SELF-REPELLING ELASTIC MANIFOLDS WITH LOW
DIMENSIONAL RANGE

CARL MUELLER AND EYAL NEUMAN

ABSTRACT. We consider self-repelling elastic manifolds with a do-
main [— N, N]2NZ<, that take values in RP. Our main result states
that when dimension of the domain is d = 2 and the dimension of
the range is D = 1, the effective radius Ry of the manifold is ap-

proximately N4/3. Our results for the case where d > 3 and D < d
2(d

give a lower bound on Ry of order N (- bre) and an upper
bound proportional to N 5557, These results imply that self-
repelling elastic manifolds with a low dimensional range undergo
a significantly stronger stretching than in the case where d = D,
which was studied in [7].

1. INTRODUCTION

Self-repelling elastic manifolds were introduced in [7] as generaliza-
tions of polymer models. Inspired by Mezard and Parisi [5] and Ba-
lents and Fisher [1], a random surface with free boundary conditions
is modeled by RP-valued discrete Gaussian free field (DGFF) over
[—=N,N]*N Z¢, with Neumann boundary conditions. A penalization
term for self-intersections, which reflects the fact that different parts
of the manifold cannot occupy the same position, is then added to the
Hamiltonian of the DGFF.

If the domain of DGFF is one dimensional, then we recover the
well-known model of a random polymer. A typical object of study
is the end-to-end distance of such a polymer, or the closely related
concept of effective radius. There is a vast literature on such problems,
see Bauerschmidt, Duminil-Copin, Goodman, and Slade [2] and the
included citations.

Bounds on the effective radius Ry of the self-repelling manifold were
derived in [7] for the case where d = D. It was proved that for the
two dimensional case, that is d = D = 2, Ry is proportional to N
in the upper and lower bounds, up to a logarithmic correction. The
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bounds on Ry in higher dimensions are not as sharp, with a lower
bound proportional to N, but with an upper bound of order N%2.
The results of [7] proved however that self-repelling elastic manifolds
experience a substantial stretching in any dimension.

We should also mention the related paper [6] on the effective radius
for moving polymers. Most methods available in the polymer literature
fail in these more general settings, but we did take inspiration from
work of Bolthausen [4].

In this paper, we deal with the case where D < d. We first prove
that when the dimension of the domain is d = 2 and the dimension of
the range is D = 1, the effective radius Ry of the manifold is approx-

imately N*/3. Our results for the case d > 3 and D < d give a lower
2(d—D) .
bound on Ry of order N 5(=*552") and an upper bound proportional

to N2t572. These results imply that self-repelling elastic manifolds
with a low dimensional range undergo a significantly stronger stretch-
ing than in the case d = D, which was studied in [7].

The remaining case, D > d, looks to be much harder. For exam-
ple, consider the case where the domain of the self-repelling DGFF is
{0,..., N} and it takes values in RP. For D = 2, 3,4 the behavior of
the effective radius of the self-repelling polymer as N — oo is still un-
known, although we have good information for D = 1 and for D > 4.
See page 400 of Bauerschmidt, Duminil-Copin, Goodman, and Slade
2] and also Bauerschmidt, Slade, and Tomberg, and Wallace [3]. If D
is large enough, then for self-avoiding walks, the lace expansion can be
used. For DGFF however, there appears to be no analogue of the lace
expansion.

2. MODEL SETUP AND MAIN RESULTS

2.1. Setup. We briefly review some of the definitions and notation
from Section 1 of [7] which are essential for our context. In the follow-
ing, ordinary letters such as xz,u take values in R or Z, while boldface
letters such as x, u take values in R? for d > 2.

Fix d > 2, N > 1 and define our parameter set as follows:

S4 .= [-N,N*nZ"
Note that
Sy :={-N,...,N}.
Thus S% is a cube in Z? centered at the origin.
We denote by A = Ay 4 p the discrete Neumann Laplacian on Sj‘{,

(see Section 1 of [7] for the precise definition). In the case D = 1, since
A is a self-adjoint operator on a finite-dimensional space, there exists a
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finite index set I = Iy 4 to be defined later, and an orthonormal basis of
eigenfunctions (@i )ker with corresponding eigenvalues (Ax)ker. We can
assume without loss of generality that there is a distinguished index O
such that g is constant and that \g = 0.

