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Abstract It is proved that (i) for p 25, 2 << s<Cp -1, k 22, ;.Q,hoh,., survives to Eo; (ii) for p =7, 3
Ls<p-1, k23, ¥,hohs,, survives to E ..
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The stable homotopy ring has long been an important problem of algebraic topology. Low-di-
mensional computation made little progress and hardly gave an insight into =%, (s°). In recent
years, however, infinite families of elements of x*, (s°) have been discovered! ™). In this paper,
we will prove the convergence of some a‘™hgh,, and then get infinite families of non-zero ele-
ments in the stable homotopy groups of spheres.

Reference (6] gave a proof of the convergence of aPhoh,. But that proof was based on the
convergence of hohi!”'. Recently the proof for the convergence of hgh, was demenstracted to be
wrong' 7! (i.e. the convergence of hoh, is uncertain), and so the proof for the convergence of al™
hoh, is not completed. In this paper, using the convergence of kb, in ref. (8] instead of the con-
vergence of hgh, and the viewpoint of the Greek letter families in the classical Adams spectral se-

quence we will prove the convergence of some a‘™hyh,.
1 Preliminaries

Let p be an odd prime, let A be the mod p Steenrod algebra, let e: A —>Z, be the aug-
mentation of A, and let A = kere be the augmentation idea of A. Let A" be the dual of A.
Then as a Hopf algebra,

A" = P[&,&, " 1®Elzg, 71, 72,
and the coproduct A:A" —> A" @ A" induced by the producf @: AQA —>A in A is given
by

n

alg)= D e . ®e¢,

=0

Alr,)= 7, ®1+ 255—.‘@1%

i=0
where §,=1.

Let M, N be modules of the Steenrod algebra A, and let gpr: AQM —M, ¢n: AQN
—N be the A module structures of M, N. Then their duals M*, N"* have natural A"
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comodule structure. l.et

d,
o —> B, (M) —>B,(M) — + —> Bo(M) —>M —0
be the bar-resolution of M, where B,(M) = AR A ® - ® A ® M, the elements in B,( M)
Nl <A S

s

is denoted by ala, ! a, | -+ | a, | ]m, and its differential 4, is given by
s=1
dlayla; ) - lag 1) =alazt 1 a,]+ Z(— l)l“)[al bl agieq | = a,lm,
i=1
- (_ 1)&(3—1)[(11 [ eee | a_‘_l]asm,

A(i) = i + 2 deg a;. Let
-1

C'(M,N) = Homy(B,(M), N ) =NRA" @ - RA" " QXM"
and 8, =d. be the coboundary induced by d,. Then the elements in C*( M, N) may be denoted

by nla; | ay | - | a, | 2. Suppose that A has Z,-basis {61 ,c1and A" has dual basis {6, },¢;.
Then &, is given by
Snlay | ' a)lp = Eoﬁan[éx Lap | | a,l]p
- Z(— 1)5(.‘)”[01 Lo lah || oo i ax];z
i=1
- (=D VYylay | = | a, a’ly’,

where
A(i)= i + dega, + ++* + dega;,
A{s +1)= s + 1+ degay + -+ + dega, + dega’,
and A(q;) = Ea}@a?, Ap) = Ea'®y'are given by the coproduct in A" and M " re-

spectively. So we get a cochain complex

0—= C'(M.N) —% C!(M, N) — - —> C'(M, N) —>C""'(M, N) —> -~
and "' (C(M,N),8) = Exty'(M,N).

For finite spectra X, Y, if H" (X, Z,) = M, H*(Y, Z,) = N, then we have the
Adams spectral sequence i E}'*, d,{ with its E;-term E5¥‘ = Exty‘ (M, N) that converges to
Ly, Xx],.

