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Preface

From May 8 to May 19th of 2006, the Department of Mathematics at the
University of Utah hosted a minicourse on some modern topics in stochastic
partial differential equations [SPDEs]. The participants included graduate stu-
dents and recent PhDs from across North America, as well as research math-
ematicians at diverse stages of their careers. Intensive courses were given by
Robert C. Dalang, Davar Khoshnevisan, An Le, Carl Mueller, David Nualart,
Boris Rozovsky, and Yimin Xiao. The present book is comprised of most of
those lectures.

For nearly three decades, the topic of SPDEs has been an area of active
research in pure and applied mathematics, fluid mechanics, geophysics, and
theoretical physics. The theory of SPDEs has a similar flavor as PDEs and
interacting particle systems in the sense that most of the interesting devel-
opments generally evolve in two directions: There is the general theory; and
then there are specific problem-areas that arise from concrete questions in
applied science. As such, it is unlikely that there ever will be a cohesive all-
encompassing theory of stochastic partial differential equations. With that in
mind, the present volume follows the style of the Utah minicourse in SPDEs
and attempts to present a selection of interesting themes within this interest-
ing area. The presentation, as well as the choice of the topics, were motivated
primarily by our desire to bring together a combination of methods and deep
ideas from SPDEs (Chapters 1, 2, and 4) and Gaussian analysis (Chapters 3
and 5), as well as potential theory and geometric measure theory (Chapter 5).
Ours is a quite novel viewpoint, and we believe that the interface of the men-
tioned theories is fertile ground that shows excellent potential for continued
future research.

We are aware of at least four books on SPDEs that have appeared since
we began to collect the material for this project [4; 8; 12; 14]. Although there
is little overlap between those books and the present volume, the rapidly-
growing number of books on different aspects of SPDEs represents continued,
as well as a growing, interest in both the theory as well as the applications of
the subject. The reader is encouraged to consult the references for examples



2 Preface

in: (i) Random media [2; 4; 18] and filtering theory [15]; (ii) applications in
fluid dynamics and turbulence [1; 2; 17]; and (iii) in statistical physics of
disordered media [2; 6; 7; 10]. Further references are scattered throughout the
lectures that follow. The reader is invited to consult the references to this
preface, together with their volumnious bibliographies, for some of the other
viewpoints on this exciting topic.

The Utah Minicourse on SPDEs was funded by a generous VIGRE grant
by the National Science Foundation, to whom we are grateful. We thank
also the lecturers and participants of the minicourse for their efforts. Finally,
we extend our wholehearted thanks to the anonymous referee; their careful
reading and thoughtful remarks have led to a more effective book.

Davar Khoshnevisan and Firas Rassoul-Agha
July 1, 2008
Salt Lake City, Utah
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A Primer on Stochastic Partial Differential
Equations

Davar Khoshnevisan*

Department of Mathematics, The University of Utah,
Salt Lake City, UT 84112-0090,

Email: davar@math.utah.edu

URL: http://wuw.math.utah.edu/~davar

Summary. These notes form a brief introductory tutorial to elements of Gaussian
noise analysis and basic stochastic partial differential equations (SPDEs) in general,
and the stochastic heat equation, in particular. The chief aim here is to get to the
heart of the matter quickly. We achieve this by studying a few concrete equations
only. This chapter provides sufficient preparation for learning more advanced theory
from the remainder of this volume.

Key words: White noise, Gaussian processes, regularity of processes, martingale
measures, stochastic partial differential equations

1 What is an SPDE?

Let us consider a perfectly even, infinitesimally-thin wire of length L. We lay
it down flat, so that we can identify the wire with the interval [0, L]. Now we
apply pressure to the wire in order to make it vibrate.

Let F(t,z) denote the amount of pressure per unit length applied in the
direction of the y-axis at place z € [0, L]: F < 0 means we are pressing down
toward y = —oo; and F' > 0 means the opposite is true. Classical physics tells
us that the position u(t, z) of the wire solves the partial differential equation,

O%u(t, ) Ka%(t , )

T o TE(tr)  (t20,0<2 <), (1)

where & is a physical constant that depends only on the linear mass density

and the tension of the wire.

* Research supported in part by a grant from the National Science Foundation
grant DMS-0404729.
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Equation (1) is the so-called one-dimensional wave equation. Its solution—
via separation of variables and superposition—is a central part of the classical
theory of partial differential equations.

We are interested in addressing the question, “ What if F' is random noise”?
There is an amusing interpretation, due to Walsh [30], of (1) for random noise
F: If a guitar string is bombarded by particles of sand, then the induced
vibrations of the string are determined by a suitable version of (1).

It turns out that in most cases of interest to us, when F' is random noise,
Equation (1) does not have a classical meaning. But it can be interpreted as
an infinite-dimensional integral equation. These notes are a way to get you
started thinking in this direction. They are based mostly on the Saint-Flour
lecture notes of Walsh from 1986 [30, Chapters 1-3]. Walsh’s lecture notes
remain as one of the exciting introductions to this subject to date.

2 Gaussian random vectors

Let g :== (g1,---,9,) be an n-dimensional random vector. We say that the
distribution of g is Gaussian if t-g := Z?Zl t;g9; is a Gaussian random variable
for all t := (t1,...,t,) € R™. It turns out that g is Gaussian if and only if
there exist u € R™ and an n X n, symmetric nonnegative-definite matrix C
such that

E [exp (it - g)] = exp <it TR %t . Ct) . (2)

Exercise 2.1. Prove this assertion. It might help to recall that C' is nonneg-
ative definite if and only if £- Ct > 0 for all £ € R™. That is, all eigenvalues
of C' are nonnegative.

3 (Gaussian processes

Let T be a set, and G = {G(¢)}:er a collection of random variables indexed
by T. We might refer to G as either a random field, or a [stochastic] process
indexed by T.

We say that G is a Gaussian process, or a Gaussian random field, if
(G(t1),...,G(tx)) is a k-dimensional Gaussian random vector for every
t1,...,tx € T. The finite-dimensional distributions of the process G are the
collection of all probabilities obtained as follows:

Mty ..t (Al Sy Ak) =P {G(tl) S A1 Sy G(tk) S Ak} s (3)

as Ai,..., A range over Borel subsets of R and k ranges over all positive
integers. In principle, these are the only pieces of information that one has
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about the random process G. All properties of G are supposed to follow from
properties of these distributions.

The consistency theorem of Kolmogorov [19] implies that the finite-
dimensional distributions of G are uniquely determined by two functions:

1. The mean function u(t) := E[G(¢)]; and
2. the covariance function

C(s,t) := Cov(G(s),G(t)).

Of course, p is a real-valued function on 7', whereas C' is a real-valued function
onT xT.

Exercise 3.1. Prove that if G is a Gaussian process with mean function p
and covariance function C' then {G(t) — u(t) }ter is a Gaussian process with
mean function zero and covariance function C.

Exercise 3.2. Prove that C is nonnegative definite. That is, prove that for
all t1,...,tx € T and all z1,...,2; € C,

> C(ty )27 > 0. (4)

j=11=1

Exercise 3.3. Prove that whenever C' : T' x T' — R is nonnegative definite
and symmetric,

|C(s,t)|* < O(s,s)-C(t,t) for all s,t € T. (5)
This is the Cauchy-Schwarz inequality. In particular, C(t,t) > 0 for all t € T.

Exercise 3.4. Suppose there exist E, F C T such that C(s,t) = 0 for all
s € E and t € F. Then prove that {G(s)}ser and {G(¢)}ier are indepen-
dent Gaussian processes. That is, prove that for all s1,...,s, € E and all
ti,..ytm € F, (G(s1),...,G(sn)) and (G(t1),...,G(ty)) are independent
Gaussian random vectors.

A classical theorem—due in various degrees of generality to Herglotz,
Bochner, Minlos, etc.—states that the collection of all nonnegative definite
functions f on T' x T matches all covariance functions, as long as f is sym-
metric. [Symmetry means that f(s,t) = f(¢,s).] This, and the aforementioned
theorem of Kolmogorov, together imply that given a function p: T — R and
a nonnegative-definite function C' : T'xT — R there exists a Gaussian process
{G(t) }+er whose mean function is p and covariance function is C.
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Ezample 3.5 (Brownian motion). Let T = Ry := [0,00), u(t) := 0, and
C(s,t) == min(s,t) for all s,t € R;. I claim that C is nonnegative definite.
Indeed, for all z1,...,2; € C and t1,...,t >0,

k k
Zmet],tl iz = ZZZ Zl/ Ljo,,)(z) 10,1 () dz:

Jj=11=1 Jj=11=1
i 2 (6)

= /O Zl[o)tj](x)zj dl‘,

j=1

which is greater than or equal to zero. Because C' is also symmetric, it must be
the covariance function of some mean-zero Gaussian process B := {B(t) }+>0.
That process B is called Brownian motion; it was first invented by Bachelier
[1].

Brownian motion has the following additional property. Let s > 0 be fized.
Then the process { B(t+s) — B(s) }1>0 is independent of { B(u) }o<u<s. This is
the socalled Markov property of Brownian motion, and is not hard to derive.
Indeed, thanks to Exercise 3.4 it suffices to prove that for all ¢ > 0 and
0<u<s,

E[(B(t +5) — B(s))B(u)] = 0. (7)

But this is easy to see because

E[(B(t+ s) — B(s))B(u)] = Cov(B(t + s), B(u)) — Cov(B(s), B(u))
=min(t + s,u) — min(s, u) ®)

=UuUu—u

=0.

By d-dimensional Brownian motion we mean the d-dimensional Gaussian
process B := {(B1(t),...,Bq(t)) }+>0, where By, ..., By are independent [one-
dimensional] Brownian motions.

Exercise 3.6. Prove that if s > 0 is fixed and B is Brownian motion,
then the process {B(t + s) — B(s)}+>0 is a Brownian motion independent
of {B(u)}o<u<s. This and the independent-increment property of B [Exam-
ple 3.5] together prove that B is a Markov process.

Ezample 3.7 (Brownian bridge). The Brownian bridge is a mean-zero Gaus-
sian process {b(x)}o<z<1 With covariance,

Cov(b(x),b(y)) := min(z,y) — zy forall 0 <z,y <1. (9)

The next exercise shows that the process b looks locally like a Brownian
motion. Note also that b(0) = b(1) = 0; this follows because Var(b(0)) =
Var(b(1)) = 0, and motivates the ascription “bridge.” The next exercise ex-
plains why b is “brownian.”
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Exercise 3.8. Prove that if B is Brownian motion, then b is Brownian bridge,
where

b(z) :== B(z) —zB(1) forall 0 <z <1. (10)
Also prove that the process b is independent of B(1).

Ezxample 3.9 (OU process). Let B := {B(t)}+>0 denote a d-dimensional Brow-
nian motion, and define

B t
X(t) = Ee ) for all ¢ > 0. (11)
et/2
The coordinate processes X1,..., Xy are i.i.d. Gaussian processes with mean

function p(t) := 0 and covariance function

Bl (68) B1 (et)
e(s+2€)/2

C(s,t)=E [ )

=exp (—1|s—t]).

Note that C(s,t) depends on s and ¢ only through |s — t|. Such processes
are called stationary Gaussian processes. This particular stationary Gaussian
process was predicted in the works of Dutch physicists Leonard S. Ornstein
and George E. Uhlenbeck [29], and bears their name as a result. The existence
of the Ornstein—Uhlenbeck process was proved rigorously in a landmark paper
of Doob [10].

Ezample 3.10 (Brownian sheet). Let T := RY := [0,00)", u(t) := 0 for all
t e Rf , and define

N
C(s,t):= H min(s; ,t;) for all s,t € RY. (13)
j=1

Then C' is a nonnegative-definite, symmetric function on Rf X Rf , and the
resulting mean-zero Gaussian process B = {B (t)}teRf is the N-parameter
Brownian sheet. This generalizes Brownian motion to an IN-parameter ran-
dom field. One can also introduce d-dimensional, N-parameter Brownian
sheet as the d-dimensional process whose coordinates are independent, [one-
dimensional] N-parameter Brownian sheets.

Ezample 3.11 (OU sheet). Let {B(t)}teRf denote N-parameter Brownian
sheet, and define a new N-parameter stochastic process X as follows:

B(e, ... eN)

Xt) = on

for all t := (t1,...,ty) € RY. (14)

This is called the N-paramerter Ornstein—Uhlenbeck sheet, and generalizes the
Ornstein—Uhlenbeck process of Example 3.9.
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Exercise 3.12. Prove that the Ornstein—Uhlenbeck sheet is a mean-zero, N-
parameter Gaussian process and its covariance function C(s,t) depends on

(s,t) only through |s —¢| := Zf\il lsi — ti|.

Ezample 3.13 (White noise). Let T := Z(R") denote the collection of all
Borel-measurable subsets of RY, and u(A4) := 0 for all A € Z(RY). De-
fine C(A, B) := AN(A N B), where AV denotes the N-dimensional Lebesgue
measure. Clearly, C' is symmetric. It turns out that C' is also nonnega-

tive definite (Exercise 3.14 on page 10). The resulting Gaussian process
W = {W(A)} scmmn) is called white noise on RY.

Exercise 3.14. Complete the previous example by proving that the covari-
ance of white noise is indeed a nonnegative-definite function on Z(RY) x

BRY).

Exercise 3.15. Prove that if A,B € #(R") are disjoint then W(A) and
W (B) are independent random variables. Use this to prove that if A, B €
Z(RN) are nonrandom, then with probability one,

W(AUB) = W(A) +W(B) - W(AN B). (15)

Exercise 3.16. Despite what the preceding may seem to imply, W is not a
random signed measure in the obvious sense. Let N = 1 for simplicity. Then,
prove that with probability one,

2m 1

. (li—-1 g
1 -
Jm, 2 W({ TR 2D

Use this to prove that with probability one,

T(C0) R

Conclude that if W were a random measure then with probability one W
is not sigma-finite. Nevertheless, the following example shows that one can
integrate some things against W.

g 1. (16)

2" —1

lim E
n—oo
j=0

Ezample 3.17 (The isonormal process). Let W denote white noise on RY. We
wish to define W (h) where h is a nice function. First, we identify W (A) with
W (14). More generally, we define for all disjoint Ay,..., 4y € Z(R"N) and
c1,...,¢ck € R,

k k
WD eida, | =) ¢ W(Ay). (18)
j=1 j=1
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The random variables W (A, ), ..., W(A}) are independent, thanks to Exercise
3.15. Therefore,

2

k k
> il =>4l
j=1

L?(P)
, (19)

L2(RN)

Classical integration theory tells us that for all h € L2(R"™) we can find h,
of the form Z b cjnlA such that Ay ,,..., Agmyn € BRN) are disjoint
and ||h—hy||L2ryy — 0 as n — oco. This, and (19) tell us that {W(h,)}32, is
a Cauchy sequence in L?(P). Denote their limit by W (h). This is the Wiener

integral of h € L?(RY), and is sometimes written as [ hdW [no dot!]. Its key
feature is that _
o)

That is, W : L*(RN) — L?(P) is an isometry; (20) is called Wiener’s isometry
[32]. [Note that we now know how to construct the stochastic integral [ hdW
only if h € L?*(RY) is nonrandom.] The process {W(h)}heLz(RN) is called
the isonormal process [11]. It is a Gaussian process its mean function is zero;

and its covariance function is C(h,g) = [z~ h(z)g(x) dz—the L*(R"Y) inner
product—for all h,g € L?(RY).

= |2l 2 gy (20)

L*(P)

Exercise 3.18. Prove that for all [nonrandom] h,g € L*(R") and a,b € R,

/(ah+bg)dW:a/de+b/de, (21)

almost surely.

Exercise 3.19. Let {hj}]‘?‘;l be a complete orthonormal system [c.0.n.s.] in
L?(RYN). Then prove that {W(h;) 22, is a complete orthonormal system in
L?(P). In particular, for all Gaussian random variables Z € L?*(P) that are
measurable with respect to the white noise,

= a; W(h; almost surely, with a,; := Cov ,' i), 22
Z=3a;W(hy) al ly, with a;:=Cov(Z,W(hy)), (22)

and the infinite sum converges in L?(P). This permits one possible entry
into the “Malliavin calculus.” For this, and much more, see the course by D.
Nualart in this volume.
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Exercise 3.20. Verify that (18) is legitimate. That is, prove that if By,..., By €
Z(RN) are disjoint, then

2 ¢
174 Z cily, | = 174 (Z dllBl> almost surely, (23)
=1 1=1

provided that dy,...,d; € R satisfy Z?Zl cjla;, = Zle dilp,.

4 Regularity of random processes

Our construction of Gaussian processes is very general. This generality makes
our construction both useful and useless. It is useful because we can make
sense of fundamental mathematical objects such as Brownian motion, Brow-
nian sheet, white noise, etc. It is useless because our “random functions,”
namely the Brownian motion and more generally sheet, are not yet nice ran-
dom functions. This problem has to do with the structure of Kolmogorov’s
existence theorem. But instead of discussing this technical subject directly,
let us consider a simple example first.

Let {B(t)};>0 denote the Brownian motion, and suppose U is an inde-
pendent positive random variable with an absolutely continuous distribution.

Define

B(t) ift#U,

B'(t) = (*) . 7 (24)

5000 ift="U.
Then B’ and B have the same finite-dimensional distributions. Therefore, B’
is also a Brownian motion. This little example shows that there is no hope of
proving that a given Brownian motion is, say, a continuous random function.
[Sort the logic out!] Therefore, the best one can hope to do is to produce a
modification of Brownian motion that is continuous.

Definition 4.1. Let X and X' be two stochastic processes indexed by some
set T. We say that X' is a modification of X if

P{X't)=X#)}=1 forallteT. (25)

Exercise 4.2. Prove that any modification of a stochastic process X is a
process with the same finite-dimensional distributions as X. Construct an
example where X' is a modification of X, but P{X' = X} = 0.

A remarkable theorem of Wiener [31] states that we can always find a
continuous modification of a Brownian motion. According to the previous
exercise, this modification is itself a Brownian motion. Thus, a Wiener process
is a Brownian motion B such that the random function ¢ — B(¢) is continuous;
it is also some times known as standard Brownian motion.
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4.1 A diversion

In order to gel the ideas we consider first a simple finite-dimensional example.
Let f € L*(R) and denote its Fourier transform by .% f. We normalize the
Fourier transform as follows:

(o)

(F)(z) = / e f(z)dr for all z € R. (26)

—0Q0

Let # (R) denote the collection of all f € L'(R) such that f € L'(R)
as well. The space # is the so-called Wiener algebra on R. If f € #(R),
then we can proceed, intentionally carelessly, and use the inversion formula
to arrive at the following:

f(x) 1/00 (T 1) () d. (27)

:% .

It follows readily from this and the dominated convergence theorem that f
is uniformly continuous. But this cannot be so! In order to see why, let us
consider the function

_Jf(@) if  # 0,
g(x){f(o)ﬂ if z = 0. (28)

If f were a continuous function, then ¢ is not. But because .7 f = Fg the
preceding argument would “show” that g is continuous too, which is a con-
tradiction. The technical detail that we overlooked is that a priori (27) holds
only for almost all z € R. Therefore,

r / T e (F )(2) de (29)

2 J_ o

defines a “modification” of f which happens to be uniformly continuous. That
is, we have proven that every f € #/(R) has a uniformly-continuous modifi-
cation.

4.2 Kolmogorov’s continuity theorem

Now we come to the question, “when does a stochastic process X have a
continuous modification?” If X is a Gaussian process then the answer is com-
pletely known, but is very complicated [11; 12; 26; 27; 28]. When X is a fairly
general process there are also complicated sufficient conditions for the exis-
tence of a continuous modification. In the special case that X is a process
indexed by R, however, there is a very useful theorem of Kolmogorov which
gives a sufficient condition as well.
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Theorem 4.3. Suppose {X (t)}+er is a stochastic process indexed by a com-
pact cube T := [ay,by] X - x [an ,by] C RN. Suppose also that there exist
constants C' > 0, p > 0, and v > N such that uniformly for all s,t € T,

E(|X(t) - X(s)[") < Clt — s[. (30)

Then X has a continuous modification X. Moreover, if 0 < 0 < (v — N)/p

then - -
X(s)—X(t

o X () = X (1)

< 0. 31
o s — ¢f o0 (31)

Lr(P)

Remark 4.4. Here, |x| could be any of the usual Euclidean ¢ norms for z €
R*. That is,

|| := max (|x1], ..., |T&]);
o] = (jaal? + -+ )P forp>1; (32)
@] i= |or |+ ol for0<p <1,

Proof. We prove Theorem 4.3 in the case that N = 1 and T := [0, 1]. The
general case is not much more difficult to prove, but requires introducing
further notation. Also, we extend the domain of the process by setting

[x(0) ift<o,
X(t) = {X(l) if t > 1. (33)

First we introduce some notation: For every integer n > 0 we define Z,, :=
{j27™ : 0 < j < 2"} to be the collection of all dyadic points in [0,1). The
totality of all dyadic points is denoted by Y 1= Uj2(%Zy.

Suppose n > k > 1, and consider u,v € %, that are within 27% of one
another. We can find two sequences of points u,...,u, and v, ..., v, with
the following properties:

1. uj,v; € @ forall j=k,...,n;

2. Jujpr —uy| <279 M forall j=k,...,m;
3. Jvjy1 —vj| <279l forall j=k,...,m;
4. Uy, =u, v, =v, and ug = V.

(Draw a picture.) Because | X (u) — X (ug)| < Z?:_kl | X (uj41) — X (u;)], this
yields

X(u)—X < X(s) — X(t)], 34
| X (1) = X (up)| < ;kén@af eno B, o KO = XOlL (34)
where B(x,r) := [x — r,z + r]. The right-most term does not depend on

u, nor on the sequences {u;}7_; and {v;}"_,. Moreover, |X(v) — X (vg)| =
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| X (v) — X (ug)| is bounded above by the same quantity. Hence, by the triangle
inequality,

<2 X(s) — X(t)], 35
X (1) — X (v)] ng@agl@(égngwl (s) - X(t), (35

uniformly for all u,v € 2, that are within 27% of one another. Because its
right-hand side is independent of n, the preceding holds uniformly for all u,v €
9 that are within distance 27% of one another. This and the Minkowski
inequality together imply that

sup | X (u) — X (v)]
UVE D oo
"M*’UISQilC L7 (P) (36)

<22

A crude bound yields

max max | X (s) — X(¢)]
s€Pj11t€B(s,271-1)NY;

LP(P;)

E < max max | X(s) X(t)|p)
s€Pjt1 t€B(s,27I71)NY;

< >, E(XE-XOP) g

s€Pj+1t€B(s,277-1)NY;

SC Z Z |3_t|77

s€Dj11t€B(s,279-1)NY;

thanks to Condition (30) of the theorem. For the range in question: |s —t|7 <
2-(+1)7; the sum over ¢ then contributes a factor of 2; and the sum over s
yields a factor of 271!, Therefore,

22770
E( max max | X(s) = X@®)P | < = . (38)
$€Dj+1t€B(s,277-1)NY; 2i(v=1)
We can plug this into (36) to deduce that
X(u) — X(v) < G 39)
X=Xl < g <
|u—v|§27k L (P)
where .
_ 9@=vtp)/pol/p
Ci=——— . (40)

1—2-(v-1)/p

Now let us define
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X (s) := limsup X (t), (41)

where the limsup is taken over all t € 9, such that ¢t — s. Because X (s) =
X(s) for all s € P, Equation (39) continues to hold, even if we replace
X by X. In that case, we can also replace the condition “s,t € Z,,” with
“s,t € [0,1]” at no extra cost. This proves, among other things, that X is a.s.
continuous [Borel-Cantelli lemma).

It is not hard to check that X is a modification of X because: (i) X and
X agree on Z.; (ii) X is continuous in probability? by (30); and (iii) X is
continuous a.s., as we just proved.

It remains to verify (31). For 6 as given, (39) implies that for all integers
k>,

ap  XE X0 C -
0557&%1; |s —t|? = 9k(v=0)/p" (42)
2 F<k<am P Lo (P)

Sum both sides of this inequality from k& = 1 to infinity to deduce (31), and
hence the theorem. O

Exercise 4.5. Suppose the conditions of Theorem 4.3 are met, but we have
the following in place of (30):
E(IX(t) - X(s)[") <h(t—s]), (43)

where h : [0,00) — R4 is continuous and increasing, and h(0) = 0. Prove
that X has a continuous modification provided that

" h(r)
/0 TN dr < oo for some n > 0. (44)

Definition 4.6 (Holder continuity). A function f : RN — R is said to be
globally Hoélder continuous with index « if there exists a constant A such that
for all z,y € RV,

[f(@) = fy)] < Az —y|*. (45)
It is said to be [locally] Holder continuous with index « if for all compact sets
K C RN there exists a constant Ax such that

[f(@) = f(y)l < Axlz —y|*  forallz,y e K. (46)

Exercise 4.7. Suppose { X (t)}+er is a process indexed by a compact set T C
R” that satisfies (30) for some C,p > 0 and v > N. Choose and fix a €
(0, (v — N)/p). Prove that with probability one, X has a modification which
is Holder continuous with index a.

2 This means that X (s) converges to X () in probability as s — ¢.
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Exercise 4.8. Suppose {X ()};crn is a process indexed by RY. Suppose for
all compact T'C RY there exist constants Cp,pr > 0 and v := y7 > N such
that

E(|X(s)— X(®)|PT) < Cpls — t|”, for all s,t € T. (47)

Then, prove that X has a modification X which is [locally] Hlder continuous
with some index er. Warning: Mind your null sets!

Exercise 4.9 (Regularity of Gaussian processes). Suppose {X () }1er is
a Gaussian random field, and 7' C RY for some N > 1. Then, check that for
all p> 0,

MW@*X@W:%FQMﬂfﬂMﬁW{ (48)

1 e 2 w/2 _ (p4+1
= — Pp—® /2 = —_— —_—
p CORE /_oo |x|Pe dx 7T1/2F ( 5 ) . (49)

Suppose we can find € > 0 with the following property: For all compact sets
K C T there exists a positive and finite constant A(K) such that

where

E (\X(t) - X(S)F) <AK)t—s° forallt,seK. (50)

Then prove that X has a modification that is [locally] Holder continuous of
any given order < /2.

Ezxample 4.10 (Brownian motion). Let B = {B(t)};>0 denote a Brownian
motion. Note that for all s,¢ > 0, X (t) — X(s) is normally distributed with
mean zero and variance |t — s|. Therefore, E(|X () — X (s)|?) = |t — s| for all
s,t > 0. It follows that X has a modification that is Holder of any given order
o < 3. This is due to Wiener [31].

Warning: This is not true for a = % Let B denote the modification as well.
[This should not be confusing.] Then, “the law of the iterated logarithm” of
[18] asserts that

P {limsup |B(#) — B(s)]

=1;,=1 for all s > 0. (51)
tls - (2(t—s)In|In(t - s)|)!/? }

In particular, for all s > 0,

P{limsup|B(t)B(5)oo} =1 (52)

s [t—s|t/?

Thus, B is not Holder continuous of order % at s = 0, for instance.
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Exercise 4.11. Let B denote N-parameter Brownian sheet. Prove that B
has a modification which is [locally] Holder continuous with any nonrandom
index a € (0, %) This generalized Wiener’s theorem on Brownian motion.

Exercise 4.12. Let B be a continuous Brownian motion, and define 7] to
be the smallest sigma algebra that makes the random variables {B(s)}sc0,4
measurable. Then prove that the event in (51), whose probability is one, is
measurable with respect to V;>¢.74. Do the same for the event in (52).

Theorem 4.3 and the subsequent exercises all deal with distances on RY
that are based on norms. We will need a version based on another distance as
well. This we state—without proof—in the case that N = 2.

Choose and fix some p € (0,1] and an integer 1 < k < 1/p, and define for
all u,v,s,t€1[0,1],

I(s,t) — (u,v)| := |s — ulP + |t — v|*. (53)

This defines a distance on [0, 1]?, but it is inhomogeneous, when k > 1, in
the sense that it scales differently in different directions. The following is
essentially 1.4.1 of Kunita [23, p. 31]; see also Corollary A.3 of [6]. I omit the
proof.

Theorem 4.13. Let {Y(s,t)},ei0,1)2 be a 2-parameter stochastic process
taking value in R. Suppose that there exist C;p > 1 and v > (k + 1)/k
such that for all s,t,u,v € [0,1),

IY(s,8) =Y (u,v) ey < Cls t) = (u,v)]". (54)

Then, Y has a Hélder-continuous modification Y that satisfies the following
for every 8 > 0 which satisfies kv — (k+ 1) — k6 > 0:

wp ) = Y(u0)

< oo0. %)
(s,t)#(u,v) |(5 ) t) - (u ) /U)‘g ( )

Lr(P)

5 Martingale measures

5.1 A white noise example

Let W be white noise on RY. We have seen already that W is not a signed
sigma-finite measure with any positive probability. However, it is not hard to
deduce that it has the following properties:

1. W(Q) =0 as.
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2. For all disjoint [nonrandom] sets Aj, As, ... € Z(RN),

P{W (D Ai> :iW(Ai)} =1, (56)

where the infinite sum converges in L?(P).

That is,

Proposition 5.1. White noise is an L*(P)-valued, sigma-finite, signed mea-
sure.

Proof. In light of Exercise 3.15 it suffices to prove two things: (a) If 47 D
Ay D -+ are all in Z(RYN) and NA, = @, then W(A,) — 0 in L*(P) as
n — oo; and (b) For all compact sets K, E[(W (K))?] < occ.

It is easy to prove (a) because E[(W(A,))?] is just the Lebesgue measure
of A,, and |A,| — 0 because Lebesgue measure is a measure. (b) is even
easier to prove because E[(W(K))?] = |K| < oo because Lebesgue measure is
sigma-finite. O

Oftentimes in SPDEs one studies the “white-noise process” {W;}i>o de-
fined by W;(A) := W([0,t] x A), where A € ZRN"1). This is a proper
stochastic process as t varies, but an L?(P)-type noise in A.

Let .Z be the filtration of the process {W;};>o. By this I mean the fol-
lowing: For all ¢ > 0, we define .%; to be the sigma-algebra generated by
{W,(A);0<s<t, Ac ZRN 1)}

Exercise 5.2. Check that % = {%;},>0 is a filtration in the sense that
F, C %, whenever s < t.

Lemma 5.3. {W;(A)}i>0,4cmmn-1) i5 a “martingale measure” in the sense
that:

1. For all A€ ZRN-Y), Wy(A) =0 a.s.;
2. If t > 0 then Wy is a sigma-finite, L*(P)-valued signed measure; and
3. For all A € ZRN=1), {Wi(A)}i>0 is a mean-zero martingale.

Proof. Note that E[(W;(A))?] = t|A| where |A| denotes the (N —1)-dimensional
Lebesgue measure of A. Therefore, Wy(A) = 0 a.s. This proves (1).
Equation (2) is proved in almost exactly the same way that Proposition
5.1 was. [Check the details!]
Finally, choose and fix A € Z(R"~1). Then, whenever t > s > u > 0,
—E [(W([o,t] x A) — W ([0, 5] x A)) W(0,u] x A)] (57

= min(¢, u)|A| — min(s, u)|A| = 0.
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Therefore, W;(A) — W (A) is independent of %, (Exercise 3.4, page 7). As a
result, with probability one,

=E[Wi(A) = W (A)] + W(4) (58)
= W,(A).
This is the desired martingale property. a

Exercise 5.4. Choose and fix A € Z(RN~') such that 1/c := |A|'/2 > 0.
Then prove that {¢W;(A)}1>0 is a Brownian motion.

Exercise 5.5 (Important). Suppose h € L?>(RN~1). Note that t~1/2WW; is
white noise on R¥~1. Therefore, we can define W;(h) := [ h(z)W;(dz) for
all h € L2(RN~1). Prove that {W;(h)}+>0 is a continuous martingale with
quadratic variation

(We(h) , We(h)), = t/ h%(z) d. (59)
RN—l

It might help to recall that if {Z;};>0 is a continuous L?(P)-martingale, then
its quadratic variation is uniquely defined as the continuous increasing process
{{(Z,Z)i}1>0 such that (Z,Z)g = 0 and t — Z? — (Z,Z); is a continuous
martingale. More generally, if Z and Y are two continuous L?(P)-martingales
then Z;Y; — (Z,Y); is a continuous L?(P)-martingale, and (Z,Y); is the only
such “compensator.” In fact prove that for all + > 0 and h,g € L2(RN1),
(WalB), Walg)he =  fu + h(@)g(2) da.

5.2 More general martingale measures

Let .7 := {#i}i1>0 be a filtration of sigma-algebras. We assume that .Z is
right-continuous; i.e.,

Fy = m Fs for all ¢ > 0. (60)

s>t
[This ensures that continuous-time martingale theory works.]

Definition 5.6 (Martingale measures). A process { M;(A)}i>0,acm®n) 5
a martingale measure [with respect to .F ] if:

1. My(A) =0 a.s.;

2. If t > 0 then My is a sigma-finite L?(P)-valued signed measure; and

3. For all A € BR"™), {M,(A)}1>0 is a mean-zero martingale with respect
to the filtration % .

Exercise 5.7. Double-check that you understand that if W is white noise on
R” then W;(A) defines a martingale measure on Z(RN"1).
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Exercise 5.8. Let y be a sigma-finite L?(P)-valued signed measure on (R"),
and & = {Z; }+>0 a right-continuous filtration. Define p;(A) := E[u(A) | F]
for all ¢ > 0 and A € Z(R"). Then prove that {u:(A)}i>0,acz®mn) is a
martingale measure.

Exercise 5.9. Let {M;(A)} be a martingale measure. Prove that for all T >
t >0, My(A) = E[Mr(A)| %] a.s. Thus, every martingale measure locally
look like those of the preceding exercise.

It turns out that martingale measures are a good class of integrators. In order
to define stochastic integrals we follow [30, Chapter 2], and proceed as one
does when one constructs ordinary It6 integrals.

Definition 5.10. A function f : R™ x Ry x @ — R is elementary if
f(:z:,t,w) :X(w)l(a,b](t)lA(‘r)a (61)

where: (a) X is bounded and F,-measurable; and (b) A € BR™). Finite
[nonrandom] linear combinations of elementary functions are called simple
functions. Let . denote the class of all simple functions.

If M is a martingale measure and f is an elementary function of the form
(61), then we define the stochastic-integral process of f as

(f - M)(B)(w) := X(w) [Mian(AN B) — Mianq(AN B)] (w). (62)

Exercise 5.11 (Important). Prove that if f is an elementary function then
(f - M) is a martingale measure. This constructs new martingale measures
from old ones. For instance, if f is elementary and W is white noise then
(f - W) is a martingale measure.

If f €% then we can write f as f = ¢y f1 + -+ + cpfr where c1,...,cx € R

and f1,..., fx are elementary. We can then define
k
(f - M)u(B) :=y_ ¢;(f; - M)u(B). (63)
j=1

Exercise 5.12. Prove that the preceding is well defined. That is, prove that
the definition of (f - M) does not depend on a particular representation of f
in terms of elementary functions.

Exercise 5.13. Prove that if f € . then (f - M) is a martingale measure.
Thus, if W is white noise and f € % then (f - W) is a martingale measure.

The right class of integrands are functions f that are “predictable.” That is,
they are measurable with respect to the “predictable sigma-algebra” & that
is defined next.
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Definition 5.14. Let &2 denote the sigma-algebra generated by all functions
in .. P is called the predictable sigma-algebra.

In order to go beyond stochastic integration of f € . we need a technical
condition—called “worthiness”—on the martingale measure M. This requires
a little background.

Definition 5.15. Let M be a martingale measure. The covariance functional
of M 1is defined as

Q,(A,B) := (My(A),My(B)):,  forallt>0, A,Be BR"). (64)

Exercise 5.16. Prove that:

1. Q,(A,B) = Q,(B,A) almost surely;

2.If BNC = then Q,(A,BUC) = Q,(A,B) + Q,(A,C) almost surely;
3.1Q,(A,B)|> < Q,(A,A)Q,(B, B) almost surely; and

4.t Q,(A,A) is almost surely non-decreasing.

Exercise 5.17. Let W be white noise on RV and consider the martingale
measure defined by Wi(A) := W((0,t] x A), where t >0 and A € Z(RN-1).
Verify that the quadratic functional of this martingale measure is described
by Q,(A,B) := tA\N"1(AN B), where A\* denotes the Lebesgue measure on
RE.

Next we define a random set function (Q, in steps, as follows: For all ¢t > s > 0
and A, B € Z(R") define

Q(AvB;(SvtD ::@t(AaB)_@s(A’B)' (65)

If A; x B; x (s;,t;] (1 <i<m) are disjoint, then we can define

Q (U (A; X By x (s 7ti])> = ZQ(Ai,Bz' s (si,ti]) - (66)

i=1 =1

This extends the definition of @ to rectangles. It turns out that, in general,
one cannot go beyond this; this will make it impossible to define a completely
general theory of stochastic integration in this setting. However, all works fine
if M is “worthy” [30]. Before we define worthy martingale measures we point
out a result that shows the role of Q.

Proposition 5.18. Suppose f € . and M is a worthy martingale measure.
Then,

ey’ =e| [[[ ta@oswnQueaa|. o)

BxBx(0,t]
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Question 5.19. Although @ is not a proper measure, the triple-integral is well-
defined. Why?

Proof. First we do this when f is elementary, and say has form (61). Then,

E[(f-M);(B)]
:EP?@@MAH&—A@AAO&V} )
=E [X?M},(ANB)] — 2E [X?>Mnp(A N B)Mpa(AN B)]
+E[X*M? (AN B)].
Recall that X is .%,-measurable. Therefore, by the definition of quadratic
variation,
E[X? (M7, (AN B) = (M(ANB),M(AN B)), ;)]

B [X? (MA(AN B) — (M(ANB), MANB),)] . )

Similarly,

E [X2 (Minp(AN B)Mipa(ANB) — (M(ANB), M(ANB)),,,)]

B [X? (M2, (AN B) — (M(ANB), MAN B,

Combine to deduce the result in the case that f has form (61).

If f € 7 then we can write f = ci1fi + -+ + cpfx where fi1,..., fx
are elementary with disjoint support, and ¢i,...,c; are reals. [Why dis-
joint support?] Because E[(f; - M),] = 0, we know that E[(f - M)?(B)] =
Z§:1 ¢SE[(f;- M)7(B)]. The first part of the proof finishes the derivation. O

Definition 5.20. A martingale measure M is worthy if there exists a random
sigma-finite measure K(A x B x C',w) —where A, B € ZR"), C € ZRy),
and w € - such that:

1. Ax B+ K(A x B x C,w) is nonnegative definite and symmetric;
2.{K(A x B x (0,t])}+>0 is a predictable process (i.e., P-measurable) for
all A,B € B(R");
3. For all compact sets A, B € B(R") and t > 0,
E[K(A x B x (0,1])] < oo;
4. For all A,B € Z(R") andt > 0,

QAx Bx(0,t])] < K(AxBx(0,t]) as.

[As usual, we drop the dependence on w.] If and when such a K exists then it
is called a dominating measure for M.
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Remark 5.21. If M is worthy then @Qj; can be extended to a measure on
BR") x BR™) x B(R). This follows, basically, from the dominated con-
vergence theorem.

Exercise 5.22 (Important). Suppose W denotes white noise on RV, and
consider the martingale measure on (R~ 1) defined by W;(A4) = W((0,t] x
A). Prove that it is worthy. Hint: Try the dominating measure K(Ax Bx () :=
AN=L(A N B)AY(C), where A* denotes the Lebesgue measure on R”. Is this
different than Q7

Proposition 5.23. If M is a worthy martingale measure and f € ., then
(f - M) is a worthy martingale measure. If Qn and Ky respectively define
the covariance functional and dominating measure of a worthy martingale
measure N, then

Qpm(dzdydt) = f(x,1)f(y,t) Qu(dz dydt),

Kt (dw dy dt) = (o 0y, )| Karld dy de). .

Proof. We will do this for elementary functions f; the extension to simple
functions is routine. In light of Exercise 5.11 it suffices to compute Qf.ps. The
formula for Ky.ps follows from this immediately as well.

Now, suppose f has the form (61), and note that for all t > 0 and B,C €
B(R"),

(f - M)(B)(f - M)(C)
= X? [Miny(AN B) — Mypo (AN B)]

X [Mt/\b(A n C) — Mt/\a(A n C)}

= martingale + X* (M(ANB),M(ANC)),.,

- X*(M(AN B), M(ANC)),,, T
= martingale 4+ X?Qy (AN B) x (AN B) x (s,t])
= martingale + /// flx,8)f(y,s)Qu(dxdyds).
BxCx(0,t]
This does the job. a

From now on we will be interested only in the case where the time variable
t is in some finite interval (0, T.

If Ky is the dominating measure for a worthy martingale measure M,
then we define || f]|as, for all predictable function f, via

IGe=e|  [[[ 1reor0 Kuaa| . @

R xR"x(0,T)

Let &)1 denote the collection of all predictable functions f such that E(|| f||ar)
is finite.
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Exercise 5.24. ||-||a is a norm on &, and %), is complete [hence a Banach
space] in this norm.

I will not prove the following technical result. For a proof see [30, p. 293,
Proposition 2.3].

Theorem 5.25. . is dense in Pyy.
Note from Proposition 5.18 that
E[(f- M3ZB)] < |fI3 forallte (0,7}, fe.7, Be AR, (T4

Consequently, if {f,,}>°_; is a Cauchy sequence in (*,] - |a) then the se-
quence {(fm - M) (B)}°_, is Cauchy in L?(P). If f,, — f in ||- | as then write
the L2(P)-limit of (f,, - M);(B) as (f - M);(B). A few more lines imply the
following.

Theorem 5.26. Let M be a worthy martingale measure. Then for all f €
P, (f - M) is a worthy martingale measure that satisfies (71). Moreover,
forallt € (0,T] and A, B € Z(R"),

((f - M)(A), (f - M)( /// F(x.9)f (v 5) Qar(de dy ds),
AxBx(0,t] (75)

E[(f- M);(B)] < £l

The above L?(P) bound has an LP version as well.

Theorem 5.27 (Burkholder’s inequality [3]). For all p > 2 there exists
€ (0,00) such that for all predictable f and allt > 0,

E[|(f- M)(B)I"]

p/2

<qel| [I[ u D Erdyary| [T

R»xR"x(0,T]

Proof (Special Case). It is enough to prove that if {N;},;>¢ is a martingale
with Ny := 0 and quadratic variation (N, N); at time ¢, then

I NI

||Lp(p) < Cp||<N7N>

HLP/?(P)’ (77)
but this is precisely the celebrated Burkholder inequality [3]. Here is why it is
true in the case that N is a bounded and continuous martingale. Recall 1to’s
formula [15; 16; 17]: For all f that is C? a.e.,
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f0V) = 10+ [ P aN. g [ aw v )

Apply this with f(z) := |z|P for p > 2 [f"(z) = p(p — 1)|2[P~2 a.e] to find
that

-1 1
| NP = %/ |N|P~2d(N, N), + mean-zero martingale. (79)
0
Take expectations to find that

BN ) < P2 (sup [P ) (50)

Because |N;[? is a submartingale, Doob’s maximal inequality asserts that

B (s ) < (25) B0w). (81)

0<u<t

Therefore, ¢,,(t) := E(supg<, <, |Vu|?) satisfies

oult) < 2D (2 Y (s o2V ),

2 1 5
p 0<u<t (82)
=a,E < sup |Nu|p2<N,N>t> .
0<u<t
Apply Hélder’s inequality to find that
_ 2 2/17

bp(t) < ap (6,(0) 727 (B [V, NP2]) (83)
We can solve this inequality for ¢,(¢) to finish. O

Exercise 5.28. In the context of the preceding prove that for all p > 2 there
exists ¢, € (0, 00) such that for all bounded stopping times T,

E ( sup |Nu|p) <¢E ((N,N)I%/Q) . (84)

0<u<T

In addition, prove that we do not need N to be a bounded martingale in order
for the preceding to hold. [Hint: Localize.]

Exercise 5.29 (Harder). In the context of the preceding prove that for all
p > 2 there exists c;, € (0, 00) such that for all bounded stopping times T

E (<N,N>’;/2) <dE ( sup |Nu|p> . (85)
0<u<T

Hint: Start with (N, N), = N7 — [ NydN, < N2 +| [} Ny dN,].
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From now on we adopt a more standard stochastic-integral notation:

(F - M) /fdM /facs (dx ds). (86)

Ax(0,t] Ax(0,t]

[N.B.: The last f(z,s) is actually f(x,s,w), but we have dropped the w as
usual.] These martingale integrals have the Fubini-Tonelli property:

Theorem 5.30. Suppose M is a worthy martingale measure with dominating
measure K. Let (A, o, u) be a measure space and f : R" xRy xQx A — R
measurable such that the following expectation is finite:

Iflx,t,w,u)f(y,t,w,uw)| K(dzdydt) u(du) P(dw). (87)

OxR"xR"x[0,T]x A

Then almost surely,

/A // f(w,s,0,u) M(dwds) | p(du)

R"” x[0,t] (88)

// (/fx 5,9,u) (dU)> M (dz ds).

R™ X [0,¢]

It suffices to prove this for elementary functions of the form (61). You can do
this yourself, or consult the lecture notes of Walsh [30, p. 297].

6 A nonlinear heat equation

We are ready to try and study a class of nonlinear elliptic SPDEs that is an
example of the equations studied by Baklan [2], Daleckii [7], Dawson [8; 9],
Pardoux [24; 25], Krylov and Rozovski [20; 21; 22], and Funaki [13; 14]. It is
possible to adapt the arguments to study hyperbolic SPDEs as well. For an
introductory example see the paper by Cabana [4]. The second chapter, by R
C. Dalang, of this volume contains more advanced recent results on hyperbolic
SPDEs.
Let L > 0 be fixed, and consider

o _ 0%

== — %% L

% 9 + flu)W, t>0, z€]0,L],

ou ou (89)
L

. —(0,t) = E u(L,t) =0, t >0,

(‘T?O)_UO( )7 ZEE[O,L],
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where W is white noise with respect to some given filtration {Z}1>0, and
ug : [0,L] — R is a nonrandom, measurable, and bounded function. As
regards the function f : R — R, we assume that

K:= sup M—i— sup |f(z)] < oo. (90)

0<aty<L |y — 7l 0<a<L
In other words, we assume that f is globally Lipschitz, as well as bounded.

