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1. INTRODUCTION

For our purposes the Arf-Kervaire invariant problem for a prime p is to determine
the fate of the elements

h?  forp=2 7 (p—
M Hje{ by forp>2 }eExtif” " (2/(0),2/ ()

where A denotes the mod p Steenrod algebra. This Ext group is the Fs-term for
the classical Adams spectral sequence converging to the p-component of the stable
homotopy groups of spheres. In these bidegrees the groups are known (Adams
[Ada60] for p = 2 and Liulevicius for odd primes) to be isomorphic to Z/(p)
in each case, generated by these elements.

Closely related to them are the elements

Byi1 pi1 € Ext;g(gg;y (BP,,BP,)  for j > 0.

This Ext group is the Fo-term of the Adams-Novikov spectral sequence converging
to the p-local stable homotopy groups of spheres. The Thom reduction map sends
this group to the one in . This generator maps to a unit multiple of the one in
in each case except p = 2 and j = 1, for which we have $,,; = 0 as explained
in [Rav80, Theorem 5.1.22].

Browder’s Theorem states that at p = 2, h? is a permanent cycle in the
Adams spectral sequence if and only if there is a framed manifold with nontrivial
Kervaire invariant manifold in dimension 2/*! — 2. Such manifolds are known to
exist for 1 < j < 5, the case j = 5 (the most difficult) being given in [BJMS&4].
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In [HHR] we showed that for p = 2, 6; does not exist for j > 7. The case j = 6
remains open.

There is no known intrepretation of the problem at odd primes in terms of
manifolds. In [Rav78] (and in [Rav86, §6.4]) the third author showed for that for
p > 5 the element #; for j > 1 is not a permanent cycle, while §; is a permanent
cycle representing 31 € a2 _o,_15°. It is shown that modulo some indeterminacy
there are differentials

(2) dop-1(0;) = hot%_,  where hg € Ext;** " (Z/(p),Z/(p))

represents oy € ng,gSO. The methods used there break down at p = 3, which is
the subject of this paper.

In order to describe the problems at p = 3 we need to recall the methods of
[Rav78] and [HHR]. We know now (but only suspected when [Rav78|] was written)
that the extended Morava stabilizer group G,, acts on the Morava spectrum F,
in such a way that the homotopy fixed point set E"G» is L K(n)SO, the Bousfield
localization of the sphere spectrum with respect to the nth Morava K-theory. This is
a corollary of the Hopkins-Miller theorem, for which we refer the reader to [Rez98].
For any closed subgroup H C G, there is a homotopy fixed point spectral sequence

H*(H;7,E,) = m.E"M

which coincides with the Adams-Novikov spectral sequence for E*. One has the
expected restriction maps for subgroups.

The group G, is known to have a subgroup of order p (unique up to conjugacy)
when p — 1 divides n. This leads to a composite homomorphism

(3) EXtBP*(BP) (BP,, BP,) — H*(Cp;miEyp—1) — H*(Cp; F [Uvufl])

pp—!

where the second homomorphism is reduction modulo the maximal ideal in 7, F,_1
and |u| = 2. The action of C,, here is trivial, so the target is a bigraded form of the
usual mod p cohomology of C)p. Assume now that p is odd. Then this cohomology
is

E(a)® P(B) @ Fpp-1[u,u™"]
where o € H' and 3 € H? each have topological degree 0. It is shown that under
the composite of homomorphism we have
o = uwPla

@ By ypor = WD

up to unit scalar. Hence all monomials in the 3),;-1/p-1 and their products with
a1 have nontrivial images. We also show that there are relations

j—1 j—1
(5) Bpjfl/pjflﬂg/p :ﬂpj/p’ﬂ]lg .

In order to proceed further we need the following result of Toda ([Tod67] and
[Tod68]): In the Adams-Novikov spectral sequence for an odd prime p there is a
nontrivial differential

(6) dap—1(Byp) = a1 Y.
Using (5H6) one can deduce that

dop—1(Bpi—1/pi-1) = alﬁij,z/pj,z for all j > 2,
and implies that this is nontrivial.
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Now some comments are in order about why this approach fails for p < 5.

e For p =2, (5) and a suitable modification of both hold, but the right
hand side 0 is trivial, so this method does not show that any By;-1 /951
fails to be a permanent cycle.

2,2p? (p—1) . .

e The group Extyp pp) (BPy, BP,) is known to have [(j—1)/2] other gener-
ators besides fp;j-1/pi-1. The sum of 81 ,;-1 with any linear combination
of them maps to §; under the Thom reduction map. For p > 5, they are all
in the kernel of . This means that any element on the Adams-Novikov
2-line mapping to 6; supports a nontrivial differential, so 6; does not exist
as a homotopy element.

e For p = 3 these other generators, such as 7 in the bidegree of 3y /9, can
have nontrivial images under . This has to do with the fact that they
are vp-periodic and hence v,_i-periodic. It turns out that By, &+ 87 and
hence 03 are permanent cycles even though 65 is not.

In order to describe the way out of these difficulties we need to say more about
finite subgroups of G,,. It is by definition an extension of the Morava stabilizer
group S,, by Gal(Fy» : F),). The Galois group (which is cyclic of order n) is there
for technical reasons but plays no role on our calculations. S,, is the group of units
in the maximal order of a certain division algebra over the p-adic numbers Q,,. Its
finite subgroups have been classified by Hewett [Hew95].

S,, has an element of order p iff p — 1 divides n, a condition that is trivial when
p = 2. More generally S,, has an element of order p**+1 iff p*(p — 1) divides n. For
such n we could replace by

(7) Extpp, (pp) (BPx, BPy) —= H*(Cprir; m ) —= H* (Cpri1; 7),

where the coefficient ring in the target will be named later. The naive choice of
Fn [u, u™!] for this ring turns out not to detect Bpi—1jpi—1 for n. > p—1. Experience
has shown two things:

(i) In order to flush out the spurious elements (which are vo-periodic) having
the same bidegree as 3,;-1 /-1, we need to have n > 2.

(ii) In order to detect the f,;-1/,-1 itself, we need to have n be equal to
pF*t1(p — 1) for some k > 0, not just be divisible by it. Then it will map
to an element of order p in a cohomology group isomorphic to Z/p**!. We
cannot detect higher powers of it for & > 0.