Let M, N, L be three Amodules. Then we have product in cochain complexes

A:C(N,L)® C(M,N)— C**(M, L)
given by
(Ulay I 1 a,J))An[B 11 Blow) B {pynyilay | Lag | By | B lw,
where (g, n) is the value of n under the map #: N —>Z,. And then A induces
Ext3(N,L) ®Exti(M,N) — Ext}"*(M.L).

For any A modules M, N, Ext;‘(M, N) is computable in theory. But because C*( M, N)
has too many generators, the computation of Exti (M, N) becomes impossible. Zhou introduced
order to C**(Z,, Z,), and then he found an acyclic subcomplex B() in C*‘(Z,, Z,) such
that!?!

C'(Z2,.Z,)/B(0) = Plzg, 1,1 @ Plb(i,5)si =1, j =0]
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@ EL&5 i>1, j=0].
And thenExty'(Z,, Z,) = H"'(C(Z,,Z,),8) = H"*(C(Z,, Z,)/B(),d) where § is the
coboundary induced by 3.

2 Greek letter families in the classical Adams spectral sequence

After giving some basic knowledge about the homological algebras, we will introduce the
Greek letter families in the classical Adams spectral sequence and their relationship to that in the
Adams-Novikov spectral sequence.

Let n=>1 be a positive integer, and let E(»n — 1) be the torsion part of the Steenrod A gen-
erated by Qq, Qi, ", Q,-1> i.e. E(n—1) = E[Qq, Q1, ", Q,-1]. Let iQ;“Qell"'Qz'ill Iy
where ¢; = 0 or 1] be the Z,-basis of E(n — 1), and let irg’rel"“z'i;'jl fe; =0 or 1} be the dual
basis of E(n —1)" . Then we have a short exact sequence

Q.
0—>3'%E(n -1) —>E(n) —E(n - 1) —0,
where Q, is product Q, on the right side, and m is the natural projection. And that exact se-

quence represents an element in Exty * (E(n —= 1), E(n - 1)).
Consider the bar-resolution of E{(n —1) and the following commutative digram:

> AQA®E( -1 -S> A®E( -DEFE(n-1) —0
v U, Ve, (1R 1) [
0—  3%E(n-1) —  E(n) —E(n-1) —>0
where ¢, 1: AQE(n —1)—>E(n—1) is the A module structure of E(n —1).
Denoting ¢,,: A ® E(n) —> E(n) the A module structure of E(n), we get a Z, module
mapi: E(n — 1) —> E(n) such that # + i = 1g(,-1), and i induces A module map

ARE -1) 2L A @E() TE(n).

It is easy to show that

ARE(n-1) =3 E(n-1)—0
Vo, (1& 1) I
E(n) > E(n-1)—0

commute with each other.

From the definition of d{, we know that
0, (1® Ddy = 0,1 R i) = ig, 1:AR E(n —1)—> E(n)
im[g,(1® i)d;] = imQ, = E(n —1), and {QB"Q?‘"QZ’:‘IQ" | e; = 0 or 11 is a Z, basis of
imQ, , while ir;""' ri;"}l | ¢; = 0 or 1} is the dual basis of imQ, . Meanwhile, we note that

Al € € € € ' .
Z Q- Q1 Q,[ ot r,] = 1:imQ, — imQ,.
(egore, )

2. (1@ )d = X, Q- QrQu ey i, (e, ® i) - i, 1)
)

(egorroe

2R QL ], (1® ).
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We can choose v, as
- Z Qeo...Qi:;:llQ [z-sﬂ...ren—l T"]¢n(1 & i)

= 2Q Q@i e, (rproiz,).

i " is given by i * (z,) =0.

Consider j = 1[]1 € Ext4(E(n - 1),2,), $ = QoQ; Q,-1[11 € Ext4(Z,, E(n - 1))
and define jAv,Av, A Av,A$ = o € Exty " (Z,, Z,).

Theorem 1. For n<p, s%0, 1,**, n—1 mod p, ;E")#:O is called the n-th Greek letter
family element in Exti. n=1,2,3, a'" are denoted by as, ,f?s, Y, respectively .

