SAUSAGE VOLUME OF THE RANDOM STRING AND SURVIVAL
IN A MEDIUM OF POISSON TRAPS

SIVA ATHREYA, MATHEW JOSEPH, AND CARL MUELLER,

ABSTRACT. We provide asymptotic bounds on the survival probability of a moving
polymer in an environment of Poisson traps. Our model for the polymer is the
vector-valued solution of a stochastic heat equation driven by additive spacetime
white noise; solutions take values in R%,d > 1. We give upper and lower bounds for
the survival probability in the cases of hard and soft obstacles. Our bounds decay
exponentially with rate proportional to T%(4+2) the same exponent that occurs in
the case of Brownian motion. The exponents also depend on the length J of the
polymer, but here our upper and lower bounds involve different powers of J.

Secondly, our main theorems imply upper and lower bounds for the growth of
the Wiener sausage around our string. The Wiener sausage is the union of balls of
a given radius centered at points of our random string, with time less than or equal
to a given value.

1. INTRODUCTION

The model of particles performing random diffusive motion in a region containing
randomly located traps is known as the trapping problem (see [6] for review). Particle
motion is typically Brownian motion in R? or a random walk in Z?. The traps are
placed in a Poissonian manner and the particle gets annihilated on encountering a
trap. The main question of interest in such models is the “Survival Probability” of
the particle. We refer the reader to [11] and references there in for a review of the
problem of Brownian motion among Poissonian obstacles, to [8] and references there
in for a review of the problem of a random walk in a random potential and to [2] for
a review of Random walks among mobile and immobile traps.

There is an extensive literature about such trapping problems, see the references in
the preceding paragraph. These results often depend on refined estimates for the
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eigenvalues of the Laplacian or potential theory. On the other hand, the process
we consider takes values in function space, and we found it impossible to analyze the
situation using existing techniques. Indeed, carrying over finite-dimensional potential
theoretic arguments to the infinite dimensional case is often difficult or impossible.
We will consider a Gaussian process, but we did not find any Gaussian tools which
were relevant to trapping problems.

In this article we will study the annealed survival probability of a random string in
a Poissonian trap environment. Let (2, F, F;,Py) be a filtered probability space on
which W = W(¢t,z) is a d-dimensional random vector whose components are 1i.i.d.
two-parameter white noises adapted to F;. We consider a random string u(t,r) € R,
which is the solution to the following stochastic heat equation (SHE)

ult,z) — %qu(t, 2+ W(t, )
u(0,z) = up(x)

(1.1)

on the circle x € [0, J], having endpoints identified, and ¢ € [0,7]. The initial profile
uy is assumed to be continuous. Note that we will use boldface letters to denote
vector-valued quantities.

We will be interested in the evolution of the random string in a field of obstacles
centered at points coming from an independent Poisson point process. More precisely,
let (21, G, P;) be a second probability space on which is defined a Poisson point process
1 with intensity v given by

n(wl) = Zaﬁi(wﬂa w1 S Qly

i>1

with points {&;(w;)}i>1 C RY.

The obstacles will be formed via a potential V : R? x €; — [0, oc]
V(Z7 77) = Z H(Z - €’L)7
i>1

where H : RY — [0, 00] is a non-negative, measurable function whose support of H is
contained in the closed ball B(0,a) of radius 0 < a < 1 centered at 0.

We will work in the product space (2 x 1, F x G, Py x P;) along with the filtration
(Ft X G)i>0. We will write E for the expectation with respect to P := Py x Py, and
[E; for the expectation with respect to P; for ¢ = 0,1. Our main quantity of interest



is the quenched and the annealed survival probabilities given by

Spn(w1) = Eq [exp <— /0 ' /0 JV(u(s,w),n(m))dmds)], and
Sr—E [exp (— /OT /OJV(u(s,x),n) dxdsﬂ

respectively. Sometimes we will write Sy and S?’;l]’” to emphasize the dependence
on H, J,v.

1.1. Main Result. Our first result on hard obstacles, i.e. the string is killed imme-
diately on contact and the only way it can survive is to avoid them.

Theorem 1.1 (Hard obstacles). Consider the solution to (1.1) withd > 2 and J > 1,
and let v and a be as above. Then the following hold in the case H(-) = 0o - 1p(g q)

(1) (Lower bound) There exist positive constants
(a) Cy, C1,Cy independent of T, J such that for T > CoJ>ts

_d_
(12) SYI:IJ’V > Cl exp <—02 (%) i ) .

(b) Cs,Cy, Cs independent of T, J such that for T' < Oy J>s
(1.3) ST >y exp (—05 (TJ)#) .

(2) (Upper bound) There exist positive constants Cg, C7 independent of T, J such
that for all T > 0,J > 1

d

C T d+2
1.4 HoJv < S S .
(14) 51 —CGGXP< 1+ [logJ| (ﬁ) )

In the case of hard obstacles we immediately see that the survival of the string is
only possible if the string avoids the obstacles. Thus the “sausage of radius a around
string up to time 77 should be devoid of any Poisson points. Indeed it is easy to
check using standard properties of the Poisson random variable that

(1.5) S;I’J’” = Eexp (—u }8%(@)‘) ,
where
(1.6) S(a)= [ J {uls,y) + B(0,a)},

O0<y<J
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is the sausage of radius a around u. Thus Theorem 1.1 also provides bounds on the
exponential moments of the volume of the sausage of radius a around the string up
to time T

We next turn our attention to the case of soft obstacles, i.e. H does not take the value
oco. We make the following specific assumptions on H.

Assumption 1.1. There is a € > 0 such that H(x) > C- 1p(,a)(x).

We note that under this assumption there is a positive probability of survival even
if the string interacts with the obstacle environment. We are now ready to state our
result in this setting.

Theorem 1.2 (Soft obstacles). Consider the solution to (1.1) with d > 2 and J > 1,
let v > 0 be as above and let H be a soft obstacle satisfying Assumption 1.1. Then

(1) (Lower bound) There exist positive constants

(a) Co,Cy,Cy independent of T, J such that for T > CoJ?+e

(1.7) SEIY > O exp (—02 G) d”) .

(b) Cs,Cy, Cs independent of T, J such that for T < Oy J2+s
(1.8) SEIY > ) exp (—05 (Tj)ﬁ) .

(2) (Upper bound) Fix 8 > 0. There exist positive constants Cg, C7 independent
of T, J such that for all T >0,J > 1

C T\ 7
1. Lov < - ! — .
(1.9) Sy < Cgexp ( J3+8(1 + |log J|) (Jz) )

We conclude this sub-section with a few remarks.

Remark 1.1. (i) If we set J =1 in (1.2) and (1.4) or in (1.7) and (1.9) then
for large enough T > 0, in both the hard and soft obstacle cases we have

Croxp (~CaT™) < 11 < Cyexp (~C,T75)

for some constants Cy,Cy, Cs,Cy > 0. Thus the bounds in our results (Theo-
rems 1.1 and 1.2) are optimal in the case when J =1 for large enough T > 0.
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(ii) Due to (1.5), Theorem 1.1 immediately gives us bounds on Eexp (—v |84(a)]).
Further, as we observe above at J = 1, from Theorem 1.1 that we have for
sufficiently large T > 0

C1 exp (—C}Tﬁ) < Eexp (—V }S;(@D < Cyexp (_C4Tﬁiz ) 7

for some constants C,Cy,Cs,Cy > 0. The exponent of T matches that of the
asymptotics of the volume of the Brownian Sausage. Since in our case u 1is
the solution of a stochastic PDE, this seems to be a new result of independent
interest.

(iii) The constants mentioned in Theorem 1.1 and Theorem 1.2 are all independent
of T', J but do depend on v, a, and C. The bound 0 < a < 1 is used for technical
convenience.