For p = 2 these considerations suggest using the group Cs and n = 4, which is
the approach used in [HHRI.

For p = 3 we need to use the group Cy with n = 6.

For the prime 2, our strategy in [HHR] was to construct a ring spectrum € with
a unit map S° —  satisfying three properties:

(i) DETECTION THEOREM. If §; exists, its image in 7, is nontrivial.
(ii) PERIODICITY THEOREM. 7€) depends only on the congruence class of k
modulo 256.
(iii) GAP THEOREM. 7_5{2 = 0.

The nonexistence of 6; for j > 7 follows from the fact that its dimension is
congruent to —2 modulo 256.
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Ever since the discovery of the Hopkins-Miller theorem, it has been possible
to prove that EZCS satisfies the first two of these properties without the use of
equivariant stable homotopy theory.

For p = 3, the same goes for Eg % with the periodicity dimension being 972 (2
more than the dimension of 05) instead of 256. If all goes well, we will get a theorem
saying 0; does not exist for j > 5, leaving the status of 5 open. We already know
that 0; (in the 10-stem) and 03 (in the 106-stem) exist and #3 (in the 34-stem) does
not.

For p > 5, the same holds for E;Lff with periodicity 2p*(p — 1), which is 2 more
than the dimension of 6. In this case the spectrum also detects the product of oy
with any monomial in the ;s. As explained above, this enables us to use Toda’s
differential to show that none of the 6; for j > 1 exists.

We cannot use Toda’s differential for p < 5 because

(a) for p = 2 its target is trivial, and
(b) since we cannot detect products of the 6;s, we cannot make an inductive
argument.

The proof of the Gap Theorem requires the use of equivariant stable homotopy
theory and the slice filtration. Unfortunately the Morava spectrum F,, is not an
equivariant spectrum for finite subgroups H C S,, as we would like, but only for
certain groups homotopy equivalent to such H. The actions of S,, and its subgroups
are defined only up to homotopy, and the content of the Hopkins-Miller theorem
is that the group Gy of F, self-equivalences of F,, homotopic to the identity is
contractible. This means that we have an action of an extension of Gy by any such
H. This is good enough for forming homotopy fixed point spectra E* with the
expected properties, but not for the more delicate equivariant constructions needed
for the Gap Theorem.

This difficulty led us to replace the homotopy action of Cont1 on Fon by a
pointwise action on a relative of the smash power MU®") | induced via the norm
construction from the action of Cy on MU by complex conjugation. This action of
Con+1 has the additional advantage of a transparent action on the homotopy of the
spectrum. The action of S,, on 7, F,, is problematic.

In order to do a similar thing at an odd prime we need an analog MUc, of the
Cy-spectrum MUg. It should be a Cp-spectrum underlain by roughly (but not
precisely, as will be explained below) M U®=1 with two properties:

(i) Tt should have a tractable slice filtration that enables us to prove a gap
theorem for certain periodic spectra derived from it. As a Cp-module,
QmyMUc,, the indecomposable quotient of the kth homotopy group of the
underlying spectrum, will be

0 for k odd
QryyMUc, = J for k =2(p" — 1)
Z[C,] otherwise

where J denotes augmentation ideal J in the group ring Z[C)).

(ii) The geometric fixed point spectrum ®» M Uc, should be a wedge of sus-
pensions of H/p, the mod p Eilenberg-Mac Lane spectrum. For p = 2 we
have ®“2 MUg = MO, the unoriented cobordism spectrum, which fits this
description. This identification is a pivotal step in determining differentials
in the slice spectral sequence needed to prove the Periodicity Theorem.



3-PRIMARY ARF-KERVAIRE INVARIANT PROBLEM 5

Alternatively, we could look for a Cp-spectrum B P¢, underlain by BP®=1) with
similar properties including @CPBPCP = H/p. It would be nice if MUg, were also
an F.-ring spectrum like M Ug, but this is out of reach at the moment. Once we
have such an MUc, or BP¢, for p = 3, we can use the norm to get a Co-spectrum
underlain by (approximately) MU®©) or BP©). The spectar we actaually construct
have a extara smash factors of MU and BP respectively, but thiis is harmless for
our purposes.

We will make extensive use of the old and new equivariant methods recalled and
introduced in [HHR]. The reader would be well advised to have a copy of it within
easy reach while reading this paper.

2. ODD PRIMARY ANALOGS OF MUgr AND BPgr

We now describe a program for constructing MUc, and BP¢,. We start with
the p-fold smash power MU®) or BP®) . In both cases C} acts by permuting the
factors, and the spectrum is obtained by norming up from the action of the trivial
group on MU or BP. For technical reasons we need to smash them with MU or
BP equipped with the trivial group action.

To derive MUg, (respectively BP¢,) from MU® AMU (BP® ABP) we will use
the method of polynomial algebras introduced in [HHR] §2.4]. Roughly speaking,
it gives us a way of killing off a polynomial sub-Z[C,]-algebra R of 7*X (where
X is MU®or BP) equivariantly. One forms an associative C,-ring spectrum
A underlain by a wedge of spheres, one for each monomial in R. There is a map
A — X representing the inclusion R — 7 X. This makes X an A-module. There
is also a map A — S° obtained by sending all positive dimensional summands of A
to a point. This makes S into an A-module. These two module structures enable
us to form the Cp-spectrum

Y = XQSO with 7% = 7%X ®@r Z.

