th(Ja y) - 07
Go(z,y) = d(z —y).
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Writing

6P = e (-2
t \T) = 47Ttexp At )

for the heat kernel on R, we have

(15) Gi(x,y) =Y Gla—y—2k])+ Y Gla+y— (2k+1)J).

kEZ keZ

It is well-known that for ¢ > 0 the process x — u(t, x) is a Brownian
motion plus a smooth function, see Exercise 3.10 in Chapter I11.4 of
Walsh [19] and also Proposition 1 in Mueller and Tribe [15]. Therefore
we may define an occupation measure and a local time as follows, where
m(-) is Lebesgue measure,

Li(A) =m{z €0, J] : u(t,x) € A}

(1.6 i) = 1)

Now we define a weakly self-avoiding process. For continuous processes,
the usual way of doing this is to weight the original probability measure
by the exponential of the integral of local time squared, see [7] Section
3.1. One might think that instead of the fixed-time occupation measure
L,(A) defined above, we should consider the overall occupation measure
m{(t,x) € [0,T] x [0,J] : u(t,x) € A}. However, at different times
there is no reason that two parts of the polymer cannot be in the same
position, so we study L; as defined above. Then /¢;(y) represents the
density of values of = for which u(t, x) € dy, for t fixed.

If Pp ; denotes the original probability measure of (u(t, ))icp0,1),2¢[0,J15
we define the probability Q7 ;s as follows. For clarity, we will let
EPrs EQrus denote the expectations with respect to Pr; and Q1.
respectively. We write E for Ef7.7. Let

T [e%)
Erjp = — C(y)dydt ) |
(7 T8 eXp( of [t >
Zr,55 = ElEr,58) = B [Er,).

where [ is a parameter representing inverse temperature, following the
usual convention in statistical mechanics. Then we define

1

(18) QT7J75(A) = Z—E[ST’J’BlA].
T,J,8

I )

For ease of notation, we will usually drop the subscripts except for T'
and write

Pr=Pry, Qr = Q1.8 Er = €78, Zr = 21,18
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Finally, we define the radius of the polymer u. The most common
definition of the radius of a polymer (p(z)),cpo,s involves the end-to-
end distance |p(J) — p(0)], but we find it more convenient to study the
standard deviation of the distance from the center of mass. Define

(1.9) alt) = % /0 u(t, 2)dz

and define the radius of (u(t, x)):cjo,1],2¢[0,1) to be

2

1 T pJ ) 1/
R(T,J) = {T_J/o /0 (u(t,z) —a(t)) dzdt| .
1.2. Statement of the main result. For any 3, > 0 we define

1, for 0 < BJ7/? <e,
h(B,J) :{

1.10
(1.10) log(BJ7/?), for BJ7/? > e.

Here is our main result.

Theorem 1.1. There are constants g, Ko, K1 > 0 not depending on
B, J such that the following hold.
(i) For all J > 0 and 8 > eJ ™2 we have

fm GQr [%h(ﬁ, J)T BRI < R(T,J) < Koh(B, 1)28Y2 7 3} ~1.
—00
(i) For all J > 1 and 0 < 3 < eJ ™7/ we have
Jim Qr |02 < R(T.T) < K0T = 1,
—00

Remark 1.2. There is a barrier to sharpening the second inequality in
(i1) with respect to dependence on 3, see Remark 4.3 and the explana-
tion after (4.6). So there is a gap in the upper bound of (i) regarding
B. But we would like to point out that most results for weakly self-
avoiding polymers do not give end-to-end distance depending on [ (or
its analogue) either.

Remark 1.3. We give an intuitive justification for Theorem 1.1 in the
Appendizx.

1.3. Outline of the proof. The following strategy for bounding the
right side of (1.8) was already used in Bolthausen [4].

In view of statements (i) and (ii) of Theorem 1.1, we define
X« {51/%(5, NV2K, if B> e/

2 =

1.11
(1.11) Ko if B < eJT/?
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and choose K > 0 later. Define the following events.
112) Ap) = {R(T,.J) < eoh(5,.7) 161017},
' AD = {R(T, J) > ;5215

It suffices to show that for ¢ = 1,2 we have
: () _
A QrlAr) =0

From (1.8) we see that it is enough to find:

(1) alower bound on Zr, derived in Section 2,
(2) and an upper bound on EfT [ETl } for i = 1,2, obtained in

Sections 3 and 4, respectively.

AW

Finally, the upper bounds divided by the lower bound should vanish as
T — oo.

As mentioned above, Greven and den Hollander [11] give a precise
result for the length of the growing polymer in the case without an
extra time parameter. Their argument depends on special properties
of the local time or occupation measure, which are not available in our
case. Bolthausen’s argument [4] starts from first principles and gives a
less precise result, but does not depend on these special properties, so
we carry over some of his ideas.

1.4. A conjecture about two dimensions. We build on the physical
reasoning of Flory (see Madras and Slade [14], subsection 2.2) and offer
a conjecture about the case in which the polymer takes values in R2.
The reasoning is given in the Appendix.

Here we assume that u = (uq, ug) is a vector-valued solution to (1.2),
where ug is also vector valued, and the Neumann boundary conditions
(1.3) still hold. Also, we assume that W = (W, W) is a vector of
independent white noises.

Since we believe that * — u(t,z) behaves like a two-dimensional
Brownian motion, the local time will not exist. Instead, we should use
either

(1) Varadhan’s renormalized self-intersection local time [18], or
(2) A mollified version of local time such as

J
(y) = / p(ult, z) — y)dz

where y € R? and ¢ : R? — [0, 00) is compactly supported in a
neighborhood of 0.
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Replacing ¢ by one of these alternatives, we define R(T, J) as before.
We do not state our conjecture as precisely as Theorem 1.1, nor do we
speculate about the dependence of R(T,.J) on f.

Conjecture 1.1. With high probability,
R(T,J) ~ J*4

2. LoOwER BOUND ON THE PARTITION FUNCTION

In this section we derive a lower bound on the partition function
Zr which was defined in (1.7). This bound is given in the following
proposition. Recall that h was defined in (1.10).

Proposition 2.1. For any 8 > 0 and J > 0 we have
1

liminf — log Zp > —CJY3h(3, J)3*?,
T—oo T

where C' > 0 is a constant independent from J and f3.