Throughout, we fix a parameter $ > 0, which has a physical in-
terpretation as the inverse temperature. Let (Xl(:))kell\{o},izl ,,,,,
a collection of i.i.d. random variables defined on a probability space

(Q, F,P) such that
X~ N (0, (283) 7).
For each i = 1,..., D define

(2.1) u® =3 Xk,

kel\o
and define DGFF as
(2.2) u=(uV, .. . uP).

As explained in [7], this corresponds to the Gibbs measure with Hamil-
tonian H(u) = Y7, |u(x) — u(y)[*, where x ~ y means that x,y
should be nearest neighbors on S%. In other words, the energy H(u)
depends on the stretching |u(x) — u(y)].

We recall the definition the local time of the field u at level z € RP
as

In(z) = #{x € 5% ux) €z—1/2,z+1/2]}

(23) = Z 1{u(x)€[z—1/2,z+1/2]}’

xES%

where % =(1/2,...,1/2) e R, and [x,y] = [],[zi, y:] for x,y € R.

Now we define a weakly self-avoiding Gaussian free field. Through-
out, we fix a parameter v > 0. If Py g4p s denotes the original prob-
ability measure of (u(x))yesqe, we define the probability Qn.a,ps+ as
follows. For ease of notation, we write E for the expectation with
respect to Py gp . Let

E =exp| — 14 2d )7
(2.4) Nd,Dyy p( V/RD ~(y)“dy

Znapsy = BlENaps) = E™4P8[En ap,)-
Then we define for any set A € F,
1
(2.5) QN.d.D,5~(A) K [ENvdJDﬁlA} :

ZN.d.D.By
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For ease of notation, we will often drop the subscripts except for N
and write

Py =Pnapp, ON=0QNdDsr, EN=ENADA-
For Zy 4~ in (2.4) we often write,
ZNd,p = ZNd,Dsn-
Finally, we define the effective radius of the field u as

Ryap = max [u(z) - u(w)],
W,ZES

where || - || denotes the Euclidian norm.

2.2. Statement of the main result. Note that in our main theorem
below, we assume that D < d.

Theorem 2.1. Let u be the weakly self-avoiding DGFF on S% taking
values in RP. There are constants €9, Ko > 0 not depending on 3,7, N
such that

(i) Ford=2 and D =1,

. Y 4/3 -2/3 ~
]\;gnooQN [€Q—ﬂ+7N (log N) =~ RN,d,D

1/2
< K()(ﬂ;V) N4/3(logN)4/3] — 1
(ii) Ford >3 and 1 < D <d,

. ¥ 1/D i<d_2(d7D))
<
dmnfeo(i) N < R
1/2 _
< 1o (27) Pt -

Remark 2.2. We compare the result of Theorem 2.1(i) to the result of
Theorem 1.1(1) in [7], where it was proved that Ry 22 ~ N. Note that
by reducing the dimension of the range by 1, the manifold stretches, with
a substantially larger radius of Ry o1 ~ N*3. By comparing Theorem
2.1(ii) and Theorem 1.1(i1) in [7] we observe a similar phenomenon

for d > 3, as the lower bound on the radius increases from Ry g4 2 N
2(d—D)

to Ryap 2 N (d=*553") for D < d. This additional stretching for
manifolds of lower dimensional range can be predicted by considering
the local time expression in (2.3). Indeed for a fized value of d and
when the range has dimension D < d, {n(z) counts the same number
of vertices (2N + 1)¢, but if the radius Ry remains the same, there is
less space to fit these vertices. Hence we would expect Ex to be larger.
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This in turn gives the repelling term in (2.4) a stronger influence on
the configuration of the manifold (see e.g. (7.4) in Section 7).

