THE EFFECTIVE RADIUS OF SELF REPELLING
ELASTIC MANIFOLDS

CARL MUELLER AND EYAL NEUMAN

ABSTRACT. We study elastic manifolds with self-repelling terms
and estimate their effective radius. This class of manifolds is mod-
elled by a self-repelling vector-valued Gaussian free field with Neu-
mann boundary conditions over the domain [~N, N] N Z?, that
takes values in R?. Our main result states that in two dimensions
(d = 2), the effective radius Ry of the manifold is approximately
N. This verifies the conjecture of Kantor, Kardar and Nelson [8]
up to a logarithmic correction. Our results in d > 3 give a simi-
lar lower bound on Ry and an upper of order N2, This result
implies that self-repelling elastic manifolds undergo a substantial
stretching at any dimension.

1. INTRODUCTION

1.1. Motivation. The Gaussian free field (GFF) has become a central
object in probability, studied for its own sake and with connections to
several areas of physics. In pure probability, GFF plays the role of
Brownian motion with multidimensional time. In Fuclidean field the-
ory, GFF represents a field of noninteracting particles, with interacting
models such as the ¢* field theory arising through a change of mea-
sure, often requiring renormalization. In fact GFF over R? with d > 2
is valued in the space of Schwartz distributions and cannot be realized
as a function, so its fourth power ¢* is undefined in the usual sense (see
Biskup [4]).

In this paper we take inspiration from a different set of physical
models, elastic manifolds (see Mezard and Parisi [10] and Balents and
Fisher [1]). Here GFF is vector-valued, and represents the position of
a random surface. To avoid using Schwartz distributions as mentioned
above, we discretize the domain of GFF, and use the notation DGFF
(discrete GFF) for the resulting model.
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If the domain of DGFF is one dimensional, then we have a well-
known model of a random polymer. In this context, it is common to
include a self-repelling term which reflects the fact that different parts
of the polymer cannot occupy the same position. A typical object
of study is the end-to-end distance of such a polymer, or the closely
related concept of effective radius. There is a vast literature on such
problems, see Bauerschmidt, Duminil-Copin, Goodman, and Slade [2]
and the included citations.

In the context of random surfaces, GFF’s are also called elastic man-
ifolds. The purpose of this paper is to study elastic manifolds with
self-repelling terms, and to estimate the effective radius in the case.
Self-repelling elastic manifolds were first introduced by Kantor, Kar-
dar and Nelson in [6] as generalizations of polymer models to higher
dimensions, in order to capture the behaviour of sheets of covalently
bonded atoms and of polymerized lipid surfaces, among others. See
6, 8, 7, 12] and references therein for additional details. To our knowl-
edge no one has studied these models in the mathematical literature. In
this class of models, we define an R”-valued DGFF over [—N, N]¢NZ,
and use Neumann boundary conditions since these are most closely tied
to a random surface with free boundary conditions. In two dimensions,
that is d = D = 2, we get fairly tight bounds on the effective radius of
the manifold Ry, which is proportional to N in the upper and lower
bounds, up to logarithmic corrections. Our results in higher dimensions
are not as sharp, as we derive a lower bound on Ry that is proportional
to N, but the upper bound is of order N2 This proves however that
self-repelling elastic manifolds experience a substantial stretching at
any dimension.

We remark that for the case where D = d = 1 we expect Ry to
have the same asymptotic behaviour as a one dimensional self-repelling
polymer, that is Ry ~ N. This result can be derived by the argument
of the proof of Theorem 1.1, at least up to a logarithmic constant. We
leave the details of the proof to the reader.

The case where D < d was studied by the authors in a followup
paper [11]. It was proved that when the dimension of the domain is
d = 2 and the dimension of the range is D = 1, the effective radius Ry
of the manifold is approximately N2, The results for the case d > 3

and D < d give a lower bound on Ry of order N 5 (4-*572") and an

upper bound proportional to N 87532, The results of [11] imply that
self-repelling elastic manifolds with a low dimensional range undergo
a significantly stronger stretching than in the case d = D, which is
studied in this paper.
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The remaining case, D > d, looks to be much harder. For exam-
ple, consider the case where the domain of the self-repelling DGFF is
{0,..., N} and it takes values in RP. For D = 2,3, 4 the behavior of
the effective radius of the self-repelling polymer as N — oo is still un-
known, although we have good information for D = 1 and for D > 4.
See page 400 of Bauerschmidt, Duminil-Copin, Goodman, and Slade
2] and also Bauerschmidt, Slade, and Tomberg, and Wallace [3]. If D
is large enough, then for self-avoiding walks, the lace expansion can be
used. For DGFF however, there appears to be no analogue of the lace
expansion.

We briefly compare the mathematical results for self-repelling elas-
tic manifolds, which were described above, to conjectures which are
available in the physical literature. Most of such conjectures are based
on the so called Flory’s argument. We refer to Section 7 for a heuris-
tic derivation of such result for D = d = 2. In general this heuristic
argument suggests that

d+2

D+2

For the cases where D = 1,d = 2 and D = 2,d = 2 we can confirm
(1.1) up to a logarithmic correction by Theorem 1.1 in this paper and
by the results in [11]. For the case where D = 3 and d = 2 the physical
literature is inconclusive as simulations suggest that Ry grows linearly
in N in contradiction to (1.1). Not much is known about other cases
besides from these heuristic results and some arguably imprecise results
using e-expansions (see [8]). We refer to Chapter 10.5.2 of [13] and
references therein for additional information about Flory’s argument
for self-repelling manifolds and for related results on simulations.

(1.1) Ry ~ N",  withv =

1.2. Setup. Now we give more precise definitions; the reader can also
consult Biskup [4]. Since the standard definition of DGFF involves
Dirichlet rather than Neumann boundary conditions, we give details of
its construction below. In the following, ordinary letters such as x,u
take values in R or Z, while boldface letters such as x, u take values in
R¢ for d > 2.

