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Abstract 11 is pmved that ( i )  for p > 5, 2 < s < p - 1, k > 2, ~ , h o h , , ,  survives to E,; ( i i )  for p 2 7. 3 
.< .$ < p - 1, k > 3.  Y , h o / r , , ,  survives to E m .  
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'The stable homotopy ring has long been an important problem of algebraic topology. Low-di- 

mensional computation made little progress and hardly gave an insight into zS* ( s o ) .  In recent 

years, however, infinite families of elements of zS, ( s o )  have been In this paper, 
- ( we will prove the cunvergence of some a ,")hohk, and then get infinite families of non-zero ele- 

ments in the stable homotopy groups of spheres. 

Reference [ 6 ]  gave a proof of the convergence of aS2)hohk. But that proof was based on the 

convergence of ho hk['I1 . Recently the proof for the convergence of ha hk was demenstracted to be 

wrong[" ( i .  e .  the convergence of ha hk is uncertain), and so the proof for the convergence of a!") 

ho hh is not completed. In this paper, using the convergence of ho bk in ref. [8] instead of the con- 

vergence of hohb  and the viewpoint of the Greek letter families in the classical Adams spectral se- 

quence we will prove the convergence of some a ln)ho  hk . 

1 Preliminaries 

Let  p be an odd prime, let A be the mod p Steenrod algebra, let e :A - Z p  be the aug- 

mentation of A ,  and let A = kere be the augmentation idea of A . Let A ' be the dual of A . 
Then as a Hopf algebra, 

A '  = P[CI,C~;..I@E[TO. r1, r2,"'1 

and the coproduct A : A ---+ A ' @ A ' induced by the product 9: A@A -A in A is given 

by 

8 = 0 

where to = 1. 
Let M, N be nlodules of the Steenrod algebra A ,  and let 9~ : AOM -M, 9~ : AON 

-N be the A module structures of M, N .  Then their duals M , N u  have natural A ' 
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comodule structure. I,et 
d .  ... __) B , + l ( M )  -+B,(M) - ... - B ~ ( M ) & M - O  

be the bar-resolution of M ,  where B,( M )  = A @I A @ @I @ M, the elements in B,(M) 
7 

is denoted by u [ a  1 u 2 1 ... I u, I 1 l a ,  and its differential d, is given by 
r-1 

d , [ a l  I I "' I us I I = a l [ u 2  I ..- I us]  + x ( -  l ) A ( i ) [ a l  1 - - -  I a,ai+l  I -.. I a,] m, 
i =  1 

- ( -  1)i(s- l )  [ u l  I ... I ~ , - ~ ] a , r n ,  

A(i) = i + deg a , .  Let 
1 - 1  

C 5 ( M , N )  = H o m A ( B s ( M ) , N )  2 N @ A *  @ . . . @ A '  @ M *  
and 6, = d ,' be the coboundary induced by d, . Then the elements in Cs ( M ,  N ) may be denoted 

by n [ a l  I a2 I .'. I a, lip. Suppose t ha t i i  hasZp-bas is{OAIAE,andA* hasdual basis leAIAEI.  

Then 6, is given by 
- 7 

8 , t 1 [ a ~ I . . . ' a , I , u = )  f ? A n [ 8 A I a l I . . . I a , I ] p  
02 

where 

A( i )  = i + degal + ... + dega:, 

A ( . $  + 1 ) =  s + 1 + degal + + degas + dega', 

a n d A ( a i )  = x a : @ a : ,  A(,u) = L\a '@,u fa reg ivenby  themproduct in A '  and M *  re- 

spectively. So we get a cochain complex 

60 6, o- c('(M,N)- c ~ ( M ,  N )  -...- c,(M, N)-C+~(M,N)- . - .  

and W " ( ( ' ( M ,  N), 6 )  = E x t i l ( M ,  N ) .  

For finite spectra X .  Y, if H * ( X ,  Z,,) = M ,  H * ( Y ,  2,) = N ,  then we have the 

Adams spectral sequence i E;' ' , dk I with its E 2  - term E'i ' = E x t i  ' ( M, N)  that converges to 

[ Y .  XI, .  