Exercise 6.1. Recall that f : R — R is globally Lipschitz if there exists a
constant A such that |f(x) — f(y)| < Alz —y| for all 2,y € R. Verify that any
globally Lipschitz function f : R — R satisfies |f(x )\ = O(|z|) as |z| — oo.
That is, prove that f has at most linear growth.

Now we multiply (89) by ¢(x) and integrate [dt dx] to find (formally, again)
that for all ¢ € C°°([0, L]) with ¢'(0) = ¢'(L) =

/L ule, t)b(e >dx—/LuO< o(2) d

// 922 z)dzds + // f(u(z,s) ¢p(x)W (dx ds).

Certainly we understand the stochastic integral now. But J,,u is not well
defined. Therefore, we try and integrate by parts (again formally!): Because
¢'(0) = ¢'(L) = 0, the boundary-values of 9,u [formally speaking] imply that

// 72 dmds-// u(z,s)¢" (x)dx ds. (92)

And now we have ourselves a proper stochastic-integral equation: Find u such
that for all ¢ € C>°([0, L]) with ¢'(0) = ¢'(L) =0

(91)

L L
/0 u(x,t)d)(x)dxf/o uo(z)p(x) d

= /Ot /OL u(x,s)d" (x)drds + /Ot /OLf(u(x,s))¢(:E)W(dxds).

Exercise 6.2 (Important). Argue that if u solves (93), then for all C*
functions ¥ (x ,t) with 9,1 (0,t) = 9. (L ,t) =0,

(93)

/OL uw(z, t)(x,t)de — /OL wo(x)(x,0) dx
- /Ot /OL u(z,s) [giﬁw(m,s) + %(I,s) dz ds (94)

v f t / * e s)) vl )W (d ds).

This is formal, but important.
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Let G¢(z,y) denote the Green’s function for the linear heat equation. [The
subscript ¢ is not a derivative, but a variable.] Then it follows from the method
of images that

Gi(z,y) = Z [D(t;x —y—2nL)+T(t;z+y—2nL)], (95)

n=—oo

where T' is the fundamental solution to the linear heat equation (89); i.e.,

I'(t;a) = (47#1)1/2 exp (—L) . (96)

Define for all smooth ¢ : [0, L] — R,
L
Gio) = [ Gila)oo) (97)
0
if t > 0, and Go(¢,y) := ¢(y). We can integrate (89)—with f(u,t) = 0—by

parts for all C*° functions ¢ : [0, L] — R such that ¢'(0) = ¢/(L) = 0, and
obtain the following:

t
@@JOZMM+A(%W”—¢wd& (95)
Fix t > 0 and define ¢¥(x, s) := Gi;_s(¢, x) to find that ¢ solves
02 0
)+ ) =0, e, 1) = o), vla,0)=Gilo,x).  (99)

Use this ¢ in Exercise 6.2 to find that any solution to (89) must satisfy

L L
| ute 0o e~ [ uow)Gilo. ) dy
0 0 (100)

t L
:/O/O [ (uly,s) Gis(d,y)W(dyds).

This must hold for all smooth ¢ with ¢/(0) = ¢'(L) = 0. Therefore, we would
expect that for Lebesgue-almost all (z,1t),

L
u(et) = [ uolu)Galer ) dy
0 (101)

t oL
[ | 7l ) Gl )W (dyds)
0o Jo
If W were smooth then this reasoning would be rigorous and honest. As things

are, it is still merely a formality. However, we are naturally led to a place where
we have an honest stochastic-integral equation.
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Definition 6.3. By a “solution” to the formal stochastic heat equation (89)
we mean a solution u to (101) that is adapted. Sometimes this is called a mild
solution.

With this nomenclature in mind, let us finally prove something.

Theorem 6.4. The stochastic heat equation (93) subject to (90) has an a.s.-
unique solution u that satisfies the following for all T > 0:

sup sup E (|u(x,t)|2> < o0. (102)
0<a<L 0<t<T

For its proof we will need the following well-known result.

Lemma 6.5 (Gronwall’s lemma). Suppose ¢1,d2,... : [0,T] — Ry are
measurable and non-decreasing. Suppose also that there exist a constant A
such that for all integers n > 1, and all t € [0,T],

b)) <4 [ 6,55 (103)

Then,

foralln>1 andt € [0,T]. (104)

The preceding is proved by applying induction. I omit the details.

Remark 6.6. As a consequence of Gronwall’s lemma, any positive power of
¢n(t) is summable in n. Also, if ¢,, does not depend on n then it follows that

¢n = 0.

Proof (Theorem 6.4: Uniqueness). Suppose u and v both solve (101), and
both satisfy the integrability condition (102). We wish to prove that u and v
are modifications of one another. Let d(z,t) := u(z,t) — v(x,t). Then,

t L
dw.)= [ [ [utw.9) = 10ty )| Gomsfa ) Wiy ds). (105)
According to Theorem 5.26 (p. 25) and (90),

|d(x,t)] < K? ld(y, s G?_(z,s)dyds. (106)
B( [ Plaw0r)

Let H(t) := supg< <7, SUPy<s<; E[d* (2, 5)]. The preceding implies that

t L
H(t) < K2 /0 H(s) ( /O G2 (z,y) dy) ds. (107)
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Now from (95) and the semigroup properties of T it follows that
L
/ Gt(xay)Gs(yaz) dy:Gt-i—s(va)a and Gt(x7y) :Gt(yr/lj) (108)
0
Consequently, fo (z,y)dy = Go(x, ) = Ct~ /2. Hence,

H{t) < CK? /0 ﬁilgz/zds. (109)

Now choose and fix some p € (1,2), let ¢ be the conjugate top [i.e., p~1+¢~! =
1], and apply Holder’s inequality to find that there exists A = Ar such that
uniformly for all ¢ € [0, T,

t 1/q
H(it)<A (/ H(s) ds) . (110)
0
We can apply Gronwall’s Lemma 6.5 with ¢ = ¢ = ¢35 = --- = H? to find
that H(t) = 0. O

Proof (Theorem 6.4: Existence). Note from (95) that fOL Gi(x,y) dy is a num-
ber in [0, 1]. Because wug is assumed to be bounded fOL uo(y)Ge(z,y) dy is
bounded; this is the first term in (101). Now we proceed with a Picard-type
iteration scheme. Let ug(x,t) := ug(z), and then iteratively define

Un+1 (1‘ y t)

L t L 111
/uMMMuw@+//"ﬂ%m@mHmewwﬁ( )
0 0 0

Define d,,(z ,t) := upt1(z,t) — up(x,t) to find that

(112)
//’ (1 (4 9)) — [ (ny 5))] Go—alr, 1) W(dy ds).

Consequently, by (90),

|dp(z,t)] <K2 |dn_1(y,8)|") GZ_.(z,y) dyds. (113)
B [ e ’)

Let H7(t) := sSuPg< <, SUPp< <t E(|dn (2, 5)[?) to find that

Hr% 1(8)

H2(t) < CK? | — 2= 2
O =R J

ds. (114)



32 D. Khoshnevisan

Choose and fix p € (0,2), and let q denote its conjugate so that g1 +p~1 = 1.
Apply Hélder’s inequality to find that there exists A = A7 such that uniformly
for all t € [0,T],

H2(t) < A (/Ot H> (s) ds)l/q. (115)

Apply Gronwall’s Lemma 6.5 with ¢,, := H2 to find that Y~ H,(t) < co.
Therefore, u,,(t,z) converges in L?(P) to some u(t,x) for each t and z. This
proves also that

t L
lim / / F(n(y, )Gl ,y) W(dy ds)

n—oo

o (116)
[ | sty )Geslir ) Widy ),

o Jo
where the convergence holds in L?(P). This proves that u is a solution to
(101). 0

We are finally ready to complete the picture by proving that the solution
to (89) is continuous [up to a modification, of course].

Theorem 6.7. There exists a continuous modification u(x ,t) of (89).

Remark 6.8. In Exercise 6.9, on page 35 below, you will be asked to improve
this to the statement that there exists a Holder-continuous modification.

Proof (Sketch). We need the following easy-to-check fact about the Green’s
function G:
Gt(x7y>:P(t;x_y)+Ht(x7y)7 (117)

where Hy(x,y) is smooth in (¢,2,y) € R. XxRXR, and T is the “heat kernel”
defined in (96). Define

t oL
U(x,t)::/o/o flu(y,s)T(t — s;z —y) W(dyds). (118)

The critical step is to prove that U has a continuous modification. Because ug
is bounded it is then not too hard to complete the proof based on this, and
the fact that the difference between I' and G is smooth and bounded. From
here on I prove things honestly.

Let 0 <t <t and note that

Uz, t')—U(x,t)

t L
= [ [t )@ = sso =g —Te—sio - Wiy g

t L
+ / / Fluly )T — 552 — y) W(dyds).
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By Burkholder’s inequality (Theorem 5.27, page 25) and the elementary in-
equality |a 4 b|P < 2P|a|P + 2P|b|P,

E(|U(z,t)—U(z,t)[")

t oL p/2
< 2B (/ / FPuly,s)A(s,t,t' ;2 ,y) dyd8>
o Jo

t' L p/2
+2P¢,E (/ / fz(u(y,s))FQ(t—s;x—y)dyds)
t Jo

(120)

where
A(s, bt 5,y) =t —s;2—y) —T(t —s;2 —y))*. (121)

Because of (90), sup|f| < K. Therefore,

E(|U(z,t) = Ulz,t)")

t o) p/2
< (2K)Pc // A(s,t,t';z,y)d ds)
(2K) p<0 - ( y) dy (122)

t () p/2
+ (2K)P¢, (/ / F%t—s;x—y)dyds) .
t —0o0

[Notice the change from fOL to [*_.] Because [ T?(t—s;a)da is a constant

multiple of |t — s|~1/2,

t' poo p/2
(/ / F2(t—s;$—y)dyds> = O, |t —t|P/%. (123)
t —00

For the other integral we use a method that is motivated by the ideas in [5].
Recall Plancherel’s theorem: For all g € L'(R) N L*(R),

1
191172 Ry = %”ﬁgH%?(R)a (124)

where (Fg)(z) := [ g(x)e™* dx denotes the Fourier transform in the space
variable. Because (ZT)(t;¢) = exp(—t£2),

/00 [F(t'—s;x—y)—I‘(t—s;x—y)]2 dy

— 00

1 > ’ 2 2 2

. —(F'=95)§" _ —(t—s5)¢
o ) {e e } dg (125)
1 oo

= — e 2(t=s)€? [1 _ 6*@'*052}2 de.
2m

— 00
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Therefore,

/;/_Z[F(t’—sw—y)—F(t—S;x—y)]2 dy ds

I > ' pe2?
o (/0 e~ 29 ds) [l—e_(t _t)é} d¢  (126)

00 —2t¢2
_ 4i 1—;5 {1 _ e—(t/—t)§2]2 e
4 — 00

A little thought shows that (1 — e=2/€")/¢2 < Cp /(1 4 £2), uniformly for all
0<t<T. Also, [l — e ¢'=D¢]2 < 2min[(¢' — £)¢2,1]. Therefore,

/;/_Z[F(t’—sw—y)—F(t—saw—y)]2 dy ds

min[(¢' — ¢)&2,1]
/ ng dg (127)

Cr dg N
= </It VRS / 1+§2 “)

The first term is equal to A[t’ — t|'/2, and the second term is also bounded
above by |t' — t|'/? because £2/(1 4 £¢2) < 1. This, (122) and (123) together
prove that

E(|U(x,t) = Uz, t)|) < Cylt’ —tP/4. (128)
Similarly, we can prove that for all z,2" € [0, L],

E(|U(z,t) - U@, 1))
<cpr(// L(t—s;y) — F(t—s;x’_x_y)‘Qdde>p/2- (129)

By Plancherel’s theorem, and because the Fourier transform of z — g(x + a)

is e~ (F g)(¢),

o0 2
/ ‘F(t—S;y)—T(t—S;m’—x—y)‘ dy
- | oo ] o (130)
- e—2(t—s)§ 1— eif(m —x) df
2

Consequently, we can apply Tonelli’s theorem to find that

2
// L(t—s;y) F(t—s;x’—x—y)‘ dyds

1 [®1—¢ 2
Ton ) . 2 ’

1 [®1—e 2
Tan )y &

i 2
1— @2 ge (131)

1= cos(§(a" — x))| de.
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We use the elementary bounds 1—exp(—|0|) < 1, and 1 —cosf < min(1,62%)—
valid for all # € R—in order to bound the preceding, and obtain

/t/oo 'F(t—s;y)fF(tfs;z’—zfy)rdyds
0 J—
<417r/00052(x/_§2x)2/\1d5.

We split the domain of integration into two domains: Where £ < |2/ — x|71;
and where £ > |2’ — z|~!. Each of the two resulting integrals is easy enough
to compute explicitly, and we obtain

(132)

/

t o) 2 |£L‘ _ 9C|
/ / ‘F(t—s;y)—F(t—s;m’—x—y)‘ dyds < (133)
0 J—o0
as a result. Hence, it follows that
supE (|U(z,t) — U(2',t)|") < apla’ — x|P/2. (134)

t>0

For all (z,t) € R? define |(z,t)| := |=|'/? 4 |t|'/*. This defines a norm on
R?, and is equivalent to the usual Euclidean norm (z? + ¢2)'/? in the sense
that both generate the same topology. Moreover, we have by (128) and (134):
For all ¢,¢' € [0,7T] and z,2’ € [0, L],

E(U@,t) - U@ 1)) < Al(z,t) - (",)]". (135)

This and Kolmogorov’s continuity theorem (Theorem 4.13, page 18) together
prove that U has a modification which is continuous, in our inhomogeneous
norm on (x,t), of any order < 1. Because our norm is equivalent to the usual
Euclidean norm, this proves continuity in the ordinary sense. a

Exercise 6.9. Complete the proof. Be certain that you understand why we
have derived Holder continuity. For example, prove that there is a modification
of our solution which is Holder continuous in = of any given order < %; and
it is Holder continuous in ¢ of any given order < i.

Exercise 6.10. Consider the constant-coefficient, free-space stochastic heat
equation in two space variables. For instance, here is one formulation: Let
W (z ,t) denote white noise on (z,t) € R? x R, and consider

Ou ?u  *u .
at(ax%+ax%)+w t>0,I€R2, (]_36)
u(z,0)=0 z € R%

Interpret the adapted solution to the preceding as
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u(x,t):/o /R2 [(t—s;z—y) W(dyds), (137)

subject to (t,r) ~— E[u?(t,z)] being continuous (say!). Here, I' is the
heat kernel on R?; that is, I'(t,x) := (4nt)~!exp(—|/x||?/(4t)). Prove that
E[u?(z,t)] = oo for all z € R? and ¢ > 0. Prove also that if u(x,t) were a
proper stochastic process then it would have to be a Gaussian process, but
this cannot be because Gaussian processes have finite moments. Therefore, in
general, one cannot hope to find function-valued solutions to the stochastic
heat equation in spatial dimensions > 2.

7 From chaos to order

Finally, I mention an example of SPDEs that produce smooth solutions for all
times ¢ > 0, and yet the solution is white noise at time ¢ = 0. In this way, one
can think of the solution to the forthcoming SPDE as a smooth deformation of
white noise, where the deformation is due to the action of the heat operator.

Now consider the heat equation on [0, 1], but with random initial data
instead of random forcing terms. More specifically, we consider the stochastic
process {u(x,t)fo<z<1,¢>0 that is formally defined by

ou 0%u

- - >

at(aj,t) axQ(:r,t) 0<z<l, t>0

w(0,t) =u(l,t) =0 t>0 (138)
u(x,0) = W(x) 0<z<l,

where W denotes white noise.

A classical interpretation of (138) follows: Consider an infinitesimally-thin
wire of length one that has even density and width. Interpret this wire as the
interval [0, 1], and apply totally random heat to the wire, the heat amount
at = being W (z) units. The endpoints of the wire are perfectly cooled. If
we watch the wire cool as time passes, then the amount of heat retained at
position x at time ¢t > 0 is u(z, t).

If W were replaced by a square-integrable function then the solution is
classical, and is given by

u(z,t) = V2 Z &nsin(nmz) exp (—n?n’t) (139)

n=1
where

&n = \/5/0 W () sin(nrz) d, (140)

and the infinite sum in (139) converges in L?(dz) for each t > 0, for example.
Although W is not a square-integrable function, one can first consider “weak
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solutions,” and then proceed to integrate by parts, and thus arrive at the mild
solution to (138). That is described by (139), but with (140) replaced by the
Wiener stochastic integrals

&n = \/5/01 sin(nmwa)W (dz), n=12.... (141)

It follows from our construction of Wiener integrals that {£,}5°; is a mean-
zero Gaussian process. Thanks to the Wiener isometry (20), we also can com-
pute its covariance structure to find that

1 ifm=mn,

0 ifm#n. (142)

1
Cov(&, ,&m) = 2/ sin(nmx) sin(mnzx) de = {
0
Consequently, {£,}22 ; is an i.i.d. sequence of standard-normal variates. The
following lemma controls the rate of growth of the &,’s.

Lemma 7.1. With probability one,

|En] = O ( lnn) as n — 0o. (143)

Proof. We can apply Chebyshev’s inequality to find that for all a, A > 0,

P{¢, > a} < e MEexp(A\)) = exp (—)\a + >\22) . (144)

The optimal choice of A is a/2, and this yields the following well-known bound:
P{¢, > a} < exp(—a?/2), valid for all a > 0. By symmetry,

P{|¢.] > a} < 2exp(—a?/2)  for all a > 0. (145)

We plug in @ := 2v/Inn and deduce (143) from

2
E P{|£n|22vlnn}g E $<OO (146)
n>100 n>100

and the Borel-Cantelli lemma. O

Exercise 7.2. Improve Lemma 7.1 to the statement that

lim sup = —liminf =1 a.s. (147)

&n én
n—oo V2Inn n—oo /2Inn

An immediate consequence of Lemma 7.1 is that for all fixed 0 < r < R,
the infinite series in (139) converges a.s., uniformly for (z,t) € [0,1] x [r, R].
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Among other things, this proves that w is infinitely differentiable in both
variables, away from time zero.

Thus, the random function u is smooth except near time zero, where its
behavior is chaotic. In words, the heat operator takes the pure-noise initial
condition “u(z,0) = W(x)” and immediately smooths it to generate nice ran-
dom functions u(x ,t), one for every ¢ > 0. Thus, it is interesting to investigate
the transition from “chaos” [t = 0] to “order” [t > 0] in greater depth.

Here we study the mentioned blowup problem for average x-values, and
plan to prove that there is a sense in which the following holds for all “typical
values of x”:

w(z,t) =t~ when t ~ 0. (148)

E(t) == (/01 lu(z,t)[? dx>1/2. (149)

A classical interpretation of &(t) is the average heat—in the sense of L?(dz)—
in the wire at time ¢, where the wire at time 0 is subjected to heat amount
W (x) at position = € [0,1]. The following rigorous interpretation of (148) is
a rather simple result that describes roughly the nature of the blowup of the
solution near time zero.

Define

Theorem 7.3. With probability one,

1
lim tY4&€(t) = ———. 1
tl\r%t &(t) Gn)i (150)
The proof of Theorem 7.3 relies on a lemma from calculus.
Lemma 7.4. The following holds:
; 1/2 S —n®x _ 1
Jim A ;e NS (151)
Proof. Because [ exp(—a?))dx = 1/(2V7N),
/Oo e N dz = O(1) + — as A\, 0 (152)
) 2V T .

Because Zi:l exp(—n2X) = O(1) as A\, 0, it therefore suffices to prove that

— —n2x > —z2 1 )
e — e del=o0|— as A\, 0. 153
2 / <ﬁ (153)

To prove this we first write T" as

T :=
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oo

" —2? —(n?—z?
T:Z/ K A(1—e< ))‘)dx. (154)
_9 n—

Because 1 — exp(—60) < 1 A6 for all § > 0, and since n? — 22 < 4z for all
z€[n—1,n and n>1,

T < 4/ e A (LA ZN) dr
8 (155)

< \45\/000 eV’ (1/\y\f)\) dy,

and this is 0(1/v/)\) by the dominated convergence theorem. This proves (153),
and hence the lemma. O

Next we prove Theorem 7.3.

Proof (Theorem 7.8). Equation (142) and the uniform convergence of the
series in (139) together imply that for all ¢ > 0,

E2t) =D e s, (156)
n=1
Consequently, Lemma 7.4 implies that

2 ~ _on2x2,  1+0(1)
E(je@) = e = Gy SN0 (157)

Because the &,,’s are independent, a second application of Lemma 7.4 yields

n=1

Var \@@(t)|2 = Var(¢2) .- p—dn’m’t
( ) 7; (158)

-0 (E (|é"(t)|2>) as t \, 0.
These remarks, together with the Chebyshev inequality, yield two constants
C,e > 0 such that for all t € (0,¢) and § > 0,
&2(t)
E (160l

We can replace ¢t by k=%, sum both sides from & = 1 to k = oo, apply the
Borel-Cantelli lemma, and then finally deduce that

Tl G B
=B (l6 ()

P —1]>8p <OVt (159)

=1 a.s. (160)

Because &2 is non-increasing, (157) and a monotonicity argument together
finish the proof. a
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Exercise 7.5 (Rapid cooling). Prove that with probability one,

. 2 o
tl}rgo exp (7°t) &(t) = 1. (161)

That is, the wire cools rapidly as time goes by, as it does for classical initial
heat profiles. Thus, the only new phenomenon occurs near time zero.

Exercise 7.6. Define the average heat flur in the wire as

9 1/2
dx) . (162)

Describe the blowup rate of .Z (t) as t tends down to zero.

For a greater challenge try the following.

Exercise 7.7. Prove that as ¢t \ 0, and after suitable centering and normal-
ization, & (t) converges in distribution to a non-degenerate law. Describe that
law.

Exercise 7.8. Prove that {b(z)}o<z<1 is a Brownian bridge, where

L [Tut) or all =
b(x).—ﬁ/o Sl torallae .1l (163)
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Summary. These notes give an overview of recent results concerning the non-linear
stochastic wave equation in spatial dimensions d > 1, in the case where the driving
noise is Gaussian, spatially homogeneous and white in time. We mainly address
issues of existence, uniqueness and Hoélder—Sobolev regularity. We also present an
extension of Walsh’s theory of stochastic integration with respect to martingale
measures that is useful for spatial dimensions d > 3.
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1 Introduction

The stochastic wave equation is one of the fundamental stochastic partial dif-
ferential equations (SPDEs) of hyperbolic type. The behavior of its solutions
is significantly different from those of solutions to other SPDEs, such as the
stochastic heat equation. In this introductory section, we present two real-
world examples that can motivate the study of this equation, even though in
neither case is the mathematical technology sufficiently developed to answer
the main questions of interest. It is however pleasant to have such examples
in order to motivate the development of rigorous mathematics.

Ezample 1.1 (The motion of a strand of DNA). A DNA molecule can be
viewed as a long elastic string, whose length is essentially infinitely long com-
pared to its diameter. We can describe the position of the string by using a
parameterization defined on Ry x [0,1] with values in R3:

ui(t,x)
u(t,z) = | u(t,z) |. (1)
us(t,x)

* Partially supported by the Swiss National Foundation for Scientific Research.
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Here, u(t, ) is the position at time ¢ of the point labelled x on the string,
where = € [0,1] represents the distance from this point to one extremity of
the string if the string were straightened out. The unit of length is chosen so
that the entire string has length 1.

A DNA molecule typically “floats” in a fluid, so it is constantly in motion,
just as a particle of pollen floating in a fluid moves according to Brownian
motion. The motion of the string can be described by Newton’s law of motion,
which equates the sum of forces acting on the string with the product of the
mass and the acceleration. Let g = 1 be the mass of the string per unit length.
The acceleration at position x along the string, at time t, is

2u
Tut,), 2

and the forces acting on the string are mainly of three kinds: elastic forces
F'1, which include torsion forces, friction due to viscosity of the fluid Fg, and
random impulses F3 due the the impacts on the string of the fluid’s molecules.
Newton’s equation of motion can therefore be written
2
1-%:F1—F2+F3. (3)

This is a rather complicated system of three stochastic partial differential
equations, and it is not even clear how to write down the torsion forces or the
friction term. Elastic forces are generally related to the second derivative in
the spatial variable, and the molecular forces are reasonably modelled by a
stochastic noise term.

The simplest 1-dimensional equation related to this problem, in which one
only considers vertical displacement and forgets about torsion, is the following
one, in which u(t, z) is now scalar valued:

2 2 1
St =S5 - [ Mewued e, @
€T 0

where the first term on the right-hand side represents the elastic forces, the
second term is a (non-local) friction term, and the third term F(t,y) is a
Gaussian noise, with spatial correlation k(- ,-), that is,

E(F(t,x) F(s,y)) = 0ot — s) k(z,y), ()
where d§y denotes the Dirac delta function. The function k(-,-) is the same in
the friction term and in the correlation.

Why is the motion of a DNA strand of biological interest? When a DNA
strand moves around and two normally distant parts of the string get close
enough together, it can happen that a biological event occurs: for instance,
an enzyme may be released. Therefore, some biological events are related to
the motion of the DNA string. Some mathematical results for equation (4)
can be found in [20]. Some of the biological motivation for the specific form
of equation (4) can be found in [8].
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Ezample 1.2 (The internal structure of the sun). The study of the internal
structure of the sun is an active area of research. One important international
project is known as Project SOHO (Solar and Heliospheric Observatory) [9].
Its objective was to use measurements of the motion of the sun’s surface to
obtain information about the internal structure of the sun. Indeed, the sun’s
surface moves in a rather complex manner: at any given time, any point on the
surface is typically moving towards or away from the center. There are also
waves going around the surface, as well as shock waves propagating through
the sun itself, which cause the surface to pulsate.

A question of interest to solar geophysicists is to determine the origin of
these shock waves. One school of thought is that they are due to turbulence,
but the location and intensities of the shocks are unknown, so a probabilistic
model can be considered.

A model that was proposed by P. Stark of U.C. Berkeley is that the main
source of shocks is located in a spherical zone inside the sun, which is assumed
to be a ball of radius R. Assuming that the shocks are randomly located on
this sphere, the equation (known as the Navier equation) for the dilatation
(see [6, Section 8.3]) throughout the sun would be

2
%(t,x):cz(x)po(x) <V- (PoiﬂU) Vu) +V-F(t,:z:)> , (6)
where z € B(0, R), the ball centered at the origin with radius R, ¢?(z) is the
speed of wave propagation at position x, po(z) is the density at position z and
the vector F(t,x) models the shock that originates at time ¢ and position z.
A model for F that corresponds to the description of the situation would
be 3-dimensional Gaussian noise concentrated on the sphere 9B(0,r), where
0 <7 < R. A possible choice of the spatial correlation for the components of

F would be

6(t —s) fz-y), (7)

where x - y denotes the Euclidean inner product. A problem of interest is to
estimate r from the available observations of the sun’s surface. Some mathe-
matical results relevant to this problem are developed in [3].

2 The stochastic wave equation

Equation (6) is a wave equation for a medium with non-constant density.
The (simpler) constant coefficient stochastic wave equation with real-valued
noise that we will be studying in these notes reads as follows: For all (¢,x) €
[0,7] x R4,
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<au—Au> (t,x) =o(t,z,ult,z) F(t,z)+blt,z,u(t,z)),

ot?
w(0,z) = vo(z), (8)
Oou -
E(O,z) = Vo (),

where F(t,z) is a (real-valued) Gaussian noise, which we take to be space-
time white noise for the moment, and o,b: R x R? x R — R are functions
that satisfy standard properties, such as being Lipschitz in the third variable.
The term Awu denotes the Laplacian of w in the x-variables.

Mild solutions of the stochastic wave equation

It is necessary to specify the notion of solution to (8) that we are considering.
We will mainly be interested in the notion of mild solution, which is the
following integral form of (8):

u(t,x)

[0,t] xR

+ (;lt G(t) * Uo) (z) + (G(t) * Tg) (). o)

In this equation, G(t — s, — y) is Green’s function of (8), which we discuss
next, and * denotes convolution in the z-variables. For the term involving

F(s,y), a notion of stochastic integral is needed, that we will discuss later on.

Green’s function of a PDE

We consider first the case of an equation with constant coefficients. Let L be
a partial differential operator with constant coefficients. A basic example is
the wave operator

2
Lf:ng—Af. (10)

Then there is a (Schwartz) distribution G € /(R4 x R?) such that the
solution of the PDE
Lu=¢, ¢eZ (R, (11)
is
u=G & e (12)

where (/%) denotes convolution in the (t,z)-variables. We recall that .7 (R%)

denotes the space of smooth test functions with rapid decrease, and ./ (R, x
R?) denotes the space of tempered distributions [15].
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When G is a function, this convolution can be written
ut)= [ Gl sy (s, dsdy (13)
R+><Rd

We note that this is the solution with vanishing initial conditions.
In the case of an operator with non-constant coefficients, such as

92 of  0?
Lr=L ot L1 0L =), (14

Green’s function has the form G(t,z ; s,y) and the solution of
Lu=y¢ (15)

is given by the expression

ute)= [ Gl s (o) dsdy (16)
+ X

Ezample 2.1 (The heat equation). The partial differential operator L is

0
Lu:aiZ—Au, d>1, (17)
and Green’s function is
—d/2 |x\2
G(t,x) = (2rt)~Y? exp -5 ) (18)

This function is smooth except for a singularity at (0,0).

Ezample 2.2 (The wave equation). The partial differential operator L is
o
o2

The form of Green’s function depends on the dimension d. We refer to [18]
for d € {1,2,3} and to [7] for d > 3. For d = 1, it is

Lu — Au. (19)

1
G(t,x) = 5 1{|m|<t}7 (20)

which is a bounded but discontinuous function. For d = 2, it is
1 1

s T Lel<t-

V2T /2 — |x|?

This function is unbounded and discontinuous. For d = 3, the “Green’s func-
tion” is

G(t,z) = (21)
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1 O't(dx)
ir t

where oy is uniform measure on B(0,t), with total mass 47t2. In particular,
G(t,R?) = t. This Green’s function is in fact not a function, but a measure.
Its convolution with a test function ¢ is given by

(Gx*op)(t,x) / ds/ p(t—s xfy)as(dy)
8B(0,s) s

G(t,dr) = (22)

(23)
— ds s/ ot — s,z — sy) o1(dy).
47T aB(0,1)
Of course, the meaning of an expression such as
/ G(t—s,x—y)F(ds,dy) (24)
[0,¢]xRd

where G is a measure and F' is a Gaussian noise, is now unclear: it is certainly
outside of Walsh’s theory of stochastic integration [10].

In dimensions greater than 3, Green’s function of the wave equation be-
comes even more irregular. For d > 4, set

d—3

5 if d is odd,
N(d) = (25)
? if d is even.
For d even, set
Ufl (dx) = tzl—|x|2 L{ja| <ty dz, (26)

and for d odd, let o (dz) be the uniform surface measure on dB(0,t) with
total mass t9~1. Then for d odd, G(t,z) can formally be written

1 o\ od
G(t7l') = Cq <8 85) <S> dS, (27)

that is, for d odd,
(Go)(t,z)

t N(d) d 28
[ (22) ([ s )|
0 r Or R r s
while for d even,
(Gxo)(t,z)
(29)
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The meaning of f[o {x R G(t—s,x—y) F(ds,dy) is even less clear in these

cases!

The case of spatial dimension one

Existence and uniqueness of the solution to the stochastic wave equation in
spatial dimension 1 is covered in [19, Exercise 3.7 p.323]. It is a good exercise
that we leave to the reader.

Exercise 2.3. Establish existence and uniqueness of the solution to the non-
linear wave equation on [0, 7] x R, driven by space-time white noise :

%u  0%u .
o2 - Ox2 :J(u(tvx)) W(t,l’), (30)
with initial conditions 5
u

The solution uses the following standard steps, which also appear in the study
of the semilinear stochastic heat equation (see [19] and [10]):
- define the Picard iteration scheme;
- establish L?-convergence using Gronwall’s lemma;
- show existence of higher moments of the solution, using Burkholder’s
inequality
E(M) < e B ((M)7*); (32)

- establish p-Hoélder continuity of the solution, for p €]0, %[
It is also a good exercise to do the following calculation.

Exercise 2.4. Let G be Green’s function of the wave equation, as defined in
Example 2.2. For d = 1 and d = 2, check that for ¢ € C2([0, co[xR?),

u(t,x):/o ds /Rd dy Gt — s,z —y)o(s,y) (33)

satisfies
9%u

oz (1) = Au(t,2) = ot ). (34)
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Space-time white noise in dimension d = 2

Having solved the non-linear stochastic wave equation driven by space-time
white noise in dimension d = 1, it is tempting to attempt the same thing in
dimension d = 2. We are going to show that there is a fundamental obstacle
to doing this.

To this end, consider the linear case, that is, ¢ = 1 and b = 0. The mild
solution given in (9) is not an equation in this case, but a formula:

u(t,x)z/ Gt —s,x—y) W(ds,dy)
[0,t] xR2 (35)

1 1
- 1 jy—a| <t—s} W(ds ,dy),
/[o,t]sz Vor \/(t — )2 —ly—a? {ly—z| <t—s} (

where W (ds, dy) is space-time white noise.
The first issue is whether this stochastic integral well-defined. For this, we
would need (see [10, Exercise 5.5]) to have

t
/ds/ dy G*(t — s,z —y) < +oo. (36)
0 R?

The integral is equal to

t t
d d
/ds/ Qy 2:/d1"/ 7222
0 ly—z|<t—s (t_s> +\y—x| 0 lz|<r T —|Z|
t T
2
:/ dr/ aZpQLp2
0 0 re—=p (37)

t
=7 / dr In(r? — p2)|2
0

= +o00.

In particular, when d = 2, there is no mild solution to the wave equation (9)
driven by space-time white noise.

There have been some attempts at overcoming this problem (see [12], for
instance), but as yet, there is no satisfactory approach to studying non-linear
forms of the stochastic wave or heat equations driven by space-time white
noise in dimensions d > 2.

A different tack is to consider spatially homogeneous noise with some con-
ditions on the spatial covariance. We introduce these notions in the next
section.
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3 Spatially homogeneous Gaussian noise

Let T' be a non-negative and non-negative definite tempered measure on R,
so that I'(dx) > 0,

/ T(dx) (p * @)(x) > 0, for all p € .7(R%), (38)
Rd

where @(z) 2ef o(—2x), and there exists r > 0 such that

1
/Rd I'(dz) (FSEDE < o0. (39)

According to the Bochner—Schwartz theorem [15], there is a nonnegative
measure p on R? whose Fourier transform is I': we write I' = % uu. By defini-
tion, this means that for all ¢ € .%(RY),

/ P(dz) p(z) = / u(dn) Fo(n) (40)
Rd

R4

We recall that the Fourier transform of € .%(R%) is

Fom = [ expl=in-a) plo) dv (a)

where 7 -  denotes the Euclidean inner product. The measure p is called the
spectral measure.

Definition 3.1. A spatially homogeneous Gaussian noise that is white in time
is an L?(Q,.%,P)—valued mean zero Gaussian process

(F(p), ¢ € C*(RMY)), (42)

such that
E(F(p) F(v¥)) = J(¢, ), (43)

where

o)™ [ as [ T (ol ) 35 0) (34)

In the case where the covariance measure I' has a density, so that I'(dz) =
f(z)dx, then it is immediate to check that J(¢,1) can be written as follows:

Hew)= [ as [ ao [ dyeso fe-nutsm. @)

Using the fact that the Fourier transform of a convolution is the product of
the Fourier transforms, this can also be written
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Ty = [ ds [ utan) Fo(s) ) I, (46)
Informally, one often writes
B (£(t,2)F(s.9)) = 8o(t — 8) f(a — ). (47)

as though F(p) were equal to fR+de ©(s,x)F(s,z)dsd.

Ezample 3.2. (a) If T'(dx) = dp(x), where §y denotes the Dirac delta function,
then the associated spatially homogeneous Gaussian noise is simply space-time
white noise.

(b) Fix 0 < 8 < d and let

Fg(dx) = |;l.|1‘5 (48)

One can check [17, Chapter 5] that I'g = .% ug, with

dn
pp(dn) = cap A (49)

Exercise 3.3. Show that if § T d, then the spatially homogeneous Gaussian
noise I3 with the covariance measure I'g converges weakly to space-time white
noise. (Hint. Find the weak limit of the spectral measure g and notice that
Z (dn) = bo.)

Extension of F(¢) to a worthy martingale measure

From the spatially homogenenous Gaussian noise, we are going to construct
a worthy martingale measure M = (M;(A),t > 0, A € %,(R%)), where
2#,(R?) denotes the family of bounded Borel subsets of R?. For this, if A €

%,(RY), we set
My(A) € lim F(e,), (50)

n—oo

where the limit is in L?(Q,.7,P), ¢, € C°(R*™!) and ¢, | 1j04)x -

Exercise 3.4. ([2]) Show that (M;(A),t > 0, A € %,(R%) is a worthy
martingale measure in the sense of Walsh; its covariation measure @ is given
by

Q(A x Bx]s,t]) = (t—s)/Rd d /R dyla(z) f(z —y)1s(y),  (51)

and its dominating measure is K = Q.
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The key relationship between F and M is that
Fo)= [ lti) M(dt,do), (52)
Ri xRd

where the stochastic integral on the right-hand side is Walsh’s martingale
measure stochastic integral.

The underlying filtration (%, t > 0) associated with this martingale mea-
sure is given by

Fr=0(Ms(A), s<t, Ac B,(R)) v A#, t>0, (53)
where .4 is the o-field generated by all P-null sets.

4 The wave equation in spatial dimension 2

We shall consider the following form of the stochastic wave equation in spatial
dimension d = 2:

(?)tg - AU) (t,x) =o(u(t,z)) F(t,z), (t,z) €]0,T] x R?,  (54)

with vanishing initial conditions. By a solution to (54), we mean a jointly mea-
surable adapted process (u(t, z)) that satisfies the associated integral equation

wta)= [ Gl-sa—y)otuls.0) Mlds.dy), (5))
[0,t]xR?
where M is the worthy martingale measure associated with F.

The linear equation

A first step is to examine the linear equation, which corresponds to the case
where o = 1:

2 .
(‘;t’j - Au> (t,z) = F(t, ), (56)
with vanishing initial conditions. The mild solution should be
u(t, ) :/ Glt— 5,0 —y) M(ds, dy). (57)
[0,t]xR?

We know that the stochastic integral on the right-hand side is not defined for
space-time white noise, so let us determine for which spatially homogeneous
Gaussian noises it is well defined. This is the case if

/tds/ dy dzGt—s,x—y)fly—2) Gt —s,x — z) < o0, (58)
0 R? R2

or, equivalently, if

/ ds / w(dn) | FC(s)n)? < +ov. (59)
0 R?2
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Calculation of %G

In principle, Green’s function of a PDE solves the same PDE with §(g,0)(t, ) =
0o (t) dp(z) as right-hand side :

0?G

2 AG = 6p(t) dp(x). (60)
For fixed t # 0, the right-hand side vanishes. We shall take the Fourier trans-
form in x on both sides of this equation, but first, we observe that since

FC© =G(E) = [ ¢ Gt o) do (61)
it is clear that ) )
7 (T5) =T 0. (62)

and, using integration by parts, that

54‘(AG(t))(§):/ e €T AG(t, 7) da

R?2
= A(e'S) Gt x) da (63)
R?2
=~ FG(t) (9).
Therefore, we deduce from (60) that for ¢ > 0,
2 g A
T (€)1 16 Gy €)= ot (69

For fixed &, the solution to the associated homogeneous ordinary differential
equation in ¢ is

Gle)(e) = at©) g o) S

The solution that we seek (see [18, Chapter I, Section 4] for an explanation)

is the one such that G(0)(¢) = 0 and d%o) (&) = 1, so we conclude that for
t>0and € € R?,

+0(6) (65)

sin(t[¢])
(.

This formula is in fact valid in all dimensions d > 1.

FG(t)(€) = (66)
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Condition on the spectral measure

Condition (59) for existence of a mild solution on [0,7] to the linear wave
equation (56) becomes

/ ds /R2 s1n| |2|77) < 400. (67)

Using Fubini’s theorem, one can evaluate the ds-integral explicitly, or simply

check that " L
_a_ g/ as G e (68)
14 [n] 0 In| L+ n|

so condition (59) on the spectral measure becomes

1
dn) ——— < . 69
[ ntn) g <o (69)

Ezample 4.1. Let d > 1. Consider the case where f(z) = |z|7%, 0 < 8 < d.
In this case, u(dn) = cq|n|?~¢ dn, so one checks immediately that condition
(69) holds (even when R? is replaced by R?) if and only if 3 < 2. In particular,
the spatially homogeneous Gaussian noise with the covariance function f is
defined for 0 < B < d, but a mild solution of the linear stochastic wave
equation (56) exists if and only if 0 < 8 < 2.

Reformulating (69) in terms of the covariance measure

Condition (69) on the spectral measure can be reformulated as a condition on
the covariance measure I'.

Exercise 4.2. ([11]) Show that in dimension d = 2, (69) is equivalent to

/wl<1 Hde) o (|><+°O’ (70)

while in dimensions d > 3, (69) is equivalent to
1
|z| <1 |z|

In dimension d = 1, condition (69) is satisfied for any non-negative measure
w such that I' = .Z p is also a non-negative measure.
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The non-linear wave equation in dimension d = 2

We consider equation (54). The following theorem is the main result on exis-
tence and uniqueness.

Theorem 4.3. Assume d = 2. Suppose that o is a Lipschitz continuous
function and that condition (69) holds. Then there exists a unique solution
(u(t,x), t >0, x € R?) of (54) and for all p > 1, this solution satisfies

sup sup E (|Ju(t,z)|?) < 0. (72)

0<t<T zeRd

Proof. This proof follows a classical Picard iteration scheme. We set ug(t, z) =
0, and, by induction, for n > 0,

un+1(t,z):/[(]t] Gt s —y) ofu(s.9) M(ds.dy). (73

Before establishing convergence of this scheme, we first check that for p > 2,

sup sup sup E (|uy(s,z)P) < +oc. (74)
n>0 0<s<T zcR?

We apply Burkholder’s inequality (32) and use the explicit form of the
quadratic variation of the stochastic integral [10, Theorem 5.26] to see that

</olt o /Rz W oo Gt —s,2—y) o(un(s,y))

p/2
X fly—2) Gt —s,xz—2) J(un(s,z))> ] (75)

E (Jung1(t, 2)[") < cE

Since G > 0 and f > 0, we apply Holder’s inequality in the form

P p/q
‘/fw g(/l@) </UV@Q, where 2 —p—1 - (76)

and p is a non-negative measure, to see that E (Jups1(t,2)|?) is bounded
above by

c</0t ds/Rz dy/R2 de(ts,xy)f(yz)G(ts,mz))

t
></ ds/ dy dzGt—s,x—y) fly—2) Gt —s,x — z2)
0 R? R2

% B (| (un(s ) o (un(s, 2))[F) (77)

21

NS}
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We apply the Cauchy—Schwarz inequality to the expectation and use the Lip-
schitz property of o to bound this by

o(/ s [ w76 —9mp)

></Ot ds/R2 dy/R2 dzGt—s,e—y) fly—2)Glt—s,x—=z) (78)

X (B (L + Jun(s,9)P)"? (B + [uals, 2)[P) .

2

Let

1
ds/ (dn) |.ZG(t —s t<C dn) ——. 79
= [ as [ i E<C [ uln) e (79)
Then

E (lunta(t,2)[")

<cuu [ as <1+ sup E<un<s,y>|p>> < [ tan) |76 = )

yeR2
gt
< C’/ ds | 1+ sup E(|un(s,9)|P) | - (80)
0 yeR2
Therefore, if we set
M, (t) = sup E (Ju,(t,z)?), (81)
z€R?
then .
Myr(t) < C / ds (1 + M, (s)). (82)
0
Using Gronwall’s lemma, we conclude that
sup sup M, (t) < +oo. (83)
neN 0<t<T

We now check L2-convergence of the Picard iteration scheme. By the same
reasoning as above, we show that

sup E (Jups1(t,z) — u,(t,2)|?)
zeR?2

(84)
<C/ ds sup E (Jun(s,y) —un—1(s,y)?).
yER?

Gronwall’s lemma shows that (u,(t,x), n > 1) converges in L*(Q,.%,P),
uniformly in x € R2.

Uniqueness of the solution follows in a standard way: see [10, Proof of
Theorem 6.4]. O
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Holder-continuity (d = 2)

In order to establish Holder continuity of the solution to the stochastic wave
equation in spatial dimension 2, we first recall the Kolmogorov continuity
theorem. It is a good idea to compare this statement with the equivalent one
n [10, Theorem 4.3].

Theorem 4.4 (The Kolmogorov Continuity Theorem)). Suppose that
there is ¢ > 0, p E]g ,1[ and C > 0 such that for all x,y € RY,

E(Ju(t,z) —u(t,y)|?) < Clz—y|™. (85)
Then x — u(t,x) has a p-Holder continuous version, for any p €10,p — %[.

In order to use the statement of this theorem to establish (p — ¢)-Holder
continuity, for any € > 0, it is necessary to obtain estimates on arbitrarily
high moments of increments, that is, to establish (85) for arbitrarily large g.

L9-moments of increments
From the integral equation (55), we see that
—u(s,y)

(86)
// (t—r,x—2)—G(s—r,y—2)) olu(r,z)) M(dr,dz),

and so, by Burkholder’s inequality (32),

B(jult, ) - u(s, )P
<CE<’/ dr/dez/R2dv (t—r,2—2)— G(s—r,y—z))f(z/—v)
")
<o far fa [avlc0 - 0110160 - 6 >|)gl (57)
< [ar [ a [ 0160 - 60110160 - GO)

< B (Jotu(r ) [ofu(r ).

where the omitted variables are easily filled in. The Lipschitz property of o
implies a bound of the type “linear growth,” and so, using also the Cauchy—
Schwarz inequality, we see that the expectation is bounded by

x (Gt—r,x—v)—=G(s—r,y—v))o(u(r,z))o(ulr,v))

C sup (1+E(u(r,z)?)). (88)
r<T, zeR?
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Define
J(t,x; s,y)

:/tdr/ dz | dv|Gt—r,2—2)—G(s—r,y—2)| f(z—v) (89)
0 R? R2
X |Gt—r,x—v)—G(s—r,y—v)|
We have shown that
E (Ju(t, ) —u(s,9)") < (J(t,2: 5,9))"". (90)

Therefore, we will get Holder-continuity provided that we can establish an
estimate of the following type for some v > 0 and p > 0:

J(t w5 8,y) < c(lt = s[7 + [z —y|). (91)

Indeed, this will establish %t-Holder continuity in time, and £t-Holder conti-
nuity in space, for all v; €]0,v[ and p; €]0, p[.