1.2. Overview of Proof. We will say that u is a solution to (1.1) if it satisfies,
J
(1.10)  u(t,z) = / Gt — y)uo(y)dy + / GOt — s, — y)W(dsdy),
0 [0,t]x[0,J]

where [0, J] is the circle with endpoints identified and G/) : R, x [0, J] — R is the
fundamental solution of the heat equation

9,GY(t,z) = % D2G(t, x),
G0, z) = 6(x).

Furthermore, the final integral in (1.10) can be regarded as either a Wiener integral
or a white noise integral in the sense of Walsh [13].

The first reduction in the proof is to reduce to the case J = 1. We will do this by
deriving a scaling relation for S;I " Consider

v(t,z) == J 2u(J%, Jz),

defined for x € [0, 1] with endpoints identified, and ¢ € [0,7.J72]. The initial profile
is v(0,2) = vo(z) = JY?uy(Jx). It was proved in Lemma 2.2 of [3] that v satisfies

1 —
oV = §(9;v +W, tel0,TJ?
V(Oa$) = V0<-’E>, x € [07 1]
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for some other white noise W. Now it is easily checked

G g - <_ /0 ' /0 JZH (u(s, z) — &) dxds)

1>1
—E |exp <—/0 /01 ;f’H (J% (v(g,az) _ J—)) didé)]
Define
(1.11) H(\) := PH(JZ)), &= f— and  7:=vJt.

It is easily seen that H is supported in the ball B(O,aJ_%). The points é form a
Poisson point process of intensity 7. Setting 7' = T'J~? we obtain

H,Jv H,1,0
(1.12) Spt =92,

Remark 1.2 (Important). For the rest of article will focus on J = 1, so (1.10)
becomes

1
u(t,x) = / G(t,z — y)ue(y) dy + N(t, x),
0
where

N(t,x) = / G(t — s,x — y)W(dsdy)
[0,6]x[0,1]

1s the noise term. For simplicity of notation, we have also removed the superscript
in G, We will work with S:,If’l’y and finally use the scaling relation (1.12) to obtain
the bounds for Sy

The key strategy for proving the lower bound for survival probability in Theorem 1.1
Theorem 1.2 is to obtain an optimal configuration for the traps £ so that the string
does not get killed. This configuration has an area free of traps in a ball of radius
ar around the origin and the string under this potential is made to stay inside this
ball till time 7. The probability of obtaining such a configuration is of the order
exp(—Ci(ar + a)?). In the regime 1(b) of Theorems 1.1 and 1.2 we can use the
small ball probability estimates of Theorem 1.1 in [3] to obtain a lower bound of
exp(—ng—gT]) on Py (sup,<p, vepa) u(t, z)] < ar). Optimizing ar in the product we
obtain the lower bound in the regime 1(b) of Theorems 1.1 and 1.2. In the regime
1(a) of the theorems, Theorem 1.1 in [3] is not applicable, and therefore we decompose
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the string into two components, namely center of mass and radius of u respectively.
More precisely let

1
X, —/ u(t,z) dz, (Center of Mass)
(1.13) 0
R, = sup |u(t,z) — Xy|, (Radius).
z€[0,1]
We show that X; and R; are independent. Then separately we consider the events
1Xy| < &, t < T and Ry < %, t < T, and show that the probability of their
intersection is bounded below by exp(—Cs(Zz)). Optimizing over oy and the scaling
T
relations discussed above yield 1(a) in Theorems 1.1 and 1.2. We present the details
in Section 2.

Unlike the lower bound, the proof of upper bound differs from the classical setting
of random walks or that of Brownian motion. The proof techniques in those models
depend on potential theory and eigenvalues of the Laplacian, and both of these are
much harder to study for infinite dimensional processes such as the random string.
We are thus forced to go back to first principles, which perhaps explains the fact that
our upper and lower bounds do not completely match. It is also important to note
that while the upper and lower bounds match for the case J = 1, the scaling relations
in (1.11) imply that they don’t carry over to the general case via space-time scaling.

Following Remark 1.2 we first obtain an upper bound for Sg ¥ Recall
(1.14) S = Eexp (—v [8%(a)]),
where 81.(a) is the sausage of radius a around u, that is

Sh@)= U {uls.) + B0,

0<s<T,
0<y<1

We will explain the strategy for the proof in the case of hard obstacles, the argument
for the soft obstacles not being very different. Due to (1.14), an upper bound on
the partition function Sg’l’” essentially boils down to obtaining a lower bound on

the volume of the sausage 8}.(a) around u. For this, we consider the sausage around
u(t) = u(t,-), that is
(1.15) $'(a;t) = | {ult,y) + B(0,a)},

0<y<1

so that

Sh(a) = U S(ast).

0<t<T
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We will identify times at which 8'(a;¢) do not intersect, so the sum of the volumes
of these fixed time sausages will provide the desired lower bound.

We will consider a set of stopping times 7; (see (3.3)) such that the center of mass
at these time points, X,,, are separated by at least 4A from each other (where A is
suitably chosen, see Lemma 3.10). Using known results on the volume of the Wiener

sausage, we show that the number of 7; before time T" should be at least C;T a2 with
d
probability 1 — exp(—CyT#2) for some constants Cy, Cy (see Lemma 3.2).

Now, let
N(s, t;x) := / G(t —r,x —y)W(drdy),
[s,4]x[0,1]

which represents the noise term from time s to ¢. Then N(s,¢) will represent the
function from x € [0,1] to R%. For s < t, we use the Markov property for u to write

u(t) = Gy_s x u(s) + N(s,1).

If s <t then the first term is almost a constant because of the smoothening effect of
the Laplacian. The volume of the sausage around G;_s * u(s) will then be approxi-
mately a?. We show in Lemma 3.11, using the independence of X; and R;, that with
probability > £ the range (see (3.8) for precise definition) of N(s, ) is at most A and
the volume of the sausage of radius a around N(s,t) is of order at least a? =27,

Using this we shall construct a subset {T;} of {;}, such that:

(a) the {T;} are at least distance L apart (see (3.9));
(b) the range of each N(7;_1,T;]) is less than equal to A ;
(c) the volume of the sausage of radius a around each N(7;_1,T;) is of order at

least a?~2*¢; and

(d) the number of {T;} before time T is at least C3T# with probability 1 —
eXp(—C’4Tﬁd?) for some constants C5, Cy (see Lemma 3.2).

These conditions with appropriate choice of A will imply that the sausages around
{u(T;)} will be disjoint and have volume a?~2*¢ each. Therefore formally speaking



(see proof for precise details)

4 _d_
y Tt CITE ra
St < p, (#ESCs - )+Eo exp | —v|U., " 8 (5NT-.T)

d d
Tz T
< exp (—04 . ) + exp (—C5ad_2+7—+)

L L
Tt e T2
<exp|—-Cy 7 +exp | —Csa™ HT .

Then using the scaling mentioned above we obtain

2\ 755 2\755 71-1
gis < p (O N | cry
E + 3|log(a/J?)| E + 3|log(a/J2)|

for some v > 0. We note that after scaling the first term above will be the dominating
term and will provide the upper bound in Theorem 1.1 part 2. We derive the best
possible estimates for volume of the sausage as this might allow future improvements
in our bounds on the first term.

We conclude this section with some open questions. The upper and lower bounds do
not match in Theorem 1.1 and Theorem 1.2 in J. This is a gap that seems hard to fix
given the paucity of techniques and tools available in the infinite dimensional setting.
The quenched survival probability is also of keen interest. Here the geometry of the
string and its topology will come into play. We do not consider this here. We also
do not explore large deviations for the volume of the sausage as there is no obvious
ergodicity to establish a limiting value of a Lyapunov exponent.