The proof of Proposition 2.1 is delayed to the end of this section as
we will need additional ingredients in order to derive this result.

We first define the radius R,, and then derive the scaling properties of
R(T,J), Eryp and Zr 55 in J. We therefore introduce some additional
definitions and notation, which will be used later on. Let

1/2

@1) 0ot J) = E /OJ (u(t,x)—u@))?dx} L 0<t<T

We also write 6,(J) when ¢ is a function which may not depend on t;
the definition is the same as for 8,,.
Define

(2.2) R,(T,J) = <% /OT 0,(t, J)%lt)

Let (w(t,z))t>0.ep be a double-indexed stochastic process, where
D C R is a compact set. In analogy to the local time of u which was
defined in (1.6), we define £}’ = (¢’(y))yer as the local time of w(t, -),
whenever it exists. Moreover we define £F ;5 (ZF ;5) as exponential
of the squared local time of w (partition function), which corresponds
to Eryp (Zr.gp) in (1.7). Recall that Qr s was defined in (1.8). In
similar way we define ()7 ; ; when we refer to the process w.

1/2

Finally, recall that u satisfies (1.2) on = € [0, J], with boundary con-
ditions (1.3). In the following lemma we establish the scaling properties

of R (T,J), & ;5 and Q7 ;5(+) in J.
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Lemma 2.2. Let T, J > 0. Define
(2.3) o(t,x) = JV2u(J%, Jx).
Then the following holds:

(i) v satisfies (1.2) on x € [0,1], with a different white noise.
(ii) For any constant > 0 we have

D
giu“,J,B - :7“]—2,1@]7/27 Q%,J,B(') - Q;J—Q,L/jjﬂ?(')'

(iii)
R (T, J) 2 JYV?R,(J T, 1).

The proof of Lemma 2.2 is postponed to Section 5.

From Lemma 2.2(ii) it follows that we can prove Proposition 2.1 for
J =1 and then use the scaling properties of Zr to generalize the result
for any J > 0. Therefore in the remainder of the section we assume
that J = 1.

Next we state a few useful facts on the Fourier decomposition of
the solution to (1.2), which are taken from Chapter II1.4 of [19]. Note
that the stochastic heat equation in Chapter II1.4 of [19] includes also
a linear drift term, however this only changes the eigenvalues of the
equation and does not affect the eigenfunctions.

Let (©n(+), —An)n>0 be the sequence of orthonormal Neumann eigen-
functions and eigenvalues of the Laplacian on [0,1], with (A,),>0 in
increasing order. Then

(2.4) po(z) =1, Ao =0
and for n > 1,
(2.5) On(z) = V2 cos(nmz), A\, = P2,

Recall that the mild form of (1.2) was defined in (1.4). Define

(2.6) N(t,z) = /Ot /OJ Gis(z,y)W(dyds), t>0, z€0,J].

It follows that for J =1,

(2.7) N(t,z) =Y X" on(x),
n=0
where
dx™ = -\, x"adt +dB™,

(2.8) )
x\M =0
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and (B.(n))nzo is a collection of independent Brownian motions.

As in Section 3 of [4] we define a measure P( ) = P( ) 5 that adds a
drift to the process. In our situation, it would be loglcal to simply add
a constant drift to the white noise. However, adding such drift would
just shift the solution to (1.2) to the right (or left). So we would like
to add a drift which increases or decreases with z.

In order to do that, we take the noise W and add a drift ap;(-). In
what what follows we fix 7" > 0. Recall that

1
(2.9) / 3 (x)dzr = 1.

0
Then the Cameron-Martin formula for spacetime white noise (see Daw-

son [6], Theorem 5.1) gives
(2. 10)

dPT —exp (/ / ap: (x)W (dxdt) ——/ / a*pi(w dxdt)
= exp ( /0 /0 agpl(:z:)W(d:cdt)) /§<T,a),
where

(2.11) ((T,a) = exp (TTQQ) .

We write F for the expectation EP* with respect to p}a). Let g > 0,
and recall that ¢,(-) is the local time of the process x — u(t,z). Now
using Jensen’s inequality, we get

) i T poo dp(a)
log Z7 = log E | exp —B/ / 0 (y)*dydt — log —-L
0 —00 dPT

(2.12) A pla
Z—ﬁE// O (y dydt} dlr

dPr
=: —BL(T)

In what follows we derive the asymptotlc behaviour of [;(T') fori = 1,2
when 7" — 0o, which will help us to prove Proposition 2.1.

log

Proposition 2.3. There exist positive constants Cy,Cy > 0 not de-
pending on J, T, a such that:

(i) for any 0 < a <1 we have

lim L(T) = g
T— o0 T a

Y
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(ii) for any a > 1 we have

(T 1
i 1) _ g losa
T—oo T a

Proof. From (1.4) it follows that for any continuous initial condition
ug, as t — 0o, Gi(up)(x) converges to a constant uniformly in z. Since
adding a constant does not change the radius of the solution, we can
ignore the influence of the initial data and start with «(0,-) which is

a pinned stationary distribution with respect to P (see e.g. equation
(2.1) in [15]). Let ty > 0 and z € [0, 1]. For ¢, <t and x € [0, 1] define

Uty zo (t, T) = /t:/ol Gt,r(x,y)W(dydr)
(2.13) + / ; /0 1 (G (2, ) — Gy (0, )] W (dydr)

+a/oo/0 [Gi—r(2,y) — Gro—r(wo, )] 01 (y)dydr,

where W is a space-time white noise.

We first study the solution u to (2.13) under a ]ST(,Q), which adds drift
ap1(y) to the noise W (dyds) for s € [0, T7.

Therefore, we replace W(dyds) with W (dyds) + apy (y)dyds for s €
0, 7],y € [0,1]. So from (1.4) we get that wuy, ., satisfies the following

equation under ]f’}a), for tg <t <T and x € [0,1],
t
woatia)i= [ [ Gyt (dya)
to JO

t 1
+a / / G (z,y)p1(y)dydr
to JO

(2.14) +/0/0 (G, y) — Gro—r (o, y)| W (dydr)

o [ [ [Gerten) = G lan )] e )duar
= (A)+a- - (B)+(C)+a-(D).

