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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC
K-THEORY

GABRIEL ANGELINI-KNOLL

ABSTRACT. The Lichtenbaum—Quillen conjecture (LQC) relates special values
of zeta functions to algebraic K-theory groups. The Ausoni-Rognes red-shift
conjectures generalize the LQC to higher chromatic heights in a precise sense.
In this paper, we propose an alternate generalization of the LQC to higher
chromatic heights and give evidence for it at height two. In particular, if the
n-th Greek letter family is detected by a commutative ring spectrum R, then we
conjecture that the n+1-st Greek letter family will be detected by the algebraic
K-theory of R. We prove this in the case n = 1 for R = K(F,) modulo (p,v1)
where p > 5 and ¢ = £ is a prime power generator of the units in Z/p*Z. In
particular, we prove that the commutative ring spectrum K(K(F;)) detects the
part of the p-primary S-family that survives mod (p,v1). The method of proof
also implies that these 8 elements are detected in iterated algebraic K-theory of
the integers. Consequently, one may relate iterated algebraic K-theory groups
of the integers to integral modular forms satisfying certain congruences.

1. INTRODUCTION

Following F. Waldhausen [44] §4], the famous Lichtenbaum—Quillen conjecture
(LQC) [261135] states that the map

(1.1) K, (A; Z/pZ) — K (A; Z/pZ)

from algebraic K-theory to étale K-theory is an isomorphism for n sufficiently large
for suitable rings A when p > 2 is a prime. Here by suitable ring A, we mean
that A is a regular Noetherian commutative ring with A = A[p~!], which is finitely
generated as a Z-algebra [26], §9 p.175]. Since algebraic K-theory satisfies Nisnevich
descent and étale K-theory satisfies étale descent, the question can be translated
into the question of whether the map from motivic cohomology to étale cohomology
is an isomorphism in a range. In this way, the conjecture was resolved by work of
M. Rost and V. Voevodsky [43] as a consequence of their proof of the Bloch-Kato
conjecture (see [19] for a complete proof and [45], Historical Remark 4.4] for further
discussion).

In [40], R.W. Thomason showed that K¢(A;Z/pZ) = 'K, (A;Z/pZ) under
the same conditions on A where S is the Bott element in Ko(A;Z/pZ). From the
perspective of homotopy theory, we may therefore view the map (LI as the map
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2 G. ANGELINI-KNOLL

on m, induced by the map of spectra
S/p NK(A) = v 'S/p AK(A),

where S/p is the cofiber of multiplication by p. Here the map vy: %2725/p — S/p
is a wy-self map, which means it is non-nilpotent, and we define vj 1S/p as the
homotopy colimit of the diagram

S/p L TGy M wAr gy

of spectra. The effect of inverting the Bott element is the same as the effect of
inverting v; by work of V. Snaith [39] as interpreted by F. Waldhausen [44], §4].

The original motivation of the Lichtenbaum—Quillen conjecture was to relate al-
gebraic K-theory groups to special values of zeta functions. For A the ring of inte-
gers in a totally real number field F' and p an odd prime, Wiles proved that quotients
of étale cohomology groups of A[1l/p] recover special values of the Dedekind zeta
function (p [46]. The Lichtenbaum—Quillen conjecture then gives a correspondence
between algebraic K-theory groups and special values of Dedekind zeta functions,
see [35], Conjecture 2.4]. Notably these special values correspond to the vi-periodic
part of S/p,K(A) because they are detected in v, *S/p,K(A).

Fix an odd prime p throughout this section and fix a prime power ¢ that generates
the units in Z/p?Z. As another specific example, consider the algebraic K-theory
of finite fields Fy. D. Quillen [34] computed K, (F,) for all n and after localizing at
p, there is an isomorphism

Kop—1yk—1(Fg; Zpy) = Z/pup(k)ﬂz7

where v, (k) is the p-adic valuation of k. The order of the group Kas_1(Fy;Zp))
corresponds exactly to the p-adic valuation of the denominator of B;/2s where B;
is the s-th Bernoulli number. Recall that Bernoulli numbers are the coefficients in
the Taylor series
T x®
= BS_
et —1 Z s!

s>0

and the special values of the Riemann zeta function satisfy ((—s) = (—=1)°*B,/(s+1)
for s > 0.

This example is intimately tied to stable homotopy theory as well. J. F. Adams
showed that the image of the J-homomorphism from the homotopy groups of the
stable orthogonal group to the stable homotopy groups of spheres is highly non-
trivial and the classical Bott periodicity in the homotopy groups of the stable or-
thogonal group corresponds to periodicity in the stable homotopy groups of spheres
[1]. In fact, the p-local image of the J-homomorphism exactly corresponds to the
image of the map my(,—1)k—15p) = Kop—1)p—1(Fg; Z(p)) when p is an odd prime.
The image of J therefore bridges the fields of homotopy theory and number theory.
The spectrum HTF, detects vo-periodicity in the sense that p* = v§ is nontrivial in
the image of the Hurewicz map 7.5 — m,HF,. Therefore, we have observed an
instance where algebraic K-theory of a spectrum that detects vg-periodic elements
detects vi-periodic elements. One goal of this introduction is to formulate a precise
conjecture about a higher chromatic height generalization of this phenomenon. The
main theorem of this paper is evidence for this conjecture at a higher chromatic
height.
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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC K-THEORY 3

In chromatic stable homotopy theory, we study periodic families of elements in
the homotopy groups of spheres. The first such family, due to J. F. Adams [I] and
H. Toda [41], is the a-family, which consists of maps «j defined as the composites

. k
ap: DRG0 y@r-2kg, M gy, 0w

where p is an odd prime. The elements «j are p-torsion elements in the groups
To(p—1)k—19- These elements are in the image of the J-homomorphism at odd primes
p and as discussed earlier they are also detected in algebraic K-theory of finite fields
of order ¢, under our hypotheses on p and ¢. In particular, they correspond to
certain special values of the Riemann zeta function. Now, consider the cofiber of the
periodic self-map v;: £*~25/p — S/p denoted V(1). When p > 5, there exists a
periodic self-map vs Esz_zV(l) — V(1) and there is an associated periodic family
of elements in the homotopy groups of spheres called the -family. In particular,
L. Smith [38] proved that the maps

8001

B BEPDEg 0 wot-nky (1) ) S0, g

are nontrivial.

In the language of chromatic homotopy theory, the a-family is a periodic fam-
ily of height one and the S-family is a periodic family of height two. There is a
family of homology theories K (n), called Morava K-theory which is useful for de-
tecting periodicity of chromatic height n in the homotopy groups of spheres. The
coefficients of Morava K-theory are K (n). = F,[vi!] for n > 1 and K(0), is ra-
tional homology. We say a p-local finite cell S-module V' has type n if the groups
K(n).V # 0 and the groups K(n — 1),V vanish. By the celebrated periodicity
theorem of Hopkins—Smith [23], any p-local finite spectrum V of type n admits a
periodic self-map

o R Umy Ly

We can therefore define v, 'V in the same way that we defined v; *S/p. We can also
construct the n-th Greek letter family by including into the bottom cell, iterating
vy k-times, and then projecting onto the top cell. However, it is highly non-trivial
to prove that Greek letter elements that are constructed in this way are actually
nonzero.

The study of Greek letter family elements was significantly expanded by the
groundbreaking work of Miller-Ravenel-Wilson [28] using the chromatic spectral
sequence

(12) Ey* = @ Exty) pp(BP.,v; ' BP,/(p™,05°, ..., v°)))

>0
= Extjp, pp(BP:, BP.)

which converges to the input of the BP-Adams spectral sequence. If the class

ok fplovit il € BxtGp pp(BPy, vy tBP. /(p%,05°, L 032 ,))
in the E1-page of (EEZI) is a permanent cycle in the chromatic spectral sequence, we
will write
(1.3) T i i) € BXCEE pp(BP., BP.)
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4 G. ANGELINI-KNOLL

for its image in the abutment of the chromatic spectral sequence. We will refer
to the collection of all such elements for a fixed n as the n-th divided (algebraic)
Greek letter family and when any of the ¢; for 0 < j < n —1 are 1 we omit

them from the notation. If the elements E,(Cn) are permanent cycles in the BP-

Adams spectral sequence, then we will write a,(cn) for the corresponding elements
in the stable homotopy groups of spheres and refer to the collection as the n-th
Greek letter family. The advantage of this approach is that the elements in the
input of the chromatic spectral sequence always exist. The question of whether or
not certain Greek letter elements exist in homotopy can then be approached by
determining whether certain elements in the chromatic spectral sequence and the
BP-Adams spectral sequence are permanent cycles.

We will say that a ring spectrum R detects the n-th Greek letter family {a;")}
in the homotopy groups of spheres if each element a,g") is non-trivial in the image
of the unit map

TS — m. R.
We conjecture the following higher chromatic height analogue of the Lichtenbaum-—
Quillen conjecture, which is in the same spirit as the red-shift conjectures of Ausoni—
Rognes [6]. For Conjecture[lT] suppose the n-th and the n+1-st Greek letter family
are nontrivial elements in 7,.S for a given prime p.

Conjecture 1.1. If R is a commutative ring spectrum that detects the n-th Greek
letter family, then K(R) detects the n + 1-st Greek letter family.

When p is sufficiently small Conjecture [[.T] is both more difficult to verify and
more subtle, for example at the prime p = 3 only the § elements 3; fori =0,1,3,5,6
mod 9 are known to exist by [12].

We can now state the main theorem of this paper. As discussed earlier, the
spectrum K(F,), detects the a-family for p > 3. The main theorem of this paper is
a proof of Conjecture [T]in the case n = 1 where R = K(F,),, with the following
caveat: Since the approach we take is to detect the S-family in the image of the
unit map

Sy = V(1) K(K(Fq)p),
we only detect the part of the p-primary S-family that is detected in V(l)*

Theorem 1.2. The commutative ring spectrum K(K(F,),) detects the p-primary
B-family {Br. : k 0 mod p} for all p > 5.

In particular, the method of proof also provides the following higher Lichtenbaum-—
Quillen-type result about iterated algebraic K-theory of the integers.

Corollary 1.3. The commutative ring spectrum K(K(Z)) detects the p-primary
B-family {Bx : k 20 mod p} for allp > 5.

In [TOYITL25], M. Behrens and G. Laures describe an explicit relationship between
the p-family and certain integral modular forms satisfying certain congruences.
From this point of view, our main result may be viewed as a higher chromatic height
version of the Lichtenbaum—Quillen conjecture. It is therefore a step towards the
larger program of understanding the arithmetic of commutative ring spectra.

INote that the elements Bpik are not p-divisible by [28, Theorem 2.12] and they are p-torsion
by construction, however they are vi-divisible in 74S/p by [31l Theorem A] and [32, Theorem
AII] and consequently they have trivial Hurewicz image in V(1)«, see [37] for a survey.
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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC K-THEORY 5

The (8 elements (B that we detect only agree with the divided §-family elements
Br/i,; of M. Behrens [10] when i = j = 1 and £ # 0 mod p. The explicit modular
forms associated to these beta elements are also computed in [24]. It would be
desirable to detect the entire divided (B-family in iterated algebraic K-theory of
finite fields to detect more information about integral modular forms.