Fix d > 2, N > 1 and define our parameter set as follows.

S% .= [-N,N*nZ"
Note that
Sy :={-N,...,N}.

Thus Sj‘(, is a cube in Z< centered at the origin. Let A = N4 be the
set of unordered nearest neighbor pairs in S%.
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Now we define the discrete Neumann Laplacian A = Ay 4 p as fol-
lows. Given functions f, g : S — R we define the energy H and the
inner product (-,-) = (-,-)n.a.p as follows,

H(f,g)= Y. (fx)—fy))-(ex) —s)),

(x,y)eN

(f.8) = > f(x)-g(x).

XES%

We will usually write H(f) instead of H(f,f). Define the operator
A = Ay q.p on such functions by the requirement

If(fvg) ::——(f,Z&g).

If D=1, we simply write f,g instead of f,g.

We claim that A is a self-adjoint operator defined pointwise as fol-
lows. Given f : S§ — RP, we first extend the domain of f to S%.;.
If x,y are nearest neighbors in Z¢ with x € S% and y ¢ S%, define
f(y) :=f(x). If y € S%_; \ S% but y is not a nearest neighbor of any
point in S%, let f(y) := 0. We leave it to the reader to use summation
by parts to verify that for x € 5%,

(1:2) Af(x) = ST IE(y) - 2d- £(x)],
y~x
where x ~ y means that x,y are nearest neighbors.

In the case D = 1, since —A is a self-adjoint operator on a finite-
dimensional space, there exists a finite index set I = I 4 to be defined
later, and an orthonormal basis of eigenfunctions (¢ )ker with corre-
sponding eigenvalues (Ax)ker. We can assume without loss of generality
that there is a distinguished index O such that ¢g is constant and that
AO ::O.

Throughout, we fix a parameter 8 > 0, which has a physical in-
terpretation as the inverse temperature. Let (Xl(;))ke]l\{o}ﬂ;:l ,,,,
a collection of i.i.d. random variables defined on a probability space
(Q, F,P) such that

X~ N0, (2800 7).
For each i = 1,..., D define

(1.3) u® =" X,
kel\0

and define DGFF as
(1.4) u=(ub,. . . u?)
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Since the definition of u in (1.3) may appear unmotivated, we remark
that it is equivalent to stating that (u(x))yege is a collection of RP-
valued centered jointly Gaussian variables with joint density

L ep(—BHM) = = exp (B(u, Au))

1.5 =
(15) CNg.a.p CNpdD

when u is restricted to those u for which

Z u(x) =0.

xES%

Here Cny.4,p is a normalizing constant which ensures that we have a
probability density. We will elaborate on the equivalence of these two
definitions in Section 2.2.

We define the local time of the field u at level z € R as

In(z,u) = #{x € 5% u(x)ez—1/2,z+1/2]}

(1.6) = Z ltux)ela—1/2,2+1/2]}

xeSﬁ

where 2 = (1/2,...,1/2) € R”.

Now we define a weakly self-avoiding Gaussian free field. Through-
out, we fix a parameter v > 0. If Py g4p s denotes the original prob-
ability measure of (u(x))xesqe, we define the probability Qn.a,p,s+ as
follows. For ease of notation, we write E for the expectation with
respect to Py gp . Let

5N,d,D,»y = exp (—7/ €N(Y7 U—)2d}’) )
]RD

(1.7)
Znapsy = ElENapa) = EPN4PP[En ap)-
Then we define for any set A € F,
1
(1.8) QN,a,p,57(A) = —E[ENvdanlA]'
ZNd,D.B

For ease of notation, we will usually drop the subscripts except for N
and write

Py =Pnapp, On=0Qnappsy EN=ENaDry IN=2INdDpr
Finally, we define the effective radius of the field u as

Ry = max |lu(z) — u(w)],
W,ZES

where || - || denotes the Euclidian norm.
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1.3. Statement of the main result. Note that in our main theorem
below, we assume that D = d.

Theorem 1.1. Let u be the weakly self-avoiding DGFF on S% taking
values in R%. There are constants gy, Ko > 0 not depending on 3,v, N
such that

(i) Ford=2,
lim Quy [50< )I/ZN(log ]\7)_1/2 < Ry
N—oo b+ y -

< K()(ﬁ ; 7)1/2N(1og N)3/2} ~1.
(ii) Ford > 3,
11_13100 N [50(

N

1/d 1/2
51 ) NSRNSKO(BZV) Nd/2]:1.
Y

Remark 1.2. Here is the reason we restrict ourselves to the case of
u taking values in RP with D = d. As mentioned in the introduction,
there is good information about the radius of the self-repelling random
polymer taking values in RP for D =1, but not for D = 2,3,4. This is
because we can guess that for D = 1, a self-avoiding polymer has ballis-
tic behavior, i.e. u(zx) ~ Cx roughly speaking. In higher dimensions, it
15 hard to guess what shape the polymer might take. There are results
for d > 4 using the lace expansion (see den Hollander (5], Chapter 4),
but this method seems hard to adapt to elastic manifolds. However, if
D = d, then we can guess that the self-repelling elastic manifold should
stretch itself by dilation in all directions so that u(x) ~ Cx. This guess
allows us to carry out the analysis.

Remark 1.3. Note that when v = 0, i.e. the self-repelling penalization
in (1.8) is set zero, the following statement holds for any d > 2. There
ezists K > 0 large enough such that,

i < Kp'/? = 1.
]\}gnoo PN7d,D,6(RN ~ Kﬂ 10g N) 1

This result follows from Proposition 3.1 and by repeating the same steps
as in the proof of the upper bound in Theorem 2.1 of [4]. Theorem 1.1
therefore suggests that self-repelling elastic manifolds undergo a sub-
stantial stretching at any dimension.