2.3. Outline of the proof. We describe the outline for the case d = 2,
D =1, as the proof for d > 3, D < d follows similar lines. Define the
following events.

4N 1/2
Ag\lf,)d,D = {RN,d,D > Ko(ﬁ ﬂ 7) N4/3(10g N)4/3} :

(2.6)
A§\27,)d,D = {RN,d,D < 50ﬁ]\[4/3(1Og N)_2/3} ‘

It suffices to show that for ¢ = 1,2 we have
: (4) _
Jim Qn (Aap) =0

From (2.5) we see that it is enough to find:

(1) a lower bound on Zy 4 p, derived in Section 3,

(2) and an upper bound on E[EN’d’DlA%),d,D] for i = 1,2, obtained
in Sections 6 and 7, respectively.

Finally, the upper bounds divided by the lower bound should vanish as
N — oo.
3. LOWER BOUND ON THE PARTITION FUNCTION
In this section we derive the following lower bound on Zy 4 p.

Proposition 3.1. Let § > 0. Then there exists a constant C > 0 not
depending on N, B and ~ such that

(i) ford =2 and D =1,
log Zn,ap > —C(B +~v)N*3(log N)*/3.
(ii) for d >3 and D < d,

log Znap > —C(B + ’y)NdJrZ%fg .

In order to prove Proposition 3.1 we will introduce some additional
definitions and auxiliary lemmas.

3.1. The orthonormal function basis. We first recall the orthonor-
mal basis {¢y} in (2.1) of eigenfunctions of Ay g4, on [—N, NN Z4
taking values in R. Each basis function ¢y can be represented as a
product of d functions ¢; : R? — R, as follows

(3.1) Pk (x) = b, (1) - - - Py (T4),
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where x = (x1,...,24) and k = (ky,...,kg), =N < k; < N, and
1 <i < d. Here {¢;}}_ y is an orthonormal basis of eigenfunctions

of Ay 11, the Laplacian with Neumann boundary conditions on S 1=
{—=N,...,N}. Note that if A\x is the eigenvalue of ¢y and A is the
eigenvalue corresponding to ¢, then satisfies

d
(3.2) M= Ao
=1

We can explicitly compute these eigenfunctions and eigenvalues (see
Section 3.1 of [7]).

Our basis comprises all such combinations as in (3.1), excluding the
constant eigenfunction

We denote by N(d) the number of function in our basis,
(3.3) N(d) =[S} —1= (2N +1)% 1.

3.2. Incorporating drift. Next we incorporate a linear drift into each
of the components u? of u, calling the resulting component uéi). This
drift should stretch out the values of u(:), so that u looks more like
what we believe it would be under (). Since our goal is to use Jensen’s
inequality, this drift should make the inequality more exact. Let

N(d)

uld (x) = Z XYou(x) +ax;, i=1,...,D,
k=1

where a > (0 is a constant to be determined later.
Using (2.1) and (3.1), we get

34  wPE = D X on(m) . dk(ra) + az;

(klv"'vkd)esf\f\{o}

where 0 = (0,...,0) € Z%.

Regarding z; as a function on S = {—N,..., N} and expanding it
in terms of our eigenfunctions, we see that there are coefficients ay)
such that

(3.5) ri=(p0)"" D gi(a)al,
jesy\{o}

where we have included (¢y)"~% for convenience in later calculations.
Recall that

B = do(x) = (2N + 1)1,
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In (3.5), we do not include j = 0 because z; is orthogonal to the
constant function ¢.

Next we find ag-i) in (3.5). Since ag-i) are used to expand the function
f(x) = z for each coordinate i, we can omit the superscript ¢ and write
just a; in what follows. Since {(bj}év:f y forms an orthonormal basis,

we get

N
(3.6) aj; = ¢(()17d) Z neij(n), j#0, and ap=0.

n=—N

From (3.4) and (3.5) we have

ux) = Y XD on(@) . ()

(k1,....kqg)€SE\{0}

+ (Igbg_l Z gbj(l’,;)()éj.