1.1. Conventions. Let Sp be the category of symmetric spectra in pointed sim-
plicial sets with the positive flat stable model structure. Most of the results here
can also be proven for other models of the stable homotopy category since they
depend only on the homotopy category, but the proof relies on [2], which uses this
model structure. We write CommSp for the category of commutative monoids in
Sp, which we call commutative ring spectra, and Assoc Sp for the category of asso-
ciative monoids in Sp, which we call associative ring spectra. By a ring spectrum,
we mean a homotopy associative monoid in Sp.

Throughout, we write H,(—) for m.(—AHF)); i.e., homology with [F,-coefficients
and for a general spectrum E we write E. X = 7. (X AE). We also write H,.(—;d) for
homology of a chain complex with differential d and dually we write H*(—; d) for the
cohomology of a cochain complex with differential d. We write ® for tensor over F),
if not otherwise specified. We write HH, (A) for the Hochschild homology over F,, of
a bi-graded F, algebra A. We also fix the convention that Er(z1,...,z,) denotes
the graded exterior algebra over a ring R with indecomposable algebra generators
Z1y.. s Zn, Pr(Y1,...,yn) denotes the graded polynomial algebra over a ring R
with indecomposable algebra generators y1,...,yn, and T'r(z1,...2,) denotes the
graded divided power algebra with indecomposable algebra generators zi, ..., z,.
When R = F, we omit R from the notation.

A comodule M over a Hopf algebroid (E., E.E) associated to a ring spectrum E
will always be considered with left co-action

Ve M — EL.E®@e, M

and we will simply write ¢» when the module M and the Hopf algebroid (E, ELE) is
understood from the context. The main examples of interest are E = HF,, where
E.E is the dual Steenrod algebra 4,, and E = BP. We write

Ag: E.E - E,E®g, E.E

for the co-product of the Hopf-algebroid E,E or simply A when E is understood from
the context. When E = HF,, this is the co-product in the dual Steenrod algebra
4,2 P |i>1)®E(7 | i > 0) which is defined on each algebra generator by
the formulas
A(gn) = Z gz ®§_§') )
i+j=n
Af) =107, + Y. 7@,
i+j=n

Here, by T we mean yx where x: 4, — 4 is the antipode structure map of
the Hopf-algebra 4,. When E = BP, the co-product on elements of BP,BP =
Lpy[v1,v2,...] @ L[t ta, .. .] is defined by the formula

F .
Altn)= > et

i+j=n
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6 G. ANGELINI-KNOLL

where F' is the formal group law of BP associated to the complex orientation
MU — BP, which equips BP with the universal p-typical formal group law.

We will write X, for the p-completion of a spectrum X, which agrees with the
Bousfield localization Lg/, X at the mod p Moore spectrum S/p. We will write =
to indicate that an equality holds up to multiplication by a unit in F,. Given a
spectral sequence with signature E'* = A,, we use the following terminology:

(1) An element x € E* is an infinite cycle if d,-(z) = 0 for all r > n.
(2) An element x € E}* is a permanent cycle if d,(z) = 0 for all » > n and
there does not exist a y such that d,.(y) = « for any r > n.

Also, throughout the paper, fix a prime p > 5 and let ¢ be a prime power that
topologically generates Z,;, or equivalently ¢ generates the units in Z/ p27Z.

2. OVERVIEW OF THE TOOLKIT

2.1. The Hochschild-May spectral sequence. We recall necessary results and
definitions from the author’s paper [3] and the author’s joint paper with A. Salch
[2] since they will be cited later. We write for N°P for the category with objects the
natural numbers n > 0 and morphisms defined by

* ifn>m,

Hompyor (n,m) = {(7) Fn<m

Definition 2.1. A filtered commutative ring spectrum I is a cofibrant object in
CommSpNop where CommSpNop has the model structure created by the forgetful
functor to SpNOp and Sp™" has the projective model structure 3 (See 2] Sec. 4.1] for
a discussion of why these model structures exist and have the desired properties.)
We write I; for I evaluated on the natural number i. The associated graded of
I is a commutative ring spectrum Ej;I and it is defined so that, after forgetting
the commutative monoid structure, it is the spectrum \/,~, I;/I;11 where I;/I; 1
is the cofiber of the map I;;1 — I;. Note that by abuse of notation we may also
regard the associated graded EfI = (Ip/I1,11/I2,...) as a commutative monoid in

5
SpN with respect to the Day convolution symmetric monoidal product where N°
is the natural numbers regarded as a discrete category. We can therefore consider

topological Hochschild homology of EjI in the category SpNé so that THH(EJI)
is an object in SpNS. Applying a generalized homology theory E levelwise, we still
have an object EATHH(EST) in SpNé. Applying homotopy groups induces a functor
WSNJ : SpN(S — Ab" and then we write

(2.1) E. ., THH(E;T) = [N (E A THH(ET))](%).

Example 2.2. By [2] Thm 4.2.1], an example of a filtered commutative ring spec-
trum associated to a connective commutative ring spectrum R is the Whitehead
filtration

s —r TZQR — TZIR — TZ()R
which is equipped with structure maps p; j : 7>, RAT>; R = T>;1;R. Here 7>;Ris a
spectrum with m;(7>sR) = 0 for ¢ < s that is equipped with a map 7>,R — R that
induces an isomorphism on homotopy groups m; for ¢ > s. We write simply 7>

2This definition differs slightly from that in [2, Def 3.1.2], but a cofibrant object in CommSpNOlD
is always a decreasingly filtered commutative monoid in Sp in the sense of loc. cit.
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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC K-THEORY 7

for the filtered commutative ring spectrum constructed in loc. cit. as a cofibrant
object in CommSp™ "

Theorem 2.3 (|2, Theorem 3.4.8)). Let I be a filtered commutative ring spectrum
and let E be a connective spectrum. There is a spectral sequence with signature

E;t =E,,THH(E;I) = E,THH(I,),

which we call the E-Hochschild-May spectral sequence, where the bi-grading on the
input is explained in Equation (2.

Remark 2.4. When I = 7>,R we simply write Hm, R for EjI. It is a generalized
Eilenberg-MacLane spectrum so whenever i R is a finitely generated abelian group
for all k and E = S/p, HF,, V(1), or BP AV(1), then E,THH(Hm,R) is a graded
HT,-algebra and we can apply Lemma to compute the input.

Lemma is a consequence of the fact that all HF,-modules are equivalent
to a wedge of suspensions of HF, and an Adams spectral sequence argument (cf.
[7, Lem. 4.1]).

Lemma 2.5. Let M be an HF,-algebra. Then M is equivalent to a wedge of
suspensions of HF,, and the Hurewicz map

M — H.M

induces an isomorphism between .M and the subalgebra of A,-comodule primitives
contained in H, M.

Using the lemma above, one can compute the E'-page of the HF,-Hochschild—
May spectral sequence, modulo an explicit description of HH, (S/p.(Hm.K(F,),))
given in [3, p. 271-272]. We will argue in the same way as [3]: there is an algebraic
Hochschild-May spectral sequence which can be used to compute the E?-page of
the E-Hochschild-May spectral sequence, for E = HF,, E = HF, A V(1) and
E = V(1), and therefore at the E2-page we have a simpler description. We give the
description of both the E'-page and the E%-page. Note that the E'-page of the
HTF,-Hochschild-May spectral sequence associated to the Whitehead filtration of
K(Fy,), is

E;, = H.(THH(Hm.X(F,)p))-

Proposition 2.6 ([3| Proposition 3.10, Proposition 3.11]). There is an isomor-
phism of A,-comodule algebras
E!. = H.(THH(Hm.K(F,),)) = 4/ /E(0). & E(c€)) ® P(e71) @ N,

where N = HH.(S/p«(Hm.K(Fy),)) and where the A.-co-action on A//E(0). is
the usual one, that is the restriction of the co-product in A,, the coaction on o€ is

U(o&) =108
and the co-action on o7y s
Y(oT) =1® 0T + 7o ® 0&;.

The E2-page of the HF,-Hochschild-May spectral sequence associated to the White-
head filtration of K(Fy), is

B?.=2//E(0). ® E(\) ® P(i) ® E(a1) ® P(v1) ® E(ov1) @ T(oar)
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8 G. ANGELINI-KNOLL

as an A.-comodule, where \i = agl, W = 071 — 5107"0, with the usual A, -co-
action on 4//E(0). given by restricting the co-product on 4. The elements ajv},
v, A1, w1, and ooy are A,-comodule primitives. Multiplicatively, the E?-page is
isomorphic to

B2, = a//E(0).2 EO\)@ )@ P(a; i > 1)/(wia; :1,j > 1)@ Eov) 8T (0ay)
so that xo; = vi, Toi_1 = alvi_l for i > 1. The bidegrees of the indecomposable
algebra generators at the E*-page are given by

lo&i| = (2p - 1,0),

lo71| = (2p,0),

o] = ((2p — 2)k, (2p — 2)k — 1),

jovi| = (2p - 1,2p - 2),
[vk(oa1)| = ((2p — 2)k, (2p — 3)k),
oot = (2p = 2k — 1,(2p— 2)k — 1) for k > 11

The products vk+1 U{H =0, a;vl- U{H =0, and a v - alv{ =0 for j,k >0 hold
for bi-degree reasons as made clear by [3, Figure 1].

By [38], we know that
H.(V(1)) = E(r0,71)
with |79] = 1 and || = 2p — 1 with A4.-coaction defined by

(2.2) Y(10) =1® 70 + 70 ® 1,
(23) 1/)(7'1) :1®7'1+T1®].+§1®7'0.

Note that using the recursive formulas

i fﬁl—zgz =0 and zn: fzi_ﬁi +71, =0,
i=0

=0

we can deduce that 7o = —7¢, & = —&;, and consequently 7 = —7; + &7 (cf.
[29, Lem. 10]). This allows us to rewrite the formulas above in terms of our chosen
basis for 4,.

Combining this with Proposition 2.6, we computed the E'-page and E?-page of
the V(1)-Hochschild-May spectral sequence using Lemma 2.5 which we again recall
modulo an explicit description of HH. (S/p.(Hm.K(Fy)p)), which can be found in
[Bl p. 271-272]. Recall that the E'-page of the V(1)-Hochschild-May spectral
sequence associated to the Whitehead filtration of K(F,), is

E!,=V(1),THH(Hm.K(F,),).
Proposition 2.7 ([3| Prop. 3.15]). There is an isomorphism of graded F,-algebras
BL, = V(). THH(Hm.K(F,),) = E(\, ) © P(ur) © HHL (S/p. (Hr.K(F,),))
3There are a few minor typos in the statement of [3] Prop. 3.11]: First, 072 should be o7;.
This is clear from [3, Prop. 3.13]. Second, the ideal m should be (x;x; : 4,5 > 1). This is clear

from the additive description. Third, we correct the bidegrees of the elements in the statement,
where the correct bidegrees are clear from [3] Figure 2].
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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC K-THEORY 9

and the E*-page of the V(1)-Hochschild-May spectral sequence associated to the
Whitehead filtration of K(Fy), is

EZ, =E(\1,6)®P(u) ® E(a1) ® P(v) @ T'(oco) ® E(ovy)

as a graded IFp-module where

lex] = [Mf = (2p = 1,0),
| = (2p,0),
[or] = ((2p — 2)k, (2p — 2)k — 1),
o] = (2p— 1,20~ 2),
[ve(oan)| = ((2p — 2)k, (2p — 3)k),
logof ™ = ((2p = 2)k — 1,(2p — 2)k — 1) for k > 1.