Convention: We will use C' to denote constants whose value might change from
line to line. Sometimes we will indicate dependence of constants on parameters by
putting the parameters in parentheses, for example C(d), C(v, d) etc. The notation
C1,Cs, - -+ will be used to denote constants whose value remain fixed throughout a
lemma, proposition, theorem etc. Such constants might be used later in which case
it will be clear from the context.
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2. PROOF OF THE LOWER BOUND IN THEOREMS 1.1 AND 1.2

As indicated above we will use the same strategy for the lower bound for the survival
probability for both the hard and soft obstacle case. We begin with the proof of 1(b)
first.

Proof of lower bounds 1(b) in Theorem 1.1 and Theorem 1.2. Following Remark 1.2
we find the lower bound for Sj™"”. As indicated earlier for the string to survive in a
hard obstacle environment, it must avoid the obstacles. We will use the same strategy
of survival for the soft obstacle as well. Let

0 =|JB(&a)

i>1

be the obstacle set. For T' > 0, let a = oy > 0 be a parameter which will be chosen
to devise the optimal strategy. Due to the support of H being in a ball of radius a
one obtains

S s PR NC
(2.1) v 2 P(BrNer)

= ]:P)()(BT)PI (CT)7
where
Br =< sup |u(s,z)| <ayp,
s€[0,T]
z€[0,1]

Cr= {there are no &; in the ball B (0, « + a) }

It is important to observe here that the above argument does not depend on whether
the obstacles are hard or soft. Clearly

(2.2) Py (Cr) = exp (—veq(a + a))

for some dimension dependent constant c,.
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Using Theorem 1.1 in [3] we have that there exist Cy > 0,C; > 0 and ¢y > 0 such
that if ar < €9v/J then

TJ

P | sup |u(s,y)|<e| > Cyexp <—C’1—6>

0<s<T €
y€[0,J]

Therefore using the above we have
TJ
S;I’J’” > Cpexp (—ycd(a + a)d) exp (—C1—6>
Q

TJ
> Cpyexp (—l/chdad) exp (—Vchdozd — —6>
Q

A simple calculus computation shows that the maximum of the exponent in the
1
attained at a = (CyTJ) @5 for some Cy(d,v) > 0 so that

(2.3) S?"”” > Chexp (—Vchdad) exp (—(C,}TJ)%) _

The choice of « is valid provided
. (A6
(CoT )6 < gV J = T < OC—Ji*Q

2

Thus there is a constant C3(d, ) independent of J, T', such that if " < C5.J 2+5 then
there are Cy(d, v), C5(d,v) > 0 such that

SE 2 Crexp (~Co(T)7)
0

We need a couple of technical results before we begin the proof of 1(a). The following
lemma is crucial.

Lemma 2.1. With X; and Ry as in (1.13), we have

(a) Xy is a standard Brownian motion starting at fol uy(x)dx.
(b) X, and R, are independent.
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Proof. 1t is easily checked that

X, = /01 o () dz + /OtW(dyds)

is a standard Brownian motion, and
1
u(t,) X = [ (Gltor—y) = Yoy + [ (6t 5.0~ y) ~ 1 Wi(dsdy),
0 [0,]x[0,1]

where G = GW is the heat kernel on the unit circle. Both these processes are
Gaussian. The components of X; and u(¢,z) — X; are uncorrelated since

/Ot/ol[G(t—s,x—y)—l] dyds = 0.

The second part of the lemma immediately follows. O

We will also need

Proposition 2.1. Assume sup, [ug(z)| < §. Then there are constants 0 < Cp < 1
and Ko > 0 such that for all « > K,

(2.4) Py | sup [u(s,z)| < a, sup [u(a,z)| <5 | =G
s<a? z€0,1] 2
z€[0,1]

Proof. Let us consider first the case ug = 0. From the previous lemma

> Py [ sup [Ro < 5| Po | sup (X < 5 ).
s<a? 4 s<a? 4

Since the last term is a positive constant independent of T, it is enough to show that
there is a Ky > 0 such that

sup Py (Sup Rs| > g) < 1.
a>Ky s<a? 4

Py | sup |u(s,z)| <
S a2
J:ES[O,I]

| Q

(2.5) Py (sup IRs| > e

s§a2 4

) =Py | sup |u(s,x) — X, > %

sgaz
xz€[0,1]
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By splitting the time interval into subintervals of length 1 we have the bound

Py | sup |u(s,z) — X, > %

s<a?
z€[0,1]
[@?]+1 o
< Z Py | sup |u(s,z) — X4 > —
s€[k,k+1] 4
k=0
(2.6) €(0,1]
[@?)+1 o
< Py <|u(k;,0) — Xg| > g)
k=0
[a?]+1
+ ) Po | sup |[u(k,0) = Xy - [u(s,z) - X]| > <
k=0 s€[i,i+1]

Using the standard Fourier decomposition of G(t, z) (see Section 3 of [3]) one obtains
that each coordinate of u(i,0) — X; has variance

/ok/ol (Gls.y) — 1) dyds = /Ok /01 G*(s,y) dyds — k

:/0 Zexp (—(27)%s) ds

>1

<C.

See Lemma 3.1 of [3] for details. Therefore for large «

[e?]+1

Z Py (\u(k,O) — Xgi| > %) <exp (—Ca?).

k=0

Now we turn to the last term in (2.6). Consider the process
M(57$) = [u(k70) - Xk’] - [U(S,l') - XS] , SE [ka k + ]-]a S [07 ]-]

Note that M(k,0) = 0. A quick calculation gives

M(s,x) — M(s,T) = / G(s—r,2—y)—G(s—r,x—y)| W(drdy)

[0,s]x[0,1]
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whose components have variance less than C|x — y| (see Lemma 3.1 of [3] for details).
Similarly for £ < s < 5 < k+ 1 we obtain

M(s, x) — M(3,2) = / (G5 —rx— ) — Gls —rx — )| W(drdy)
[0,s]%[0,1]
+ / G(§—r,x —y)W(drdy) + [Xs — X5 .
[s,5]%[0,1]

Following Lemma 3.1 of [3] we obtain that the components have variance less than
C+v§ — s. Note that § < s+ 1 so that the variance of the components of X; — X, are
also bounded by C'v/s — s.

Therefore the conditions of Lemma 3.4 of [3] are satisfied, and we obtain for large «

[a?]+1
ST B | sup [[u(k,0) — Xy [u(s,x) - X.J| > = | < exp (~Ca?).
k=0 s€[k,k+1] 8

z€[0,1]

Returning to (2.5) we obtain

s§o¢2 2

Py (sup IRs| > g) <exp (—Ca®) < 1,

uniformly in a > K for some Ky > 0. This completes the proof of the proposition
in the case that uy = 0.

In the general case sup, [ug(z)| < §, we apply a Girsanov change of measure argu-
ment. Consider the measure Qq given by

2

dQo _ exp _/ (G *uo)(y) - W(dsdy) 1/@ LG+ ug)(y)|
[0,02] x[0,1] o Jo ’

dP, a? 2 ot

where G * ug is the convolution of G(s, ) with ug. Under the measure Qy,

W (G *uo)(y)

W (dsdy) = W (dsdy) + — dsdy

is a white noise (see [1]). Moreover for 0 < t < o?

—~

27 u(t,z) = (1 _ %) (G % wp) (2) + / Gt — 5,2 — y)W(dsdy),

[0,¢]%[0,1]
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and the first term is 0 at time ¢t = o®. The case of uy = 0 shows

Qo | sup
t§a2
z€[0,1]

[ G-sa —y)\Tvusdw\ <
(0,6]x[0,1]

| R
@Y

for some Cy > 0. An application of the Cauchy-Schwarz inequality gives

Py [ sup / G(t—s,z— y)W(dsdy)‘ < a
t<a2 |J]0,¢]x[0,1] 2
z€(0,1]
1/2 ) o
> Qo | sup / G(t—s,x — y)W(dsdy)’ < i -E, (&)
tg[oﬁ} [0,]x[0,1] 2 dPy
z€(0,1

> ~5/2 ( / / 1 4dyds>
o

= 03/2 exp <—1—6> .