Recall that (p,,, \,) were defined in (2.5). We will use the L%-eigenfunction
expansion of the heat kernel

(2.15) Gi(z,y) =Y e on(x)pn(y).
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Since A, is the eigenvalue corresponding to ¢,,, we have for every n > 1,
(2.16)
1

/O on(y)Gros(z,y)dy = e, (z) = exp (—mn’(t — 3)) @a(y).

In the following lemma we verify that the integrals (C) and (D)
converge. Note that (C) and (D) depend on (¢,ty, z,x9) so we often
abbreviate (C)(t, to, x, z) and (D)(t,ty, z, xo).

Lemma 2.4. For any T > 0 the following holds:
(i)

sup sup E[(C> (t7 to, @, xO)Q] < 00,

to<t<T z,20€[0,1]
(ii)

sup  sup |(D)(t, to, z, xo)| < 00.
to<t<T z,20€[0,1]

The proof of Lemma 2.4 is postponed to Section 6.
In the following two lemmas, which will be proved in Section 6, we

derive two essential properties of the pinned string.

Assume now that ty and x, are fixed. For any ¢t > 0, let g ;, 4, be

the density function for wuy, ., (t, £2) — Uty 4, (t, x1) With respect to ]5}“).

First, we reformulate the expected local time integral in terms of an
integral over g; ;, .,(0).

Lemma 2.5 (Rephrasing the local time integral). For any 0 <t < T
we have

[e'e) 1 1
(2.17) E[ / ét<y>2dy}= / / Gruor.ea (0)dadiry
—00 0 0

Next we derive the shift invariance property of the pinned string.

Lemma 2.6 (Shift invariance of the pinned string). Let 0 < ¢ty < T
and xo € [0,1]. Then under the measure P}a) the random field

Uto,xo(thla 1}2) = uto,wo(twrl) - uto,]}o (ta 1'2), t € [07T]7 T1,T2 € [07 1}7

is stationary in t. That is, for any tg < t; <ty < T we have

D
(Uto,zo (tla X1, x2))x1,12€[0,1} - (Uto,azo (t27 Z1, x2))x1,x2€[0,1]'

From Lemmas 2.5 and 2.6, it follows that in order to bound I;(7T'), we
can restrict our discussion to the case where t =ty = 0 and zg = 1/2
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in (2.14). Then we have
00 1
u0,1/2(07 33) = / / [Gr('xa y) - Gr<1/2> y)] W(dyd?“)
0 0

(2.18) +a/0°°/0 (G (2, y) — Go(1/2,9)] o1 (y)dydr
=: (E)(z) +a- (F)(x).

Recall that {{;(y)},er is the local time of ug/2(t,). From (2.12) and
Lemmas 2.5 and 2.6, we therefore have

(219) L(T)=TE [ /_ Z Eo(y)Qdy} =T /0 1 /0 1 02120 (0)dodiry.

From (2.19) we conclude that the scaling properties of I;(7") are given
by gO,acl,a:z'

Notation. In order to simplify the notation we write g, 5, instead
of §o.4,.4, for the rest of this section. We also use the notation u(t, z)
instead of g 1/2(t, x) where there is no ambiguity.

In the following lemma we derive some essential bounds on the sec-
ond moment for the increments of ug /2, in the drift-less case, that is
when a = 0 in (2.18). Since w1/ is a Gaussian process, this bound
also applies to the variance of its increments for any a > 0.

Lemma 2.7. Assume that a =0 in (2.18). Then there exist constants
C1,Cy > 0 such that for all x1,29 € [0,1] and t € [0,T],

Cilzy —x9| < FE [(u(t,xl) — u(t,azg))z] < Chlzy — x4

The proof of Lemma 2.7 is given in Section 7.
In order to study g, .,, we need analyze the drift term (F) in (2.18).
Since ¢1(1/2) = 0 we get from (2.16) that

(F)(x) = / M oy (2) — u(1/2)] dt
_ /0 T e Nt (1)t

= — cos(mz),
T

where we used (2.5) in the last equality.
Define
D(xy,29) = (F)(x1) — (F)(z2), 0<zy,29 <1

In the following lemma we derive a lower bound on D(z, z3).
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Lemma 2.8. For all 0 < z; < 29 <1 we have
D($ " ) > 8%(1’2 — x1)<I2 +$1), fOT I +I2 S 1,
b= %(xg—xl)(l—%), forl < x4+ 29 < 2.

The proof of Lemma 2.8 is given in Section 7.

We define g,, ., as the density function for «(0,z5) — u(0,z1) in
(2.18) when @ = 0. From Lemmas 2.7 and 2.8 we get that there exist
constants C7, Cy > 0 such that

1 1 1 1
/ / gﬂﬁl,m (O)d$2d$1 = 2/ / gm,m (O)dllfgdl‘l
0 0 0 T
1 1
= 2/ / 911’12 (D(l’l, l’g))dl’zdl'l

Cya®D 2
To — 1) 1/2e><;p (— 207 D(1, 72) )dxgdxl

/ / To — Iq
(2.20) <C / / Lioitmo<iy (@2 — @1)” 12

0

x exp (—C3a*(z1 + 22)* (22 — 21)) dz1day

S|
Cl/ / 1{x1+x2>1}($2—$1)_1/2
0 3
2 T+ To 2
xexp | —Cya” (1 — 5 (xg — x1) | drydzy

=: C1(Zi(a) + I»(a)).

The result then follows from following lemma, which is proved in Sec-
tion 7.

Lemma 2.9. There exist constants Cy,Cy > 0 not depending on a,
such that for i = 1,2 we have:

(i) forall0<a <1,
Ii < )
(<
(ii) for all a > 1,
loga

Li(a) < Cy

a

Next we analyze I5(T) from (2.12).
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Lemma 2.10. For any J,T,a > 0 we have

a*T

Proof. From (2.11) and (2.12) it follows that

(2.21) _ VT Jagol(x)W(dﬂ?dt)} —log (T, a)

where we write

W (T, ap,) = /0 ' /O ’ apr ()W (dwdt)

Using (2.10) we get

E[W(T,ap))] = E

(2.22) = E[W(T,¢1) exp (aW (T, ¢1))]

- a)d%E fexp (aW (T, 1))

In the preceding line we have the derivative of a moment generating
function. Let

X =W(T, ¢),
and
¥(a) = Elexp (aX)].
Note that X ~ N(0,0?) and from (2.9) we conclude that

o= [ [frora-

It follows that
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Using this moment generating function computation in (2.22) and using
(2.11), we get

(2.23) E[W(T,ap)] L e (“QT) 27
. ,a = = al'exp| — | =a"1.
T 2
Pulling together (2.21) and (2.23), we have
. - a® 1
L(T) = E[W(T,ap,)] —log (T, a) = a®T — 5T = 5a?T.

