
Forum Math. 19 (2007), 127–147
DOI 10.1515/FORUM.2007.005

Forum
Mathematicum

( de Gruyter 2007

p�(L2T(1)/(v1)) and its applications in computing p�(L2T(1))
at the prime two

Xiangjun Wang*

(Communicated by Frederick R. Cohen)

Abstract. In this paper, all spaces are localized at the prime two. Let Tð1Þ be the Ravenel
spectrum characterized by the BP�-homology as BP�½t1�, Tð1Þ=ðv1Þ be the cofiber of the self
map v1 : S2Tð1Þ ! Tð1Þ and L2 denote the Bousfield localization functor with respect to
v�1

2 BP�. In this paper, we compute the homotopy groups p�ðL2Tð1Þ=ðv1ÞÞ by determining the
Ey-term of its Adams-Novikov spectral sequence (ANSS). From the E2-term of the ANSS for
p�ðL2Tð1Þ=ðv1ÞÞ, we determine a subgroup of the E2-term for p�ðL2Tð1ÞÞ. We also show that
the E4-term for p�ðL2Tð1ÞÞ has horizontal vanishing line.
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1 Introduction

In this paper, all spaces are localized at the prime two. Let Tð1Þ be the Ravenel
spectrum characterized by the BP� homology as

BP�ðTð1ÞÞ ¼ BP�½t1�HBP�BP

(cf. [12]). Let L2 denote the Bousfield localization functor with respect to v�1
2 BP�

(see [11]). One of the methods to determine the homotopy groups p�ðL2Tð1ÞÞ
is the Adams-Novikov spectral sequence with E �2 ðL2Tð1ÞÞ ¼ H �v�1

2 BP�½t1� )
p�ðL2Tð1ÞÞ, where H �� ¼ Ext�BP�BPðBP�;�Þ. We compute the E2-term E �2 ðL2Tð1ÞÞ
¼ H �v�1

2 BP�½t1� by the chromatic spectral sequence
P2

i¼0 H
�Mi

0½t1� ) H �v�1
2 BP�½t1�

and the Bockstein spectral sequence H �M j�1
iþ1 ½t1� ) H �M j

i ½t1�. (Note here all of the
algebraic constructions have geometric origin) (cf. [8], [12, Ch. 5]).

In [12, 6.5.7] it is shown that H �M 0
0 ½t1� ¼ Kð0Þ�½v1� and H �M 0

1 ½t1� ¼ Kð1Þ�½v2�n
Lðh20Þ, where Kð0Þ� ¼ Q and Kð1Þ� ¼ Z=2½vG1

1 �. Then, by the 2-Bockstein spectral
sequence H �M 0

1 ½t1� ) H �M 1
0 ½t1�, I. Ichigi and K. Shimomura determined H �M 1

0 ½t1�
in [3] to be:
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H �M 1
0 ½t1� ¼ Zð2Þ½vG1

1 �n
�
Q=Zð2Þl

P
n; sb0

Z=ð2nþ1Þhv2 nð2sþ1Þ
2 =2nþ1i

�
:ð1:1Þ

To determine the general chromatic E1-term H �M 2
0 ½t1�, we have two ways to work

back to H �M 2
0 ½t1� through the Bockstein spectral sequences both started from

H �M 0
2 ½t1�

H �M 0
2 ½t1� ) H �M 1

1 ½t1� ) H �M 2
0 ½t1�;

H �M 0
2 ½t1� ) H �L1

1 ½t1� ) H �M 2
0 ½t1�:

Here L1
1 ½t1� ¼ v�1

2 BP�½t1�=ð2y; v1Þ.
In [6], M. Mahowald and K. Shimomura determined H �M 0

2 ½t1� as:

H �M 0
2 ½t1� ¼ Kð2Þ�½v3; h20�nLðh21; h30; h31; r2Þ

where Kð2Þ� ¼ Z=2½vG1
2 �. From which K. Shimomura in [13] determined H �M 1

1 ½t1� to
be the tensor product of Lðr2Þ and the direct sum of modules Ai:

A0 ¼ ðv�1
1 K=KlAþ0 lA�0 ÞnLðfh20h20Þ

A1 ¼ v2
3K=ðv2

1Þ½x1�nLðh30; h31Þ

A2 ¼ v3Kð2Þ�½v2
3 ; h20�nLðh21; h30; h31Þ;

where

Aþ0 ¼
P
n>0

xnK=ðvan1 Þ½x
2
n �nLð~gg2

nÞ

A�0 ¼
P
n>0

x2
nK=ðv2an

1 Þ½xnþ1�nLð~ggnþ1Þ:

Here K ¼ Z=2½v1; v
G1
2 �, an ¼ 4n þ 2ð4n � 1Þ=3 and the elements fh20h20, xn and ~ggn de-

note the ones represented by the cocycles whose leading terms are v2
3 t2, v4 n

3 and
v

4ð4 n�1�1Þ=3
3 t3 respectively. But it seems very complicated to determine H �M 2

0 ½t1� by
the 2-Bockstein spectral sequence H �M 1

1 ½t1� ) H �M 2
0 ½t1� (cf. [4, 10]).

Let Tð1Þ=ð2y; v1Þ be the cofiber of the localization map Tð1Þ=ðv1Þ ! L0Tð1Þ=ðv1Þ,
where the Tð1Þ=ðv1Þ is the cofiber of the v1-map v1 : S2Tð1Þ ! Tð1Þ. Then H �L1

1 ½t1�
is the E2-term of the Adams-Novikov spectral sequence for p�ðL2Tð1Þ=ð2y; v1ÞÞ. In
this paper, we will compute H �L1

1 ½t1�. We also compute the Adams-Novikov di¤er-
entials, and from which, we get the homotopy groups p�ðL2Tð1Þ=ðv1ÞÞ (Theorem 4.7)
by the cofiber sequence

L2Tð1Þ=ðv1Þ ! L0Tð1Þ=ðv1Þ ! L2Tð1Þ=ð2y; v1Þ:
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Consider the maps 1=v1 : L1
1 ½t1� !M 2

0 ½t1� and 1=2 : M 1
1 ½t1� !M 2

0 ½t1�. Then from the
special properties of H �M 2

0 ½t1�, we will see that they induce the following commuta-
tive diagrams:

HsL1
1 ½t1� ���!d1

Hsþ1M 0
2 ½t1�???y1=v1

???y1=v1

HsM 2
0 ½t1� ���!d1

Hsþ1M 1
1 ½t1�

HsM 1
1 ½t1� ���!d2

Hsþ1M 0
2 ½t1�???y1=2

???y1=2

HsM 2
0 ½t1� ���!d2

Hsþ1L1
1 ½t1�:

ð1:2Þ

Define the homomorphisms D1 and D2 as:

D1 ¼ 1=v1 � d1 : HsL1
1 ½t1� ! Hsþ1M 0

2 ½t1� ! Hsþ1M 1
1 ½t1�

D2 ¼ 1=2 � d2 : HsM 1
1 ½t1� ! Hsþ1M 0

2 ½t1� ! Hsþ1L1
1 ½t1�:

ð1:3Þ

Lemma 1.4. For the homomorphisms D1 and D2, we have:

1. For an element x A H �L1
1 ½t1�, x=v1 0 0 A H �M 2

0 ½t1� if D1ðxÞ0 0 A H �M 1
1 ½t1�.