Its geometric fixed point spectrum is

Py =drx A SO,
Cr A
where ®“» X is MU or BP. Y and ®“»Y do not inherit ring structures from X.
Let G = C,, or {e}. Given a suitable wedge of spheres W with G-action, we let
SY[W] denote the corresponding equivariant polynomial algebra. (In [HHR], each
sphere is assumed to be invariant, but we are not assuming that here.) Let

A = S/ s*
k>0
k#p™ —1

and Ay = NJAy =S |Cpun \/ S*

k>0
k#p™—1

Then we have

MU A S° = BP,
Ao
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which implies that

MU® A SO = NP (MU/\ SO> = N?BP = BP™) as Cp-spectra
0 Ao
and
(MU(”) A MU) A S°=BPW ABP as Cp-spectra.
AgNAp
Theorem 2.1. Changing the geometric fixed points of MU® A MU and
BP®W) A BP. For each n > 0 there is an equivariant map

fo 2 S22 5 MU® A MU
such that the composite map

L MU® A MU

§2p" =2 BP® ABP ™ - BP

(where m is multiplication) is v, modulo decomposables and

opn—1_9 o°r £, m
SP MUANMU —— > BPABP — > BP

8 Vp—1 (where vg = p) modulo decomposables.

Let
——
n>0

and use the maps f, to define Ay-module structures on MUP) AMU and BP®) A BP.
Then we define

MU, = (MU(T’) A MU) NS and  BPo, = (BP(T’) A BP) NSO
1 1

The second of these is underlain by BP®P~Y) A BP with trivial action on the second
factor, and we have

" MUc, = (MU AMU) A SY = H/pAAyAMU
PP Ay
and  ®BPc, = (BPABP) A S° = H/pABP.
PP Ay

In [HHR] we used MUg rather than BPgr because the former is an E.-ring
spectrum. We do not have that luxury here. When explicit computations are
needed, we will use BP¢, rather than MUc, .

Proof. We will construct the map f,, geometrically by defining a Cj-action on
Milnor hypersurface

H=m"" " c (opr )

whose cobordism class will be shown to represent v, modulo decomposables. Its
fixed point set H will be the degree p Fermat hypersurface V in CPpnfl7 whose
cobordism class will be shown to represent v,,_; modulo decomposables. We will
do these cobordism calculations separately in Lemma [2:2] below.

Let v : CPP"' — BU be the map inducing the stable normal bundle and let

n—1\P P
(CPP ) . Byr
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be its p-fold Cartesian product. Let C), act by permuting the factors of source and
target. Thomification leads to an equivariant map
n—1 vP

§2p" MU®.

A Milnor hypersurface
n—1 n—1 n—1\P
H=pHgr p" (CP” )

can be chosen to be invariant under the Cj-action. To see this, let
[ () () () }

TG STy T

for 1 < j < p denote a point in the jth factor cprt C) acts on the product by

permuting the homogeneous coordinates xéj ) for each k. We define our hypersurface

by the equation

Z H ;vg) =0.

0<k<pn—1 \1<j<p
It is is invariant under the group action since each term in the sum is.
The normal bundle of H is induced by a map

H — BU? x BU(1)
which Thomifies to a map
S2" =2 MUW) A MU(1)
whose composition with the multiplication map into MU represents the cobordism

class of H. »
The fixed point set of the product (CP”nfl) is the diagonal copy of CPP" .

On it the equation becomes

0<k<pn—1!
which defines the Fermat hypersurface V. Note that when n = 1, it consists of the

p points
{[176(23'—1)7”'/10} 1< < p} )

Note that m,MU®) A MU is the cobordism group of complex manifolds M
equipped with a decomposition of their normal bundles into p + 1 Whitney sum-
mands. Equivariantly M can be equipped with a Cj-action that lifts to a bundle
map permuting the first p of them.

For the element of Wf "MUW®) A MU at hand, the manifold is H with the group
action inherited from the Cartesian product of projective spaces and the p + 1
bundles are the pullbacks of the normal bundles of the p projective spaces and the
line bubdle that defines the hypersurface.

The composite map m f, represents the cobordism class of the Milnor hypersur-
face, which is v, modulo decomposables.

Passing to geometric fixed points gives

—1

n—1_g

520 _ MU A MU - MU
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The fixed point set of the Cp-action on the Milnor hypersurface H is the degree

p hypersurface in CPP""". The s-number (see below) of the latter is a unit
multiple of p, so the map ®f,, represents v,,_; modulo decomposables. O

Lemma 2.2. Cobordism classes of Milnor and Fermat hypersurfaces. The
Milnor and Fermat hypersufaces H and V' of the proof above represent vy, and vy,_1
modulo decomposables respectively.

Before proving this we recall some characteristic classes of of complex vector
bundles. Let £ be a complex k-plane bundle over a manifold M. Write its total
Chern class formally as follows:

ct(€) = 1+ e (@)t + -+ (@t = L+ at) - (1 + apt)

so that ¢;(§) = oy(x1 - -+, x) is the ith elementary symmetric function in the formal
indeterminates x;. Consider the polynomial

P.(x1,...,xp) =2} + -+ x}
and express it via the elementary symmetric functions:
Pn(l‘l, N 7-75k) = Sn(Ul, ey Uk).

Substituting the Chern classes for the elementary symmetric functions we obtain a
certain characteristic class of &:

sn(§) = Sn<cl(€)7 . '7ck(€)) € HQn(M)

The following properties of characteristic class follow immediately from the defini-
tion:

Proposition 2.3. Properties of the s-class.
(1) sn(§) = 0 when 2n exceeds the dimension of M.

(il) sn(§Dn) = sn(§) + sn(n).
(i) If € is a line bundle, then s,(£) = ¢1(&)™.

Now we define the s-number of a 2k-dimensional complex manifold M to be
(8) sk[M] := sp(1)(M) € Z,

where 7 and (M) are the complex tangent bundle and fundamental homology class
of M. It could equivalently be defined in terms of the normal bundle, giving
the negative of the integer above. This characteristic number is useful because it
vanishes on Cartesian products and thus detects indecomposable cobordism classes.
See Stong’s book [Sto68, Chapter 7] for details. It is known that a 2k-dimensional
manifold M represents a polynomial generator of mo, MU, iff

u fork#pt—1
up for k=p"—1

O ab={

. X
} for some unit u € Z(p).

Proof of Lemma[2-3 Recall that the fundamental homology class of a hypersurface
S C T of dimension 2k is Poincaré dual of the first Chern class of the normal line
bundle v that defines it. Moreover for y € H**T, we have

(10) y(S) = yer (v)(T).
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. n—1
In the case of the degree p Fermat hypersurface in CPP" |, let x € H? denote

the first Chern class of the tautological line bundle n and b; € Hy; the linear dual
of z*. The normal line bundle in this case is

v=mn-,
and the fundamental class is pbyn-1_;, the Poincaré dual of pz = ¢; (n®P). Let T

be the tangent bundle of the ambient space CPP""'. Then the tangent bundle of
V' is the restriction of

The total Chern classes of these two bundles are

o) = (1—|—9L‘)1+pn71
o) = (1+z)"" (14 pa)!
SO
Spn—l_l 7_) _ (1_’_pn—1)xpn—1_1
_ n—1__ n—1__
spn1q(7) = (1+p"t—pP P !
o n—1_
sproioa[V] = p(l+p"t—p” T

Since this is a p-local unit multiple of p, V represents v,,_; modulo decomposables
as claimed.
We now make a similar calculation for the Milnor hypersurface H. Here the

o1\ P
ambient space is is the p-fold Cartesian product X = (CPP 1) with cohomology

H'X =Z[r1,...,2p]/ (ac}*'pnil) .