Now we are ready to prove Proposition 2.1.

Proof of Proposition 2.1. We first prove the proposition for J = 1, that
is for a solution v to (1.2) on x € [0, 1].

From (2.12), Proposition 2.3(i), and Lemma 2.10 we get for any
0<p<eand0<a<l,

hmmfilogZTlg > hm —( BL(T) — I(T))

T—o0

CL2

5
—_cl_
a 2
Next we choose a = (3/¢)/3, and get that there exists a constant C' > 0
such that

o] ~
(2.24) llTlrilol;)lf Tlog Zr1p > —Cp*3.
Again from (2.12), Proposition 2.3(ii) and Lemma 2.10 we get for

any 3 > e and a > 1,

T—o0

hmlnf?logZTlﬂ> lim —( BL(T) — I(T))

Cﬂloga B a?

a 2

As before we choose a = (3/¢)'/3, and get that there exists a constant
C > 0 such that

(2.25) lim: gf?log Zripg > —CpB*3log .
Let J > 0 and let u be the solution to (1.2) on =z € [0, J]. Now

we use Lemma 2.2(ii) and (1.7) to get Zf ;5 = Z7 ;5 4,7»- Together
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with (2.24) we have for 0 < 3J7/% < e,

hmmelogZTJﬁ =J 211m1nfmlogZ TI-21.8J7/2

T—o00 T—o0
J2B2/3 713

> _B2/3J1/3C'
Similarly using (2.25) we get for all 3J7/% > e,

v

o] u oy 1
hmmfflogZTyJﬂ:J 2hmmfmlogZ

2 7/2
T—o0 T—o0 TJ=2,1,87/

> _CJ72B2/3J7/3 lOg(/BJ2/7>
By the definition of h(3, J) from (1.10), the result follows. O

3. SMALL DISTANCE TAIL ESTIMATE

In this section we derive an upper bound for the tail behaviour of
R(T,J), which is given in the following proposition. Recall that Qr

and Agpl) were defined in (1.8) and (1.12), respectively, and that A(Tl)
depends on &q.

Proposition 3.1. We can choose €9 > 0 small enough so that
: My _
A QrlAr) =0

Proof. We first prove the proposition for J = 1, that is, for a solution
v to (1.2) on x € [0, 1].

We first define the event Axr = {R(7T,1) < K}. Recall that 6, was
defined in (2.1). From (2.2) we get

1 2
= 0,(t,1)“dt
1 /0 (t.1)

Hence we have on Ak r

(3.1) H{t €[0,T]: 6,(t,1)* <2K?*}| >T/2,

where | - | denotes the Lebesgue measure. From (2.1) it follows that if
0,(t,1)> < 2K? then

(3:2) {z €[0,1] - v(t, ) € [0(t) — 2K, 0(t) + 2K} = 1/2.

Let df = o(t) + 2K, and note that d — d; = 4K. Then from (1.6),
(3.1) and (3.2) it follows that on Ax 7 we have

{t e 0,7]: /dk 0 (2)dz > 1/2}

(3.3) > T/2.
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Using Jensen’s inequality and (3.3), we get on Ay x

/ / e dydt>4K/ </d 0 (y)?
(3.4) > 4K /OT (/ddlt Et(y)f—y>2dt

> —.
— 32K

=+
=~ el
<
N———
Y
~

Note that on the event A(Tl) in (1.12) we have
(3.5) R(T,1) < goh(,1)71 Y3

Hence from (3.4) we get that on AT ,

T
)2 >
/ / €t dxdt > 3280}1(5 )_1ﬁ1/3.

Recall the definition of & in (1.7). Thus for any €y > 0 we have
(3.6)

i T
E|&r1(R(T,1) < eoh(8,1)7'8")| < exp (_6326011(@ 1)151/3> :

Using Proposition 2.1 with J =1 and (3.6) we get

Tim % log Qr (R(T, 1) < oh(5,1)7'5%)

< lim fng[eT (R(T,1) < 0h(, 1)) |

T—oo

< —BPh(p,1) (i - O)

Hence by choosing ¢y small enough we get the result for J = 1.
Let J > 0 and let u be the solution to (1.2) on x € [0, J]. Define

6u = J77/25v-
Now we use Lemma 2.2(ii) and (iii) together with (3.7) and

(3.8) h(Bu; J) = h(By, 1),

— liminf T log Zp
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to get
1
7 Qrap. (Ru(T, ) < coh(Bu, 1) 5,/ °%)
1
(89) = Qrs2up, (JR(TI21) < eoh(By, 1) TV0B,2 )

= J2

72 Qs (Ru(TT7% 1) < eoh(B, 1)7'8,17).

It follows that

.1 _
Jim = Qr s, (Ru(T, J) < 2oh(Bu, J) A1)

3260

1
_ Q2/3 71/3 _
B2 T h( By, J) (3250 O) :

> —J 7237 h(Bu, J) (L - C)

Hence by choosing ¢y small enough we get the result for any J > 0. [

4. LARGE DISTANCE TAIL ESTIMATE

In this section we derive an upper bound for tail probability of
R(T,J), which is given in the following proposition. Recall that Qr

and Ag? ) were defined in (1.8) and (1.12), respectively, and that Ky was
a constant appearing in the definition of As.

Proposition 4.1. We can choose Ky so large that
: 2)y) _
A, Qr(dr) =0

Before we start with the proof of Proposition 4.1 we introduce the
following large deviation result. Let v > 0 and define (X;);>o to be an
Ornstein-Uhlenbeck process satisfying

dXt = —"}/Xtdt + th,

(4.1) X, =0
and let
Sr = / X7dt.
Lemma 3.1 of Bercu and Rouault [3], which relies on Bryc and Dembo

5], states the following.
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Lemma 4.2. T-'S; satisfies a large deviation principle with good rate
function

(Q'yc—l)2 .
(4.2) I(c) = { ©  Ye>0,

+00 otherwise.