Remark 1.4. Theorem 1.1 verifies the conjecture by Kantor, Kardar
and Nelson in [8] for the case where d = 2 and D = 2, up to a log-
arithmic correction. Although in the model that was presented in [8]
the DGFF s defined on the triangular lattice, the heuristics that yields
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their result is based on Flory’s argument which also applies for the
rectangular lattice.

1.4. Outline of the proof. We describe the outline for the case d = 2
as the proof for d > 3 follows similar lines. Define the following events.

1/2
AﬁN:{RN>JQ(5;7> Amngﬁﬂ},

8l )1/2 —1/2}
N(log N .
- (log N)
It suffices to show that for ¢ = 1,2 we have

Jim Qx(4Y) =0.

(1.9)

Ag\%) = {RN < 50(

From (1.8) we see that it is enough to find:

(1) a lower bound on Zy, derived in Section 2,
(2) and an upper bound on E™¥[Ex1 ] for i = 1,2, obtained in
N
Sections 5 and 6, respectively.

Finally, the upper bounds divided by the lower bound should vanish as
N — .

2. LoOwER BOUND ON THE PARTITION FUNCTION

In this section we derive the following lower bound on Z.
Proposition 2.1. Let § > 0. Then there exists a constant C' > 0 not

depending on N, B and ~ such that
(i) ford =2,

log Zn > —C(B +)N?log N.

(ii) for d > 3,
log Zy > —C(B+7)N*.

In order to prove Proposition 2.1 we will introduce some additional
definitions and auxiliary lemmas.

2.1. The probability density and associated random walk. Note
that (1.2) implies that Ay g4, is the generator of a continuous-time
simple random walk X = (X;);>¢ which is reflected at the boundary of
S%. More precisely, if X attempts to leave S%, then it stays where it
is. Later we will use X to obtain the lower bounds in Proposition 2.1.
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2.2. The probability density of the GFF. Now we study the prob-
ability density formula (1.5) in more detail. We focus on D = 1, and
note that A = Ay 4 is nonpositive definite. As in (1.3), we need to
take into account the 0 eigenvalue of A, which has a constant eigen-
function ¢ with 0 = (0,...,0) € S%. In order to do that we let
V* =V}, be the vector space with the standard basis {ey : x € S}
We denote vectors in V* as having one component vy for each position
x € §%, so that v = ZxGSJdV Ux€x. Let

(2.1) V=Vyi={veV:> u,=0
xES%

Next, we wish to put a natural measure on V. Clearly V is a sub-
space of VT so we can choose an orthonormal basis {by ,(f:NlH)d*l
such that each basis element is perpendicular to the constant vector
Y e s €x: Using such a basis, we can construct Lebesgue measure on
V in the usual way, to be translation invariant. Also, any such or-
thonormal basis gives rise to the same measure, which we denote as
U= [UNd-

Then we can define DGFF on V having density with respect to p
given by (1.5) with D = 1. Note that if we were to use V', then
(1.5) (without the normalizing constant) would integrate to co. The
extension of (1.5) to D > 2 is done by taking the product of the D =1

densities of (u")? |, which are i.i.d, and then using (1.2).

2.3. The orthonormal function basis. We first specify the orthonor-
mal basis {¢k} in (1.3) of eigenfunctions of Ay 4y on [—=N, NN Z4
taking values in R. We note that each basis function ¢y can be repre-
sented as a product of d functions ¢, : R — R, as follows

(2.2) Pi(X) = dry (21) - - Pk, (a),
where x = (x1,...,24) and k = (ky,...,kq), =N < k; < N, and
1 <i <d. Here {¢;}__y is an orthonormal basis of eigenfunctions of

—An 1,1, the Laplacian with Neumann boundary conditions on S 1=
{=N,...,N}. Note that if A is the eigenvalue of ¢, and Ay is the
eigenvalue corresponding to ¢y, then satisfies

d
(2.3) Me=> Ao
=1

We can explicitly define these eigenfunctions and eigenvalues as fol-
lows. Let
do(z) = (2N +1)71/2,
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and for kK =1,..., N denote

(2.4) bu(n) = —— sin <%n) |

ar,N

where ay y is a normalizing constant so that

N
> diln) =
n=—N
A calculation (perhaps using Wolfram Alpha) yields

1 ((@k=TD)r N2 1\ 1/2
ag. N = <§ CSC <m) Sln(zk'ﬂ') + N + 5) = (N + 5) s

since k is an integer.
For k =1,.., N we further define

1 2km
-u(m) = 5 cos ()

where as in the previous case, by y is a normalizing constant such that

Z ¢%p(n) =1

As before, we can compute

1 2km 1\ "2 1\"?
— (= in(2 N+=) =(N+:=
bi N (2050(2N+1)sm( k) + +2> ( +2) :

since k is an integer.
Our basis comprises all such combinations as in (2.2), excluding the
constant eigenfunction

®(o,..., 0)(X) = ¢0(331) ce ¢0($d)-
We denote by N(d) the number of function in our basis,

N(d) = |S%| —1= (2N +1)%—1.

2.4. Incorporating drift. From (1.5) it follows that Cy g4 p is given
by

d N(d) (@) d N(d)

(2)
Cxpan= [ ew |~ % g | TTTL ok
RN () i=1 k=1 k i=1 k=1
(2.5)
1 N(d)

1
o (25)dN(d)/2 kl_[l /\Z/z'
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Next we incorporate a linear drift into each of the components u®
of u, calling the resulting component u.
N(d)

ul (x) = Z Xl(j)gpk(x) +ax;, i=1,....d
k=1

where a > (0 is a constant to be determined later.
Using (1.3) and (2.3), we get

(26) wlx) = D XD L ou(m). . k(we) +az.
(k1,...kqa)€SEL\{0}

where 0 = (0,...,0) € Z%.

Regarding z; as a function on S = {—N,..., N} and expanding it
in terms of our eigenfunctions, we see that there are coefficients ay)
such that

(2.7) ri=(¢0)"" D dxi)al’,

jesy\{o}

(1—d

where we have included (¢y)"~% for convenience in later calculations.