Let n; denote the pullback of the tautological line bundle on the jth factor. The
normal bundle is

vV=m @ @ np,

so the fundamental class of the hypersurface H is the Poincaré dual of x1 4+ - - +zp.
The total Chern classes of these two bundles are

co(r) = JJa+az)=""

j=1

p
1—|—Z$]‘
Jj=1

o

8
\]\

=
I

1 » B
H(l + l‘j)lﬂo
j=1
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SO
p n
spro1(t) = (L+p"h) pr -1
i=
-1
p 1
. n_q
() = zxj Fae )Y
j=1
= _Cl
spalH] = —q(u)p —1<H> — )" (X) by ()
_ " S
- p"_l,...,p"_l - (pnfll)p'
This is also a unit multiple of p, so H represents v, modulo decomposables as
claimed. 0

3. THE SLICE FILTRATION

We will define the slice filtration of the category of G-equivariant spectra as in
[HHR, §4]. The relevant groups G for us are C3 and Cy. For an integer n and a
subgroup H of G, let

S(n,H) = G4 NSO,

where pg is the regular representation of H.
Definition 3.1. Slice cells. Slice cells are members of the set
A= {§(n,H), S8, H): HC G, ne z}.
The dimension of a slice cell is that of its underlying spheres, i.e., n|H| or n|H|—

Definition 3.2. Slice null and slice positive. A G-spectrum Y is slice n-null,
written
Y<n or Y<n-1

if for every slice cell S with dim § > n the G-space
8¢(5,Y)
is equivariantly contractible. A G-spectrum X is slice n-positive, written
X>n or X>n+1
if
8a¢(X,Y)
is equivariantly contractible for every Y with Y < n.

The full subcategory of 8¢ consisting of X with X > n will be denoted Sgn or
Sgn 1 1. Similarly, the full subcategory of 8% consisting of X with X < n will be
denoted SG or S<n 1-

Remark 3.3. Subcategories associated with the slice filtration. The cat-

egory Sgn is the smallest full subcategory of 8¢ containing the slice cells S with
dim S > n and possessing the following properties:
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i) If X is weakly equivalent to an object of Sgn, then X is in Sgn.
il) Arbitrary wedges of objects of Sgn are in Sgn.
iii) If X =Y — Z is a cofibration sequence and X and'Y are in Sgn then so
s Z.
iv) If X =Y — Z is a cofibration sequence and X and Z are in Sgn then so
s Y.
More briefly, these properties are that Sgn is closed under weak equivalences, ho-
motopy colimits (properties ii) and iii)), and extensions.

Let P™"X be the Bousfield localization, or Dror Farjoun nullification ([Far96,
Hir03]) of X with respect to the class Sgn , and P, 41X the homotopy fiber of
X — P"X. Thus, by definition, there is a functorial fibration sequence

P X - X — PX.

When there is more than one group involved, we will denote these fucntors by PJ
and Pﬁ_l. In the nonequivariant case, P"X is the nth Postnikov section of X,
i.e., the spectrum obtained by killing all homotopy groups above dimension n. The
fiber P, 11X is the n-connected cover of X.

Definition 3.4. The slice tower. The slice tower of X is the tower {P"X },ez.
The spectrum P™X is the n'" slice section of X.

When considering more than one group, we will write P*"X = P5X and P, X =
PYX.
Let P!’ X be the fiber of the map
P"X — P"lX.

Definition 3.5. n-slices. The n-slice of a spectrum X is P}')X. A spectrum X is
an n-slice if X = PI'X.

In [HHR] we considered certain G-spectra (with G a finite cycylic 2-group) re-
lated to MU and found that their oddly indexed slices were contractible, and their
evenly indexed slices each had the form W A HZy), with HZ ) being the 2-local
integer Eilenberg-Mac Lane spectrum with trivial action and W a certain wedge of
slice cells as defined above. In the case at hand we get a similar result involving
HZ 3y in each W could also have summands equivalent to the codimension 1 skele-

ton of some £28(2n, C5). When G = Cp, this skeleton is defined in terms of an
equivariant cellular structure in which there is a single cell in dimension 2n — 1 and
p cells (permuted cyclically by the group) in each higher dimension up to 2pn — 1.
It is underlain by a wedge of two copies of S"~2 when G = C3 and six of them
when G = Cy.

For G = C,, for an odd prime p, let AF denote the 2-dimensional representation
corresponding to rotation through an angle of 27k/p. Let ¢ = p — 1 and r = ¢/2.
For G = Cp2 for an odd prime p, let M\e for k # 0 denote the 2-dimensional
representation corresponding to rotation through an angle of 27k /p?, and let \' =
AP,

Proposition 3.6. p-local representation spheres. With notation as above, in

RO(C,) we have
p=1+ Z ME,
k=1
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For k prime to p, S s p-locally equivalent to S*, and SP is p-locally equivalent
to S,

In RO(CP2),
(*-1)/2 r
p=1+ Y N=1+) N+ > AN
k=1 k=1 0<k?p2/2
pf k

and S* is p-locally equivalent to GLErA4prA,

Definition 3.7. Half representation spheres at odd primes. For G = (),
SCEm=A2 js the finite G-spectrum underlain by V,—1 S@™=Y with HY,,_,(SEm=1A/2)
isomorphic to the augmentation ideal as a Z|G]-module, with fived point set S°.
Equivalently, it is the codimension 1 skeleton of S™ under its standard cellular
structure, namely the one with p cells in each positive dimension up to 2m.

A similar definition can be made for larger cyclic groups.
Our justification for this notation is the fact that

S(2m—1)/\/2 A S(Qn—l)/\/2 — S(m+n—1))\ vV <G+ A \/ 52(m+n—1)> )
p—2

We will often ignore the free summand on the right. For p = 2 it is trivial, and
since A = 20 (where o is the sign representation), A/2 = 0. Alternatively a half
representation sphere can be thought of as the odd primary analog of a nonori-
ented representation sphere, namely one for which the matrix corresponding to a
generator of the cyclic group has determinant —1.