Remark 4.3. In fact I(c) = 0 if ¢ = (2y)"'. As noted in (1.5) of
Bercu and Rouault [3],

almost surely. So this lemma is only useful to us when ¢ > (2)7L.

Proof of Proposition 4.1. Once again we first prove the proposition for
J =1, that is for a solution v to (1.2) on z € [0, 1].

Observe that since Gy(ug)(z) tends to a constant uniformly in x as
t — oo, we need only deal with N(-,-). So for the purposes of this
proof, we will assume that ug is identically 0 and thus u(t,z) = N(t, )
fort >0, x € [0, J].

Also recall that 6, was defined in (2.1) and that we use 6, for a

function ¢ which may not depend on ¢. Recall that (X.(n))nzo was
defined in (2.8). We also define

T
S = / (X2 dt.
0

Recall that N was defined in (2.6), and that (2.7) states
N(t,x) = Z Xt(n)gon(x).
n=0

We define N(t) = fol N(t,x)dz, as we defined u. Since @g(x) = 1
for # € [0,1] and since the (¢,),>0 are orthogonal, we have N(t) =
Xt(o)goo(x), for all z € [0, 1]. Therefore

e ¢}

N(t,x) — N(t,z) = ZXt(")gon(x).
n=1
Again using the fact that (¢,),>1 are orthonormal, we get
(4.3) Ry(T,1)% = i 1 /T(X“”)Zdt = i L
. ’ n=1 T 0 t n=1 T t

We bound the final term in (4.3) using the following lemma . We
first observe that for a family of events (A7) that satisfies a large
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deviations principle with rate function 7 > 0 we have
1
limsup — log P(Ar) < —1.
T—o00 T
Then, for all K > 1 there exists T}, such that for T > T, we have
1 I
—log P(Ar) < ——.
T log P(Ar) < ——

and so for T > T,

(4.4) P(Ar) < exp (-%) .

In our case, we have a family of events (AE[? ))nZLTZO where

1
Al {ngw > Kn—a} |

So in principle we would have different times 7, ) in (4.4). In the proof
of the following lemma we use the fact that our processes Xt(n) are
related in law and by scaling to a single Ornstein-Uhlenbeck process,
so we can choose a single T, which works for all n. For the next lemma,

we choose k = 2.

Lemma 4.4. There exists T > 0 such that if T > T then for alln > 1

we have
1 Tnl(K
P (TS(TH) > Kn_2) < exp (—%) ,

where I(-) was defined in (4.2).

Before proving this lemma, we use it to finish the proof of Proposition
4.1 in the case J = 1.

Let 8 > 0 be a fixed constant. Recall that for every Ky > 0, K, was
defined in (1.11). Define

-1
= 1 6

Now taking ¢, = 273¢oK3n~2 and v = \,, = n?7? in (4.2), we find that

cny = 273com?K2. Following Remark 4.3, in order to use Lemma 4.2,

we need to show that

(4.6) 2¢,7 =221y K3 > 1, foralln > 1.

We show that this requirement is satisfied in the following two cases.
Case 1: for 8 > e, K2 = B*?logBKZ > KZ. Note that we need
B > e here since log 8 could be arbitrarily small near 8 = 1. Choosing
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K2 > cho will be sufficient for (4.6). Case 2: when 0 < 8 < e,
K2 = K2, and again K2 > —— will be sufficient for (4.6). From (4.2),

m2co

(4.5) and (4.6) it follows that for Ky (and therefore K5) large enough,

(270n B 1)2
8¢,
(2722 K2 — 1)?
coK3n—2

I(cn) =

(4.7) _

> —n*Kj3, foralln>1.

N —

From (4.3) we get

P(Ry(T,1) > K3) = P (Ra(T,1)? > K3)
= 1
< ZP <TS¥I) > cngn_2> :
n=1

where we have used (4.5) in the last inequality. Using this (4.8) together
with Lemma 4.4 and (4.7) give us that

(4.8)

o0

limsup P (Ry(T,1) > K3) < lim supZeXp (=TI(coKom?)/2) = 0.

T—o00 T—o00 —
n=1

Proof of Lemma 4.4. Let (Y;)i>o satisfy (4.1) with v = 1, thatis Yo =0
and dY = —Ydt +dB. For a,b > 0 let

2" = avy,
B = 4By,
Then we find

Az = d(aYy)
= —aYpd(bt) + adBy
= —b2\"" + dB{""
and also Z\™" = 0.

Choosing b = A\, = 7?n? and a = (7n)~! and writing Y = Z(@9)
we see that B := B ig a standard Brownian motion. So for ¢ > 0

Ay = -\, y™dt + dB{™
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and (Xt(n))tzo and (Y;(n))tzg are equal in distribution. Then Lemma 4.2
implies that

L ) —2) (1 /T (n)\2 _2)
Pl=5""">Kn =Pl = X dt > Kn
(T T T 0 ( t )
1 T
P(— / (Yt(”))zdt>Kn‘2)
T 0

1 T
P (—/ ((ﬂ'n)ilyﬂzn%)2dt > an)
T Jo

1 w2n2T ) )

where we have used the change of variable s = m2n?t.
Then Lemma 4.2 finishes the proof of Lemma 4.4. As we remarked,
this also finishes the proof of Lemma 4.1 when J = 1. 0

Now use scaling to finish the proof of Lemma 4.1 for all J > 0. Let
u be the solution to (1.2) on x € [0, J]. Recall that v is the solution to
(1.2) on z € [0,1]. Now we use Lemma 2.2(ii) and (iii) together with
(3.8) to get along the same lines as (3.9) that

Qro-21.5, (RATT,1) < Koh(8,,1)"*5}1%)
= QT,J”gu (RU(T, J) < Koh(ﬁu, J)1/2ﬁ5/3J5/3)’

where 8, = J~7/23,. From (1.11), (1.12) and Proposition 4.1(i) with
J =1 we get that there exists Ky > 0 such that for any £, > e we
have,

lim Q71 5, (Ro(T,1) < Koh(B,,1)'/28)%) = 1.
T—00
It follows that
Tim Qr g, (Ru(T, J) < KoBY h(B,, 1) 27%7) =1,
—00

for B, = J77?B, > eJ"7/? so we get (i) for all J > 0.