Let M,  ,V, L be three Amodules. Then we have product in cochain complexes 

A : C S ( N ,  L )  @I C ' ( M ,  N)-  C + ' ( M , L )  

given by 

(L[al  I I a , l , u ) A ( n [ ~ ~  I I ~ ~ l w )  + ( , u . n > l [ a l  I - 0 .  I a, I P ~ . . .  I pr]w, 

where (,u, ?I) is the value of n under the map p : N -2,. And then 2 induces 

ExtA(N. I . )  @Extf ,(M, N)-ExtAt'(M. L ) .  
For any A modules M, N ,  Ext; ' ( M ,  N )  is computable in theory. But because Cs ( M, N )  

has too many generators, the computation of Ex t i  ' ( M ,  N) becomes impossible. Zhou introduced 

order to C. ' ( Zp , 2, ) . and then he found an acyclic subcomplex ( ) in C. * ( Zp, Zp ) such 

thatLv1 

(:"'(Z,. Z , , ) / B ( ~ )  = P [ r o ,  rl;..] @ P [ b ( i ,  j ) ; i  >, 1 ,  j 2 O ]  
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B E [ & ;  i > I ,  j > O ] .  

And thenEx t i t (Zp ,  Z p )  = HS"(C(Zp,  Zp) ,  8 )  H S s t ( C ( Z p ,  z ~ ) / B ( ~ ) ,  6 )  where 6 is the 

coboundary induced by 6.  

2 Greek letter families in the classical Adams spectral sequence 

After giving some basic knowledge about the homological algebras, we will introduce the 

Greek letter families in the classical Adams spectral sequence and their relationship to that in the 

Adams-Novikov spect rai sequence. 

Let n >l be a positive integer, and let E ( n - 1 )  be the torsion part of the Steenrod A gen- 

eratedby QO, Q1:.., Qn i .e.  E ( n  - 1) = E I Q o ,  Q1;.., Q,-11. Let {Q?Q:...Qf:; I ,  

 where^, = O o r l /  b e t h e Z p - k i s o f E ( n - I ) ,  andlet 1r?r',l.*-r::\ I ei = O o r l \  bethedual 

basis of E (  n - 1) * . Then we have a short exact sequence 

Q" 
0 + 2 ' ~ - ' ~ ( n  - 1 ) - E ( n ) L E ( n  - l ) - - + O ,  

where Qn is product Q, on the right side, and n is the natural projection. And that exact se- 

quence represents an element in ~ x t f i  * ( E ( n - 1 ) , E ( n - 1 ) ) . 
Consider the bar-resolution of E ( n - 1 )  and the following commutative digram: 

O - 2 Q . ' ~ ( n  - 1 )  E ( n )  t ~ ( n  - 1 )  -0 

where ? , - I :  A B E ( ~  -1)-E(n-1)  i s t h e A  modulestructureof E ( n - 1 ) .  

Denoting (P, : A @ E ( n ) - E ( n ) the A module structure of E ( n ) , we get a Zp module 

m a p i :  E ( n  - l ) - E ( n )  such that T .  i = l E ( n - l ) ,  and i inducesA modulemap 
1 @ i  

A @ E ( n  -1)- A 0 E ( n ) 5 ~ ( n ) .  

It is easy to show that 

E ( n )  
n - E ( n  - 1)-0 

commute with each other. 

From the definition of cl we know that 

( ~ ~ ( 1  @ = p n ( l  @ i )  = icpn-l:A @ E ( n  - 1 )  - E ( n )  

i m [ F , ( l  @ i ) d l ]  = imQ,, 2 E ( n  - I ) ,  and 1 Q~Q~..*Q>::Q,  I ti = 0 or 11 is a Zp basis of 

imQn , while { r2 ... rE,; I E ,  = 0 or 1 1 is the dual basis of imQz . Meanwhile, we note that 
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- 
We can choose vn as 

Gn = C Q',"... Q'R-' n - 1  Q, [ r 2 e . a  T::: rn ] 9,, (1 @ i )  

- - C Q ? - . . Q ~ ~ - I ( I  n-1 8 i*)Y)i(r(oO...r>l:rn). 
. * 
1 isgivenby i " ( r , ) = O .  

~ o n s i d e r j  = 1111 E ~ x t i ( ~ ( n  - I ) ,  Zp) ,  ? = QOQ1...Qn-l[]l  E E X ~ ; ( Z * , E ( ~  - 1 ) )  
--- -- - -- -- 

and define jAv,Aw,A---nu&+ = a!n) E EX~; * (Zp,  Zp) .  

Theorem 1 .  For n < p,  ~ $ 0 ,  1, n - 1 mod p ,  a j n ) # O  is called the n-th Greek letter 
family element in Exti . n = 1 , 2 , 3 ,  a: n, are denoted by a,, P, ,  y, respectively. 