2. For an element y A H �M 1
1 ½t1�, y=20 0 A H �M 2

0 ½t1� if D2ðyÞ0 0 A H �L1
1 ½t1�.

From Lemma 1.4 and H �L1
1 ½t1�, we get the submodule of H �L1

1 ½t1� : fA2A2 ¼
ðfA20A20 nLðr2ÞÞl fA21A21 such that kerD1 X ððfA20A20 nLðr2ÞÞl fA21A21Þ ¼ 0, where

fA20A20 ¼ v2v3=2 � K 2
� ½v2

3 ; h20�nLðh21; h30Þl v3h31=2 � K 2
� ½v2

3 ; h20�nLðh21; h30Þð1:5Þ

K 2
� ¼ Z=2½vG2

2 � and fA21A21 is given in (5.3).

Theorem 1.6. The homomorphism 1=v1 : ðfA20A20 nLðr2ÞÞ
s ! HsM 2

0 ½t1� is an isomor-

phism for s > 3.

Let Tð1Þ=ð2yÞ be the cofiber of the localization map Tð1Þ ! L0Tð1Þ and
Tð1Þ=ð2y; vy1 Þ be the cofiber of the localization map Tð1Þ=ð2yÞ ! L1Tð1Þ=ð2yÞ.
Then H �M 2

0 ½t1� is the E2-term of the Adams-Novikov spectral sequence for
p�ðL2Tð1Þ=ð2y; vy1 ÞÞ. In this paper, we also compute the Adams-Novikov di¤er-

entials on fA2A2 and then show that:

Theorem 1.7. The E4-term E
s;�
4 of the Adams-Novikov spectral sequence for computing

p�ðL2Tð1Þ=ð2y; vy1 ÞÞ is zero for s > 5. Thus it collapses from the E6-term.

The author would like to thank Professor K. Shimomura for the helpful con-
versations.
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2 The self map v1 :S
2T(1)?T(1) and relations in S(2)

Note the change of rings theorem [9, 12]

E �;�2 ¼ Ext�;�BP�BP
ðBP�;BP�Tð1ÞÞ ¼ Ext�;�

BP�½t2;...�ðBP�;BP�Þ:

Since jt2j ¼ 6, we see that Es; t
2 ¼ 0 for t� s ¼ 1.

Lemma 2.1 (K. Shimomura). There exists a self map v1 : S2Tð1Þ ! Tð1Þ such that

BP�ðv1Þ ¼ v1.

Proof. Note that drðv1Þ A Er; rþ1
r , which is zero. We have the map v 01 : S2 ! Tð1Þ that

induces v1 on BP�-homology. Since Tð1Þ is a ring spectrum, we got the desired self
map. r

Let Fð2Þ� denote the BP�-module Zð2Þ½v1; v
G1
2 ; v3� with action given by sending vi

to 0 for i > 3. Let Fð2Þ be the spectrum that represents the Landweber homology
theory Fð2Þ�ðX Þ ¼ Fð2Þ�nBP� BP�ðXÞ. Then F ð2Þ�Fð2Þ ¼ F ð2Þ�nBP� BP�BPnBP�
Fð2Þ�, and the Hopf algebroid structure of ðBP�;BP�BPÞ defines the one on
ðF ð2Þ�;SÞ ¼ ðFð2Þ�;F ð2Þ�Fð2ÞÞ. In the same manner as the change of rings theorem
ExtsBP�BPðBP�;MÞ ¼ ExtsEð2Þ�Eð2Þ

ðEð2Þ�;Eð2Þ�nBP� MÞ for v2-local BP�-comodule M,
we obtain

ExtsSðFð2Þ�;F ð2Þ�nBP� MÞ ¼ ExtsBP�BPðBP�;MÞ:

For the v2-local BP�-comodule M½t1�, we have M½t1� ¼MkGð2ÞBP�BP, where
Gð2Þ ¼ BP�½t2; t3; . . .�, and

F ð2Þ�nBP� M½t1� ¼MkSð2ÞFð2Þ�Fð2Þ

for Sð2Þ ¼ F ð2Þ�½t2; t3; . . .�. Thus we get the change of rings theorem

ExtsBP�BPðBP�;M½t1�Þ ¼ ExtsSð2ÞðF ð2Þ�;MÞ

and the Hopf algebroid structure of ðBP�;Gð2ÞÞ determines the one on ðF ð2Þ�;Sð2ÞÞ.
In this paper, by the modules H �M½t1�, we mean to work on Ext�Sð2ÞðFð2Þ�;MÞ.

For the structure map hR : BP� ! Gð2Þ and D : Gð2Þ ! Gð2ÞnGð2Þ, it is easy to
show that:

hRðv1Þ ¼ v1ð2:2Þ

hRðv2Þ ¼ v2 þ 2t2

hRðv3Þ ¼ v3 þ v1t
2
2 � v4

1 t2 þ 2ðt3 � v1v2t2 � v1t
2
2Þ

hRðv4Þ ¼ v4 þ v2t
4
2 þ v4

2 t2 þ v1t
2
3 modð2; v2

1Þ

hRðv5Þ ¼ v5 þ v2t
4
3 þ v8

2 t3 þ v3t
8
2 þ v4

3 t2 modð2; v1Þ
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hRðv6Þ ¼ v6 þ v2t
4
4 þ v16

2 t4 þ v3t
8
3 þ v8

3 t3

þ v4t
16
2 þ v4

4 t2 þ v2t
10
2 þ v17

2 t4
2 modð2; v1Þ

DðtiÞ ¼ ti n 1þ 1n ti for i ¼ 1; 2

Dðt3Þ ¼ t3 n 1þ 1n t3 þ v1t2 n t2

Dðt4Þ ¼ t4 n 1þ t2 n t4
2 þ 1n t4 þ v2t

2
2 n t2

2 þ v1t3 n t3 modð2; v2
1Þ

Dðt5Þ ¼ t5 n 1þ t3 n t8
2 þ t2 n t4

3 þ 1n t5

þ v2t
2
3 n t2

3 þ v3t
4
2 n t4

2 modð2; v1Þ:

Thus in Sð2Þ, we have

t4
2 ¼ t2 modð2; v1; v2 � 1Þð2:3Þ

t4
3 ¼ t3 þ v3t

2
2 þ v4

3 t2 modð2; v1; v2 � 1Þ

t4
4 ¼ t4 þ v3t

8
3 þ v8

3 t3 modð2; v1; v2 � 1Þ:

Note here, we set v2 ¼ 1 for the sake of simplicity as K. Shimomura did in [13]. We
can recover the v2’s by comparing their internal degrees if necessary.