From Lemma 4.4 with J = 1, we get that there exists Ky > 0 such
that for any 0 < 5, < e we have,

lim Qrag, (R(T.1) < Ko) = 1.

Therefore, using the same scaling argument, for any J > 1 and (3, <
eJJ~7/? we have

Hm Qry, (Ru(T,J) < KoJ7P) =1,

where Ky = KoJ /% < K,. Then we get (i) for all J > 1.
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This finishes the proof of Proposition 4.1. U

5. SCALING OF THE POLYMER

This section is dedicated to the proof of Lemma 2.2. Throughout
this section we assume that u(t, x) satisfies equation (1.2) on x € [0, J]
and that v is defined as in (2.3).

Proof of Lemma 2.2. (i) This is a well known property of the stochastic
heat equation, but we give a short derivation for completeness. First,
recall that (G (x))i>0.4ep0,s] is the Neumann heat kernel on [0, J], and
that the following scaling equalities hold.

Gl (J 2, T y) = T - G (2,y),
W7 (dy ds) = J W (Jdy, J*ds) 2 W (dyds),

where 2 means equality in distribution. The first equality above follows
from (1.5) and the scaling properties of the heat kernel on R. Then by
the definition (2.3) of v(¢, x),

o(t, 2) = JV2u(J%, Jz2)

J
_ J—1/2/ Gi(J*t, Jz — y)uo(y)dy
0
J% pd
+ J‘I/Q/ / Gy (J°t — s, Jz — y)W (dyds)
0 0
J
_ J—3/2/ Gi(t, 2z — T 'y)ue(y)dy
0
J* o pJ
+ J—3/2/ / Gl(t _ J_257 z — J_ly)W(dde)
0 0
1
:/ G1(t, 2 — w)vo(w)dw
0
t 1 2
+/ / Gi(t —r,2 —w)W”" (dwdr),
0o Jo

This proves part (i).
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(ii) We first derive the relation between ¢} and ¢;. From (1.6) and
(2.3) we get
1

(oo (v(t, 2))dx

G (y)

S—

ay
0

1
Oy / 1oy (T 2u( %, J2))da
0

1
= 3@;/0 1(_00,Jl/zy](u(<]2t, Jx))dx.
Changing variables to z = Jz, w = J'/?y we get
J
G (y) = J'?0, / 1 oo (u(J?t, 2))J " dz

J_l/zgﬂt( )
It follows that
£w) = 205 (y) = TV (T,

/ / 0 (w)2dwdt = / / Yo, (J 7V 2w) dwdt.

Making the change of variable s = J~2t and going back to the original
variable w = JY2y, we get

T oo J72T  poo
/ / 0 (w) dwdt = J / / ()2 TV dy J?ds
0 J—oo 0 —o0
J—2T 00
:J7/2/ / 0°(w)?dyds.

Let > 0. From (1.7) and (5.1) we get

ET 75, —exp( ﬁ/ / Gy 2alyalt)
= ex (—,BJ7/2/0 QT/_OO@;(w)?dyds)

o v
- SJ*QT,I,,BJW?'

Thus,

(5.1)

From the above equation together with (1.8) we get
Q%,J,ﬁ() = Q%J727176J7/2(’>7

and we have proved (ii).
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(iii) Recall the definitions of R,(7T,1) and R,(J*T,J) from (2.2).
From (1.9) and (2.3) we get

1
v(t):/ v(t, x)dx
0
1
= J1/2/ u(J*t, Jr)dzx
0

J
= J3/2/ u(J?t, z)dx
0

= J7V20(J%, x).

(5.2)

Using (2.3), (5.2) and making the change of variables s = J?¢, y =

Jx, we get
1 Tt 9
== / / (v(t,x)—@(t}) dedt
0 0
1

T (1 9
/ u(ﬁt, Jz) —u(ﬁt)) dudt

7
TJ4/TJ/ u(s,y) — u(s )) dydt

= J'R,(J?T, J)?
Taking the square root and defining 7' = T'J~2, we have
R(T,J) = JYV?R,(J7*T,1),

and we get (iii). O

6. PROPERTIES OF THE PINNED STRING

This section we prove Lemmas 2.4, 2.5 and 2.6.

Proof of Lemmas 2.4. (i) Recall that (C') was defined in (2.14). Using
[to’s isometry, (2.5), (2.15), Fubini’s theorem and the fact that {¢, },>0
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is an orthonormal basis, we get

= [ [ (6o = G (o
= [ ) )
(6.1) x [e7 g () — e~ ()] /O 1 (Y, (y)dydr

< 2/ —(t—to+7)A\p + €_T/\"}2d7"7

where we dropped the n = 0 term because Ay = 0 and ¢y = 1, so the
difference in the brackets is zero. Also, we used the fact that ||¢, |2, < 2
for all n > 1, which follows from (2.5). It follows that

)Y < 22/ [2e™ ) dr <83 (24,) !
n=0 0 n=0

where we used (2.5) in the last inequality.

(ii) From (2.16), we get

D)| = ‘ / "’ / 1 (Gir(z,y) — Gro—r (20, y)] 01 (y)dydr

(Gitoir(T,y) — Gr(0, )] 01 (y)dydr

< / ] o
0

< oQ.

Proof of Lemma 2.5. Let fmlm be the joint probability density of
(u(t, 1), u(t, x9)) under ﬁ’T(,a).
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Let S1, 5 C R. Then from (1.6) we have
/ / s, (y1)Ls, (y2) e (y1) le(y2)dy2di
_ / / 1s. (u(t, 21))Ls, (u(t, 2))daaday.
0 0

Therefore

E{/Z /Z 151(y1)152(y2)€t(y1)€t(y2)dy2dy1]

1 1 [e’e) (o]
= / / / / Ls, (Y1) 15, (Y2) fee1 00 (Y1, Y2 ) dy2dy 1 dwady .
0 0 —0o0 J —00

By using Dynkin’s monotone class theorem we can move from indicator
functions to simple functions to nonnegative measurable functions to
bounded measurable functions (h(y1,¥2))y, pmer, We get

E[/Z /Zh(yl,yg)ft(yl)ft(yg)ddeyl}

1 1 [e’s) o7}
= / / / / Ry, Y2) fronae (Y15 Y2 ) dyodyr daaday .
0 0 —00 J —00

Finally, replacing h(y1,y2) by an approximate identity a(y; — y2) and
taking a limit, we get