Lemma 3.8. A (2pn — 2)-slice. For G = Cp, let G2 g e (2pn —
2)-skeleton of S**~1 where p denotes the regular representation. Then SN

HZ is a (2pn — 2)-slice.
The p-localization of §2 7 s §an—1A/242n-1,
Hill [Hil, Theorem 3.1] has shown that the k-skeleton of a n-dimensional slice
cell for n > 0is > k for any 0 < k < n. The methods below can be used to show
that its smash product with HZ is a k-slice.

—2np—1

Proof. Let X =5 A HZ. We have a cofiber sequence

G A §2pn—2 4)§2np*1

San—l 5 G+ /\52pn—1.

It follows that ?Mp_l > 2pn — 2 and hence X > 2pn — 2. We also know that

X < 2pn —1 since the same holds for G4 A S2m=2 A HZ and S?—1 A HZ. Hence
showing that X is a (2pn — 2)-slice reduces to showing that the groups 7§, p—1X
and 71'26;)“71)( both vanish.

For the latter we have

G G
7T2pn—1X = 7T2pn_1X
7T2pn,152n_1 NHZ
= ngn_152n71 = 0
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For the former we have an exact sequence

75, 1 (G NS N HZ) =1 (G N HZ) == 0
7T2an—1(X)
7T2an—1(52np_1 A HZ) _ Wg(HZ) E———— v/

|

75, 1 (G NSPPUNHZ) — 73(Gy N HZ) = Z[C,)]
The bottom map is monomorphic, so 7T2an_1(X) =0and X is a (2pn—2)-slice. O
With the above example in mind, we make the following definition.

Definition 3.9. Generalized slice cells and refinements. A generalized n-
dimensional slice cell is a (p-local) n-dimensional G-CW complex W such that
(W NHZ,y) W AN HZ is an n-slice.

For a (p-local) G-spectrum X with 7' X a free (Zpy-module) abelian group, a
generalized refinement of T X is a map f : W — X where W as above is underlain
by a wedge of (p-local) n-spheres such that wt(f) is an isomorphism of G-modules.

4. THE DETECTION THEOREM

The calculations for the 3-primary detection theorem are similar to those at
p = 2 subject to some obvious changes. In the bigrading of 6; we have

{59/9, ﬂ?} for j=3
{Barj27, B213} for j=4
{Bs1/s1, Besjo, Be2} for j=5

and so on, generalizing to

Btz 0 <k < (5 —1)/2)}

where ¢(j, k) = (39 +377172k) /4. As before we will construction a detection homo-
morphism which kills each element in this set other than f3;-1,3;-1. It leads to a
valuation on BP, with

[lun|| = max(0, (6 — n)/6),
which for & > 0 gives

U;(J’J@)
||5c(j,k)/3j*1*2k|| = W
2 (37 + 39-172k) 5.30—1-2k
-3 4 T 6
2.3/ —8.3/"1-2k .
— 5 _
C92k+1 _ Q). qj—1—2k
_ (2-3 8)-3 .
12
> -8 -1 > 2

12 ’
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which shows that the element in question maps to one that is divisible by 9 and
therefore trivial.

We replace the ring A = Zs[(s] by Zs3[(o], where the maximal ideal is generated
by m = (9 — 1 with 7® being a unit multiple of 3. There is a formal A-module F'
over R, = Alw*!] with logarithm

3’“—1 3k

logp(z —x—i—z

k>0

The analog of HHR, Lemma 11.8 is the statement the v; maps to a unit multiple
of 78~ for 1 < i < 6. Hazewinkel’s formula

E Evn i
0<i<n

can be rewritten as

37171'
E fn,ivi

1<i<n
maps under ¢ : BP, — R, /(w — 1) to
o()” o)
Z Tn—t = ¢(Un) + Z Tn—t
1<i<n 1<i<n—1

For n < 6, assume inductively that ¢(v,) = u;n%~" for a unit u,, € A. Then we
have

3 (w783
= = S+ D
1<i<n-—1
= o(vn)+ Y T Ca
1<i<n—1

The exponent of 7 is each term of the sum exceeds 6 — n, and the result follows.

Now we can mimic the calculation of HHR §11.5 as follows. Let G Cy and let
H C G be a nontrivial subgroup of order h. There are elements r € 1o MU®)
satisfying

x—&-mei—H - <gg+z,y9/h(m3kl) k) o <$+ZTH z+1>

>0 k>0 >0

Applying the homomorphism A(®) : 7, MU®) — R, we get

<9/h 391 5 )
= x—|—z o x+2/\(6)(TH,i)a:’+1 .

k>0 7>0 >0

(11)

Let s = A% (rg ;) and

0 =w+ Y sttt

>0
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Then reads

<9/h 371

_ 37
- = |xz+ Z = o fu(x)
k>0 3>0
9/hyy3' — ;
(12) = )+ T
3>0

We see immediately that fy(z) is odd, so Sg,; = 0 for odd i. Modulo z*,
reads

2,3 2
I :.T-‘FSH’Q-TB"'CQ/hwixS
T 7r
S0
(1= ¢¥M)w? —w? for h=9
SH2=—""— = 2Y,2 —
T —(B+3r+7)w* for h=3

For h = 3 we need to find the smallest k& such that sg o, is a unit. We will
compute modulo 2?8 and it suffices to replace flrj((ac)?"7 by its mod 3 approximation,

3]
2k+1 3] £(2k+1)3
(fH E SH 2k + E SH +1)
k>0 k>0
where sy, = 1. Thus we have
C3 371
= = f03 E ng( )
k>0 3>0
3,37 -1 ) )
_ 2k+1 Cw 37 2k+1)37
= z+ E S$C;3,2kT + E 7 80372kx( )
k>0 >0 k>0
3k_1 3,37 —
w k C J
3k _ 2k+1 3 (kD)3
S = Y sema® 4 Y T S,
T
k>0 k>0 §>0 k>0
3k -1 33 1,37
w 3k _ 2+1 Clwr T
T = S$C5,2kT +
Y
k>0 k>0 §>0
CS 37— .
+Z Z 3J p(2k+1)37
7>0 k>0
371 3,371
w j CCw j j
3 3 2k+1 3 2k+1)3
(1-¢7) E o Y = E 5C3,2k% + E e E 56’3,2kx( )
§>0 k>0 §>0 k>0