Recall that
do = ¢do(z) = (2N +1)71/2,

In (2.7), we do not include j = 0 because z; is orthogonal to the
constant function ¢.

Next we find ag-i) in (2.7). Since ag-i) are used to expand the function
f(x) = z for each coordinate i, we can omit the superscript i and write
just a; in what follows. Since {(bj}évzf y forms an orthonormal basis,

we get

N

(2.8) aj; = gzﬁél_d) Z ne;j(n), j#0, and ap=0.

n=—N
From (2.6) and (2.7) we have

ux) = Y XD on(@) . ()

(k1,....kqg)€SE\{0}

+ (Igbg_l Z gbj(l’,;)Oéj.

JESN\{0}
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We can represent ul as follows:

ul)(z) = > X b (1) dry(a)

(k1. ka)€SE\{jei jESK }

+og Tt D (X2 +aal”) ey ().

jesy\{o}

(2.9)

Fori=1,...,dlet x%) € V and define

=1 (ky,....ka)€SE\ {0}

We rewrite Zy in (1.7) as follows. We should emphasize that the local

time ¢, is random and hence a function of the random variables (Xl(f)),
hence we can write

gN(y7 (Xl(ql))) =N (Y7 ll)

where for readability we have omitted the specification that:=1,...,d

and k € S \ {0}. We get that,

2= [ e (P x) — [ gy 0)iy)
RN(d) R4
XH H da?i(;l) ..... kg

L (k1,....ka)eSE\{0}

(2.10)

In order to find the Radon-Nikodym derivative that allows the drift
addition in (2.9) we note that,

d (351(;) k)
- Lsyeeey d
211) =Y ( Z 226N, y) !
i=1 N (ky,...k )eS;lv\{Jez JESK} '
(4) 2
+ aa]) 200,756, + (ac;)
+ Z DS 2(28Nje,)t )

es}v\{O} 228%e) 7 jeSE\{0}
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We therefore define P® (resp. E@) be the measure (expectation)
under which w is shifted as in (2.9). Then (2.10) and (2.11) imply

A

(a) ) 32
(2.12) d5 _exp( Z 5 aozj%;r(aag))

i=1 jeSL\{0} o)™

We can therefore rewrite Zy in (2.10) as follows,

2a0; X —|— (ac;)?
In =t eXp<Z D R
jesi\{o}
(2.13)

—V/Rd f?v(ym)dy)]-

We define
, 2a0; X() + (aa;)?
(2.14) 0 _ (a0y)
7 (25&@;)‘1

Using Jensen’s inequality, we get that

(2.15)
log Zy > E { / i(y,u )dy] E® Z > Y, o
i=1 jeSy\{0}
—(I1 + I5).

The following proposition gives some essential bounds on [;, i = 1, 2.

Proposition 2.2. Let 5,v > 0. Then there exists a constant C' > 0
not depending on N, 3, such that

(i) ford =2,

(ii) for d > 3,

(iii) for any d > 2,
I, < CBa®*N*.

The proof of Proposition (2.2)(i) and (ii) is postponed to Section 3.
The proof of Proposition (2.2)(iii) is given in Section 4.
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2.5. Proof of Proposition 2.1.

Proof of Proposition 2.1. From (2.15) and Proposition 2.2(i) and (iii)
it follows that for d = 2,

(2.16) log Zy > —(I,+1,) > —C [v((a*(log N)?) V 1) N? + BN?a?] .
Taking a®? = log N we have
log Zy > —C(8 +~)N?log N.

The proof for d > 3 follows the same lines with the only modification

that we are using Proposition 2.2(ii) and choosing a = 1.
U

3. PROOF OF PROPOSITION (2.2)(1) AND (1II)
Proof of Proposition 2.2(1) and (ii). We can write

I = E@ [/ gN(yau)ZdY}
Rd

= £ /R , ( Y L2y (U(Z))>2dy

ZES%

(3.1) =2 B [ TR <u<z>>dy]

zES'

+ Z E@ |:/Rd 1u(z),u(w)€[y1/27Y+1/2]dy:|

z,wGSj‘{,, ZF#W

=@N+1)'+ ) /| | P (y)dy,
w yI<1

z,wGS%,z;ﬁ

Z

where . is the density of u(z) — u(w) under P,
We will need the following proposition which will be proved in Section
7.

Proposition 3.1. There exist constants Cy,Cy > 0 such that,
(i) for d = 2, for all w,z € S% with w # z, and for i = 1,2 we
have
Ci57 < Var (u(i)(z) — u(i)(w)) < Gy Hlog N)?,
(ii) for d > 3, for all w,z € S% with w # z, and fori =1,...,d
we have
C\p7 < Var (u(i)(z) - u(i)(w)) < CyB7h
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Note that from (2.6) we have

A

EDu(z) —u®D(w)] = a(z —w;), fori=1,....d.

.....

(3.2) Paw(¥) = Hﬁéf)w(yi)

and therefore

yl[£1 i

where Pyt is the density of u(®(z) — u® (w) under P@.
We distinguish between the following two cases.

Case 1: d = 2. Then from Proposition 3.1(i) we have
« 1 2y~ (5= )
B AL S e (- P wy
(3:4) Py (Y1) < o P 25 1Cy(log N 2

From (3.3) and (3.4) we therefore get

1 a*l|lz —w —y|?
. < - _ d
(35 < y / el 27C B ( 20,8~ (log N)?) y

1 a’|lz — w —y|*
T) = ; orCy 1 " ( "~ 20,8 (log N)2>‘

We will use the following lemma, which will be proved in the end of
this section.

Lemma 3.2. Let k > 0. Then for ally € [—1,1] and w € Sy we have

Zexp(—m(z—w—yﬁ) §3+/

z€SL e

o

exp ( —k(z—w— y)2>dy.
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Using Lemma 3.2 and integrating over the Gaussian density gives,

- 1 — Wy — yl>2
1= g | XX oo (= Sy

w1651 z1651

| 2 X eXp( 2025 (12;\%2)

szSl 22651

< Ca*(log N)?