Here e = 11 — 71 where 71 s the indecomposable algebra generator in degree 2p—1 in
4//E(0). C H.(THH(Hm.K(F,),)) and the multiplicative structure on the E*-page
of the V (1)-Hochschild-May spectral sequence associated to the Whitehead filtration

of K(Fy), is
EZ,=E(\,6)®P(u)@(con) ® E(ov) @ P(a; 1 i > 1) /(w25 14,5 > 1),
where xo; = vl and ro;_1 = alv for 7> 1.

Our computations build on the computation of homology of topological
Hochschild homology of K(F,), due to Angeltveit-Rognes [4].

Theorem 2.8 ([4, Theorem 7.13 and Theorem 7.15]). There is an isomorphism of
A, -comodule algebras

H.(K(F,)p) = P(E},&5,65....) ® B(f2, 73,...) ® E(b) = (4/[A(1)). @ E(b),

where all the elements in (4//A(1)). besides 72, £, and &, and b have the usual
A,-co-action and the co-action on the remaining elements T2, &Y, &2, and b are

P(b) =1®0b,

P(E) =108 -neb+d o1,

PE)=10&E+6QE +m b+ &1,

Y(F) =17 +M @ +HR&G-—TTo Qb+ T ® 1.

The degrees of 75, 5{’, and §~2, and b are
7ol = 2p” — 1,
|g;f| = 2]92 - 2pa
\£2| =2p? — 2, and
b = 2p* —2p -1,
respectively. There is also an isomorphism

H.(THH(K(F,),)) = H.(K(F,),) ® E(0€},06) ® P(o7,) ® T(ob)
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10 G. ANGELINI-KNOLL

of A.-comodules and H,(K(F,),)-algebras. The A,-co-action is given by using the
formula

Plor) = (1@ o) oy(x)
and the previously stated co-actions.
Corollary 2.9. There is an isomorphism of A4,-comodule algebras
H,(V(1) N THH(K(F,),)) =& E(79,71) ® H.(THH(K(F,),))
with A.-co-action on 1y given in [22), the coaction on 11 given in ([23)), and the

coaction on x € H (THH(K(F,),)) given in Theorem 2.8

Finally, we recall the computation of V(1)-homotopy of topological Hochschild
homology of K(FF;),. This was computed by the author in [3, Thm. 1.5] and by
Honing in [22, Thm. 7.2] using different methods. A

Theorem 2.10. There is an isomorphism of graded F,-algebras
V(l)*THH(K(Fq)p) = P(,UQ) X F(O’b) X Fp{l, aq, All, )\20[1, )\2/\/1, /\2/\/1a1},
where oy - (A2A]) = AN - (Qeay) = M.

2.2. The homotopy fixed point spectral sequence. In this section, we sum-
marize results from [16, §2-4], which also apply when replacing HF, with any
spectrum E.

Definition 2.11. We write
EC, (X"T) :=lim Es, F(S(CY) 4, X)T,
for the continuous E-homology of X" and we refer to the filtration F(S(C*),, X)T

+>
as the skeletal filtration. When E is a finite spectrum, then E¢(X"T) = E,(X"T)
since smashing with a dualizable spectrum commutes with homotopy limits.

Proposition 2.12 (cf. Proposition 2.1 and Proposition 4.1 in [16]). Let E be a
homotopy associative ring spectrum. There is a spectral sequence ELE comodules
with signature

El, =P(t) ®E.X = ES(X"T),
which we simply call the homotopy fixed point spectral sequence. If, in addition,
X is a commutative ring spectrum, then this is a spectral sequence of ELE-comodule
algebras where E, X has the Pontryagin product.

Proof. The proof is essentially the same as in [16], Prop. 2.1, Prop. 4.1] so we
omit it. (I

Lemma 2.13. The d? differentials in the homotopy fized point spectral sequence
associated to THH(R) are of the form

d*(z) = to,

where t is the generator of Hy*(T;7Z) = Py(t) in degree —2 whenever n € .S acts
trivially on E,THH(R).

Proof. This follows directly from [21] Lemma 1.4.2]. O

4There is a minor typo in the statement of [3, Thm. 1.5]. The element 1 should also be
included. This is evident since V(1) THH(K(Fg)p) is ring.
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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC K-THEORY 11

Definition 2.14. We let Ty(R) denote the spectrum F(S(C**1), THH(R))T,
which has the property that holim; Ty (R) = THH(R)"T. We write

TC™(R) := THH(R)""
following the convention of [20] and we also write
E°(TC (R)) := ES (THH(R)"),
Note that Tp(R) = THH(R).

Remark 2.15. Note that there is a truncated homotopy fixed point spectral sequence
with signature

E?, =Py(t)/t"" ® E,THH(R) = E.T(R)

that is constructed in exactly the same way as the T-homotopy fixed point spectral
sequence. The d? differential is the same as I3 whenever n € 7S acts trivially
on E,THH(R).

3. DETECTING 8 ELEMENTS IN ITERATED ALGEBRAIC K-THEORY

3.1. The E-Adams spectral sequence. The following discussion applies to any
homotopy commutative and homotopy associative ring spectrum E such that
(E4, ELE) is a flat Hopf algebroid satisfying some mild additional hypotheses [36] As-
sumption 2.2.5], but for simplicity we assume E = HF, or E = BP (cf. [36, Prop.
2.2.6]). We write A: EL.E — EL.E®g, ELE for the co-product and ng: E. — ELE for
the right unit. Given a spectrum X we write ¢: E, X — E.E ®g, E. X for the left
(E4, E<E)-coaction on E,X. We also assume X is bounded below and E, X is finite
type for simplicity.

We briefly recall the construction of the E-Adams spectral sequence. For more
details, we refer the reader to [36, Ch. 2 §2]. The main examples we will consider
are E = HF), and E = BP. Classically, we can build the E-Adams spectral sequence
for X using the canonical E-Adams resolution

(3.1) X2 9 EAx 2 92 E P Axe2

> T o
h() - hl - h2
foJ/ pad flJ{ -7 f2 i
- - -
P —

EAX SIEAEAX S2EAEVAX

from [36, Lem. 2.2.9] where E is the cofiber of the unit map ng: S — E, f; =

e AL ENAX and g; = (7' — S)ASEAX and h;: EAX — EAX induces
the boundary map in the long exact sequence in homotopy groups. Applying 7,
produces an exact couple with E;-page given by the differential graded algebra

E.X — EE®e E.X — EE™ 9 E.X — ...

called the (normalized) cobar complex with boundary maps induced by the maps
¥ ~%h; o X f;. Specifically, the differential

®E, s+1

a3t [E.E”° ®g, E,X], — [E.E ®€. E. X
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12 G. ANGELINI-KNOLL

in the cobar complex is given by the formula

S
d?t(el‘@"'@es@m):Z(_l)i€1®"'®€i—1 ®Z(€i)®€i+1®“~®es®m

i=1
+ (D) e @ @es @9(m)
whene; ® - - Qe, @m € [E*E®E*S ®g, B« X]i, where A(z) = A(zr) —z@1-1®=z

and ¥(m) = 1(m) — 1 ® m. We note that under our hypotheses on E and X the
E-Adams spectral sequence has signature

Bt = [H(E.E™™ " ®e. E.Xdy)]y = m_.X,
and it strongly converges.

Remark 3.1. If we consider the E-Adams spectral sequence when X is the sphere
spectrum we drop the last tensor factor from the cobar complex.

3.2. Detecting v, and ;. The mod p Moore spectrum S/p and the Smith-Toda
complex V(1) are defined so that they fit into exact triangles

(3.2) QLN SNy 37
and
(33) 22-25/p s §/p 5 V(1) —2 2215 p

in the stable homotopy category of spectra. We will abuse notation and write
ig: mS — S/p and i1: 7.S/p — m V(1) for the maps induced by ip and iy re-
spectively. Similarly, we write jo: m.S/p — 725 and j1: TV (1) = 7. 2%P71S/p
for the maps induced by jo and j;. We similarly abuse notation for composites of
these maps. Throughout this section we write 4 = m,(HF, A HF,) for the kernel
of the augmentation 4 — F,,.
Definition 3.2. Let
Vg € 772p2,2V(1),

ﬁi € 7T2p2,2p,1V(1),

b1 € 7T2p272p72v(1)
be the classes represented in the respective cobar complexes by the permanent
cycles

Uy =T ®1+&@T+ @7 € 4, @ Ho(V (1)),
hy:='®1¢€ 4, ® H,(V(1)), and
Py . .
bo=Y . <§,>ng 81’ @ H,(V(1)).
j=1
The bidegrees of these elements are
72| =(1,2p° - 1),
7| =(1,2p® = 2p), and
[bo| =(2,2p” — 2p),

where |z| = (s,t) corresponds to stem ¢ — s and Adams filtration s.
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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC K-THEORY 13

Lemma is immediate from Proposition 2.13]

Lemma 3.3. There is an isomorphism
H.(Ty(K(Fg)p)) = H.(H.(THH(K(F,)p) ® E(t); d),
where the right-hand side is the homology of the differential graded algebra
H,(THH(K(F,),)) ® E(t)

with [t| = (0,—2) and |z| = (s,0) if v € H(THH(K(F,),)). The differential is
d(z) = tox for all x € H (THH(K(F,),).

In the proof of Proposition 3.4l we will make use of differentials in both the
homotopy fixed point spectral sequence and the Adams spectral sequence. To
differentiate between the two, we use notation d" for differentials in the homotopy
fixed point spectral sequence and we use the notation d, for differentials in the
Adams spectral sequence. The following argument is inspired by an argument of
Ausoni-Rognes [5, Prop. 4.8].

Proposition 3.4. The classes ve, 119001, and i10] in V (1)« map nontrivially to
the classes tus, tob, and t\] respectively in V (1), TC™ (K(Fy,),) up to multiplication
by a unit in .

Proof. We first sketch the strategy. First of all, it will suffice to prove that each of
the classes vy, i1i981, and 41/4] maps to non-trivial elements tus, tob, and t\] in
the homotopy groups of the skeleton V(1) ATy (K(F,),) since the unit map V(1) —
V(1) ATy (K(F,),) factors through the unit map V(1) — V(1) ATC™ (K(F,),). We
compute V (1), 71 (K(F,),) using two different spectral sequences: the HF,-Adams
spectral sequence from Section [3.I]and the truncated homotopy fixed point spectral
sequence from Remark 2-THl By representing each of the classes v, 414081, and i1 5]
by explicit classes in the Fi-page of the Adams spectral sequence, we compute the
image in the E;-page of the Adams spectral sequence for V(1) A T1(K(Fy), and
we compute directly that these classes are permanent cycles. Using the truncated
homotopy fixed point spectral sequence from Remark 215 we compute that there
is only one class in the correct degree in V(1),T1 (K(F,), for each of the classes vs,
114001, and 71 8]. This determines that the explicit names for the images of each of
the classes va, 111051, and i1 5] must be tusq, tob, and tA] up to multiplication by a
unit in [F),.