The first term in (2.7) is at most &, and so the above lower bound is also a lower
bound for the probability in (2.4). This completes the proof of the proposition. [

Proof of lower bound in Theorems 1.1 and 1.2 1(b): Following Remark 1.2 we find the
lower bound for Si'”. As indicated earlier for the string to survive in a hard obstacle
environment, it must avoid the obstacles. We will use the same strategy of survival
for the soft obstacle as well. Let

0= UB(&ﬂ)

i>1

be the obstacle set. For T' > 0, let a = ar > 0 be a parameter which will be chosen
to devise the optimal strategy. Due to the support of H being in a ball of radius a
one obtains

S > P(BrNCr)

(2.8) = Po(Br)Py1(Cr),
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where

Br =< sup |u(s,z)| <ap,
s€[0,T]
z€[0,1]

Cr = {there are no &; in the ball B (0, + a) }

It is important to observe here that the above argument does not depend on whether
the obstacles are hard or soft. Clearly

(2.9) P1(Cr) = exp (—vea(a + a)?)

for some dimension dependent constant c,.

We will next estimate Py(B7) by using Proposition 2.1. Indeed, an application of the
Markov property and (2.4) yields
(2.10)

a2

Po(Br) > Py | sup |u(s,z)| <, sup |u(a,z)| <
Ss[az] z€[0,1]
z€|0,1

| e

T
> exp <§ log 00) ;

for o? < T.

Using (2.9) and (2.10) in (2.8) we have for a > K,
T

S > exp (—vea(a+a)?) exp <—2 log C’O)
a

T
> exp (—z/chdad) exp (—ychdad + = log C’o) .
«

For general J > 1 we use (1.12), as well as the fact that a = aJ "2, U = vJ% to obtain

Sg"]’” > exp (—l/chdad) exp (—VJngQdOéd + log CO) :

J?a?
A simple calculus computation shows that the maximum of the exponent in the second

1
term is attained at a = C(d, v) (%) " so that
J°T2

(2.11) S > exp (—veqg2%a®) exp (—Cl(d, V) <§> d+2> ,
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for a constant C;(d,v) independent of J, T, as long as a > K; or equivalently 7' >
Co(d, v)J>Fs. O

3. PRELIMINARIES FOR THE UPPER BOUNDS IN THEOREMS 1.1 AND 1.2

In this section we prove several preliminary lemmas required for the proof. We begin
with Section 3.1, where we define the stopping times {7;} precisely and show that
there are order of T#%2 such times in [0, T'] with very high probability. In Section 3.2,
we define the crucial stopping times {7;} at which we will consider the volume of the
sausage around u(7;, ). We will choose the {7;} from the {7;} so that

(1) u(T;,-) has a larger volume than the sausage of radius a/2 around N (T;_1, T;),
(2) the volume of the sausage around N(T;_1, T;) of radius £ is at least C,a® **7,
and

(3) the range of N(T;_1,T;) has volume less than or equal to A.

Then in Section 3.4 we show is that there are sufficiently many times {7}, and they
are far enough apart to ensure that the sausages at these times do not intersect and
the gaps between these times have finite mean. Finally we conclude with Section 3.5
where we prove some estimates needed for the soft obstacle case.

3.1. Using Estimates of the Wiener Sausage. For A > 1 (to be chosen specif-
ically in Lemma 3.10), it is useful to consider the sausage of radius 4A around the
center of mass Xr:

(3.1) Xr(4A) == | J {X.+ B(0,47)}.

0<t<T

This is the well studied Wiener sausage.

Lemma 3.1 ([12], [4], [7], [10]). Let d > 2 and A > 1. There exists C(d, ) > 0 such
that for T' > 0 we have

(3.2) Py (|XT(4A)| < Tﬁ) < exp (—C’(d, A)Tﬁi2> .

Let 79 = 0 and consider consecutive stopping times 7; defined as

(3.3) Tiz1 = inf {t > 7; : dist (Xt, U er) > 4A} )

k=0
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Note that X, is on the boundary of the region UZ_:IO (X, 4A). Let
(3.4) #T)=H{i>1:7, <T}
be the number of 7;’s with ¢ > 1 before time 7.

Lemma 3.2. Letd > 2 and A > 1. There exists Cy > 0 such that for T > 0 we have

(3.5) Py (#(T) < Cdff) < exp <—C'(d, A)Td%2> ;

where C(d, \) is the same as in Lemma 3.1.

Proof. We first claim that

#(T)+1
(3.6) ) B(X..81) > Xr(4A).
i=0

Clearly we need to just consider the behavior of the sausage for the time points strictly
between 7; and 7,41 for any fixed ¢. By the definition of 7;,; the path X, 7; <t < 7344
is inside J;_, B(X»,,4A). Therefore any such X, is within 4A distance of some
X,k < i. It then follows that B(X;,4A) C B(X,,,8A). The claim (3.6) then
follows immediately.

Using (3.6) and the formula for the volume of a d sphere of radius 8A

72 (8A)4

(IS

(3.7) (#(T)+2) NC )>\XT(4A)|~
Therefore
C T4 T3(8A)?  Cyl6iriTa
I%(#(T)é A )§P0<(#(T)+2)( )g ro) )
Cy16075 T at
<Py <|XT(4A)| W)

< exp <—C’(d, A)Tﬁ) )

if we choose

This completes the proof of the lemma. U
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3.2. Stopping times for string. For a R? valued function f defined on [0, 1], we
denote the range of f by

(3.8) R(f) := sup |[f(z) —f(y)]

z,y€[0,1]

We will need the following lemma

Lemma 3.3. Let f: [0,1] — R%. We have fort > 1

£ /0 ()

Proof. We expand each component f in the Fourier basis

filz) = Zag)eﬁﬂlm_
k

R(G, % f) < dde™*" < dde "IR(F)

2

Then

—4m2k2t _(4) [ pi2rka

e ay i27rky}

— €

(Gox £3)(@) = (G fi)(w)| = sup |

T,y k,;éo

) 1/2
< et (Z [al(cj)] )

k0

sup
T,y

Now observe that fol fj(x)dz is the zeroth Fourier coefficient of f; so that

<Z [ag')r) v _ < Hf - /01 £(2)dx

k40
Clearly R(f) is an upper bound for the right hand side. Finally note that

i [ gt

2

d
R(Gy+£) <) R(Gi* fy)

i=1
which gives the factor d in the bound. U
For the rest of this article, we let
a
0= —,
(3.9) 100
L =FE + 3|logal,

where F is a large enough constant.
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Remark 3.1. The constant E chosen above is independent of any of the parameters
in the model, e.qg. T, J,a,v. It is chosen so that L satisfies the following:

Ade=*""L < § (see Lemma 3.3).
L > D + 2|logal, where D is the constant appearing in Lemma 5.9.
L > 8Cod3

, where Cy is the constant appearing in (3.21).
L is large enough so that the last inequality in (3.24) holds.

Recall the stopping times 7; defined in (3.3). Let Ty = 0 and define the sequence of
stopping times

Si={t>To+L: R(Gir, xup) <0}

Ty =min{r; : 7; > 51},

Sy = inf {t >T 4+ L R(Gt_Tl * N(TO,T1)> < 5} ,
(3.10) Ty = min{7; : 7 > S},

Sy =inf {t> T+ L: R(Grr, +N(T1, T3)) <6}

Ts =min{r; : 7; > S3},

The reason for introducing the stopping times 7; will be clear below. Inductively
u(?;) =Gr—r,_, * U(Tz’—l) + N(T;-1, T;)

=Gp_7_, * [GTi_l—Ti_g * U(Ti—z) + N(ﬂ—%ﬂ—l)] +N(T,-4,T3)

= Gr_1,_, * U(Tzez) + Gr—r,_, * N(Tio, T,1) + N(T;-4, T5)

= Gr_r, *u(Tp) + Gr—n, * N(Ty, T1) + Gr—p, * N(T1, 1) + - - - + N(T;4, T;)

Definition 3.1. For a R? valued functz’on f on [0,1] we denote

= | {f) + B(0,a)}

0<y<1

to be the sausage of radius a around f.