[e's) 1 1 [e'e)
E{ / et<y>2dy}= [ ] dtityrae,
—00 0 0 —00

Recall that §; ., ,, is the probability density function of u(t,zs) —
u(t, z1) under P;a). Then by elementary probability,

gt@l@z (Z) - / ft@l,xz (y7 Z+ y)d?/

and we get that

o0 11
E{/ Et(y)Qdy] :/ / Gt,21 25 (0)dzody .
—00 0o Jo
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Proof of Lemma 2.6. Let 0 <ty < T and xy € [0,1]. From (2.14) we
have for any to < ¢ < T and 1,z € [0, 1],

Uy, mo(t xl — Utg,zg (t 5(12)

/ / (Grrl1,y) — Goy(w2, ) W (dydr)
+a/ / (Grr(@1,y) = Gor(2,)) 01 (y)dydr
/ / (Gror (1, ) — Goya, 1)) W (dydr)
ta / / (Girr(w1,9) — Gurla, 1)1 (y)dydr

/ / (Grrl1,y) — Gurl(w2, ) W (dydr)

+a/ / (Gior(z1,y) — Gior(22,y)) 1 (y)dydr

=: jl(t,l'l,$1> + aj?(t7x17x1)'

Note that Ji(t,-,-) is a centered Gaussian random field with the
following covariance functional

Cy(xy,m9) = FE {/ / (Gir(z1,y) — Gy (2, ))Qdydr] )

By a change of variable s =t — r we get

(6.2) Ci(wr, 72) U / s(21,9) ($2ay))2dyd51

= Co(xhxz

So we have
Ji(t,--) 2 J1(0,-,).
We also get by the change of variable s =t — r that

t .171,1’2 / / Gt r 5(71, Gt T(‘/L‘27y):| Qpl(y)dydr

/ / s(21,y) — Gs(2,y)] 1 (y)dydr

= J2(0, 1, x2),

and Lemma 2.6 follows. O
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7. PROOFS OF LEMMAS 2.7-2.9

Proof of Lemma 2.7. The proof of the upper bound is standard (see
e.g. Proposition 3.7 in Chapter 111.4 of [19]).
Next we prove the lower bound for

B [(ult, 1) — u(t, z2)) / / [Gy(x1,y) — Gy(x2, )] dydt.

From (2.4), (2.5) and (2.15) we have
(7.1) Gi(z,y) =1+ 22 cos(mnx) cos(mny).

By repeating similar steps as in (6.1) and using the orthogonality of
(@n)nZl we get

J: / / [Gy(z1,y) — Ge(z2,y)]” dydt
(7.2) :22/ ™2 [cos(mnay ) — cos(mnay)]” dt

1 <1 )
= —Z— cos(mnzy) — cos(mnrsy)|” .
72 £ pn?

Let © = (21 + x2)/2 and h = x5 — x1. It suffices to prove our estimate
for h < 9 where g > 0 is some small number to be chosen later.
By symmetry we may assume z € [0,1/2], otherwise we reflect the
configuration about 1/2. Also note that 0 < z; =2 — h/2 so x > h/2.
Let d; > 0 be a small number to be chosen later, and let M = [2h~(1—
d1)] where [-] denotes the greatest integer function.

Recall the following trigonometric identities.

cos(a) — cos(b) = —2sin (GT_b) sin (a —2F b)

3 i) o1 - 1)
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Continuing to estimate the above integral J, we get (since h < 1/4)
and using the above trigonometric identities,

41
J = = Z = sin® (nw27'h) sin® (nrz)
n=1
11
> — Z = sin? (n7r2_1h) sin? (n7x)
n=1
M
> Ch? Z sin? (n7x)
n=1
_enzloa1o sin((2M + 1))
sin(mx)

For the second to the third line, we require
(7.3) (1 —0;) =1 < Mr2'h < 7(1—6)

which holds by the definition of M. This implies that for 1 <n < M
we have sin(nm271h) > cnh for some ¢ > 0 not depending on n.

Now we wish to show that the term in square brackets above is of
order M. We need to show that for some small number d5 > 0 to be
chosen later,

sin((2M + 1)mx)
sin(mx)
First, sin((2M + 1)mx) < 1. We also want a lower bound on sin(rz).

Recall that h/2 < x < 1/2 and h < dp. Since sin(z) is increasing on
x € [h/2,1/2], if 63 > 0 then we can choose ¢y small enough so that

sin(rz) > sin(727'h) > 727 h(1 — d3).

(7.4)

< 2M(1 - §,).

Thus if we assume equality holds in (7.3) then we have

sin((2M + 1)mz) < 1
sin(mx) — w27 h(1 — d3)
B 1
(M7271h) (1 — 63)
<M- !

T (=0 —1J(1 = 65)°
which verifies (7.4), provided d;, dy, 03 are small enough.

The end result is that for d, small enough, there exists C > 0 such
that,

\7 Z Ch2M52 Z 26’h52 = 26|$1 - C(]2|(52, for all |ZL‘1 — [E2| S (50,
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where we have used (7.3) in the second inequality. O

Proof of Lemma 2.8. Let 0 < z1 < x5 < 1. Then we have

D(z1,22) = (F)(21) — (F)(x2)

= g(cos(ﬂ'm) — cos(my))

. 7T . m
= —5 sin <§(x1 + x2)> sin (§(x2 — m1)> :
We will use the following lower bounds on the sine function:
1
sin(mwzx) > g, forall 0 <z < Y
1
sin(rx) > 1—xz, for all 3 <z<l.

We get that

sin (g(xg — x1)> > 2 ; Il, forall 0 <z < a9 < 1.

For 0 < xy <9 <1 we also have

Latay f <1
sin <Z(I2 n l‘1)> > T or 1+ x9 < 1,
2 1_9022_m1’ for 1 < xy+ 29 <2.

We get that for all 0 <z <2, <1

D > s%(x2—$1)($2+$1), for 1 + x5 <1,
<x1’x2) - \/5( To+x1
Wﬂfz—aﬁ)(l—T), for 1 < a1+ 29 < 2.