Consider the commutitive diagram of Sð2Þ comodules

0 0 0???y
???y

???y
0 ���! M 0

2 ���!1=2
L1

1 ���!2 L1
1 ���! 0???y1=v1

???y1=v1

???y1=v1

0 ���! M 1
1 ���!1=2

M 2
0 ���!2 M 2

0 ���! 0???yv1

???yv1

???yv1

0 ���! M 1
1 ���!1=2

M 2
0 ���!2 M 2

0 ���! 0???y
???y

???y
0 0 0

We see from hRðv1Þ ¼ v1, that this induces the commutative diagram of the cobar
complexes C �Sð2ÞM, and then we get the commutative diagram (1.2) and Lemma 1.4.
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3 The Ext groups H*L1
1[t1]

Before starting the computation of the Ext modules H �L1
1 ½t1� by the 2-Bockstein

spectral sequence H �M 0
2 ½t1� ) H �L1

1 ½t1�, we give some homologous relations in
H 2M 0

2 ½t1� at the beginning of this section.

Lemma 3.1. In H 2M 0
2 ½t1�, we have the following homologous relations:

h2
21 ¼ v2

2h
2
20

h2
30 ¼ v�2

2 h31ðh21 þ v2h20Þ þ v�3
2 v2

3h21h20

h2
31 ¼ v5

2h30ðh21 þ v2h20Þ þ v4
2v3h20ðh21 þ v2h20Þ þ v�2

2 v4
3h

2
20:

Proof. From its definition, we see that h2
20, h2

21 are represented by t2 n t2 and t2
2 n t2

2

respectively. From (2.2) and (2.3), we compute that

dðv�1
2 t4Þ ¼ v�1

2 t2 n t4
2 þ t2

2 n t2
2 ¼ v2

2 t2 n t2 þ t2
2 n t2

2 :

This proves the first homologous relation.
For h2

30, which is represented by t3 n t3, we compute that mod ðv2 � 1Þ

dðt2
5Þ ¼ t4

3 n t4
3 þ t2

3 n t16
2 þ t2

2 n t8
3 þ v2

3 t
8
2 n t8

2

¼ ðt3 þ v3t
2
2 þ v4

3 t2Þn ðt3 þ v3t
2
2 þ v4

3 t2Þ þ t2
3 n t2

þ t2
2 n ðt2

3 þ v2
3 t2 þ v8

3 t
2
2Þ þ v2

3 t
2
2 n t2

2

¼ t3 n t3 þ v8
3 t2 n t2

1
þ t2

3 n t2 þ t2
2 n t2

3 c

þ v2
3 t

2
2 n t2 þ v8

3 t
2
2 n t2

2 2
þ v3ðt3 n t2

2 þ t2
2 n t3Þ

þ v4
3ðt3 n t2 þ t2 n t3Þ þ v5

3ðt2
2 n t2 þ t2 n t2

2Þ

dðv8
3 t4Þ ¼ v8

3 t2 n t2
1
þ v8

3 t
2
2 n t2

2 2

dðv3t3 � t2
2Þ ¼ v3ðt3 n t2

2 þ t2
2 n t3Þ

dðv4
3 t3 � t2Þ ¼ v4

3ðt3 n t2 þ t2 n t3Þ

dðv5
3 t

3
2Þ ¼ v5

3ðt2
2 n t2 þ t2 n t2

2Þ

dðt2
3 t

2
2Þ ¼ t2

3 n t2
2 þ t2

2 n t2
3 c
:
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Thus, the sum of them gives u such that

dðuÞ ¼ t3 n t3 þ t2
3 n ðt2

2 þ t2Þ þ v2
3 t

2
2 n t2:

By recovering the v2’s, we get the second one.
For the third one, we have

dðu2Þ ¼ t2
3 n t2

3 þ t4
3 n ðt2

2 þ t2Þ þ v4
3 t2 n t2

2

¼ t2
3 n t2

3 þ t3 n ðt2
2 þ t2Þ þ v3t

2
2 n ðt2

2 þ t2Þ þ v4
3 t2 n t2:

By recovering the v2’s, we get the third one from h20ðh21 þ h20Þ ¼ h21ðh21 þ h20Þ. r

Consider the short exact sequence

0 �!M 0
2 ½t1� �!1=2

L1
1 ½t1� �!2 L1

1 ½t1� �! 0

and the induced long exact sequence

� � � �! HsM 0
2 ½t1� �!1=2

HsL1
1 ½t1� �!2 HsL1

1 ½t1� �!d1
Hsþ1M 0

2 ½t1� �! � � � :
By [8, Remark 3.11], we can determine HsL1

1 ½t1� to be the 2-torsion module Bs, if Bs

makes the following sequences exact and commutative

� � � ���! HsM 0
2 ½t1� ���!1=2

Bs ���!2 Bs ���!d1
Hsþ1M 0

2 ½t1� ���! � � �???y¼
???yi

???yi

???y¼
� � � ���! HsM 0

2 ½t1� ���!1=2
HsL1

1 ½t1� ���!2 HsL1
1 ½t1� ���!d1

Hsþ1M 0
2 ½t1� ���! � � � :

Lemma 3.2. For any n > 0, there exists a cochain Rn A C1
Sð2Þv

�1
2 BP�, which represents

the generator r2 of H 1M 0
2 ½t1� and

dðRnÞ ¼ 0 modð2n; v1Þ:

Proof. Let R ¼ t4 þ t2
4 þ v3t

2
3 þ v2

3 t3 þ v4
3 t

2
3 þ v3

3ðt2
2 þ t2Þ þ v6

3 t
2
2 be the cochain of

C1
Sð2Þv

�1
2 BP� with inner degree 0. Then R represents the generator r2 A H 1M 0

2 ½t1�.
From (2.3) we compute that modð2; v1Þ

R2 þ R ¼ t4 þ t2
4 þ v3t

2
3 þ v2

3 t3 þ v4
3 t

2
3 þ v3

3ðt2
2 þ t2Þ þ v6

3 t
2
2

þ t2
4 þ t4

4 þ v2
3 t

4
3 þ v4

3 t
2
3 þ v8

3 t
4
3 þ v6

3ðt4
2 þ t2

2Þ þ v12
3 t4

2

p�ðL2Tð1Þ=ðv1ÞÞ and its applications in computing p�ðL2Tð1ÞÞ at the prime two 133



¼ v3ðt8
3 þ t2

3Þ þ v2
3ðt4

3 þ t3Þ þ v8
3ðt4

3 þ t3Þ

þ v3
3ðt2

2 þ t2Þ þ v6
3 t2 þ v12

3 t2

¼ 0:

Thus dðRÞ ¼ 0 modð2; v1Þ and dðR2 nÞ ¼ 0 modð2n; v1Þ. Denote R2 n

by Rn, then we
get the lemma. r

Lemma 3.3. For the connecting homomorphism d1 : HsL1
1 ½t1� ! Hsþ1M 0

2 ½t1� we have:

d1ðv2=2Þ ¼ h20

d1ðv3=2Þ ¼ h30

d1ðv2n

2 =2nþ1Þ ¼ v2 n�2
2 ðh21 þ v2h20Þ

d1ðv2m

3 =2mþ1Þ ¼ v2m�2
2 ðv3h30 þ h31Þ

d1ðh31=2Þ ¼ v�1
2 h31h20 þ v�2

2 h31h21 þ v�3
2 v2

3h21h20 ¼ dðv3h30=2Þ

d1ðv2h31=2Þ ¼ v�1
2 h31h21 þ v�2

2 v2
3h21h20

d1ðv2v3h31=2Þ ¼ v2h30h31 þ v�1
2 v3h31h21 þ v�2

2 v3
3h21h20

d1ðv2v3h30h31=2Þ ¼ v�1
2 v3h30h21h31 þ v�2

2 v2
3ðh31 þ v3h30Þh21h20

þ v�3
2 v4

3h
2
20ðh21 þ v2h20Þ

d1ðv2v3h21h31=2Þ ¼ v2h30h21h31 þ v3
3h

3
20:

Proof. The 1st, 2nd, 3rd and 4th come from direct computation. The 5th comes from
Lemma 3.1 and the fact that

d1ðh31=2Þ ¼ d1ðv3t3=2Þ ¼ h2
30 ¼ v�1

2 h31h20 þ v�2
2 h31h21 þ v�3

2 v2
3h21h20:

Then the 6th and the 7th come from

d1ðv2h31=2Þ ¼ d1ðv2=2Þh31 þ v2d1ðh31=2Þ

d1ðv2v3h31=2Þ ¼ d1ðv3=2Þv2h31 þ v3d1ðv2h31=2Þ:

For the 8th, we compute that
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d1ðv2v3h30h31=2Þ

¼ d1ðv2v3h31=2Þh30

¼ v2h
2
30h31 þ v�1

2 v3h30h21h31 þ v�2
2 v3

3h30h21h20

¼ v�1
2 h2

31ðh21 þ v2h20Þ þ v�2
2 v2

3h21h20h31 þ v�1
2 v3h30h21h31 þ v�2

2 v3
3h30h21h20

¼ v4
2h30ðh21 þ v2h20Þ2 þ v3

2v3h20ðh21 þ v2h20Þ2

þ v�3
2 v4

3h
2
20ðh21 þ v2h20Þ þ v�2

2 v2
3h21h20h31

þ v�1
2 v3h30h21h31 þ v�2

2 v3
3h30h21h20

¼ v�1
2 v3h30h21h31 þ v�2

2 v2
3ðh31 þ v3h30Þh21h20 þ v�3

2 v4
3h

2
20ðh21 þ v2h20Þ:

And for the 9th, we compute that

d1ðv2v3h21h31=2Þ ¼ d1ðv2v3h31=2Þh21 þ v2v3h31h
2
20

¼ v2h30h21h31 þ v�1
2 v3h31h

2
21 þ v�2

2 v3
3h

2
21h20 þ v2v3h31h

2
20

¼ v2h30h21h31 þ v3
3h

3
20: r

To determine the Ext module H �L1
1 ½t1� by the 2-Bockstein spectral sequence

H �M 0
2 ½t1� ) H �L1

1 ½t1�, we divide H �M 0
2 ½t1� into the tensor product of Lðr2Þ and the

direct sum of Ci:

C0 ¼ K 2
� ½v2

3 �nLðh21; v3h30Þ

C1 ¼ K 2
� ½v2

3 �fv3; v3h21; h30; h30h21g

C2 ¼ v2h31K
2
� ½v2

3 �nLðv3; h21; h30Þ

C3 ¼ v2K
2
� ½v2

3 ; h20�nLðv3; h21; h30Þ

l h20K
2
� ½v2

3 ; h20�nLðv3; h21; h30Þ

C4 ¼ h31K
2
� ½v2

3 ; h20�nLðv3; h21; h30Þ

l v�1
2 h20h31K

2
� ½v2

3 ; h20�nLðv3; h21; h30Þ

ð3:4Þ

where K 2
� ¼ Z=2½vG2

2 �, from which we get:
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Theorem 3.5. The module H �L1
1 ½t1� is the tensor product of Lðr2Þ and the direct sum

of fCi:

fC0C0 ¼ Z=2mþ1fv2 nt
2 v2ms

3 =2mþ1 j for s odd and nbm > 0g

lZ=2nþ1fv2 nt
2 v2ms

3 =2nþ1 j for t odd and m > n > 0g

lZ=2nþ1fv2 nt
2 v2ms�2

3 v3h30=2nþ1 jm > n > 0g

lZ=2mþ1fv2 nt�2
2 v2ms

3 h21=2mþ1 j nbm > 0g

lQ=Zð2Þf1; v�2
2 h21g

fC1C1 ¼ K 2
� ½v2

3 �fv3=2; v3h21=2g

fC2C2 ¼ v2h31K
2
� ½v2

3 �f1=2; v3=2; v3h21=2; v3h30=2g

fC3C3 ¼ v2=2K 2
� ½v2

3 ; h20�nLðv3; h21; h30Þ

fC4C4 ¼ h31=2K 2
� ½v2

3 ; h20�nLðv3; h21; h30Þ:

Proof. For the submodules Ci of H �M 0
2 ½t1� in (3.4) and the submodules fCi of H �L1

1 ½t1�
in Theorem 3.5, we have the following exact sequences for 0a ia 4

� � � �! Cs
i �!1=2 fCi

s �!2 fCi
s �!d1

Csþ1
i �! � � � :

Indeed, from Lemma 3.3, we see that the connecting homomorphism d1 : HsL1
1 ½t1� !

Hsþ1M 0
2 ½t1� behaves on fC0C0 in the form of

v2 nt
2 v2ms�2

3 ðv3h30 þ h31Þ

������
��!

nbm>0  ����
���� m>n>0

v2 nt
2 v2ms

3 v2 nt�2
2 v2ms�2

3 ðv3h30 þ h31Þh21

 ����
���� m>n>0

������
��!

nbm>0

v2 nt�2
2 v2ms

3 ðh21 þ v2h20Þ

Then we see the exact sequence for i ¼ 0.
From Lemma 3.3, we see that

d1 : K 2
� ½v2

3 �fv3=2; v3h21=2g ! K 2
� ½v2

3 �fh30; h30h21g
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and

d1 : v2h31K
2
� ½v2

3 �f1=2; v3=2; v3h30=2; v3h21g !

v2h31K
2
� fv�2

2 h21; h30; v
�2
2 v3h30h21; h30h21g:

This proves the exactness for i ¼ 1, and 2.
Note that for any generator of x=2 A 1=2K 2

� ½v2
3 ; h20�nLðv3; h21; h30Þ, d1ðx=2Þ

does not have a term xh20 as a summand. Then from d1ðv2=2Þ ¼ h20 and d1ðh31=2Þ ¼
v�1

2 h20h31 þ � � � we get the exactness for i ¼ 3 and 4.
From Lemma 3.2, we see that d1ðr2=2nÞ ¼ 0 for any n. This indices the following

exact sequences for 0a ia 4

� � � �! Cs
i nLðr2Þ �!1=2 fCi

s nLðr2Þ �!2 fCi
s nLðr2Þ �!d1

Csþ1
i nLðr2Þ �! � � � :