Proof. As we know, j; = 1[]1, and for (eq, €1, "5 6,0 7 (0, 0, -, 0), (1,
QZ""'QZ:Q = (. If we denote

1®it

E(n)” "**A RE(n-1)——A*"RE(n-1)%,
by&then
n-1
jAv,= 1z, 01+ D> 1[& ]
= 1[1A(z,)
and
n+1
jAv,Av, = 1[7,]1A(z,) + }]1[ & 1A(zz,).
Because $ = Qo' Q,1[]1, in jA v, A Av,, only the elements of the form 1[8; | -+ |
Nl

8,179 " 7,_1 have non-zero product with ¢. And then, although a‘® = jAv, A+ Av,A$ is very

complecated modular B(), the largest word"®! in a{™ is

Loy | oy | & | & | | gt ],
Considering where &,, e'; SRS 1".’1 come from, we will find that
= n),[r oz, & 1 & 11 & ]+ - modB(o0).
For n < p, s#&0, 1, -, n —1 mod p, if the coboundary of [x; | z, | = | x,q]

€ CZ,,Z,)/B(°) contains [z, | === | 7, | & | =+ | €], then there should be s — n w's
in zy, x,',x, | and each k; should be no less than n. Meanwhile, each k; should not be
greater than n, otherwise the degree of T, will be greater than deg[z, | &, | ==+ | 6’{"_1]. So [ x4
Jx ]l =le, Ve, tx; || z,_1], and z{, Z2,"**, T, are elements in P{6(i, 7);
i1, j>01@EE; i=1, j=0].
Suppose that degz; = 2(p — 1)(aup® + =* + ay,p + ag;). Thenaj; =0orl, and

n—1 n—1 n—1
deglzy | 1z, 4] = 2(p ~ 1)Hzaki T Eau P+ ana}
i=1 i=1 i=1
= deglg, | (& 1=20p-Dlnp" 4 (n=1)p" 2+ +2p +1].

That is impossible, because n< p, and E a(n-1y;i == n — 1 should never be n. That is to say,
i=1
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fe, 11, | &1 --~B&"fﬂ] is not contained in any coboundary of the elements in C’_'(Z,,
Z,)/B(o).

After giving the Greek letter families in the E,-term of the classical Adams spectral
sequence, we will discuss their relationship to the stable homotopy elements a,, £, 7;.

As we know, for n<<3, p==7, the cohomological module E(n) has geometric realization V
(n)0%15 e H*(V(n); Z,) = E(n), and we have the following cofibration sequence:

S0 - 1) == V(n - 1) —= V(n) —= SXDHy () —
and this colibration sequence induces a short exact sequence

0— H*(3**"V"'V(n -1); 2,)—> H*(V(n); Z,) — H* (V(n -1); Z,) —0

I I l
00— S'%E(-1) — E(n) — E(n-1) —0
So in the classical Adams spectral sequence, v, : STV Y (1) — V(n-1)is represented
by v, € Exty "(E(n = 1), E(n — 1)) (i.e. v, survives to stable map v,).

It is easy to show that j: S®— V(n — 1) is represented by j € Ext4 (E(n - 1), Z,), and
$:V(n-1)—>S'%" %' is represented by $ € Exl?q(Zp, E(n —1)). So we have the follow-
ing result.

Theorem 2. . For sZ0, 1, -, n—1 mod p, the stable homotopy elements a;, B,, 7,are
respectively represented by ;,, ,Z?,, 5'5 in the classical Adams spectral sequence .

Proof. From the definition of a,, f;, 7, and the properties of the classical Adams spectral
sequence.

3 The convergence of a!" hyh,

In the classical Adams spectral sequence, for £==>2, hob, = b(1, k)X &, € Ext3( Z,,Z,)

(8}

survives to non-zero homotopy element {, of order »'*'. Considering the following lefting dia-

gram:
s Lo 50— M
Ve ¥
598"

and the homeomorphism n " : Exty' " (Z,, Z,) —> Exty' " (Z,, H* (M, Z,)) induced by x:
M — S, we have the following lemma.