From this we see that Sc, 2 is congruent to zero unless 2k + 1 is divisible by 3, so
we replace k by 3¢ 4+ 1, and we have

391 43 391

3 w 3 64+3 60+3
-V e = Ysoueean® 4 3 S 3 6, qrpaa

3>0 £>0 3>0 £>0

Equating coefficients of x> gives

1— 3 2
$Cy2 = # = —(pi* + 37 + 3)w?
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which we abbreviate by m2u;w? for a unit u; € A. Subtracting this from both sides
gives

371 ) 3,,3 — .
3 w 3 6443 C 3 g
(I—C)E v = E 8C3,604+2T +E ch
j=2 £>0 i>0
C3 31 60+3)37
+§ § 56‘3, x( +3)
3>0 £>0
39—t
(w i—1 gj
= ZSCg 6£+2w6z+3 Z (7r2u1w2)3 23
>0 j>2
3,37 -1
CCw j j
3 (6£43)3
+§ g E 5Cy,6042%
>0 £>0
gi—1 i
_ 60+3 ZCSWN A Y
= E S$C;,60+2T + 5 uy T
£>0 i>2
C3 31 (66+3)37
T Y st
7>0 >0
391 3 3,2.37 7141
A S S )
. T
e
j>2
371
w a; J Qi—1
= E 7j]x3 where a; =1 — (3 — (3723 1
j=>2
Z 6043
803_’6[4,21' +
>0

nggj ! 37 (60+3)37
+
+§ Y E SC5,6042T

7>0 £>0

Equating coefficients of z° gives
_ 8
$C3,8 = TW U2

for a unit us = as /7> € A. Subtracting this from both sides gives

J

37—-1
w QA;i qj
E:%ﬂxJ
7

j=3

66+3 4 Cw 60+3)37
= Y sy Y S a0

>1 7>0 £>0
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From this we see that sc, 14 and sc; 20 are congruent to zero, and

3
a
— 26 3 ¢" 33
SC3,26 = W ( - ﬂ_ﬂ- U2>

w3

3.3
26 (a3 C ap
w 3 7
o o
as .
— w2 (7 B (37r2u§’)
3

— Py,

for a unit us € A.

5. THE ODD PRIMARY PERIODICITY THEOREM

This is intended to be an outline without detailed proofs. We assume there is a
Cp-spectrum BPg underlain by BP@ | where as usual ¢ = p — 1. We also define
r=q/2.

A will denote a degree 2 representation of a nontrivial cyclic p-group G that
sends a generator to a rotation of order p. We will let

a = ay 671'?)\50 and U= Uy EWQC:_)\HZ.

These elements will figure in the statement of the Slice Differentials Theorem. For
G = C,, the regular representation p decomposes as p =1+ rA.

More generally A(p?) will denote a degree 2 representation of a cyclic p-group G
containing C),: that sends a generator to a rotation of order p*. We will denote by
ppi the composite of the regular representation of Cp: with any surjection G — Cpi.
It satisfies

Py = Ppi-1 + 10" TIADY).
We will make use of the Cp-map f : N7 (BP) — BPg which is onto in underlying
homotopy. It induces maps

N?'(f): N¥'(BP) — N?'(BPg)

for all 4 > 1. Recall that the indecomposable quotient of 73,,_,BPR is refined by
a map

n—1

—=2p p—1 v,
S ——> BPR,

. =V . .
where p denotes the regular representation of Cp and S° denotes the codimension

. =V . . .
1 skeleton of SV. Since S is not a sphere, T,, is not an element in ﬂ'f "BPr. The
. . =V .
codimension 1 skeleton of S is a sphere, so we have an element

_ C
Yn € 7T2;n71+(qpn7171))\BPR

defined to be the composite

_9,n—1_ n—1
Szpn—1+(qpn—171))\ S2p 1+gp™ A

n—1

p—1 Un,
———> BPR.

S(2p"—171)p+('r71))\ - EQP

Yn
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n—1__
This represents a permanent cycle in E21’1+(2p VP of the slice SS, and
n—1_41_ 2 n—1712 n
fn =a’? 1yn c Equ »2p

is on the vanishing line.
We also have maps

NP (vn) !

S2p"=1)p NP(BP) —————= BPg

Ty

representing a permanent cycle in Ey 20700 wigh

en = aQ(pn’l)fn c ESQ(P —1),2p(p" —1)

also on the vanishing line.
The Slice Differentials Theorem for G = C), says

d2pn71(upn—1) _ apn_lfn
n—1

and dgq(pn_1)+1(qun71fn) = q? €n.

For a finite cyclic p-group G of order g, let G' = G/C, with order ¢’ = g/p.
We need to replace T, and v, by their norms. The former is an element in
7r2G(p"71)pGNZ£7} (BPRr) that we will denote by &. The corresponding element on
the vanishing line is

eff — a2(pn—1)ﬁ(;fg c Eg(p”*l)(gfl)ﬂ(p"*l)g_
It lies on the line through the origin of slope g — 1.

,110_1

For the latter we need to determine X = NJ §2p . It is underlain by

the ¢’-fold smash power of the wedge of ¢ copies of S??"~2. The number of wedge
summands here will be congruent to —1 modulo g. This means it is the wedge of
some free G-spheres, which we will ignore, and a wedge of g — 1 copies of 529’ (p" 1),

Since
Cp
—2p"lp—1 opn—1_1
(S = §°P ,

XCr — N (5217"‘171) - S(2p”‘171)pg/’

it follows that

which is a G'-spectrum. It reveals all of the fixed point data about X showing that
(modulo free summands) it has the form

§(2p"’1—1)pc;/+mk(g)

for some m. Equating dimensions of the above and 529" (P" 1) e get

20" - 1)g' +1 = (2p" ' —1)g' +2m
m = ("' =1)g +(d +1)/2
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With this in mind we define 77 € 7.1,
posite

per+(m—1)x() Vi (BPR) to be the com-

§@P" I Dper+m—DA(g) . G = Dper+mA(9)

l

—2p"1p—1 Ng(in)
N (S P ) ——> N¢(BPg).