Proof. As we know, j = 1 [ 11, and for ( E ~ ,  E ,, ..., # (0, 0, ..., O), (1, 

Q: QEn-l n -  1 ) = 0 .  If we denote 

1 @ i *  
E ( n ) *  L ~ "  @ E ( n  - 1 ) "  - A *  @ E ( n  - l ) " ,  

by & then 

and 
n + l  

jAGJGn = 1 [ r n ] Z ( r n )  + x l [ ~ I 1 ] Z ( r i r n ) .  
-- - - t = o  

Because $ = Qo-. '  Qn [ ] 1, in jA v,J ..+A;, , only the elements of the form 1 [dl  I .-. 1 
v 

O, ]  ro... r ,  I have non-zero product with 3 .  And then, although am) = jxi,ji *..x;,,ii? is very 

complecated modular B ( co ) , the largest word[91 in a i n )  is 

" - 1  

Considering where f: ,, --.  , 8.a come from, we will find that 

n - S !  
a ,  - 

( S  - n) !  
l r ,  I ... 15, 1 En I d-l I 1 @ n - l l + . . - m o d B ( ~ ) ,  

For n < p ,  ~ $ 0 ,  1, ..., n - 1 mod p ,  if the coboundary of [x l  1 x;! I -.- I xs-l] 
n - 1  

€ e - l ( z , , z , ) l B ( ~ )  contains[r, I ..- I rn I En I ..- 18 I ,  then thereshouldbes-  n r b ' s  

in X I ,  x2, "', x2^, 1 and each k, should be no less than n .  Meanwhile, each k, should not be 
n - 1  

greater than n ,  otherwise the degree of r k  will be greater than deg[ r, I En I I @ 1. So [zl 

I ... I x , . -~ ]  = [ r , ,  I - . a  I r n  I x1 I "' 1 ~ ~ - 1 1 ,  and X I ,  5 2 , " '  ,x,-1 are elements in P [ b ( i ,  j ) ;  

i 3 1 ,  j > 0 ] @ ~ [ e ' ;  i > 1 ,  j > , O ] .  

Suppose that degz, = 2(  p - 1 )  ( akipk + + a lip + aoi 1. Then aji = 0 or 1 , and 

= deglt. I ..- I en-'] = 2 ( p  - l ) [ n p n - I  + ( n  - l ) p n - '  + + 2 p  + 11. 
"-1  

That is impossible, because n < p, and x a c,  -1) < n - 1 should never be n . That is to say, 
1 = 1 
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[ rn I ... 1 T. I en 1 ... B ~ T - ' ]  is not contained in any coboundary of the elements in c'-'(z,, 

~ * ) / B ( w ) .  

After giving the Greek letter families in the E2-term of the classical Adams spectral 

sequence, we will discuss their relationship to the stable homotopy elements a,, P,, 7,. 
As we know, for n <3, 1 2 7 ,  the cohomological module E ( n ) has geometric realization V 

(n) [ lO ' l l l  i - e .  H *  ( V ( n ) ;  2,) = E ( n ) ,  and we have the following cofibration sequence: 
V" 2 2 ( ~ ' -  1 )  V( - 1 )  - V(  - 1)  - V(  n )  c 2 2 ( p R - ' ) + '  V ( n  - 1 )  

and this colibration sequence induces a short exact sequence 

od  H e  ( C ' ( ~ " -  1 ) - 1  V ( n  - 1 ) ;  2 , ) - H * ( V ( n ) ;  Z p ) - H * ( V ( n  - 1 ) ;  Zp)-O 

I I I I II 
0- c ' ~ - ' E ( ~  - 1 )  - E ( n )  - E ( n  - 1 )  -0 

So in the classical Adams spectral sequence, V, : z ~ ( P * - . ' )  V (  n - 1 )  -+ V (  n - 1 )  is represented 

by in € Ext!< ' ( E ( n  - I ) ,  E ( n  - 1 ) )  ( i . e .  in survives to stable map v , ) .  

It is easy toshow that j :  Su+ V ( n  - 1 )  is represented byf E E X ~ ; ( E ( ~  - I ) ,  Z,), and 

# : V ( n  - 1 ) - ~ ' ~ o " ' ~ n - l '  is represented by $ E EX~;(Z,, E ( n  - 1)) .  So we have the follow- 

ing result. 

Theorem 2. . For ~ $ 0 ,  1, 0 - 0 ,  n - 1 mod p, the stable homotopy elements a,, p,, 7, are 

respectively reprrsented by a,, P, ,  $, in the classiccll Adams spectral sequence. 

Proof. From the definition of a,, P,, Y, and the properties of the classical Adams spectral 

sequence. 

3 The convergence of sin) hO hL 

In the classical Adams spectral sequence, for k 2 2 ,  ho bk = b ( 1, k ) @ e l  E ~ z t ~  ( Z,, Zp ) 

survives to non-zero homotopy element ch of order plR1. Considering the following lefting dia- 

gram : 

and the homeomorphism a " : E x t i '  ' (Z,, 2,) - E x t i '  (Z,, H (M,  Zp) )  induced by a: 

M AS' ,  we have the following lemma. 