The following lemma is crucial for the upper bound.
Lemma 3.4. We have
(3.11) IR(u(Ty)) — R(N(Ti-1, T0))| < 26.
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and

(3.12) 8" (@ 7] = [8 (/2 N(T0, T ) |.

Proof. Denote by
9 = GTifTo*u(T())"i_GTile *N(To, T1)+GTZ.,T2*N(T1, T2)+ : '+GT17TZ-,1*N(,T1L727 E,1>.

It is easily checked that when f = g +h then |R(f) — R(g)| < R(h). Therefore, with
our choice of 0 and L, and by using Lemma 3.3, we obtain

IR(u(T})) = R(N(Tio, T)) | S R(G) < )6 < 26,

To prove (3.12) , note that _
w(Ty, ) = [S(0) + N(Tia, Ti; )] + [S(2) = S(0)],

and so the ball of radius a/2 around [G(0) + N (7;_1,T;; )] is contained in the ball
of radius a around u(7;, x) (note R(G) < a/2 by our choice of §). Consequently the
sausage of radius a/2 around N (T;_1,T;) has a smaller volume than the sausage of
radius a around u(7;). O

Remark 3.2. Equations (3.11) and (3.12) show that the range of u(T;) is close to
that of N(T;_1,T;), and a lower bound on the volume of the sausage around u(T;) is
given by the volume of a smaller sausage around N(T;_1,T;) . As we will see later
N(T;_1,T;) form a weakly dependent sequence. In particular, using a weak form of

law of large numbers, we will see that there is a subset ofO(Td;iQ) many T;’s where the
volume of the sausage around N(T;_1,T;) is large and where the range of N(T;_1,T;)
is small. Because of (3.11) and (3.12) the same holds for u(T;) on this subset. The
small range guarantees that the sausages at these T;’s are disjoint, and thus a lower
bound for 81.(a) is obtained by adding the volumes of the sausages at the T;’s on this
subset.

3.3. Volume of the sausage around N(7;_1,7;) and Range of N(7;_1,T;). Our
first objective will be to give a lower bound on the probability that the volume of
the sausage of radius a/2 around N(0,t) is at least Ca??"¢ (see Lemma 3.9). As
indicated in Remark 3.2, we will show later that there are sufficiently many ¢ such
that the sausages around N(7;_1,T;) have at least this volume. Let

(3.13) N(t;z,y) = N(t,z) — N(t, y),

and write
N(t;z,y) = NO(t;2,y) — NO(t;2, ),
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where

NW(t;z,y) = / G(t —s,x,2) — G(t — s,y,2)] W(dsdz), and
(—o0,t]x[0,1]

NO(L,z,y) = / (Gt — s,2,2) — Glt — 5,9, 2)] W(dsdz)
(—00,0]%[0,1]

It is easy to see that N(M(¢; -, -) is a stationary process in t. The reason for considering
the differences IN(t,z) — N(¢,y) instead of N(¢,x) is that the term

/ G(t — s,z,2)W(dzds)
(—00,t]x[0,1]

would not be convergent. Note also that the volume of a sausage around N(0,¢) is
the Same as the volume of the sausage around N(¢;-,0). The lemma below shows
that N® becomes smaller with increasing ¢, and hence the main contribution of
N(t,z,y) comes from N (¢; 2, ) for large t. The process N(¢; -, 0) behaves locally
like Brownian motion (see Lemma 3.6, and so we can use some techniques (see for
example Lemma 3.7) Which work for Brownian motion, to obtain a lower bound on
the sausage around N (¢; -, 0).

Lemma 3.5. There exists a constant Cy > 0 such that for any A > 0

t)\2
(3.14) Py ( sup ‘N( )t x )| > A) < 2exp <—€—> .

z,y€[0,1] Cl

Proof. We first observe
) 0,1
B [N )] = [ 160502 = Gl -2 des
—o0 J0
0
_ / ds Z €—k2(t—s) }1 . ei-27rl<:(:1:—y)|2

k>1
—k2
<Z 5 LA (klz =y
k>1
< Ce 'z -yl

An application of the Burkholder-Davis-Gundy inequality then gives us

E, [|N<2> (t; 2, y)m < CF2V2)%Ere M |x — y|F
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for all positive integers k > 1. From the argument leading up to inequality (6.9) in

[5] one then obtains

sup ‘N(Q)(t;x,y)‘% < CFeMEF k> 2.

x,y€[0,1]

Eo

Therefore there exists a constant C; > 0 such that

t) - [N (¢; 2
z,y€[0,1] Cl
The inequality (3.14) follows immediately from this. O

The following lemma indicates that the process N (¢: - 0) behaves locally like Brow-
nian motion. It will be used in Lemma 3.7 below.

Lemma 3.6. There are constants Cy,Cy > 0 such that for all x,y € [0,1] and all
t > 1 one has

t 1
Cld(x7y) < / / [G(S,ZL’,Z) - G(Svya Z)]ZdZdS < CQd(xay)7
0 0

where d(x,y) is the distance between x and y on the torus T = [0, 1).

Proof. Using the Fourier decomposition of G(s,x) we obtain
t 1
/ ds/ dz[G(s,x,2) — G(s,y, 2)]*
0 0
t
. 2
(3.15) = C/o ds Zexp (—(27k)?s) |1 — exp [i(2mk)d(z, y)] |

k>1

= C’Z 1= exp(l{;(Qﬂk) ) |1 — exp [i(27k)d(z, y)] ’2.
k>1

2k2

Now use |1 — | < 1A |z] and |1 — e *™ k| <1 to obtain that the above is less than

ckz %\1 A Tkd(z, y)]| < Cd(z, ).

The final inequality is obtained by splitting the sum according to whether k£ <
d(z,y)tor k> d(z,y)~ L
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Next we turn to the lower bound. For this we only consider the sum in (3.15) for

1<k< m. Now |1 — €| > C|z] for all z € [0,7] and some C > 0. Therefore
since t > 1
t 1 [2d(z9)]™ 2d
/ ds/ dz [G(s,z,2z) — G(s,y,2)]" > C Z (z y > Cd(z,y).
0 0 k=1
This completes the proof of the lemma. O

Before proceeding we recall

Definition 3.2. The lower Minkowski dimension of a set A is

, .. dogN.(A)
dim,,(A) = lim inf Tog(e 1) °

where N(A) is the minimum number of balls of radius € needed to cover A.

We will need
Lemma 3.7. Fort > 1
dim,, [Range(N(l)(t; ° 0))] > 2 a.s.

Proof. We first recall that for any set A we have
dim,,(A) = dimy (A),

where dimpy is the Hausdorff dimension (see page 115 of [9]). We use the energy
method (Theorem 4.27 in [9]) to get a lower bound on the Hausdorff dimension of the
range. Let u, be the occupation measure of N((t; -, 0):

» f(x)duy(x) = /0 f(NW(#;2,0)) dr.

We just need to show that for any 0 < o < 2

//dﬂt ) (y ) // dxdy
Rd JRd ‘X—Y|a ° INW(t;2,0) = ND(t;y, )|a

Now NW (¢, 2,0) — NW(¢,y,0) is a Gaussian random variable with mean 0 and vari-

ance
e’} 1
/ / (G(s,2,2) —G(s,y, Z)]2 dzds.
0 0
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From Lemma 3.6 this expression is bounded above and below by a constant multiple
of d(x,y). Therefore it follows that

o [ e = [ s
0 |N( ) t T O) N(l)(t x, O I y a/2 ’

as required. Consequently

d d
// () dpie( )<oo a.s.
rd Jre X —Yy[®

It thus follows from Theorem 4.27 in [9] that dim,, [Range(NW(t;-,0))] > 2 a.s. as
required. O

The lower bound in the lower Minkowski dimension gives a lower bound on the number
of balls of radius a which intersect the range of N (¢; -, 0), and consequently a lower
bound on the volume of the sausage of radius a around N (; -, 0).