Analysis of J(t,z; s,y)

If there were no absolute values around the increments of G, then we could
use the Fourier transform to rewrite J(t,z; s,y), in the case z = y and s > ¢,
for instance, as

18,T) = ’ r FGt—r —FG(s—r 2
Heass.a) = [dr [ plan) | 26 —r)n) - PGl =) »

i / dr /R )| F Gt =) ()

We could then analyse this using the specific form of #G in (66). However,
the presence of the absolute values makes this approach inoperable. By a
direct analysis of J(t,x; s, z), Sanz-Solé and Sarrd [14] have established the
following results. If

1
w(dn) ———— < oo, for some a €10, 1], 93
[ ) s Jo.1] (93)

then t — wu(t,z) is y1-Holder continuous, for

716}0,;/\(1—@{, (94)

and x — u(t,z) is y2-Holder continuous, for v, €]0,1 —al.
When p(dn) = |n|~? dn, these intervals become

2-5

5 [ and 726}0,2_5{.

1
71€:|0,2/\ 5

The best possible interval for v; is in fact ]0, %[, see [5, Chapter 5].
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5 A function-valued stochastic integral

Because Green’s function in spatial dimension 3 is a measure and not a
function, the study of the wave equation in this dimension requires differ-
ent methods than those used in dimensions 1 and 2. In particular, we will use
a function-valued stochastic integral, developed in [4].

Our first objective is to define a stochastic integral of the form

/ Gls.x —y) Z(s,y) M(ds, dy), (96)
[0,t] xR

where G(s,-) is Green’s function of the wave equation (see Example 2.2) and
Z(s,y) is a random field that plays the role of o(u(s,y)).

We shall assume for the moment that d > 1 and that the following condi-
tions are satisfied.

Hypotheses

(H1) For 0 < s < T, Z(s,-) € L}RY) as., Z(s,-) is .F s—measurable, and
s+ Z(s,-) from R, — L%*(R?) is continuous.
(H2) For all s >0,

T

ds sup / j(dn) | FG(s)(€ — ) < +oo.
0 £eERY JRA

We note that #G(s)(§ —n) is given in (66), so that (H2) is a condition on
the spectral measure p, while (H1) is a condition on Z. In general, condition
(H2) is stronger than (59): see [13].

Fix ¢ € C5° (RY) such that ¢ > 0, supp ¥ C B(0,1) and

/ P(z)dx = 1. (97)
Rd
For n > 1, set

Un(x) = ndep(nz). (98)

In particular, ¢, — dp in yI(Rd)’ and Z Y, (&) = ZF(€/n), so that
|.Z 1 (€)] < 1. Define
Gnls,:) = G(s) * U, (99)

so that G, is a C§°-function. Then,

va, 2(t,x) d:ef/ Guls,z —y) Z(s,y) M(ds,dy) (100)
[0,t]xR4

is well-defined as a Walsh-stochastic integral, and
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B (lva, 2t ) Famn ) = o, .2 (101)

where

Ig, z = /Rd de((maZ(t,x))2)

:/Rddx/o ds/Rddy Rdden(s,x—y)Z(S,y) fly—=2)
X Gp(s,x—2) Z(s, z).

(102)

Using the fact that the Fourier transform of a convolution (respectively prod-
uct) is the product (resp. convolution) of the Fourier transforms, one easily
checks that

1g, .z
t > > > ,  (103)
= [ ds | dEE(IFZ(s,)OI) | nuldn)|FGCnl(s,") (€ —n)
0 R¢ R4
We note that:
(a) the following inequality holds:
Ig, z <Ig, .z (104)
where
la, z
t
def (105)
[ s e (120 ) sup [ udn) | FGuts (6 - s
0 ¢erd JRY
(b) the equality (101) plays the role of an isometry property;
(¢c) by elementary properties of convolution and Fourier transform,
Ig,z <lgz <+, (106)
by (H2) and (H1).
In addition, one checks that the stochastic integral
UG,Z(t) d:ef lim (YemwA (107)
exists, in the sense that
E (lve.z (6) = v, 2(t, )22 ) — O, (108)

and R
E (lve.zlfems ) = loz < oz (109)
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We use the following notation for the stochastic integral that we have just
defined:

va,z(t) = /[0 Jers G(s,-—y) Z(s,y) M(ds,dy). (110)

For t fixed, vg, z(t) € L?(RY) is a square-integrable function that is defined
almost-everywhere.

The definition of the stochastic integral requires in particular that hypoth-
esis (H2) be satisfied. In the case where

T(dz) = kg(x)de,  with kg(x) = |z|™%, B >0, (111)

this condition becomes

T S0 e
/ ds sup / dn |n|?~¢ M < +o0. (112)
0 ¢eRe JRA € — 77\

Exercise 5.1. ([4]) Show that (112) holds if and only if 0 < 3 < 2.

6 The wave equation in spatial dimension d > 1

We consider the following stochastic wave equation in spatial dimension d > 1,
driven by spatially homogeneous Gaussian noise F'(¢,x) as defined in Section
3:

(88;; —Au) (t,2) =o(x,ult,z)) F(t, ), t€]0,T], = € RY,
(113)

w(0,z) = vo(z), — (0,2) = vp(x),

where vy € L2(R%) and ¢ € H~'(RY). By definition, H~!(R?) is the set of
square-integrable functions 7y such that

~ 2 def 1 ~ 2
C1Rd) = dé ——— |F < . 114
ol ey & [ d o 1P (@OF <400 (114)
We shall restrict ourselves, though this is not really necessary (see [4]) to the

case where T'(dz) is as in (111). In this case, Example 4.1 shows that the
further restriction 0 < 8 < 2 is needed.
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The past-light cone property

Consider a bounded domain D Cc R?. A fundamental property of the wave
equation (see [18, Theorem 14.1]) is that (T ,z), € D, only depends on
vo|gp and Tp|gp, where

KP = {yecR¥: dy,D)<T} (115)

and d(y, D) denotes the distance from y to the set D, and on the noise F(s Y)
for y € KP(s), 0 < s < T, where

KP(s)={yeR%: d(y,D) <T —s}. (116)
Therefore, the solution w(¢,z) in D is unchanged if we take the SPDE

(53 80) () = ki) o) B

We shall make the following linear growth and Lipschitz continuity as-
sumptions on the function o.

Assumptions.

(a) |o(z,u)| <c(l+ |ul) 1gor)(x), for all z € R and u € R;
(b) |o(z,u) —o(z,v)| <clu—v|, for all z € R? and u,v € R.

Definition 6.1. An adapted and mean-square continuous L*(R?)-valued pro-
cess (u(t), 0 <t <T) is asolution of (113) in D if for allt €]0,T],

d s
) o = Lieogy - (G 6O * w0+ 610 v (18)

+/[0,t]de G(t—s,-—y)o(y,u(s,y)) M(ds,dy))_

Theorem 6.2. Let d > 1. Suppose 0 < 3 < 2 Ad and that the assumptions
above on o are satisfied. Then (113) has a unique solution (u(t), 0 <t <T)
mn D.

Proof. We use a Picard iteration scheme. Set
d -
ug(t,x) = aG(t)*vo—i—G(t)*vo. (119)

We first check that ug(t) € L?(R?). Indeed,
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it i)
dt L2(R) d L2(R)
2 120
e ‘|§| “’Sm N
< ||U0HL2(Rd)a
and, similarly,
|G (t) * ol L2(ray < [P0l -1 (re) - (121)

One checks in a similar way that ¢ — ug(t) from [0, 7] into L?(R?) is contin-
uous.

We now define the Picard iteration scheme. For n > 0, assume that
(un(t), 0 <t < T) has been defined, and satisfies (H1). Set

Unt1(t) = 1go () - (uo(t) + vnta(t)) (122)
where

o (1) = / Glt— s, —y) oly.un(s.y)) M(ds,dy).  (123)
[0,t]x R4

By induction, Z,(s,y) = o(y,u,(s,y)) satisfies (H1). Indeed, this process
is adapted, and since

lo(sun(s,) = o un(t, Dlezmey < Cllun(s, ) = un(t,)l2me), (124)

it follows that s — wu,(s,-) is mean-square continuous. One checks that 41
also satisfies (H1): this uses assumption (a).
Therefore, the stochastic integral (123) is well-defined. Let

My(r) = sup E (J[uns1(t) = w32 o)) (125)

0<t<r

sup B ([lons1(t) = on(®) 32000y
0<t<r

sup E(H / G(t—s,-—y)
0<t<r [0,¢]xR4

2
X (o(y,un(s,y) — oy, un—1(s,¥))) M(ds,dy)’ LQ(KD(t))>
t
< sup [ asB (o s(s.9) = oConr (8D Bagoy) 7 - 9)
where ( € )
J(s) = i g—q SN (8| — 7 . 196
= o (02

A direct calculation shows that



The Stochastic Wave Equation 65

sup J(s) < 4o0, (127)
0<s<T
since 0 < # < 2, s0
t
M) <C sup [ dsE (Junls,) = a5 M ageoy) s (128)
0<t<r Jo
that is,
(ry<c / M, —1(s)ds. (129)
0
Because My(T') < 400, Gronwall’s lemma implies that
+o00o
D (M (r)'? < +oo. (130)
n=0

Therefore, (u,(t,-), n € N) converges in L?(2 x R?,dP x dr), uniformly in
t € [0,T], to alimit u(¢, ). Since u,, satisfies (H1) and uy, converges uniformly
in t to u(t,-), it follows that u(t,-) is a solution to (113): indeed, it suffices
to pass to the limit in (122) and (123).

Uniqueness of the solution follows by a standard argument. a

7 Spatial regularity of the stochastic integral (d = 3)

We aim now to analyze spatial regularity of the solution to the 3-dimensional
stochastic wave equation (113) driven by spatially homogeneous Gaussian
noise, with covariance given by a Riesz kernel f(x) = |z|~?, where 0 < 3 < 2.
For this, we shall first examine the regularity in the z- varlable of the function-
valued stochastic integral defined in Section 5 when d = 3.

We recall that studying regularity properties requires information on
higher moments. With these, one can use the Kolmogorov continuity theo-
rem (Theorem 4.4) or the Sobolev embedding theorem, which we now recall.

Theorem 7.1 (The Sobolev Embedding Theorem). Let & be an open
subset of R%. Suppose that g € WP4(0). Then x — g(z) is p-Hélder contin-
uous, for all p€]0,p — g [.

We recall [16] that the norm in the space WP4(&) is defined by
1900y = 191% 0y + 1912 0 (131)

where

910y = [ lota)t"ds

9yl
Hngqﬁ / dx / d |x_y|d+pq '

(132)
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Our first objective is to determine conditions that ensure that

B (lo, 201400 ) < +oo. (133)
For € > 0, we let
0°={z€eR’: Iz € 0 with |z —z| <e} (134)

denote the e-enlargement of &, and use the notation

vgjg::J/ G(t—s. —y) Z(s,y) M(ds. dy). (135)
' [0,t] xR3

An estimate in LP-norm

Theorem 7.2. Suppose 0 < 3 < 2. Fiz T >0, q € [2,+00[ and let O C R?
be a bounded domain. There is a constant C' < oo with the following property.
Suppose that

t
[ asE (126 ) <+ (136)
0
Then
B (et 2la0) < C / asE (1 Z(5) gy )- (137)

Proof. We present the main ideas, omitting some technical issues that are han-
dled in [5, Proposition 3.4]. First, we check inequality (137) with G replaced

by G,
q)

B (06, 21300 )
t
o 0 R3 R3

z/ de(
o
a/2
). (138)

/ Gult — 5,2 —y) Z(s,y) M(ds  dy)
[0,t]xR3

X Gn(t—s,x—2)Z(s,2)

Let

Ln(t, )

139
/ds/ dy dzGp(t—s,x—y) fly—2) Go(t — s,z — 2). (139)
R3 R3
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Assume that
sup  pn(t,z) < +oo. (140)
n,r, t<T

By Holder’s inequality, written in the form (76), we see, since G,, > 0, that

B (06, 2130

/dx(,unt z) 1E</ ds/mdy/RgdZG e =y) (141)

= 2) Gult — 5,2 — 2) | Z(s.9)|" |Z<svz>|q/2)

- IGmlz 1ﬁt7s+1/n|Q/2.

We apply (104), then (105), to bound this by

IGn,|Zlﬁt—s+1/n|q/2 :/ dSE (H |Z ‘q/ ]-ﬁt at1/n

2(R3)>

(142)
<suwp [ ldn) |76 (s, )¢ - )
(eR3 JR3
Since 0 < § < 2, the supremum over £ is finite, therefore
t
B (lvh, z1300)) < € / asE (125) |4y pimeersy) - (143)
By Fatou’s lemma,
B (o6 21800, < liminf E (ol 1%00)
it @58 (1260 i) 120
t
= [ asE(126) ).
It remains to check that (140) holds. Since
)
t —
(F Gt — ) ) < | TGt —s) ()2 = TS -4

[nl?

it follows that for ¢ € [0,7] and = € R?,

e [ a2 5)ln)
)< [as [l W com. (4

since 0 < B < 2. This completes the proof. a
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An estimate in Sobolev norm

We consider here a spatially homogeneous Gaussian noise F (t,z), with co-
variance given by f(z) = |z|7?, where 0 < 3 < 2. We seek an estimate of
the Sobolev norm of the stochastic integral vtg) 4. We recall that the Sobolev
norm is defined in (131).

Theorem 7.3. Suppose 0 < 3 < 2. Fiz T > 0, q €]3,+cc[, and let 0 C R?
be a bounded domain. Fiz v €]0,1], and suppose that

t
/0 dsE (||Z(s)||gw,q(ﬁt,s)) < +o0. (147)
Consider 23 3

0,y A [ =221 148
o (2w

Then there exists C' < +oo—depending on p but not on Z—such that

t

B (Ilvb 2118, 0.0) < C / asE (1 2(5) [y aor ) - (149)

Remark 7.4. In the case of the heat equation, spatial regularity of the stochas-
tic integral process, that is, of z +— UEyZ(CL'), occurs because of regularity of
the heat kernel G, even if Z is merely integrable. Here, the spatial regularity
of v, , is due to the regularity of Z.

Proof (Theorem 7.3). The key quantity that we need to estimate is

B[ [ AR (150

Let p = p+ %, so that 3+ pq = pgq. If we replace G by G,,, then the numerator
above is equal to

‘/ dS/R3 nt—s,x—u)—Gp(t—s,y—u)) Z(s,u) M(ds,du) q,

so by Burkholder’s inequality (32),

("UG Z() vGW,Z |q

<C’E<

ds du

dv Z(s,u) f(u—v) Z(s,v)
R3

(Gn(t—s,2—u) —Gp(t—s,y —u))

R3

(151)

X (Gp(t—s,2—v)— Gt —s,y —v))

q/2>
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If we had G instead of G, and if G were p-Holder continuous with exponent
p, for instance, then we would get a bound involving |z — y|??, even if Z were
merely integrable.

Here we use a different idea: we shall pass the increments on the G,, over
to the factors Z f Z by changing variables. For instance, if there were only
one factor involving increments of G,,, we could use the following calculation,
where G, is generically denoted g and Z f Z is denoted :

/R3 du (g(xz —u) — g(y — u)) ¥ (u)
:/R3 dug(x—u)w(u)—/ dug(y — u) ¥ (u)

R (152)

- /R Cdig(a) (e~ i)~ | dig(a) vy - a))

RS
— / dig(a) (Y(z —a) — Py — ).
R3

Using this idea, it turns out that the integral on the right-hand side of (151)

is equal to
4

> T (@,y), (153)

i=1
where

Jin(z.y

)
¢ (154)
:/ ds/ du/ dv Gy, (s,u) Gp(s,v) hi(t,s,x,y,u,v),
0 RS R?

and

hl(t,s7:r,y,u,v):f(y—x—i—v—u)(Z(t—s,m—u)—Z(t—s,y—u))
X (Z(t—s,x—v)—Z(t—s,y—v),

ho(t,s,z,y,u,v)=Df(v—u,x —y)Z(t—s,x —u)
X (Z(t—s,x—v)—Z({t—s,y—v)),
(155)
hs(t,s,z,y,u,v)=Df(v—u,y—x)Z(t—s,y—v)
X (Z({t—s,x—u)—Z({t—s,y—u)),

ha(t,s,x,y,u,v) = —D*f(v—u,x—vy) Z(t—s,o—u) Z(t—s,r —u),
and we use the notation
Df(u,z) = f(u+z) — f(u),

. (156)
D*f(u,x) = flu—x)— 2 f(u) + flu+z).
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We can now estimate separately each of the four terms

(z a/2
Ti(t,0) = /dx/ W) (157)
(73

|ﬂq

The term T (t, 0). Set

pn(z,y) = sup / du R3dan(s,u)Gn(s,v)f(y—x+v—u)

s€[0,T] /JR3 (158)
= sup [l 7| F G ()0
s€[0,T] JR3
so that
sup pn(7,y) < +o0, (159)

n,T,y

since B < 2. Therefore, since G, (s,u) > 0, by Holder’s inequality,

E (1102 m)?)
< (T pn(,y)) %~

><E</ ds/ du/ dvGp(s,u) Gp(s,v) fly—z+v—u)
R3 R3
X|Z(t—s,2—u)—Z(t—s,y—u)?

1

X |Z(t—s,x—v)—Z(t—s,y—v)q/2>. (160)

Apply the Cauchy—Schwarz inequality with respect to the measure

dP dxdydsdudvGp(s,u) Gp(s,v) fly—x+v—u) (161)
to see that
Ti(t,0) < (TX'(t,60) T (¢, )", (162)
where
T)'(t, 0)

Ods/ﬁ x/{jdy/ du dan(s,u)Gn(s,v)f(y—m—i—v—u)

IZ@f&xfw Z(t—s,y—u)?)
|z — yl|Pa

; (163)

and there is an analogous expression for T'22(¢, €'). We note that for x € O,
when G,,(s,u) > 0 (resp. for y € €, when G, (s,v) > 0), x —u € ¢5(1+1/7)
(resp. y — u € 051+1/")) 5o
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TLl(t?ﬁ) S / dSE <||Z(t - S)Hp q, ﬁs(l{»l/n)) Sup ;u'n(‘ray)' (]‘64)

n,z,y

The same bound arises for the term T12(¢, &), so this gives the desired esti-
mate for this term.

We shall not discuss the terms T2(¢, ) and T2 (¢, ) here: the interested
reader may consult [5, Chapter 3], but we consider the term T(¢, 0).

The term T (t, 0). In order to bound T(¢, 0), we aim to bring the exponent
q/2 inside the ds du dv integral, in such a way that it only affects the Z factors

but not f.
Set
fin(
D? — — 165
= sup / du/ dv Gy (s,u) Gn(s,v)| fv U’Qx, vl (165)
s€[0,7] JR3 R3 |z — y|?°
We will show below that
sup pn(z,y) < C < +oo, (166)

n>1, x,yeO

which will turn out to require a quite interesting calculation. Assuming this
for the moment, let p = ¢/2. Then, by Hélder’s inequality,

E (|4n(e )P
o =y

< sup (pn(z /ds/ du/ dv Gy, (s,u) Gp(s,v) (167)
n,xr,y Rd R3

|D?f(v—u,z —y)|
X PR—E E(Zt—-s,x—uw)|P|Z(t—s,x—v)P).

This quantity must be integrated over & x &. We apply the Cauchy—Schwarz
inequality to the measure dsdudv(---)dP, and this leads to

t
Tﬁ(t,ﬁ) < sup (:un(mvy))p/o dsE (HZ(S)H%q(ﬁ(t—s)(l+1/n))) . (168)

n,T,y

This is the desired bound for this term.
It remains to check (166). The main difficulty is to bound the second-order
difference |D?f(v — u,z — y)|. We explain the main issues below.

Bounding symmetric differences

Let g : R — R. Suppose that we seek a bound on
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D?g(x,h) = g(z — h) = 2g(x) + g(z + h). (169)

Notice that if g is differentiable only once (g € C'), then the best that we can
do is essentially to write

[D?g(z, h)| < |g(z = h) = g(2)] + |g(z + h) — g()]

(170)
<ch.

On the other hand, if g is twice differentiable (g € C?), then we can do better:

|D?g(z,h)| < ch?. (171)

In the case of a Riesz kernel f(z) = |z|~7, z € R3, we can write
|D?f(u,x)| = ‘ |u — 917|_ﬁ — 2|u\_ﬁ + |u+x|_5’
< CIf"(w)] |2 (172)
=CulP72z)?.

Taking into account the definition of p,(z,y) in (165), this inequality leads
to the bound

(2, y)
—yl? 173
< sup (/ du/ dv G (s, u) Gn(s7v)|u—v|_(5+2)) LyL, (173)
s€[0,7] \JR? R? |z —y|?

However, the double integral converges to +00 as n — oo, since § 4+ 2 > 2.

Since differentiating once does not necessarily give the best bound possible
and differentiating twice gives a better exponent but with an infinite constant,
it is natural to want to differentiate a fractional number of times, namely just
under 2 — 3 times. If we “differentiate o times” and all goes well, then this
should give a bound of the form p,(x,y) < Clx — y|*, for a €]0,2 — G[. We
shall make this precise below.

Riesz potentials, their fractional integrals and Laplacians

Let o & 2p. We recall that

2 — 3 3
p<Tﬁ_6 and ﬁ:p+§, so a<2-p. (174)

The Riesz potential of a function ¢ : R* — R is defined by

_ 1 e(y) “
(o)) = /R SOy, a0 (175)

where v(a) = 7%/229T(a/2)/T(3(d — a)). Riesz potentials have many interest-
ing properties (see [17]), of which we mention the following:
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(1) Into(p) = I(Ip ) if a+ b €]0,d[. Further, I, can be seen as a “frac-
tional integral of order a,” in the sense that

FL)O) =700 F (= ) O = T5. (176)

(2) Our covariance function kg(z) = || =7 is a Riesz kernel. These kernels
have the following property:

| ot — /R dz gy — 2) 2|4+ (177)
— I (|17, (178)

aabth

This equality can be viewed as saying that |z| =9+ is derivative (or Lapla-

cian)” of |z|~%*9+b in the sense that
(7A)b/2 (|Z‘7d+a+b) _ |Z|7d+a ) (179)
Indeed, taking Fourier transforms, this equality becomes simply

€17 1170 = Jg| . (180)

Recall the notation

Df(u,y) = flu+y) — f(u). (181)
From (177), one can easily deduce (see [5, Lemma 2.6]) that

Dkq_oq_p(u,cz) = |c\b/ dw kq—q(u — cw) Dkqg_p(w , x), (182)
Rd
and
|D%kg—a_s(u, )| < |x\b/ dw kg—a(u — |z|w) D%kq_s (w : Hz|> . (183)
R4 x

Set b=a =2pand a = 3—a—f, where a+ 3 €]0,2[. Looking back to (165),
these two relations lead to the following estimate:

pin (2, y)

< / du/ dv Gp(s,u) Gp(s,v) |z —y|®
5€[OT] \fﬁ—y|°‘ R? R3

/ dwkoys(v —u— |y — z|w) x |D*k3_q (w,ﬁ)'
x
< sup (sup/ du/ dv Gp(s,u) Gp(s, )ka+ﬁ(vu|yx|w))
R3 R3

s€[0,T] \z,y,w
X sup/dw ‘Dng_a <w , ||x||>' . (184)
T T
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The double integral above is finite since a + § < 2. Indeed, taking Fourier
transforms, the shift —|y — z|w introduces a factor e?"1¥=*I* which is of no
consequence. The second integral is finite (and does not depend on z). For
this calculation, see [5, Lemma 2.6]. This proves Theorem 7.3. O

8 Holder-continuity in the 3-d wave equation

We consider the stochastic wave equation (113) for d = 3, driven by spatially
homogeneous Gaussian noise with covariance f(z) = |#|7#, where 0 < 3 < 2.

The main idea for checking Holder continuity of the solution is to go back
to the Picard iteration scheme that was used to construct the solution, start-
ing with a smooth function ug(¢,z) (whose smoothness depends only on the
regularity of the initial conditions), and then check that regularity is preserved
at each iteration step and passes to the limit. The details are carried out in
[5, Chapter 4]. The main result is the following.

Theorem 8.1. Assume the following three properties:

(a) the initial value vy is such that vo € C*(R3) and Avg is Hélder continuous
with exponent v1;

(b) the initial velocity ©g is Hoélder continuous with exponent vo;

(¢c) the nonlinearities o,b : R — R are Lipschitz continuous.

Then, for any q € [2,00[ and

9 _
a € Oa’yl/\’YQ/\Tﬁ ) (185)
there is C' > 0 such that for all (t,z),(s,y) € [0,T] x D,
E(lu(t,z) —u(s,y)|?) < C (|t — s + [z —y))* . (186)

In particular, (t,z) — u(t,x) has a Holder continuous version with exponent
o.

We observe that the presence of 1 Ay, in (185) can be interpreted by saying
that the (ir)regularity of the initial conditions limits the possible regularity
of the solution: there is no smoothing effect in the wave equation, contrary to
the heat equation.

We note that this result is sharp. Indeed, if we consider the linear wave
equation, in which we take 0 = 1 and b = 0 in (113), with vanishing initial
condition vy = ¥y = 0, then it is possible to show (see [5, Chapter 5] that

E (Ju(t,z) —u(t,y)*) = e1 | —y[>? (187)

and

E (Ju(t,z) —u(s,z)*) > c2 |t — 5?75, (188)
This implies in particular that ¢ — u(t,z) and x — u(t,x) are not y-Holder
continuous, for v > % (see [5, Chapter 5]).
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1 Introduction

The aim of these notes is to provide an introduction to the Malliavin calculus
and its application to the regularity of the solutions of a class of stochastic
partial differential equations. The Malliavin calculus is a differential calculus
on a Gaussian space which has been developed from the probabilistic proof by
Malliavin of Hérmander’s hypoellipticity theorem (see [8]). In the next section
we present an introduction to the Malliavin calculus, and we derive the main
properties of the derivative and divergence operators. Section 3 is devoted
to establish the main criteria for the existence and regularity of density for a
random variable in a Gaussian space.

The last two sections are devoted to discuss the applications of the Malli-
avin calculus to stochastic partial differential equations. First we consider a
one-dimensional heat equation driven by a space-time white noise on the time
interval [0, 1] with Dirichlet boundary conditions, and we show that for any
(t,z) € (0,00)x(0,1), the solution u(t, x) has an infinitely differentiable den-
sity if the coefficients are smooth and the diffusion coefficient is bounded away
from zero. The last section deals with a class of stochastic partial differential
equations perturbed by a Gaussian noise on [0, 00) x R¢ with homogeneous
spacial covariance, introduced by Dalang in [6]. We survey the results ob-
tained in some recent papers [13; 16; 17] on the regularity of the density for
the solution to this class of equations.

* Research supported in part by a grant from the National Science Foundation
number DMS-0604207.
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2 Malliavin calculus

The Malliavin calculus is an infinite dimensional calculus on a Gaussian space,
which is mainly applied to establish the regularity of the law of nonlinear
functionals of the underlying Gaussian process.

Suppose that H is a real separable Hilbert space with scalar product
denoted by (-,-)g. Consider a Gaussian family of random variables W =
{W(h),h € H} defined in a complete probability space (2,.%,P), with zero
mean and covariance

EW(r)W(g)) = (h,g)u- (1)

The mapping h — W (h) provides a linear isometry of H onto a closed sub-
space of Hy of L?(Q).

Ezample 2.1. (Brownian motion) If B = {B;,t > 0} is a Brownian motion,
we take H = L%([0, o)) and

W (h) = /OOO h(t)dB;. 2)

Ezample 2.2. (White noise) Suppose that H = L*(T, %, 1), where p is a o-
finite measure without atoms. In this case, for any set A € & with u(A) < oo
we make use of the notation W(A) = W(14). Then, A — W(A) is a Gaus-
sian measure with independent increments (Gaussian white noise). That is,
if Ay,...,A, are disjoint sets with finite measure, the random variables
W(Ay),...,W(A,) are independent, and for any A € £ with u(A4) < oo,
W(A) has the distribution N(0,pu(A)). Then, any square integrable ran-
dom variable F € L*(Q,.7,P) (assuming that the o-field .7 is generated
by {W(h)}) admits the following Wiener chaos expansion

o0

F=EF)+ Y I.(fn). (3)

n=1

In this formula f, is a symmetric function of L?(T") and I, denotes the
multiple stochastic integral introduced by It6 in [7]. In particular I (f) =
W (f1). Furthermore (see Exercise 2.18),

E(F?) = E(F)? + Y ol fullZ2(rn)- (4)
n=1
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2.1 Derivative operator

Let % denote the class of smooth and cylindrical random variables of the
form

where f belongs to Cp°(R™) (f and all its partial derivatives have polynomial
growth order), hq,...,h, are in H, and n > 1.
The derivative of F' is the H-valued random variable given by

pr=3 LW () o W ()i (6)

For example, D(W(h)) = h, and D(W(h)?) = 2W (h)h.
The following result is an integration-by-parts formula.

Proposition 2.3. Suppose that F is a smooth and cylindrical random variable
and h € H. Then
E((DF,h)r) = E(FW (h)). (7)

Proof. We can restrict the proof to the case where there exist orthonormal
elements of H, eq,...,e,, such that h = e; and

F=f(W(e1),...,W(en)), (8)

where f € Cp°(R"). Let ¢(x) denote the density of the standard normal
distribution on R", that is,

o) = (2m) "2 exp (—; Zﬁ) . ©

Then we have

BUDF 1) = (52 07(e))
= 97 x)o(x)dx
= f(@)p(x)z1dx
R'n.
= E(FW(e1)),
which completes the proof. a

Applying the previous result to a product F'G, we obtain the following
consequence.
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Proposition 2.4. Suppose that F and G are smooth and cylindrical random
variables, and h € H. Then we have

E(G(DF,h)y) = B(—~F(DG, h) s + FGW (). (11)

Proof. Use the formula D(FG) = FDG + GDF. O

The integration-by-parts formula (11) is a useful tool to show the closabil-
ity of the derivative operator. In this sense, we have the following result.

Proposition 2.5. The operator D is closable from LP(Q) to LP(Q; H) for any
p=>1

Proof. Let {Fn,N > 1} be a sequence of random variables in . such that
Fy converges to 0 in LP(2), and DFx converges to n in LP(§; H), as N tends
to infinity. Then, we claim that n = 0. Indeed, for any h € H and for any
random variable F' = f(W(hy), ,...... ,W(hy)) € & such that f and its
partial derivatives are bounded, and FW (h) is bounded, we have
E((n, h)nF) = Jim B(DFy,h)F)
= lim E(—Fn(DF,h)u + FxFW(h) (12)
=0.
This implies that n = 0. O

For any p > 1 we denote by D" the closure of . with respect to the
seminorm

1
1], = [B(FP) + E(DFIR)] . (13)
For p = 2, the space D2 is a Hilbert space with the scalar product

(F,G)12=E(FG)+E(DF ,DG)n). (14)

We can define the iteration of the operator D in such a way that for a random
variable F' € ., the iterated derivative D*F is a random variable with values
in H®*¥, For every p > 1 and any natural number k > 1 we introduce the
seminorm on . defined by

k 1/p
IFlkp = |E(FP)+ DY E(IDFlbe,)| (15)

j=1

We denote by D¥? the closure of .# with respect to the seminorm || - |-
For any k > 1 and p > ¢ we have D¥? c D*4. We set D™ = ﬁkka’p.
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Remark 2.6. The above definitions can be exended to Hilbert-space-valued
random variables. That is, if V is a separable Hilbert space, then D*?(V)
is the completion of the set # of V-valued smooth and cylindrical random
variables of the form F = Z;nzl Fjv;, Fy € &, v; € V, with respect to the
seminorm

1/p
k
1Fllkp = |BAFIL) + Y B (1D FIfeey) | (16)

Jj=1

The following result is the chain rule, and its proof is contained in Exercise
2.20.

Proposition 2.7. Let ¢ : R™ — R be a continuously differentiable function
with bounded partial derivatives, and fixp > 1. Suppose that F = (F,... F™)
is a random vector whose components belong to the space DYP. Then o(F) €
DYP and

D(e(F)) = 3 52 (F)DF" (1)

The following Holder inequality implies that D° is closed by multiplica-
tion. We refer to Watanabe [19] and Exercise 2.21 for its proof.

Proposition 2.8. Let F € D*?, G € D*9 for k> 1,1 < p,q < oo and let r
be such that p~t + ¢! =r~1. Then, FG € D*" and

IEGlkr < gk 1F Nl p Gl q - (18)

Consider now the white noise case, that is, H = L?(T, %, u). Then, the
derivative DF is a random element in L2(Q; H) ~ L?>(Q x T, @ %,P x p),
that is, it is a stochastic process parameterized by T, that we denote by

{D:F,t € T}. Suppose that F is a square integrable random variable having
an orthogonal Wiener chaos expansion of the form

F:E<F>+Zln(fn)’ (19)

where the kernels f,, are symmetric functions of L2(T"). The derivative D, F
can be easily computed using this expression.

Proposition 2.9. Let F € L?(Q) be a square integrable random variable with
a development of the form (19). Then F belongs to DY2 if and only if

n=1
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and in this case we have

DiF = " nly 1 (ful-1)). (21)
n=1

Proof. Suppose first that F' = I,(f,,), where f,, is a symmetric and elementary
function of the form

m
Fltnota) = Y iila, cena,, (o tn), (22)
i1yemin=1
where Ay, Ao, ..., A, are pair-wise disjoint sets with finite measure, and the
coeficients a;,...;, are zero if any two of the indices i1, ..., i, are equal. Then

> i, W(AL) 1, (8- W(A,)
=1

i=lin,... ’ (23)
=nlp—1(fn(-1)).
Then the result follows easily. O

The preceding proposition leads to an heuristic interpretation of the deriva-
tive operator on multiple stochastic integrals. Suppose that F' is a multiple
stochastic integral of the form I,,(f,), which can be denoted by

In(fn):L-~~Afn,(t1,...,tn)W(dt1)~~~W(dtn). (24)

Then, F belongs to the domain of the derivative operator and D F' is obtained
simply by removing one of the stochastic integrals, letting the variable ¢ be
free, and multiplying by the factor n.

We will make use of the following result.

Lemma 2.10. Let {F,,n > 1} be a sequence of random variables converging
to F' in LP(QY) for some p > 1. Suppose that sup,, || Fy|lkp < 00 for some
k> 1. Then, F belongs to D*P.

Proof. We do the proof only in the case p = 2, k = 1 and assuming that
we are in the white noise context. There exists a subsequence {Fn(k)7 k>1}
such that the sequence of derivatives DF}, ) converges in the weak topology of
L?(QxT) to some element o € L2(Q2xT). Then, for any h € H the projections
of (h, DFy,x)) # on any Wiener chaos converge in the weak topology of L?(Q),
as k tends to infinity, to those of (h, ) . Consequently, Proposition 2.9 implies
F € DY? and a = DF. Moreover, for any weakly convergent subsequence the
limit must be equal to a by the preceding argument, and this implies the weak
convergence of the whole sequence. O
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Proposition 2.11. Let F be a random variable of the space DV such that
DF =0. Then F = E(F).

Proof. In the white noise case, this proposition is obvious from the Wiener
chaos expansion of the derivative provided in Proposition 2.9. In the general
case the result is also true, even for random variables in D! (see [12]). O

Proposition 2.12. Let A € .%. Then the indicator function of A belongs to
D2 if and only if P(A) is equal to zero or one.

Proof. By the chain rule (Proposition 2.7) applied to a function ¢ € C§°(R),
which is equal to 22 on [0, 1], we have

D1,y = D(IA)2 =214D14 (25)

and, therefore, D14 = 0 because from the above equality we get that this
derivative is zero on A° and equal to twice its value on A. So, by Proposition
2.11 we obtain 14 = P(A4). O

2.2 Divergence operator

We denote by ¢ the adjoint of the operator D (divergence operator). That is,
§ is an unbounded operator on L?(£2; H) with values in L?(£2) such that:

(i) The domain of 4, denoted by Dom d, is the set of H-valued square inte-
grable random variables u € L?(Q; H) such that

[EQDE,uw) )| < e[ Fll2, (26)

for all FF € D%2, where c is some constant depending on u.
(ii) If u belongs to Dom &, then §(u) is the element of L?(2) characterized by
the duality relationship

E(Fo(u)) = E(DF,u) ) (27)

for any F € D2

Properties of the divergence

1. E(6(u)) =0 (take F' =1 in the duality formula (27)).

2. Suppose that v € Yy is an H-valued cylindrical and smooth random
variable of the form u = Z;;l F;h;, where the F; € &, and h; € H.
Then, Proposition 2.4 implies that © belongs to the domain of § and

n

S(u) =Y F;W(h;) = > (DFj,hy)p - (28)
j=1

Jj=1
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We will make use of the notation Dy F = (DF,h)g, for any h € H and
F e D2,
Three basic formulas

Suppose that u,v € Sy, F € ¥ and h € H. Then, if {e;} is a complete
orthonormal system in H:

E(6(w)é(v)) =E((u,v)g) +E (Z D, (u,e;) D, (v,ei>H) . (29)

Du(6(u)) = 8(Dou) + (hy ), (30)
§(Fu) = Fo(u) — (DF, u)s. (31)

Proof (of (30)). Assume u = >77_, Fjh;. Then

Dy,(5(w)) = Dy, (Zn:FW zn: (DF;, hj) )

Jj=1
=3 Fi(hhj)y+ Y (DuF;W(hy) — (Dn (DFy)  hy) )
; o
= (u, h) g + 6(Dpu).
This completes the proof. a

Proof (of (29)). Using the duality formula (27) and (30) yields
E(6(u)d(v))) = E((v, D(6(w))) )

5 (Z (v.e) Delw(u)))

=1

= (f) voeidy (u ei>H+6<Deiu>>> (33)

=E((u,v)y) +E (Z De; (u,€5) g De; <U’ei>H) .

Hence follows (29). O

Proof (of (31)). For any smooth random variable G € . we have

E (DG, Fu),) = E((u, D(FG) — GDF),,)
= E((8(w)F — (u, DF) ) G).

This verifies (31). O
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Remark 2.13. Property (29) implies the estimate

E (6(w)?) < B (lul;) + B (1Dulfran) = a2 (35)
As a consequence, DV2(H) C Dom 6.

Remark 2.14. Properties (29), (30) and (31) hold under more general condi-
tions:
1. u € DY2(H) for (29).
2. u € DY2(H) and Dpu belongs to Dom § for (30).
3. F e DY we Domd, Fue L*(Q; H), and F§(u) — (DF,u)y € L?() for
(31).
Consider the case of a Gaussian white noise H = L*(T, %, 1). The next
proposition tells us that the second summand in the right-hand side of formula
(31) cancels when F and u are independent.

Proposition 2.15. Fiz a set A € A with finite measure. Let Fac be the
o-field generated by the random wvariables {W(B),B C A°}. Suppose that
F € L2(2, Fac, P). Then F14 belongs to the domain of the divergence and

§(F1,) = FW(A). (36)

Proof. If F is a cylindrical and smooth random variable, then

§(F14) = FW(A) — (DF,14)p

— FW(A / Dy Fpu(dt) (37)
=FW(A
because D:F =0 if t € A. The general case follows easily. O

Consider the particular case T' = [0,00). Then B; = W(ljy) is a
Brownian motion. Let .%#; be the o-field generated by the random variables
{Bs,0 < s < t}. We say that a stochastic process {us,t > 0} is adapted if
for all t > 0 the random variable w; is .#; measurable. Then, the class L2 of
adapted stochastic processes such that E ( fooo u? dt) < oo is included in the
domain of the divergence and J(u) coincides with the It6 stochastic integral:

This is a consequence of Proposition 2.15 and the fact that the operator ¢ is
closed.

The following theorem is based on Meyer inequalities and it is a central
result in Malliavin Calculus. It tells us that the operator § can be extended
continuously from the space D*P(H) to the space D*~1? for all p > 1 and
k > 1. We refer to Watanabe [20] and Nualart [12, Proposition 1.5.7] for its
proof.
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Theorem 2.16. The operator § is continuous from D*P(H) into D*~1P for
allp>1 and k > 1. That is,

16(u)llk—1.p < Cr.pllullr,p- (39)

In the particular case k = 1, the p norm of the divergence §(u) can be
dominated by ||ul|1,p. Actually, this domination can be made more precise as
it is shown in the next proposition (see [12] for the proof).

Proposition 2.17. Let u be an element of DYP(H), p > 1. Then we have

16, < e (IE@) L + 1Dul o oo ) - (40)

Exercise 2.18. Show Equation (4). Hint: Use the orthogonality of multiple
stochastic integrals of different order and the variance formula (see It6 [7]):

E(Ly(fa)In(gn)) = 7! fn, gn) 2(7n), for all n > 0.

Exercise 2.19. Show that if H = R", then the spaces D*? can be identified
as weighted Sobolev spaces of functions on R™ such that that together with
their k£ first partial derivatives have moments of order p with respect to the
standard normal law.

Exercise 2.20. Prove Proposition 2.7. Hint: Approximate the components
of the random vector F' by smooth and cylindrical random variables and the
function ¢ by ¢ * 1,,, where 1, is an approximation of the identity.

Exercise 2.21. Prove Proposition 2.8.

Exercise 2.22. Let ' € D2 be given by the expansion F' = E(F) +
Yoo i In(fn). Show that for all k > 1,

Df W F=> nn=1)(n—k+ Dl p(fal-,t1,.. . t)), (41)
n=~k
and
o~ (n)?
E (ID"Fllf ) = > el (42)

Exercise 2.23 (Stroock’s formula, see Stroock [18]). Suppose that F =
E(F) + Y02, I,(fn) is a random variable belonging to the space D>? =
NxD*2. Show that f, = E(D"F)/n! for every n > 1.
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Exercise 2.24. Let F = exp(W (h) — 5 [, h2u(ds)), h € L*(T). Show that
the iterated derivatives of F' are given by
Dy, 4 F=Fh(ty)---h(t,). (43)
Using Exercise 2.23, show that the kernels of the expansion of F' into the
Wiener chaos are fi(t1,...,tn) = rh(t1) - h(ty).

Exercise 2.25. Let F' € D2 be a random variable such that E(|F|~2) < oco.
Then P{F' > 0} is zero or one.

Exercise 2.26. Suppose that H = L?(T). Let 6* be the adjoint of the oper-
ator D*. That is, a multiparameter process u € L?(Q x T*) belongs to the
domain of §* if and only if there exists a random variable 6% (u) such that

E (F&*(u)) =E ((u, D*F) 12 (xy) (44)
for all F' € D*2. Show that a process u € L?(Q x T*) with an expansion
uy :E(ut)+§:ln(fn(~,t)), teT", (45)
n=1
belongs to the domain of 6* if and only if the series
= [ B ai+ 3 hath) (16)
n=1

converges in L?({2). For more details, see Nualart and Zakai [14].

Exercise 2.27. Let {W,;,t € [0, 1]} be a one-dimensional Brownian motion.
Using Exercise 2.23 find the Wiener chaos expansion of the random variables

1 1
= / (tBWtB + 2tWt2) AWy, Fy = / te"rdw,. (47)
0 0

Answer: The kernels of the Wiener chaos expansion of F; are
fi(t1) =26

3
fg(tl,tg) = 5 max(tl,t2)3
2
f3(t1,t2, t3) = max(t1,t2,t3)% + 3 max(ti,t2,t3)
1
f4(tlat23t3at4) = Zmax(tlat23t3;t4)3a
and those of Iy are

1 1 e
faltnotn) = —max(ty, ...ty )es M),
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3 Application of Malliavin calculus to regularity of
probability laws

The integration-by-parts formula leads to the following explicit expression for
the density of a one-dimensional random variable.

Proposition 3.1. Let F be a random variable in the space DY2. Suppose that
DF/||DF|j% belongs to the domain of the operator & in L*(Q). Then the law
of F has a continuous and bounded density given by

) =B |11s0pd (Hffll{)] . (48)

P'roof Let 1 be a nonnegative smooth function with compact support, and
set (y) = [?__ 1(2)dz. We know that ¢(F) belongs to D2, and making the
scalar product of 1ts derivative with DF’ yields

(D(p(F)), DF)ir = 4(F)| DF /3. (49)

Using the duality formula (27) we obtain

E[)(F)] = E KDW(F” ! ||DDZf||%>H]

= (o, )|

By an approximation argument, Equation (50) holds for ¥ (y) = 11,4 (y),
where a < b. As a consequence, we apply Fubini’s theorem to get

(/ v dﬁ”) (or75)
- / e

which implies the desired result. a

(50)

Pla<F<b) =

(51)

Notice that Equation (48) still holds under the hypotheses F' € D'? and
DF/||DF||% € D" (H) for some p,p’ > 1.

From expression (48) we can deduce estimates for the density. Fix p and
g such that p~! + ¢~ ! = 1. By Holder’s inequality we obtain

6( DF )
DF )|,

In the same way, taking into account the relation E[6(DF/||DF||%)] = 0 we
can deduce the inequality

p(x) < (P(F > 2))"/* (52)
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DF
< 1/q
ple) < (P(F < 2))"/7ls (”DF”% ) (53)
p
As a consequence, we obtain
DF
< 1/q
pl@) < (P(F| > |al)/? | (HDF”%{ ) R (54)

for all x € R. Now using the LP(2) estimate of the operator ¢ established in
Proposition 2.17 we obtain

I ( 2l

(55)
<o (= (), * I° (o)
IDF|% IDFNE ) oo )
We have
DF D2F D?F,DF @ DF
o (15 ) - o rad TR
IDF||% IDF||F | DF|[3
and, hence,
DF 3||D*F
()l Mo
IDFIE ) | ren I DF||%

Finally, from the inequalities (54), (55) and (57) we deduce the following
estimate.