The corresponding element on the vanishing line is

G e
fr = a@pr-1-1)pg+(m-1)A(9)Yn

2m—1+(2p" "1 —1)(¢'—1),2m—1+(2p" "1 —1)g’
c E2m +(2p )(g'—1),2m—1+(2p )9

This lies on the line with slope g — 1 and vertical intercept (¢ — 1)g’.

Slice Differentials Theorem. Let G be a finite cyclic p-group of order g. In the
slice SS for NJ(BPr) there are differentials

dz(p”fl)g’ﬂ(upnil) = g
= CLpﬂila(2p"*1*1)pcﬂ+(m*1))\(g)yg
and dgq(p"—l)g/"rl(qun_lfnc) — aqpn—leg
= cqu”71042(;z>"‘—Uﬁcfg

for each n > 1, where m, yf and ff are as above, a = ax(p) and U = uy(p)-

. . . —G . n—1 n
In particular inverting T, kills a®™  agpn_1)5, and makes u?  a permanent
cycle.

Now we specialize to the case p = 3 and G = Cy. In order to detect our 6;s,

we need to invert ff“’ and N3 (E?S) Inverting the former makes “i(g) a permanent

cycle.
Inverting the latter makes a permanent cycle out of
7 7
NI (u3(z) = U3ro)—20s
27
U3X(9)—2A(3)
uig_3/\(3) because pg = 1+ A(3) + 3A(9).

Since uzy(3) = ui’(S) is a permanent cycle, so is uﬁz Then the periodicity we want
is given by

(uap,T7°)*" € mo7a N3 (BPR).

6. TOWARD A REDUCTION THEOREM FOR ODD PRIMES

We follow the proof in HHR. The statement we need to prove is that

0
MU® A S° = HZ).

AN
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It is complicated by the fact that we do not have a precise handle on A. We only
know it is an A;-algebra satisfying A f/l\ S0 = A,, where
1

Ay = S%|Gn ) S| = NPsO ) s
k>0 k>0
L k#ph —1 k#pn —1
A = /\ \/ gk p=2) _ /\ 50 [Szp“*p—Q]
n>0 k>0 n>0
- g0 VSQpﬂ’_1p2]’
Ln>0

which we map to BP") using the generators T,,. Let
E=BP® A S°
Ay
be the Cj-spectrum obtained from BP® by killing the T,. It appears to be un-
derlain by BP®~1 and to have H/p as its geometric fixed points. Its slice spectral

sequence is depicted on 5/25/11.
Let

Ay =8°

Vs

n>0
where
(13) 70 =2p" "' =14+ (20p" ' = 1)A/2 = (p = 2)A/2+ (20" — 1)p € RO, j(G).
Note that for p = 2, 7,, as defined above is (2" — 1)p € RO(G). There is a map
(14) t,:8™ 5> E
refining 75, o F.

We can still define the analogs of the auxiliary spectra R(k) by

_ (p) / /
(15) R(k) = MU AO//\\A(AO/\A)

where

Ay=nNp |\ s
>k
k#£p™ —1

and A’ is a similar modification of A.
We know that the Cp-map

is underlain by an equiavalence, so it suffices to so show that the corresponding
map h of geometric fixed points is also an equivalence. As in the 2-primary case,
we have

. ®9HZ ) =Z/(p)[}]  where b=a"tu
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For the moment, we will ignore the technicalities about the monoidal geometric
fized point functor and cofibrant replacements. Hopefully the following are true.

e MUP) = MU
%4, = S°| \/ s*
k#kp%“o—l
(I)GA — SO i 52;0”1—2‘|
GA, = SOV s A S0 52
= Al ) s[5

It should follow that

E(MUP A S = MU A SO
Ao PG A
= BP
¢ (MUu® A S§% = BP A S°
AoNA PG A,
= H/p
®CR(c0) = d(MUP A S0
AgNA
= H/p A S°
/pchAz

YN VA
n>0 \0<j<p
= \/ =*H/p.
k>0
The penultimate equality above depends on having an Ao -structure on As, which

is produced in the note of June 1
Hence the source and target of

(16) h: ®“R(c0) — ®“HZ,)

are equivalent as in the 2-primary case (Prop. 7.5 of HHR).

However we cannot form analogs of the spectra MU ) /G Tan_1 used in Lemma
7.7, because of the twisted nature of A. To get around this we start with the
spectrum

E=MU® A S°
AgNA;

instead. It is underlain by BP®~1 and ®“F = H /p. Unfortunately it is not
known to have a good multiplicative structure. The same is true of the spectrum

E=MU®P A SO
Ay

for which E = F ,4/;\ S0 and whose geometric fixed point set is
0

®CE = H/pA Ao.
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The reduction theorem is the statement that the map

E A SOZE/\SO—)HZ(p)
AgNAg Az

is an equivariant equivalence.
Let
Az =S [S™] where 7, is as in ([13));

we know that modulo free summands this is (nonmultiplicatively) equivalent to
(8°v 57) A 50 [s20"-0r].

The generator of Fg;(p Ay, maps to T, = N(vy,).

m—1)p
Then let
(17) M, = (MU(p) A SO) A S,
AgNAy Az pn
so we have

q)GMn _ \/ E2jp"71H/p.
0<j<p

Lemma 6.1. Analog of Lemma 7.7 of HHR. If for everyn > 0 and 0 < j < p,
the class BP" ' is in the image of

Tojpn—1 ®E My, — Tojpn—1 @ HZ ),
then the map m.(h) of @ 18 surjective and hence an isomorphism.
Proof. We argue as in HHR using that fact that
R()=My A My A -

MU® MU®)
to show that all powers of b are in the image of . O

Proposition 6.2. Analog of Prop. 7.10 of HHR. For every n > 0 and
0 < j <p, the class WP s in the image of

Tojpn—1 @G My, — Tojpn—1 @ HZ ).

We will use the M,, of to mimic the diagram (7.11) in HHR, so we have

(18) S
S
i Yn tn
o v .
n BG4 NE E EGANE
~ } ~
Y 1EGAM, — EG; AN M, M, EG A M,

| o

S'EGAHZy,) — EGy NHZy,) — HZ,) — EG N HZ

The map t,, of has trivial composition with the map £ — M,, by construc-
tion. Its composition with £ — EG A E is trivial because ®“E = H/p. Hence the
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indicated liftings to EG, A E and ¥~'EG A M, exist. There is a similar diagram
with F replaced by R(p™ — 2) as defined in .