Lemma'®).  In the classical Adams spectral sequence, the lefting p, is represented by

n* (hohy) in Extk " (Z,, H" (M, Z,)).
As we know, hohy = [efl’m | &1, and r: M —S" induces homeomorphism = * : H"* (S!)
k+1
_’H‘(M),"’(1)=Qo- Then N“(hohk+1)=Qo[$€ |$1]
Considering the following composition of maps:
SZS(/)" 1) » EZs(p"-l)V(n _ 1) v",v(n _ 1) h, ZIQl'“Q"_llM #‘, - SO,
we know that $, induces non-zero map ¢ : 2 4% 'E(0)—=E(n — 1), and then $, is repre-

sented by
;1 6 Ext?\,*(E(O)’ E(n - 1))$
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where $; = Q- Q, [ 11 + QoQ1Q,-1[1z4. So g9, is represented by
-~ - ~ k+1
AT (hohgi1) = $rhohgy = QoQu Q.1 [&] 1| &1

Theorem 3. (1) For p==5, 2<s<<p—1, k=2, Bhohs+, survives to E.

(2) For p=7, 3<s<p—1, k=3, ¥, hohy+1 survives to Eo.

Proof. From above, we know that, for n = 2, 3, jAv,AAv,A$1Arn* (hohysy)
= a'"hohys,. And then the theorem follows if we have proved that a'™hohy 17 and it is not
the differential of some h € E,.

For (1), see the proof of Theorem 2 in reference {6].

For (2), suppose that the r-th differential of o = a[xy | 25 | =+ | , ] + *+in C7"*3(Z,,
Z,)/B() is Yhohys1, where z; is one of 74, E{’], or b(k;, j), and » =1 means that its
coboundary is 7/iohs+1. Then 1<m<(s — r + 1< p. Soppose that degz; = 2(p — 1)(az.1p**’
ot agpt tanp’ + o+ ay) + b;, where a; = 0orland for x; =1, , b;=1, otherwise b;
=0. So we have

m

+Zb,—

i=1

degh = 2(p — 1) Py »?+ b+

m m m
Z Aik+1 Z a; Z a;i
i=1 i=1 i=1

:2(P—1)(Pk+1+SP2+(s—1)p+(s—1))+s—n—-r+1.

m
Zaio
i=1

First of all, we know that s — n — » + 1220, otherwise p > Z b, =2(p-1)+s-n—-r
i=t

+ 1= p. And then
Zbi=s—n—r+120.
i=1

Meanwhile, from m <p and q;=0 or 1, we know that Ea,-k“ =1, Zai3 = 0, and

Zaiz = 5. Soin Ty, Tas 'y Lms
m—1

there should be a E‘?“l or (1, k). Suppose that z,, is so. Then Z aps = s<<m — 1, and from

i=1
m < s — r + 2, we know that, for r=2, these x{, "', Z,, -1, Z,» do not exist.

k+1 -~ e+l
Asfor r=1and z,,, =& , if the coboundary of h =[z;|*** | z,| & ] contains the first
term

[es 1o I ea 1 &1 8180 180 18]
of Yhohg+1, then, from Zalg = 0, we know that there are
s—3ta’sin xy, v, x,, ice. B o= (73| = | 74 | &’l’m | 2y | 2 | x3].
Sodeglz | ;1 23] =2(p - 1)(3p* +2p +2) and x; = E{’;‘ That is impossible unless two &;°

s are allowed to appear.
From the Thom map &:Extip’ pp(BP«,BP.) — Ext3"(Z,,Z,), we know that

B(Byt/ 1) = hohery, D(By) = [& | 8] = B, (see ref. [4]) while Bhohssy 7 0. So from
O(ByBt/st-1) = Bahohysr, we know that B84/ 4 170.
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