Lemma 3.8. Fiz an arbitrary 0 < v < 1. There exists a C} > 0 such that for any
teRand any 0 <a <1

Po (18 (0 NO(t:-,0)) | 2 Cra2+7) 2

Cﬂlﬂ>

Proof. First note that the process N®(t;-,0) is stationary in . Partition R? into
cubes of side length a. Let N,(N ¢) be the number of cubes through which
N®(;-,0) passes. By Lemma 3.7 we obtain almost surely

1\*7
N,(NW £) > (—) for all @ small enough.
a

Therefore there exists a positive random variable A(w) which is finite almost surely
such that

1\*"
N,(NW 1) > A(w) (—) forall 0 <a <1

We now choose the largest possible subcollection of these N, (N, #) cubes such that
no two cubes are adjacent (that is, share a common edge). Let N*(N® #) be the
number of cubes in this subcollection. Clearly there exists a constant Cy such that
almost surely

2—y
NN ) > A(w)Cy (1) forall 0 <a <1.

a



26 SIVA ATHREYA, MATHEW JOSEPH, AND CARL MUELLER

From each of these N*(N(M ) cubes choose any point in the range of N((¢,-,0).
The union of the balls of radius a around these points is contained in the sausage of
radius @ around N (¢, -,0), so that

1S (a; NW(¢,,0)) | > A(w)Caa® " forall 0 <a <1,

for some other constant C’d > 0. The constant C, > 0 is chosen so that
Py (Aw)CazC;) 2 ¢

This completes the proof of the lemma. 0

We now use Lemma 3.5 on the smallness of N2)(¢; - 0) to control the volume of the
sausage around N(0, t).

Lemma 3.9. Fiz an arbitrary 0 < v < 1. There are constants C, > 0 and D > 0
such that for any 0 < a <1 andt > D + 2|logal

3

P, (|s (g N(O,t)> | > Cvad*%”) >

Proof. We shall use (3.14).

P sup |N(2)(t z,y)| > ) <26 p ( o’ )
T, — | <2exp | — :
’ z,y€[0,1] Y 4 1601

If we choose D large enough the right hand side above is at most 2—10. Therefore,

P, (72 (N®(t-,0)) < %) > %.

As a consequence of this we obtain by a similar argument as in Lemma 3.4 that
a a
—: IN(0, > > <—; N ;- > .
|5(2 (0.0) =18 (3 (t;-,0)) |

We now use Lemma 3.8 to complete the proof. O

Our second objective in this subsection is (following Remark 3.2) analyze the proba-
bility that the range of N(0,¢) is small (see Lemma 3.10).

Lemma 3.10. There exists A > 1 such that for allt > L

(3.16) Py (R(N(0,¢)) < A) >

>~ w
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Proof. Since N (¢; -, 0) is stationary in ¢, we can choose A > 1 such that

Py (R (NW(t;-,0)) < %) > g.

In the proof of Lemma 3.9 we have seen that with probability at least % one has

@) (4. . a
R (NP (¢ ,0))§4.

Therefore with probability at least % we have
R(N(o,t)) < R<N<1>(t; -,0)) + R(N@)(t; -,0)) <A
This completes the proof. ([l

Remark 3.3. We fix and use a A as in Lemma 3.10 for the rest of the article. In
particular the 7;’s defined in (3.3) are defined in terms of this particular choice of A.

Our final objective is to show that there are sufficiently many 7;’s such that R (N(7;-1,7T;)) <
A and S(%; N (T4, ﬂ)) > C,a%"*™7 (See Lemma 3.11). Before we proceed, we will
need
Definition 3.3. Let F; be the filtration generated by white noise
Fr=0{W(Ax|[rs]); AC[0,1],0<r s <t}.
Let G; denote the o-algebra generated by the white noise up to time T;:
G—{AeF AN{T;<t}e R}
Let
Hi=G;Vo{Xyt>0}
the o-algebra generated by the white noise up to time T; and the center of mass process.

Lemma 3.11. Let A be as in Lemma 3.10. We have
1
Hil) >

(817) Py (R(N(nl,n>> <A, [8(5: N(T, 1)) | 2 Cpat 20 -

Proof. Tt is enough to show

v

(3.18) Py (R (N(T,0, 7)) < A ‘ %)

)

v
YU O

(3.19) Py (]8(3; N(T1,T) )| = Cat20
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We have from Lemma 3.10

Po(RIN(0.0) <A) > 2,
uniformly in ¢ > L. Then observe

Py (R (N (T4, T3)) < A ‘ His)

_ /OO /OO P, (:11-_1 e ds, T; € dt, R(N(s,t)) < A‘Hi_l)
0 s+L
_ /000/8:11&_1 e ds, T, € dt} - P, <R(N(s,t)> < A) .

The second equality follows from an argument similar to Lemma 2.1, In fact the
event {T;_1 € ds, T; € dt} is measurable with respect to the sigma field H;_;, while
R(N(s,t)) depends on

o (/5/01 (Gi_r(,2) — G4 (0, 2)] W(dzdr), z € [0,1], £ > s) :

which is independent of H; ;. From this we obtain (3.18). Similarly, to show (3.19)
we use Lemma 3.9, and integrate over the realizations of T;_; and T;. This completes
the proof of the lemma. 0

Consequently, due to (3.11) and (3.12) and using Lemma 3.11, there are sufficiently
many 7; such that R (u(7})) < A+ 26 and [8* (a; T;)| > C,a?=217.

3.4. Sufficiently many 7; far apart.
Lemma 3.12. There exists Cy > 0 such that for all t > L

C —8m?t
Py [Si+1 =T >1 ‘Hz'—l} < zeT-
In particular for any n < 82 there exists Cs(n) > 0 such that
Cs(n
(320) ]EO |:6Xp (n(Sz-i-l — T;)) ‘Hi—1:| S GnL + %

Proof. Recall from (3.10)
Spyq = inf {t ST+ L R(Gt,n x N(Ti,l,Ti)) < 5} .
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The event {S;;; — T; > t} implies that R(Gt * N(Ti,l,Ti)> > ¢, and in light of
Lemma 3.3, it further implies

0 472t
> 4—d€
Using the subscript j to denote the components of N(7;_1,T;) it follows that there

exists a 1 < j < d such that

1
HN(TH,T» - [ N1 s
0

2

o
> _3647r2t
o 4d2
We can formally write each component W, of the white noise as W;(dydr) =
> pez €A By (1) dy, Where the By’s are independent standard complex Brownian

motions (that is By = f + zg’i where Ry, Cj, are standard real Brownian motions)

1
HNJ(Ti—l’Ti) —/ N;(T;-1, Ti; v)da
0

with B, = B_;. This can be seen by integrating both sides with test functions and
computing the second moments. Since

9,272
Gtxy § 627rlt127rlzy)

=
the kth Fourier coefficient of Nj(s, 5), k # 0 is

ak:/ 6727r2k:2(§7r)dBk(70)

Furthermore we have a, = a_j and a;, is independent of ay, if k # k,—k. Now

[Z !%!2] Z 2k2 (1 _ 6727@1@2(573)) ’

k0

and so there exist positive constants CO, C such that

1

E (Z\a;ﬁ) <(Cp and Var (Z]a;ﬁ) <

k0 k0

N

uniformly in s and 5. Therefore

Py [Si+1 T >t 7‘&-1}

1
<d-Py [HN]‘(Ti—l,Ti) —/ Nj(Ti—l,Ti;x)df
0

(3.21) ) 4dd

d-C4

_— 2 .
( 6§ edr?t _ Co)
4d2
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The second part of the lemma follows from

Eo |exp (n(Sis1 — T7)) ’ %i—l} < en* —/ e"'Py [Si—H -1 >t ’ Hi—l} dt,
L

and the above tail bound. O

We conclude this section regarding the spacings of S; and T;. This will be crucially
used on a specific subset of T;’s to show the upper bound.