Then from H �M 0
2 ½t1� ¼ ð

L4
i¼0 CiÞnLðr2Þ we get the theorem. r

4 The homotopy groups p*(L2T(1)/(v1))

Let Tð1Þ=ðv1Þ be the cofiber of the map v1 : S2Tð1Þ ! Tð1Þ and Tð1Þ=ð2y; v1Þ be
the cofiber of the localization Tð1Þ=ðv1Þ ! L0Tð1Þ=ðv1Þ. Then we have the map
2 : Tð1Þ=ðv1Þ ! Tð1Þ=ðv1Þ which makes that the following diagram commutes:

Tð1Þ=ðv1Þ ���! L0Tð1Þ=ðv1Þ ���! Tð1Þ=ð2y; v1Þ???y2

???y2

???y2

Tð1Þ=ðv1Þ ���! L0Tð1Þ=ðv1Þ ���! Tð1Þ=ð2y; v1Þ:

The 3� 3 Lemma shows that the fiber of 2 : Tð1Þ=ð2y; v1Þ ! Tð1Þ=ð2y; v1Þ is the
cofiber Tð1Þ=ð2; v1Þ of 2 : Tð1Þ=ðv1Þ ! Tð1Þ=ðv1Þ. Therefore we have a cofiber se-
quence

L2Tð1Þ=ð2; v1Þ !
j1

L2Tð1Þ=ð2y; v1Þ !
2
L2Tð1Þ=ð2y; v1Þ

which induces the short exact sequence of BP�-homology

0 �!M 0
2 ½t1� �!1=2

L1
1 ½t1� �!2 L1

1 ½t1� �! 0:

In [6], it was shown that the E2-term of the Adams-Novikov spectral sequence for
L2Tð1Þ=ð2; v1Þ is

Es
2 ¼ HsM 0

2 ½t1� ¼ Kð2Þ�½v3; h20�nLðh21; h30; h31; r2Þ

and the Adams-Novikov di¤erentials were shown to be
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drðv3Þ ¼ 0 drðv4
3Þ ¼ 0 drðh20Þ ¼ 0 drðh21Þ ¼ 0ð4:1Þ

drðh30Þ ¼ 0 d3ðh31Þ ¼ v2h
4
20 drðr2Þ ¼ 0

as a module over Kð2Þ�½v4
3 ; h20�nLðh21; h31Þ and all the other di¤erentials were de-

duced by d3ðx � yÞ ¼ dðxÞdðyÞh20 for permanent cycles x and y, where d : HsM 0
2 ½t1�

! Hsþ1M 0
2 ½t1� is the connecting homomorphism induced by

0!M 0
2 ½t1� ! v�1

2 BP�½t1�=ð2; v2
1Þ !M 0

2 ½t1� ! 0:

Then, by a suitable replacement, the Adams-Novikov di¤erentials are

d3ðh31Þ ¼ v2h
4
20 drðv3Þ ¼ 0 d3ðv2

3Þ ¼ v2
2h

3
20

d3ðv3
3Þ ¼ v2

2v3h
3
20 drðh30Þ ¼ 0 drðv3h30Þ ¼ 0

d3ðv2
3h30Þ ¼ v2

2h30h
3
20 d3ðv3

3h30Þ ¼ v2
2v3h30h

3
20 þ v2

3h21h
3
20

as a module over Kð2Þ�½v4
3 ; h20�nLðh21; h31; r2Þ.

Lemma 4.2. For the elements x in the submodule fC3C3 and fC4C4, we have drðxÞ ¼ 0 except

for:

d3ðv4tþ2
3 a=2Þ ¼ v2

2v
4t
3 ah3

20=2

d3ðv4tþ3
3 a=2Þ ¼ v2

2v
4tþ1
3 ah3

20=2:

Proof. Note that all the elements in fC3C3 and fC4C4 are killed by 2, and so the Lemma is
obtained from the image of j1 : L2Tð1Þ=ð2; v1Þ ! L2Tð1Þ=ð2y; v1Þ. r

Lemma 4.3. For the elements x A fC0C0, the 3rd Adams-Novikov di¤erentials d3ðxÞ ¼ 0
except for:

d3ðv2 nt
2 v2ms

3 =2mþ1Þ ¼ v2 ntþ3
2 v2ms�4

3 v3h30h
2
20=2 for nbm > 1

d3ðv2 nt
2 v2m�2

3 v3h30=2nþ1Þ ¼ v2 ntþ1
2 v2ms�4

3 v3h30h21h
2
20=2 for m > n > 0

d3ðv2 nt�2
2 v2ms

3 h21=2mþ1Þ ¼ v2 ntþ1
2 v2ms�4

3 v3h30h21h
2
20=2 for nbm > 1:

Proof. From the proof of the Theorem 3.5, we see that the connecting homomorphism
d1 : HsL1

1 ½t1� ! Hsþ1M 0
2 ½t1� is an injection for s > 2. By the naturality of the di¤er-

entials, we compute that for m > 1
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d1ðd3ðv2nt
2 v2ms

3 =2mþ1ÞÞ

¼ d3ðd1ðv2 nt
2 v2ms

3 =2mþ1ÞÞ

¼ d3ðv2 nt
2 v2ms�2

3 ðv3h30 þ h31ÞÞ

¼ v2 ntþ2
2 v2ms�4

3 ðv3h30 þ h31Þh3
20 þ v2 nt

2 v2ms�2
3 ðh21 þ v2h20Þh3

20:

And from

d1ðv2 ntþ3
2 v2ms�4

3 ððv3h30 þ h31Þ þ v�2
2 v2

3ðh21 þ v2h20ÞÞh2
20=2Þ

¼ v2 ntþ2
2 v2ms�4

3 ððv3h30 þ h31Þ þ v�2
2 v2

3ðh21 þ v2h20ÞÞh3
20;

we get the first Adams-Novikov di¤erential.
Note that, both v2 nt

2 v2ms�2
3 ðv3h30 þ h31Þ=2nþ1 for m > n > 0 and v2nt�2

2 v2ms
3 ðh21þ

v2h20Þ=2mþ1 for nbm > 1 are sent to

v2nt�2
2 v2ms�2

3 ðv3h30 þ h31Þðh21 þ v2h20Þ

by the connecting homomorphism d1 : H 1L1
1 ½t1� ! H 2M 0

2 ½t1�. From

d3ðv2 nt�2
2 v2ms�2

3 ðv3h30 þ h31Þðh21 þ v2h20ÞÞ

¼ v2 nt
2 v2ms�4

3 ðv3h30 þ h31Þðh21 þ v2h20Þh3
20

we get the second and the third Adams-Novikov di¤erentials from

d1ðv2ðv3h30 þ h31Þðh21 þ v2h20Þh2
20=2Þ ¼ ðv3h30 þ h31Þðh21 þ v2h20Þh3

20:

From d1ðv2 nt
2 v2ms

3 =2nþ1Þ ¼ v2 nt�2
2 v2ms

3 ðh21 þ v2h20Þ for m > n > 0 and

d3ðv2 nt�2
2 v2ms

3 ðh21 þ v2h20ÞÞ ¼ 0

we see that

d3ðv2 nt
2 v2ms

3 =2nþ1Þ ¼ 0: r

To compute the Adams-Novikov di¤erentials on the generators in fC1C1 and fC2C2, we
need some homologous relations in H �L1

1 ½t1�.