First, vy is represented by ¥a, (] is represented by hy and (; is represented by
b in the Ep-page of the Adams spectral sequence that converges to 7,V (1) as in
Definition We consider the map of Adams spectral sequences

Exty" (Fp, H (V(1))) — Extyy” (Fp, Ho(V(1)) @ H(T1(K(Fg)p))
induced by the unit map

1y yAn

VH)AS V(1) AT (K(Fy)p)) -

We see that v3, hy, and by are permanent cycles in the source, which map to classes
of the same name in the target. Since the elements in the source are infinite cycles,
this implies that the elements that they map to are infinite cycles as well. We
therefore just have to check that these classes are not boundaries.

We can eliminate the possibility of a dy differential with 75 as a boundary by
computing the differential in the cobar complex for H,(V (1) AT1(K(F,),)) on each
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14 G. ANGELINI-KNOLL

class of the correct degree. There is a truncated homotopy fixed point spectral
sequence by Remark [2.15] with signature

E:.=E() @ H V(1) \THH(K(F,),)) = H.(V(1)) ® H.(T1(K(F,)y)),

where

El, =E(t)® E(r,71) ® P(&},&.&;,...)
® E(b,7,73,...) © E(0€!, 0€) ® P(072) © T(ab)
by Corollary There is an isomorphism
E},=H.(V(1) ® H.(H.(THH(K(F,),) ® E(t); d*),

where d?(z) = tox and the spectral sequence clearly collapses at the E*-page for
bi-degree reasons as described in Lemma 33l Consequently,

Hope 1 (V(1) AT(K(F,),)) = Fp{ots, Tiob}.
Since ob is primitive, d;(ob) = 0. The coaction on 7 is given by the co-product
Y(r)=ne®l+&@m+10n

and the co-action on 0'52 is described in[Z8 Consequently, di(m1) =11 @1+ & @719
and we compute

di (&) =€, ® 0€? + 171 @ ob, and
dy(m0ob) =11 @ ob+ & ® To0b

and then observe that

dy(ariob+ ﬂag}) =a(m1 @ ob+ & ® To0b) + B(f_l ® ogf + 71 ®ob)
#R1+ L@+ en

for any o, 8 € F,. Therefore, vy survives to the Es-page. There are no possible
longer differentials hitting v because Uy is in Adams filtration one; hence, it is a
permanent cycle.

We eliminate the possibility that the class h; is a boundary of a d; by the
same method. The source of a di-differential hitting hq must be in Adams filtra-
tion zero and degree 2p® — 2p. By Proposition 2.I3] we compute Hyp2 _o,(V(1) A
T1(K(Fy),)) = F,{ob} we just need to compute dy(cb). However, we already ob-
served that dy(ob) = 0. The class h; is in Adams filtration one so it cannot be the
target of a longer differential, therefore it is a permanent cycle.

For by, we need to check that it is not the boundary of a d; or a ds, because
it is in Adams filtration two. We first need to check that by is not a dy-boundary
for any element in 4, ® H.(V (1) A T1(K(F,),)) in degree 2p*> — 2p. We check the
differential in the cobar complex on all the elements here in the right degree. These
classes are

{ 77’0@7’0155{, {3071 & 1971, 511072777'1@)7'115, 51107177'()@7'115, }
En @nt, &R ot, o1 '
Recall that Milnor computed the co-action of 4, on

H*(CP*,F,) = H*(BT;F,) = H} (T;F,),
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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC K-THEORY 15

and the co-action on the class ¢ is
Y(t) = Zf_z R,
i>0
see [29]. Therefore, in the input of the truncated homotopy fixed point spectral
sequence computing V(1),.71(K(F,),), the 4, co-action on ¢ is primitive.

We compute the differential in the cobar complex on each of the elements that
could possibly have the class representing 3 as a target. However, since all of the
classes except & ® 1 have a ¢ as a factor of the rightmost tensor factor and t is a
comodule primitive, it suffices to compute the d;-differential on the class £ ® 1.
We then compute directly that

di(&f ©1) = 0.

We can conclude that by is not a boundary of a d.
Since by is in Adams filtration two, we still have to check that there is no ds
differential hitting it in the Adams spectral sequence,

Exty" (Fp, H(V(1) AT1(K(Fy)p)) = V(1) T1(K(Fy)p).
Since a dy would have to have its source on the 0-line in degree 2p% — 2p — 1, it
would have to be a class in Hyp2_o,_1(V(1) AT1(K(Fy),))-
Again, we compute
Hopr 0y 1 (V(1) NT1(K(Fg)p)) = Fp{Totéf}

by Proposition Since d;(79) = —79 ® 1, the Leibniz rule implies

d1 (Tot£f> = —T0 ® tgf - T()dl (tgf),
so since dy (t€0) = —€¥ @ t — 7 @ tb, we observe that

di (ot€}) = —mo @ L&Y + 1o} @ t.

So To(tgf ) does not survive to the Es-page and therefore it cannot support a da
differential hitting by. Therefore, since by is an infinite cycle and we have proven it
isn’t a boundary it must be a permanent cycle.

We conclude the elements ve, (7 and (] map nontrivially from V(1), to
V(1) Th1(K(Fq),) via the map induced by the unit map S — T1(K(F,),). We
claim that in V' (1).T1(K(F,),), the only possible classes in the correct degree to be
va, 1 and (3 respectively are tus, tob and tA]. To see this consider the truncated
homotopy fixed point spectral sequence

E@) @ V(1).THHK(F,),) = V(1).T1(K(Fq)p),
the only possible d?-differential in this spectral sequence that could affect degree
2p% —2p — 1, 2p% — 2p — 2, or 2p* — 2 is d*(\}) = atob for some a € F,. We can
show that a = 0 by considering the map of truncated homotopy fixed point spectral
sequences with codomain

E(t) ® H.(V(1) NTHH(K(F,)p) = H.(V (1) AT1(K(F,)p)

which sends A| and tob to classes with the same name. We then observe that
d?(\}) = 0 in the codomain spectral sequence. Consequently, we have isomorphisms

V(D)ap22T1(K(Fg)p) = Fp{tpo},
V(1)2p2—2p—2T1(K(Fq)p) = Fp{tab},
V(1)ap2—2p1T1(K(Fy),) = Fp{tA1},
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16 G. ANGELINI-KNOLL

proving the claim. The unit map S — T3 (K(F,),) factors through the unit map
S — TC™(K(F,),), so these classes pull back to classes in V(1) TC™ (K(F,),). O

Corollary 3.5. The classes tusg, tob, and t\] are permanent cycles in the homotopy
fixed point spectral sequence

H*(T,V(1). THH(K(F,),)) = V(1).TC" (K(F,)).

Lemma 3.6. There is a differential dap—2(t) = tPay in the homotopy fized point
spectral sequence

H*(T,V(1).THH(K(F,),)) = V(1).TC™ (K(F,)).

Proof. First, we can show that there is a differential dop_2(t) = t?a; in the homo-
topy fixed point spectral sequence

H*(T,V(1).K(Fy),)) = V(1).K(F);"

p

where K(F,), has trivial T-action, because oy is an attaching map in BT. This
has already been proven in [I5, Theorem 3.5], so we omit the details. There is a
T-equivariant map of commutative ring spectra

THH(K(F,),) — K(Fy),

which induces a map of homotopy fixed point spectral sequences and since this
map sends ¢ to t and a1 to oy, the differential do,—2(t) = tPa; also occurs in the
homotopy fixed point spectral sequence

H*(T,V(1).THH(K(F,),)) = V(1).TC (K(F,)).

Note that we could have also proven this directly by examining T-equivariant at-
taching maps in E'T, but for the sake of brevity we give the simpler proof. O

Corollary 3.7. There are differentials dop—o(p2) = —tP lajps, dop—2(cb) =
—tP~tayob, and dap—o(N}) = 0.

Proof. This is immediate from Lemma and Corollary Note that a3 A} =0
and there are no other classes in the same bidegree as tP~*a; A} so dap—2(N])=0. O

Now, the classes 3; € m(,2_2)i—2pS have the property that in the BP-Adams
spectral sequence for S they are represented by the classes

(;) U§_2k0 + Z.Ué_lbLo mod (p, ’Ul),

where (;) = 0 when ¢ = 1, which are in BP-Adams filtration 2 (see Definition B13]).
We will therefore give a similar argument to the one in the proof of Proposition B.4]
except that we will work in the BP-Adams spectral sequence in order to use the
fact that the classes representing 5 are in low BP-Adams filtration. To do this we
must compute BP AV (1), (T, (K(F,),)) up to possible differentials of length 4 or
higher.
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3.3. The BP A V(1)-Hochschild-May spectral sequence. In this section, we
begin by computing the input of the BP AV (1)-Hochschild-May spectral sequence.

Lemma 3.8. There is an isomorphism of (BP AV (1)), Hm. K(F,),-algebras
(34) (BPAV(1),THH(HmK(F,),) = P(t1,ts,...) ® E(er, \) ® P(u1) @ N,
where N = HH..(S/p.(Hm.K(Fy),)) and the Hurewicz map

(BP AV(1)),THH(H7,K(F,),) — (HF, A BP AV (1)), THH(H7,K(F,),)

sends t, to & — él, where & is the generator in degree 2p — 2 of H,BP and 51 18
the generator in degree 2p — 2 of H,(V (1) N THH(Hm.K(F,),).

Proof. Recall that V(1) A\THH(H . (K(F,),)) is a V(1) AHm, (K(F,),)-algebra, and
hence an HF, algebra, since V(1) A Hr.(K(F,),) is itself an HF,-algebra. Thus,
there is an equivalence

BP A V(1) ATHH(Hn,(K(F,),)) ~ BP A HF, Agg, V(1) A THH(H. (K(F,),))

and by the collapse of the Kiinneth spectral sequence and Proposition 27 the
isomorphism (B4]) holds.

Since BP A V(1) A THH(Hm, (K(Fy),)) is an HFp-module we can use Lemma
2.5 which states that (BP AV (1)), THH(Hn.(K(F,),)) includes as the comodule

primitives inside of
(HF, N BP AV (1)), THH(H7.(K(F,),))-

We recall that by the Kiinneth isomorphism and Proposition there is an iso-
morphism of graded rings

(HF, NBP AV(1)). THH(Hn,.(K(F,)p))
~ 7% (A//E(0). ® E(0f) ® P(o7) ® N,

where N = HH,.(S/p.(Hm.(K(Fy),))) and Z = H,(BP A V(1)). We recall from
[ Lemma 3.4] that in degrees less than or equal to 2p — 2 then N has generators

{1@1705317552}

as a graded F,-module where |z1| = 2p — 3, |ox1| = 2p — 2, and |z2]| = 2p — 2,
which will suffice for our purposes. In fact, the elements 1,z1,0x1, and xo are
also indecomposable algebra generators in N and they are permanent cycles in the
algebraic Hochschild-May spectral sequence corresponding to 1,aq,0a1, and vy
respectively in HH, (S/p.j).

We use the notation (4//E(0)), = P(&1,&s,...) ® E(#1,%s,...) and H,(BP) =

P(&1,&,...) to distinguish the two sets of generators. We also recall that H,(V (1))
= FE(719,71) as a sub-4,-comodule of the dual Steenrod algebra 4,. A The co-actions
on &, 7;, 7; and ﬁz are the same as the co-product in the dual Steenrod algebra,
and hence for example &; — 51 is a comodule primitive, since

YE-6) =106 +6R1-106L-601=108 - 11¢.