Proposition 3.2. Let g, o, 3 be three positive real numbers such that ¢~ +
a !+ 37! = 1. Let F be a random variable in the space D>, such that
E(||DF||;12’B) < 00. Then the density p(x) of F' can be estimated as follows

p(x) < cqap (P(F] > |2]))"/

< (BUDFIZ + 10°Fl o [IDFI] )

Suppose now that F' = (F',...,F™) is a random vector whose com-
ponents belong to the space DV!'. We associate to F the following random
symmetric nonnegative definite matrix:

v = ((DF", DFY g ) 1< j<m. (59)

This matrix will be called the Malliavin matrix of the random vector F. The
basic condition for the absolute continuity of the law of F' will be that the
matrix g is invertible a.s. In this sense we have the following criterion which
was proved by Bouleau and Hirsch (see [2]) using techniques of geometric
measure theory.
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Theorem 3.3. Let F = (F,...,F™) be a random vector verifying the fol-
lowing conditions:

(i) FfF e D2 foralli=1,....,m .
(ii) The matriz vr safistifes det yp > 0 almost surely.

Then the law of F is absolutely continuous with respect to the Lebesgue
measure on R™.

Condition (i) in Theorem 3.3 implies that the measure (det(yg)-P)oF =1 is
absolutely continuous with respect to the Lebesgue measure on R™. In other
words, the random vector F' has an absolutely continuous law conditioned by
the set {det(yr) > 0}; that is,

P{F € B,det(yp) > 0} =0 (60)

for any Borel subset B of R™ of zero Lebesgue measure.
The regularity of the density requires under stronger conditions, and for
this we introduce the following definition.

Definition 3.4. We say that a random vector F = (F*',... F™) is nonde-
generate if it satisfies the following conditions:

(i) F1 € D™ for alli=1,...,m.
(ii) The matriz vr satisfies E[(detyp)™P] < 0o for all p > 2.

Using the techniques of Malliavin calculus we will establish the following
general criterion for the smoothness of densities.

Theorem 3.5. Let F = (F',..., F™) be a nondegenerate random vector in
the sense of Definition 3.4. Then the law of F' possesses an infinitely differ-
entiable density.

In order to prove Theorem 3.5 we need some technical results. Set 9; =
0/0z;, and for any multiindex « € {1,...,m}*, k > 1, we denote by 9, the
partial derivative 9 /(0z4, - -+ 024, )-

Let v be an m x m random matrix that is invertible a.s., and whose
components belong to D for all p > 2. Denote by A(y) the adjoint matrix
of 7. Applying the derivative operator to the expression A(vy)vy = det vI, where
I is the identity matrix, we obtain

D(dety)I = D(A(7))y + A(v)D~, (61)

which implies
D(A(7)) = D(det )y~ — A(y)Dyy ™. (62)
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Lemma 3.6. Suppose that v is an m X m random matriz that is invertible
a.s. and such that |dety|~" € LP(Q) for all p > 1. Suppose that the entries

¥9 of v are in D>®. Then (7’1)” belongs to D> for all i,j, and

. m

D (7—1)w _ Z (7—1)% (7—1)11’ DyM. (63)

k=1

Proof. First notice that the event {dety > 0} has probability zero or one (see
Exercise 2.25). We will assume that det~y > 0 a.s. For any € > 0 define

vl = (dety +€) T A(7). (64)

Note that (det~y + €)~! belongs to D> because it can be expressed as the
composition of dety with a function in Cp°(R). Therefore, the entries of
7! belong to D*°. Furthermore, for any i, 7, (’ye’l)” converges in LP(§2) to

(’yfl)ij as € tends to zero. Then, in order to check that the entries of y~!

belong to D, it suffices to show (taking into account Lemma 2.10) that the
iterated derivatives of (76_ 1)” are bounded in LP(2), uniformly with respect
to €, for any p > 1. This boundedness in LP(2) holds from Leibnitz rule
for the operator D¥, because (det~y)y~! belongs to D>, and the fact that
(dety 4+ €)' has bounded || - ||, norms for all k, p, due to our hypotheses.
Finally, from (64) we deduce (63) by first applying the derivative operator
D using (62), and then letting € tend to zero. O

Proposition 3.7. Let F = (F*,...,F™) be a nondegenerate random vector.
Let G € D> and let ¢ be a function in the space C;°(R™). Then for any
multiindez o € {1,...,m}*, k > 1, there exists an element H,(F ,G) € D*®
such that

E[0.¢(F)G| = E[p(F)Ha(F,G)], (65)
where the elements Hy(F ,G) are recursively given by
H(F,G) =36 (G (7)) DFY), (66)
j=1
Ha(F ) G) = H(th (Fa H(al,.“,akfl)(F K G)) (67)

Proof. By the chain rule (Proposition 2.7) we have

Dip(F)(DF*, DF7)

I

©
Il
=

(D(p(F)), DF’ )y =
(68)

I

©
I
A
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and, consequently,

0ip(F) =Y (D(p(F), DF?) i (v")”". (69)

j=1
Taking expectations and using the duality relationship (27) between the
derivative and the divergence operators we get

E[0ip(F)G] = E [p(F)H;) (F,G)], (70)

where H(;) equals to the right-hand side of Equation (66). Notice that the
continuity of the operator § (Theorem 2.16), and Lemma 3.6 imply that H ;)
belongs to D*. Equation (67) follows by recurrence. O

As a consequence, there exist constants 3, v > 1 and integers n, m such
that
1Hao(F, G)ll, < epq [[det vzt 15 IDEI NG, - (71)

Proof (Theorem 3.5). Equality (65) applied to the multiindex o = (1,2,...,m)
yields

E[GOap(F)] = E[p(F)Ha(F , G)]. (72)
Notice that
Fl Fm
F)= / - / Onp(z) dx. (73)
Hence, by Fubini’s theorem we can write
E[GOyp(F)] = - 9ap(2)E [1{pssy Ho(F ,G)| dx. (74)

We can take as 0, any function in C§°(R™). Then Equation (74) implies
that the random vector F' has a density given by

p(x) =E [1{F>x}Ho¢(Fa 1)] . (75)
Moreover, for any multiindex 5 we have
E[0300¢(F)] = Elp(F)Ha(F, Ho(F,1)))]
(76)
O (2)E [1(psay Hp(Hy)] da.

m

Hence, for any £ € Cg°(R™

Op(x)p(x)de = | &(2)E [1psey Ho(F, Ha(F,1))] da. (77)
Therefore p(x) is infinitely differentiable, and for any multiindex 5 we have
Opp() = (~1)°IE [Lipsay Ha(F, (Ha(F, 1)] (78)

This completes the proof. a
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3.1 Properties of the support of the law

The Malliavin calculus is also useful to derive properties of the topological
support of the law of a random variable. We will illustrate this application in
this section. Given a random vector F': 2 — R™, the topological support of
the law of F' is defined as the set of points x € R™ such that P(jJx—F| <¢) >0
for all € > 0. The support is a closed set because clearly its complement is
open. On the other hand, the support of the law of F' coincides with the
intersection of all closed sets C' in R™ such that P(F € C) = 1.

The following result asserts the connectivity property of the support of a
smooth random vector.

Proposition 3.8. Let F = (F*,...,F™) be a random vector whose compo-
nents belong to DV2. Then, the topological support of the law of F is a closed
connected subset of R™.

Proof. If the support of F' is not connected, it can be decomposed as the union
of two nonempty disjoint closed sets A and B. For each integer M > 2 let
Y R™ — R be an infinitely differentiable function such that 0 < ¢y, <1,
Yau(x) =0if |z| > M, Yy (x) = 11if |2 < M —1, and sup,, , |[Vou ()| < oo.
Set Ayy = AN {|z| < M} and By, = BN {|z| < M}. For M large enough
we have Ay # O and Bys # @, and there exists an infinitely differentiable
function fj; such that 0 < fy; < 1, far = 1 in a neighborhood of Ay, and
fu = 0 in a neighborhood of Bjs. The sequence (fatar)(F) converges a.s.
and in L?(Q) to 1{peay as M tends to infinity. On the other hand, we have

D[(faba)(F) =) [(bm0ifar)(F)DF' + (far0s3ar ) (F)DF']

I

N
Il
-

(fm0n)(F)DF".

I
NE

s
I
—

Hence,

sup [|D [(Fartonn) ()] < ZS}\I}D 0:atllog || DF € LX) (79)
=1

By Lemma 2.10 we get that 1pe a3 belongs to D2, and by Proposition 2.12
this is contradictory because 0 < P(F € A) < 1. O

As a consequence, the support of the law of a random variable F' € D12
is a closed interval. On the other hand, a random variable F' which takes only
finitely many different values has a disconnected support, and, therefore, it
cannot belong to D2,

The next result provides sufficient conditions for the density of F' to be
nonzero in the interior of the support.
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Proposition 3.9. Let F € D'?, p > 2, and suppose that F possesses a
density p(x) which is locally Lipschitz in the interior of the support of the law
of F. Let a be a point in the interior of the support of the law of F. Then
p(a) > 0.

Proof. Suppose p(a) = 0. Set r = 2p/(p + 2) > 1. From Proposition 2.12 we
know that 1ipsqy & D" because 0 < P(F > a) < 1. Fix € > 0 and set

S|
SDF(I) = / 2761[(1—6,&-'1-6] (y) dy (80)
Then ¢ (F) converges to 1ips,y in L"(€2) as € | 0. Moreover, ¢ (F) € D"
and

D(¢e(F)) = - Ta-cusa (F)DF. (51)

We have
E (ID(pe(F)7)

9 5 a+e p/(p+2) (82)
< @UPFIE" " (o [ pods)

a—e

The local Lipschitz property of p implies that p(z) < K|z — al, and we obtain
E(ID(ee(F)Il5r) < (E(IDF|[5) " 27 KP/@+2), (83)
By Lemma 2.10 this implies 1{p~q) € D7, resulting in a contradiction. O

The following example shows that, unlike the one-dimensional case, in
dimension m > 1 the density of a nondegenerate random vector may vanish
in the interior of the support.

FEzxzample 3.10. Let hy; and ho be two orthonormal elements of H. Define X =
(X1,X3), X1 = arctan W (hy), and Xy = arctan W (hgy). Then, X; € D> and

DX; = (1+W(hy)*) " hi, (84)

fori=1,2, and
detyx = [(1+ W (h))(1+ W(ho)?)] . (85)
The support of the law of the random vector X is the rectangle [f% , g]z,

and the density of X is strictly positive in the interior of the support. Now
consider the vector Y = (Y7,Y3) given by

3
Y, = <X1 + ;) cos (2Xy +7),

3
Y, = (Xl + 2”) sin (2X5 + 7).
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We have that Y; € D* for i = 1,2, and

3m
2

2
detyy =4 (X1 + ) [(1+ W (h)3) (1 + W(hy)®)] > (86)
This implies that Y is a nondegenerate random vector. Its support is the set
{(z,y) : #* < 2? + y? < 472}, and the density of Y vanishes on the points

(z,y) in the support such that —27 <y < —7 and y = 0.
Exercise 3.11. Prove Proposition 3.2.

Exercise 3.12. Show that if F' € D?* satisfies E(||DF|~%) < oo, then
DF/||DF|]? € Dom ¢ and

5( DF ) §(DF)  _(DF & DF,D*F)pon

— 9 . (87)
IDF|% IDF|% IDF|4

Exercise 3.13. Let F be a random variable in D2 such that G, DF/||DF||%
belongs to Dom § for any k£ = 0,...,n, where Gy = 1 and

DF
=5 (617577 -

if 1 <k <n+ 1. Show that F' has a density of class C™ and
f®(2) = (-1)*E [1(F>0yGrtr] (89)
0<k<n.

Exercise 3.14. Set M; = fg u(s) dWs, where W = {W(t),t € [0,T]} is a
Brownian motion and u = {u(t),t € [0,7]} is an adapted process such that

|u(t)| > p > 0 for some constant p, E (fOTu(t)2 dt) < 00, u(t) € D*2 for each
t € [0,7], and

T p/2

A:= sup E(|Dsw|?)+ sup E / |D? Sut|p dt < oo, (90)
5,t€[0,T] r,5€[0,T) 0 '

for some p > 3. Show that the density of M;, denoted by p;(x) satisfies

pi(@) < ZP(Mi] > [a])i, (91)

7

for all ¢ > 0, where ¢ > p/(p — 3) and the constant ¢ depends on A, p and p.
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Exercise 3.15. Let ' € D3% a > 4, be a random variable such that
E(|DF|4) < oo for all p > 2. Show that the density p(z) of F is con-
tinuously differentiable, and compute p'(z).

Exercise 3.16. Show that the random variable F' = fol t? arctan(W;) dt,
where W is a Brownian motion, has a C*° density.

Exercise 3.17. Let W = {W(s,t),(s,t) € [0,00)?} be a two-parameter
Wiener process. That is, W is a zero mean Gaussian field with covariance

E(W(s, W (s, 1) = (s As')(EAL). (92)

Show that F' = sup(, ;)12 W(s,t) has an absolutely continuous distribu-
tion. Show also that the density of F is strictly positive in (0, 400).

4 Stochastic heat equation

Suppose that W = {W(A),A € B(R?),|A| < oo} is a Gaussian family of

random variables with zero mean and covariance
E(W(A)W(B)) =|AN B|. (93)

That is, W is a Gaussian white noise on the plane. Then, if we set W (t,z) =
W([0,t] x [0,2]), for t,z > 0, W = {W(t,z),(t,z) € [0,00)?} is a two-
parameter Wiener process (see Exercise 3.17).

For each t > 0 we will denote by %#; the o-field generated by the random
variables {W (s, x),s € [0,t],z > 0} and the P-null sets. We say that a random
field {u(t,z),t > 0,2 > 0)} is adapted if for all (¢,z) the random variable
u(t,x) is F-measurable.

Consider the following stochastic partial differential equation on [0, c0) x
[0,1]:

ou  0%u 0?W
= 4
= blult @) + ou(t @) s (94
with initial condition u(0,x) = wg(x), and Dirichlet boundary conditions

u(t,0) = u(t,1) = 0. We will assume that uy € C([0,1]) satisfies uo(0) =
UQ(I) =0.

Equation (94) is formal because the derivative 9?W/(9tdx) does not exist,
and we will replace it by the following integral equation:

u(t, ) / Gz, y)uo(y )dy+/ / Gi—s(x,y)b(u(s,y)) dyds

t//auxy ul(s ,y)) W(dy, ds),

(95)
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where G¢(z ,y) is the fundamental solution of the heat equation on [0, 1] with
Dirichlet boundary conditions:
oG 9*°G
-7 e =0.(y). 96
ot ayg ) O(x7y) -K(y) ( )

The kernel G¢(z,y) has the following explicit formula:

_exp<_@+l'4t2n>2)},

On the other hand, G¢(z,y) coincides with the probability density at point y
of a Brownian motion with variance 2t starting at = and killed if it leaves the
interval [0, 1]:

d
Gi(z,y) = @EI{Bt €dy,Bs €(0,1) Vse[0,t]}. (98)

This implies that

Gi(z,y) < —x_yP). (99)

1
ex
VAart P ( 4t

Therefore, for any 5 > 0 we have

1
/ Gi(z,y)’ dy < (47rt)_6/2/ e Plel*/(4) gg — Cptt=P)/2, (100)
0 R

The solution in the the particular case ug =0,b=10, 0 =1 is

u(t,x):/o /0 Gi—s(x,y) W(ds,dy). (101)

This stochastic integral exists and it is a Gaussian centered random variable
with variance

t 1 t
/ / Gi_s(x,y)dyds = / Gas(z,x)ds < 00, (102)
0 Jo 0

because (99) implies that Go,(z,2) < Cs~/2. Notice that in dimension d > 2,
Gas(x,x) ~ Cs™! and the variance is infinite. For this reason, the study of
space-time white noise driven parabolic equations is restricted to the one-
dimensional case.

The following well-known result asserts that Equation (95) has a unique
solution if the coefficients are Lipschitz continuous (see Walsh [19, Theorem
3.2], and Theorem 6.4 in the first chapter).
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Theorem 4.1. Suppose that the coefficients b and o are globally Lipschitz
functions. Let ug € C([0,1]) be such that ug(0) = ug(1l) = 0. Then there is a
unique adapted process u = {u(t,x),t > 0,2 € [0, 1]} such that for all T >0

T 1 ,
E (/0 /0 u(t, ) dxdt) < 00, (103)

and satisfies (95). Moreover, the solution u satisfies

sup E (Ju(t,z)|?) < oo. (104)
(t,z)€[0,T]x][0,1]

Furthermore, one can obtain the following moment estimates for the incre-
ments of the solution (see Walsh [19, Corollary 3.4], Nualart [12, Proposition
2.4.3], and Theorem 6.7 in the first chapter):

E(Jut, ) = uls, y)I") < Cry (Jt = 5|0 4 o = | @=/2) - (105)

for all s,t € [0,T], z,y € [0,1], p > 2, assuming the that initial condition is
Holder continuous of order % As a consequence, for any € > 0 the trajectories
of the process u(t,z) are Holder continuous of order 1 — € in the variable ¢
and Holder continuous of order % — € in the variable z.

4.1 Regularity of the probability law of the solution

The aim of this section is to show that under a suitable nondegeneracy
condition on the coefficient o, the solution u(t,x) of Equation (95) has a
regular density. First we will discuss the differentiability in the sense of
Malliavin calculus of the random variable u(¢,z), and we will show that it
belongs to the space D™P for all p. Here the underlying Hilbert space is
H = L*([0,00) x [0,1]), and the derivative of a random variable F' € D' is
a two-parameter stochastic process {D; ,F, (s,y) € [0,00) x [0, 1]}.

Remark 4.2. Consider an adapted stochastic process v = {v(t,x),(t,x) €

[0,00) x [0,1]} satisfying E( f;~ fo 2dz dt) < co. Then, v belongs to
the domain of the dlvergence operator and 0(v) equals to the It6 stochastic

integral [, fo W (dt,dx).

Proposition 4.3. Let b and o be C! functions with bounded derivatives.
Then, for all p > 2, u(t,z) € DY, and the derivative Dy yu(t, ) satisfies

Dy yu(t,z) = Gi_s(z,y)o(u(s,y))

//Gt (@, 2) (u(r, 2)) Dy yu(r,z)dzdr  (106)
+/s /0 Gi—r(x,2)0" (u(r, 2)) Dy yu(r, 2) W(dr, dz)
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if s <t, and Dsu(t,z) =0 if s > t. Moreover, for allt € [0,T], we have

sup  E(|D(r,2)|}) < Crpt"*. (107)
(r,z)€[0,t]x[0,1]

Furthermore, if the coefficients b and o are infinitely differentiable with
bounded derivatives of all orders, then u(t,x) belongs to the space D>.

Notice that for each fixed (s,y), {Dsyu(t,x),t > s} is the solution of the
stochastic heat equation

0D; ,u 82D5’ u O*W
aty - 6x2y + V' (u) Dy yu + "I(“)sty“atam

(108)

on [s,00) x [0,1], with Dirichlet boundary conditions and initial condition
(s, 1) (& — ).

On the other hand, if the coefficients are Lipschitz continuous it is also
true that wu(t,z) belongs to the space D' for all p > 2, and Equation (106)
holds but replacing b’ (u(t, z)) and o’ (u(t,z)) by some bounded and adapted
processes.

Proof. Consider the Picard iteration scheme defined by

1
un(t, ) = / Gl y)uoly) dy (109)

and

t el
un+1(t,x):u0(t,x)+/0 /0 Gi—r(x,2)b(un(r, 2)) dzdr
(110)

t 1
—|—/ / Gi—r(z,2)0(un(r, 2)) W(dz,dr),
0o Jo
n > 0. It holds that u,(t,z) converges in LP to u(t,z) for all p > 2, and

sup  sup  E(fu(t,a)|”) < oo, (111)
n  (t,z)€[0,7]x[0,1]

Fix a time interval [0, T']. Suppose that for all (¢,z) € [0,T]x[0,1] and p > 2
we have u, (t,r) € D and

Vo(t) := sup E l(/ot /01 |Ds yun(t,z)? dyds)pﬂ] < 0. (112)

z€[0,1]

By Remark 4.2, the It6 stochastic integral

//Gt,r(;v,z)o(un(r,z))W(dz,dr) (113)
o Jo
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coincides with the divergence of the adapted stochastic process
{Gi—r(z,2)0(un(r,2))1o4(r), (r,2) € [0,00) x [0,1]}. (114)

As a consequence, we can compute the derivative of this stochastic integral
using property (30) and we obtain for s < ¢

D, (/t /1 GtT(x,z)a(un(r,z))W(dz,dr))

= Gi_s(z,y)o(un(s,y)) (115)

/ / Gor(,2)0" (un(r, 2)) Dy ytin (r , 2) W (dr , dz).

Notice that the stochastic integral in the right-hand side of Equation (115)
vanishes if r < s, because u(r, z) is .%,-measurable.

Hence, applying the operator D to Eq. (110), and using that u,(t,z) €
DU? and (112), we obtain that u,1(¢,z) € D*? and that

D yunta(t, )
= Gis(z,y)o(un(s,y))

/ / Gir(z, 2)V (un(r, 2)) Dy ytin(r, 2) dz dr (116)
- / /0 Gi_r(2,2)0" (un (7, 2)) Dy yun (1, 2) W(dr , dz).

By Hélder’s inequality, (100) and (111) we obtain

(/ / Grs(, )"0 (un(s,y))* dy d8>p/2]

g(/ /Olct_sm,ymyds)m wp  E(olut.o)f)

(t,z)€[0,T]x]0,1]

E

S Cl tp/4a

for some constant C7; > 0. On the other hand, Burkholder’s inequality for
Hilbert-space-valued stochastic integrals, and Holder inequality yield
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</Ot/01 (/t /01 Gtr(x,z)a’(un(r,z))Ds,yun(r,z)W(dr,dz))2 dyds>p/2
<k [(/Ot/ol/o /01 Gr_p(2,2)20" (un(r , 2))? | Dy ytin(r , 2)|* dydsdzdr)pm]
(/Ot/oth—r(%Z)Q (/OT /01 1Dy ytin(r, 2)[? dyds) dzdr)pm]

t pl (p/2)-1
el ([ [ Gortaspazar)
o Jo
t ol ropl p/2
x//Gt,r(x,z)QE (/ / |D57yun(r,z)\2 dyds> ]drdz. (118)
o Jo o Jo

A similar estimate can be obtained for the second summand in the right-hand
side of Equation (116). Then, from (117) and (118) we obtain

t pl p/2
(// |Ds7yun+1(t,x)2dyds>
0o Jo
Lot r ol p/2
<0, tp/4+t1—§//Gt,r(x,z)2E (/ / |Ds,yun(r,z)|2 dyds) drdz | .
o Jo 0o Jo
2 1 ¢ 1 T L p/2
< Oy tp/4+t1—§/(t—r)_§ sup E (/ / |D3,yun(r,z)|2 dyds> dr | .
0 z€[0,1] o Jo

Then, using (112) we get

<o’ B

E

Vi (t) < Cs (t”/4+t4—%/ Vo (0)(t — 6)~ 1d0>

<o (tp/4+t4é// (W)t 6) é(au)éduw)

<Cs (tp/4+ti_%/ V.,_1(u) du> < oo.
0

By iteration this implies that

Vi (t) < CtP/4, (119

—

)
where the constant C' does not depend on n. Taking into account that w, (¢, )
converges to u(t,z) in LP(Q) for all p > 2, we deduce that u(t,z) € D"P,
and Du,(t,x) converges to Du(t,z) in the weak topology of LP(2; H) (see

Lemma 2.10). Finally, applying the operator D to both members of Eq. (95),
we deduce the desired result. O
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In order to show the existence of negative moments, we will make use of
the following lemma.

Lemma 4.4. Let F be a nonnegative random variable. Then, E(F~P) < oo
for all p > 2 if an only if for all ¢ > 2 there exists an €o(q) > 0 such that for
P(F <€) < Ce4, for alle < gy.

We can now state and prove the following result on the regularity of the
density of the random variable u(t,x).

Theorem 4.5. Assume that the coefficients b and o are infinitely differen-
tiable functions with bounded derivatives. Suppose that ug is a Hdolder con-
tinuous function of order % which satisfies the Dirichlet boundary conditions.
Then, if |o(r)] > ¢ >0 for allr € R, u(t,x) has a C> density for all (t,x)

such that t >0 and x € (0,1).

Proof. From the general criterion for smoothness of densities (see Theorem
3.5), it suffices to show that E(WJ(’Z m)) < oo for all p > 2, where 7, ) denote

the Malliavin matrix of the random variable u(t,z). By Lemma 4.4 it is
enough to show that for any ¢ > 2 there exists an ¢(q) > 0 such that for all
e<e¢og

p (/Ot /01 (Dy yult,x))* dyds < 5) < el (120)

We fix § > 0 sufficiently small and write

/Ot/o1 (D, yult,2))? dyds

Lot (121)
=3 /t_é/o |Ge—s(a,y)o(u(s, )|* dyds — I,
where
Iﬁ:/t—é/o /é /0 Gi—r(w,2)0’ (u(r, 2))Ds yu(r, z) W(dr, dz) -

t 1
+/ / Gir(x,2)b (u(r, 2))Ds yu(r,z)dzdr| dyds.
s JO

Using (97) yields

t 1 t 1
/ / Gos(e y)o(uls ) dyds > & / / G2 (w,y) dyds
—6J0 t—5 JO

t
5
202/ Gaos(z, ) ds (123)
0
2
© Vs

Ver

Y
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Hence,

p (/Ot/o1 (Dsyult,2))? dyds < s>

2
<P Lz =Vi-e 124
- ( °= Var ) (124)
c? N P )
< | —=vVvd—c¢ E (|15]"),
N (\/ﬂ ) (15]")
for any p > 0. The term I5 can be bounded by 2(Is1 + I5,2), where
foa (125)
t 1 t 1l 5
:/ / / / Gir(w,2)0" (u(r, 2)) Dy yu(r, z) W(dr dz)| dyds,
t—6 JO s JO
and
Iso
S 2 (126)
:/ / / / Gir(z, 2)0 (u(r, 2))Dsyu(r, z)dzdr| dyds.
t—86 JO0 s JO

Therefore, by Burkholder’s inequality for Hilbert-space-valued stochastic in-
tegrals with respect to two-parameter processes and Holder’s inequality we
obtain

E(|151]")

<cE

(/:6/01/:/01 [Gy_r(z,2)0" (u(r , 2)) Dy yu(r, )] dzdrdyds)p]

5 1 p
< e o7, (/ / Gr(x,Z)?dzdr) aw  E(IDE )

€[0,6]x[0,1]
5 p
< O, 0’|, (/ Gop (2, ) dr) 5P/
0

< C§®/2+@/1) (127)

As a consequence, choosing § = 4re?/c* and using (124) and (127) yields

t 1
P (/ / (Dsyu(t,z)? dyds < s) < CeP/?, (128)
0 JO

which allows us to conclude the proof. a

In [15]) Pardoux and Zhang proved that u(¢,2) has an absolutely continu-
ous distribution for all (¢,z) such that ¢t > 0 and « € (0, 1), if the coefficients
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b and o are Lipschitz continuous and o(ug(y)) # 0 for some y € (0,1). The
regularity of the density under this more general nondegeneracy assumption
is an open problem.

Bally and Pardoux considered in [3] the Equation (95) with Neumann
boundary conditions on [0, 1], assuming that the coefficients b and o are in-
finitely differentiable functions, which are bounded together with their deriva-
tives. The main result of this paper says that the law of any vector of the
form (u(t,z1),...,u(t,zq)), 0 < z; < -+ < x4 <1,t > 0, has a smooth
and stri?itly positive density with respect to the Lebesgue measure on the set
{o > 0}".

Exercise 4.6. Prove Lemma 4.4.

Exercise 4.7. Let u be the solution to the linear stochastic differential equa-
tion ) 5

ou O%u oW

- - 129

ot ~ 022 " "“Btox’ (129)
with initial condition ug(z) and Dirichler boundary conditions on [0, 1]. Find
the Wiener chaos expansion of u(t,x).

5 Spatially homogeneous SPDEs

We are interested in the following general class of stochastic partial differential
equations

Lu(t,z) = o(u(t,z))W(t,z) + blu(t,x)), (130)

t >0, z € R% where L denotes a second order differential operator, and we
impose zero initial conditions.

We assume that the noise W is a zero mean Gaussian family W =
{W(p),p € C(R1)} with covariance

Bwewe) = [ [ [ etore- e dedpd, s

where f is a non-negative continuous function of R4\ {0} such that it is the
Fourier transform of a non-negative definite tempered measure p on R%. That
is,

fl@) = [ expl=a- ) utde), (132)

and there is an integer m > 1 such that

/ (14 €)™ u(de) < oo. (133)
Rd

Then, the covariance (131) can also be written, using Fourier transform, as
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EW W) = [ [ Fee©FiO@uded 130

This class of equations has been studied, among others, by Dalang (see
([6]) and the references therein). They include the stochastic heat equation
on R?, and the wave equation in dimension less or equal than 3. We are going
to make the following assumption on the differential operator L:

Hypothesis H. The fundamental solution of the operator L, denoted by G,
18 a non-negative distribution with rapid decrease such that such that for all
T>0

sup G(t,R%) < Cr < o0 (135)
0<t<T
and -
|| 17cm©P ude a < . (136)

Here are two basic examples where condition (136) holds:

Ezample 5.1. (The wave equation) Let G4 be the fundamental solution of the
wave equation
0%u

We know that

Ga(t) = (£ — |22, (138)
1
Gg(t) = EO},

where o, denotes the surface measure on the 3-dimensional sphere of radius
t. Furthermore, for all dimensions d

sin(t|¢])
.

Notice that only in dimensions d = 1,2, 3, G4 is a measure. We can show that
there are positive constants ¢; and ¢y depending on 7" such that

¢ T sin?(t]€]) )
S, TS g o

FGa(t)(€) =

(139)

Therefore, G4 satisfies Hypothesis H if and only if

d
/Rd 1“4532 < . (141)
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Ezample 5.2. (The heat equation) Let G be the fundamental solution of the

heat equation
ou 1

Then,
—d/2 |z|?
G(t,x) = (2nt) exp <_2t) (143)
and
FG(t)(€) = exp(—t[¢]*). (144)
Because
T 1
| expl=teR) it = g1 —exp(=TIeP)). (145)

we conclude that Hypothesis H holds if an only if (136) holds. We can also
express condition (136) in terms of the covariance function f (see Exercise
5.9).

By definition, the solution to (130) on [0,7] is an adapted stochastic
process u = {u(t, ), (t,z) € [0,T] x R} satisfying

u(t, x) :/ Gt—s,x—y)o(u(s,y)) W(ds,dy)
0 /R (146)

+/Ot/Rdb(u(tS,Iy))G(5’dy)'

The stochastic integral appearing in formula (146) requires some care because
the integrand is a measure. In [6] Dalang constructed stochastic integrals
of measure-valued processes on this type using the techniques of martingale
measures. Actually, this stochastic integral is also a particular case of the
integral with respect to a cylindrical Wiener proces. We will describe the
construction of these integrals in the next section.

5.1 Existence and uniqueness of solutions

Fix a time interval [0,7]. The completion of the Schwartz space .#(R%) of
rapidly decreasing C'*° functions, endowed with the inner producrt

(0 ) = / Fo(€) FO(E) ulde)

R (147)

- / / (@) f (& — y)b(y) de dy
Rd JRd

is denoted by 7. Notice that % may contain distributions. Set 7 =
L([0,T); 7).
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The Gaussian family {W(p),¢ € C$*([0,T] x R?)} can be extended to
the completion 7 = L2([0,T]; 5) of the space C5°([0,T] x R?) under the
scalar product

/ /R &) FU()(€) p(de) dt. (148)

We will also denote by W(g) the Gaussian random variable associated with
an element g € L?([0,TY]; 7).

Set Wi(h) = W(1jg,qh) for any t > 0 and h € 5. Then, {W;,t € [0,T]} is
a cylindrical Wiener process in the Hilbert space #. That is, for any h € 52,
{W¢(h),t € [0,T]} is a Brownian motion with variance Hh||if, and

EWi(h)Ws(g)) = (s A1) (h,9) - (149)

Then (see, for instance, [5]), we can define the stochastic integral of .-
valued square integrable predictable processes. We denote by .%; the o-field
generated by the random variables {W(h),0 < s < ¢,h € H}. The o-field
on Qx[0,T] generated by elements of the form 1(5,9X, where X is a bounded
ZFs-measurable random variable, is called the predictable o-field and denoted
by &£.

For any predictable process g € L?(Q x [0, T)]; #) we denote its integral
with respect to the cylindrical Wiener process W by

T
/O /Rdgdwzg-w, (150)

and we have the isometry property

E(lg-WP) =E ( / ol dt) - (151)

Then, M;(A) = Wi(1a) defines a martingale measure associated to the
noise W in the sense of Walsh (see [19] and [6]) and the stochastic integral
(150) coincides with the integral defined in the work of Dalang [6].

The following result provides examples of random distributions that can
be integrated with respect to W.

Proposition 5.3. Let Z = {Z(t,z),(t,z) € [0,T] x R4} be a predictable
process such that

Cy = sup E(|Z(t,2)]*) < oo. (152)
(t,z)€[0,T] xR

Then, the random element G = G(t,dx) = Z(t,x) G(t,dx) is a predictable
process in the space L?(Q x [0,T); ), and

BIGIE) < 02 [ [ 17G0OP tag)ar (153)
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Proof. First notice that G belongs to 77, and

T
IG5 = [ [ 17 GaNe nag)ae. (154

We can assume that Z is nonnegative. For any k > 0 and any ¢t € [0,T] we
have

/ (14 |z[HE2Z(t,y) G(t, dy) < . (155)
Rd

This implies that G belongs to the space of distributions with rapid decrease,
almost surely. Finally, the result follows by a regularization argument (see
Proposition 3.3 in [13]). O

Under the assumptions of Proposition 5.3, suppose in addition that

sup  E(|Z(t,2)") < oo, (156)
(t,z)€[0,T]xR4

for some p > 2. Then one can show the following estimate for the p moment
of the stochastic integral, using the Burkholder and Hoélder inequalities:

i )
(157)

< [ (s Bz0.00) [ 7GR a0 s,

0 zeR4

/T G(t,dx)Z(t,x) W(dt,dx)
0o JRd

where .
v = / / \FG()(€)[? pu(de) ds. (158)
0 R4

The construction of the stochastic integral can be extended to processes
taking values in a Hilbert space. Let < be a separable real Hilbert space with
inner-product and norm denoted by (-,-) o and || - ||, respectively. Let K =
{K(t,z),(t,z) €[0,T] x R%} be an &/-valued predictable process satisfying
the following condition:

sup E(|K(t,)|2%) < occ. (159)
(t,z)€[0,T]xR4
Set I'(t,dx) = G(t,dx)K(t,x) € L*(Qx[0,T); # ®.47), where G satisfies the

hypothesis of Proposition 5.3. Then, if {e;,j > 0} is a complete orthonormal
system of &/ we define

T
b Z </0 Rd G(s,y)(K(s,2),€j)er W(ds,dy)> e;. (160)

Jj=0

Condition (159) and Proposition 5.3 imply that the above series is convergent
and G - W defines an element of L?({);.«7). Moreover, the following estimate
for the moments of G - W is analogous to (157):
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E(IT-wWIE,)
) T 161
SCp(VT)Tl/ sup E(HK(S,JJ)HZ)/ [ ZG(5) ()] p(dg) ds 1oy
0 zeRd R4
for all p > 2.

The following theorem gives the existence and uniqueness of a solution for
Equation (130) (see Dalang [6]).

Theorem 5.4. Suppose that the coefficients b and o are Lipschitz continuous,
and tthe fundamental solution of Lu = 0 satisfies Hypothesis H. Then (130)
has a unique solution u(t,x) which is continuous in L? and satisfies

sup E (Ju(t,2)]?) < oo, (162)
(t,2)€[0,T]xR4

for all T > 0.

5.2 Regularity of the law

We will show that under suitable nondegeneracy conditions, the solution to
Equation (146), at any point (¢,z) € (0,T] x R?, is a random variable whose
law admits a density with respect to Lebesgue measure on R, and the density
is smooth. We will make use of the techniques of the Malliavin calculus.
Notice that the underlying Hilbert space here is 5% = L2([0,T); 7).

The first step is to study the differentiability of (¢, ), for all fixed (¢, x) €
(0,7] x RY. For any random variable F' in D'P, the derivative DF defines
an J¢p-valued random variable, or an J#-valued stochastic process denoted
by {DsF,s > 0}. The proof of the following proposition is similar to that of
Proposition 4.3 (see Theorem 2 in [16], and also Proposition 4.4 in [13]).

Proposition 5.5. Assume that G satisfies Hypothesis H. Suppose also that
the coefficients b and o are C' functions with bounded Lipschitz continuous
derivatives. Then, for any (t,z) € [0,T] x R%, u(t,z) belongs to D*P, for
any p > 2. Moreover, the derivative Du(t,x) satisfies the following linear
stochastic differential equation:

Dyul(t,z) =o(u(r, )Gt -7,z —")
/ /Rd t—s x—y)(f’(u(s,y))Dru(s,y) W(ds,dy)
+/. /Rdb/(“(s7m_y))Dr“(Sw—y)G(t—s,dy)ds, (163)

for all v € [0, T). Moreover,

sup B (|D(t,a)[,) < . (164)
(t,z)€[0,T]x R4
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Furthermore if the coefficients b and o are infinitely differentiable with bounded
derivatives of all orders, then u(t,x) belongs to the space D*°.

We can now show the regularity of the density of u(¢, z) under ellipticity
conditions.

Theorem 5.6. Assume that G satisfies Hypothesis H, the coefficients o and b
are C™ functions with bounded derivatives of any order greater than or equal
to one and |o(z)| > ¢ > 0, for all z € R. Moreover, suppose that there exist
v > 0 such that for all T > 0,

| [ 1#6©P udg is= e (165)

for some positive constant C. Then, for all (t,z) € (0,T] x R%, the law of
u(t,x) has a C* density with respect to Lebesgue measure on R.

Proof. From the general criterion for smoothness of densities (see Theorem
3.5), it suffices to show that the inverse of the Malliavin matrix of u(t,z) has
moments of all order, that is

—4q

E

T
/HDSu(t,x)H?%ﬂds < +oo, (166)
0

for all ¢ > 2.  Then, by Lemma 4.4 it is enough to show that for any ¢ > 2
there exists an ep(q) > 0 such that for all € < g

t
p (/ IDsult, )|, ds < 5> < Cet. (167)
0

For § > 0 sufficiently small we have

t 1 t
| Dt olzds = 5 [ 1G5 = oluls DI ds— 15 (168)
t7

where

t
=
t—o

t
+ / Gt —r,d)t (u(r,x — 2))Dsu(r,z — 2)dr
s JR4

/ dG(t—r,x—z)a’(u(r,z))Dsu(nz) W (dr,dz)
s ) (169)

ds.
#

In order to get a lower bound for the first term in the right-hand side of
Equation (168), we regularize the measures G and G(t,x — -)o(u(t — s,-))
with an approximation to the identity {,,}:
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Gn(t) =y x G(1),

170
Jn(t,8) =t xG(t,z —)o(u(t—s,-)). (170)
Then, by the non-degeneracy assumption on o, we have
t
16— 50— atuts Dl ds
5
=, G (s, = Yo (u(t —s,))|% ds
5
= lim [ Jn(t, 8)||% ds
n—oo 0
5
= lim/ / Jn(t,s,y)fly—2)Jn(t,s,2z)dydzds
n—oo Jo JRd JRE ( 2 Jn ) (171)
&
> c? lim / / Gn(s,z —y)f(y — 2)Gn(s,z — z)
n—oeJo JRE JRA
5
=c? lim |Gn(s,x— )% ds
n—oo 0
5
=& [ G(s.x =) Py ds
0
= c%9(9),
where s
o) = [ [ 17GEOF ude)ds. (1)
0
Substituting (171) into (168) yields
t 2
P (/ | Dsu(t,z)||% ds < 5) <P (L; > 59(6) - E)
0
2 L (173)
< (Go <) "E(nP)
for any p > 0.
The term I5 can be bounded by 2(Is1 + Is2), with
5 t 2
Isa z/ / Gt —r,x—2)o' (u(r,2))Di_su(r,z) W(dr,dz)|| ds,
0 t—s JRA R
s t 2
Iso :/ / Gt —r,d2)b' (u(r,z — 2))Dy_su(r,xz — z)dr|| ds.
0 t—s JRA R4

We need to find upper bounds for E(|s;|)”, ¢ = 1,2. On one hand, owing to
Holder’s inequality and (161) we get
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E(|I5.[7) = (/ 1Zsas %y ds )
< §'E ( /0 [ ds) (174)

<& g@)P  sup (/ 1Dyu(s )| d)

(s,y)€[0,T]xR%

where

¢
Zyst = / Gt —r,z—2)o'(u(r,2))Di_su(r,z) W(dr,dz). (175)
t—s JRA

The above estimate (174) together with (164) let us conclude that
E(|I;1[7) < C67~ 1 (g(5))". (176)

On the other hand, using similar arguments but for the Hilbert-space-valued
pathwise integral one proves that E(|52|”) may be bounded, up to some
positive constant, by 6?~!(g(d))P. Thus, we have proved that

P ([ 1Dt nleas <) <0 (Gao-) oy, am)

At this point, we choose § = §(€) in such a way that g(§) = 4e/c2. By (165),
this implies that 4e/c¢? > C§7, that is § < Ce'/7. Hence,

t
P (/ |Dsu(t,z)|%, ds < 5) < Celp=D/, (178)
0

and it suffices to take p sufficiently large such that (p — 1)/y > q. O

Remark 5.7. Assume that G satisfies Hypothesis H. Suppose also that the co-
efficients b and ¢ are C! functions with bounded Lipschitz continuous deriva-
tives and that |o(z)] > ¢ > 0, for all z € R and some positive constant c.
Then, for all t > 0 and = € R?, the random variable u( , z) has an absolutely
continuous law with respect to Lebesgue measure on R. This result can be
proved using the criterion for absolute continuity given in Theorem 3.3 (see
Theorem 3 in the reference [16] and Theorem 5.2 in [13], in the case of the
three dimensional wave equation).

Exercise 5.8. If G is the fundamental solution of the wave equation in R,
with d = 1,2,3, show that condition (165) is satisfied with v = 3. On the
other hand, if G is the fundamental solution of the heat equation on R? |
d > 1, show that condition (165) is satisfied, with any 7 > 1 (see Lemma 3.1
in [9]).
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Exercise 5.9. Show that for the heat equation, condition (136) is always true
when d = 1; for d = 2, (136) holds if and only if

/:,;|<1 f(z)log (é) dz < oo, (179)

and for d > 3, (136) holds if and only if

/ J@) e < o (180)
jol<1

‘x|d72
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Summary. These notes give an informal introduction to parabolic stochastic par-
tial differential equations. We emphasize material coming from particle systems,
including duality and the Dawson—Watanabe superprocess. We also deal with large
deviations and comparison theorems. Applications include blow-up, hitting theo-
rems, and compact support.

1 Introduction

1.1 Outline of the notes

The goal of these notes is to explain a set of ideas in stochastic partial dif-
ferential equations (SPDE) which I have found useful. The notes are meant
for graduate students, so they are not written in a formal style. Sometimes I
will explain an idea in a simple case, and leave it to the reader to develop the
topic more broadly.

I will begin with some general thoughts on the field. SPDE, and perhaps
PDE as well, find their primary motivations in science and engineering. It is
best not to think of SPDE as objects in pure mathematics, but as models for
physical phenomena. To study SPDE it is not necessary to have a Ph.D. in
biology, for example, but it is often helpful to think of an SPDE in terms of a
population of organisms. Similar helpful motivations come from other sciences
as well. When thinking of the heat equation, with or without noise, it helps
to visualize a physical object with varying temperature. It would be foolish to
set forth a foundation for the entire field of SPDE, but my goal is to explain
some tools which others may find useful.

* Research supported in part by grants from the National Science Foundation and
National Security Agency.
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Both ordinary differential equations (ODE) and partial differential equa-
tions (PDE) play a fundamental role in describing reality. However, any model
of the real world must take into account uncertainty or random fluctuations.
It is therefore surprising that while stochastic ODE were studied intensively
throughout the twentieth century, SPDE only received attention much later.
Some early work stemmed from the Zakai equation in filtering theory, see [32],
and on the theoretical side there was the work of Pardoux [31] and Krylov
and Rozovskii [17]. Much of this early work centered on foundational questions
such as setting up the appropriate function spaces for studying solutions, or
using such analytic tools as the method of monotonicity [31]. Later, Walsh
[38] introduced the notion of martingale measures as an alternative framework.
The diverse origins of SPDE have led to a lively interplay of viewpoints. Some
people feel that SPDE should be based on such tools as Sobolev spaces, as
is the case for PDE. Others, with a background in probability, feel that an
SPDE describes a special kind of stochastic process. Applied mathematicians
may feel that the study of SPDE should follow the ideas used in their domain.

By a historical accident, particle systems, which may be considered as
discrete SPDE, were studied much earlier than SPDE. Such pioneers as Ted
Harris and Frank Spitzer laid the groundwork for this theory. Their research
was also influenced by results in percolation, by such mathematicians as Harry
Kesten. Particle systems has changed its emphasis over the years, and some
of this early work is being forgotten. However, I believe that the main meth-
ods of particle systems will always be relevant to SPDE. In particular, I will
introduce the method of duality. Unfortunately, there was no time in the
course to discuss percolation, which I also believe has fundamental impor-
tance for SPDE. Both duality and percolation, as well as many other ideas,
are described in more detail in three classics: [21; 22] give detailed technical
accounts of the field, and [9] provides a lively intuitive treatment.

Secondly, Watanabe and Dawson found that the scaling limit of critical
branching Brownian motions give a fundamentally important model, called
the Dawson—Watanabe process or superprocess. Because this model involves
independently moving particles, there are powerful tools for studying its be-
havior, and many of these tools help in the study of SPDE. For example, the
heat equation can be thought of as the density of a cloud of Brownian parti-
cles. Any SPDE which involves a density of particles can be studied via the
Dawson-Watanabe process. There is a huge literature in this area, but two
useful surveys are written by Dawson [6] and Perkins [33].