Lemma 4.4. In H �L1
1 ½t1�, we have the following homologous relations:
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v3h20=2 ¼ v2h30=2

v3h21h20=2 ¼ ðv2h30h21 þ v2v3h
2
20Þ=2

v2v3h21h31h20=2 ¼ ðv2
2h30h21h31 þ v2v

3
3h

3
20Þ=2

v2h31h20=2 ¼ ðh21h31 þ v�1
2 v2

3h21h20Þ=2

v2v3h31h20=2 ¼ ðv3h21h31 þ v2
2h30h31 þ v�1

2 v2
3h21h20Þ=2

v2v3h30h31h20=2 ¼ ðv3h30h21h31 þ � � �Þ=2:

Proof. Consider the connecting homomorphism d1 : H �L1
1 ½t1� ! H �M 0

2 ½t1�, we see
that an element x=2 ¼ 0 A Hsþ1L1

1 ½t1� if d1ðy=2Þ ¼ x. Now we have

d1ðv2v3=2Þ ¼ v3h20 þ v2h30:

Thus ðv3h20 þ v2h30Þ=2 ¼ 0, and this implies v3h20=2 ¼ v2h30=2. Similarly, from

d1ðv2
2h31=2Þ ¼ v2h31h20 þ h31h21 þ v�1

2 v2
3h21h20

we see that

v2h31h20=2 ¼ ðh31h21 þ v�1
2 v2

3h21h20Þ=2:

In the same way, we get all the others from the proof of Theorem 3.5. r

Lemma 4.5. For the elements x in fC1C1 and fC2C2, we have drðxÞ ¼ 0 for all r > 0 except for:

d3ðv3
3=2Þ ¼ v3

2h30h
2
20=2

d3ðv3
3h21=2Þ ¼ v3

2h30h21h
2
20=2 in fC1C1

d3ðv2v
3
3h21h31=2Þ ¼ v4

2h30h21h31h
2
20=2þ v3

2v
2
3h30h21h

3
20=2

d3ðv2v
2
3h31=2Þ ¼ v2

2h21h31h
2
20=2

d3ðv2v
3
3h31=2Þ ¼ v2

2v3h21h31h
2
20=2

d3ðv2v
3
3h30h31=2Þ ¼ v2

2v3h30h21h31h
2
20=2 in fC2C2:

Proof. Note that the elements in fC1C1 and fC2C2 are killed by 2 also. Then from the map
j1 : L2Tð1Þ=ð2; v1Þ ! L2Tð1Þ=ð2y; v1Þ and (4.1) we see that:
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d3ðv3
3=2Þ ¼ v2

2v3h
3
20=2

d3ðv3
3h21=2Þ ¼ v2

2v3h21h
3
20=2

d3ðv2v
3
3h21h31=2Þ ¼ v3

2v3h21h31h
3
20=2þ v2

2v
3
3h21h

4
20

d3ðv2v
2
3h31=2Þ ¼ v3

2h31h
3
20=2þ � � �

d3ðv2v
3
3h31=2Þ ¼ v3

2v3h31h
3
20=2þ � � �

d3ðv2v
3
3h30h31=2Þ ¼ v3

2v3h30h31h
3
20=2þ � � � :

In the last three Adams-Novikov di¤erentials, a detailed computation shows that
the � � � parts do not have v2h21h

2
20h31a=2 as a summand for a ¼ v2; v2v3 and v2v3h30

respectively. Thus from the homologous relations given in Lemma 4.4, we get the
lemma. r

Proposition 4.6. The homotopy group p�ðL2Tð1Þ=ð2y; v1ÞÞ is the tensor product of

Lðr2Þ and the direct sum of cCi, where

cC0C0 ¼ Z=2mfv2nt
2 v2ms

3 =2m j nbm > 1g

lZ=2nþ1fv2 nt
2 v2ms

3 =2nþ1 jm > n > 0g

lZ=4fv2t
2 v4sþ2

3 =4 j t A Zg

lQ=Zð2Þf1; v�2
2 h21g

cC1C1 ¼ K 2
� ½v4

3 �fv3; v3h21g

cC2C2 ¼ v2h31K
2
� ½v4

3 �f1; v3; v3h21; v3h30g

cC3C3 ¼ v2K
2
� ½v4

3 ; h20�=ðh3
20ÞnLðv3; h21Þ

l v2K
2
� ½v4

3 ; h20�=ðh2
20Þfh30; h30h21; v3h30h21g

lK 2
� ½h20�=ðh2

20Þfv2 ntþ3
2 v2ms�4

3 v3h30 j nbm > 1g

lK 2
� ½h20�=ðh3

20Þfv2 ntþ3
2 v2ms�4

3 v3h30 jm > n > 0 or m ¼ 1g

cC4C4 ¼ h31K
2
� ½v4

3 ; h20�=ðh3
20ÞnLðv3; h30Þ

l h31h21K
2
� ½v4

3 ; h20�=ðh2
20ÞnLðv3; h30Þ:
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Proof. From the above computations, we see that the E4-term E
s;�
4 for p�ðL2Tð1Þ=

ð2y; v1ÞÞ is zero for s > 5. Then we get the proposition, if all of the higher Adams-
Novikov di¤erentials dr ¼ 0 for r > 3.

Suppose d5ðv2 nt
2 v2ms

3 =2 lÞ ¼ h30h20r2h31y=2 for some y ¼ v2a
2 v4b

3 h21 or v2a
2 v4bþ1

3 h30

(Note that v2a
2 v4b

3 h30h
2
20r2h31=2 and v2a

2 v4bþ1
3 h30h21h20r2h31=2 have di¤erent inner de-

grees, and then these two generators are the only possibilities). Now map this to
L2Tð1Þ=ð2; v1Þ, we have a contradiction

0 ¼ d5ð0Þ ¼ v2a�2
2 v4b

3 h30h20r2h31ðh21 þ v2h20Þyþ � � � : r

Theorem 4.7. The homotopy groups of L2Tð1Þ=ðv1Þ are isomorphic to

p�ðL2Tð1Þ=ðv1ÞÞ ¼ Zð2Þl ðp�ðL2Tð1Þ=ð2y; v1ÞÞ �Q=Zð2ÞÞ:

Proof. From H �2�1BP�½t1�=ðv1Þ ¼ Q, we see that p�ðL0Tð1Þ=ðv1ÞÞ ¼ Q concentrated
in degree 0. Consider the long exact exact sequence of homotopy groups

� � � ! ptðL2Tð1Þ=ðv1ÞÞ ! ptðL0Tð1Þ=ðv1ÞÞ ! ptðL2Tð1Þ=ð2y; v1ÞÞ ! � � �

induced by the cofiber sequence

L2Tð1Þ=ðv1Þ ! L0Tð1Þ=ðv1Þ ! L2Tð1Þ=ð2y; v1Þ;

then we see the theorem. r

5 The homomorphism D1 and its application

Consider the maps D1 : HsL1
1 ½t1� ! Hsþ1M 1

1 ½t1� and D2 : HsM 1
1 ½t1� ! Hsþ1L1

1 ½t1�
given in (1.3). Then from the commutativity of diagram (1.2), we see that b=v1 A
im d1 : H �M 2

0 ½t1� ! H �M 1
1 ½t1� if D1ða=2 lÞ ¼ b=v1.