Lemma 3.13. There is a constant C > 0 such that for any Ay > 0 and L as in (3.9)
we have

_d_
a+2

e CA
P, Z (S — Ti_y) > C AT | < exp : Tate | .
=1

Proof. With the choice of n =1 in (3.20) we obtain

di di
Td+2 Td+2
As—F¢ As—¢

Po| Y (Si—Tiy)>CATH: | <Egexp | > (Si—Tiy) — CATT2
1= =1

i
zh
< (e + %) exp (—6’A4Tﬁi2> )
The lemma follows by a large choice of the constant C' above. U

3.5. Estimates for Soft obstacles. We will need a few lemmas which lead up
Proposition 3.2. This is a key proposition that will be used in the proof of the upper
bound in Theorem 1.2.

Proposition 3.1. There is a C3 > 0 such that for all sg <1

C2)\?
Py | sup sup |N(0,t+ s;2) — N(0,t;2) > A | <exp (— 3 )
s<so z€[0,1] VS0

uniformly in t.
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The proof of the above proposition follows from a sequence of lemmas. Define for
s,t>0and x,y € [0, 1]

Z(t,s;x,y) = {N(O,t+ s;x) — N(O,t;x)} - {N(O,t—i— s;y) — N(O,t;y)}

Lemma 3.14. There is a constant C; > 0 such that

22
Po (1Z(t, s;2,y)| > A) < exp CVsAlz—y|

uniformly in t.

Proof. We first give an upper bound on Eq [ZZ(t, s; x,y)], for any fixed coordinate Z;
of Z. This is easily seen to be equal to

(3.22)
/ / (t+s—rz2) —Glt+s—ryz)— Gt —rzz2)+Gt—ry z2)] ddr
(3.23)
—I—/ / G(t+s—712,2) — Gt +5—ry,2)] dzdr
Let us ﬁrsi loolf at (3.23). This is bounded by

/S dr Z e~ 1 exp (i(2k)(z — y))

‘2
0 E>1

<oy ize T o [1/\ ]27rk’(:c—y)|]2
k>1

< C’Z %Zk)% [1 A |2mk(x — y)|}2
E>1

In the case that /s < |x — y|, the above is bounded by

1
27r|z y\ 275

Z—k2|x—y|2+(] Z s+C Z %SC\/E.

__1
k= 27r|"~f y\+1 k727r\/§+1

In the case that |z — y| < /s we obtain a bound

27Tf 271'\7 y| [e'e)
/{32 2
Z_k2’$_y’2+c Z ’JJ y’

k= 27rf

__ 1
+1 k= y‘+l
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Let us next consider the term (3.22). This is bounded by

k>1

t
< [(ar S esp (=s202) |1 xp (<200%5) [LA okt~ )P
0 k>1
t 1A 272k2s)?
<c [ ary B2 (i fari(e — )
0

k>1

Therefore a similar bound as that for (3.23) holds for (3.22). The conclusion of our
arguments is that

E, [Z?(t, s, y)} <C [\/5/\ |x — y|]

Since Z(t, s; z,y) is Gaussian we obtain the lemma by standard arguments. 0]

By similar arguments (see Lemma 3.3 in [3]) one has

Lemma 3.15. There is a constant C~’1 > 0 such that for all s <1

CIN?
Po (IN(0,2 +5:0) = N(0,£0)] > A) < exp | == 7=

uniformly in t.

Let D, denote the collection of dyadic points of the form 2% in [0, 1]. For any dyadic

point x € D, we can find a sequence 0 = py,p1,--- ,pm = x of points such that
Di, Pi+1 are nearest neighbors in some Dy, £ < n, and there are at most 2 points in
any . Now

i=1
From this and a chaining argument, similar to that of Lemma 3.4 in [3] we obtain

Lemma 3.16. There is a Cy > 0 such that for all s <1

C2)\?
Py | sup |N(0,t+ s;2) — N(0,t;2)| > A | < exp (_ 2 ) .
z€[0,1] \/g

uniformly in t.
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We clearly have for s, 5 <1

z€[0,1] z€[0,1]
< sup |N(0,t + s;2) — N(0, ¢ + 3 2)]
z€[0,1]

and just as in the above lemma we have for § < s <1

C2)\?
Py [ sup |N(0,t+ s,2) — N(O,t+3s,2)| > A Sexp(— 2 ~).
0 ($€[071]| ( ) ( )| ) \/E

Therefore a chaining argument gives us Proposition 3.1. U

Now we return to the case of soft obstacles. We will need the following

Proposition 3.2. Fiz any n > 0. There are constant 0 < Cg(n) < 1 and C7(n) > 0
such that for t > L we have

& supsup IN(0,¢ + s,2) — N(0,t,2)| < =,
s<Cga*tn z€[0,1] 16

Py (R (N(0,1)) <

d Xy — X < =) > a*
an su s — < — > —.
sgc6§+n H ! 16 Cy

Proof. We first give a lower bound on Py (R(N(0,t)) < 4). Clearly R(N(0,t)) =

2
su t:x where t:x 1s defined 1n (3. . We have
Dy IN(t; 2,9)|, where N(t; x,y) is defined in (3.13). We h

Lemma 3.5 gives

P sup |N@(t;z,9)| > L)< 2exp | — o
° z,y€[0,1] T 16 - 25601 ’

We next obtain an upper bound on the tail probabilities of sup, ;¢ 1] IND(t; 2, ).
Using ideas analogous to Proposition 3.1, but now we use Lemma 3.6 instead of the
bounds on (3.22) and (3.23), we obtain

2
P N (¢; >2) < __
’ <x,§3[§,1]| (o)l 2 15 | < o ~55¢,
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for some C; > 0. Therefore

P, <R (N(0,1)) < g) —1-P (R (N(0,1)) > %)

> 1 —IP’o< sup |[NW(t;2,y)| > i)

z,y€[0,1] 16
(3.24)
~Py | sup [N®(tz,y) >
z,y€[0,1] 16
CL2
> .
>

for some C5 > 0. By Proposition 3.1 and standard results on Brownian motion the
quantities

Py sup sup [N(0, ¢+ s;2) — N(0,t;2)| < —
s<Cgattn 2€[0,1] 16
and
a
Py ( sup [ Xy — Xy < —>

SSCGQ4+77 - 16

are both at least 1 — exp (—\/CE g)7 uniformly in t. The proposition is proved by
ca
combining the above with (3.24). O

4. THE PROOF OF UPPER BOUND IN THEOREMS 1.1 AND 1.2

As explained earlier (in Remark 1.2) due to the scaling relations, we will first obtain

an upper bound for Sg 17 We will consider the hard obstacle case first and then
modify its proof suitably to handle the soft obstacle case.

Proof of Upper bound in Theorem 1.1. Recall from (1.5) that
S;I’l’” =Egpexp (—V |81T(a)|)
where 81.(a) is the sausage of radius a around u, that is
Sr(a) = |J {uls,y) +B(0,a)}.
0<s<T,

0<y<1

The upper bound on S:IF{ 17 essentially involves finding a lower bound on the volume
of the sausage.
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Recall from (3.4) that #(T) = [{t > 1: 7, <T}|, counts the number of 7;’s be-
fore time T, and for A > 1 from Lemma 3.2 that there are positive constants

Ai(d,N), Bi(d,A) such for all T > 0
(4.1) P, (#(T) < Ale%) < exp (—Ble%) .
Therefore
Eq exp (—1/ ‘S;(@D
< exp (—B1T$> +Eo [exp (—v[8(a)|) - 1 {#(T) > AlTﬁ}} .
Now let
#1(T) = Hz < Ale;:52 S Tie1— T > A2}‘ .