Thirdly, as one might expect, tools from PDE are useful for SPDE. Of
course, Sobolev spaces and Hilbert spaces play a role, as in the work of Da
Prato and Zabczyk [8] and Krylov [19]. But here I wish to concentrate on
qualitative tools, such as the maximum principle. In particular, comparison
theorems hold for many SPDE. Given two solutions, suppose that one is ini-
tially larger than the other. Then that relationship will continue to hold for
later times.
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Finally, tools from probability also find applications in SPDE. For example,
the theory of large deviations of dynamical systems developed by Wentzell and
Freidlin [13] also applies to SPDE. If the noise is small, we can estimate the
probability that the solutions of the SPDE and corresponding PDE (without
noise) differ by more than a given amount. Unfortunately, I had no time to
discuss questions of coupling and invariant measures, which play a large role
in the study of the stochastic Navier-Stokes equation.

After introducing these ideas, I give some applications to properties of
parabolic SPDE.

1.2 Some comments on the current state of SPDEs

To finish this introduction, let me indicate some of the current directions in
SPDE. The subject is expanding in many directions, so all I can do is give a
personal view.

I believe that the foundations of SPDE are settled. One can use either
Walsh’s approach [38] using martingale measures, the Hilbert space approach
of Da Prato and Zabczyk [8], or Krylov’s L, theory [19]. The goal should be
to study properties of the equations.

Furthermore, the “naive” study of qualitative properties of SPDE, involv-
ing the superprocess or simple variants of the heat equation, is also largely
finished. I do recommend learning the main ideas of this theory, as well as
the foundational approaches mentioned earlier, since they can help us study
of more complicated equations.

Luckily, finally, scientists are jumping into the field with a vengeance, and
SPDE is expanding chaotically in all directions. I believe that the sciences will
continue to provide important SPDE models and conjectures. For example,
the reader can consult [7] for polymer models, and [3] for SPDEs in the physics
of surfaces. There is broad interest in the stochastic Navier—Stokes equation
[23]. Scientists seem to have finally grasped the importance of SPDE models,
so the reader should stay alert for new developments.

2 Basic framework

Expanding on Chapter 1, Section 6 of this book, we will mostly consider
parabolic equations of the form

Ju ;
5 = Au+ a(u) + b(u) W(t,z), (1)

u(0,2) = ug(x).

where W (t,z) is d + 1 parameter white noise and = € R?. This set-up has
been used for a long time, see [38] or [8]. If we expect our noise to arise from
many small influences which are independent at different positions in space
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and time, then white noise is a good model. As with stochastic differential
equations (SDE), the solution u(t,x) is not differentiable in ¢ or z, so (1)
does not make sense as written. In Da Prato and Zabczyk’s approach, we
regard (1) as a stochastic differential equation (SDE) in function space. In
Walsh’s theory, which we will adopt here, we regard (1) as a shorthand for
the following integral equation, which is often called the mild form of the
equation. This is also explained in Chapter 1, Section 6. Of course, Da Prato
and Zabczyk’s theory can deal with the mild form as well.

ut.a) = [ Gto—pumay+ [ [ Gle—so—patus.) dyds

R
+/ Gt —s,x—y)blu(s,y)) W(dyds). (2)
o JRe

Here G(t,x) is the heat kernel,

1 z|?
G(t,l‘) = W@XP <—u£> 5 (3)

and the final integral in (2) is a stochastic integral in the sense of Walsh
[38], see Chapter 1 of this book. Since there is a unique time direction ¢, such
integrals can be constructed along the lines of Ito’s theory, and their properties
are mostly the same as for the Ito integral. Let .#; denote the o-field generated
by the noise W up to time ¢. That is, .%; is generated by the integral

[ [ stswiayas, (@)

for deterministic function g € L2(dyds). For convenience, when f(s,y) is
nonanticipating with respect to .%#; and

t
2 o o 2
B[ [ 6-sa-npsmdyds <o, )
we often write
t
N(t,z) = / Gt — 5,2 — ) f(s,y) W(dyds), (6)
0 R4

so that if f(s,y) =b(u(s,y)), then N(t,x) is the “noise term” in (2). Then,
in particular,

E[N(t,z)?] :/0 /RdE[G2(t—s7m—y)f(s,y)2] dy ds. (7)

Exercise 2.1. For f(s,y) :=, show that for any ¢t > 0 and = € RY,

< oo ifd=1,
E[N(t7$)2] {ZOO ifd>1.
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Thus, if d > 2, (1) is likely to have solutions which are generalized func-
tions, but do not exist as functions in L?(dP), for instance. But then nonlinear
functions such as a(u), b(u) are hard to define. Since we live in a 3-dimensional
world, this situation gives rise to many difficulties. One common solutions is
to smooth the noise, perhaps by convolving it with another function of the
variable x. Such noise is called colored noise. Another possibility is to replace
R4 by a lattice, and replace the Laplacian by the discrete Laplacian. It would
be nice to deal with (1) more directly; maybe you have an idea of how to do
this.

Actually, some authors deal with solutions to (1) which are generalized
functions over Wiener space. Usually, generalized functions are defined in
terms of integrals against a test function. Thus, we would have to define our
solution in terms of an integral over all points in the probability space. But
in the physical world, we are doomed to experience only a single point in
the probability space. Maybe I'm being too pessimistic here, since repeated
experiments sample different points in the probability space; readers can form
their own conclusion.

Another point is that for x fixed, the process t — wu(t,x) is Holder con-
tinuous with parameter 1/4 — ¢ for every € > 0, and therefore is not a semi-
martingale. Therefore there is no Ito’s lemma in the usual sense, and this has
caused a lot of problems for the theory. However, if ¢(x) is an L? function,
then

X, = /R ult,2)() de (9)

is a semimartingale with quadratic variation

(X), = / t /R d [ [ o) —s.a-) dxrb(u(s,y))?dyds. (10)

Note that the inner integral smoothes out the singularity of G(t — s,z — y).

Since it doesn’t fit in elsewhere in this paper, let me mention a very
nice survey by Ferrante and Sanz-Solé [12] which deals with SPDE driven
by colored noise. For a colored noise F(t,m), the covariance in x is not the
d-function as in the case of white noise, so heuristically E[F(t,z)F(s,y)] =
0(t — s)R(z — y) for some covariance function R.

Finally two recent books, Chow [4] and Rockner [34], also give nice intro-
ductions to SPDE. Both deal with the functional analytic approach similar to
Da Prato and Zabczyk [8].

3 Duality

3.1 Definitions

The reader might wonder why I am devoting so much space to duality, since
there are only a few papers on SPDE with that word in the title. I firmly
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believe that many SPDE should be viewed as limits of particle systems, and
duality is perhaps the leading method in particle systems. Secondly, the most
important tool in superprocesses is the Laplace functional, which is a form of
duality. Thirdly, duality is getting relatively little attention, but it remains a
powerful tool.

Duality is a relationship between two stochastic processes which allows us
to use information from one process in analyzing the other. There are at least
two kinds of duality. One involves a duality function, and the other arises from
studying the ancestry of particles in a particle system.

I will describe the functional form of duality first; details can be found
in [10], pages 188-189. Two processes X;,Y; are said to be in duality with
respect to a function H(z,y) if, for all ¢ in some interval [0,7] we have

B[H (X,,Yo) | = B[H (X0, ) . (11)

All probabilists know simple examples of duality, although they may not
realize it. Let u(t, ) satisfy the heat equation

ou 1

— ==A 12

5 = 5 AU (12)
and let B; be Brownian motion. It is well known that under the appropriate
conditions,

u(t,z) = E, {u(o , Bt)] (13)

Thus, the processes u(t,-) and B; are in duality with respect to the function
H(u,B) = u(B). Note that deterministic processes such as u(t, ) still count
as processes.

3.2 Duality for Feller’s diffusion

Feller derived the following SDE as a limit for critical birth and death pro-
cesses; a critical birth and death process has expected offspring size equal to
1, so that the expected number of particles does not change:

dX = VX dB. (14)

Now consider a function v(t) which satisfies

1
v = —502. (15)

Explicit solutions v(t) are easy to find. Next, Ito’s lemma implies that for
0<t<T,if
My = exp (=Xw(T — 1)), (16)

then
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1 1
dM:M-(—\/YdB)+§M-X02dt—M-§Xv2dt

(17)
= M- (—VXdB).
Thus M; is a martingale, and
exp (—Xov(T)) = My = E[M7] = E [exp (—X7v(0))] . (18)

So, X; and v(t) are in duality with respect to the function H(z,v) =
exp(—zv). In this case, duality gives us the Laplace transform of X;. Duality
implies that X; is unique in law, provided X is specified.

Exercise 3.1. Explicitly solve for v(t) and hence find the Laplace transform
of Xt~

3.3 Duality for the Wright—Fisher SDE

Next, let X satisfy the following SDE, named after Fisher and Wright. We can
think of a population of constant size, consisting of 2 subpopulations whose
percentages of the total are X and 1 — X. Due to competition, the population
fluctuates randomly, and the variance of the fluctuations are proportional to
the number of encounters between the two types. This leads to a standard

deviation of /X (1 — X), and gives rise to the following SDE.

dX = /X(1 - X) dB

Xo=1x9 € [0,1].

For n a nonnegative integer, Ito’s formula gives

-1
dX™ =nX""'/X(1 - X)dB + %X"—ZXQ - X)dt

. (19)
= mart — (2) (X" — X" ydt,

where “mart” indicates a martingale term whose expectation is 0 when inte-
grated. The final term in (19) has the intuitive meaning that X is replaced
by X"~ at rate (g), except that there is a negative sign.

Let N; be a process taking values in the nonnegative integers, and inde-
pendent of X;. We think of N; as the number of particles present at time ¢,
and let each pair of particles coalesce at rate 1. In other words, V; is a Markov
process such that as h — 0,

P(Nipp = Ny | N,) =1 — (Zt)h +o(h)

P(Nitp = Ny — 1| Ny) = (Jgt>h + o(h).
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Thus, for z € [0, 1], one has

E [xN’*’" — Ve

A

= gV (— (]Zt>h+o(h)) + Nl ((th>h+o(h)) (21)

()

Exercise 3.2. Prove (21).

Note that the last lines in (19) and (21) match. Then X, N, are in duality
with respect to the function H(x,n) = z™. In other words,

E [XtN"] —E [ngt} . (22)
This allows us to compute the moments of X; in terms of Xy and V.

Exercise 3.3. Prove (22).

We can regard duality relations of this kind as a means of calculating
moment. Note that since Ny is a nonincreasing process, (22) implies that the
nth moment of X; only depends on X[ for k < n. Physicists and others
often compute moments by finding systems of differential equations which
they solve recursively. These equations are called closed if the derivative of
the n*® moment only depends on k" moments for k < n.

Exercise 3.4. Show that in the above example, the moment equations are
closed. Modify this example so that the moment equations are not closed.

If the moment equations are not closed, we may still have a duality rela-
tionship, but the process N; may not be nonincreasing. Thus, even if a system
of moment equations is not closed, we may still be able to find a dual pro-
cess and draw certain conclusions. One may view duality arguments as an
attractive packaging for the idea of moment equations.

One important use of duality is the study of uniqueness. Suppose that
processes X;,Y; are in duality with respect to the function H(z,y). This
relationship is often enough to show that X; is unique in law, at least if
X, = o is specified. Indeed, let X;, X; be two processes with the same initial
value zg, and assume that both X;, X; are in dual to Y; with respect to
H(z,y). Then

B[H(X,,Yo)| = B[H(X,.v3)]

E
E[H(Xo, 1) (23)
E

(1 (X0, Y0)].
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If (23) is true for many initial values Y, we can often conclude that X; and X,
are equal in law. Using the Markov property (if X; is Markov) and repeating
this procedure gives us the uniqueness of the finite dimensional distributions.
Then the Kolmogorov extension theorem shows that X; is unique in law.

3.4 The voter model and the contact process

The voter model and contact process were some of the first models studied in
particle systems. Although interest has largely shifted to other models, these
processes give a useful introduction to duality. For more details, see [9] or
[21; 22].

First we describe the voter model. In keeping with the style of these notes,
our description is informal. The state space is the set of functions F : Z¢ —
{0, 1}, with d fixed. We imagine that there is a voter at each site of Z?, whose
opinion is either 0 (Republican) or 1 (Democrat). Let E4 denote the set of
directed edges connecting nearest neighbors of Z?. In other words, each nearest
neighbor pair p,q € Z¢ is associated with two edges, which either point from
p to q or vice versa. If the edge e points from p to ¢, we set eg = p and e; = q.
To each edge e € E? we associate an independent rate-one Poisson process
N{. At the times 7, of the Poisson process Nf, we change the opinion of e; to
equal the opinion at eg, that is, we redefine F:_(e;) to equal F;_(eg). Another
common notation for the voter model involves the set &; of sites p € Z¢ where
voters have opinion 1, i.e., F;(p) = 1. One needs to show that this procedure
gives a consistent definition of a stochastic process, and this is done in [22]
and other places.

The dual process of the voter model is given in terms of the ancestry of
opinions. Fix a site p € Z? and a time T > 0. We wish to define a process
X?, which traces the history of the opinion found at position p at time 7.
We will let time ¢ run backwards in the definition of X}, so that ¢ measures
the amount of time before T. To be specific, let 7. be the most recent Poisson
time involving an edge e with e; = p. For 0 <t < T — 7, let X¥ = p, and let
Xr_,. = e9. Now we repeat the construction for the site ey and time 7., until
t="T.

Considering our definition of the voter model in terms of Poisson events, we
see that X7 is a continuous-time nearest neighbor simple random walk on Z¢,
with transition rate 2d. In fact, {X} : p € Z¢} is a collection of independent
coalescing random walks. That is, they evolve independently, but each pair
of random walks merge as soon as they land on the same site. One can also
view this process in terms of the directed edges. X? starts at p, and moves
backwards through time starting at time 7. Whenever it encounters an edge
e, it moves from ey to eg if it finds itself at e;. So, it moves along the edges
in the reverse orientation.

Exercise 3.5. Convince yourself that our description of the dual for the voter
model is correct.
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This form of duality can also be expressed in terms of a function H(A,£).
Here, &; is the set of sites with opinion 1 at time 0, and A; is the set of sites
where particles of the coalescing system of random walks are found at time t.

Exercise 3.6. What is the duality function H which matches our previous
description? The answer is in [9, p. 23].

A beautiful application of duality for the voter model is the study of clus-
tering. Clustering means that for a set of sites S C Z?, if time ¢ is large, then
with high probability all of the sites have the same opinion. This will certainly
happen if opinions at the sites in S all come from a common ancestor. For
simplicity, consider the case of 2 sites, S = {z,y}. Certainly &(x) = &(y)
if in the dual process, the random walks starting at z and y have coalesced
by time ¢t. But in dimensions 1 or 2, this coalescence occurs with probability
1. The probability is less than one in higher dimensions, and it is not hard
to show that clustering does not occur in higher dimensions. We leave these
details to the reader, who can also consult [9].

3.5 The biased voter model

We might modify the voter model by assuming that one opinion is stronger
than another. Using the same notation as for the unbiased voter model, for
each directed edge e we construct 2 Poisson processes N; 1 Ny 2 with rates
A1, A2 respectively. Recall that the edge e points from the ey to e;. Suppose
that at time ¢ there is an event of the Poisson process Ny ! Then, at time ¢
the point e; takes on the opinion at eg. Secondly, suppose that at time ¢ there
is an event of the Poisson process Nf’2. In this case, if eg has opinion 1, then
e1 changes its opinion to 1 as well. On the other hand, if eq has opinion 0 at
time t, then nothing happens. Thus, the opinion 1 is stronger than opinion 0.
As of today (January 2006) we could say that 1 means the voter is a democrat.

Exercise 3.7. Verify that the ancestry of opinions is as described below, and
construct an appropriate dual process.

The path of ancestry of the opinion at position x at time ¢ should go
backward in time, and if for an edge e pointing toward z the process N; ! has
an event, it should follow that edge in the reverse direction to a new site. On
the other hand, if N; 2 has an event, then the ancestral path should split, with
one branch staying at the same point, and another branch following the edge
e backwards. If at time 0 the cloud of ancestral particles meets a 1, then the
original site has opinion 1. Otherwise it has opinion 0. The various branches
of the ancestry are meant to sample all possible occurrences of 1.
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3.6 The contact process

In the contact process, there are particles at various sites in Z?. Particles
die at exponential rate 1. At rate A > 0, they give birth. When a particle
at site x gives birth, the new particle chooses a site y at random among the
nearest neighbors of . If site y is already occupied, then the birth is aborted.
Otherwise, the new particle moves to position y.

Exercise 3.8. Using the preceding ideas, verify that tracing the ancestry of
particles gives us another contact process, and hence the contact process is
self-dual.

3.7 The Dawson—Watanabe superprocess

The Dawson—Watanabe superprocess, which we will simply call the super-
process, arose as a limit in the theory of spatial branching processes, more
specifically in population biology. It is one of the few nonlinear SPDE with
solutions in the space of generalized functions or Schwartz distributions. There
are several good introductions to superprocesses; [20] is a classic of clear ex-
position. See also Etheridge’s book [11] and the surveys of Dawson [6] and
Perkins [33], to name a few. Since there are so many good sources, we will not
systematically develop the theory of superprocesses, but rather describe the
applications to SPDE.

Here is the intuition. Let p be a given finite nonnegative measure on R?;
the finiteness condition can be weakened. Fix a natural number m, and let
{Bt(z) }fV:(lt ) be a collection of critical branching Brownian motions taking values
in R%. We assume that the Brownian particles are independent. N(t) is the
number of particles existing at time ¢, and critical branching means that each
particle splits in two or dies with equal probability. We assume that the times
between branching are independently distributed exponential variables with
mean 1/m. We define a measure-valued process by putting a delta function
at the location of each particle, and then dividing by m:

®)
m 1
x™4) = -~ > S50 (A). (24)
=1

Here ¢, is the delta measure centered at x. Suppose that Xém) converges

weakly to u as m — oo. The main existence theorem for superprocesses asserts
that in the appropriate topology, Xt(m) converges weakly to a limiting process
Xt.

The limiting superprocess X; has many fascinating properties. For exam-
ple, in R% with d > 2, with probability one X, is a measure whose support
has Hausdorff dimension 2. However, in R? the measure X; is singular with
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respect to Lebesgue measure. In fact, Perkins has determined the exact Haus-
dorff measure function, and we can loosely say that the Hausdorff dimension
of the support is infinitesimally less than 2, meaning that the exact Hausdorff
measure function is 2 with extra logarithmic terms. These properties and
more can be found in [6] and [33].

One important tool is the martingale problem formulation. For appropriate
functions ¢ on R%, we denote

2) = Xue) — [ 5X(80)ds (25)

Then Z;(p) is a continuous martingale with quadratic variation

(Z), = / X, (p?) ds. (26)

If v is a measure, we write v(¢) = [ ¢(z)v(dz). The martingale problem
allows us to use Ito calculus. Indeed, since Z;(¢) is a continuous martingale
with quadratic variation given by (26), we can use Ito calculus for Z;(¢). But
(25) gives Xy () in terms of Z;(ip).

Even more important than the martingale problem is the Laplace func-
tional. It is an expansion of the duality relation for Feller’s diffusion explained
in Subsection 3.2. Suppose that v(t,z) satisfies

ov 1 1

= ZAv— Z? 2

ot 27" 2" 27)
We can solve (27) for a wide variety of initial functions v(0,z), but suppose
v(0, ) is bounded and nonnegative, say 0 < v(0,z) < M. Then we can replace
(27) by

ov 1 M

= Ay - = 2

ot 27" 2" (28)
which is a linear equation and can be solved by standard PDE theory.

Exercise 3.9. Show that if 0 < v(0,2) < M, then a solution of (28) also
solves (27).

Under the appropriate conditions on v(0,x) and Xy, for 0 <t < T,
My =exp (=X (v(T —t,-))) (29)

is a martingale. For example, we could assume that v(0, ) is nonnegative and
bounded.

Exercise 3.10. Under the assumption that v(0, z) is nonnegative and bounded,
show that M, is a martingale.
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Therefore
E|exp (=X7(v(0, -)))} = exp (=Xo(v(T',-))). (30)

In other words, X; and v(t,-) are in duality with respect to the function
H(X ,v) =exp(—X(v)). =exp ( /v(x) X(dx)) . (31)

Exercise 3.11. Verify the above duality relation.

This duality relation gives very useful information about the Laplace trans-
form of Xy, and also proves uniqueness in law for the superprocess.
For x € R!, the superprocess has a density X;(dxr) = u(t,z)dz which
satisfies 5
v _ 1Au—!—\/ﬂVV(t,m). (32)
ot 2
Thus, we have uniqueness in law for this equation. Almost sure uniqueness is
an unsolved problem which has attracted the attention of many of the best
probabilists, and I have heard at least two announcements of false proofs. The

lack of Ito’s lemma hurts us here.

3.8 Branching Brownian motion and a population equation

Consider a population with two types of genes, and let u(t,x) be the popula-
tion density of one type of individual at time t at position . We assume that
individuals perform independent Brownian motions, so the population density
might be modeled by the heat equation. Due to mating between individuals,
there might be a random contribution to the population density. The vari-
ance of this random contribution should be proportional to the product of the
two population densities, namely u(1 — u). Therefore, its standard deviation
should be /u(1 — w). This leads us to the following model on ¢t > 0, x € R.

% = Au+u(l —u) W(t,z)

u(0, ) = ug(x),

(33)

where 0 < ug(z) < 1. If there were no dependence on z, this equation would be
identical to (19). Using the duality we derived for (19), it is not hard to guess
that u(t,x) will be dual to a system of Brownian motions {Bi(t)}fi(lt), where
each pair of particles B;(t), B;(t) coalesce at exponential rate 1, measured with
respect to the local time at 0 for the process B;(t) — B;(t). To be specific, let
T be an independent exponential variable with parameter 1, and let ¢; ;(¢) be
the local time at 0 of B;(t) — B;(t). If there were no other particles, then the
particles B;(t), Bj(t) would coalesce at time ¢ for which ¢; ;(t) = 7. One has
the duality relation
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H (u, {b},) =[]0 - u(® (34)

=1
so that
N(0) N(t)
E|]] (1 fu(t,Bi(O))) =E|]] (1 —u(O,BZ-(t))> . (35)
i=1 i=1

See [37] for details. Since we can choose {Bi(O)}f\;(lo ). this gives us a formula
for the moments of u(t, z). Notice that the moment equations are closed, since
there cannot be more particles at time ¢ than at time 0.

Exercise 3.12. Compute the moments of u.

Also, if u(0,z) = 1, then the right side of (35) is close to 0 if there are
any particles near x. This gives us a way of relating the size of u(t,x) to the
probabilities of the Brownian particles.

Among other things, this duality relation gives uniqueness in law for (37).
In [27], this duality was used to study the width D(¢) of the interface where
0 < u(t,z) < 1, assuming that u(0,z) = 1(_s,0(7). This interface was
proved to have stochastically finite width, that is

lim supP(D(t) > \) = (36)

A—00 >0

At about the same time, and independently, Cox and Durrett [5] proved a
similar result for the long-range voter model. They also used duality.

3.9 Branching coalescing Brownian motion and the KPP equation
with noise

The KPP equation is one of the simplest equations exhibiting traveling wave
solutions.
Ju

E:Auqbu(lfu),

w(0,2) = up(x).

Often, one takes uo(z) = 1(_s,0(x). One can prove that there is a function
h(z) with lim, . h(z) = 0 and lim, o h(z) = 1, and a function v(t)
satisfying lim; o v(t)/t = 2 for which

(37)

lim sup |u(t,z) — h(z —v(t))| = 0. (38)

t—00 4R

Detailed properties of this equation have been derived by Bramson [1; 2] using
the Feynman-Kac formula. Suppose that { B; ()}, is a collection of Brownian
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motions. At exponential rate 1, each particle splits in two. Then u(¢,x) and
{B;(t)}:2; are in duality, and the duality function H(-,-) is the same as in
(34). As a thought exercise, the reader may wish to verify that the cloud of
particles spread at about the same rate as u(t,x). Hint: fix 2o > 0, and let T'
be the first time ¢ that u(¢,2) = 1/2. Start a single particle at position z( at
time 0, and write down the duality equation.

If we consider the population model in the previous section, but suppose
that one type kills the other, there might be a drift term proportional to the
frequency of interactions, which is proportional to u(1 — ). This would give
us the equation

%:Au+u(1—u)+\/mW(t,x),

u(0,2) = ugp(x).

(39)

Combining the two previous types of duality, we might conjecture that
u(t,x) is dual to a system of Brownian particles, in which pairs of particles
B;(t), Bj(t) coalesce at rate 1 according to the local time where B;(t)—B;(t) =
0, and each particle splits in two at an exponential rate with parameter 1.

This kind of duality is not easy to work with, but it does prove uniqueness
for (39). In [26], the traveling wave behavior for (39) was studied.

4 Large deviations for SPDEs

Roughly speaking, large deviations measures how far the solution of an SPDE
can get from the solution of the corresponding PDE. Either noise or time is
taken to be small. From another point of view, we might wish to see how
large the solution of an SPDE can be. If we know how large the solution of
the corresponding PDE is, then large deviations can give an upper bound for
the SPDE.

There are many excellent books on large deviations; our goal here is to
give an overview with emphasis on intuition. To start at the basic level, we
give a tail estimate for a N(0,1) random variable Z.

X

P(Z>/\):/:o\/127rexp( 22) da. (40)

Note that for a > 0 fixed,

s G CRE)
M o (Ca22)

—0. (41)

So it seems reasonable that for large A, the integral in (40) will be dominated
by values of = very close to A, since the other values of the integrand are very
small in comparison. Then as A — oo,
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1 A2 A2
—logP(Z > \) ~ —log (\/ﬂ exp (—2)> ~ oo (42)

in the sense that the ratio of the two sides tends to 1.
Exercise 4.1. Prove (42).

The large deviations philosophy states that as some parameter tends to 0
or 0o, the probability in question will be determined by a single point in the
probability space, along with a small neighborhood around it. In our example,
the point would be where Z = A.

For SPDE, consider the following setup. Let

t
Ntw) = [ [ Gle—s.o—u)f(s.5) Widyds) (43)

o JR
where f(s,y) is a predictable random function, with the almost sure bound

Ssuf\f(s,y)l <K. (44)

Here is our large deviations theorem.

Theorem 4.2. Let M > 0. There exist constants C1,Co > 0 such that for all
T,K,A>0,

0<t<T |a|<M TV2K?

Co\?
P sup sup |[N(t,z)|>\] <Ciexp . (45)

Proof (Theorem 4.2). The reader should go back to Chapter 1, Chapter 4.2
of this book to see the similarities between Theorem 4.2 and Kolmogorov’s
continuity theorem. Theorem 4.2 can be proved from the Garsia—Rodemich—
Rumsey lemma [14], and the proof has much in common with similar ideas
from Gaussian processes. We prefer to give a proof from first principles, which
duplicates part of the proof of the Garsia—Rodemich-Rumsey lemma.

We need the fact that N(¢,x) is continuous with probability 1. Actually,
this can be deduced from our proof below, but for simplicity, we refer the
reader to [38].

Next, observe that by scaling we can assume that K = 1. By cutting up
the z-axis into intervals of size 1 and adding the corresponding estimates, we
can reduce to the case where the supremum over z is taken on the interval
[0, 1].

Furthermore, G and W have the following scaling for z € R.

aG(a*t,ax) = G(t,x),
W(d(az) ,d(a?t)) Z a®2W (dz , dt).
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By taking a = t~/2 and using the above scaling and setting ¢ = T, the reader
can verify that we need only prove the theorem for T = 1.
To summarize, we must show that if

sup|f(t,z)] <1 almost surely, (47)
t,x
then there exist constants C1, Cy such that for all A > 0 we have

P ( sup sup |[N(t,z)| > /\> < Cyexp (—CoN?). (48)
0<t<T, 0<z<1

Recall that we have reduced to 0 < x < 1 by chopping up the interval
[—M, M].
To prove (48), we need the following estimates.

Lemma 4.3. There exists a constant C such that for all0 < s <t <1 and
x,y € [—1,1] we have

t
/ / [Gi(x — z) — Ge(y — z)]2 dzds < Clz —y|,
o JrR
t
/ Gi_r(2)?dzdr < CJt — s|*/?, (49)

/ [Gi—r(2) — Go_r(2)]? dzdr < C|t — s|*/2.
0

The proof of Lemma 4.3 is an exercise in calculus or perhaps real analysis.
Exercise 4.4. Verify Lemma 4.3.

The details can also be found in [38]. Observe that Lemma 4.3 has the
following corollary.

Corollary 4.5. Assume that |f(t,x)| < 1 almost surely for all t,z. Then
there exist constants C1,Cs such that for all0 < s <t < 1, z,y € [-1,1],
and XA > 0,

P(IN(t,z) = N(t,y)| > A) < Crexp <—|52_Ay> ’
(50)

Cy\?
PAN(t,2) = N(s,2)l > 2) < Crexp { ——75 ) -

Proof. We prove only the first assertion of Corollary 4.5, leaving the second
assertion to the reader. Let
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Nt<s,x>=/0‘/RG<t—w—y)f(r,y)vv(dydr), (51)

and note that N;(t,z) = N(t,2). In other words, we have frozen the variable ¢
which occurs inside G, in order for the stochastic integral to be a martingale.
Let

M = Ni(s,z) — Ni(s,y) (52)

and note that My = N(t,2) — N(t,y). Thus M, is a continuous martingale
and hence a time-changed Brownian motion, see [36]. By Lemma 4.3, we have

(M) < Clz —yl. (53)

Readers should convince themselves that the time scale of the time changed
Brownian motion is given by (M),. In other words, there is a Brownian motion
By such that My = Byy,. Hence by the reflection principle for Brownian
motion,

P(N(t,2) — N(t,y) > \) < P(Bcjo_y > \)

Co\? (54)
<ciom (-27).

The assertion in Corollary 4.5 then follows by making a similar estimate for
P(=N(t,xz) + N(t,y) > A). O

Continuing with the proof of Theorem 4.2, we define the grid

We write

Two points (t§7)7 x,in)) : 1= 1,2 are nearest neighbors if either
1. jl :jg and |k1 — k‘2| = 1, or
2. |]1 —jg‘ =1 and kl = kg

Claim 1 Let p € 9, for some n. There exists a path (0,0) = po,p1,...,DN =
p of points in ¥, such that each pair p;_1,p; are nearest neighbors in some
grid 9G,,,m < n. Furthermore, at most 4 such pairs are nearest neighbors in
any given grid 4,,.

We will prove a one-dimensional version of the claim for = € [0,1], and
leave the rest to the reader. Let %, = {k/2" : k = 0,...,2"} denote the
dyadic rational numbers of order n lying in [0, 1].
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Claim 2 Let x € ;. There exists a path 0 = pg,p1,...,pNn = x of points in
I, such that each pair p;_1,p; are nearest neighbors in some grid 7, m <
n. Furthermore, at most one such pair consists of points which are nearest
neighbors in any given grid J;,.

Proof (Claim 2). Let
z =029 Tp, (57)

denote the binary expansion of x, that is, its expansion in base 2, and let
Pm = 02122 Ty (58)

Then Claim 2 follows. Claim 1 is proved using a similar argument, where we
write p = (¢,x), take the binary expansion of x, and the base 4 expansion of
t. O

Exercise 4.6. Prove Claim 1.

Next, let K, > 0, and let A(n,\) be the event that for all nearest
neighbors p, ¢ € ¥, we have

IN(p) = N(g)| < AK27 7, (59)
By Corollary 4.5, for each pair of nearest neighbors p, ¢ € ¢,,, we have
P (\N(p) ~ N(q)| > )\K2‘(2‘a)") < Oy exp (—Cg)\22(2‘°‘)”) . (60)
Since there are 23" nearest neighbors in ¥4, we have

P(A%(n, \)) < 12" exp (—C2A22(2*°‘)")
(61)
< Csexp (—04A22<2*a>”) ,

for appropriate constants Cs, Cy. Let A(A) = USS jA(n, A). Summing the
previous estimates over n, we get

P(A(N)) < Crexp (—CaA?), (62)

where Cp,Cy might be different than before. Let p = (¢,z). If A()\) holds,
then using the path 0 = pg,...,py = (t,z), we have

N
IN(t,z)| = [N(t,z) - N(0,0)| <> [N(pj—1) — N(ps)|
N 7=t (63)
<4 AK27CT < CKX <A,
j=1

with the appropriate choice of K. This proves (48) and hence finishes the
proof of Theorem 4.2. ]
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Exercise 4.7. Modify the proof of Theorem 4.2 to get the following modulus
of continuity for u(¢,x): For all ¢, T, M > 0 there exists K = K(w,e,T, M)
such that forall 0 < s <t <T and —M <z <y < M, we have

lu(t,z) —u(s,z)| < K|t — s|1/4_5
u(t, z) — u(t,y)| < K|z —y['/?*~*

5 A comparison theorem

The maximum principle is a powerful method for studying elliptic and
parabolic equations, and it can be used to prove comparison theorems of
the following type. For simplicity, let 4 be the circle [0,1] with endpoints
identified. Consider two solutions u (¢, z) and us(t,x), t > 0, z € €, of the

heat equation
ou

5 = Au. (64)
Here we assume that u(t,x) has periodic boundary conditions on [0, 1], that
is u(t,0) = u(t,1) and uy(t,0) = uy(t,1). Suppose that u1(0,z) < uz(0,x).
Then for every t > 0 and = € €, ui(t,z) < us(t, ). Indeed, let v(t,z) =
ui(t,x) —us(t,z). Then v(0,z) is nonpositive, and the maximum principle
states that since v satisfies the heat equation, its maximum must be attained
on the boundary of the domain, namely at ¢ = 0. Thus, v(¢t,z) < 0 for all
t>0and z € €, so ui(t,x) < uz(t,z). This argument can be extended to
many semilinear heat equations, see [35].

For stochastic equations, comparison principles for finite dimensional diffu-
sions are known, see [16, Theorem 1.1, Chapter VI]. For example, suppose that
a(x),b(x) are Lipschitz functions, and that z¢ < yo. Suppose that X (t), Y (¢)
satisfy

dX =a(X)dt+b(X)dB,
dY =a(Y)dt+b(Y)dB,
Xo = o,
Yo = vo-
Then with probability 1, for all £ > 0 we have X; < Y;.

(65)

Theorem 5.1. Let a(u),b(u) be Lipschitz functions on R, and consider solu-
tions ui(t,x),us(t,z), t >0, x € € to the SPDE

o .

a%t = Au+ a(u) + blu)W, (66)
with u1(0,2) < u2(0,x). Then with probability 1, for allt > 0, x € €, we
have

ui(t,z) < us(t,z). (67)
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Proof. We will only give an outline of the proof, and only for fixed ¢. A special
case is treated in [28, Section 3], but the proof carries over to our situation.
For other approaches, see [30] and [37].

All such proofs follow the same strategy: discretize the SPDE and then

use the comparison result for diffusions. Fix N > 0 and for k =1,..., N let
(k+1)/N
u; g N(0) =N u; (0, ) dz, (68)
k/N

where the interval [k/N , (k + 1)/N] is taken to be a subset of €. Also, let

t p(k+1)/N
Bi(t) = N2 /O /k/N W (da ds), (69)

and note that By (t) is a standard Brownian motion. Define the operator A(Y)
by
AWy v = N? (Ui 18 — 20 g N + Uik 1.N) - (70)

In other words, AMY) is the discrete Laplacian. Because of our periodic bound-
ary conditions, we let u; v, N = Ui 0, N-

We will construct wu; g n(f) in stages. For j/N? <t < (j + 1)/N? and
J >0, let u; N (t) satisfy

duLk,N = a(ui7k7N) dt+N1/2b(ui,k7N)dBk. (71)

For t = j/N?, let
1
ui,k,N(t) = uLk,N(t—) + FA(N)Ui,k,N(t_) (72)

where the operator A(Y) acts on k. Finally, for

k
N2

1

T — <—2N2

(73)

let v; §(t, ) = wi n(t). It can be shown that for any T' > 0,

N—o0

lim B l/o [g|ui(t,m)—vi,N(t,w)Pd:ﬁdt] 0. (74)

Exercise 5.2. Verify (74).

Furthermore, the comparison theorem for diffusions from [16, Theorem
1.1, Chapter VI], and the positivity of the operator A(N) shows that with
probability 1, w1, n(t) < ugk n(t). See [28, Section 3] for details.

Modulo the missing details, this gives us our comparison theorem. O
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6 Applications

We give several applications of the preceding ideas.

6.1 Blow-up

Blow-up in finite time is a well-studied property for PDE, arising in such
applications as flame propagation and the shrinkage of an elastic string to a
point. In this section we will show that a certain SPDE does not blow up
in finite time. The basic idea is to show that if sup, u(t,z) is large, then it
is more likely to decrease than increase. This intuitive idea is implemented
by comparison with a random walk whose steps have negative expectation.
Probabilities are controlled using large deviations. We express the solution as
a sum of two terms, bound one by large deviations, and bound the other by
elementary heat kernel estimates.

Consider the following SPDE on the circle ¥, which we take to be [0, 1]
with endpoints identified. We impose periodic boundary conditions. Let v > 1.
Assume that ug(z) is a continuous and nonnegative function on 4.

ou .
A gl
5 u+u'W, (75)

u(0,2) = ug(x) > 0.

For this subsection, let G(t,x ,y) denote the heat kernel on the circle. Equiva-
lently, we could consider G(t,x ,y) to be the heat kernel on [0, 1] with periodic
boundary conditions.

Exercise 6.1. Show that

G(t,x,y)zz{G(t,x—y+2n)+G(t,x—|—y+2n)}, (76)
neZ

where G(¢,z) is the heat kernel on R.

As earlier, the rigorous meaning of (75) is given in terms of an integral
equation. Since we are concerned about blowup, we will truncate u”. Let

uN<t,x>:[gG<t,m,y>uo<y>dy
(77)

+/0 ﬂgG(t—s,x,y)(uN/\N)”(s,y)W(dyds).

Since (uy AN)7 is a Lipschitz function of N, the usual theory implies existence
and uniqueness for solutions uy to (77). See [38], Chapter 3, for example. Let
7n be the first time ¢ > 0 that uy(¢,2) > N for some = € [0,1]. Then
we can construct uy : N = 1,2,... on the same probability space, and the
limit 7y T 7 exists almost surely. Note that almost surely, w,, (t,2) = u,(t,x)
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as long as t < 7,, A 7. Then we may define u(t,z) for ¢ < 7 by setting
u(t,x) = un(t,z) whenever t < 7, for some n, and we see that 7 € [0, 00] is
the time at which sup, u(t,z) = oo, and 7 = oo if u(t, x) never reaches oco.

Definition 6.2. We say that u(t,x) blows up in finite time if T < co.
Then we have

Theorem 6.3. If v < 3/2 then with probability 1, u(t,z) does not blow up in
finite time.

We remark that Krylov [18] has a different proof of Theorem 6.3, including
generalizations, based on his L, theory of SPDE.

Proof (Theorem 6.8). First, we claim that
U(t) ::/ u(t,z)dx (78)
<

is a local martingale. It suffices to show that Upn(t) := fl un(t,z)dz is a

0
martingale for each N. Of course

/G(t,az,y)dmzl. (79)
€

Integrating (77) over  and using the stochastic Fubini’s lemma [38], we get

Un(t) = /g uo(y) dy + / [ﬁ (uy ANY'(s,9) W(dyds),  (80)

which is a martingale.
Since U(t) is a nonnegative continuous local martingale, it must be
bounded, and so
Ut) < K = K(w). (81)

for some K(w) < oo almost surely. We would like to study the maximum of
u(t, ) over x,

M(t) = sup u(t, x). (82)

TEE

Our goal is to show that M (t) does not reach oo in finite time, with probability
1. To that end, we define a sequence of stopping times 7,, : n > 0 as follows.
Let 79 = 0, and for simplicity assume that M (0) = 1. Given 7, let 7,11 be
the first time ¢ > 7, such that M(t) equals either 2M(7,,) or (1/2)M (7).
The reader can easily verify that 7,, is well defined for all values of n. Next,
we wish to show that if M(7,) is large enough, say M(7r,) > 2™ for some
Ny > 0, then .

p (M(TM) = 2M (1) - (83)

3&‘”) <
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Assuming (83), we can compare Z, = log,[M(7,) — No| to a nearest-neighbor
random walk R,, with P(R,4+1 = R, + 1) = 1/3. In particular we claim
that Z,, R, can be constructed on the same probability space such that the
following comparison holds. Let o, be the first time n such that Z,, < Nj.
Then almost surely, for all n < oy,

Zn < R,.
Such a random walk R,, always returns to 0 if Ry > 0.
Exercise 6.4. Fill in the details of the above comparison.

Therefore, Z, either visits the level 2V infinitely often, or tends to 0.
If Z, — 0, then clearly u(¢,x) does not blow up, either in finite or infinite
time. On the other hand, suppose Z,, visits the level 2™ infinitely often, at
the times 7,, : K = 1,2,.... We claim that there exists a constant C' > 0
such that E[7,,4+1 — Tn, | Zn] > C for all k. This follows from the strong
Markov property of solutions, namely, if .%; is the o-field generated by the
noise W (s, ) for time s < ¢, then our solution wu(t,z) is a Markov process.
It is intuitively clear that the heat equation starts afresh at any given time,
with the current solution as new initial value.

Exercise 6.5. Prove the Markov property of u(t, ) from (77).
Exercise 6.6. Give a full proof of the existence of the constant C' mentioned
above.

Therefore lim;—, o 7, = 00, and so with probability 1, u(¢,z) does not
blow up in finite time.

Now we turn to the proof of (83). It suffices to consider ugm+1 (¢, x). Sup-
pose that M(r,) = 2™ and let v(t,z) = ugm+1(7, + t,x). Using the strong
Markov property for u(t,x), and the fact that v(t,x) < 2™*! we have

u(t,x) :[gG(t,x,y)v(O,y)daj

+/0 [gG(t—s,x,y)v(s,y)"’W(y,s)dyds (84)

= Vi(t,z)+ Va(t,x).

Note that by the maximum principle, sup, Vi (¢, z) is nonincreasing. Our goal
is to choose a nonrandom time 7" such that for m large enough,

1
P ( sup sup Va(t,z) > 2m/4> <= (85)
0<t<T z€€ 3
and
sup Vi (¢, @) < 2m/%, (86)

TEE
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Exercise 6.7. Check that (85) and (86) imply (83).

Now for the heat kernel G(t,z) on x € R,

Gtz — W) <Cct1? (87)

1
= —— € —_
Y) 7 Xp( p
for C' = (4m)~1/2,

Exercise 6.8. Use (76) and (87) to show that for some constant C' > 0, the
heat kernel G(t,z,y) on € satisfies

G(t,z,y) < Ct™/? (88)
forallt >0, z,y € ¥.
So for all z € € we have
Vilt.o) < 0 [ ot g)dy < O, (39)
€

where K = K(w) was our upper bound for the integral of u(t,z) over x.
Now choose Ky such that if & = {K(w) > Ky} then

1
P(o) < 6 (90)
Also choose
T =C?KZ2~m/276, (91)
This choice of T gives us (86).
Next we prove (85). Note that
Ugm+1 (t , 1’)7 S 032“/’”1 (92)

We ask the reader to believe that Theorem 4.2 also holds for equations on %.
If this is granted, we have

P < sup sup Va(t,z) > 2m/4>
0<i<T z€€

< P(/°) + Cpexp ( (277> (93)

= _T1/2(032'ym)1/2>
<Liee (_C42<m/2><1w+<1/2>))
6

But if v < 3/2 then 1 — v + (1/2) > 0, and the above probability is less than

1/6 for m > mg and myg large enough.
This verifies (86), and finishes the proof of Theorem 6.3. O
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6.2 Hitting zero

Next we determine the critical drift for an SPDE to hit 0, given that the
initial function is strictly positive and bounded away from 0. The argument is
similar to the proof of Theorem 6.3. We show that if inf, u(¢, x) is small, then
it is more likely to increase than decrease. We express the solution as a sum of
two terms, bound one by large deviations, and bound the other by elementary
heat kernel estimates. For ¢t > 0,2 € €, we consider solutions u(t,x) to

ou o
E—Au—l—u +W(t,x)

u(0,x) = ugp(x)

(94)

where 0 < ¢ < up(x) < C for some constants ¢, C. The term v~ is singular

at u = 0, so once again we must restrict to 0 < ¢t < 7 where 7 is the first time
t such that u(t,z) = 0. If there is no such time, we let 7 = oo.

Theorem 6.9. Let o7 be the event that T < oo, that is, u hits 0 in finite time.

1. If & > 3 then P(&/) = 0.
2. If o < 3 then P(&7) > 0.

Proof. We will only prove assertion (1). For (2) the reader can consult [25].

As in the previous section, our strategy is to compare inf, log, u(t, z) to a
nearest-neighbor random walk. To verify assertion (1), we need to show that
for u small enough, the random walk has a higher probability of moving up
than down.