Proof of Lemma 2.9. First we bound Zs(a). Recall that

1 1
IQ(G) :/ / 1{x1+x2>1}(x2 - xl)_l/Q
0 ]

2
X exp (—C4a2 <1 _ 2 —; xl) (w9 — 1:1)> dzidzs.

Using the transformation

/ /

To + 11
2 )

/ /I
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we get that

< 2/ / h— ) 1/2e><p( Cya® (2 + x5)* () —:L‘l)> dx' dxsy,

where the inequality is due to an enlargement of the integration region.
Letting 2} = « and z}, — 2} = h we get that

1o
(7.5) Ty(a) < 5 / / h=12 exp (—Cya® (2z + h)? h) dhdz.
-1Jo

We distinct between the following cases.

CaseI: 0<a<1.
Let y = 2a*/?z, g = a*/*h. Then we get from (7.5) that

I»(a) / /W 1/2 ex —Q(Jr) dgd
ORST Pl =5 W+9))dgdy

02/3

2q2/3
< / / g~ dgdy
a J_,2/3

SC—,
a

/\

where C' does not depend on a. We therefore derived the bound (i) for
Iy(a).

Case II: a > 1.
We split the right-hand side of (7.5) into two regions:

1 o
5 / / h~Y2exp (—Cya® (2z + h)? h) dhdx
-1
/ / h 2 exp (—Cua® (22 + h)* h) dhdzx
+ 3 / / =% exp (—=Cua® (2z + h)® h) dhdzx
-1 %

. = (To1(a) + Taa(a)).

N)I)—t
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We first deal with Z,;(a). By making the same change of variable as

in case I, that is y = 2a*3z and g = a2/3h, we get that
2&2/3
Toi(a) = 3 / / Y2 exp (—=Culy + 9)*9) dgdy
a 2a2/3
242/3  aq—4/3
< / ~dgdy
(77) 2@ —92a2/3
1 2a2/3
= — 2a’2/3dy
2a —9q2/3
4
a
Now we deal with Zs5(a). Define
o1
86’4h(1,27

and using the Gaussian density we get

/_OO exp (—Cya® (2 + h)* h) da = /OO exp &%) de

o0 —00

=V 27o.

It follows that

Toala / pi/2 / exp (—Cya® (22 + h)* h) dxdh

=/ h™?V2rodh

27 1 1
=== dh
804 a /

1og a

a
where C'is independent of a. From (7.5)—(7.8) we get (ii) for Zs(a).

Next, we bound Z;(a). By setting h = x5 — x; and x = x; we get

1 1
Zi(a) < / / 1{2x+h§1}h_1/2 exp (—Csa®(z1 + 12)°h) dhdx
o Jo

1 1
< / / h™2 exp (—C’3a2(x1 + x2)2h) dhdz.
0o Jo
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We can therefore bound Z;(a) similarly as we bounded the right hand
side of (7.5), so we are done. O

APPENDIX A. SOME HEURISTIC IDEAS

For intuitive purposes, we define R so that the processes in this
section are restricted to a ball of radius R.

A.1. Flory’s argument for self-avoiding walk in two dimen-
sions. Since this is an imprecise argument, we will freely assume that
the walk (Sy)nen, is a Brownian motion B(t). Large deviation theory
suggests that probabilities such as Q7(A) are dominated by a “most
likely path” (X (t)):c(o,7], With approximate probability

an (=5 [ awra)es (-5 [ k)

where the second exponential is, roughly speaking, the probability of
a Brownian motion path whose increments are independent normal
variables. Here we take £;* to be the usual local time for X.

Large deviation theory also suggests that the overall most likely path
is realized when the two exponential terms are comparable. Now sup-
pose that the walk X is confined to a ball Bgr centered at the origin
and of radius R. The first exponential in (A.1) will be minimized when
¢ (y) is constant over y € Br, meaning that ¢ (y) = T/(7R?).

CT? CT?
A2 7 (y)’dy = R = :
( ) /B;R gT (y> dy R4 R R2

As for the second exponential term in (A.1), if X reaches the bound-
ary of By (as it must for £5 to be constant on Bg), then the most
likely path has constant velocity, X (t) = (R/T)t. Then

(A.3) /OT X (#)[2dt = T - (;)2 _ %2.

Equating (A.2) and (A.3), we get
R=CT%*

which yields v = 3/4 as conjectured (see (1.1)).
We have ignored the inconvenient fact that the minimizing paths for
the two exponential terms are different.
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A.2. An intuitive justification for Theorem 1.1. The intuition is
quite close to that in Section A.1. Indeed, in the exponential term
involving local time we again assume that ¢;(y) is constant over y €
[—R, R] and so ¢;(y) = J/(2R). Then,

J\* CTJ?
A4 2 = 92T = .
(A.4) / / 0 (y)dydt = 2 R<2R> R

The main difference is that the approx1mate probablhty for a white
noise W, intuitively speaking, is exp(— fo fo r))%dzdt), since

we think of (W(t, T))efo,1],2€(0,J] 8S A collectlon of mdependent Gauss-

ian variables. But using (1.2) to substitute for W, we get an approxi-
mate probability of

ap(—%ATAJU@u—a@x@@fme.

In such problems the minimizer u is often constant in ¢, giving us

exp <_§ /0 ’ [agu@,x)fdx) |

We might think that the minimizer u has a constant value of |9%ul,
consistent with the Neumann boundary conditions. Such a function
could be

a(J—xz)?—aJ?/4 ifxel]/2,J].

If we require u(0) = R and u(J) = —R then we get a = 4R/J? and
|u"(x)| = 2a = 8R/J?. Then

@»:{m:—mfﬂ if 2 € [0,.7/2],

T [’ R\?> CTR?
a5 L /0 [02u(t,2)]” da = CTJ ( Jg) SpLi
Equating (A.4) and (A.5), we get

R=CJ?
which gives the dependence of R on J in Theorem 1.1.

A.3. Intuition behind the Conjecture. The intuition in this case is
almost the same as in Section A.2. Again, the approximate probability
of a path is given as a product of two exponentials as in (A.1). The
second exponential is the same as in (A.5), giving an exponent of

CTR?
J3

(A.6)
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For the local time exponential, we are using a two dimensional ball
Bp, of volume C'R?, so we get an exponent of

Tk J\?> CT.J?
2 f— 2 — f—
(A.7) /0 /R l;(y)dy = CTR ( 2) 5

Equating the terms (A.6) and (A.7), we get

R=CJ*

as in Conjecture 1.1.
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