Lemma 5.1. From the connecting homomorphisms d1 : HsL1
1 ½t1� ! Hsþ1M 0

2 ½t1� given in
Section 3, we compute that:

D1ðv2 nt
2 v2ms

3 =2mþ1Þ ¼ v2nt
2 v2ms�2

3 v3h30=v1 for nbm > 0

D1ðv2 nt
2 v2ms

3 =2nþ1Þ ¼ 0 for m > n > 0

D1ðv2 nt
2 v2ms�2

3 v3h30=2nþ1Þ ¼ v2 nt�2
2 v2ms�2

3 v3h30h21=v1 for m > n > 0

D1ðv2 nt�2
2 v2ms

3 h21=2mþ1Þ ¼ v2 nt�2
2 v2ms�2

3 v3h30h21=v1 for nbm > 0:

Proof. Note that

D1ðv2nt
2 v2ms

3 =2nþ1Þ ¼ v2 nt�2
2 v2ms

3 ðh21 þ v2h20Þ=v1 for m > n > 0:
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and from the fact that v2nt�2
2 v2ms

3 ðh21 þ v2h20Þ=v1 is homologous to 0 in H 1M 1
1 ½t1�, we

see the second. The others come from direct computation.

Lemma 5.2. For i > 0, we list some of the elements in fCi that have non-zero images and

some of the others that have zero iamge under D1

D1ðv3=2Þ ¼ h30=v1 ¼ ðv�2
2 v3h21 þ c30 þ v�8

2 v4
3h20Þ=v1

D1ðv2v3h30h31=2Þ ¼ v�1
2 v3h30h21h31=v1

D1ðv2v
4tþ2
3 =2Þ ¼ v4tþ2

3 h20=v1

D1ðv2v
4nþ1tþ2�4 nþ4enþ2
3 h30=2Þ ¼ v4 nþ1tþ2�4nþ4enþ2

3 h20h30=v1

D1ðv2�4 nþ1tþ4 nþ1þ8enþ2
3 h31=2Þ ¼ v�1

1 v2�4 nþ1tþ4 nþ1þ8enþ2
3 h20h31=v1

D1ðv2v
4sþ3
3 h31=2Þ ¼ v2v

4tþ2
3 h30h31=v1

D1ðv2v
4sþ1
3 h31=2Þ ¼ 0

D1ðv2v3h21h31=2Þ ¼ 0

where c30 ¼ h30 þ v�2
2 v2

3h21 þ v�8
2 v4

3h20 that represents ~gg1 A H 1M 0
2 ½t1� and en ¼

ð4n � 1Þ=3.
For a A K 2

� ½v2
3 ; h20�nLðh21; h30Þ

D1ðv2v3a=2Þ ¼ v3h20a=v1 D1ðv3h31a=2Þ ¼ v�1
2 v3h20h31a=v1:

Proof. It is easy to get all of them from d1 : H �L1
1 ½t1� ! H �M 0

2 ½t1� except for the two
formulae that have zero image under D1.

From Lemma 3.3, we see that

D1ðv2v
4sþ1
3 h31=2þ v4sþ3

3 h20=2Þ

¼ v4s
3 ðv2h30h31 þ v�1

2 v1
3h31h21 þ v�2

2 v3
3h21h20 þ v2

3h30h20Þ=v1:

Notice that in [13, 6.5], the connecting homomorphism d2 : H �M 1
1 ½t1� ! H �M 0

2 ½t1� is
given as

d2ðv4 nþ1tþ3�4nþ4en�1

3 c30=v
a2nþ1

1 Þ ¼ v
2�4nð2tþ1Þ�4
3 c30c31 k > 0

d2ðv2�4 nþ1tþ4nþ1þ8en
3 c31=v

a2nþ2

1 Þ ¼ v
4nþ1ð2tþ1Þ�4
3 c30c31
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where c30 ¼ h30 þ v�2
2 v3h21 þ v�8

2 v4
3h20 and c31 ¼ h31 þ v�1

2 v2
3h20. We compute that

modðv2 � 1Þ

c30c31 ¼ ðh30 þ v3h21 þ v4
3h20Þðh31 þ v2

3h20Þ

¼ h30h31 þ v3h31h21 þ v3
3h21h20 þ v2

3h30h20 þ v4
3ðh31 þ v2

3h20Þh20:

Thus, we have

D1ðv2v
4sþ1
3 h31=2þ v4sþ3

3 h20=2Þ ¼ v4s
3 c30c31=v1 þ v4sþ4

3 c31h20=v1 ¼ 0

and

D1ðv2s
3 ðv2v3h31 þ v3

3h20Þðh21 þ v2h20Þ=2Þ

¼ v2s
3 ðc30c31 þ v4

3c31h20Þðh21 þ v2h20Þ=v1 ¼ 0

in H 2M 1
1 ½t1�. r

From the computation given as above, we get the submodules fA20A20 nLðr2Þ of
H �L1

1 ½t1� given in (1.5) and

ð5:3Þ fA21A21 ¼ K 2
� ½v2

3 �fv3=2; v2v3h30h31=2gnLðr2Þ

lK 2
� ½v4

3 �fv2v
2
3=2; v2v

3
3h31=2gnLðr2Þ

lZ=2fv2v
4t 0þ2
3 h30=2 j 4t 0 ¼ ð4tþ 2Þ4n þ 4en; n > 0gnLðr2Þ

lZ=2fv2v
8t 0þ2
3 h31=2 j 8t 0 ¼ ð2tþ 1Þ4nþ1 þ 8en; nb 0gnLðr2Þ

lZ=2mþ1fv2 nt
2 v2ms

3 =2mþ1; v2nt�2
2 v2ms

3 h21=2mþ1 j nbm > 0g

lZ=2nþ1fv2 nt
2 v2ms�2

3 v3h30=2nþ1 jm > n > 0g:

Note: We just know that there is the generator v2 nt�2
2 v2ms

3 h21=2mþ1v1 A H 1M 2
0 ½t1�, but

we do not know its order, for v2 nt�2
2 v2ms

3 h21=v1 not being a generator of H 1M 1
1 ½t1�.