~ernrna~'].  In the classical Adams spectral sequence, the lefting ,uk is represented by 

n *  ( h o h k )  in ~ x t ;  " (Z,, H *  ( M ,  Z p ) ) .  
k t 1  

Asweknow, h o h k = [ g  I E l ] , a n d a :  M - S ' i n d u c e s h o m e o m ~ r p h i s r n n ~ : ~ * ( ~ ~ )  
k + 1  

- H * ( M ) ,  n" ( l ) =  Qo. Then a *  ( h o h k + l ) = Q o [ g  I & ] -  
Considering the following composition of maps: 

v.' $1 PA 
s 2 s ( p n  I ) ,  2 2 5 ( ~ n - 1 ) ~ ( , I  - 1 ) - ~ ( , ~  - 1) - ~ I Q 1 . ~ ~ Q . - l I ~ - ~ - o ~ O ,  

we know that induces non-zero map 8;  : Z Q1"'Q* 1 '  ~ ( 0 )  -E( n - I ) ,  and then is repre- 

sented by 

3, E Ext2  * (E(O) ,  E ( n  - 111, 
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where $ 1  = Q1-..Q,, - 1  [ 11 + Q o Q l . . . ~ , - l [  1 ro. So is represented by 
k+l 

$ l A r x  ( h ~ h k + l )  = ? l h ~ h k + l  = Q o Q I . . . Q ~ - ~ [ € ?  I € 1 1 .  

Theorem 3.  (1) For p 2 5 ,  2<s<p - 1,  k 2 2 ,  PshOhktl survives to E,. - 
( 2 )  For p b 7 ,  3 < s < p  - 1, k 3 3 ,  Y,hOhktl survives to E , .  --- - -- -- - 
Proof. From above, we know that, for n = 2 ,  3 ,  jAvJ . . . A V , J $ ~ A ~ *  ( h O h k + l )  

= aSn)ho hkt l  . And then the theorem follows if we have proved that (y jn)hohk + 1# and it is not 

the differential of some h E E 2 .  

For ( 1 ) , see the proof of Theorem 2 in reference [ 6 ]  . 
For ( 2 ) ,  suppose that the r-th differential of h = a [ x l  I x2 I I s,] + ... in c"-'+~ <zp,  

Z ~ ) / B ( ~ )  is Y&Ohk+l, where xi is one of r k ,  el, or b ( k i ,  j ) ,  and r = 1 means that its 

coboundary is r b o h k  + I .  Then 1< m<s - r + 1< p .  Soppose that degxi = 2 ( p  - l )(a;k+lpk+l 

+ ... + ai3p3 + ai2p2 + +..  + a io )  + b,, where aij = 0  or 1 and for xi  = a,, bi = 1,  otherwise bi 

= 0 .  So we have 

e 2  - 1 a  i = l  + + + [=ai2] i = l  p2 + [ a ]  i =  1 p  + [=aio]]  i =  1  + g b i  i = l  

n 

First of all, we know that s - n - r + 1>0, otherwise p > bi = 2 ( p  - 1 )  + s - n - r 
i = l  

+ 1 3  p .  And then 

Meanwhile, from rrr < p and a ,  = 0  or 1,  we know that 2 a,+, = 1, ai3 = 0, and 

k t 1  
m-1 

there should be a [f or b ( 1 ,  k  ) . Suppose that z, is so. Then 2 ai2 = s < m - 1,  and from 
i = l  

m < s - r + 2 ,  we know that, for r 2 2 ,  these X ~ , ~ - ~ , X ~ - ~ , X ~  do not exist. 
k t 1  k + 1  

As for r = 1 and x ,  + = 8 , if the coboundary of h = [ x l  I ... I x ,  I 8 1 contains the first 
term 

of ybo hR + , , then, from a,s = 0 ,  we know that there are 
k + l  

S - 3  ~ ~ ' s i n x l ,  ..., x , ,  i . e .  h = [ r 3  I ... I rs I 8  I x l  I x2 I x31 

So deg[r l  I x 2  1 r3 ] = 2( p - 1 )  ( 3 p 2  + 2 p  + 2 )  and xi = d, . That is impossible unless two €3 ' 

s are allowed to appear. 
From the Thom map @ :Extip"* Bp(BP * , BP * ) --+ Ext2 * ( Z p ,  Z p ) ,  we know that 

& ( ~ p ' l d - 1 )  = hohbtl, @ ( P 2 )  = [ ~ 2  I 81 = p 2  (see ref. [41) while P&ohk+l # 0.  So from 

@(P2Ppkipk-1) = & h ~ h k + ~ ,  we know that P2/3pk,&l#0. 
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