5As discussed before Proposition [Z.6] a complete description of HH. (S/p«(Hm«(K(Fq)p))) can
be found in [3] p. 271-272], but we will not need an explicit description here because we will use
the algebraic Hochschild-May spectral sequence of [3, §3.1.1] to compute the d' differentials and
by the E2-page the description is much simpler.
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18 G. ANGELINI-KNOLL

The co-action on the remaining algebra generators in degrees less than or equal
to2p—2is
1/’(551) =1 (24 X1,
Y(ox) =1® oxq,
w(xz) =1®Rxs4+ To ® 22
and we may observe that there are no other 4, comodule primitives in degree 2p—2
other than fl fl and ox1 so t; must map to a linear combination of 51 fl and
ox1. However, the May filtration of & — fl is zero and the May filtration of oz is
positive so, since the Hurewicz map preserves May filtration, we determine that t;
maps to &; — fl ]
Proposition 3.9. There is an isomorphism of (BP,, BP,BP)-comodules
(BP A V(1) THH(K(F,),) = P(E,ts,...) ® E(b) © E(\;, As) @ P(u) © T(ob)
with BP,BP-co-action
YY) =lot] +th 1,
Y(p2) =1 @ pa,

P(tn) :Ztk ® tf::k forn > 2,

k=0
Y(vn(ob)) =1 @ yn(0b),
P(b) =1®Vb,
P(A2) =1 @ Ay + 11 ® |, and
Y(N) =1@ N,
where \{ is detected by ot} in the E>-page, Ay is detected by oty in the E*-page,
and v, (ob) is detected by ynp(can) in the E*°-page for k > 0.
Proof. We need to compute differentials in the BP AV (1)-Hochschild-May spectral
sequence
E.,=(BPAV(1)),.THH(Hm,(K(F,),))) => BP AV(1),.THH(K(F,),),
so we examine the map of spectral sequences
(3.5)
(BP AV(1)).«THH(HT. (K(Fy),))) === BP A V(1) THH(K(F,),)
| |
(HF,ABPAV (1)), . THH(H7.(K(F,),)) == (HF,ABPAV (1)), THH(K(F,),),
induced by the Hurewicz map BP — HF, A BP. Recall from Lemma [B.8] that
(HF, N BP AV (1)), THH(H7.(K(F,),))
2 H.(BPAV(1))® (A//E(0)), ® P(pt1) ® N,
where N = HH..(S/p.(Hm.(K(F;),))). We know that in the HF, A BP A V(1)-

Hochschild-May spectral sequence the classes &; for ¢ > 1 and 7; for j = 0, 1 survive
to E°, since the output of the spectral sequence is known to be

(HF, A BP AV(1)),THH(K(F,),) = P(t1,ts, . ..) ® E(ro,71) ® H,(THH(K(F,),))
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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC K-THEORY 19

by Theorem 2.8 and the Kiinneth isomorphism. This forces the same d*-differentials
that occur in the HF, A V(1)-Hochschild-May spectral sequence and consequently
there is an additive isomorphism

Ei* = P(tl,tg, .. ) ® E(el,)\l,avl,al) ® P(vl,ul) ®F(0'041)~

The map of spectral sequences is therefore again injective on Ez—pages. In the
HF, A V(1)-Hochschild-May spectral sequence there are differentials

d2p73(t1) =,

d2p—3()\1) =0Qq,

d2p*2(7¢1) =1,

4P () =00
and no further nontrivial differentials besides those differentials generated by these
differentials using the Leibniz rule. Since the Hurewicz map h is injective and it

sends t; to & — fl, the differential d??=3(t;) = «; in the top spectral sequence of
Equation (B3] can be computed using the formula

d**73(h(ty)) = d*73(& — &) = a1 = h(a).

Similarly, €; maps to 7; — 71 implying d*?~2(e;) = v;. Hence, in the BP A V(1)-
Hochschild-May spectral sequence there are differentials

&P (t) = ar, dPTP(N) =oar, dPP(a) =v1, AP (u) = ovy.

On E?~!-pages the map of spectral sequences induced by the Hurewicz map is
again injective. Since E?P~! = E> in the target spectral sequence, the same
is true in the source. This implies that the BP A V(1)-Hochschild-May spectral
sequence collapses at the E?P~!-page. From the E?’P~'-page on, we write

Yn(ob) ::’an(Ual)v

A =Mpo1(oan),

Ag i=(ov1)py

ir =y, and
bi=agt? !,
Write mfilt(z) for the May filtration of an element . We note that mfilt(y, (ob)) =

(2p—2)np—1, mfilt(\)) = (p—1)(2p—2) —1, mfilt(A2) = 2p—2 and mfilt(b) = 2p—3
for later use. By examining the long exact sequence

BP,(V(1) NK(F,),) — BP.V(1) AL — BP.(V(1) A X?P720),

we can determine that the co-action on t’f and t; for ¢ > 2 in BP*K(Fq)p is the
same as the co-action on these elements in BP,(V (1) A €) = P(ty,t2,...). Note
that there is no hidden comultiplication on ¢} since there are no classes in degrees
2p? — 2p — (2p — 2) or lower and the lowest degree element in BP,BP is in degree
2p—2. The class b is the class in lowest positive degree and therefore it is primitive.
This produces the co-action on b,t},¢; for i > 2 in BP,(V(1) A THH(K(F,),)), by
using the splitting of BP, B P-comodules

BP,(V(1) A THH(K(F,),)) = BP.(V(1) AK(F,),) & BP.(V(1) A THH(K(E,),))
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20 G. ANGELINI-KNOLL

induced by the splitting THH(K(F,),) ~ K(F,), V THH(K(F,),), which we have
because K(F,), is a commutative ring spectrum.

The co-action on py is primitive because |ps| = 2p? and there are no classes in
degrees 2p% —2p+2 or 2p? —4p+4 or lower and the classes in BP, BP are in degrees
congruent to zero mod 2p — 2. Similarly, the co-action on A is primitive because
there are no classes in degree 2p?> — 2p + 1 — (2p — 2) or lower. To determine the
co-action on Az, note that there is an isomorphism

BP.(V(1) AK(F,),) = P(E.&....) ® E(b)
>~ P(? ty,...) @ E(b),

s0 & and t, are two names for the same basis element up to multiplication by a unit.
Similarly, 5{’ and t] are two names for the same basis element up to multiplication
by a unit (cf. [47] as described in [28, p. 511]). The operation o gives Ay =
oés=0ty and N)=ot] and we can therefore compute the co-action on A using the
formula (A2) = (1®@0)(t2 @ 1+t @] + 1 @ t2), due to [4]. In other words, in
(BP A V(1)) THH(KF,),),

P(A2)=1® Aa + 11 ® N].

This just leaves the classes v, (cb) for n > 1. Since y,x(ob) are the indecomposable
algebra generators of I'(ob) over a finite field F,, and products of primitives are
primitive, to compute that 7, (ob) is a comodule primitive for each n > 1 it suffices
to show that v, (cb) is a comodule primitive for each k£ > 0. Note that we already
checked that in the input of the BP A V(1)-Hochschild-May spectral sequence the
classes Y41 (0a1) = vk (ob) are primitive. Therefore, it suffices to check that there
is not a hidden BP,BP co-action in the Hochschild-May spectral sequence.

If the co-action contains terms of the form x ® m where |m| < |vy,x(ob)|, then
the May filtration of m must be strictly greater than the May filtration of ~,x(ob)
(since it would have to arise from a hidden B P, B P-coaction in the Hochschild-May
spectral sequence). Our goal will be to reach a contradiction.

Suppose that the inequality

mfilt(m) > mfilt(y,. (b)) = (2p — 2)p" ' — 1

is satisfied. Then, since the only classes with positive May filtration are ~,; (cb), b,
Aj, and Az, the class m must be of the form

(Ve(ab))b A2 AF 2,

for some element z, where 0 < £ < p* and €y, €2, €3 € {0,1}. Write mfilt(x) for the
May filtration of an element, then

mfilt(ye (b)) =(2p — 2)pl — 1,
mfilt(b) =2p — 3,
mfilt(\)) =(p — )(2p 2) —1, and
mfilt(A2) =2p —

so /£, €1, €2, and €3 must satisfy

(36) 2p—2)pl—1+4+¢€-2p—34+e€-(p—1)2p—2)—1+e-2p—2
> (2p—-2)p" -1
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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC K-THEORY 21

We can rewrite the left-hand side as
Cp—2)pl+ea+(p—1ea+e3)—3
and conclude that the inequality
pl+ e+ (p—1)eg + €3 > phTt
must be satisfied, since p > 5. Since p¥ > ¢, we conclude that
PP > pl > pP L — (e + (p— 1)ex + €3)
and therefore
(3.7 €1+ (p—1)ea + €3> 1.
The degree of (y¢(ab))b N2\ 2 satisfies
|(e(ab))bTNT2AG 2] >(2p° — 2p) (pMH = (e1 + (p — D)ez +€3))
+(2p* = 2p — D)er + (2p% — 2p + Deg + (2p* — 1)es
=|pr (0b)| — €1 + ((p = 2)(2p° = 2p) + D2 + (2p — V)es
>[pn (ob)]

whenever pf > pFt! — (e; + (p — 1)e2 + €3) and either €3 > 0 or e3 > 0. Since
BZ0) cannot be satisfied when €5 = e3 = 0, we have reached a contradiction to the
assumption that |m| < |y,(cb)|. Thus, no such m such that [m| < |y, (cb)| and
mfilt(m) > mfilt(y,.(ob)) exists. This implies that there are no hidden co-actions
and 7,x(ob) remains a comodule primitive. O

Corollary 3.10. In the homotopy fixed point spectral sequence
H*(T,(BP A V(1) THH(K(F,),)) = (BP A V(1)){THH(K(F,),)"",
there are differentials
d*(t)=tAy,
d?(ty)=tAa,
d*(b)=tob

and no further d* differentials besides those generated from these d* differentials
using the Leibniz rule.

Proof. This follows from Proposition 213 and the fact that Ao=cte and \|=ct} as
discussed in Proposition O

Remark 3.11. We also need to know the co-action of BP,BP on
BP*(V(l) A Tk(K(Fq)p))a
which is isomorphic to a sub-quotient of
P(},ts,...) ® E(b) ® E(\, A2) ® P(u2) ® T'(0b) @ P(t) /t"!

after taking into account the differentials. Modulo higher filtration, this just
amounts to describing the co-action on the class ¢ in the input of the homotopy
fixed point spectral sequence

(3.8) H*(T,BP.(V(1) AN THH(K(F,),))),

since the co-action on a sub-quotient of ([B.8)) is determined by the co-action on

33).
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22 G. ANGELINI-KNOLL

Since we know that ¢y, (t) = >,50& ® " and t;=¢ in H,BP (cf. [A7] as
described in [28, p. 511]), BP,BP-comodule structure on H*(T,F,) ® BP,/(p,v1)
is determined modulo higher filtration by the formula

bpp(t) = 4 ® '
i>0
in addition to the usual BP,BP-co-action on BP,/(p,v1).