Proof of Theorem 1.6. From [13], we see that for s > 3, HsM 1
1 ½t1� is the direct sum of

ðv3h20=v1K
2
� ½v2

3 ; h20�nLðh21; h30; r2ÞÞ
s l ðv2v3h31=v1K

2
� ½v2

3 ; h20�nLðh21; h30; r2ÞÞ
s

and

ðv2v3h20=v1K
2
� ½v2

3 ; h20�nLðh21; h30; r2ÞÞ
s l ðv3h31=v1K

2
� ½v2

3 ; h20�nLðh21; h30; r2ÞÞ
s:
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Notice that D1ðv2v3h30h31r2=2Þ ¼ v�1
2 v3h30h21h31r2=v1. Then from the Lemma 5.1 and

5.2, we see that the submodule

ðv3h20=v1K
2
� ½v2

3 ; h20�nLðh21; h30; r2ÞÞ
s l ðv2v3h31=v1K

2
� ½v2

3 ; h20�nLðh21; h30; r2ÞÞ
s

is contained in the images of d1 : Hs�1M 2
0 ½t1� ! HsM 1

1 ½t1�. For s > 3, ðfA20A20 nLðr2ÞÞ
s

is isomorphic to

ðv2v3h20=2v1K
2
� ½v2

3 ; h20�nLðh21; h30; r2ÞÞ
s l ðv3h31=2v1K

2
� ½v2

3 ; h20�nLðh21; h30; r2ÞÞ
s:

Thus we have the following exact sequence for s > 3

� � � ! HsM 1
1 ½t1� ! ðfA20A20 nLðr2ÞÞ

s ! ðfA20A20 nLðr2ÞÞ
s !d1

Hsþ1M 1
1 ½t1� ! � � �

From [8, Remark 3.11], we see that ðfA20A20 nLðr2ÞÞ
s ¼ HsM 2

0 ½t1� for s > 3, and then
Theorem 1.6 follows. r

Let Tð1Þ=ð2yÞ be the cofiber of the localization map Tð1Þ ! L0Tð1Þ and
Tð1Þ=ð2y; vy1 Þ be the cofiber of the localization map Tð1Þ=ð2yÞ ! L1Tð1Þ=ð2yÞ.
From Lemma 2.1, we have the map v1 : S2Tð1Þ=ð2yÞ ! Tð1Þ=ð2yÞ which induces v1

for the BP�-homology. Consider the following commutative diagram

S2Tð1Þ=ð2yÞ ���! L1S
2Tð1Þ=ð2yÞ ���! S2Tð1Þ=ð2y; vy1 Þ???yv1

???yv1

???yv1

Tð1Þ=ð2yÞ ���! L1Tð1Þ=ð2yÞ ���! Tð1Þ=ð2y; vy1 Þ:

Then the 3� 3 Lemma shows that the fiber of v1 : S2Tð1Þ=ð2y; vy1 Þ ! Tð1Þ=ð2y; vy1 Þ
is the cofiber Tð1Þ=ð2y; v1Þ of

v1 : S2Tð1Þ=ð2yÞ ! Tð1Þ=ð2yÞ:

Therefore we have a cofiber sequence

L2Tð1Þ=ð2y; v1Þ !
j2

L2S
2Tð1Þ=ð2y; vy1 Þ !

v1
L2Tð1Þ=ð2y; vy1 Þð5:4Þ

which indices the short exact sequence

0 �! L1
1 ½t1� �!1=v1

M 0
2 ½t1� �!M 0

2 ½t1� �! 0:

Then from the naturality of the Adams-Novikov spectral sequences, we see that for
a A K 2

� ½v4
3 ; h20�nLðh21; h30; r2Þ

p�ðL2Tð1Þ=ðv1ÞÞ and its applications in computing p�ðL2Tð1ÞÞ at the prime two 145



d3ðv2v
3
3a=2v1Þ ¼ v3

2v3ah
3
20=2v1 drðv2v3a=2v1Þ ¼ 0ð5:5Þ

d3ðv3
3h31a=2v1Þ ¼ v2

2v3h31ah
3
20=2v1 drðv3h31a=2v1Þ ¼ 0:

Note here the elements h30, h31 and r2 are replaced.

Lemma 5.6. For the generators in fA21A21 we have:

d3ðv2 nt
2 v2ms

3 =2mþ1v1Þ ¼ v2ntþ3
2 v2ms�4

3 v3h30h
2
20=2v1 nbm > 1

d3ðv2 nt
2 v2m�2

3 v3h30=2nþ1v1Þ ¼ v2 ntþ1
2 v2ms�4

3 v3h30h21h
2
20=2v1 m > n > 0

d3ðv2 nt�2
2 v2ms

3 h21=2mþ1v1Þ ¼ v2 ntþ1
2 v2ms�4

3 v3h30h21h
2
20=2v1 nbm > 1

drðv2v3h30h31=2v1Þ ¼ 0

d3ðv2v
3
3h30h31=2v1Þ ¼ v2

2v3h30h21h31h
2
20=2v1

d3ðv2v
3
3h31=2v1Þ ¼ v2

2v3h21h31h
2
20=2v1

drðv3=2v1Þ ¼ 0

d3ðv3
3=2v1Þ ¼ v3

2h30h
2
20=2v1 ¼ v2v3h21h

2
20=2v1

d3ðv2v
2
3=2v1Þ ¼ 0

d3ðv2v
2
3h30=2v1Þ ¼ 0

d3ðv2v
2
3h31=2v1Þ ¼ 0:

Proof. All of the Adams-Novikov di¤erentials come from Lemma 4.2, 4.3, 4.5 and
the map j2 : L2S

2Tð1Þ=ð2y; v1Þ ! L2Tð1Þ=ð2y; vy1 Þ except for the last four.
In C �Sð2ÞM

2
0 , we have

dðv2v3t3 n t2
2=2v2

1Þ ¼ v2t3 n t2
2 n t2

2=2v1 þ v2v3t2 n t2 n t2
2=2v1:

Thus v2h30h
2
21=2v1 ¼ v3

2h30h
2
20=2v1 ¼ v2v3h21h

2
20=2v1, then from Lemma 4.5,

d3ðv3
3=2v1Þ ¼ v3

2h30h
2
20=2v1 ¼ v2v3h21h

2
20=2v1:

From dðv2v3t
2
2 n t2=2v2

1Þ ¼ v2t
2
2 n t2

2 n t2=2v1, we see that v2h
2
21h20=2v1 ¼ v3

2h
3
20=2v1

¼ 0. Thus

d3ðv2v
2
3=2v1Þ ¼ v3

2h
3
20=2v1 ¼ 0:
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From dðv2v3t3 n t2
2 n t2=2v2

1Þ ¼ v2t
2
2 n t3 n t2

2 n t2=2v1 þ v2v3t2 n t2 n t2
2 n t2=2v1

we see that v3
2h30h

3
20=2v1 þ v2v3h21h

3
20=2v1 ¼ 0. Then from (4.1), we have

d3ðv2v
2
3h30=2v1 þ v�1

2 v3
3h21=2v1Þ ¼ v3

2h30h
3
20=2v1 þ v2v3h21h

3
20=2v1 ¼ 0:

Replace v2v
2
3h30=2v1 by v2v

2
3h30=2v1 þ v�1

2 v3
3h21=2v1 and then we see that its Adams-

Novikov di¤erential is zero.
Similarly we see that

d3ðv2v
2
3h31=2v1Þ ¼ v3

2h31h
3
20=2v1 þ v2

2v
2
3h

4
20=2v1 ¼ 0: r

Proof of Theorem 1.7. Notice that

d3ðv2v
3
3h30h31r2=2v1Þ ¼ v2

2v3h30h21h31r2h
2
20=2v1:

Then from (5.5), we see that the E4-term Es;�
4 of the Adams-Novikov spectral sequence

for computing p�ðL2Tð1Þ=ð2y; vy1 ÞÞ is zero for s > 5. The theorem follows. r
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