Let 1(t) = infee u(t,z). We construct a sequence of stopping times 7, :
n > 0. Let 79 = 0. Given 7, let 7,41 be the first time ¢t > 7, such that
I(t) = 2I(m,) or I(t) = (1/2)I(7s). Let Z, = logy I(7,). Fix n, and let
v(t,z) = u(r, +t,z). Let o, be the event that 7,11 = Z,, — 1. We claim
that for Z,, small enough,

7o) <y (95)

Pe|7n) <5

First, by the comparison principle of Theorem 5.1, it is enough to show
(95) for v(0,x) = I(y,). Let I(r,) = 27™. Using the strong Markov property,
we can write

v(t,x) :LG(Lx,y)v(my)du’c

Jr/t/ Gt —s,z,y)v(s,y) *dyds (96)
//Gt—s x,y)W(dyds)dyds

=:27 m—|—V1t CC)+V2(t JL‘)
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Fix § > 0, and let
T =274m=2 (97)

Let = B(T,1,) be the event that

sup sup [Va(t,z)| <27™71 (98)
0<t<T z€¥

By Theorem 4.2 (for €), we have

P (#°) < Cyexp (_01(2_’”_1)2>

T1/2

S CO exp (_0226m) (99)

1L

3’

if m is large enough.
We claim that on %,
sup sup |Vi(t,z)| <2m L. (100)
0<t<T z€€

Indeed, let v, (t, ) satisfy
on(t,) = [ Glt..9)o(0,0)ds
€
t
+/ / Gt —s,2,y) (vm(s,y) V27" 1) " dyds  (101)
0 Je

+/Ot[gG(t—s,x7y)W(dyd5)'

Then vy, (t,z) = v(t,z) for all z € € and for all 0 < ¢t < oy, where oy, is the
first time s that
inf Um(s,2) <27mL (102)
TE

However, on the event %, since v(0,z) = 2™™, we see that

inf inf v, (t,2) >27™ — sup sup |Vi(t,z
0<t<T ze€ m(t,) 0<t<T:ze<€| (t,2)] (103)

—m—1
>27",

by the definition of . Therefore, on B, v, (t,z) = v(t,z) for 0 <t < T and
x € €. It follows that on B, v(t,z) > 2™ for 0 <t <T and x € €. It
follows that on Z and for 0 <t < T and = € E,
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v(t,x) gﬂgG(Lmy)v(O,y)dx

t
+//G(t—s,x,y) (27 )" dyds
0 J¥

¢ (104)
+/ / G(t—s,x,y)W(dyds)
0o Je
S 27777, 4 CTQma 4 27m71
< 2—m+1.
for m large enough. Thus, if m is large enough,
1
P(Zwﬂzzzn+1(£a)ng@2y<§. (105)

This proves the comparison of Z,, with a random walk, and finishes the proof
of Theorem 6.9. O

Remark 6.10. Recently, Zambotti [39; 40] has found remarkable connections
between the problem of hitting 0 and the random string, which is a vector-
valued solution of the heat equation with noise.

6.3 Compact support

We all know that nonnegative solutions to the heat equation which are not
identically zero have support on all of R It is therefore of great interest
that certain stochastic heat equations have solutions with compact support.
Intuitively, at the edge of the support the noise term dominates, so it has a
chance to push the solution to 0.

Consider solutions u(t,z), 0 <t < oo, z € R, to
% = Au+uW(t,z)
u(0,z) = uo(x),

(106)

where ug(x) is a continuous nonnegative function of compact support, and

1
5 <1<l (107)
By an ingenious argument using duality, Mytnik [29] has proved uniqueness in
law. Actually, approximate duality is used, not exact duality. Roughly speak-
ing, the dual process v(t,x) satisfies

0 .
8—: = Av+ oY7Lt x)
v(0,2) = vo(x) 20,

(108)
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where L(t,x) is a one-sided Lévy noise with positive jumps, of index 2. For
details, see [29]. Mytnik’s duality relation is

H(u,v) = exp ( /R u(z)o(z) dx), (109)

which is one of the standard duality functions. (At least this last part is easy
to guess).

Theorem 6.11. With probability 1, u(t,z) has compact support in x for all
t>0.

Proof. We will mainly discuss the proof for v = 1/2; which is much easier.
This argument is essentially due to Iscoe [15]. Let

_[12(z+R)™? forz > —-R
v(z) = {oo for x < —R. (110)
and note that for x > —R,
1
Av(x) = iv(x)? (111)

Define 0 - co = 0, and let

M, = exp ( /R v(@)ult, ) dx). (112)

By Ito’s lemma (see (9) and (10)), we have

dM,; = M, ( — /IER [v(x)Au(t ,x) + ;U(z)Zu(t,x)] dx) dt
M, /I ol@)u(t )W dn) (113)

= — vr)u l‘l/Q X .
- Mt/meR (2)ult, o)/ W (de dt)

Here we have used the martingale problem formulation to do integration by
parts, ie to replace vAu by uAv. Then we used (111) to substitute for Av. Ac-
tually, to justify this calculation, we must truncate v(x) and let the truncation
level tend to co. We leave these details to the reader.

Thus M, is a local martingale. Fix 7' > 0, and let 7 be the infimum of
times ¢ < T for which

R
/ u(t,x)dx >0 (114)
—oo

and let 7 = T if there is no such time. If 7 < T', we say that u charges (—oco, R]

before time T'. Since 0 < M; < 1, we can apply the optional sampling theorem
to conclude that
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My = EM, . (115)

Let &7 be the event that u does not charge (—oo, R] before time 7. Note that
on &/¢ we have M, = 0, while on & we have M, < 1. Therefore,

P(«/) > EM,; = My = exp (— /Rv(m)u(o,x) dx) (116)

From (111) we see that v(z) = v(R,z) — 0 uniformly on compact intervals.
Since u(0,z) is continuous with compact support, it follows that the right
hand side tends to 0 as R — oo. O

For 1/2 < v < 1, Mueller and Perkins [24] gave a more complicated
argument proving compact support in this situation, but one which gave in-
formation which has proved useful for other problems.

Note 6.12. Compact support can also occur in deterministic heat equations
such as

% = Au—u” (117)
when p < 1. Assume that u(¢,z) is nonnegative. For small values of u, we
have u? > u, so the final term can push the equation to 0. More complicated
equations of this type appear in chemical engineering, and the region where
u(t,x) = 0is called a dead zone. Chemical engineers try to minimize the dead
zone, since no reactions take place there, and this leads to inefficient use of
the reactor vessel.

6.4 Noncompact support

On the other hand, some stochastic heat equations have solutions whose sup-
port is all of R%. Note that in the following equation, no matter what the size
of u, the noise term is comparable to the other terms in the equation.

Theorem 6.13. Suppose that u(t,x), t > 0, x € R satisfies

% = Au +uW(t, )

u(0,2) = up(x),

(118)

forug(z) continuous, nonnegative, and not identically 0. Then with probability
1, u(t,x) >0 for allt > 0,2 € R.

The assertion seems intuitively obvious, since solutions to the heat equa-
tion have support on all of R. However, the previous section shows that certain
heat equations can have solutions of compact support.
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Proof. Working with x € R gives rise to technical complications, so let us
suppose that u(t,z) : ¢ € [-2R, 2R] satisfies

0 .
8—1: = Au+uW(t,z),
u(t,—2R) = u(t,2R) =0,

w(0,z) = up(x).

(119)

As before, we would give rigorous meaning to this equation in terms of the
following integral equation.

2R
u(t,x) = GD(tamay)UO(y) dy
—2R
. 9R (120)
+/ Gp(t—s,z,y)u(s,y) W(dyds),
0 —2R

where Gp(t,z,y) is the fundamental solution to the heat equation on
[-2R,2R] with Dirichlet boundary conditions. It is a standard fact that

Gp(t,z,y) <G,z —y). (121)

It is not hard to modify the proof of the comparison theorem, Theorem 5.1, to
show that the solution to (119) is less than or equal to the solution of (118).
From now on, let u(t,z) denote the solution to (119). It is enough to show
that with probability 1, u(t,z) satisfies

supp(u(t,-)) O [-R, R] (122)

for all £ > 0.

Note that the equation is linear, so v(t,x) = cu(t,x) satisfies the same
equation, with different initial conditions, of course. We will subdivide time
into stages, and show that with high probability, at each stage the support
expands a little more.

Translating u(0, ) if necessary, we may assume that u(0,z) > d1j_, 4
for some 9, a > 0. For simplicity, assume that a = 1. Let

S, = supp(u(t,)) (123)
It suffices to show that for T, R, > 0,
[-R,R] C . (124)

For simplicity we will present the proof for T'=1 and R > 2. Fix N > 0 and
let ¢, = Tk/N. Let <7 be the event that

u(ty ,x) > 0l (x) (125)

for some 9, where



146 C. Mueller
RE RE
= 11— —<< < — .
I(x) 1( 1 N <zr<1l+ N) (126)

Note that
In(z) > 1_p (). (127)

We wish to show that for all € > 0, we can choose N so large that for all
k=1,...,N

. €
P(gfk+1’mm-~~m%)<ﬁ. (128)
Note that o4 occurs by assumption. It would then follow that
N-1
P() < Y P (| ain - na
() < kZ:O ( nl Ind ’“) (129)
<e
But
P(y1 c PR,R]) >P(ay)>1— e (130)

and since ¢ is arbitrary, we would be done.

Now we turn to the proof of (128). Assuming that 7, occurs, we have
u(ty ,x) > dIx(z). By the comparison theorem, Theorem 5.1, it is enough to
show (128) assuming that u(ty,x) = 01k (x). Now let

ve(t,z) = (1/0)u(ty +t,x), (131)

so that vy (t,x) satisfies (118), and v, (0, z) = I(z). Let

2R
a0 = [ G+ (s 1)/N = 5)0(0.) . (132)
and let
n(N) = Ogi;géNn(N’ k). (133)

We leave it to the reader to show that n(N,k) is increasing in k, so that
n(N) = n(N,0) and that
n = i]I\l]f??(N) > 0. (134)

Hint: roughly speaking, the heat kernel spreads a distance 1/N'/2 in time
1/N, so it must be close to 1 at distance 1/N from the edge of the support of
the indicator function.

Next, let wg (¢, z) satisfy

2R

wk(t,.’t): 2RGD(taxay)Ik(y)dy
B (135)

t 2R
+/ Gp(t—s,z,y)u(s,y) W(dyds),
0 —2R



Parabolic stochastic partial differential equations 147

and let

t 2R

Ny(t,x) = / Gp(t—s,z,y)u(s,y) W(dyds). (136)
0o J—2R

In the same way as for Theorem 4.2, it is not hard to prove that if 0 < M < R,

then there exist constants Cq, Cy > 0 such that for all T, K, A > 0,

Ca\?
P| sup sup |[Ny(t,z)|>A| <Crexp . (137)

0<t<T |a|<M T/2K?

Now let A = /2, and let T = 1/N. Thus, given &, we can choose N so large
that the right hand side of (137) is less than e.
This proves (128), and so finishes the proof of Theorem 6.13. O
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Summary. Anisotropic Gaussian random fields arise in probability theory and in
various applications. Typical examples are fractional Brownian sheets, operator-
scaling Gaussian fields with stationary increments, and the solution to the stochastic
heat equation.

This paper is concerned with sample path properties of anisotropic Gaussian
random fields in general. Let X = {X(t),t € R"} be a Gaussian random field
with values in R? and with parameters Hi, ..., Hx. Our goal is to characterize the
anisotropic nature of X in terms of its parameters explicitly.

Under some general conditions, we establish results on the modulus of continuity,
small ball probabilities, fractal dimensions, hitting probabilities and local times of
anisotropic Gaussian random fields. An important tool for our study is the various
forms of strong local nondeterminism.

1 Introduction

Gaussian random fields have been extensively studied in probability theory
and applied in a wide range of scientific areas including physics, engineer-
ing, hydrology, biology, economics and finance. Two of the most important
Gaussian random fields are respectively the Brownian sheet and fractional
Brownian motion.

The Brownian sheet W = {W(t), t € RY}, which was first introduced by
a statistician J. Kitagawa in 1951, is a centered Gaussian random field with
values in R? and covariance function given by

N
E[Wi()W;(t)] = 0i; [[(se Atr), Vst € RY, (1)
k=1

* Research supported in part by the NSF grant DMS-0404729.
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where 0;; = 1if ¢ = j and 0 if i # j. When N = 1, W is the ordinary
Brownian motion in R?. For N > 2, W has independent increments over
disjoint intervals in Rf and such increments are stationary. We refer to [1; 49]
for systematic accounts on properties of the Brownian sheet and to [94] and the
articles in this volume for its important roles in stochastic partial differential
equations.

For a fixed constant 0 < a < 1, an (N, d)-fractional Brownian motion
with index « is a centered Gaussian random field X* = {X%(¢),t € RV}
with values in R and covariance function given by

EIXE)XP (0] = 50 (1P 4 12— ls — 1), Vst RY,  (2)
where |-| denotes the Euclidean norm in R~. The existence of X follows from
the positive semi-definiteness of the kernel on the right hand side of (2); see
[82] for a proof. When N =1 and o = 1/2, X is again the Brownian motion
in R when N > 1, a = 1/2 and d = 1, it is the multiparameter Brownian
motion introduced by P. Lévy; see [46; 82] for more historical information,
probabilistic and statistical properties of fractional Brownian motion.

By using (2) one can verify that X< is self-similar with exponent «, i.e.
for every constant ¢ > 0,

{X(ct), t e RV} £ {e*X(¢), t € RV}, (3)

where £ means equality in finite dimensional distributions. Moreover, X has
stationary increments in the strong sense; see Section 8.1 of [82]. In particular,
X is isotropic in the sense that the distribution of X (s)—X(¢) depends only on
the Euclidean distance |s —t|. Fractional Brownian motion is naturally related
to long range dependence which makes it important for modelling phenomena
with self-similarity and/or long memory properties. In the last decade the lit-
erature on statistical analysis and applications of fractional Brownian motion
has grown rapidly [30].

On the other hand, many data sets from various areas such as image pro-
cessing, hydrology, geostatistics and spatial statistics have anisotropic nature
in the sense that they have different geometric and probabilistic characteris-
tics along different directions, hence fractional Brownian motion is not ade-
quate for modelling such phenomena. Many people have proposed to apply
anisotropic Gaussian random fields as more realistic models [11; 18; 29].

Several classes of anisotropic Gaussian random fields have been intro-
duced for theoretical and application purposes. For example, Kamont [47]
introduced fractional Brownian sheets [see the definition in Section 2.1] and
studied some of their regularity properties. Benassi et al. [10] and Bonami
and Estrade [18] considered some anisotropic Gaussian random fields with
stationary increments. Biermé et al. [17] constructed a large class of opera-
tor self-similar Gaussian or stable random fields with stationary increments.
Anisotropic Gaussian random fields also arise naturally in stochastic partial
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differential equations [20; 73; 74; 75]; and in studying the most visited sites
of symmetric Markov processes [35]. Hence it is of importance in both theory
and applications to investigate the probabilistic and statistical properties of
anisotropic random fields.

This paper is concerned with sample path properties of anisotropic Gaus-
sian random fields in general. From the recent works on fractional Brownian
sheets [see Section 2.1 for a list of references]| it is known that the behavior of
anisotropic Gaussian random fields may differ significantly from those of the
Brownian sheet and fractional Brownian motion. Our objective is to gather
and develop some general methods for studying the analytic and geometric
properties of anisotropic Gaussian fields. In particular our results are appli-
cable to the solutions of stochastic partial differential equations including the
stochastic heat and wave equations. In a similar vein, Pitt and Robeva [78],
Robeva and Pitt [79], Balan and Kim [8] have proposed to study the Markov
properties of (anisotropic) Gaussian random fields and the solutions to the
stochastic heat equations.

The rest of this paper is organized as follows. Section 2 contains definitions
and basic properties of several classes of anisotropic Gaussian random fields
including fractional Brownian sheets, Gaussian random fields with stationary
increments and solutions to stochastic partial differential equations. We also
provide the general conditions [i.e., Conditions (C1), (C2), (C3) and (C3')]
for the Gaussian random fields that will be studied in this paper.

An important technical tool in this paper is the properties of strong local
nondeterminism for anisotropic Gaussian random fields, extending the con-
cept of local nondeterminism first introduced by Berman [14] for Gaussian
processes. In Section 3, we recall the recent result of Wu and Xiao [97] on
the property of sectorial local nondeterminism for fractional Brownian sheets;
and we prove a sufficient condition for an anisotropic Gaussian field with sta-
tionary increments to be strongly locally nondeterministic (with respect to an
appropriate metric).

Section 4 is concerned with analytic and asymptotic properties of the sam-
ple functions of anisotropic Gaussian fields. We summarize three methods for
deriving a sharp modulus of continuity for any anisotropic Gaussian random
field satisfying Condition (C1). The first method is to use an extension, due
to Arnold and Imkeller [2], Funaki, Kikuchi and Potthoff [39], Dalang, Khosh-
nevisan and Nualart [22], of the powerful Garsia-Rodemich-Rumsey continuity
lemma; the second is the “minorizing metric” method of Kwapien and Risinski
[60]; and the third is based on the Gaussian isoperimetric inequality. While
the first two methods have wider applicability, the third method produces
more precise results for Gaussian random fields.

Section 5 provides an application of strong local nondeterminism in study-
ing small ball probabilities of anisotropic Gaussian fields.

In Section 6, we consider the Hausdorff and packing dimensions of the
range X ([0,1]V) = {X(¢) : t € [0, 1]} and graph GrX ([0, 1]V) = {(t, X (2)) :
t € [0,1]V} of X. Due to anisotropy, these results are different from the
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corresponding results for fractional Brownian motion and the Brownian sheet.
We also establish an explicit formula for the Hausdorff dimension of the image
X (FE) in terms of the generalized Hausdorff dimension of E (with respect to an
appropriate metric) and the Hurst index H. Moreover, when H = (a, ..., ) €
(0,1)N, we prove the following uniform Hausdorff dimension result for the
images of X: If V < ad, then with probability one,

dim_, X (F) = édimﬂ,E for all Borel sets E C (0,00)". (4)
This extends the previous results of [51; 70; 72] for fractional Brownian motion
and the Brownian sheet, respectively, and is another application of the strong
local nondeterminism.

In Section 7, we determine the Hausdorfl and packing dimensions of the
level sets, and establish estimates on the hitting probabilities of Gaussian
random fields X satisfying Conditions (C1) and (C2).

In Section 8, we study the existence and joint continuity of local times of
anisotropic Gaussian random fields under Conditions (C3) and (C3'). More-
over, we discuss local and uniform Holder conditions of the local times in
the set variable and show their applications in evaluating the exact Hausdorff
measure of the level sets of X.

We end the Introduction with some notation. Throughout this paper, the
underlying parameter space is RN or RY = [0,00)". We use |-| to denote the
Euclidean norm in RY™. The inner product and Lebesgue measure in R are
denoted by (-,-) and Ay, respectively. A typical parameter, ¢t € R" is written
ast = (t1,...,ty), or as (c) if t; = --- = ty = c. For any s,t € RY such
that s; < t; (j = 1,...,N), [s,t] = H;V:1 [s;,t;] is called a closed interval
(or a rectangle). We will let o/ denote the class of all closed intervals in RV
For two functions f and g, the notation f(t) < g(¢) for ¢ € T means that
the function f(t)/g(t) is bounded from below and above by positive constants
that do not depend on t € T..

We will use ¢ to denote an unspecified positive and finite constant which
may not be the same in each occurrence. More specific constants in Section 4
are numbered as ¢, ,, ¢, 5, -

2 Examples and general assumptions

In this section, we give some important examples of anisotropic Gaussian
random fields, among them, fractional Brownian sheets are the most studied.
We will show that the methods for studying fractional Brownian sheets can
be modified to investigate sample path properties of anisotropic Gaussian
random fields in general. In §2.4, we provide the general conditions for the
Gaussian random fields that will be studied in this paper.
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Even though anisotropic random fields generally do not satisfy the or-
dinary self-similarity (3), they may have certain operator-scaling properties.
Following the terminology of Biermé et al. [17], we say that a random field
X ={X(t), t € RN} is operator-self-similar [or operator-scaling] in the time
variable if there exist a linear operator A on RN with positive real parts of
the eigenvalues and some constant 3 > 0 such that

{X(), te RV} 2 {’ X(1), t e RN} Ve>o0. (5)

In the above, ¢ is the linear operator defined by ¢4 = Y7 (Inc)"A"/nl.
The linear operator A is called a self-similarity exponent [which may not be
unique].

There is also a notion of operator-self-similarity in the space variable [65;
98]. We will not discuss this topic in this paper.

2.1 Fractional Brownian sheets

Fractional Brownian sheets were first introduced by Kamont [47], who also
studied some of their regularity properties. For H = (Hy,...,Hy) € (0,1)V,
an (N, 1)-fractional Brownian sheet B! = {B (t), t € R} with Hurst index
H is a real-valued, centered Gaussian random field with covariance function
given by

N
1 _ . .
BB (5)BE )] = [] 5 (15 + 165 — s~ t,21), st e RN, (6)
j=1

It follows from (6) that B (t) = 0 a.s. for every t € RY with at least one
zero coordinate.

Note that if N = 1, then BZ is a fractional Brownian motion in R with
Hurst index H; € (0,1); if N > 1 and H = (1/2), then B is the Brow-
nian sheet in R. Hence BE can be regarded as a natural generalization of
one parameter fractional Brownian motion as well as a generalization of the
Brownian sheet.

It follows from (6) that B! has the following operator-scaling property:
For all constants ¢ > 0,

{BI (M), te RV} £ {cNB(;H(t), teRN}, (7)

where A = (a;;) is the N x N diagonal matrix with a;; = 1/H; for all 1 <
i < N and a;; = 0 if i # j. Thus, B{ is operator-self-similar with exponent
Aand 0= N.

The covariance structure of B{ is more complicated than those of frac-
tional Brownian motion and the Brownian sheet. The following stochastic
integral representations are useful. They were established by Ayache et al. [4]
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and Herbin [43], respectively, and can be verified by checking the covariance
functions.
e Moving average representation:

B0 =, [ OO - OO g(t,5) W(ds), (8)

where W = {W(s), s € RV} is a standard real-valued Brownian sheet and

N
g(t,s) = H {((tj — sj)+)Hi*1/2 _ ((75j)+)Hj71/2]

with sy = max{s,0}, and where x, > 0 is a normalization constant.
To give a harmonizable representation for B{, let us recall briefly the
definition of a complex-valued Gaussian measure. Let (F, &, A) be a measure

space and let & = {A € & : A(A) < oo}. We say that .# is a centered
complex-valued Gaussian measure on (E,&, A) if {#(A),A € &/} is a cen-
tered complex-valued Gaussian process satisfying

E (//7(/1)/2;(3)) =A(ANB) and 4 (—A)=.4(A), (9)

for all A, B € /. The measure A is called the control measure of M.

For any complex valued function f € L?(E,&,A), the stochastic integral

I f(f)/}/v(dﬁ) can be defined; see, e.g., Section 7.2.2 of [82]. With this no-
tion, we give the following:

¢ Harmonizable representation:
B =1, [ W@, (10)

where W is a centered complex-valued Gaussian random measure in R with
Lebesgue control measure and

N eitj)\j _ 1

Q/Jt()‘) = H

H I 11
jor IATite )
where K, > 0 is a constant. Recently, Wang [95] gives another stochastic
integral representation for BE .

Let B, ..., BI be d independent copies of B. Then the (N, d)-fractional
Brownian sheet with Hurst index H = (Hj, ..., Hy) is the Gaussian random
field B = {BH(t) : t € RV} with values in R¢ defined by

B (t) = (B{(t),....BJ(t)), teR" . (12)
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Several authors have studied various properties of fractional Brownian
sheets. For example, Ayache et al. [4] provided the moving average represen-
tation (8) for B{! and studied its sample path continuity as well as its con-
tinuity in H. Dunker [32], Mason and Shi [66], Belinski and Linde [9], Kiihn
and Linde [59] studied the small ball probabilities of B{f. Mason and Shi
[66] also computed the Hausdorff dimension of some exceptional sets related
to the oscillation of the sample paths of Bf. Ayache and Taqqu [5] derived
an optimal wavelet series expansion for fractional Brownian sheet BIT; see
also [33; 59] for other optimal series expansions for B{. (Jksendal and Zhang
[75], and Hu, Oksendal and Zhang [45] studied stochastic partial differential
equations driven by fractional Brownian sheets.

For fractal properties, Kamont [47] and Ayache [3] studied the box and
Hausdorff dimensions of the graph set of an (N, 1)-fractional Brownian sheet.
Ayache and Xiao [7] investigated the uniform and local asymptotic properties
of BH by using wavelet methods, and determined the Hausdorff dimensions
of the image B ([0,1]"), the graph GrBH ([0,1]") and the level set L, =
{t € (0,00)"N : BH(t) = 2}, where x € R?. Further results on the geometric
and Fourier analytic properties of the images of B¥ can be found in Wu and
Xio [97].

Xiao and Zhang [110] studied the existence of local times of an (N, d)-
fractional Brownian sheet B¥ and proved a sufficient condition for the joint
continuity of the local times. Ayache, Wu and Xiao [6] established the joint
continuity of the local times under the optimal condition and studied the local
and uniform Holder conditions for the maximum local times. Related to the
above results, we mention that Tudor and Xiao [93] have obtained results
on Hausdorff dimensions of the sample paths, local times and their chaos
expansion for (N, d)-bifractional Brownian sheets.

2.2 Anisotropic Gaussian random fields with stationary increments

Let X = {X(¢), t € R} be a real-valued, centered Gaussian random field
with X (0) = 0. We assume that X has stationary increments and continu-
ous covariance function R(s,t) = E[X(s)X(t)]. According to Yaglom [111],
R(s,t) can be represented as

R(s,t) :/RN(W’£> —1)(e "9 —1)A(dE) + (s, O1), (13)

where (2, %) is the ordinary inner product in RY, © is an N x N non-negative
definite matrix and A(d€) is a nonnegative symmetric measure on R\{0}
that satisfies

/ € A(dE) < oo (14)
ry 1+ [¢[? ‘

The measure A and its density (if it exists) f(§) are called the spectral measure
and spectral density of X, respectively.
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It follows from (13) that X has the following stochastic integral represen-
tation:

X()= [ (€09 1) Alae) + (%), (15)

where Y is an N-dimensional Gaussian random vector with mean 0 and covari-
ance matrix ©, and where .Z is a centered complex-valued Gaussian random
measure in RY with control measure A, which is independent of Y. Since
the linear term (Y, t) in (15) will not have any effect on the problems consid-
ered in this paper, we will from now on assume Y = 0. This is equivalent to
assuming © = 0 in (13). Consequently, we have

7h) =E[(X(t+ 1) - X(0)] =2 [ (1-cos(h.) ). (10)
R
It is important to note that o2(h) is a negative definite function [12] and, by
the Lévy-Khintchine formula, can be viewed as the characteristic exponent of
a symmetric infinitely divisible distribution.

If the function o2 (h) depends only on |h/|, then X is called an isotropic ran-
dom field. We say that a Gaussian random field X is approzimately isotropic
if 02(h) =< ¢(|h|) in a neighborhood of h = 0 for some nonnegative function
¢. Sample path properties of such Gaussian random fields have been studied
widely. See [83; 102; 108] and the references therein for more information. The
results in [7; 97] on fractional Brownian sheets indicate that the properties
of anisotropic Gaussian random fields can be very different and often more
difficult to be established.

Many Gaussian random fields can be constructed by choosing the spectral
measures appropriately. For example, if we consider the spectral density

7€) = ! = ve € RN\{0}, (17)

(2 lg

where the constants H; € (0,1) for j =1,...,N and Q = Zjvzl Hj_l7 then
the corresponding Gaussian random field X has stationary increments and is
operator-self-similar with exponent A = (a,;), where a;; = H; Land a;; =0
if ¢ # j and § = 1. This Gaussian random field is similar to that in Example
3 of [18].

The following class of Gaussian random fields constructed by Biermé,
Meerschaert and Scheffler [17, Section 4] is more general.

Theorem 2.1. Let A be a real N X N matriz with the real parts of the eigen-
values 1 < ay < ay < --- < ayn and let Q = trace(A). If  : RN — [0,00) is a
continuous, A’'-homogeneous function [i.e., w(cAlg) =cy(§) for all ¢ >0 and
¢ € RN. Here A’ denotes the transpose of A] such that y(€) > 0 for &€ # 0.
Then the Gaussian random field

(ei<t7€> _ 1) m z e RV, (18)

Xoft) = ke [ G

R
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where W is a centered complez-valued Gaussian random measure in RN
with Lebesque control measure, has stationary increments and is operator-
self-similar in the sense of (5) with exponent A and 8 = 1.

Compared with (15), we see that the spectral measure of X, is A(d€) =
(€)= (2+Q) d¢. As the results of this paper will suggest, the sample functions
of Xy share many properties with fractional Brownian sheets and many of
them can be described in terms of the real parts of the eigenvalues of A. See
[15] for more details.

2.3 Solutions to stochastic partial differential equations

Gaussian random fields arise naturally as solutions to stochastic partial dif-
ferential equations. In the following we list as examples the solutions to the
stochastic heat equation and stochastic wave equation, and discuss possible
ways to study their sample path properties using general methods for Gaus-
sian random fields. We refer to [20; 21; 22; 23; 24; 27; 28; 73; 94], and the
articles in this volume for more information.

2.3.1 The stochastic heat equation
Funaki’s model for random string in R is specified by the following stochas-
tic heat equation:

ou(t,z)  d*u(t,=) .

% a2 +W, (19)
where W(;v ,t) is an R-valued space-time white noise, which is assumed to be
adapted with respect to a filtered probability space (2,.%,.%;, P), where &
is complete and the filtration {.%;,t > 0} is right continuous [38; 73].

Recall from [73] that a solution of (19) is defined as an .#-adapted, con-
tinuous random field {u(t,x),t € R4, € R} with values in R satisfying the
following properties:

(1) w(0,-) € &exp almost surely and is adapted to %y, where &exp = Ur>08
and
s ={feCR): |f@)]e ™ =0 as fo| - oo}

(ii) For every t > 0, there exists A > 0 such that u(s,-) € &, for all s < ¢,
almost surely;

(iii) For every t > 0 and = € R, the following Green’s function representation
holds

u(t,x):/RG(t,x—y)u(O,y)dy—l—/o /RG(t—r,x—y)W(dydr), (20)

where G(t,z) = (4rt)~'/? exp{—x?/(4t)} is the fundamental solution of
the heat equation.



160 Y. Xiao

We call each solution {u(t,z), t € Ry, € R} of (19) a random string
process with values in R, or simply a random string as in [73]. Note that, in
general, a random string may not be Gaussian, a powerful step in the proofs of
[73] is to reduce the problems about a general random string process to those
of the stationary pinned string Uy = {Uy(t,x),t € R4, z € R}, obtained by
taking the initial function «(0, ) in (20) to be defined by

u(0,z) = /0 /R (G(r,x—2)—G(r,z)) W(dzdr), (21)

where W is a space-time white noise independent of the white noise W. Con-
sequently, the stationary pinned string is a continuous version of the following
Gaussian field

Uo(t,x)z/ooo/R(G(t—kr,x—z)—G(t+r,z))W(dzdr)

+/Ot/RG(r,x—z)W(dZd7“)7

Mueller and Tribe [73] proved that the Gaussian field Uy = {Up(t, ), t €
R,z € R} has stationary increments and satisfies the Conditions (C1) and
(C2) in Section 2.4. Let Uy, . .., Uy be d independent copies of Uy, and consider
the Gaussian random field U = {U(t,z), t € R4,z € R} with values in R¢
defined by U(t,x) = (U1(t,z),...,Us(t,x)). Mueller and Tribe [73] found
necessary and sufficient conditions [in terms of the dimension d] for U to hit
points or to have double points of various types. They also studied the question
of recurrence and transience for {U(¢,z), t € R4, 2 € R}. Continuing the
work of Mueller and Tribe [73], Wu and Xiao [96] studied the fractal properties
of various random sets generated by the random string processes. Further
results on hitting probabilities of non-linear stochastic heat equations can be
found in [22; 23].

On the other hand, Robeva and Pitt [79, Proposition 3] showed that the
Gaussian random field

(22)

1 et(€it+8az) _ 1
ta)=o | ————— d t 2
uolt, ) = 5- /R g Vdade),  YieRLceR (3

is another solution to (19) satisfying uo(0,0) = 0. Here, # is a centered
complex Gaussian random measure in R? with Lebesgue control measure.
This Gaussian random field has stationary increments with spectral density

_ 1
g+&
This density function is comparable to (17) with Hy = 1/4, Hy = 1/2

and @@ = 6. Hence, it follows from Theorem 3.2 that the Gaussian field
{up(t,x),t € Ry,z € R} satisfies the Conditions (C1) and (C3’) in §2.4.

f(&) (24)
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If we define a (2,d)-Gaussian random field {u(t,z),t € R4,z € R} by
u(t,z) = (ui(t,x),...,uq(t,x)), where uy,...,uq are independent copies of
ug, then many of its sample path properties follow from the results in later
sections of this paper.

If z € RY and N > 2, the stochastic heat equation (19) has no process
solution [the solution is a random Schwartz distribution]. It might be helpful to
remark that our random field notation is different from that in the references
on s.p.d.e.’s: now the parameter (t,z) € R¥*! and R? is reserved for the
state space of random fields.

The approach of Dalang [20] is to replace W by a Gaussian noise F which
is white in time and has spatial covariance induced by a kernel f [not to be
confused with the spectral density above], which is the Fourier transform of a
tempered measure p in RY. The covariance of F is of the form

E(F(dtdz)F(dsdy)) = 6(t — s) f(x — y), (25)

where §(-) is the Dirac delta function. The case f(r) = §(r) would correspond
to the case of space-time white noise. More precisely, let 2(RN +1) be the
topological space of functions ¢ € C§°(RN*!) with the topology that cor-
responds to the following notion of convergence: ¢, — ¢ if and only if the
following two conditions hold:

(i) There exists a compact set K C R¥*! such that supp(¢, — ¢) C K for
allm > 1, and
(ii) limy, — oo D*¢,, = D*¢ uniformly on K for every multi-index a.

Let F = {F(¢), $ € 2(RN*1)} be an L?(Q2, #, P)-valued, centered Gaussian
process with covariance of the form (¢, ) — E(F(¢)F(¢)) = J(¢,1), where

)= [ arf a | oore-pien. @)

As shown by Dalang [20], ¢ — F(¢) can be extended to a worthy mar-
tingale measure (¢, A) — M;(A) in the sense of Walsh [94, pp. 289-290], with
covariance measure

Q([0,t] x A x B) = (M(A); M(B)):
=t [ [ a@re-ptswa,
RN RN
and dominating measure K = @ such that
F(¢) :/ o(t,x) M(dtdr), V¢ec RN, (28)
Ry JRN

Moreover, Dalang [20] constructed generalized stochastic integrals with re-
spect to the martingale measure M.
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Now we consider the stochastic heat equation with vanishing initial con-
ditions, written formally as

%:Au(t,x)JrF, Y(t,x) € (0,T) x RN (29)

and u(0,-) = 0. Here T > 0 is any fixed constant and F is the Gaussian noise
defined above.
Dalang [20] proved that (29) has a process solution if and only if

/RN TIMQ p(dg) < oo. (30)

Under this condition, the mean zero Gaussian field u = {u(t,z); t € [0,T],z €
RY} defined by

T
u(t,x):/o /RNG(t—s,:c—y)M(dsdy) (31)

is the process solution of the stochastic heat equation (29) with vanishing
initial condition. In the above, G(r,z) = (4wr) N2 exp(—|z|?/(47)) (r >
0,z € RY) is the fundamental solution of the heat equation.

Many interesting examples can be constructed by choosing p(d€) suitably
[8; 20]. As we mentioned in the Introduction, [8; 79] studied the Markov
property of the solution of stochastic heat equation (29). In view of the results
in this paper, it would be interesting to see when the solutions of (29) satisfy
Conditions (C3) or (C3') in §2.4.

2.3.2 The stochastic wave equation
The stochastic wave equation in one spatial dimension [i.e., N = 1]

Pu(t,z) O*u(t,z)
2 o2 W(t,x), t>0,z€eR, (32)

driven by the white noise was considered by Walsh [94] and many other au-
thors [21; 24]. In spatial dimension two or higher, however, the stochastic wave
equation driven by the white noise has no solution in the space of real valued
measurable processes [94].

For N = 2, Dalang and Frangos [21] considered the stochastic wave equa-
tion driven by the Gaussian noise F' with covariance (25):

0?u(t, ) .

9 = Au(t,z)+ F,
uw(0,z) =0, V(t,z) € (0,00) x R% (33)
%0, 2) =0,

ot
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They proved that (33) has a process solution u = {u(t,x) : t > 0,z € R?} if
and only if

/ f(r)r log )dr<oo (34)

where f is the kernel in (25). Under the latter condition, u = {u(t,z) : ¢t >
0,2 € R?} can be represented as

u(tw):/ RgS(t—sw—y)M(dsdy), (35)

where S(t,z) = (2m)~1(t? — |x\2)_1/21{|m‘<t}. Sample path regularity of the
solution {u(t,z) : t > 0, € R?} has been investigated by Dalang and Frangos
[21] and Dalang and Sanz-Solé [27].

For the stochastic wave equation with spatial dimension three, we refer to
[24; 28] for information on the existence of a process solution and its sample
path regularities. It seems that, in all the cases considered so far, the questions
on fractal properties, existence and regularity of the local times of the solutions
remain to be investigated.

2.4 General assumptions

Let X = {X(¢),t € RV} be a Gaussian random field in R defined on some
probability space (2, %, P) by

X(t) = (X1(t),...,Xat)), teRN, (36)

where X7, ..., Xy are independent copies of Xy. We assume that X is a mean
zero Gaussian random field with X,(0) = 0 a.s.

Let (Hy,...,Hy) € (0,1)Y be a fixed vector. In order to study anisotropic
Gaussian fields, we have found the following metric p on RY is often more
convenient than the Euclidean metric:

N
t)=> s —t;|"",  VsteRN. (37)

For any r > 0 and t € R", we denote by B,(t,r) = {s € RN : p(s,t) < r}
the closed (or open) ball in the metric p.

Let I € & be a fixed closed interval, and we will consider various sample
path properties of X (¢) when ¢ € I. For simplicity we will mostly assume
I =[e,1]N, where £ € (0,1) is fixed. Typically, the assumption for I to be
away from the axis is only needed for Gaussian fields similar to fractional
Brownian sheets. Even in these later cases, many results such as those on
Hausdorff and packing dimensions remain to be true for I = [0, 1]

Many sample path properties of X can be determined by the following
function:

o2(s,1) (|X0( ) — Xo(t)\2), Vs,t € RV. (38)

In this paper, we will make use of the following general conditions on Xj:



164 Y. Xiao

(C1) There exist positive constants ¢, ,...,c,, such that
L <o%(t)=0%0,T) <c,, Vtel (39)
and
N N
2 D lsi =t < o%(s. 1) lejftjlwf, (40)
7j=1 :

for all s,t € I. It may be helpful to note that (40) is in terms of p(s, ).
(C2) There exists a constant ¢, ; > 0 such that for all s,t € I,

Var (Xo(t) | Xo(s)) > ¢, p(s,t)?.

Here and in the sequel, Var(Y | Z) denotes the conditional variance of Y’
given Z.

(C3) There exists a constant c, ; > 0 such that for all integers n > 1 and all
u,tt, ...t el

N
1 ny) > _ 4k|2H;
Var (Xo(u) | Xo(t"),..., Xo(t")) = ¢, Zog}flg lu; — 5 ‘ )
=
where t? =0 for every j =1,...,N.
(C3') There exists a constant ¢, ., > 0 such that for all integers n > 1 and all

u,tt, ...t el,

Var (Xo(u) | Xo(t"),...,Xo(t")) > c,, Ognklg plu, t*)?,

where t© = 0.

Remark 2.2. The following are some remarks about the above conditions.

e Conditions (C1)—(C3) can be significantly weakened and/or modified in
various parts of the paper to obtain more general results. The present for-
mulation of these conditions has the advantage that it is more convenient
and produces cleaner results.

e Condition (39) assumes that X is non-degenerate on I. If (40) holds for
s =0 as well, then (39) is true automatically.

e Under condition (C1), X has a version which has continuous sample func-
tions on I almost surely. Henceforth we will assume without loss of gener-
ality that the Gaussian random field X has continuous sample paths.

e Conditions (C1) and (C2) are related. It is easy to see that (C1) implies
that Var(Xo(t)| Xo(s)) < ¢,, Zjvzl |s; — t;|*i for all s,t € I and, on

the other hand, (C2) implies 02(s,t) > ¢, Z;\Ll |s; — tj|*#i. Moreover,
if the function o(0,t) satisfies certain smoothness condition, say, it has
continuous first order derivatives on I, then one can show that (C1) implies
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(C2) by using the following fact [which can be easily verified]: If (U, V) is
a Gaussian vector, then

(pl2J,V — (o —oy)?) ((ov +ov)? — pZU,V)
40%,

Var(U|V) = ; (41)

where p¢,, = E[(U — V)?], 0, = E(U?) and o}, = E(V?).

Pitt [77] proved that fractional Brownian motion X* satisfies Condition
(C3) for all T € & with H = («); Khoshnevisan and Xiao [55] proved
that the Brownian sheet satisfies the property (C3) with H = (1/2) for
all I € o/ which are away from the boundary of Rf . It has been proved
in [7; 97] that, for every ¢ € (0,1), fractional Brownian sheets satisfy
Conditions (C1), (C2) and (C3) for all I C [¢,00)".

Let X be a Gaussian random field with stationary increments and spectral
density comparable to (17). Then one can verify that X satisfies Condition
(C1). In the next section, we will prove that X satisfies Condition (C3')
[thus it also satisfies (C2)]. Therefore, all the results in this paper are
applicable to such Gaussian random fields.

Note that Condition (C3’) implies (C3). It can be verified that the converse
does not even hold for the Brownian sheet [this is an exercise]. Roughly
speaking, when H = («), the behavior of a Gaussian random field X sat-
isfying conditions (C1) and (C3') is comparable to that of a fractional
Brownian motion of index «; while the behavior of a Gaussian random
field X satisfying conditions (C1) and (C3) [but not (C3')] is comparable
to that of a fractional Brownian sheet. Hence, in analogy to the terminol-
ogy respectively for fractional Brownian motion and the Brownian sheet,
Condition (C3") will be called the strong local nondeterminism [in metric
p] and Condition (C3) will be called the sectorial local nondeterminism.
It is well-known that there is a close relation between Gaussian processes
and operators in Hilbert spaces [62]. Recently Linde [64] has extended the
notion of strong local nondeterminism to a linear operator u : 5 — C(T),
where 7 is a real Hilbert space and C(T') is the Banach space of contin-
uous functions on the compact metric space T', and applied this property
to derive a lower bound for the entropy number of u. As examples, Linde
[64] showed that the integral operators related to fractional Brownian mo-
tion and fractional Brownian sheets are strongly locally nondeterministic
in his sense. Following this line, it would be interesting to further study
the properties of strong local nondeterminism analogous to (C3) and (C3')
for linear operators related to anisotropic Gaussian random fields such as
the solutions to the stochastic heat and wave equations.
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3 Properties of strong local nondeterminism

One of the main difficulties in studying sample path properties of anisotropic
Gaussian random fields such as fractional Brownian sheets is the complex-
ity of their dependence structure. For example, unlike fractional Brownian
motion which is locally nondeterministic [77] or the Brownian sheet which
has independent increments, a fractional Brownian sheet has neither of these
properties. The same is true for anisotropic Gaussian random fields in general.
The main technical tool which we will apply to study anisotropic Gaussian
random fields is the properties of strong local nondeterminism [SLND] and
sectorial local nondeterminism.

Recall that the concept of local nondeterminism was first introduced by
Berman [14] to unify and extend his methods for studying local times of
real-valued Gaussian processes, and then extended by Pitt [77] to Gaussian
random fields. The notion of strong local nondeterminism was later developed
to investigate the regularity of local times, small ball probabilities and other
sample path properties of Gaussian processes and Gaussian random fields. We
refer to [107; 108] for more information on the history and applications of the
properties of local nondeterminism.

For Gaussian random fields, the aforementioned properties of local non-
determinism can only be satisfied by those with approximate isotropy. It is
well-known that the Brownian sheet does not satisfy the properties of lo-
cal nondeterminism in the senses of Berman or Pitt. Because of this, many
problems for fractional Brownian motion and the Brownian sheet have to be
investigated using different methods.

Khoshnevisan and Xiao [55] have recently proved that the Brownian sheet
satisfies the sectorial local nondeterminism [i.e., (C3) with H = (1/2)] and
applied this property to study various analytic and geometric properties of
the Brownian sheet; see also [51].

Wu and Xiao [97] extended the result of [55] and proved that fractional
Brownian sheet B! satisfies Condition (C3).

Theorem 3.1. Let BY = {Bl(t),t € RN} be an (N, 1)-fractional Brownian
sheet with index H = (Hy,...,Hy) € (0,1)N. For any fized number ¢ €

(0,1), there exists a positive constant c,,, depending on €, H and N only,

such that for all positive integers n > 1, and all u,t', ..., t" € [e, 00)N, we
have
al 2H
H Ho,1 H . k
Var (BO (u) ’ By (t),...,B; (t”)) >c,, z;orgnklgn ’uj — tj| i (42)
j:

wheret?:Oforjzl,...,N.

Proof. While the argument of [55] relies on the property of independent
increments of the Brownian sheet and its connection to Brownian motion, the
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proof for B! is based on a Fourier analytic argument in [46, Chapter 18] and
the harmonizable representation (10) of B . We refer to [97] for details. O

Now we prove a sufficient condition for an anisotropic Gaussian random
field with stationary increments to satisfy Condition (C3’).

Theorem 3.2. Let X = {X(t),t € RN} be a centered Gaussian random field
in R with stationary increments and spectral density f(\). Assume that there
is a vector H = (Hy,..., Hy) € (0,1)N such that

1
(SN, Iy 1) >

fo) = v e RV\{0}, (43)

where @ = Zjvzl H% Then there erists a constant c,, > 0 such that for all
n>1, and all u,t',... t" € RV,

Var (X (u) | X(t"),....X(t")) > ¢ min p(u,t¥)? (44)

32 0<k<n

where t° = 0.

Remark 3.3. The following are some comments about Theorem 3.2.

(i) When Hy = --- = Hp, (44) is of the same form as the SLND of fractional
Brownian motion [77]. As shown by Xiao [102; 108] and Shich and Xiao
[83], many sample path properties of such Gaussian random fields are
similar to those of fractional Brownian motion.

(ii) Condition (43) can be significantly weakened. In particular, one can prove
that similar results hold for Gaussian random fields with stationary incre-
ments and discrete spectrum measures; see [109] for details.

(iii) It would be interesting to study under which conditions the solutions to
the stochastic heat and wave equations (29) and (33) are strongly local
nondeterministic.