JESN\{0}

We can represent ul? as follows:

ul) (x) = > Xi) a0n (1) Gp, (2a)
(K1yeska)ESE\{jei: 5€SL}
ot D0 (X[ + aal)e (),

jeSy\{0}

where {e;}%_, is the standard basis of R?.
Fori=1,...,D let x%9 € V and define

i=1 (ky,....kq)€S%\{0}

We rewrite Zyqp in (2.4) as follows. We should emphasize that the
local time / is random and hence a function of the random variables
(X7, so we can write



8 CARL MUELLER AND EYAL NEUMAN

where for readability we have omitted the specification thati =1,..., D
and k € S \ {0}. Then we have
(3.8)
ZNdD = / exp (—F(X(l), e >X(D)) - ’Y/ @v((x(i))a }’) dY)
RD-N(d) RD
D

o8 U O U o

i=1 (ky,....kq)€S%\{0}

In order to find the Radon-Nikodym derivative corresponding to the
drift in (3.7) we note that,

_i( Z (5’;1(;1) ..... kd)2
(39) = 22, i)

=1 (ke )GSj‘(,\{]ez jesyy T kq
sy o 0y) T 2a0;25,, + (aa;)?
25 Jez) . 2(2B>\jei)71 .
TS JESA\0)

We therefore define P(® (resp. B )) to be the probability measure
(expectation) under which w is shifted as in (3.7). Then (3.8) and (3.9)

imply
dp@ D 2a0;2\) + (aq;)?
3.10 - - Jes .
oo S en(SX 3 s )
We can therefore rewrite Zy 4 p in (3.8) as follows,

2a0; X —i— (ac;)?
ZNdD = exp (Z Z d 25/\ ’

(3.11) =1 Jesl \{0} ]ez)

—V/RD ﬁ?v(y)dy)]-

() N2
(3.12) Y;(;) _ 2a0 X o, (alozj)
(2ﬁ)‘je¢>

We define
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Using Jensen’s inequality, we get that
(3.13)

D
log Zn.ap > EY [—7 / ) f?v<y)dy} 0N D D %
R i=1 jesi\{0}
=: —(I1ap + I2ap)-

The following proposition gives some essential boundson [; 4 p, i = 1, 2.

Proposition 3.2. Let 5,v > 0. Then there exists a constant C' > 0
not depending on N, 3, such that

(i) ford=2 and D =1,
s € CON((5 0 Nlog ) v 1),
(ii) ford >3 and D < d,
Lgp < Cde(l vV (g—D/2Nd—Da_D))‘
(iii) for any d > 2,
Lgp < CBa®N*,

The proof of Proposition (3.2)(i) and (ii) is postponed to Section 4.
The proof of Proposition (3.2)(iii) is given in Section 5.

3.3. Proof of Proposition 3.1.

Proof of Proposition 3.1. From (3.13) and Proposition 3.2(i) and (iii)
it follows that for d =2 and D =1,
log ZN,Z,l > —(Iio1+ I221)

(314) > —C [’YNQ((B_l/ZCL_lNlOg N) Vi 1) + BN2a2} )

Taking a = B~1/2(Nlog N)'/3 in (3.14) gives,

log Zn.g1 > —C(8 +~7)N*3(log N)?/3.

The proof for d > 3 and 1 < D < d follows the same lines with the
only modification that we are using Proposition 3.2(ii) and choosing

a =B 2NDI? to get

2(d—D)

IOg ZN7d7D 2 —C(ﬁ +’7)Nd+ D+2 |
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4. PROOF OF PROPOSITION (3.2)(1) AND (1I)
Proof of Proposition 3.2(1) and (ii). We can write

fl,d,D = {/ ﬁN(Y>2dY]
RD

= E@ /R N ( >, 1[y1/2,y+1/21(U(Z))>2dy

ZES%

~

(4.1) =) B { /R . 1[y1/2,y+1/21(U(Z))dy}

+ Z E@ [/}RD 1u(z),U(w)€[y—1/2vy"‘1/2]dy}

= (2N + 1)+ Z P (y)dy,

e P
where P, w is the density of u(z) — u(w) under P,

We recall Proposition 3.1 from [7].