1
. Z (3 " V21 Ca 8 1a2(log N)?
(3.6) > (z1 — w1 —1)”
% /_oo oXp ( - 2056 ta=%(log N)2>d21
1
- Z (3 " V21Cs~1a=2(log N )2

’11]26511\,
> (22 — Wy — y1)2
— d
. /oo P ( 2055 1a—2(log N)2> &

< Ca?(logN)*> Y ) 16

’LU1€5' wQGSl

< Ca*N?*(log N)*.

The number 16 in the next to last line above comes from evaluating
the standard Gaussian integrals in the previous two lines.
Substituting (3.6) into (3.5) gives

Z Paw(y)dy < Ca2N?(log N)?.
2,wes%, zzw ¥ VIS
Together with (3.1) we get that
57) I < (~2N +1)?2 + Ca"2N?*(log N)?
< C(a"*(log N)* VvV 1)N2.

Case 2: d > 3. From Proposition 3.1(ii) we have

. 1 a*(zi — w; — y;)
3.8 ) (y;) < ———cxp | — : v,
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From (3.3) and (3.8) we therefore get

Do

lyll<t

1 |z —w —yl|?
< —_— .
- ¢ Z /yG[ 1,1]4 2’/T01ﬁ )d/2 b < 202ﬁ71 )dy

The rest of the proof is similar to Case 1, with the only difference that
we do not have the dependence in log NV in the Gaussian density. This
leads to,

I~1 S é(G_Q vV 1)Nd
Since from (2.15) we have that
[1 = ’7]’:17
this completes the proof of Proposition 2.2 parts (i) and (ii). O

Proof of Lemma 3.2. Using the fact that f(z) := exp (—/{(z—w—y)2>

is monotone decreasing for z > w + y and since y € [—1, 1] we get,

(3.9)

3 exp(—m<z—w—y>2)g/

z>w—+2 w1

o0

exp ( —k(z —w— y)2>dz.

Similarly using the fact that f(z) is monotone increasing for z < w+y
we get

(3.10) |
—(——)2§/ — Kz —w —y)*)dz.
Z§2exp( K(z —w y) - exp( K(z —w y)z
Finally, we have,
w+1
(3.11) Z exp(—/f(z—w—yf) < 3.
z=w—1
From (3.9)-(3.11) we get
Z exp(—ﬁ(z—w—y)Q) SS—i—/OOeXp(—m(z—w—y)Q)dz.
eS8k e
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4. PROOF OF PROPOSITION (2.2) (111)
Proof of Proposition (2.2) (i) . Recall that I, was defined in (2.15),

d
(4.1) I, = —Z Z E@ [}/g(;)} )

i=1 ¢esi\{0}

where Yf(? was defined in (2.14). We further introduce the following

e
notation:

-----

(4) i
NOR— (k) W (') + aa;)?
Foka 028Ny k)™ TS 2(28Ne,)

and

Then from (2.11) and (2.12) we have

E@ [Yz(i)}

€

d
e (-2 (X A

(4.2)  Cwpap

£ > o)) TTIT &t

lesL\{o}

where Cy g4 p was defined in (2.5).
Since the expected value in (4.2) is symmetric with respect to i, we
can use ¢ = 1 in what follows in order to ease the notation.

~(a 1 1 1 1
E© [Y}ef} = Cnsan ?/éez eXP(—wéei)
d

43 / P (_ (> > %k

=1 (ky,...kq)eSE\{jei: jESK}

d d N(d)

(4) (1) (r)

£Y Y e X)) T
i=2 jE{-N,...N}\{0} JESH\{0.6} r=1 k=1

We notice that we have three types of integrals above, which can be
evaluated as follows. We have d((2N +1)? — (2N + 1)) integrals of the
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/exp(—z(i) )dx(i) Z/exp — (Il(ﬂ """ k)" dzV
R k1yeeny kd k1yeeny k’d R 2(26)\14;1 ..... k;d>_1 k‘l,...

.....

We have 2N (d — 1) + 2N — 1 integrals of the form

(@) 2
. . o+ aaj) .
EOWORS WO o a1
oo (=) /RGXP< 2267 e) ! )

= m(QﬁAjei)_l/27

and one integral as follows
1 1
/yfel eXp(_w§e)1)dxée)1

B / 2aag:c§e)1 + (aay)? exp [ - (xéi)l + acy)? e
R 2(28X,)7! 2(268Me,) fer

(acy)?
_\/_—(25)\&3) 73

Plugging in all the above integrals into (4.3) gives
E(a) [Y'e(l)}

1 (acy)?
= — V2r
CN,8,d,D 2(28Xe,) 12

X H H \/%(25%1 ,,,,, kd)flﬂ

=1 (ky,....kq)eSE\{jei: jESK }

LT verone)™ I Var(8e) ™

=2 jesSy\{0} JESK \{Of}

1 (27T)((2N+1)d 1)d/2 ClCYg )\Zel H H 1

O 93)(2N+1)4-1)d/2—1
woap  2020) =L (k) €SE\(0) K

Together with (2.5) we get

leq

(4.4) E@ [Y0)] = —Bacr)Me,.
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Plugging (4.4) into (4.1) gives

d
I, = 52 Z (ace)* Ae,

(4.5) i=1 fes)\{(0}
= dfa® Z G N,
res\{0}

where we used the fact that Aje, = Ase,, by the symmetry of the eigen-
values (see (2.3)).

In order to complete the proof we introduce the following lemma,
which will be proved at the end of this section.