Clearly 7,11 — 7; is more than the time it takes for the Brownian motion X; to leave
a ball of radius 4A centered at X,,. Therefore the sequence 7,1 — 7; stochastically
dominates an i.i.d. sequence 7;, where 7; is distributed as the time it takes for a
Brownian motion starting at 0 to leave a ball of radius 4A. Moreover

P(7;>A%) =p>0,

where p is independent of any of the parameters. Therefore by standard large devia-
tion theory, there are positive constants As(p,d, A), Bo(p, d, A) such that

(4.2) P, (#1(T) < AQTria) < exp (—B2TT12> .
Consider the event
Ay = {#(T) > A T#E, #.(T) > AQTd%} .
Equations (4.1) and (4.2) imply that there is a positive Bs(d, A, p) such that
(4.3) Py (AS) < exp (-BgTd%) .

To get a good lower bound on the volume of the sausage, we need a good control on
the number of T;’s up to time 7". So let
#y(T) = {T,: T, < T}

Our next task is to show that on the event A; we must have that #(7) is sufficiently
large.

On the event

d
Td+2
A TS

Ay = Z (S; —Ti—1) < 5A4T#2 ;
i=1
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the number of 7; with 7;,; — 7; > A? in the union of all the intervals [T;_1,S;], i =
d

_d_ ~ _d_
1,2--- ,A4TdL+2 is less than CA“/\%. On the event A; we have #;(T) > A2Tﬁ.
Therefore with the choice of A4 such that

CAy A
(44) A2 - Ia

the intersection of A; and A, contains at least %Tﬁ many 7;’s before time 7" outside

_d_
of the union of intervals [T;_1,S5;],i =1,2--- ,A4$. Note carefully that any 7 is
the smallest 7; immediately following S;, and therefore this guarantees that there are

d
at least A4TdT+2 many 7;’s up to time 7". Then using Lemma 3.13 and (4.3) we have
that

_d_
d+2

(4.5) Py (#2(T) < Ay ) < Po(A]) + Po(A3) < exp (—B4Tﬁ) ,

for some By(d, A,p) > 0.

_d_
Therefore on the event Az := A; N Ay we have that #5(T') > A4TdL+2 . We now count

the T}’s before time 7" with large sausage volumes at 77s, as in Lemma 3.11. Namely,

#3(T) =

d_
{i <A RN T)) < A, [8(5 N, 1)) c}

It now follows from (3.17), for A > 1 as in Lemma 3.10, that for any A5 > 0

Py <#3(T) < A5TZ+2> =Py (exp (—=#3(T)) > exp <—A5T:2>>

_d_
< 1 —1 A A Td;i2
> 5 +e exp 5 I
d_

We now choose
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to obtain

(46) ]P)O <#3(T) S A5TZ+2> S exXp (—B5Td+2> 5

L
for a positive constant Bs(d, A, p).

_d_
Let n; < ng < --- be the indices 7 < A4TdL+2 such that 7; < T and

(4.7) R(N(T, 1, T})) < A,

a
Z. . : > d—2+~
5(2, N(E_l,ﬂ))>’ > Cad=2,

4
Thanks to (4.1), (4.2), (4.5) and (4.6), outside of a set of probability exp <—BﬁTdL+2 ) :

_d_
Td+2

where Bg is a positive constant depending only on d, A, p, there are at least As
many such n,’s. Further, from (3.11) we have that the fized-time sausages 8'(a; T,,)
are disjoint. Therefore, using (3.12) we have

S?’l’" = Egexp (—V |8},(a)‘)

d _a_
Tz Az L2
< exp (—BG ) +Ey [exp | —v L_J'5

L

d

Ta+2 AsT

< exp <_BG L+2>+EO eXp | —V U.5 " S(EON(Tnj—lﬂTnj)
]:

Now applying (4.7),

d d
Tt Tam
S < exp (—BG 7 > + exp <—VA5C'7ad_2+VT> .

Note that the exponents in both the terms on the right hand side match in the case
J =1

Finally we apply the scaling (1.12) to get an upper bound for Sg " We thus obtain
Bo(T/.J?) T/J?) i Ji=3
S <exp [ — oL/ )% — | +exp | —vA5C a0 T/ 12 :
E +3|log(a/J?)| E + 3|log(a/J2)|
It is clear that the first term is the leading term. 0

We now turn to the case of soft obstacles. As before we first find an upper bound for
S:IF{ 17 We will explain how the argument differs from the case of hard obstacles.
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The proof of upper bound in Theorem 1.2 . We will now look for a subsequence T,
of the T;’s such that the entire string stays in a small ball of radius % during the
time interval [T}, T,,, + "], and there exists a Poisson point within distance & of
the center of mass (See Definition 4.8). Assumption 1.1 then guarantees there is a
contribution of at least Ca**¢ to the integral in Sy during this time period.

We then follow the argument of Proof of upper bound in Theorem 1.1. The only
difference now is in the definition of #3(7"), which in the present case becomes

) Tatz a
#3(T) = {l < Ay 7 R(N(T;-4,1})) < 3
a
sup -~ sup |N<ijl>Tj + 5755) - N<Tj*1>ij$)‘ < E’
5§06a4+7] CEG[O,H

a
sup ‘XTJ‘+S - XTJ| S E)

s<Cga4tn

a
and there is a Poisson point within distance 3 of Xr, }‘

Therefore #3(7T) is a sum of Bernoulli random variables with probability of success p
satisfying

for some constant 0 < Cy < 1.

Let Zi,Z5,--- be ii.d. Bernoulli random variables with success probability p, =
Cgra®?. By standard large deviation theory

for some constant Br(d, A, p) > 0.



39

Let ny < ng < --- be the indices j such that the event in the right hand side of (4.8)
occurs. Note that at these times 7}, it follows from the proof of (3.11)

sup R(u(T,, +s)) < sup R(N(Tn,-1,Tn, +5))+ 26

s<Cgattn s<Cgattn
a
< R(N(Tnk_17Tnk)) + g + 20

a
< —-+26
_4+

Moreover we have that the center of mass satisfies sup,cyqin | X, +5 — X1,

a
< i
Therefore

sup |u(Tnk +s,x) — XTnk‘

s<Cgattn

< sup |U(Tnk+57$) X, +s‘+ sup }XTnkJrs X7,

s<Cgattn s<Cgattn

< sup R(u(T,, +s))+ sup ’XTnkJrs XTnk|

s<Cgattn s<Cgadtn

da
— 4+ 20
_16+

3a
< —.
- 8

Thus the entire string lies within a ball of radius 32 s centered at X, for the duration
[T, T, + Cea™™]. Since there is a Poisson point within dlstance g of Xrp, the
string will be entirely contained within distance g of the Poisson point during the

time interval [T, ,T,, + Csa*™]. Therefore using the bounds in the proof of the
upper bound in Theorem 1.1 along with (4.9) we obtain for 7" > 0

SHlV—]E{eXp( / / )dsd:v)}

d
TTH T3
<exp | —DBy L+ -I/CLd+2> + exp (—BS L+ )

A
PBrdt2 vadt2

Tn].+C6a4+" 1
+E |exp | — / /V(u(s,x),n)dsdx -,

*

.
Il
R
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where A5 = %. Now we use Assumption 1.1 to obtain an upper bound
Tas Tt
+ +
S <exp | —B; T va®™? | +exp [ —Bs 7
Ttz
+
+ exp —6A5C6l/&d+6+nT

Finally we use (1.12) to get an upper bound for S¥’J’”. We obtain for 7' > 0

S <exp | — + exp

Brva™?(T ) J?) | CAsCoratSH(T) J?) i

J(E+3ylog(a/ﬁ)|) J3+3 (E+3|1og<a/ﬁ)l)

It is clear that the second term dominates the first term for large J.
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