Note that there is a truncated homotopy fixed point spectral sequence with sig-
nature

(3.9)
EZ, = P(t)/t"*' @ BP.(V(1) A THH(K(F,),)) = BP.(V(1) A Tp(K(F,),))

as discussed in Remark [2.15]

Corollary 3.12. In the spectral sequence [B9) computing (BPAV (1)), Tk (K(Fy)p),
there is an isomorphism of Pyy1(t)-modules and BP.BP comodules

E;, =M ®p, 1) M2 ®p,, 1) M3 ®p,,, 1) (Prog1(t) @ Pty : k > 3) @ Puz)),
where My = H.(P(t))R E(X))®@Pry1(t); d*), My = H.(P(t2) @ E(A2)® Py 11(t); d%),
and Mz = H,(E(b) ® T'(6b) ® Pyy1(t);d?). Explicitly, we have

My =F, (N80 85487 11 () = 0,5 > 1} & (Psa(t) @ P 0 BOGE ™)),

My =F,{Aot) 154 0,y (j) = 0,5 > 1} @ (PkH(t) ® P(#) ® E()\gt’;l)) . and

M3z =F,{v;(ob),t"by;_1(ob) : v,(j) = 0,5 > 1}

D (Pyt1(t) ® E(byp-1(0d)) @ T(yp(0b))) -

« 1s determined modulo higher filtration by
the co-action of classes in (BP AV (1)), THH(K(F,),) and the co-action of t from
Remark BI1 modulo the differential d* determined in Corollary BI0. The elements
in P(t)/tF and

The co-action on an element © € E*

Fy (M eE7 T R0 oty 158,75 (00), 51 (0b) v () = 0,5 > 1}
are permanent cycles in the truncated homotopy fized point spectral sequence.
Proof. All but the last statement directly follow from Corollary B.I0l For the last
statement, we note that the homotopy fixed point spectral sequence for the sphere
spectrum

(BPAV(1),®P(t) = (BPAV(1))s(TC™(9))

collapses at the E2-page for bidegree reasons. Consequently, the differentials in
homotopy fixed point spectral sequence

P(t)® (BPAV(1)),THH(R) = (BP AV(1))TC (R)

are always t-linear and the same is true for the truncated homotopy fixed point
spectral sequence. This implies that the elements in P(t)/t**! are permanent
cycles and that the elements in

Fp N 20~ kg2 Xyt ™1 %t by, (b), t5y;(ob) s vp(j) = 0,5 > 1}

are permanent cycles. O
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3.4. Detecting § elements in TC™. First, we define the S-family.
Definition 3.13. Let p > 5. By [306, Example 5.1.20], the elements

/Bs € 7T(2p272)572p5p

are represented by the permanent cycles

_ S _ o
(3.10) 1= ()05 o+ 505 M mod ()
in BP*W;?BP*Q in the BP-Adams spectral sequence where
(3.11) ko =28 @ty — 25 @ 9T — 3P @ ¢, and
p—1 1 )
(3.12) b i=— Z ; (f) @
i=1

Recall that T,(R) is defined to be the spectrum F(S(C**1),, THH(R))T. As
noted before Proposition 1.4 in [I6], T5(R) is a commutative ring spectrum whenever
R is a commutative ring spectrum. In particular, TC™(R) is a commutative ring
spectrum. In the following theorem, let £, be a commutative ring spectrum model
for the p-complete connective Adams summand as constructed in [27]. Note that
there is a map of Eo, ring spectra Ly (1)S — L, given by inclusion of homotopy
fixed points since

LK(I)S >~ Lth,

where Z,-action on L, is by Eo ring maps and consequently the inclusion of fixed
point Ly (1)S — L is a map of Ey, ring spectra (cf. [I7, Theorem 4.4, Proposition
8.1]). There is therefore a map of E, ring spectra K (F,), — £, by applying 7>
to the map above and using the weak equivalences of E, ring spectra K (F,), ~
T>0L i 1)S and 7oL, ~ £, where T is the Postnikov truncation functor (see [3} p.
260] for a discussion of the first weak equivalence and [8, Proposition 2.1] for the
second weak equivalence).

Proposition 3.14. The classes v5 map to nonzero classes (tus)® under the unit
map
V(1):S = V(1) T (K(Fy)p)-

Proof. By [5, Prop. 4.8], the element vo € V' (1)2,2_o maps to tus € V(1)gp2_o(T1(€})).
By [5, Thm. 6.7], the elements (tu)* survive the T-homotopy fixed point spec-
tral sequence computing V(1),TC™ (¢,) and v5 maps to (tu2)® because the map
V(1), — V(1),TC (¢,) is a ring map. The map V(1) TC™ (¢,) — V(1).Tk(¢p)
sends (tuz2)® to (tua)® by construction of the T-homotopy fixed point spectral se-
quence.

Since we showed ve maps to tuo under the unit map V(1),.S — V(1).T1(K(F,),),
the map V(1).T1(K(F,)p) — V(1).T1(¢,) sends tug to tus, and the maps

V(1)+S = To(K(Fy)p) = V(1).T5(6p)

% under the unit map

are ring maps for s > 1, the classes v§ also map to (tus)
V(1):S = V(1) Ts(K(Fy),p)-

We therefore know that (tug)® are permanent cycles in the BP-Adams spectral
sequence and homotopy fixed point spectral sequences computing V(1) TsK(Fy),.
O
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24 G. ANGELINI-KNOLL

We will continue to use notation d” for differentials in the homotopy fixed point
spectral sequence and d, for differentials in the BP-Adams spectral sequence to
differentiate the two.

Theorem 3.15. Let p > 5. The elements 35 € m(ap2_2y5—2pS for s Z 0 mod p
map to

S _ s —
(3.13) <2> (tpa)* 22N A2 + s(tpe)* 'tob € V(1) (gp2—2)s—2pTC ™ (K(Fy),p)

up to multiplication by a unit in ¥, for certain choices of representatives of the
classes (tuz)*2t2 XN\ Ny and (tus)*~tob.

Proof. The element f3, is represented by the class (3, as in Definition B.I3] by [36,
Example 5.1.20]. We therefore need to check that the classes Bs map to permanent
cycles in the BP, BP-cobar complex for V(1).Ts (K(F,),). From the proof, we will
see that we can accomplish this by choosing s = 5.

Due to the length of the proof, we break it into several steps:

Step 1. First, we show that v§ in the BP,BP-cobar complex for V(1) maps to
(tpe)® in the BP,.BP-cobar complex for V(1).Ts(K(Fy),)). By Proposition B.14]
we know that v§ maps to (tu2)® under the map

V(1) = V(1) Ts(K(Fy)p).

By examining the map of Hochschild-May spectral sequences induced by the unit
map nAidyy: SAV(1) = BPAV(1) and the subsequent map of homotopy fixed
point spectral sequences induced by this same map, we see that (tug)® maps to
(tp2)® under the map

V(1) Ts(K(Fq)p) = (BP AV (1)) T5(K(Fg)p).-
We also know the map
T Aidyny): T (SAV(1)) = 7. (BP AV(1))

sends the class v5 to v5 since the edge-homomorphism in the BP-Adams spectral
sequence is a ring homomorphism. We then use the commutative diagram

(3.14) V(1) — V(1) Ts(K(Fy),p)

l |

BP.V(1) —— (BP AV(1)).Ts(K(Fy)p)

to determine that v§ € BP. V(1) maps to (tu2)® € (BP AV(1)).Ts(K(F,),) and
also in the map of exact couples of the respective BP-Adams spectral sequences.

Step 2. We now show that the element $; has nontrivial image in V(1) 77 (K(Fy),)-
The element ; is represented by the permanent cycle by o in the Eq-page of the
BP-Adams spectral sequence for V' (1). This class maps to a class of the same
name in Fj-page of the BP-Adams spectral sequence for V(1) A T3 (K(F,),). The
result then follows by Proposition B4l and a result of Zahler [47], which implies that
b1,0 maps to by via the map from the BP-Adams spectral sequence to the Adams
spectral sequence (cf. [28] p. 511]).

Licensed to Univ of Rochester. Prepared on Tue Jan 17 07:58:07 EST 2023 for download from IP 128.151.13.17.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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Step 3. Next we consider the case s =1 mod p. In this case, we know that Bpk-i—l =

blﬁovgk represents Spr41 in the BP-Adams spectral sequence for V(1) for k > 1. It
maps to by o(tuz)P* in the BP-Adams spectral sequence for V(1) A Tppq1 (K(Fy)p)
up to multiplication by a unit. This follows by Step [l and the fact that the cobar
complex for V(1) A Tpp41(K(F,),) is multiplicative. Since Bpk 41 is a permanent
cycle in the BP-Adams spectral sequence for V(1) for k& > 1 (this follows from
[33, Lemma 5.4]), the class by o(tus)P* is an infinite cycle in the BP-Adams spectral
sequence for V(1) A Tpr41(K(Fy),) for k > 1, but it could still be a boundary. It is
on the two-line of the BP-Adams spectral sequence, so we just need to check that
it is not the boundary of a d' or d? differential. Note that we will prove that, in
fact, the element by o(tuz2)® is never a boundary for any s > 1. In particular, we
also show that vyf; in the image of the unit map V(1) — V(1).TC™ (K(F,),)
since v 31 is known to be a permanent cycle in V (1), by [42]. We will break this
into two further sub-steps:

Sub-step 1. If the class by o(tu2)® is the boundary of a d', then there is a sum of
classes

(3.15) > a;®m; € BP,BP ®pp, BP.(V(1) A To(K(F,),))

2

such that

dq (Z a; ® mi) = b1,0 ® (tpa)®,
icl

where s > 1 and I is a finite set. Recall that the co-action on € (BP A

V(1) Ts(K(Fy)p) is of the form

Y(x) = 1®:17—|—Zaj ® zj,
j€T
where |z;| < |z| and J is a finite set. Observe that the only monomial classes
z € (BPAV(1)).Ts(K(F,),) such that x = (tu2)® or z; = (tue)® are classes of the
form (tp2)°y for some y € (BP AV (1)).T5(K(Fq),) up to multiplication by a unit.
The co-action of such a class is

P((tn2)*y) = (1@ (tp2)*)Y(y),
so in order to arrange that z;; = (tp2)® for some j' the coaction 1 (y) must be of
the form

by)=10y+z201+ Y b @y
keK

for some finite set K. Since the only classes in (BP A V(1)).Ts(K(F,),) that have
z ® 1 as a summand in their co-action for some element z # 0,1 are the classes
t} and t; for i > 2, the class y must be a product [T;5,(t])" (t:)" where k; > 0,
k; = 0 for all but finitely many ¢ > 2, and )., k; > 0. Since the internal degree of
a; ® (tpz)®y must equal (2p? — 2)s + 2p? — 2p in order to be a summand of BI19),
we have

la; @ (tpz) "yl = (2p* = 2)(s) + Iyl + la:| = (2p* — 2)s + 2p° — 2p,

so, the degree of |y| + |a;| must be 2p* — 2p. However, the class ] is the element of
lowest degree of the form (¢])* [],-,(¢;)", where k; > 0, k; = 0 for all but finitely
many i > 1, and Y, k; > 0, and || = 2p* — 2p. Also, the only classes in degrees
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26 G. ANGELINI-KNOLL

less than or equal to 2p? — 2p in BP,BP are powers of v; and ¢;. Therefore, the
only possibility is a; = t}"7v] for some 0 < j < p and y = 1. We know that

AT =l AP =0 (h @1 +10t)P 7
and we compute
& (17770 @ (tpa)*) = =A™ v]) ® (tp2)°)
+17 0] © P ((tps)”)

= At v]) ® (tpa)".