Lemma 4.1. There exists a constant C' > 0 not depending on N and
B such that,

Z a§>\je1 < CN<.
7€SN\{0}
From Lemma 4.1 and (4.5) we conclude that
(4.6) I, < CBa*N?,
which completes the proof of Proposition 2.2 part (iii). O

Proof of Lemma 4.1. From (2.8) we have
n=¢i Y ¢,
jesy\{0}
where we recall that
(4.7) b0 = do(x) = (2N 4 1)7/2
Since {¢;}"y are orthonormal we get

N

n .
a; = Z —¢;(n), j#0, and «y=0.

- d—1
n=—N ¢0

We recall the eigenfunctions from Section 2.3. For the cosine eigen-
functions we have

incos( 2km n) =0
— 2N +1 ’
and therefore for all k =1,.., N,

(4.8) a_p =0.
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So together with (2.4) we have
N

ar=Y —rréiln)
0

n=—N

N

= (2N + 1)U D2 3" ngy(n)

n=—N

N
1 (2k — )7
— (N +1)eD/2_____ -~ in [ 22— ~27
(2N +1) (N +1/2)1? ;_:N”S”l ON+1 "

= V2(2N + 1)14-2/2 ZN: nsin (Mn> .

Rt 2N +1
Let
(k-1
2N +1
Then we have,
i = i nsin (Yn)
\/5(2]\7 =+ 1)((172)/2 =
1 /(Y . :
=goec’ |5 [(N + 1)sin(NY) — Nsin((N + 1)Y)}
(N +1)sin(NY) — Nsin((N +1)Y)
B 2 sin? (%)

Note that

(N+%)Y:%(2N+1)Y:(k;—%)w,

and so for any integer k,

(50 2) (- 2))

a, sin(NY')

V22N + 1)@22 ~ 2sin® (%)
Note that since k € {1,2,..., N} we have

Y &
0< =< —
<2_2

Therefore
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Y Y k
i — < — < (O—.
SID(Z)‘_ 2 _CN

sin(NY)
2

sin® (¥)

and so

It follows that,

lag| <C(2N +1)t4-2)/2

1

2
<ON(d+2)/2 (l) )
- k

Recall that \g is eigenvalue of ¢y. Since Ay = 0, from (2.3) and (2.4)
we have

(k-1
(4.10) Ajel_AJ_(QNH .

Using (4.8), (4.9) and (4.10) we get

5 i zex () (57)

jES \{0} j=1

(4.9) <ON(@-2)/2

5. LARGE DISTANCE TAIL ESTIMATES

We define
Y = max |u?(z) — ul?(w)].

wW,ZzESN
Assume first that d = 2. Let o > 0, then from (1.8) we have
(5.1)
log Qn(Ry > aN(log N)*?) < log P(Ry > aN(log N)*?) — log Zx.
Note that
52) P(Ry > aN(log N)*?) < 2P( U2, {a" > aN(log N)*?/2})
' < 4P(a" > aN(log N)*?/2),

where we used the fact that 29 are i.i.d..
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We will use the following standard bound on the tail distribution of
the Gaussian random variable W ~ N(0, 02),

o —a?
PW >a) < )
( a>_a+anp(202)

Using this bound and Proposition 3.1(i) we have for any K > 1,

P([u(z) — u?(w)| > 872K N(log N)*/?)

2 \T2 3
SC’exp{—K N*(log N) }

2¢1(log N)?
< Cexp{—&K’N’logN}.

Note that this bound is uniform in z, w € S%.
It follows that

P(a" > 72K N(log N)*?/2)
< > P(lu®(z) —u(w)| > B7/2KN(log N)*?/2)

w,zES]Q\,

< C(2N + 1)*exp {—%KQN2 logN}
< Cexp {—%KQNQ logN} .
Together with (5.2) we have

~ 2NT2
P(Ry > af 2N (log N)*/2) < C exp {—M} .

8
Using this bound together with Proposition 2.1(i) and (5.1) we get for
d=2,and a > 1,
log Qx(Ry > aff™2(8 +)"/*N(log N)*'?)
<log P(Ry > a8 Y*(3 +~)"*Nlog N) — log Zy
< —(B+7)N?log N (c30° — c4).
We then can choose a to be large enough to get the large distance tail

estimate in Theorem 1.1. The proof for d > 3 follows similar lines, only
now we use Proposition 2.1(ii) and Proposition 3.1(ii).
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6. SMALL DISTANCE TAIL ESTIMATES

Let € > 0, then from (1.8) we have the following:
(6.1)

log@Qn(Rn <eN) <logFE {eXp {—7 / , In(y, u)Qdy} 1{R<5N}}
R
— log ZN.
Let

(6.2) Ji=E {exp {—7 /Rd EN(y,u)Zdyl{RQN}H :

Note that on {R < eN} we have

1
/]R;dgN(y’ )dy_2de d/ / 2de ddy
2
1
) > 9d prdd -
(63 o ([ /ENé . >2de€ddy)

1 eN eN 2
- 2de5d </5N. B /EN gN(y’ U)dy) ,

where we used Jensen’s inequality. Since on {Ry < ¢ N} we have

/ / u)dy = |Sy| = (2N +1)%,

and together with (6.3) we get that

(6.4) /]R Ly u)dy >

From (6.2) and (6.4) we have

2d N d
gd

2dnd

(6.5) J<e e,
Together with (6.1), (6.2), (6.5) with e(log N)~'/2 instead of &, and
Proposition 2.1(i) we get for d = 2,
logQu (Ry < &y"*(8 +7)"*N(log N) ™)
4N?log N
—(B+7) (Tg — CN? logN) .
By choosing € > 0 small enough it follows that
lim log Qn(Ry < 2"/*(8+) 72N (log N)~/%) = 0.
—00
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Repeating the same steps as in the case where d = 2 gives the following
result for d > 3,

d
log Qi (Ry < ev*(B+~)7/'N) < =(8+7) (];[_2 - ONd) .

Then choosing ¢ > 0 sufficiently small and taking the limit where
N — oo completes the proof of Theorem 1.1.