Proposition 4.1. There exist constants Cy,Cy > 0 such that,

(i) for d = 2, for all w,z € S% with w # z, and for i = 1,2 we
have

Ci57 < Var (u(i)(z) — u(i)(w)) < Gy Hlog N)?,
(ii) for d > 3, for all w,z € S, with w # z, and fori=1,...,D

we have
C187 < Var (u(z) — u(w)) < CoB7
Note that from (3.4) we have
E(“)[u(”(Z) - u(")(w)] = a(z —w;), fori=1,...,D.

77777

and therefore

D
(4.3) /| ” Paw(¥)dy <] / P (i) dyi,
ylI<1 ;
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where ﬁ;z)w is the density of u(z) — u®(w) under P@
We distinguish between the following two cases.
Case 1: d > 3 and D < d. From Proposition 4.1(ii) we have

1 (2 — —y;)?
(4.4) pS)w(yz)_—eXP<—a(z wi = y) ) i=1,...,D.

\/271'016_1 202571

From (4.3) and (4.4) we therefore get

1
pewize Y[
Z lyll<t Z w JYE-L1]P (27016_1>d/2

z WGSd z,wESj'{,,z;ﬁ

2yD W — )2
ORI

><exp<— 2Co T

< / J(y)dy.
ye[—l,l]

where

1 a? Zz’; (2 —w; — yi)2
Ty)= 2. 2nCy g1 P ( N 20, )

z,wES?i\,

The following lemma follows immediately from the proof of Lemma 3.2
from [7].

Lemma 4.2. Let k > 0. Then for ally € [—1,1] and w € Sy we have

Z exp<—/<;(z—w—y)2) < wZH exp(—m(z—w—y)2>
zeSy z=w—l

+/OO eXp(—/{(z—w—y)2>dz.

—00
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Using Lemma 4.2 and integrating over the Gaussian density gives,
(4.5)

(2N+12(d—D)D 2z — w; — ;)2
I(y) = 27r01)61 I > ZeXp<_a(z2021;1y))

1=1 27;6511\, ’LUZ'GS]IV

D w;+1 CL2(Z‘ s — y)2
comnfi 5 m( ooy

=1 wies}v zi=w; —1

- - 1 > (2 —w; — yi)2
1/2,,-1 _ dz
O G e /oo o (~ e )
2(d—D) < = a?(z — w; — y;)° -1/2 -1
<CN || E E exp(— 20,51 >+6 a )

It follows that

(4.6)
J(y)dy
yE[—l,l}
D
< O N2d-D) /1 Z wZH exp ( - w— y)2> + 201 ) dy
- -1 wesL, \z=w-1 20571

1 D
< ONH=DIND ( / 11 (Z exp ( - —az&;_yl)z) +67Y 2a1> dy) .
- 1

k=—

Using again integration over the Gaussian density gives for any M > 0
and k = —1,0, 1,

1 [ee)
/ 6-M(k+x)2dx§/ e~ M+ g < Cp-1/2,

1 —00

Plugging in these bounds to (4.6) gives

/ J(y)dy < CNQ(d_D)ND(ﬁ_l/QCL_l)D.
ye[flvl]

Together with (4.1) this leads to,
I <CNY(1v (B7PNTPeDY).
Case 2: d =2 and D = 1. Then from Proposition 4.1(i) we have

Z R X P W p— T R )

V2rCi BT 267105 (log N)?
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Then following similar steps as in Case 1 we arrive to

1:1,2,1 < (2N +1)* + CB Y24 'N3log N

(4.8) < C((B7*a'Nlog N) v 1) N2

Since from (3.13) and (4.1) we have that

Liap=4p,

this completes the proof of Proposition 3.2 parts (i) and (ii). O

5. PROOF OF PROPOSITION (3.2) (11I)
Proof of Proposition (3.2)(iit). Recall that I 4 p was defined in (3.13),

(5.1) Lrap=— Z Z (a)[ }

i=1 jeSy\{0}

where YJ(;) was defined in (3.12). Recall also that N(d) was defined in
(3.3). Since the expectation on the right-hand side of (5.1) is taken
over a Gaussian measure, we define the following normalizing constant