We observe that there is no linear combination of d; (t’f_j v{ ® (tug)®) that has the
element by o(tu2)® as a summand. We conclude that m;=(tpq)® for at least one 7'

Now, if m;=(tps)® for only one ', then the element a; corresponding to my
must have reduced co-product by o + 2 for some element z € BP,BP®pp. BP,BP,

up to multiplication by a unit; i.e., A(a;)=b1 o + 2. The degree of a; must be
2p? — 2p, so ay=tjv} 7 for 0 < j < p. However,

Aty ™) = v AH)
=t @l+lot) —1ethl ™ —tHl 7 o1

and this does not equal b; o+ for any j, and any element z € BP,BP®pp BP,BP.

Suppose that m;=(tus)*® for j € J where J is a finite set of indices with more
thanﬂe element. Then (>, ; a;)=b1 o+ 2" for some element 2’ in BP,BP®pp,
BP,BP. However, we checked in the proof of Proposition [3.4] that no class of the
form ZjeJ a; has co-action by o + 2’ and the same proof applies here.

Thus, there is no sum of classes Zjel a; @m; such that di(Y_;c; a; @m;)=by o ®
(tpe)® and therefore the class by o(tu2)® survives to the Es-page as long as it is a
d' cycle, which is the case when s = pk for k£ > 1 and s = 2 for all p > 5.

Sub-step 2. Now suppose there is a class z in bidegree ((2p* —2)s+ 2p*> —2p+1,0)
that is the source of a d? differential hitting by o(tu2)®. Then

T e BP(2p2—2)s+2p2—2p+1(V(1) ANT5(K(Fq)p))

is a dj-cycle. Since z is in an odd degree, we can classify all the possibilities as a
linear combination of elements in the six families of elements,

2
{)\/121, )\222, tsb23, )\/1#17 _10247 )\th_lzg,, b’yp_l(O'b)ZG}

in a sub-quotient of BP(a,2_oyst0p2_op+1(V (1) A THH(K(F,),)) ® P(t)/t5+* by
Corollary where z4, 25, and zg are non-trivial even dimensional classes and zy,
z9, and z3 are non-trivial even dimensional classes that are not ¢-divisible, since A},
A2, and t°b are simple t-torsion elements. We know that each of the elements in
the set

{2, AL, 70}
are permanent cycles in the truncated homotopy fixed point spectral sequence com-

puting (BP A V(1)).Ts(K(F,),) by Corollary We know that each of the
elements in the set

{bp—1(0b), At 1 Mt 7Y
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DETECTING g ELEMENTS IN ITERATED ALGEBRAIC K-THEORY 27

are permanent cycles by mapping to a homological homotopy fixed point spectral
sequence via the Hurewicz map and applying [16l Theorem 5.1 (b)]. Note that the

2
classes t°b, X;t2 P by,_1(ob), and Aot5 ™" are indecomposable in

BPap2 9)sy2p2—2p11(V(1) A Ts(K(Fy)p))

by Corollary

We explicitly compute dy (A2) = & ® \j. Therefore, by the Leibniz rule, d; (A222)
= (61 ®\)) 29 + Aady (22) # 0. Therefore, the classes of the form As2y do not survive
to the Fs page of the BP-Adams spectral sequence and cannot be the source of a
dy differential hitting by o(tpe)®.

Next, we check elements of the form t°bz3 or \jz; where z3 is not divisible by
tus or tob and zq is not divisible by A}. Note that the Leibniz rule implies

d2 (tsb2’3) = dg (tsb)23 + tsbdg (2,'3)

and similarly,
d2(M22) = d2(A])22 — Nida(22),

so we need to check if
a(da(th)z3 + thda(z3)) + B(da(A]) 22 — Ada(z2)) = b1 o(tuz)®

for some «, § € F),. Suppose da(\j22)=by o(tu2)® + = for some possibly trivial class
z. Then by the Leibniz rule da(\)22) = da(N\])22 — N d2(22) and so da()\]) would
need to divide the product of by ¢ and (tu2)®. Since we already proved that by o and
(tp2)® are permanent cycles, this would be a contradiction. It therefore suffices to
show that da(t°bz3) # b1 o(tp2)® + 2’ for some class 2’. Since tuy does not divide 23
it suffices to show that da(z3)tb # by o(tpe)® + 2’ for some class 2’ by the Leibniz
rule. This follows because t°b does not divide by o(tpu2)®.

2
Finally, we need to check the classes Njt] Pz, )\2#2’7125, and by,—1(ob)z. In
order to be a source of a ds, these classes must survive to the Es-page, so we just
need to check this in the case when the classes of the form \j¢§ ~"zy, A2t§_1z5,
and by,—1(0ob)zs are dy cycles. Since the dj-cycles on the 0O-line are exactly that

BP,BP-comodule primitives, we just need to prove that the elements
2_ 2
(3.16) N TP by, Nt TP}

are not BP,BP-comodule primitives. From Corollary B.12] we know that they are
not BP, BP-comodule primitives on the E4-page of the truncated homotopy fixed
point spectral sequence, which is the E*-page for BP,(V (1) A T5(KF,),)). We
also claim that hidden BP,BP-comodule extensions in the truncated homotopy
fixed point spectral sequence computing BP,V (1) A Ts(K(F,),) cannot produce
additional comodule primitives. To see this, note that elements in higher skeletal
filtration are always divisible by higher powers of ¢ and therefore summing with such
classes cannot reduce the number of terms in the B P, BP-coaction of an element in
the E>-page in lower skeletal filtration. Therefore, the classes A} t’fz_p Z4y Aath 25,
and by,—1(ob)z¢ do not survive to the E;-page of the BP-Adams spectral sequence
for BP, V(1) A T5(K(F4)p). The elements in (BI6) in the BP-Adams spectral
sequence for V(1) A T, (K(F,)) map to classes of the same name in the BP-Adams
spectral sequence via the map F;-pages of BP-Adams spectral sequences

BP,BP.""* @ BP,V(1) AT,(K(F,)) — BP,BP.”™* @ BP,V (1) A T5(K(F,))
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28 G. ANGELINI-KNOLL

induced by the canonical map V(1) AT, (K(F,)) = V(1) AT3(K(F,)) and therefore
they cannot be comodule primitives in the source, because this would lead to a
contradiction.

In fact, our proof shows that by o(tu2)® + 2” is not hit by a do differential for
any s > 0 and any class 2z, so the exact same argument implies that, as long as
b1 0(tus2)® and BS are dp-cycles and they are not d; boundaries, then they are not
dy boundaries for any s > 1. Note that by [42] Theorem 5.2], the element vy
is non-trivial in V(1) (2p2_2)4(2p2—2p—2). Our argument also shows that vo/3; has
non-trivial image in V(1) TC™ (K (F,),). We also use this to reduce the work we

need to do to show that 5, is a permanent cycle in Step

Step 4. We now discuss how to detect 82. The element (5 is represented by the
class ko + 2b1 v mod (p,v1) in the input of the BP-Adams spectral sequence for
S. It is also a permanent cycle in the BP-Adams spectral sequence for V(1) as a
consequence of [33, Lemma 5.4]. It maps to the class ko + 2b1 otpo in

BP,BP, ®pp, BP,BP, ®pp, BP,V(1) A To(K(F,),)

under the map of Fj-pages of BP-Adams spectral sequences induced by the map
V(1) = V(1) ATo(K(F,)p), by Step [l and the multiplicativity of E4-page of the
BP-Adams spectral sequence.

Recall that BP,(V (1) A To(K(F,),)) is isomorphic to a sub-quotient of

H, (P(t],ts,...) ® E(b) ® E(ot}, 0ty) @ P(p2) ® T'(0b) ® P3(t); d*(z) = tox)

after taking into account d* differentials. We can therefore check every element in
degree 4p%> — 2p — 2 in

BP,BP. @pp, BP,(V(1) A T2(K(F,),))

to see if it has ko + 2b; gv2 as a boundary up to multiplication by a unit. Note
that the source of a d; differential hitting ko + 2b1 gve must be in bidegree (1, 4p* —
2p —2) or in other words stem 4p? — 2p — 3 and BP-Adams filtration 1 because the
dy differential decreases stem by one and increases BP-Adams filtration by one.
Consequently, the source of a possible differential of length 1 hitting ko + 2b1 ov2
must be of the form x ®@m where 0 < |z| < 4p? —2p—2 and 0 < |m| < 4p® —2p—2.
The elements © € BP,BP, satisfying 0 < |z| < 4p2 —2p—2 are linear combinations
of t¥ and ¢, for 1 < k < 2p. We conclude that 4p% —2p —2 — |m| =0 mod 2p — 2.
By Corollary B12] the potential elements m € BP, V(1) A To(K(F,),) satisfying
0<|m|<4p*—2p—2are

{1, M), Mg, 0b, Yo (b)), pu, tpa, 62, 20 62637 1249, 62D, 242D, 2t },

so after removing all elements that don’t satisfy 4p? —2p—2—|m| =0 mod 2p— 2,
we are left with the elements

{ob,y2(0b), tus}.

When m = ob, the only possibilities for x are linear combinations of t;17+1 and
ta, so we need to compute di (21" @ ob) and dy(t2 ® ob). When m = ~5(ob) the
only option is z = t1, so we need to compute d; (t; ® y2(ob)). When m = tus, x
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must be ¢} so we need to compute d; (] @ tus). We compute

p
+1) »
Gt ooty =S (P71 ) et g ob
1(1 ®U) ; i 1 ® 1 ® oo,
dl(t2®0b):—t€)®t10’b,

di(t1 @ y2(ob)) =0,

p—1
di( @tpp) == <p>t§ QB @tu=0.

i
i=1
We then note that the equation
a1d1 (t;llﬂrl ® Ub) + (lgdl (tg ® O'b) + (lgdl (t;ll) ® tﬂg) = ]CO + 2b1701)2

is not satisfied for any a1, az,as € F,. We conclude that kg 4 2b; gv2 survives to
the Es-page of the BP-Adams spectral sequence.

We next need to check if it is the boundary of a do. By Corollary B.12] we know
that BPyy2_4,-5(V(1) A To(K(Fy),)) = Fp{t*t1b}. However, we know o(t1) =
t1®1+1®t,sodi(t;) =t; ®1. Since t2b is a comodule primitive, we compute
dy(t1t%b) = t; ® t?b and consequently, ¢1t2b does not survive to the Ey-page of the
BP-Adams spectral sequence. Therefore, the class t1t2b cannot be the source of a ds
differential hitting ko + 2b; gvs. Consequently, the class ko + 2b; gve survives to the
E3-page of the BP-Adams spectral sequence. Since it is in BP-Adams filtration 2
and it is an infinite cycle, it also survives to the E.-page of the BP-Adams spectral
sequence.