7. PROOF OF PROPOSITION 3.1

Proof of Proposition 3.1. We prove the result for the case where § = 1.
The extension for any 8 > 0 follows from (1.3) by scaling. We start
with the proof of the lower bound. We want to show that for d > 2,
there exists a constant C' = C(d) such that for all w,z € S, w # z,
1=1,...,d we have

C(d) < Var(u?(z) — uP(w)).

Ly

notation. Let JF, be the o-field generated by {u(v) : v € S% \ {z}}
and define

W(z) = Elu(z)|Fx].

By using the conditional expectation projection theorem and then con-
ditioning on F, we get

Var(u(z) — u(w))

[(u(z) — u(w))’]
u(z) —i(z))*

Y

FE
FE
E[E [(u(z) — i(2))?|F]] -

Hence it is enough to show that there exists a constant C'(d) > 0 not
depending on z such that

(1) Valu(@)F] = F [(u(z) - a(2)?|F] > C(d).

We consider the nearest neighbor values of u(z), which we denote by
{u(y): y ~ z}. These values are fixed once we condition on F,. We
further denote by N (z) the number neighboring sites of z. Note that
for any d > 2 we have d < N (z) < 2d. Then the part of the exponent
of (1.5) which is relevant to (7.1) is

Z(u(z) —u(y))? = N(z) - u(z)* + 2u(z) Z u(y) + C,

y~z y~z



THE EFFECTIVE RADIUS OF SELF REPELLING ELASTIC MANIFOLDS 25

where C' is F,-measurable. By completing the squares we get

2 — VA u\z) — ! u 2 !
(72) > (ulz) —uly))® = N( )( () N(Z)Z (y)> +C

y~z

= N(z) (u(z) - C")* + ",

where again C" and C" are F,-measurable. It follows from the equality
in (7.1) and from (7.2) that conditioned on F,, u(z) is a Gaussian
random variable with variance (2A/(z))~' > (4d)~! and therefore (7.1)
follows.

Next we prove the upper bound. Recall that V was defined in (2.1).
Let ex —ey € V. Recall that u has density function given by (1.5). Let
X = {X¢}+>0 be the continuous time Markov chain associated with A
and {P;}+>o the corresponding probability transition function.

It follows that the variance of u(x) — u(y) is given in terms of A~*
as follows:

Var(u(x) —u(y)) = <(ex —ey), A7 (ex — ey)>

7.3 o0
79 = /0 ((ex —ey), Pilex —ey)) dl.

7.1. Estimation of the integrand in (7.3) for small t. We con-
sider the case where t < KyN?log N for some constant Ky, > 0 to be
determined. Note that we can extend P; to a semigroup on all of VT,
corresponding to the same random process X;. We write Py to indicate
the starting point Xy = x.

Next, we note that the components X*®) &k = 1,....d of X are
independent, since their jump times are independent Poisson processes
which determine the jumps of X. Let x = (x1,...,24) € S%, then

d
(7.4) (€, Preg) = Pu[Xy = x] = [ Po, (XY = ).
k=1
In what follows we focus on the marginal distribution of X*). We write
z=1x, and Z; = Xt(k) and get

where T; Poisson process with intensity 1/d and S, is a discrete-time
nearest-neighbor one-dimensional simple random walk with reflection
at the boundary +N.
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Let Y be a Poisson random variable with mean A then using Markov
inequality we get for all # > 0 and y > A,

E[eey]
PY >y) < o

< (eX)ve A
ST

(7.6)

)

where we choose 6 = log(y/A) > 0 in the second inequality.

Let K; > eKj. Recall that t < KyN?log N and that 7} is a Poisson
random variable with mean (2d)~'t. From (7.6) we get the following
bound on the tail distribution of T3,

6—(2d)*1t((2d)—1t6)K1N2 log N
P(T, > K;N*1og N) <

—cN?log N
<e ;

for some constant ¢ > 0.
Using the reflection principle we note that

(7.8) P.(S,=z) =Y P.(W,=2Nk+ (-1)"z),

keZ

where {W, },>1 is a discrete-time simple random walk on Z.
Since P,(W,, = z) = 0 if n is odd, we need to take into account only
even number of steps, so we have

2
P.(Wap = 2) = (WT) 9-2m

Note that the transition probability from z to all other points 2Nk +
(=1)%z in the right-hand side of (7.8) can be computed according to
the same binomial distribution, since these transitions also require an
even number of steps. Moreover the maximum of the above binomial
distribution (i.e. Bin(2m,1/2)) is attained at m so we must have

(7.9) P, (Wap = 2Nk + (—1)"2) < P,(Way, = 2), for all k € Z.

Let £(N) be the number of points from the set {2Nk+ (—1)kz: 2z € Z}
visited by W, up to n = [K;N%log N|. We will use a special case of
Corollary A.2.7 in [9] which states that there exist constants Cy,cy > 0
such that

P( max |W| > s\/ﬁ) <Cre ¥, foralln>0, s>0,

..... n
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in order to bound the tail probability of /(N) as follows. Let K3 > 0
then we have

K.
P({(N) > KslogN) < P sup W] > =>NlogN
0<i<K1N2log N 4

(710) < Clech(Kg/(lﬁKg))logN

< OlN_CQKg'/(wKZ)-

We would like to bound (7.5) on the event T; < K;N?log N. From
(7.8) we have
(7.11)
K1N?log N
> P(T, = 2m)P.(Som = 2)
m=0
K1N?logN
= Y P(T;=2m)) P.(Wam = 2Nk + (—1)"2)
m=0 kEZ
K1N?log N
= Y PT=2m) Y P.(Wam=2Nk+(-1)"2)
m=0 |k|<2-1K3log N
K1N2?log N
+ Y P(T,=2m) >  P.(Way=2Nk+(-1)"2)
m=0 |k|>2-1K3log N

= Jl + Jg.
From (7.10) it follows that Jy is bounded by

K1N2logN
L < > P(T,=2m)P({(N) > K3log N)
m=0

(7.12) ] x
< ClN—02K3/(16K2 Z P(jwt _ Qm)