D NG Ly D N(d) @
c :/ ox _ _\TkJ dx,'
N,B,d,D o p ;k:l 2(28 )t ngI k

(5.2)

N(d)
S
= DN(d)/2 D/2"
(2)PN /2 L1 \Df

We refer to Section 1.2 in [7] for additional in formation about the
setup of the GFF measure.
We further introduce the following notation:

@0 _ (l'i(c? k) @ (@e o |+ aq;)’

77777

;o Wi =
..... ) (Qﬁ%ei)

and
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Then from (3.9) and (3.10) we have

je;

E@ [Y(i)}
D

1 i 7
/yj(e) exp ( - ( Z Zl(gl) ..... ky

e
(53) NpaD =1 (ke ka)€SE\{dei JES K}

. D N(d) .
. w;g))Hdegw,

leSy\{0} =1 I=1

where Cy g4 p was defined in (5.2).

Since the expected value in (5.3) is symmetric with respect to i,
we can use ¢ = 1 in what follows in order to ease the notation. We
therefore consider

Ao [vo] L (1) (1)
E [Yjel} = m/yjel eXP(—wjel)
D

I GO DD SR

i=1 (kl ..... kd)ESj‘{,\{leiil‘ES}v}

D ' D N(d)
Sy e > )T

i=2 le{—N,...,.N1\{0} 1€SL\{0,5} i=1 (=1

We notice that we have three types of integrals above, which can be
evaluated as follows. We have D((2N +1)?— (2N + 1)) integrals of the
form

2
L0 g B ) S W)
/RGXP( Dorroea) AThS /ReXp< 228N k) ! Lhy,...ka

.....

We have 2N (D — 1) + 2N — 1 integrals of the form

(4) 2
@)Y 7..00) (24, +acu) 0
exp (—wy )dx,, = | exp | ———5——— | dz,,
foow (—uid)aat = | p( 220%) " )

= V271(28Ne,) "V,
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and one integral as follows
1 1
/yjel eXp<_wj('e)1>d ge)l

_ / 2aaja:§-21 + (ac;)? exp ( ;e)l + aa;)? e
R 2(2/8>\jel)_1 (2/8)\je1) e

_ (ac;)?
= Y e T

Plugging in all the above integrals into (5.4) gives

£ [Y( )]

Je1

1 (ac;)?
- _ \/2_ J
CN..d.D 2(28\je,) !

D
X H H \ 27T(2B)‘k1 ,,,,, kd)il/Q
=1

(k1..rka)€SE\{les: 1€SK}

D
[T II Vv2r@8re)™? ] V2r(28Xe,)
i=21eSL\{0} leS}V\{O k}
1 (27T>((2N+1)d 1)D/2 aozj

1
]el
- (2N+1)4—1)D/2—1 H l l 1/2
Cnsap  2(25) L (ky,....ka) €S\ {0} Ak ka

Together with (5.2) we get
(5.5) E® [Yj(ell)] = —B(ac;)*Aje, -

Plugging (5.5) into (5.1) gives

D
]2,d,D = /B Z Z aaj)Q)‘jei
(5.6) 1 jesy\{o}
= Dﬁa Z 2')\]'917
jesp\{0}

where we used the fact that \je, = Aje,, by the symmetry of the eigen-

values (see (3.2)).
In order to complete the proof we recall Lemma 4.1 from [7].
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Lemma 5.1. There exists a constant C > 0 not depending on N and
B such that,

> al)je, < CONY
jeSy\{0}
From Lemma 5.1 and (5.6) we conclude that
(5.7) Lap < CBa*N*,

which completes the proof of Proposition 3.2 part (iii). O

6. LARGE DISTANCE TAIL ESTIMATES

Assume first that d = 2 and d = 1. Let o > 0, then from (2.5) we
have

log Qn(Rya21 > aNY3(log N)*/?)