We will assume for now (HHR 7.12) that the composite of y,, with the map to
EG, N HZ,) is essential. This implies the same about the composite of g, with

the map to Y~1EG. Then we have a diagram

78 L EG N M, =——=ry,n-1EG A M,

} :

71'§n+1E~'G A HZ(p) =S 7T2pn—1EG A HZ(p)

SO ¥, maps to a nontrivial element of
Topn-1 EG N HZ () = Topn-1®“ HZ ) = Z/(p),

namely a unit multiple of b?"
To get the required jth power (for 0 < j < p) of bp"_l, recall that

EG.NEG,~EG, and FEGAEG~EQG.

For brevity let
X=EG and Y =EG,.
From we have a diagram

P

- 1X/\HZ Y NHZ,

Taking j-fold smash products and using the multiplication on HZ,) gives

(19)

Yi X0 A Hzg})
|

—j (4)
b JXAHy

SIX A HZy, Y AHZg,

Then if 2, ; is essential, it follows that ®9Z, ; is bP" ", Thus it remains to prove

Proposition 6.3. Analog of HHR Prop. 7.12. The map z, ; of @) is essential
forO<j<pandn>0.
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Following HHR, we use the spectrum R(p™ — 2). We will denote its jth smash
power by R; for short. We have maps

5 and §im
Yre i yﬁf’ o 70)
. 2
‘( E : Zn,j
P
EGi A HZ(p)

We need to show that any choice of y, leads a nontrivial z, ;. It suffices to do
this for j = p — 1. Note that since G = C), the G-equivariant homotopy type of
EG; N X is determined by the ordinary homotopy type of X for any G-equivariant
spectrum X. We will study it by examining the smash product of EGy with the
ordinary (nonequivariant) Postnikov tower for X.

Lemma 6.4. Analog of HHR Lemma 7.14. For0 < m < 2p"—2 and0 < j < p,
m EGLANPRR; =0
and there is an eract sequence

7TG EG+ AN P2pn,2Rj

JTn

G
7Tj7'n EG+ AN Rj

!

WﬁnEG_,_ A HZ(p) =7Z/(p).

Proof. We can identify the slices of R; (with respect to the trivial group) as in HHR
and derive the first assertion since the slices in question are contractible. The Oth
slice is HZ ;) and the first nontrivial positively indexed slice is PQQ;’,L:QQ R;. Hence

Ple = P2pn_2Rj.

The second assertion follows from the exact sequence of the smash product of EG 4
with the fibration

P R; R; P{R;.
Thus we need to show that y,&j ) is not in the image of
75 EGL A Papn o R;.
What follows is still suspect for 7 > 1.

Proposition 6.5. Analog of HHR Prop. 7.15. The image of the vertical
composite map of

Trjcfl_nEG+ A ngn_QRj

y) e 1% EGL AR,
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is contained in the image of 1 —~ (for a generator v of G) while that of yfzj) 1S not.

The image of y, generates a rank one summand of the indicated Z[G]-module,

which is
Homgz(I,Z® 1) =10 Zo @ Z[G).
p—2

It jth smash power is a nontrivial fixed element of the jth tensor power of this
module. Hence it is not in the image of 1 — 7.

To prove the first assertion of Proposition [6.5] we need two steps as in HHR.
First it is shown (Corollary that the image of

75 EGL A Poypn_oR; — 75 R;
is contained in the image of the transfer map
T, B — Wﬁ.n R;
from the trivial subgroup of G. We then show (Lemma that the image of the
transfer map in w;(Qp,,L_Q)Rj is in the image of (1 —~). We now turn to these steps.
Lemma 6.6. Analog of HHR Lemma 7.16. Let M > 0 be a G-spectrum. The
image of
1S EGy ANM — n§ M
is the image of the transfer map

oM — 7§ M

from the trivial subgroup of G.

Proof: Since M is (—1)-connected the cell decomposition of EG implies that
Gy AN M — 7§ EG . A M is surjective. The composite

G ANM = 7§ EG L ANM — 7§ M

is the transfer. O

Corollary 6.7. Analog of HHR Cor. 7.17. The image of
Wﬁ.ﬂEGJr A P2P"*2Rj — Wﬁ_npgpn,QRj

is contained in the image of the transfer map.

Proof: This follows from Lemma [6.6] above, after the identification
757, (Papr2R(p" = 2))7) = 7§77 A (Pyyre o R(p" ~ 2))Y)
and the observation that

ST A (Pype 2 R(p" — 2))9 & (Py (S™™ AR(p" — 2)))V
is > 0. U

Corollary 6.8. Analog of HHR Cor. 7.18. The image of
78 EG4 A Popn _oR(p™ — 2) — 7 R(p" — 2)

is contained in the image of the transfer map.
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Proof: Immediate from Corollary [6.7] and the naturality of the transfer. O

The remaining step is the special case X = Poyn_oR(p™ —2), V = 7, of the next
result.

Lemma 6.9. Analog of HHR Lemma 7.19. Let X be a G-spectrum, V a virtual
representation of G of virtual dimension d, and H C G the subgroup of index 2.
Write e € {£1} for the degree of

yiigSY —igsSY.
The image of
X T9X — 14X
is contained in the image of

(I+ey):myX - miX.

Proof: Consider the diagram

(G AN X) ——=7GX

L

ﬂ-s(G"r /\X) H7T}il‘)(7

in which the map of the top row is induced by the projection G, — S°. By the
Wirthmiiller isomorphism, the term in the upper left is isomorphic to 7y X and the
map of the top row can be identified with the transfer map. The non-equivariant
identification

Gy~S%vS°
gives an isomorphism of groups of non-equivariant stable maps
Gy ASY, X~ [SY,X]®[SY,X],
and so an isomorphism of the group in the lower left hand corner with
g X @y X
under which the generator v € G acts as
(a,b) — (evb, eva).

The map along the bottom is (a,b) — a+b. Now the image of the left vertical map
is contained in the set of elements invariant under  which, in turn, is contained in
the set of elements of the form

(a, eva).
O

Proof of Proposition 7?7: As described after its statement, Proposition 77 is a
consequence of Corollary and Lemma O
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