)
m=0

<CN™".

for r > 0 to be determined. Note that the last inequality follows by
choosing K3 large enough.
Using (7.9) and we get for J; that

K1N2?log N
(7.13) Ji < KslogN Y P(T, = 2m)P, (Way, = 2).

m=0
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We estimate the above sum as follows,

S P(Ti = 2m)P.(Wan = 2) = i QW); et/ (27;”)2 om

(7.14) ™ =

— e t/d Z

Recall that

> 2m

Io(2z) = ) (;—02,

m=0
where I is a modified Bessel function of the first kind, so for large
values of y, Iy has the following asymptotics,
ey

I ~
O(Q) \/%
and so by taking y = 2z = 2t/(2d) = t/d, it follows that there exists a
constant C' > 0 not depending on z such that

el/d

2t/
<Ct™'?, forallt>1.

From (7.11)—(7.13) and (7.15) it follows that

K1N2%log N
> P(T, = 2m)P.(Som = 2) < Clog Nt 7'/ + N7

m=0

Using this bound together with (7.5) and (7.7) we have

P.(Z, = z) < Cilog Nt V% 4 CuN " 4 ¢~ N7 logN
< C(logNt™Y2 + N7).

From (7.4) and (7.16) we get

| <(ex - ey)77)t<ex - ey)> |
(7.17) < 2(es, Pres) + 2 (ey, Prey)

< O(d)(log Nt=¥2 + N7™) for all 0 < t < KyN?log N.

_ . o t/d
(7.15) Z P PlWam=2) 2 ©

(7.16)

From (7.17) and by choosing r sufficiently large we finally get,
(7.18)

KoN2log N C(logN)* ifd=2,
/1 [ {(ez —ey), Piles —ey)) |dt < {C if d > 3.
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7.2. Estimation of the integrand in (7.3) for large t. Here we
consider the case where t > KN?log N with K sufficiently large. We
again consider the one-dimensional projection of the continuous time
random walk Z reflected at =N, as in (7.5). We expect that in this case
there is a large probability of Z reaching the boundary on or before time
t, hence we expect the semigroup P; to even out any given function.
Thus we keep both e,, e, in (7.3), use the fact that (e, —e,, Pi(e,—e,))
mostly cancels out. We therefore show that P, (Z, = x) — P, (Z; = x)
is small for large ¢ uniformly in x,y.

We will use the coupling method in order to bound the difference
in the probabilities above. To this end, we construct two i.i.d copies
ZW | 7 of the process Z with Zél) = x and Z(()2) = y on the same
probability space. We seek a (random) coupling time 7 such that if
t > 7 then Zt(l) = Ztm. In that case we would have

(7.19) P, (Z, =) — P, (Z = 2)| < P(1 > 1).

Next we derive an upper on P(7 > t). For any process Y, and for
z € S} define

Y =inf{t>0:Y; =z}

Without loss of generality assume that x > y. We observe that in this
case we have for Z() and Z® as above that 7 < 72y, Using reflection
and translation invariance we get

P(r>1t) < Po(r%y > 1)
(7.20) < Py_a(roy > 1)
< PO(TQYN > t)7

where Y = {Y:}s>0 is a continuous time simple random walk on Z,
reflected at 0 with jumps rate similar to Z(),

Recall that W as simple random walk on Z and {7} };>¢ is a Poisson
process with intensity 1/d. By Proposition 2.4.5 in [9] we get that
there exists constants C7,C5 > 0 such that for all integer n > 0 and
any r > 0 we have

Po(tW > rp?) < Cre@",
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We therefore get

Py(myy > t) = Z P(T, = m)PO(TQWAI;l > m)
S Cl Z e—t/d (t/d)m6—02mN72

— (m)!
7.21 m=0
2 = C1 B[~

= C)exp {2(6_02]\[_2 — 1)}

~ A _2
S Cle CotN

Y

where we have used the expression for the characteristic function of 7T;.

Combining (7.19), (7.20) and (7.21) gives
(o) 1PeZ=a) = PB(Zi=a) < Gt
' for all z,y € [-N, N], t > 0.

From (7.4) we get,
(7.23)
[{ex, Prex) — (ey, Pres)| = |Px[Xy = x] = Py [X; = x]|

d d
k k
[T 7. X" =) = T] P (X" =)
k=1 k=1

< C«(d>6—6~'2tN*2 ,

where we used (7.22) and the triangle inequality in the last inequality.
Then by choosing K, large enough, we get from (7.23) that

(7.24) A
[ e Plec—ea<ci) [ ety

KoNZ2log N KoN2log N
S CNQN—C'QKO
<C.
Finally from (7.18), (7.24) and by noting that the integral on the right-

hand side of (7.3) is bounded trivially by a constant on the integration
region [0, 1] we get the upper bound in Proposition 3.1. O

APPENDIX A. SOME HEURISTIC IDEAS

We introduce some heuristic ideas to shed light on our main results.
We consider parameters i,j € {—N,..., N}, and let X;; € R% We
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define the energy of for the field X as

Ex(X)=5 Y  [Xi;—Xiyl
|(6,9)—(@".5")|=1
Then we define Py to be a constant times exp(—FEy(X)).

For x € R?, let {y(x) be the number of points X, ; within distance
1/2 of x. We weight the probability Py by exp(—vEn (X)) where

En(X) = /]R 2 On(x)%dx.

Now we argue heuristically, and suppose that the X, ; are evenly
spread in a ball of radius R. One way to spread them evenly is to let

R .
Xij ~ N (4,7)

In that case,

R\?2
En(X)=C (N) N? = CR%.

Also, with the hypothesis of even spreading, we have that either ¢(x) =
0 or N2
KN(X) ~ Cﬁ
N2\? N*

Equating Ey(X) and Ex(X), we get
N4
T R?

and then

R2

and so
R=N.
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