6.1
(6.1) <log P(Ry21 > aN4/3(10g N)4/3) —log Zn2,1.

From the proof in Section 5 of [7], which uses standard Gaussian esti-
mates, it follows that for any constant x(N) > 0 we have

P(Ry21 > afY2K(N)) < Cy exp {—czm(N)z(log N)_z} )

where C, ¢y > 0 are constants not depending on N.
We therefore get,

P(Ry21 > aﬁ_l/QNA‘/S(log N)4/3) < C) exp {_62a2N8/3(10g N)2/3} .

Using this bound together with Proposition 3.1(i) and (6.1) we get for
all a > 1,

log @n(Rn21 > af (8 +~)* N3 (log N)*?)
<log P(Rya1 > af (B +7)" N (log N)*) —log Zy 2.1
< —(B+7)N®¥3(og N)*/? (c30® — c4).

We then can choose a to be large enough to get the large distance tail
estimate in Theorem 2.1.

The proof for d > 3 and 1 < D < d follows similar lines, only now
we use the bound

P(Ryap > af ?k(N)) < Cyexp {—cr(N)*}.

Note that the log-correction does not appear on the right-hand side
due to Proposition 4.1(ii).
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Together with Proposition 3.1(ii) we get
log Qv (Rnap > af™*(8 +7)/* N5+ >
<log P(Ryap > af~ 1/2(54—7)1/2]\7% ) log Zn

—(B+ 7)Nd+T2) (c30® — ).

We then can choose a to be large enough to get the large distance tail
estimate in Theorem 2.1.

7. SMALL DISTANCE TAIL ESTIMATES

Let € > 0, and x(N) > 0 to be specified later. Then from (2.5) we
have the following:

(7.1)
logQN(RN,d,D < EK,(N))

<logE {exp {—7 / . EN(Y)2dY} 1{RN,d,D<m(N)}] —log Zy.ap-
R
Let
(7.2) Inap=E {eXp {—7 / i ﬁN(Y)Qdyl{RN,d,Dm(N)}H :
R

Note that on {Ry4p < ek(N)} we have
(7.3)
1

Un(y)*dy = 27k(N)PeP / P d
RDP ( ) Y : [—er(N),ex(N)|P (Y) QDR(N)DSD Y
2
NYPP / gy
[—en( G 2P g(N)PeP

2
€ ydy) ;
QDK P (/[ er(N),er( ( )

where we used Jensen’s mequahty. Since on {RN,d, p < ek(N)} we have

/ In(y)dy = |Sx| = 2N +1)¢,
[—er(N)ex(N)]P

together with (7.3) we get that

22d—DN2d N —-D
(7.4 [, txtypay = N
RD 9

From (7.2) and (7.4) we have

_ 22d—DN2d N —-D
(7.5) J <exp <—7 H(N) ) :

eD
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From (7.1), (7.2), (7.5) and Proposition 3.1(i) we get for d = 2 and
D=1 (taking x(N) = v(8 +v) " 'N*3(log N)~%/?):
logQn (Rya1 < ev(B +7) " N¥3(log N)~/3)
(8N8/3(log N)/3
£

<—(B+7) —CN8/3(108;N)2/3)-

By choosing € > 0 small enough it follows that
lim log Qu (B2 < ey(B+7) ' N (log N)™2/%) = 0.
— 00

Repeating the same steps as in the case where d = 2 and D = 1,
plugging in

R(N) =MD (8 +4) VPN D)
to (7.5) we get,
92d—D pdt 2@53

j < e*(ﬁ+’¥) D

Together with Proposition 3.1(ii) this give the following bound for d > 3
and 1 < D <d,

log @n <RN,d,D <ey"P(B+ 'y)’l/DN%(d—%gl?)))

Nd+ Q(g:rg) o 2d=D)
<@+ (L - o
g

Then choosing ¢ > 0 sufficiently small and taking the limit where
N — oo completes the proof of Theorem 2.1.
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