Proof of Theorem 38.2. Denote r = Or<nki£1 p(u,t*). Since the conditional vari-
SRSNn

ance in (44) is the square of the L?(P)-distance of X (u) from the subspace
generated by {X(#1),..., X (")}, it is sufficient to prove that for all a € R
(1<k<n),

2

>ec, 12, (45)

3,2

E ‘X(u) =3 ar X(tF)
k=1

and ¢, , > 0 is a constant which may only depend on H and N.
By the stochastic integral representation (15) of X, the left hand side of
(45) can be written as
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’X(u) - Zn:akX(tk)
k=1

2 (46)
_ i{u\) 1 i(th )
/RN e 1 Zak (e 1) F) dA.
k=1

Hence, we need to only show that

_ n _ 2

/ et luA) Zak ez<tk’)‘>’ fO)AX > ¢, 12, (47)
RY k=0

where t° =0 and ag = -1+ >, _, ax.
Let 6(-) : RV — [0,1] be a function in C>°(RY) such that §(0) = 1 and
it vanishes outside the open ball B,(0,1) in the metric p. Denote by § the

Fourier transform of 6. Then g() € C°°(RY) as well and S()\) decays rapidly
as |\ — oo.

Let E be the diagonal matrix with Hfl, . 7H]§1 on its diagonal and
let §,(t) = r~Q3(r~Ft). Then the inverse Fourier transform and a change of
variables yield

6. (t) = (2m)~N /R N e KN 5 (rP N) d. (48)

Since min{p(u,t*) : 0 < k < n} > r, we have §,(u—t¥) = 0for k =0,1,...,n
This and (48) together imply that

J::/RN<Z Zaket”>) —iwA) 5(rE ) dA
(0= wne—0) (9

= (2m)N €.

On the other hand, by the Cauchy-Schwarz inequality and (46), we have

J2§/
RN

3( E)\’d)\
TP

) n ) 2
eHwA) _ Z ak It ‘ FA)dA-
k=0

n 2 - 1 R 9
‘X(u) - ;akX(tk) @ o TN ‘5()\)‘ dA (50)
<cE ‘X(u) - iakX(tk) S22

where ¢ > 0 is a constant which may only depend on H and N.
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We square both sides of (49) and use (50) to obtain

2

(2m)2N p72Q < ¢p2Q2F ‘X(u) =Y aX(tF) (51)
k=1
Hence (47) holds. This finishes the proof of the theorem.
Given a Gaussian vector (Z1,...,Z,), we denote the determinant of its

covariance matrix by det Cov (Zl, cee Zn). If det COV(Z1, cee Zn) > 0, then
we have the identity

(2m)"/2 / Ee ziu Zy | du du (52)
= X _— .. n-
det Cov(Z1, ..., Z) L P Rk | i

k=1

By using the fact that, for every k, the conditional distribution of Zj; given
Z, ..., Zx—1 is still Gaussian with mean E(Zj | Z1,...,Zx_1) and variance
Var(Zy | Z1, ..., Zr—-1), one can evaluate the integral in the right-hand side of
(52) and thus verify the following formula:

det Cov(Zy,..., Zn) = Var(Zy) [[ Var(Ze | Z1, ... Zk-1).  (53)
k=2

A little thought reveals that (53) still holds when det Cov(Z1,...,Z,) = 0.
Note that the left-hand side of (53) is permutation invariant for Z,..., Z,,
one can represent det Cov(Zy, ..., Z,) in terms of the conditional variances in
n! different ways.

Combined with (42) or (44), the identity (53) can be applied to estimate
the joint distribution of the Gaussian random variables X (t!),..., X (t"),
where t!,...,t" € R¥. This is why the properties of strong local nondeter-
minism are not only essential in this paper, but will also be useful in studying
self-intersection local times, exact Hausdorff measure of the sample paths and
other related problems [68; 69].

The following simple result will be needed in Section 8.

Lemma 3.4. Let X be a Gaussian random field satisfying Condition (C3')
[resp., (C3)]. Then for all integers n > 1 and for all distinct pointstt,... t" €
[e, 1N [resp., all points t',...,t" € [¢,1]N with distinct coordinates, i.e.,
k4l ; : . ; n
ty #t5 when (i,k) # (j,1)], the Gaussian random variables X (t'),..., X (t")
are linearly independent.

Proof. We assume Condition (C3') holds and let t!,....t" € [¢,1]" be n
distinct points. Then it follows from (53) that det Cov (X (¢'),..., X(t")) >
0. This proves the lemma. Similar conclusion holds when Condition (C3) is
satisfied. O
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4 Modulus of continuity

It is sufficient to consider real-valued Gaussian random fields. Ayache and
Xiao [7] established a sharp modulus of continuity (i.e., including the loga-
rithmic correction) for fractional Brownian sheets as a consequence of their
wavelet expansion for Bé{ . Since the wavelet method depends on the stochas-
tic integral representation (8), it can not be easily applied to Gaussian random
fields in general. In this section, we describe several ways to establish sharp
modulus of continuity for all anisotropic Gaussian random fields satisfying
Condition (C1). The first two methods, i.e., the extended Garsia-Rodemich-
Rumsey continuity lemma and the minorization metric method of Kwapien
and Rosiniski [60], can be applied to random fields which are not necessarily
Gaussian. Hence they can be more convenient when applied to solutions of
stochastic partial differential equations. The third method, which is based on
Dudley’s entropy theorem and the Gaussian isoperimetric inequality, provides
a stronger result in the sense that the upper bound is a constant instead of a
random variable [cf. (69)].

Theorem 4.1 is an extension of the well-known Garsia-Rodemich-Rumsey
continuity lemma [40]. It follows from Theorem 2.1 of [39], which is slightly
more general [because of its freedom in choosing the function p] than an
analogous result of [2]. A similar result can also be found in [22].

For our purpose, we have formulated Theorem 4.1 in terms of the metric
p defined in (37). Let T C RY be a fixed closed interval. For any r > 0 and
s € T, recall that B,(s,r) = {t € T : p(t,s) < r} denotes the closed ball (in
T) with center s and radius r in the metric p.

Theorem 4.1. Suppose that Y : T — R is a continuous mapping. If there
exist two strictly increasing functions ¥ and p on Ry with ¥(0) = p(0) =0
and lim ¥(u) = oo such that

u—00

K:/T/T\I!<W) ds dt < co. (54)

Then for all s,t € T, we have

p(s,t) o 4K ~
V(o) - Y] <8 max [0 (W>p(du), (55)

where p(u) = p(4u) for all u € Ry.

Applying Theorem 4.1, we prove the following theorem on the modulus of
continuity of an anisotropic Gaussian random field.

Theorem 4.2. Let X = {X(t),t € RN} be a centered Gaussian field in R
satisfying Condition (C1). Then, almost surely, there exists a random variable
A depending on N and (Hy,...,Hy) only such that A has finite moments of
all orders and for all s,t € I,
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1X(s) = X(0)] < Ap(s.t)y/log (1 + p(s, 1) 1), (56)

Proof. In Theorem 4.1, let T = I and we choose the functions ¥(z) =
exp (42’:3) — 1 and p(z) = x, where ¢, , > 0 is the constant in (40). It follows

from Condition (C1) that the random variable K in (54) has finite moments

of all orders and
— E//\If('X(S) _X(t)> ds di
1J1 p(s,t)

S//E\I/(c|§|) dsdt =c¢,, < c0.
rJr

In the above £ is a standard normal random variable. Note that W= (u) =

Ve, ,log(1+ u) and Ay (B,(z,u)) =< u? is independent of z. Hence by The-
orem 4.1 we have

1X(s) |<c/p(” o (1 o

< Ap(s,t)y/log( 1+p(

(57)

where A is a random variable depending on K and we can choose it so that
A < ¢ max{1,log K}. Thus all moments of A are finite. This finishes the proof
of Theorem 4.2. O

Let X = {X(¢),t € T'} be a stochastic process defined on a separable met-
ric space (T, d) and let ¥ be a Young function [that is, ¢ is strictly increasing,
convex and ¥ (0) = 0]. Recently, Kwapieri and Rosiniski [60] investigated the
following problem: When can one find an appropriate metric 7 on 7" such that
the implication

<|X(8) — X

sup Eq G0

s,teT

< o0, a.s.

(59)
holds? Their results can be applied to derive sharp modulus of continuity for
a large class of stochastic processes including Gaussian random fields [but not
stable random fields].

Recall from [60] that a probability measure m on T is called a weakly
majorizing measure relative to ¢ and the metric d if for all s,t € T,

/Od(s,t) - (m> e )

where 1/~! denotes the inverse function of ¥ and By(s,r) ={t € T : d(t,s) <
r}. For every weakly majorizing measure m, the “minorizing metric” 7 =
Ty,d,m on T’ relative to ¢, d and m is defined as

| X (s) — X(t)]
) = FESU
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(e.t) = m“{ [ G [ e ‘”}'

(61)
The following theorem of [60] gives a sufficient condition for (59) to hold.

Theorem 4.3. Let ¢ be a Young function satisfying the following growth con-
dition:

Y()p(y) < Ple,,(x+y))  forall z,y >0, (62)
where ¢, , > 0 is a constant. Let m be a weakly majorizing measure relative

to+p and d on T'. Then there exists a positive constant c, , depending only on
¥ such that for every stochastic process X = {X(¢t),t € T},

Ey (04‘3 sup |X(s)—j)((t)|) <1+ sup E¢ <X(8)_X(t)|) , (63)

s,teT (s, s,teT
where T is the minorizing metric relative to v, d and m.

Note that, for any o > 0, the function ¢(x) = x® does not satisfy the
growth condition (62), hence Theorem 4.3 is not applicable to stable random
fields.

By applying Theorem 4.3 to the metric space (I, p) in our setting, we can
provide more information about the random variable A in Theorem 4.2.

Corollary 4.4. Let X = {X(t),t € RN} be a centered Gaussian field in R
satisfying Condition (C1). Then there exists a constant c, , > 0 such that

[ X(s) — X (¢)?
Eexp <C4,4 ss;le% p2(s,t)log (1 + P(S,t)1)> < o0. (64)

Proof. This can be verified by showing that the Lebesgue measure on lisa
weakly majorizing measure relative to the Young function 1(z) = e*” — 1 and
the metric p; and the corresponding minorizing metric 7(s,t) satisfies

5 0(5,1) \/log (1+p(s,0)71) < 7(s,t) < ¢, p(s,t)\/log (1+ p(s,t)71),
(65)
for all s,t € I. We leave the details to an interested reader. a

As a third method, we mention that it is also possible to obtain a uniform
modulus of continuity for a Gaussian random field satisfying Condition (C1)
by using the Gaussian isoperimetric inequality [85, Lemma 2.1]. To this end,
we introduce an auxiliary Gaussian random field Y = {Y(s,t) : t € I,s €
[0,h]} defined by Y (t,s) = X(t + s) — X(t), where h € (0,1)". Then the
canonical metric d on T := T x [0, h] associated with Y satisfies the following
inequality:
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A((t,5), (¢, ) < e min {p(0, ) + p(0,5"), p(s.8) + p(t,)}.  (66)

Denote the d-diameter of T by D. It follows from (66) that D < ¢, , Zjvzl hfj =
¢,» p(0,h), and the d-covering number of 71" satisfies

N &/ h,
Na(Tye) <c (5> I1 (61/;12.) <e, e

j=1

One can verify that

/D V0og Ng(T',e)de < ¢, , p(0,h) \/log (1+ p(0,h)~1). (67)
0

It follows from Lemma 2.1 in [85] that for all u > 2¢, , p(0, h)\/log (1+ p(0,h)~1),

P{(sup |X(t+s)X(t)|Zu}§eXp<uz). (68)

t,s)eT ﬁ
By using (68) and a standard Borel-Cantelli argument, we can prove that

. SUPter sefo,n) | X (T +5) — X (1)
1m sup <c

ri—o p(0,h)/log(L+p(0,A)=1) =
where ¢, ;, > 0 is a finite constant depending on ¢, ,, I and H only.
We believe that, for Gaussian random fields satisfying (C1), the rate func-
tion in (56) is sharp. This has been partly verified by Meerschaert, Wang and

Xiao [68] who proved that, if a Gaussian field X satisfies Conditions (C1) and
(C3), then

(69)

<1 SUPter,s€(0,h) | X (s) — X()]
Cyqp < limsup — = Caazs
hj—0  p(0,h)y/log(1 + p(0, h)~1)

where c, ,, and ¢, ,, are positive constants depending on ¢, ,, c,,, I and H
only. '

On the other hand, we can also use the above metric entropy method to
prove that, for all ¢ty € I and uw > 0 large enough,

(70)

P{ sup ’X(to +s) — X(to)’ > p(0,h) u} < exp ( —Cyis u2), (71)
s€[0,h]
where c, ., is a positive constant depending on ¢, ,, I and H only.

By using (71) and the Borel-Cantelli lemma, we derive the following local
modulus of continuity for Gaussian random fields satisfying (C1): There exists
a positive constant ¢, ,, such that for every o € I,

i sup o] | X (to + 5) — X(to)
im sup

| <4 a.s. (72)
inj—o p(0,h)y/loglog(1 + p(0,h)~1) ’
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Under certain mild conditions, it can be shown that (72) is sharp. For
example, Meerschaert, Wang and Xiao [68] proved that, if X is a Gaussian
random field with stationary increments and satisfies (C1), then for every
toel,

. Supseqo,n] | X (to + 5) — X (to)|
]‘lm sup = C4 157 a's'7 (73)
hi—0 p(0,h)y/loglog(1+ p(0,h)~1) ~ *

where c, ,, is a positive constant.
We should mention that one can also study the uniform and local moduli
of continuity in terms of the increments of X over intervals. Related results
of this type for fractional Brownian sheets have been obtained by Wang [95].
In the special case when X is a direct sum of independent fractional Brow-

nian motions of indices Hy, ..., Hy, that is,

X(t)=X1(t1) + -+ Xn(tn), Vt=(t,...,tn) e RN,  (74)

where X1,..., Xy are independent fractional Brownian motions in R of in-
dices Hy, ..., Hp, respectively, Kono [58] established integral tests for the
uniform and local upper and lower classes. It is natural to ask whether his
results hold for more general anisotropic Gaussian random fields.

5 Small ball probabilities

In recent years, there has been much interest in studying the small ball prob-
abilities of Gaussian processes [62; 63]. Small ball properties of fractional
Brownian sheets have been considered by Dunker [32], Mason and Shi [66],
Belinski and Linde [9].

The small ball behavior of operator-scaling Gaussian random fields with
stationary increments and the solution to the stochastic heat equation is dif-
ferent, as shown by the following general result.

Theorem 5.1. Let X = {X(t),t € RN} be a centered Gaussian field in R
satisfying Conditions (C1) and (C3') on I = [0,1]". Then there exist positive
constants ¢, , and c, , such that for all € > 0,

65,1 05,2
exp(— EQ) Sp{téfé’?‘ffw X (1) sE} Sexp<— EQ), (75)

where ) = Zjvzl H%

In order to prove the lower bound in (75), we will make use of the following
general result of [84], see also [61, p. 257].
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Lemma 5.2. Let Y = {Y (¢),t € T} be a real-valued Gaussian process with
mean zero and let d be the canonical metric on T defined by

d(s, )= {E(Y(s) —Y(®))}/?, siteT, (76)

and denote by Ny(T,¢e) the smallest number of d-balls of radius € > 0 needed
to cover T. Assume that there is a nonnegative function v on Ry such that
Ng(T,e) < )(e) for e >0 and such that

¢.at(@) < 9(35) < e 806 (77)

for some constants 1 < c, , < ¢, , < oo and alle > 0. Then there is a constant
;.5 > 0 such that

P{ sup [¥(t) - ¥ (s)| < } > exp (- ¢, 0(e)). (78)

t,s€T

Proof of Theorem 5.1. Tt follows from (C1) that for all € € (0, 1),
N,(I,¢) < ce @ :=1(e). (79)

Clearly 1 (e) satisfies the condition (77). Hence the lower bound in (75) follows
from Lemma 5.2.

The proof of the upper bound in (75) is based on Condition (C3’) and a
conditioning argument in [71]. For any integer n > 2, we divide [0, 1]" into
n? rectangles of side-lengths n=/i (j =1,..., N). We denote the lower-left
vertices of these rectangles (in any order) by t, 1 (k= 1,2,...,n%). Then

p{ max |X<t)gs}gp{ max |X<tn,k)|gg}. (80)

tefo,1]N 1<k<n@
It follows from Condition (C3’) that for every 1 < k < n<,
Var (X (tnx) | X(tni),1<i<k—1) >cen™" (81)

This and Anderson’s inequality for Gaussian measures imply the following
upper bound for the conditional probabilities

P{X (i)l <& | X(tng), 1S5 <h=1} S@(cen),  (82)

where ®(z) is the distribution function of a standard normal random variable.
It follows from (80) and (82) that

p{ e, 1X()] < ¢} < foteen)". (53)

By taking n = (ce)~!, we obtain the upper bound in (75).
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Remark 5.3. If Hl = Hy = --- = Hpy, then (75) is of the same form as
the small ball probability estimates for multiparameter fractional Brownian
motion [62; 85].

Among many applications, Theorem 5.1 can be applied to establish Chung-
type laws of the iterated logarithm for anisotropic Gaussian random fields.
Moreover, it would also be interesting to investigate the small ball probabilities
of X in other norms such as the L? or Hélder norms; see [62; 63] for information
on Gaussian processes.

6 Hausdorff and packing dimensions of the range and
graph

In this section, we study the Hausdorff and packing dimensions of the range
X([0,1)Y) = {X(t) : t € [0,1]V} and the graph GrX ([0, 1]") = {(¢, X(¢)) :
t € [0,1]V} of a Gaussian random field X satisfying Condition (C1) on [0, 1]V.

Hausdorff dimension and Hausdorff measure have been extensively used
in describing thin sets and fractals. For any set £ C R? and v > 0, we will
denote the Hausdorff dimension and the «-dimensional Hausdorff measure of
E by dim,, E and 7 (E), respectively [36; 46; 67]. More generally, for any
nondecreasing, right continuous function ¢ : [0,1] — [0,00) with ¢(0) = 0,
one can define the Hausdorff measure of E with respect to ¢ and denoted it
by ¢ (E). We say that a function ¢ is an exact Hausdorff measure function
for Eif 0 < s%(E) < 0.

Now we recall briefly the definition of capacity and its connection to Haus-
dorff dimension. A kernel & is a measurable function x : R% x R% — [0, 0]
For a Borel measure p on RY, the energy of u with respect to the kernel  (in
short, k energy of 1) is defined by

() = / / sz ) pld) p(dy). (84)

For any Borel set £ C R?, the capacity of E with respect to k, denoted by
%.(E), is defined by

-1
o) = |t an] (85)
where Z(FE) is the family of probability measures carried by E, and, by
convention, co~! = 0. Note that € (E) > 0 if and only if there is a probability
measure pu on F with finite x-energy. We will mostly consider the case when
k(z,y) = f(Jz —y|), where f is a non-negative and non-increasing function on
R . In particular, if

rTe if a>0,
fr) = {log (%) if =0, (86)
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then the corresponding & (p) and %.(FE) will be denoted by &,(u) and
%.(E)respectively; and the former will be called the a-energy of u and the
latter will be called the Bessel-Riesz capacity of E of order a. The capacity
dimension of F is defined by

dim.(E) = sup{a > 0: €,(F) > 0}. (87)

The well-known Frostman’s theorem (see [46, p. 133] or [49]) states that
dim , E = dim.(E) for every compact set E in R?. This result provides a
very useful analytic way for the lower bound calculation of Hausdorff dimen-
sion. That is, for £ C R? in order to show dim,, E¥ > «, one only needs to
find a measure y on E such that the a-energy of y is finite. For many deter-
ministic and random sets such as self-similar sets or the range of a stochastic
process, there are natural choices of u. This argument is usually referred to
as the capacity argument.

Packing dimension and packing measure were introduced by Tricot [92] and
Taylor and Tricot [89] as dual concepts to Hausdorff dimension and Hausdorff
measure. We only recall briefly a definition of packing dimension, which will
be denoted by dim ,. For any ¢ > 0 and any bounded set F C R%, let N(F,e¢)
be the smallest number of balls of radius € needed to cover F. Then the upper
boz-counting dimension of F' is defined as

— log N(F
dim, F = lilglj(ljlp ()%k)(g?. (88)
The packing dimension of F' can be defined by
dim , F = inf { supdim, F,, : F C [ ] Fn} (89)
n n—=1
It is known that for any bounded set F C R?,
dim , F < dim_, F < dim_ F < d. (90)

Further information on packing dimension and packing measure can be found
in [36; 67]. We mention that various tools from fractal geometry have been ap-
plied to studying sample path properties of stochastic processes since 1950’s.
The survey papers [88] and [106] summarize various fractal properties of ran-
dom sets related to sample paths of Markov processes.

Throughout the rest of this paper, we will assume that

0<H <...<Hpy<1. (91)

Theorem 6.1. Let X = {X(t),t € RN} be an (N, d)-Gaussian field satisfy-
ing Condition (C1) on I =[0,1)N. Then, with probability 1,
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dim_, X ([0,1]") = dim,, X ([0, 1)) = min {d; > 1} (92)

and

dim . GrX([ ]N) :dimg,GrX([OJ]N)

—mln{Z+N k+(1—Hy)d, 1 SkﬁN?zN:l} (93)

j=1""7
Z if Zg:l Hi'<d,
Z (Hk/H)+N7k+(1fHk)d, if Y Ht<d< Y H

where 23:1 Hj_1 :=0.

The last equality in (93) is verified by the following lemma, whose proof
is elementary and is omitted. Denote

k N
H,
K o=min{ > F’“+N—k+(1—Hk)d,1g <N § . (94)

j=1"7

Lemma 6.2. Assume (91) holds. We have

. N — N
(i) Ifd=>3%2_, H; L then k=3, H !
(i) If Zf: H;l <d< Z§:1 H;l for some 1 <€ < N, then

4
ZFZ—I-N—K—&—(l—Hg)d (95)

and k € (N —L+d,N —(+d+1].

Because of (90) we can divide the proof of Theorem 6.1 into proving the
upper bounds for the upper box dimensions and the lower bounds for the
Hausdorff dimensions separately. The proofs are similar to those in [7] for
fractional Brownian sheets. In the following, we first show that the upper
bounds for dim, X ([0, 1]) and dim,GrX ([0, 1]V) follow from Theorem 4.2
and a covering argument.

Proof of the upper bounds in Theorem 6.1. In order to prove the upper bound
n (92), we note that clearly dim X ([0,1]") < d a.s., so it suffices to prove
the following inequality:

N
dim, X ([ <>,  as (96)

j=1""7
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For any constants 0 < v; < H; (1 < j < N), it follows from Theorem 4.2
that there is a random variable A of finite moments of all orders such that for
almost all w € Q,

X - X
wp XX o
stel0, N Doy |8 — ty[

We fix an w such that (97) holds and then suppress it. For any integer
n > 2, we divide [0,1]" into m, sub-rectangles {R,, ;} with sides parallel to
the axes and side-lengths n='/i (j =1,..., N), respectively. Then

mn, < ¢, n i1 (1/Hj) (98)

and X ([0, 1]") can be covered by X (R, ;) (1 <i < m,,). By (97), we see that
the diameter of the image X (R,, ;) satisfies

diamX (Ry,;) < ¢, ,n~ T, (99)

where § = max{(H; —v;)/H;,1 < j < N}. Consequently, for e, = ¢, , n~ T2,

X([0,1]") can be covered by at most m,, balls in R? of radius ,. That is,
N(X([0,1]V), £,) < ¢, n2=i=1(V/Hi), (100)
This implies

N
dim,, X ([0, 1] Z a.s. (101)

By letting v; T H; along rational numbers, we have § | 0 and (96) follows
from (101).

Now we turn to the proof of the upper bound in (93). We will show that
there are several different ways to cover GrX ([0, 1]") by balls in RV *4 of the
same radius, each of which leads to an upper bound for dim,GrX ([0, 1]").

For each fixed integer n > 2, we have

Grx ([0,1]Y) C CJ Ry % X(Ry.). (102)
i=1

It follows from (99) and (102) that GrX ([0, 1]") can be covered by m,, balls
in RVN*? with radius Co.a n~ 119 and the same argument as the above yields

N
dim,, GrX (| Z a.s. (103)

We fix an integer 1 < k < N. Observe that each R, ; x X(R, ;) can be
covered by £, 1, balls (or cubes) in RV*+? of radius (or side-length) n~(/Hx),
where by (97) we have
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U < enZien T =HTY o g (HT=140)d - (104)

)

Hence GrX ([0,1]") can be covered by m,, x £, ; balls in R¥*¢ with radius
n~(/Hr)  Consequently,

k

R H,
dim,, GrX ([0, 1Y) <} Fk + N —k+(1—Hy,+6Hy)d, as. (105)
=1
Letting v; T H; along rational numbers, we derive that for every k =1,..., N,
" H
dim,, GrX ([0, 1]V) SZFk}erkJr(lfHk)d. (106)
j=1""

Combining (103) and (106) yields the upper bound in (93).

For proving the lower bounds in Theorem 6.1, we will make use of the
following elementary Lemmas 6.3 and 6.4. The former is proved in [110, p.
212] which will be used to derive a lower bound for dim , X ([0,1]"); the
latter is proved in [7] which will be needed for determining a lower bound for
dim , GrX ([0, 1]"). Both lemmas will be useful in the proof of Theorem 7.1
in Section 7.

Lemma 6.3. Let 0 < a < 1 and € > 0 be given constants. Then for any
constants § > 2a, M > 0 and p > 0, there exists a positive and finite constant
Cs.5, depending on e, 6, p and M only, such that for all0 < A < M,

! ! dt .
/E dS/E W S 06,3 (A_(P_g) + 1) (107)

Lemma 6.4. Let «, B and n be positive constants. For A > 0 and B > 0, let

! dt
J::J(A,B):/O ATEPET (108)

Then there exist finite constants ¢, , and c; ., depending on o, 3, n only, such
that the following hold for all real numbers A, B > 0 satisfying AV < Css B:

(i) If aB > 1, then

1
J < Cos Aﬁ_o‘ian; (109)
(ii) If af =1, then
1 -1/«
J <, polog (1+ BA ey (110)
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(iti) If0<aB <1 and af+n+#1, then

1
JSC&;, (W+1) (111)

Proof of of the lower bounds in Theorem 6.1. First we prove the lower bound
n (92). Note that for any € € (0,1), dim,, X([0,1]") > dim,, X([g,1]V).
It is sufficient to show that dim , X ([¢,1]V) > v as. for every 0 < v <
. N 1
min{d, > ;_, E}
Let ux be the image measure of the Lebesgue measure on [¢, 1]V under
the mapping ¢ — X (t). Then the energy of ux of order v can be written as

/ / ,uX (dz) px (dy) / / dsdt
riJra  lT—yr e, 1N J]e, 1N X (s) — X(t)]

Hence by Frostman’s theorem [46, Chapter 10], it is sufficient to show that
for every 0 < v < min{d, Z;.V:l +1
J

& = /]/] <|X <>|>d8dt<°° (12)

Since 0 < v < d, we have 0 < E(|Z]77) < oo, where E is a standard d-
dimensional normal vector. Combining this fact with Condition (C1), we have

dtn
&, <C/ dSl/ dty - / dSN/ o — 12 )7/2 (113)
j

We choose positive constants do, ..., dn such that §; > 2H; foreach2 < j < N
and

1 1 v 1 1 1
— <L < — 4 = — 114
52+ +6N <2H1+62+ +6N (114)

This is possible since v < ijl(l/Hj). By applying Lemma 6.3 to (113) with
N—
A=Y "sj—t;*" and p=r/2, (115)
we find that &, is at most ¢, ; plus ¢, times

/ldslm/ldle /1 ey (16)
e e e (55 Isy —ty[?H0) "

By repeatedly using Lemma 6.3 to the integral in (116) for N — 2 steps, we
deduce that
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1 1
dt
& <c,,+c /dsl/ . (117)
L e (51 — tapHn) DA T

Since the d;’s satisfy (114), we have 2H;[y/2 — (65 + --- + d5")] < 1. Thus
the integral in the right hand side of (117) is finite. This proves (112), and
(92) follows.

Now we prove the lower bound in (93). Since dim ,GrX([0,1]Y) >
dim ,, X ([0, 1)) always holds, we only need to consider the case when

k—1 k
1 1
— < — < k<N.
E i, = d< E 7 for some 1<k <N (118)
=1 j=1
Here and in the sequel, Zgzl(l/Hj) =0.

Let 0 < e < land 0 <y < Y0 (Hy/Hj) + N — k + (1 — Hy)d be
fixed, but arbitrary, constants. By Lemma 6.2, we may and will assume v €
(N—k+d,N—k+d+1). In order to prove dim,, GrX([e,1]V) > v as.,
again by Frostman’s theorem, it is sufficient to show

o[ | ®
[e. 1N Je 1]

Since v > d, we note that for a standard normal vector Z in R% and any
number a € R,

1
(Is — 12 + X (s) — X(8)]2)"""

dsdt < oco. (119)

1

— | <c¢ a0 (120)
— /2] = C6,8 )

(02 + 12R)"

see [46, p. 279]. Consequently, we derive that

dsdt
9., < 121
7= Cos ~/[€,1]N /[s,l]N O'(S,t)d |S - t‘,yid’ ( )

where o%(s,t) = E[(X1(s) — X1(¢))?]. By Condition (C1) and a change of
variables, we have

1 1 dt
%gcw/o dtN.../O RIS (122)

j=1% j=1

In order to show the integral in (122) is finite, we will integrate [dt1], ..., [dtg]
iteratively. Furthermore, we will assume k£ > 1 in (118) [If k = 1, we can use
(111) to obtain (126) directly].

We integrate [dt1] first. Since Hid > 1, we can use (109) of Lemma 6.4

with A = Zjvzz tfj and B = Z;V=2 t; to get

1 1
dto
g, <c /dtN-~-/ — — . (123)
Y 6,10 0 0 (ZN tHJ)d (I/Hl) (ZN 2tj)’y d

Jj=2"j Jj=
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We can repeat this procedure for integrating dto, ..., dtx_1. Note that if d =
Z?;ll(l/Hj), then we need to use (110) to integrate [dt;_1] and obtain

1 1
1 1

@ Sc.u/ dtN-~~/ log<1+>dtk<oo. 124

Y o (SN, )¢ Skt 12

j=k tj

Note that the last integral is finite since v —d < N — k + 1. On the other
hand, if d > Y5~} (1/H;), then (109) gives

G, < o1 /1dtN.../l k_fltk . (125)
I 0 (ZN tHj)d*ijl(l/Hj)(ZN )W*d

j=k"J j=k 7]

We integrate [dtx] in (125) and by using (111), we see that ¢, is bounded
above by

1 1
dtpy1
CG 13 |:/ dtN/ k—1 +1 <OQ’ (126)
, N —d+Hy (d=32727 (1/Hy))—1
0 0 (Zj=k+1 tj)7 k ’

since v — d + Hy(d — Y°_; (1/H;)) =1 < N — k. Combining (124) and (126)
yields (119). This completes the proof of Theorem 6.1.

There are several possible ways to strengthen and extend Theorem 6.1. For
example, it would be interesting to determine the exact Hausdorff and pack-
ing measure functions for the range X ([0,1]") and graph GrX([0,1]") for
anisotropic Gaussian random fields. When X is the Brownian sheet or a frac-
tional Brownian motion, the problems on exact Hausdorff measure functions
have been considered by Ehm [34], Talagrand [85; 86], Xiao [99; 101; 102].
Here is a summary of the known results:

(i) Let X = {X%(t),t € RN} be an (N, d)-fractional Brownian motion of
index a. If N < ad, then ¢1(r) = r™/®loglog1/r ia an exact Haus-
dorff measure function for the range and graph of X“. If N > ad, then
X%([0,1]") a.s. has positive Lebesgue measure and interior points; and

po(r) = rN+(1=)d(loglog 1/r) # is an exact Hausdorff measure function
for the graph of X*. If N = ad, then J#¥3(X ([0, 1]")) is o-finite almost
surely, where o3(r) = r%log(1/r) logloglog 1/r. In the latter case the same
is also true for the Hausdorfl measure of the graph set of X*(¢). However,
the lower bound problems for the Hausdorff measure of the range and
graph remain open.

(ii) Let W = {W(t), t € RY} be the Brownian sheet in R%. If 2N < d, then
@a(r) = r?N (loglog l/r)N ia an exact Hausdorff measure function for the
range and graph of W. If 2N > d, then W ([0,1]") a.s. has interior points

and o5 (1) = rV2 (loglog 1/r)? is an exact Hausdorff measure function for
the graph of W. When 2NN = d, the problems for finding exact Hausdorff
measure functions for the range and graph of W are completely open.
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It is interesting to notice the subtle differences in the exact Hausdorff functions
for the range and graph sets of fractional Brownian motion and the Brownian
sheet, respectively. I believe the differences are a reflection of the two different
types of local nondeterminism that they satisfy.

We remark that the methods in the aforementioned references rely respec-
tively on specific properties of the Brownian sheet and fractional Brownian
motion, and it is not clear whether these methods are applicable to Gaus-
sian random fields satisfying (C3) or (C3’). It would be interesting to develop
general methods that are applicable to larger classes of (Gaussian) random
fields.

The problems on exact packing measure functions for X ([0,1]") and
GrX([0,1]) are related to the liminf properties of the occupation mea-
sures of X and are more difficult to study. When X is an (N, d)-fractional
Brownian motion of index o and N < ad, Xiao [100; 105] proved that
we(r) = rV/*(loglog 1/r)~N/(2®) is an exact packing measure function for
X([0,1]¥) and GrX ([0, 1]"). For all the other Gaussian fields including the
Brownian sheet, the corresponding problems remain to be open.

On the other hand, it is a natural question to find dim ,, X (E) when E C
RY is an arbitrary Borel set, say a fractal set. It is not hard to see that, due to
the anisotropy of X, the Hausdorff dimension of X (FE) can not be determined
by dim , F and the index H alone, as shown by Example 6.6 below. This is in
contrast with the cases of fractional Brownian motion or the Brownian sheet.

We start with the following Proposition 6.5 which determines dim ,, X (E)
when E belongs to a special class of Borel sets in RY. Since the proof is
almost the same as that of Proposition 3.1 in [97], we omit the proof.

Proposition 6.5. Let X = {X(t),t € RN} be an (N, d)-Gaussian random
field satisfying Condition (C1) on I = [0,1]N with parameters (Hy, ..., Hy).
Assume that E; (j =1,...,N) are Borel subsets of (0,1) satisfying the follow-
ing property: 3{j1,...,jn-1} € {1,..., N} such that dim , E;, = dim_Ej,
fork=1,.... N—1. Let E=E; x --- x Exy CRY, then we have

Y dim,, E;
dim,, X (F) = min{d; W}, a.s. (127)
j=1
The following simple example illustrates that, in general, dim,, E alone is
not enough to determine the Hausdorff dimension of X (E).

Ezample 6.6. Let X = {X(t),t € R?} be a (2,d)-Gaussian field with index
H = (H1,Hs) and Hy < Hs. Let E = E; x Ey and F = Ey x Fp, where
E; C (0,1) satisfies dim,, Fy = dim_, E; and Ey C (0,1) is arbitrary. It is
well known that

dim , F = dim_, Fy + dim,, Ey = dim , F. (128)

See [36, p. 94]. However, by Proposition 6.5 we have
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. . ) dim, E; dim,, E»
dim,, X(E) = mln{d, o, + o, }, (129)
and di E di E
dim,, X (F) = min { d; S ™2 | S 21 L (130)
’ H1 Hg

We see that dim ,, X (E) # dim,, X (F) in general unless dim,, £y = dim , Es.

Example 6.6 shows that for determining dim , X (F), we need to have more
information about the geometry of F than its Hausdorff dimension.

In order to solve the problem for finding the Hausdorff dimension of the
image B (FE) of fractional Brownian sheet Bf, Wu and Xiao [97] applied a
measure-theoretic approach and introduced a notion of Hausdorff dimension
contour for finite Borel measures and Borel sets.

Recall that the Hausdorff dimension of a Borel measure p on RY (or lower
Hausdorff dimension as it is sometimes called) is defined by

dim,, p = inf {dim_, F : p(F)>0and F C R" is a Borel set}.  (131)

Hu and Taylor [44] proved the following characterization of dim , u: If p
is a finite Borel measure on RV, then

B(t,
dim , pt = sup {fy >0: limsup M

=0 for y-a.e. t€ RN} , (132)
r—0+t r
where B(t,r) = {s € RN : |s—t| < r}. It can be verified that for every Borel
set £ C RY, we have

dim,, E = sup {dim_, p: p € A4S (E)}, (133)

where . (E) denotes the family of finite Borel measures on E with compact
support in F.

From (132), we note that dim, p only describes the local behavior of u
in an isotropic way and is not quite informative if p is highly anisotropic. To
overcome this difficulty, Wu and Xiao [97] introduce the following notion of
“dimension” for E C (0,00)" that is natural for studying X (E).

Definition 6.7. Given a Borel probability measure p on RN, we define the
set A, C Rf by

p(R(t, 7))

A, = {)\ =(AM,...,Av) € RY : limsup FOVH-T)

=0 for py-ae. te RN} )
r—0+t
where R(t,r) = H;Vzl[tj — UV it 4 V] and H= = (H{ Y.L HyY).

The following lemma is proved in [97], which summarizes some basic prop-
erties of A,. Recall that H; = min{H; : 1 <j < N}.
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Lemma 6.8. A, has the following properties:

(i) The set A, is bounded:
N -1 N
1

(ii) For all B € (0,11Y and X\ € A,, the Hadamard product of 3 and A,
BoA=(Bir,...,BNAN) € Ay

(111) A,, is convex; i.e., bA+ (1 —bn e A, forall A\, n € A, and 0 <b < 1.

(iv) For every a € (0,00)", SUPxea, (A, a) is achieved on the boundary of A,,.

We call the boundary of A, denoted by 94, the Hausdorff dimension
contour of p. See [97] for some examples for determining 94,,.
For any Borel set E C RY, we define

AE) = |J 4. (135)
neMS (E)

Similar to the case for measures, we call the set U ear E)ﬁ/lu the Haus-
dorff dimension contour of E. It follows from Lemma 6.8 that, for every
a € (0,00)Y, the supermum SUp e 4(g) (A, a) is determined by the Hausdorff
dimension contour of E.

The same proof of Theorem 3.10 in [97] yields the following result.

Theorem 6.9. Let X = {X(t),t € RN} be an (N, d)-Gaussian random field
satisfying Condition (C1) on I = [0,1]V. Then for every Borel set E C
0,1},

dim,, X (F) = min{d, s(H, E)} a.s., (136)

where s(H, E) = supyc gz (A, H') = SUP,c g+ (i) Su(E)-

In the following, we give a more direct approach. Our results yield more
geometric information about the quantity s(H, E) as well.

For an arbitrary vector (Hy,...,Hy) € (0,1)Y, we consider the metric
space (RY, p), where p is defined by (37). For any 8 > 0 and E C R, define
the S-dimensional Hausdorfl measure [in the metric p] of E by

6—0

HP(E) = lim inf{ i(m)ﬂ :EC fj B,(r), rn < 5}. (137)
n=1

n=1

This is a metric outer measure and all Borel sets are L%’;ﬁ—measurable. The
corresponding Hausdorff dimension of E is defined by

dim” E = inf {8 > 0: #(E) = 0}. (138)

In some special cases, Hausdorff measure and dimension of this type have
been applied by Kaufman [48], Hawkes [42], Taylor and Watson [90], and Tes-
tard [91] to study the hitting probability of space-time processes of Brownian
motion and other processes.
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Note that the metric space (R”, p) is complete and separable. Hence the
following generalized Frostman’s lemma is a consequence of Theorem 8.17 in
[67] and a remark on page 117 of the same reference. It can also be proved by
using a 1977 result of Assouad [46, p. 137] on the quasi-helix and the classical
Frostman’s lemma; see [91, p. 4] for a special case.

Lemma 6.10. For any Borel set E C RV, %‘;ﬁ(E) > 0 if and only if there
exist a Borel probability measure on E and a positive constant ¢ such that
w(By(z,r)) < crP for allz € RN andr > 0.

‘We can now prove an equivalent result to Theorem 6.9, which extends the
Hausdorff dimension result for the range of X in Theorem 6.1.

Theorem 6.11. Let X = {X(t),t € RN} be an (N,d)-Gaussian random
field satisfying Condition (C1) on I =1[0,1]™. Then for every Borel set E C
0,1

dim , X (F) = min{d; dim” E} a.s. (139)

Proof. Since the idea for proving (139) is quite standard, we only give a sketch
of it. For any v > dim” FE, there is a covering {B,(r,),n > 1} of E such
that 7 ,(2r,)" < 1. Note that X (E) € U2, X (B,(ry)) and the uniform
modulus of continuity of X implies that the diameter of X (Bp(rn)) is at most
ert=9 where § € (0,1) is a constant. We can show that dim , X (E) < ~/(1-0)
almost surely. The desired upper bound follows from the arbitrariness of v and

0.

To prove the lower bound, let v € (0, min{d;dim” E}) be fixed. Then
by using the generalized Frostman’s lemma [Lemma 6. 10] one can show that
there exists a probability measure p on E such that

/ / g s ) < (140)

This and Condition (C1) immediately imply

//|X (ds) dt o <> (141)

Hence dim , X (E) > min{d;dim” E} almost surely. O

Combining Theorems 6.9 and 6.11, the invariance properties of dim” E
and s(H, E), we can derive the following alternative expression for s(H, E). Of
course, this can also be proved directly by using measure-theoretic methods.

Corollary 6.12. For every Borel set E C RY, we have dim” E = s(H, E).
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As in the case of fractional Brownian sheets considered by Wu and Xiao
[97], the image X (E) has rich Fourier analytic and topological properties. For
example, by modifying the proofs in [97], one can prove that if X is a Gaussian
random field with stationary increments and spectral density satisfying (43)
then X (E) is a Salem set [46; 67] whenever dim” E < d, and X (E) has interior
points whenever dim” E > d [It is an exercise to work out the details].

Finally, we consider the special case when H = (a). Theorem 6.11 implies
that for every Borel set £ C [0, 1]7,

dim , X(F) = min {d , 1 dim”E} a.s. (142)
o'

The following theorem gives us a uniform version of (142).

Theorem 6.13. Let X = {X(t),t € RN} be as in Theorem 6.11 with H =
(o). If N < ad and X satisfies either Condition (C3) or (C3'), then with
probability 1

1
dim,, X (E) = > dim_, E for all Borel sets E C I, (143)

and
1
dim_, X (F) = —dim_, E for all Borel sets E C I. (144)
e’

The proof of Theorem 6.13 is reminiscent to those in [51; 70; 97]. The key
step is to apply Condition (C3) or (C3’) to prove the following lemma. For
simplicity, assume I = [0, 1]V.

Lemma 6.14. Suppose the assumptions of Theorem 6.13 hold, and let § > 0
and 0 < 2a — 0 < B < 2« be given constants. Then with probability 1, for all
integers n large enough, there do not exist more than 2™% distinct points of
the form 7 = 47" kI, where k9 € {1,2,...,4"}N such that

|X(#) - X#)| <3277 fori+#j. (145)

Proof. A proof of Lemma 6.14 under Condition (C3) is given in [97]; see also
[51]. The proof under (C3’) is similar and is left to the reader as an exercise.
O

Both (142) and Theorem 6.13 imply that sometimes one can determine
the packing dimension of the image X (FE) by the packing dimension of E.
However, it is known that the conclusion is false if N > ad [87]. The method in
[103] shows that if X = {X(t),t € R"} is a Gaussian random field satisfying
(C1) with H = () then for every Borel set E C I,

1
dim,X(F) = —Dim_,F as., (146)
a

where DimyFE is the packing dimension profile of E defined by Falconer and
Howroyd [37]. However, the analogous problem for general anisotropic Gaus-
sian random fields has not been settled.
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7 Hausdorff dimension of the level sets and hitting
probabilities

Under Conditions (C1) and (C2), we can study fractal properties of the level
set L, = {t € I : X(t) = 2} (r € R?) and the hitting probabilities of
Gaussian random field X.

The following result determines the Hausdorff and packing dimensions of
the level set.

Theorem 7.1. Let X = {X(t),t € RN} be an (N, d)-Gaussian random field
satisfying Conditions (C1) and (C2) on I = [¢,1]V.

(i) If Z;V=1 Hj_1 < d, then for every x € RY, L, = O a.s.
(ii) If Z;\;l Hj_1 > d, then for every x € RY,

dim,, L, =dim_ L,

k
:min{zg’erN—k—de, 1§k§N}

j=1 J (147)
k k—1 k
Hy, 1 1
= — +N —k— Hid Zf — <d< s
;HJ‘ ;Hz‘ ;Hj

with positive probability.

Remark 7.2. In the critical case when Zj\;l Hj_1 =d, it is believed that L, =
@ a.s. In the Brownian sheet case, this was proved by Orey and Pruitt [76,
Theorem 3.4]. Tt also follows from a potential theoretic result of [50]. If X is
a fractional Brownian motion of index « € (0,1), then an argument of [86]
can be modified to show L, = @ a.s. However, the problem whether L, = @
a.s. for more general Gaussian random fields remains open. A proof would
require Condition (C3) or (C3') and some extra conditions on the function
B X1 (1) — X1 (s)]2).

Proof of Theorem 7.1. Similar to the proof of Theorem 5 in [7], we divide

the proof of Theorem 7.1 into two steps. In Step one, we prove (i) and the

upper bound for dim, L, in (147); and in Step two we prove the lower bound

for dim , L, by constructing a random measure on L, and using a capacity

argument. Moreover, the last equality in (147) follows from Lemma 6.2.
First we prove

k

— H,

dim,, L, < min §j#+N—k—de,1gk§N as.  (148)
=1

and L, = O a.s. whenever the right hand side of (148) is negative. It can be
verified that the latter is equivalent to Z?le H ]-_1 <d.
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For an integer n > 1, divide the interval [¢,1]" into m, sub-rectangles
; s m—1/Hj (; — > (1/Hy)
R, ¢ of side lengths n i(j=1,---,N). Then m, < cn&i= i), Let

0 < 6 < 1 be fixed and let 7, ¢ be the lower-left vertex of R,, o. Then

Plz e X(R,)} < P{ max |X(s) — X(t)| <n 179z ¢ X(Rn,e)}
$,tER ¢

+P{ max |X(5)—X(t)>n<15>} (149)

s$,t€ERL ¢
< P{|X(Tn7g) —z| < n(lé)} + e—en®’
< en-(-9d,

In the above we have applied Lemma 2.1 in [85] to get the second inequality.
If Z;V:I H]-_1 < d, we choose ¢ > 0 such that (1 —d)d > Zj\le Hj_l. Let N,
be the number of rectangles R, ; such that x € X (R, ¢). It tollows from (?7?)
that

E(N,) < enZim(WVHDp=(=8)d _ g a9 s 0o, (150)

Since the random variables N,, are integer-valued, (150) and Fatou’s lemma
imply that a.s. NV,, = 0 for infinitely many integers n > 1. Therefore L, = 0
almost surely.