We now identify an element in V'(1)4p2_o,_4T2(K(FF),) which projects onto ko +
2b1,0tpo in the E-page of the BP-Adams spectral sequence. We claim that the
only classes in V/(1)yp2_a,_4To(K(F,),) are t*\} Ao and t?p90b. To see this, note
that the there is a truncated homotopy fixed point spectral sequence

Py(t) @ V(1) THH(K(F,),) = V(1)ap2—2p—aT2(K(Fy)p),
where the input is
Fp{l, [ )\/1, 1A, )\11)\2, Oél)\ll)\g} 024 P(,UQ) ® F(O’b) ® Pg(t).

Concentrating on elements in degree 4p? — 2p — 4 allows us to remove all elements
in odd degree and degree greater than 4p? — 2p — 4 from consideration, leaving us
with considering elements in

Fp{l, a1 As, )\/1)\2} ® E(u2) ® PQ(Ub) ® Pa(t).

Direct computation shows that the only possible elements in the correct degree
in the E?-page of the truncated homotopy fixed point spectral sequence are
t2X X2 and t?ucb.  We already showed that wvy(3; has nontrivial image in
V(1) 4p2_2p—aTC™ (K(Fy)p) in the previous step. We also just showed that o
has nontrivial image. Therefore, both t2\]\y and t?us0b must be permanent
cycles or else we reach a contradiction. Since we know vs maps to tus and [
maps to tob, multiplicativity implies that ve8; is detected by t2ugob. Therefore,
we conclude that the Hurewicz image of (s is detected by a linear combination
ct? N dg + 2 psob € V(1) 420y aTo(K(F,),) where ¢ # 0. We may arrange that
B2 maps to t2A2\] + 2u20b by judiciously choosing our choice of representatives for
the classes t?p20b and t? A2\ and our basis for the vector space Fp, {t?pa0b, t2 Ao\ }.
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30 G. ANGELINI-KNOLL

In fact, we can conclude that ko representing S — 2v93; and vab1 ¢ representing
vo 3 also have non-trivial Hurewicz image.

Step 5. Finally, we discuss how to detect 85 where s # 0,1 mod p. In this case,
Bs is represented by 3, which maps to

(tpz)® @ ko + kbyo(tpz))

by Stepl We just need to check the d; differentials on classes of the form (tpuz2)®tw
where w is an element in BP,BP, ®pp, BP,BP,. If the class

25 @1y ® (tpo) ™" =27 @171 @ (b)) — 17 @ 11 @ (tpa)*
is the boundary of a d;, then there is a sum of classes

> a;@m; € BP,BP @pp, BP.V(1) A TL(K(F,),)
iel
for some finite set I such that
di (Y as @my) =20 @ty @ (tu)* ™ =200 @ 77 @ (tp2)* ! — 77 @ b @ (tpa)*
i€l

Sub-step 1. Recall that the co-action on x is of the form

Y(m) = 1®x+ZaJ— ® x;
jeJ
for some finite set J where |z;| < |z|. Again, observe that the only elements in
(BP AV(1)).Tx(K(F,),) whose co-action contains (tu)®~! as either x or z; for
some j are classes of the form (tus)* 'y for some y € (BP A V(1)).Ts(K(F,),)
up to multiplication by a unit. The co-action of such a class is ¥((tuz)* ly) =
(1@ (tpa)* Y (y), and ¥ (y) must be of the form Y(y) = 1@y +201+>.b; @y;
since ¥ ((tp2)*~ty) must have 1® (tug)* ! as a term, up to multiplication by a unit.
Since the only classes in (BP A V(1)) Ts(K(F,),) that have a term z ® 1 in their
co-action are the classes t, t; for i > 2 the class y must be a product of these. Since
|(u-tuz)*~ty| = (2p> —2)(s—1)+|y| and the degree must equal 4p* —2p+s(2p? —2),
the degree of y must be 4p? — 2p. However, the class ] is the element of lowest
degree of the form
e T1¢7

j=>2
where i; > 0, i; = 0 for all but finitely many j > 1, and Zj>2 i;j > 0. Also,
[t = 2p? — 2p and the next lowest degree element is to with |t2| = 2p* — 2 so no
product of classes in this set can be in degree 4p? — 2p. Thus, m; =(tuz)*~! for at
least one i’ € I.
Now, if mi/i(tug)“1 for only one 4/, then the element a; corresponding to m;
must have reduced co-product 2t? @ ty — 2t" @ 1P @ 1 — t7° @ 1; i.e.

Aay) =2t @ty — 22 @ 1,77 — 7P @ 1.

The degree of a; must be 4p> — 2p, so ay=t]v? Tv5 .
However,

AP 052 =P TS (4 @1 4+1@ 1) (b @ 14+ 1@ty + 12 @ 1)
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and so A(H v 7 u55?) does not equal
Loty —20 @t — P @t

for any 0 < j < p.
Suppose that my, = (tuz)*~! for k € K C I where K contains more than one
element. Then
V(Y a2 @t -2 @ 1 — P
keK
for some possibly trivial element 2’ € B P.BP.®5 p, B P.BP.,. However, we checked
in Step E that no class of the form ), _ ;- ax has co-action

20 @ty — 20 @417 — 2P @ 1)

and the same proof applies here.

Thus, there is no sum of classes Y., a; ® m; such that

iel
(> ai@mi) =2 @ty — 2 @ ;7 — 17 @ 1) @ (tp)*
iel
and therefore the class (2t2 @ ty — 2" @ 1,77 — 137 @ 1)) @ (tug)*~ ! survives to the

FEs-page.
Sub-step 2. The argument that there are no do differentials that hit

S
<2> (tpa)* ko + sbio(tp2)®

is the same as that of Step

Therefore, (5)(tp2)* ko + sbio(tpz)® is a permanent cycle in the BP-Adams
spectral sequence for V(1) A T4 (K(Fy)p).

We now just need to show that

S S— S
()t~ e70) + s(t0t) t2)* € V(D)o T KCE,))
projects onto the permanent cycle (35)(tu2)* ko + sbyo(tp2)® in the E.-page of
the BP-Adams spectral sequence. Since 82 — 2v2f1, B1, and v in V (1), map to
t2\[ X2, tob, and tuy by the previous steps and these project onto kg, 31, and vy
respectively in the F..-page of the BP-Adams spectral sequence, we can conclude
that

(;) (t/l,g)s_l(l»\i)\g) + S(to’b) (t/l,g)s

projects onto (3) (tp2) ko —+sb1,0(tuz)® in the Ex-page of the BP-Adams spectral
sequence because the unit map V(1) — V(1) AT:K(F,),) induces a multiplicative
map of BP-Adams spectral sequences. O

3.5. Detecting [ elements in iterated algebraic K-theory of the integers.
The goal of this section is to prove that the S-family mod (p,v1) is detected in
the iterated algebraic K-theory of finite fields. We prove this as a corollary to
Theorem The proof relies on the fact that the trace map K(R) — TC™ (R) is
a map of commutative ring spectra when R is a commutative ring spectrum. The
proof that the cyclotomic trace map K(R) — TC(R) is a map of commutative ring
spectra when R is a commutative ring spectrum is due to Hesselholt—Geisser [18] for
Eilenberg-MacLane spectra and Blumberg—Gepner-Tabuada [14] for commutative
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32 G. ANGELINI-KNOLL

ring spectra. The advantage of the approach of Blumberg-Gepner—Tabuada [14]
is that they prove that the multiplicative cyclotomic trace map is also unique.
This work builds on their proof that algebraic K-theory is the universal additive
functor [13] (for a different take on universal properties of algebraic K-theory see
Barwick [9]).

Let R be a connective commutative ring spectrum. We write TP(R) :=
THH(R)'T. Recall from [30, Prop. IL1.1.9] and [30, Rem. I1.4.3] that TC is the
homotopy equalizer of the maps

can: TC™(R) — TP(R)" = HTP(R)m

ppT: TC™(R) — TP(R)" = [[ TP(R),,

where can: TC™(R) — TP(R)" — TP(R) is the canonical map from TC™(R) to
the cofiber of the norm map XTHH(R),1 — TC™ (R), and

¢p: THH(R) — THH(R)!“»
is the Tate valued Frobenius map. This description relies on the identification
(THH(R)'“»)"" ~ TP(R),

from [30, Lemma II.4.2.], which uses the assumption that R is bounded below.
Since the maps can and gofg”r are each commutative ring spectrum maps and the
forgetful functor Comm(Sp) — Sp is a right adjoint, we can take the equalizer of
can and ¢!" in Comm(Sp). Therefore, the map TC(R) — TC™(R) is a map of
commutative ring spectra. The following is then an easy consequence of [14] Thm.
7.4]. The author would like to thank the anonymous referee for pointing out this
simpler argument.

Lemma 3.16. Suppose R is a connective commutative ring spectrum, then the
trace map

K(R) —» TC(R) — TC™ (R)
is a map of commutative ring spectra.

Corollary 3.17. Let p > 5 be a prime. Then each element of the p-primary (-
family {Br : k # 0 mod p} maps to a nonzero element in m.K(K(F,)) under the
unit map. If g = 0™ for some prime £, then each element of the p-primary B-family
{Br : k£ 0 mod p} maps to a nonzero element in 7, K(K(F;)) under the unit map.

Proof. The elements (), € (2,2 _2yp—2p(S) for k£ # 0 mod p map nontrivially to
V(l)(2p2—2)k—2pT07(K(Fq)p)

under the unit map by Theorem B.I5 Since the cyclotomic trace is multiplicative,
the unit map

7.8 — V(1).TC (K(F,),)
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factors through 7, K(K(F,)); i.e., there is a commutative diagram

T MK (K(Fy))

7.8 mK(K(F)) —— mK(K(F,))
mevu)/\s lg
V(1)K (K Fq)p)
V(1).S V(1) K(K(F,)p)

V(D)unro- (kEg ) lv(l)*”

V(1).TC™ (K(Fy)p)

where g is the composite of the unit map m.ny ) A K(K(F,): m.K(K(F,)) —
V(1).K(K(F,)) with the map V(1).K(f,) where f, is the p-completiffon map
fp: KF,) — K(F,;)p. The map h is induced by the canonical map of fields
F, — F,. O

Corollary 3.18. Let R be any Fo ring spectrum equipped with a map of Fo ring
spectra to HF, and let p > 5. Then the p-primary -family {Bs : s #0 mod p} is
detected in K(K(R)).

Proof. Since there exists a map of Fs ring spectra R — HF, inducing a map
K(K(R)) — K(X(F,)). Therefore, there is a commutative diagram

(3.17) S —— K(K(S)) —— K(K(R))

|

K(K(Fy))-

Since the f-family is nontrivial in the image of the map 7.5 — T.K(K(F,)), it is
also nontrivial in the image of the unit map 7,5 — 7. (K(K(R))). O

In particular, this implies the following result:

Corollary 3.19. The p-primary beta family {8s : s Z 0 mod p} is detected in
K(K(Z)) for all p > 5.

Remark 3.20. Note that the a-family is detected in K(Z). Since Ko(Z) = Z, there
is a map of commutative ring spectra K(Z) — HZ. We may consider the infinite
family of maps

S — ... =2 KK(EK(2Z)) - KK(Z) - K(Z)

and a specialization of the Greek-letter family red-shift conjecture is that the p-
primary n-th Greek letter family is in the image of the unit map S — K™ (Z), where
K™ (Z) is algebraic K-theory iterated n-times, for p sufficiently large. Corollary
is therefore evidence for this conjecture when n = 2.
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