Now we assume z;vzl H jfl > d and define a covering {R], ,} of L, by
R, , = Rnyifz € X(R, ) and R, , = O otherwise. We will show that there
are N different ways to cover L, by using cubes of the same side-lengths and
each of these ways leads to an upper bound for dim, L,.

For every 1 < k< N, R;M can be covered by nzy:Hl(H;l_H;l) cubes of
side-length n=1/#+_ Thus we can cover the level set L, by a sequence of cubes
of side-length n~'/#% Denote the number of such cubes by M, . Using (?7?)
again, we have

E(M,z) <ec., nrm Hy ' —(1=8)d ST (= H

—1 k -1 (151)
=c,, p(N=RH 4F | H - (1-6)d
Now let n be the constant defined by
k
n=(N—-kH'+> H'—(1-20)d. (152)

Jj=1

We consider the sequence of integers n; = 2¢ (i > 1). Then by (151), the
Markov inequality and the Borel-Cantelli lemma we see that almost surely
My, 1 < cn;’ for all 7 large enough. This implies that ﬁgg L, < Hyn almost
surely. Letting ¢ | 0 along rational numbers, we have

k
_ H
dim,, L, <> Fk +N—k—Hd as. (153)
J



Anisotropic Gaussian Random Fields 191

Optimizing (153) over k =1,..., N yields (148).

In order to prove the lower bound for dim, L, in (147), we assume that
SETTHTN < d < Y H:'for some 1 < k < N.Let § > 0 be a small
constant such that

+ N —k—Hy(1+6)d>N —k. (154)

HM?r
m\m

This is possible by Lemma 6.2. Note that if we can prove that there is a
constant ¢, , > 0, independent of 9, such that

P{dim, L, > v} >c,,, (155)

then the lower bound in (147) will follow by letting ¢ | 0.

Our proof of (155) is based on the capacity argument due to Kahane [46].
Similar methods have been used by Adler [1], Testard [91], and Xiao [98] to
certain Gaussian and stable random fields.

Let ///j be the space of all non-negative measures on R with finite ~-
energy [recall (84)]. Tt is known [1] that ./} is a complete metric space under

the metric (dt)
lull, = [ A (156)

We define a sequence of random positive measures p,, := (2, ®) on the Borel
sets C of [¢,1]V by

1 (C) = /C(zm)d/2 exp (—W) dt

:/C/R exp (_Ef+¢<g,X(t)—m>> dé dt.

It follows from [46, p. 206] or [91, p. 17] that if there exist positive and

(157)

finite constants ¢, ,, ¢, , and c, , such that
E(llinl) 2 ¢ E(lunll?) < (158)
E(”:u”n”’Y) S C7,57 (159)
where |||l = pn([e,1]Y) denotes the total mass of p,, then there is a sub-

sequence of {u,}, say {/Jnk} such that i, — pin 45 and p is strictly
positive with probability > ¢Z /(2¢, ,). In this case, it follows from (157) that
4 has its support in L, almost surely. Moreover, (159) and the monotone
convergence theorem together imply that the y-energy of u is finite. Hence
Frostman’s theorem yields (155) with ¢, , = ¢2, /(2¢, ).

It remains to verify (158) and (159). By Fubini’s theorem we have
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) 2
Blld) = [ [ e e (= 55 ) Ben (6, X0 )i
/[ . /Rd e 1) exp ( %(n*1 +02(t))|§|2> de dt
[ o) o (- et
[e,1]N n—t +02(t) P 2(7171 +J2(t))

/ 0 S G T U
ey \1+02@)) TP\ T 2020 ) T e

Denote by Iz the identity matrix of order 2d and Cov(X(s),X(t)) the

covariance matrix of the random vector (X(s),X(t)). Let T' = n=1lyq +

Cov( ( ), X (t)) and (£,n)" be the transpose of the row vector (£, 7). Then
E(||ptn]?) is equal to

/5 AN /[ 1 /Rd /Ra K exp ( *(5 m T (&, )’> d€ dnds dt
/[e 1N /s AN det P ( %(:ﬁ,x) r (x,z)’) ds dt (161)

(2m)° ds dt.
/[e 1N /s AN [det Cov(Xo(s) , Xo(t ))]d/2 t

It follows from Conditions (C1), (C2) and (53) that for all s,¢ € [¢, 1]

N
det Cov(Xo(s), Xo(t)) > ¢, Z |s; — t;]*5. (162)

(160)

Vv

We combine (161), (162) and then apply Lemma 6.3, repeatedly, to obtain

ds dt
E(||pn|?) < ¢ / / =c,, <oo. (163)
7,7 eV Je )N ,,tj|2Hj]d/2 7,4

1 |53

This is similar to (113)—(117) in the proof of Theorem 6.1. Thus we have
shown (158) holds.
Similar to (161), we find that E(||u||y) is equal to

/ / ds dt
[, 1)V J[e, )N N s —t]7
. 1
x / / emitetm. ) exp(— (f,n)F(fm)') dedn
R JRd 2

_ ds dt (164)
= C7,s N N N 5 N oH. d/2
CRIRACRY (Zj:l |sj — tj|) (Zj:l |sj — 4] ])

<o /1dt / an
S (SN (S )

Jj=17j Jj=
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where the two inequalities follow from (162) and a change of variables. Note
that the last integral in (164) is similar to (122) and can be estimated by using
Lemma 6.4 in the same way as in the proof of (123) — (126). Moreover, we
can take d small enough, say § < dg, so that the v defined in (154) is bounded
away from N —k and N — k + 1. This implies that E(||n[ly) < ¢, , which is
independent of §. This proves (159) and hence Theorem 7.1.

In light of Theorem 7.1, it is of interest to further study the following
question about fractal properties of the level sets.

Question 7.3. Determine the exact Hausdorff and packing measure functions
for the level set L.

Questions 7.3 is closely related to the regularity properties such as the laws
of the iterated logarithm of the local times of X. The latter will be considered
in Section 8. When X is an (N, d)-fractional Brownian motion with index «,
Xiao [102] proved that @7 (r) = rV=2?(loglog 1/r)*¥N is an exact Hausdorff
measure function for L,. In Theorem 8.11 we give a partial result [i.e., lower
bound] for the exact Hausdorff measure of the level set L,. It seems that the
method in [102] may be modified to determine an exact Hausdorfl measure
function for the level sets of Gaussian random fields satisfying (C3) or (C3').

So far no exact packing measure results have been proved for the level sets
of fractional Brownian motion or the Brownian sheet. These problems are
related to the liminf behavior of the local times of X which are more difficult
to study.

More general than level sets, one can consider the following questions:

Question 7.4. Given a Borel set ' C R%, when is P{X(I) N F # @} positive?

Question 7.5. If P{X(I) N F # @} > 0, what are the Hausdorff and packing
dimensions of the inverse image X ~}(F)NI?

Question 7.4 is an important question in potential theory of random fields.
Complete answer has only been known for a few types of random fields with
certain Markov structures. We mention that Khoshnevisan and Shi [50] proved
that if X is an (N, d)-Brownian sheet, then for every Borel set F C R%,

P{X(I)NF # @} >0 < Cy_on(F) > 0. (165)

Recall that %, denotes the Bessel-Riesz capacity of order . Dalang and Nu-
alart [26] have recently extended the methods of [50] and proved similar results
for the solution of a system of d nonlinear hyperbolic stochastic partial dif-
ferential equations with two variables. In this context, we also mention that
Khoshnevisan and Xiao [52; 53; 54; 56] and Khoshnevisan, Xiao, and Zhong
[57] have established systematic potential theoretical results for additive Lévy
processes in R%. The arguments in the aforementioned work rely on the mul-
tiparameter martingale theory [49].
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For random fields with general dependence structures, it is more difficult
to solve Question 7.4 completely. Instead, one can look for sufficient conditions
and necessary conditions on F' so that P{X (IH)NF # @} > 0. For example,
when X is an (NV, d)-fractional Brownian motion, Testard [91] and Xiao [104]
proved the following results:

Conjo(F)>0=P{X(I)NF#0}>0=2"N*F)>0.  (166)

Similar results for the solution to a non-linear stochastic heat equation with
multiplicative noise have been proved recently by Dalang, Khoshnevisan and
Nualart [23].

The following theorem is an analogue of (166) for all Gaussian random
fields X satisfying Conditions (C1) and (C2).

Theorem 7.6. Assume that an (N, d)-Gaussian random field X = {X(t),t €
RN} satisfies Conditions (C1) and (C2) on I and d > Q. Then for every
Borel set F C R?,

Cr10 (gd—Q(F) < P{X(I) NF# 0} < Crn1 %—Q(F)v (167)

where QQ = Zjvzl Hj_l, ¢, 1 and c, |, are positive constants depending on I, '
and H only.

Remark 7.7. When d < @, Theorem 7.1 tells us that X hits points, hence
(167) holds automatically. When d = @, our proof below shows that the lower
bound in (167) remains to be true provided %y means the logarithmic capacity
[see (86)]. This can be seen by estimating the integral in (173) when d = Q.
However, if €5(F) > 0, then the upper bound in (167) becomes oo, thus not
informative.

Proof of Theorem 7.6. The lower bound in (167) can be proved by using a
second moment argument. In fact one can follow the method in [26; 50; 91]
to prove the lower bound in (167).

In the following, we provide an alternative proof for the lower bound which
is similar to that of Theorem 7.1. For any Borel probability measure x on F
with &;_¢(k) < oo and for all integers n > 1, we consider a family of random
measures v, on I defined by

1% = ™n /2€X —n —.132 R{Aax
J @y = [ [ emn e (= n1x(0) =) 1) i) a

: (168)

where f is an arbitrary measurable function on I. We claim that the following
two inequalities hold:

E(HVHH) > Cr125 E(HVnHZ) < c7,13gd—Q(K)’ (169)
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where the constants c, ., and ¢, ,, are independent of x and n.
Since the proof of the first inequality in (169) is very similar to (160) in
the proof of Theorem 7.1, we only prove the second inequality in (169).
Denote by I the identity matrix of order 2d and Cov(X(s), X (¢)) the
covariance matrix of the random vector (X(s),X(t)). Let T'), = n™'Iy +
Cov(X(s),X(t)) and (£,n)" be the transpose of the row vector (£,7). Since
I, is positive definite, we have

||yn|| /// / e~ {(&z)+(n,y))
R2d JR2d

X exp ( ~ € Ta (€.0)) dedns(do)sdy) dsde— (170)

///de detF p<;(‘” I (@, y)>f€(dx)n(dy) dsdt.

By modifying an argument from [91], we can prove that, under conditions
(C1) and (C2), we have

(27T)d 1 2 C7,14
s o (- pe T e ) < s am

for all s, € I and x,y € RY; see [16] for details. Hence, it follows from (170)
and (171) that

(”VnH = Craa ///Rm max{p?(s, 1) |z — y|4} k(dw)n(dy) dsdt. (172)

We can verify that for all z,y € RY,

dsdt
—(d-Q 173
N e e T )

where ¢, ;; > 0 is a constant. This can be done by breaking the integral in
(173) over the regions {(s,t) € I x I : p(s,t) < |z —y|} and {(s,t) € I x I:
p(s,t) > |z — y|}, and estimate them separately. It is clear that (170), (173)
and Fubini’s theorem imply the second inequality in (169).

By using (169) and the Paley-Zygmund inequality [46], one can verify
that there is a subsequence of {v,,n > 1} that converges weakly to a finite
measure v which is positive with positive probability [depending on ¢, ,, and
¢, 1, only] and v also satisfies (169). Since v is supported on X ~1(F) NI, we
use the Paley-Zygmund inequality again to derive

ElD]® _ e
B[] = ra(m)’

where ¢, =¢2 /¢, ,. This implies the lower bound in (167).

Our proof of the upper bound in (167) relies on the following lemma on
the hitting probability of X, whose proof will be deferred to the end of this
section.

P{X(I) NF # @} > P{|v|| > 0} > (174)
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Lemma 7.8. Let X = {X(t),t € RN} be an (N, d)-Gaussian random field
satisfying Conditions (C1) and (C2) on I. Then there exists a constant c, ., >
0 such that for all z € I and y € R,

Pe inf |X(t)—y|<rp < d, 1
{ it X0 -l <rf <, (175

Now we proceed to prove the upper bound in (167) by using a simple
covering argument. Choose and fix an arbitrary constant v > #_q(F). By
the definition of J#;_g(F'), there is a sequence of balls {B(y;,r;),j > 1} in
R? such that

oo (o)
FC|JBy,r) and > (2r)"9 <n. (176)
j=1 j=1
Clearly we have
{FnXx(1)#0}  J{Bly;,r) N X{T) # 0}. (177)
j=1
For every j > 1, we divide the interval I into cr;Q intervals of side-lengths
r}l/H’i ({=1,...,N). Hence I can be covered by at most crj_Q many balls
of radius r; in the metric p. It follows from Lemma 7.8 that
P{B(y;,r;) N X(I) # O} < cr 9. (178)

Combining (177) and (178) we derive that P{F N X(I) # @} < c¢y. Since
v > J;_o(F) is arbitrary, the upper bound in (167) follows.

The following are some further remarks and open questions related to
Theorem 7.6.
Remark 7.9. For any Borel set F' C R¢, Theorem 7.6 provides a sufficient con-
dition and a necessary condition for P{X 1 (F)NTI # @} > 0. It is interesting
to determine the Hausdorff and packing dimensions of X ~!(F) when it is not
empty. Recently, Biermé, Lacaux and Xiao (2007) determined the Hausdorff
dimension of X ~!(F). Namely, they proved that if dim , F' > deévzl (1/H,),
then

|dim,, (X~H(F) N 1) ||L°°(P)

k
) Hy, . (179)
- {5 N ko)

where, for all nonnegative random variables Y,
|Y |l opy =sup{f:Y > 6 on an event E with P(E) > 0}. (180)

However, except for the special case of F' = {z}, there have been no results
on the packing dimension of X ~!(F) for a given Borel set FF C R<.
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Remark 7.10. Note that the event on which (179) holds depends on F. Moti-
vated by the results in [70], we may ask the following natural question: When
Eévzl H[l > d, is it possible to have a single event 21 C Q of positive prob-
ability such that on €; (179) holds for all Borel sets F' C R%?

Here are some partial answers. If in addition to Conditions (C1) and (C2),
we also assume Condition (C3) or (C3') holds and Hy = Hy = --- = Hy,
then one can modify the proofs in [70] to show that the answer to the above
question is affirmative. In general, it can be proved that, when Zé\]:l H,; >4,
the upper bound in (179) holds almost surely for all Borel sets FF C R%. But
it is likely that the lower bound may not hold uniformly due to the anisotropy
of X.

Remark 7.11. The method for proving Theorem 7.6 may be extended to pro-
vide necessary conditions and sufficient conditions for P{X (E)NF # @} > 0,
where £ C (O,oo)N and F C R? are arbitrary Borel sets. Some difficul-
ties arise when both E and F are fractal sets. Testard [91] obtained some
partial results for fractional Brownian motion and, for every fixed Borel set
E C (0,00)Y (or F C R%), Xiao [104] characterized the “smallest” set F' (or
E) such that P{X(E)NF # @} > 0. No such results on anisotropic Gaussian
random fields have been proved.

Finally, let us prove Lemma 7.8. There are two ways to prove (175). One
is to use the argument in the proof of Proposition 4.4 of [22] and the other
is reminiscent to the proof of Lemma 3.1 in [100]. While the former method
is slightly simpler, the latter can be adapted to establish hitting probability
estimates of the form (194) below for anisotropic Gaussian random fields.
Hence we will use an argument similar to that in [100].

Proof of Lemma 7.8. For every integer n > 1, let &, = r exp(—2"*1) and
denote by N,, = N,(B,(x,r),ey) the minimum number of p-balls of radius
e, that are needed to cover B,(z,r). Note that N,, < ¢ exp(Q2""!) [recall
that Q = Yy, (1/Hy)].

Let {tgn)7 1 <14 < N,} be a set of the centers of open balls with radius e,
that cover B,(x,). Denote

Tn = Ben 20 tH/2, (181)

where 8 > ¢
in (69).

For all integersn > 1,1 < j <nand 1 <i < N,, we consider the following
events

410 1S @ constant to be determined later. Here c, ,, is the constant

A9 = {|X(t§j>) —yl<r+ Zm},
k=j

0 N N, (182)

AW =AY =ADu| ) al.

j=1li=1 i=1
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Then by a chaining argument, the triangle inequality and (69), we have

P{ N URET } < lim P(A™). (183)
By (182), we have
P(A™) < P(ACD) 4 p(A\AC-D) (184)
and
N"L
P(A(n)\A(n—l)) < ZP(AEn)\Agﬁfl)), (185)

where 4’ is chosen so that p(t(n), tg/n 1)) < €p—1. Note that

P(A\ )

:P{’X(tl(-”))—y’ <T+Z7“k,

A
9
—
>

H:\
E,
S
A
=
+
3
ol
H/\
3
><
=
3
L
—
v,
X
3
L
——

By the elementary properties of Gaussian random variables, we can write

XM - X _ XWY) | i
= -n
(t(") t(" 1)) J(t§7l))

) g/

=, (187)

where

B[(X(6) = X6 )) Xi (1)
(t() t(" 1)) ((n)>

and where Z is a centered Gaussian random vector in R¢ with the identity

n= (188)

matrix as its covariance matrix and, moreover, = is independent of X (tgn)).
We observe that

r+ Z r <r+ Zrk < (1 +c / exp(—ax?) dm) ri=c, . (189)
k=n k=0 0
It follows from Condition (C1) that (186) is bounded by
n _ 1 P X
PAIXEY) ~y| < epr 5] 2 R e .
VI Lo, 477y a(t)
n =< Pd
<P{IXW) sl < e B2 5 2

2
XD L B o
o(t”) 2

(190)
+P {|X<t£">> —yl < e

= 11 + 12.
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By the independence of Z and X (£™), we have
L =P{|xt™)—y| < P{|E| > pd2~1+/2)
1 | (7, ) y|—c7,18T |h‘|—6

WQ”). (191)

< Cr 10 rd exp (— 6

On the other hand,

d/2 2
1 1
s (3) (o )
{quylgczlg r ‘u|26d2—1+(n/2)o—(t5”))} 2w O—d(tln ) 20—2(t1n )

1 2 d)?
< G / )y P (_ |u|(n) )du FexXP <_(ﬁ) 2")
{lu—yl<c, v} o4 (t;") 402(t;") 16

g

<, exp (— (ﬁlcé)Q 2"). (192)

Combining (184) through (192) and choosing 3 > ¢, ,, satisfying (3d)? > 32,
we obtain

16
< Cr 2 li Ny, exp(—(ﬂlcé)Q Qk)] ré (193)
k=0

<c,,, re.

2
P(A™) < P(A D) e, Mo exp( -2 o)

Therefore, (175) follows from (183) and (193).

When X is an (N, d)-fractional Brownian motion of index «, Xiao [104]
proved the following hitting probability result: If N < ad, then there exist
positive and finite constants c, ,; and ¢, ,,, depending only on N, d and a,
such that for any r > 0 small enough and any y € R? with |y| > r, we have

d——=
Cr s ( 4 ) <P{3teR" such that [X(t) —y| <r}

Yl
LN
r oY
< C7 .26 (|y|> .

It would be interesting and useful to establish analogous results for all Gaus-
sian random fields satisfying Conditions (C1) and (C2). Such an estimate will
be useful in studying the escape rate and exact packing measure of the sam-
ple paths of Gaussian random fields; see [105] for the special case of fractional
Brownian motion.

(194)
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8 Local times and their joint continuity

We start by briefly recalling some aspects of the theory of local times. For
excellent surveys on local times of random and deterministic vector fields, we
refer to [31; 41].

Let X(t) be a Borel vector field on R with values in R%. For any Borel
set T C RN, the occupation measure of X on T is defined as the following
Borel measure on R%:

[ () = AN{t €T : X(t) € o}. (195)

If u, is absolutely continuous with respect to the Lebesgue measure A4,
we say that X (¢) has a local time on T, and define its local time, L(e ,T), as
the Radon-Nikodym derivative of y,. with respect to A4, i.e.,

L. T) = 2 veerd (196)
dX\g
In the above, x is the so-called space variable, and T is the time variable.
Sometimes, we write L(x,t) in place of L(x,[0,¢]). It is clear that if X has
local times on T, then for every Borel set S C T, L(z,S) also exists.
By standard martingale and monotone class arguments, one can deduce
that the local times of X have a version, still denoted by L(z,T'), such that
it is a kernel in the following sense:

(i) For each fixed S C T, the function z — L(z,S) is Borel measurable in
r € R

(ii) For every z € R%, L(x,-) is Borel measure on %(T), the family of Borel
subsets of T'.

Moreover, L(z , T) satisfies the following occupation density formula: For every
Borel set T C R and for every measurable function f : R — R,

/ FX@))dt= | f@)L(z,T)d. (197)
T R4

See [41, Theorems 6.3 and 6.4].

Suppose we fix a rectangle T = Hfil [ai,a; + h;] in &7. Then, whenever we
can choose a version of the local time, still denoted by L(z, Hfil[ai, a; +t;)),
such that it is a continuous function of (x,t1,--- ,tx) € R% x vazl [0,h], X is
said to have a jointly continuous local time on T. When a local time is jointly
continuous, L(x,e) can be extended to be a finite Borel measure supported
on the level set

Xit(x)={teT: X(t) =z} (198)
see [1] for details. In other words, local times often act as a natural measure
on the level sets of X for applying the capacity argument. As such, they are
useful in studying the various fractal properties of level sets and inverse images
of the vector field X [13; 34; 70; 81; 102].

First we consider the existence of the local times of Gaussian random fields.
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Theorem 8.1. Let X = {X(t),t € RN} be an (N, d)-Gaussian field defined
by (36) and suppose Condition (C1) is satisfied on I. Then X has a local

time L(z,I) € L2(P x \q) if and only if d < Zévzl(l/H]) In the latter case,
L(x, 1) admits the following L? representation:

L(z,I) = (Zﬁ)’d/

e ) /e“va(S»ds dy, VYzeRY (199)
Rd I

Proof. The Fourier transform of the occupation measure pj is

Ar(e) = / (HEXO) gt (200)
I

By applying Fubini’s theorem twice, we have

E/R |ﬁ(£)|2d§:/lds/ldt/RdEexp (ite. X(s) - X (1)) de. (201)

We denote the right hand side of (201) by _# (I). It follows from the Plancherel
theorem that X has a local time L(-, I) € L*(P x )\y) if and only if #(I) < oc;
see [41, Theorem 21.9] or [46]. Hence it is sufficient to prove

N
1
I)<oo ifandonlyif d< —. 202
) it d<3 g (202)

For this purpose, we use the independence of the coordinate processes of
X and Condition (C1) to deduce

dsdt
7= /I/I [E(Xo(s) — Xo(t))2] "

v// ds dt
- N \d/2°
LI (3050 |sy — t4]*5)

By using Lemma 8.6 below, it is elementary to verify that the last integral in
(203) is finite if and only if d < Zjvzl(l/HJ) This proves (202), and hence
Theorem 8.1. O

(203)

The following result on the joint continuity of the local times is similar to
those proved by Xiao and Zhang [110], Ayache, Wu and Xiao [6] for fractional
Brownian sheets.

Theorem 8.2. Let X = {X(t),t € RN} be an (N, d)-Gaussian field defined
by (36) and we assume Conditions (C1) and (C3') are satisfied on I. If d <
Z;.V:l(l/Hj), then X has a jointly continuous local time on I.
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Remark 8.3. The conclusion of Theorem 8.2 can also be proved to hold for
all Gaussian random fields satisfying Conditions (C1) and (C3). The proof
follows a similar line, but some modifications are needed in order to prove
analogous estimates in Lemmas 8.4 and 8.8. This is left to the reader as an
exercise.

To prove Theorem 8.2 we will, similar to [6; 34; 102], first use the Fourier
analytic arguments to derive estimates on the moments of the local times
[see Lemmas 8.4 and 8.8 below| and then apply a multiparameter version
of Kolmogorov continuity theorem [49]. It will be clear that Condition (C3’)
plays an essential role in the proofs of Lemmas 8.4 and 8.8.

Our starting points is the following identities about the moments of the
local time and its increments. It follows from [41, (25.5) and (25.7)] or [77]
that for all z,y € R, T € &/ and all integers n > 1,

Bl 1)) =@ny " [ [ i
n JRnd

o (204)
B [T X

and for all even integers n > 2,

E[(L(z,T) - L(y,T))"] (205)
- _nd/ / el ®) _ o= w) | B |t Eim (7 XED) | gy
e[ [ M o] |

wherew = (u',...,u"), £ = (t',...,t"), and each v’ € Rd? th €T C(0,00)N.
In the coordinate notation we then write v/ = (uf,...,u}).

Lemma 8.4. Suppose the assumptions of Theorem 8.2 hold. Let T € {1,...,N}
be the integer such that

1

— 1 1
—<d<d —, 206
T )

~
Il

then there erists a positive and finite constant c, ,, depending on N, d, H
and I only, such that for all hypercubes T = [a,a + (r)] C I with side-length
r€(0,1), all x € R® and all integers n > 1,

E[L(z,T)"] < ey, n! B (207)
where B =% ,_(H;/H;) + N — 7 — H.d.

Remark 8.5. (i) It is important to note that, when (206) holds, 3, =
>y_.(H;/H;) + N — 7 — H.d is the Hausdorff dimension of the level
set L;; see Theorem 7.1. Combining (207) with the upper density theorem
of [80], one can obtain some information on the exact Hausdorff measure
of L, [see Corollary 8.11 below].
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(ii) We point out that the upper bound in (207) is not sharp, and one may
be able to prove the following inequality:

E[L(z,T)"] < c, ) R (208)

If this is indeed true, then one can conjecture that the function @g(r) =

rBr ( loglog 1 /r)NfﬁT is an exact Hausdorff measure function for L.

For proving Lemma 8.4, we will make use of the following elementary
lemma [which is stronger than Lemma 6.3].

Lemma 8.6. Let a, 8 and A be positive constants. Then

- A=(B=3) if aff > 1,
- -1 ; _
[t {iten §52 o
1 if af < 1.
Proof of Lemma 8.4. Since X1, -+ , X4 are independent copies of X, it follows

from (204) that for all integers n > 1,

d

E[L(z,T)"] < (27r)_"d/

Tn he1

{ / o~ BVar(SSy, b Xo(t) dUk} d, (210)

where Uy = (ul,---,u) € R™. It is clear that in order to bound the inte-
gral in dt it is sufficient to consider only the integral over 772 = {t € T™ :
tl, ... t" are distinct} [the set of £ € RN™ having ' =/ for some i # j has
(Nn)-dimensional Lebesgue measure 0]. It follows from Lemma 3.4 that for

every ¢ € T7, the covariance matrix of X (t1), -, Xo(t") is invertible. We
denote the inverse matrix by R(t!,--- ,t"), and let (Zy,--- , Z,) be the Gaus-
sian vector with mean zero and the covariance matrix R(t!,--- ,¢"). Then the

density function of (Z1,- -+, Z,) is given by

) 11/2
[det Cov (Xo(t!), ..., Xo(t"))] o~ SUCOv(Xo(tY),... Xo (t") U’ (211)
(2m)n/2 ’
where U = (ul, - ,u™) € R" and U’ is the transpose of U. Hence for each
1<k <d,
" R ; 2 n/2
/ 67%Var(z.:1 ui Xo(t )) dUk; — ( 7T) 1/2. (212)
" [det Cov(Xo(t), ..., Xo(t"))]

Combining (210) and (212), we derive

T n - —nd/2 1 7
B[L(e, 7)) < (2m) " [ o e e 2
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It follows from Condition (C3') and (53) that

det Cov (Xo(t"), ..., Xo(t")) = H Var (Xo(t)| Xo(t"),j < i <n)

(214)

n

> c" min 9 14)?
= 1L i p(t!,t")7,
J:

where ¢"*1 = 0. This and (213) together imply that

n 1 B
E|L(x,T)"| < / dt. 215
[ ( ) ] 8,4 T"Jl;[l [‘<In<ill+1 p(tj,ti)]d ( )
j<isn

We will estimate the integral in (215) by integrating in the order dt*, dt?, . . .,
dt™. Considering first the integral in dt!, we have

1 ! 1
dtl < / S
/T { ! ; T [p(t7, 1))

1<tEn1 p(tj’tl)} (216)

dsi---dsy
scn / TN g d
0N [Xhm sk ¥
where the last inequality follows from a change of variables. Integrating the
last integral in the order dsp,---,dsy and applying (209) in Lemma 6.3,
we can show that, because of (206), the last integrand in (216) only affects
the integral in dsy,...,ds; which contributes [up to a constant] the factor

r2i=1(Hr/He)=H-do an the integral in ds,41,...,dsy contributes the factor
rN=7_In other words, we have

dsy---dsy T e
/[0 Ty ] s riza e TN =7 = Hed, (217)
" [Zk:l Sk k}

This and (216) imply

dt! Y7\ (H, /H)+N—r—H,d
<cggnree=riir /o . (218)
' [

d
i ti e
1<Iir£1£/1+1 P, )}

Repeating the same procedure for integrating in dt?,...,dt" in (215) yields
(207). This proves Lemma 8.4.

Remark 8.7. In the proof of Lemma 8.4, we have assumed T is a hypercube
T = [a,a + (r)]. This is only for convenience and one can consider arbitrary
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closed intervals T = Hévzl [a¢,ae+re] C I. The argument is the same as above,
but (216) becomes

1<i<n+1

/ 4 < en / _ds1 - dsw
r [ - T3, [0,7%] [ZN Hk}d (219)

d
min  p(t7, tl)} k=1 5k

Choose N positive numbers p1,...,pn € (0,1) defined by

H—l

=_——k 1,...,N). 220
Y B ! 220)

Pk

Then 2112[:1 pr = 1. By using the following inequality

N N N
ZSka > Zpk spt > H Sika Vs e (0,00)", (221)
k=1 k=1 k=1

one can verify that

/ dslidsNd < eAn(T)Y, (222)

where v = d/(Zf\Ll H;') € (0,1). Combining (215), (219) and (222) we
derive that
E[L(z,T)"] < nl Ay (T)" ) (223)

holds for every interval T' C I. We will apply this inequality in the proof of
Theorem 8.2 below.

Lemma 8.4 implies that for all n > 1, L(z,T) € L™(R%) a.s. [41, p. 42)].
Our next lemma estimates the moments of the increments of L(x,T) in the
space variable x.

Lemma 8.8. Assume (206) holds for some T € {1,...,N}. Then there exists
a positive and finite constant ¢, depending on N, d, H and I only, such
that for all hypercubes T = [a,a + (r)] C I, z,y € R? with |z —y| < 1, all
even integers n > 1 and all v € (0,1) small enough,

B[(L(x,T) = Ly, T))"] < e, ()5 oy P28 (224

In order to prove Lemma 8.8, we will make use of the following lemma
essentially due to Cuzick and DuPreez [19]; see also [55].
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Lemma 8.9. Let Z4,...,7Z, be mean zero Gaussian variables which are lin-
early independent, then for any nonnegative function g : R — R,

/ g(vl)e_%va‘r(zy=1 Uij) dUl e dvn

(n—-1)/2 o0
= ) 12 / g <U> oS de,
[det Cov(Zy,--+ , Zy)] —oo  \01

where 03 = Var(Zy | Za, ..., Zy,) denotes the conditional variance of Zy given
Zos o T,

(225)

Proof of Lemma 8.8. Let v € (0,1) be a constant whose value will be deter-
mined later. Note that by the elementary inequalities

le™ — 1| < 28 Tul? for all u € R (226)
and |u + v|” < |u|Y + |v|7, we see that for all ul,... u", z, y € R4,
n ) . ;. n
—i{u’,z) _ —i(u,y) (=) [ oY J
I1 e e <2 o=y 3T [l 17 (22)
Jj=1 j=1
where the summation Y.~ is taken over all the sequences (ki,---,k,) €

(o dy.
It follows from (205) and (227) that for every even integer n > 2,

B[(L(, T) - Ly, T))"] < (2m) 420"z —yj

X Z /n /R."d H |UZ:7L|’YE |:e_izy=1 <UJ7X(H)>:| dﬂd%

m=1

<oy [ @

n o 1/n
<11 fupe. (e #Var(Sios ! X WD) g\
m—1 Rnd

where the last inequality follows from the generalized Holder inequality.

Now we fix a vector k = (ki1,...,k,) € {1,--- ,d}" and n distinct points
tl,...,t" € T [the set of such points has full (nN)-dimensional Lebesgue
measure]. Let .# = .# (k,t,7) be defined by

n 1/n
m 1n _lvar n uj, J —
=11 {/R e, 27 =3 Var( o, X >>>du} S )
m=1

Note that X, (1 < ¢ < N) are independent copies of X,. By Lemma 3.4, the
random variables Xy(#/) (1 < ¢ < N,1 < j < n) are linearly independent.
Hence Lemma 8.9 gives

(228)
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/ |u7];n |n'\/ e*%Var( ?:1 <“j’X(t]‘)>) du
Rnd ™

(2m)(nd— 172 / ( v )" 2
= — e v
[det Cov(Xo(tl),...,Xo(t"))]d/2 R \Om (230)
e (nl)Y 1

[det Cov(Xo(tl)7 L ’Xo(tn))]d/Q Tm’

IN

where o2, is the conditional variance of Xy, (#™) given X;(t/) (i # km or

i = ky, but j # m), and the last inequality follows from Stirling’s formula.

Combining (229) and (230) we obtain

e (nh)7 "o
M < - = 231
[det Cov(Xo(tl),...,Xo(ﬁ"))]d/2 ,gl T (231)

The second product in (231) will be treated as a “perturbation” factor and
will be shown to be small when integrated. For this purpose, we use again the
independence of the coordinate processes of X and Condition (C3’) to derive

o2, = Var (X, (t™) | Xy, (t),§ #m)

. 232
203,12 min{p(tm, t9)? ijorj;ém}. (232)
Now we define a permutation 7 of {1,--- ,n} such that
1) ) = mi J
p(t™,0) nin (t7,0). (233)
and once t™(™~1) has been defined, we choose t™("™) such that
p(tﬂ'(m)’ tﬂ'(mfl))
. 4 ) (234)
= min {p(t7, 7" V), € {1, np\ {m(1), - m(m—1)}}.
By this definition, we see that for every m =1,--- ,n,
min {p(t“(m), tj) :j=0o0r j# W(m)}
(235)

— min {p(tﬂ'(m)’ t”(m—l))7 p(tﬂ(7n+1)7 t‘n’(m)) }

It follows from (232), (235) and (53) that



LT 1
II =11

ftes! 42 2, min {p(t”(m), tj)7 :j=0orj# W(m)}
1
min {p(tﬂ'(m)7 t”(m—l))’y, p(tw(m-‘rl)’ tw(m))"’}

1

<11 L (236)
m;1
II

p(t‘n'(m)7 tﬂ'(m—l))2’y

1
[Var(Xo(t™(m)| Xo(t"®), i =1,--- ,m —1)]"

T
8,15

[det Cov(Xo(th), - - 7X0(tn))]v.

<c"

— 78,14
m=1

Combining (231) and (236), we obtain
< e (n1)7
"~ [detCov(Xo(t1), -+, Xo(tm))] 7
< C:,w (nl)'y (237)

" i J .t
[T nggﬂ p(t,t7)

:| d+2v’

where the last step follows from Condition (C3') and (53).
It follows from (228), (229), (231) and (237) that

E[(L(z+y,T) - L(z,T))"]

noln - 1 _
< el 1™ (nh)? /T II o 4. (238)
=1 }

i i,
nggﬂ p(t7, 1)

Note that the last integral in (238) is similar to that in (215) and can be
estimated by integrating in the order dt!,dt?,...,dt"™. To this end, we take
v € (0,1) small such that

T—1 T
1
— <d+2 —. 239
T, St <) g (239)
=1 =1
Then, similar to (216)—(218), we derive
n 1 B
[ I s
TS| min (89, 47) (240)
j<i<n+1 ’

< () (i (He /Ho)+ N —r— Ho (d427))



Anisotropic Gaussian Random Fields 209

It is now clear that (224) follows from (238) and (240). This proves Lemma
8.8.

Now we are ready to prove Theorem 8.2.
Proof of Theorem 8.2. It follows from Lemma 8.8 and the multiparameter
version of Kolmogorov’s continuity theorem [49] that, for every fixed interval
T € o such that T C I, X has almost surely a local time L(z,T) that is
continuous for all z € R%.

To prove the joint continuity, observe that for all z,y € R?, s,t € I and
all even integers n > 1, we have

E[(L(z, e, 5]) = Ly, [,1])"] (241)
<2"HE[(L(x, [e,s]) — L(x, [e,1])"] + E[(L(z, [e. 1) — L(y, [e,4])"]} -

Since the difference L(x, [e, s]) — L(z, [e,t]) can be written as a sum of finite
number (only depends on N) of terms of the form L(z , T;), where each T; € .o/
is a closed subinterval of I with at least one edge length < |s — t|, we can
use Lemma 8.4 and Remark 8.7, to bound the first term in (241). On the
other hand, the second term in (241) can be dealt with using Lemma 8.8 as
above. Consequently, for some v € (0, 1) small, the right hand side of (241) is
bounded by ¢, (|z —y[+[s—#[)"7, where n > 2 is an arbitrary even integer.
Therefore the joint continuity of the local times L(z , t) follows again from the
multiparameter version of Kolmogorov’s continuity theorem. This finishes the
proof of Theorem 8.2.

The proof of Theorem 8.2 also provides some information about the mod-
ulus of continuity of L(x,t) as a function of z and ¢. It would be interesting
to establish sharp local and uniform Hélder conditions for the local time, be-
cause such results bear rich information about the irregular properties of the
sample functions of X [1; 13; 41; 102].

By applying Lemma 8.4 and the Borel-Cantelli lemma, one can easily
derive the following law of the iterated logarithm for the local time L(z,-):

There exists a positive constant ¢ such that for every z € R? and t €
(0, )N,

8,21

lim sup L@, U(t,r)) < Cyors (242)
r—0 o (r) o
where U(t,r) denotes the open or closed ball [in the Euclidean metric] cen-
tered at ¢ with radius r and g (r) = r? loglog(1/r). It follows from Fubini’s
theorem that, with probability one, (242) holds for Ay-almost all ¢t € I. Now
we prove a stronger version of this result, which is useful in determining the
exact Hausdorff measure of the level set L.

Theorem 8.10. Let X be an (N, d)-Gaussian random field defined by (36).

We assume Conditions (C1) and (C3') are satisfied on I and d < Zj-vzl(l/Hj).
Let 7 € {1,..., N} be the integer so that (206) holds and let L be the jointly
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continuous local time of X. Then, there is a finite constant c, ,, such that with

probability one,

L(z,U(t
lim sup Lz, Ut,r) < €y (243)
r—0 Po(r) ’

holds for L(z,-)-almost all t € I.

Proof. The proof is similar to that of Theorem 4.1 in [6]. See also [102].

For every integer k > 1, we consider the random measure py := ug(z, o)
on the Borel subsets C of I defined by (157) [where the integer n is replaced
by k]. Then, by the occupation density formula (197) and the continuity of
the function y — L(y, C), one can verify that almost surely ux(C) — L(z,C)
as k — oo for every Borel set C' C I.

For every integer m > 1, denote f,(t) = L(x,U(t,2=™)). From the proof
of Theorem 8.2 we can see that almost surely the functions f,,(t) are contin-
uous and bounded. Hence we have almost surely, for all integers m, n > 1,

/I[fm(t)]" L(z,dt) = lim [ [fm(t)]" ur(dt). (244)

k—o0 I

It follows from (244), (157) and the proof of Proposition 3.1 of [77] that for
every positive integer n > 1,

E [ ()" L.

(n+1)d .
(&) o o
27 I1JU(t,2=m)n JR(n+1)d (245)

n+1
x Eexp ZZ (!, X(s7)) | duds,
j=1
where @ = (u',...,u"*t') € RtV and 5 = (t,s',...,5"). Similar to the

proof of (207) we have that the right hand side of Eq. (245) is at most
o // ds
2 J1 Ju,2-myn [det Cov(Xo(t), Xo(s1), ..., Xo(s7))]¥/? (246)

< plommnbs
— 78,24 ?

where c, ,, is a positive and finite constant depending on N, d, H, and I only.
Let v > 0 be a constant whose value will be determined later. We consider
the random set

(@) = {t €1+ fun(t) > 795(27™)} .

Denote by v, the restriction of the random measure L(x,-) on I, that is,
vo(E) = L(z, ENI) for every Borel set E C RY. Now we take n = |logm],
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where |y| denotes the integer part of y. Then by applying (246) and Stirling’s
formula, we have

Ef[ [fm(t)}n L(z ,dt)

[ypo(27m™)]"

nopl9—mnB.
Cy o n!2 L,

<
= n2-mn B (logm)n m

E[Vw(fm)] <
(247)

provided v > 0 is chosen large enough, say, v > ¢, ,; e2

that

i= C4.,4- This implies

E <§: uw(Im)> < . (248)

m=1

Therefore, with probability 1 for v, almost all ¢t € I, we have

limsup—L(x’U(t’27 ) <c

oo @9(2_7”) = Cg26° (249)

Finally, for any » > 0 small enough, there exists an integer m such that
27m < p < 27 and (249) is applicable. Since the function g(r) is increas-
ing near r = 0, (243) follows from (249) and a monotonicity argument. O

Since L(z,-) is a random Borel measure supported on the level set L, =
{t € I: X(t) = x}, Theorem 8.10 and the upper density theorem of [80] imply
the following partial result on the exact Hausdorff measure of L.

Corollary 8.11. Assume the conditions of Theorem 8.10 are satisfied. Then
there exists a positive constant ¢ ,, such that for every x € R, we have

A (Ly) > ¢y L, 1), a.s. (250)

Proof. The proof is left to the reader as an exercise. a

We should mention that the estimates in Lemmas 8.4 and 8.8 are not sharp
and it would be interesting to improve them. In the rest of this section, we
consider the special case when H = (a) and a € (0,1). Many sample path
properties of such Gaussian random fields have been studied in [1; 49; 83; 102;
108]. By applying Lemma 2.3 in [102] in place of (216), we prove the following
sharp estimates.

Lemma 8.12. Let X be an (N, d)-Gaussian random field satisfying the con-
ditions (C1) and (C3') with H = {(a)). We assume that N > ad. Then there
erists a positive and finite constant c, ,,, depending on N, d, a and I only,
such that for all intervals T = [a,a + (r)] C I with edge length r € (0,1), all
z € R? and all integers n > 1,
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E(L(z,T)"] <, (n)*/N priN=ed) (251)
and for any 0 < v < min{1, (N/a — d)/2}, there exists a positive and finite

constant ¢, ,, such that

E[(L(z,T) - L(y,T))"]

252
<, (n!)27+a(d+7)/1\7 |z — y|™ pr(N—a(d+7)) (252)

Note that, for a Gaussian random field X satisfying the assumptions of
Lemma 8.12, Eq. (251) allows us to improve the results in Theorem 8.10
and Corollary 8.11 by replacing the Hausdorff measure function ¢g(r) by
o7(r) = rN=*(loglog 1/r)*¢/N. Moreover, by combining Lemma 8.12 and
the argument in [102], one can establish the following sharp local and uniform
Holder conditions for the maximum local time L*(e) of X defined by

L*(T) = sup L(z,T) VT CI. (253)
zeR?

Theorem 8.13. Let X be an (N, d)-Gaussian random field satisfying the con-
ditions (C1) and (C3') with H = {«) and N > ad. The following statements
hold:

(i) There exists a positive and finite constant c, ,, such that for everyt € I,

0

lim sup 7L*(U(t )

) S c
r—0 pr(r)

a.s., (254)

8,30

where U(t,r) ={sel:|s—t| <r}.

(ii) There exists a positive and finite constant c, ,, such that

, L*(U(t,r))
limsup sup ——————= < ¢, ., a.s., 255
0 teII) pro(r) T ° (255)

where p19(r) = rN =% (log 1 /r)*4/N

Proof. The proofs of (254) and (255) are based on Lemma 8.12 and a chaining
argument, which is the same as those of Theorems 1.1 and 1.2 in [102]; see
also [34]. We leave the details to the reader. O

Similar to [102; 108], one can apply Lemma 8.12 and Theorem 8.13 to
derive further results, such as the Chung-type laws of the iterated logarithm,
modulus of nowhere differentiability, tail probability of the local times, for
(N, d)-Gaussian random fields satisfying the conditions (C1) and (C3') with
H = (a). These are left to the reader as exercises.

The following is our final remark.
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Remark 8.14. Both Conditions (C3) and (C3’) are useful in studying the ex-
istence and regularity of the self-intersection local times of X which, in turn,
provide information on the fractal dimensions of the sets of multiple points
and multiple times of X. When X is an (N, d)-fractional Brownian sheet,
these problems have been studied in [69]. It is expected that analogous results
also hold for Gaussian random fields satisfying Conditions (C1) and (C3’).
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process, 6

Capacity, 176 random field, see Gaussian process
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absence of, 144
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Kolmogorov’s continuity theorem, 14,
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for inhomogeneous fields, 18

Dawson—Watanabe superprocess, 125
Derivative operator, 79
Dimension
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packing, 177
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Duality, 120
and Feller’s diffusion, 120
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Large deviations, 130
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worthy, 23
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Sobolev embedding theorem, 65
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Stochastic heat equation, 27, 36, 96, see
also Comparison theorem, 159
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Stochastic wave equation, 46, 63, 162
in dimension 1, 49
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‘White noise, 10, 78
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Worthy, see Martingale measure
Wright-Fisher SDE, 121






