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Abstract

We develop a general theory of higher semiadditive Fourier transforms that includes both
the classical discrete Fourier transform for finite abelian groups at height n = 0, as well as a
certain duality for the E,-(co)homology of w-finite spectra, established by Hopkins and Lurie,
at heights n > 1. We use this theory to generalize said duality in three different directions.
First, we extend it from Z-module spectra to all (suitably finite) spectra and use it to compute
the discrepancy spectrum of F,,. Second, we lift it to the telescopic setting by replacing E,, with
T'(n)-local higher cyclotomic extensions, from which we deduce various results on affineness,
Eilenberg-Moore formulas and Galois extensions in the telescopic setting. Third, we categorify
their result into an equivalence of two symmetric monoidal co-categories of local systems of
K (n)-local E,-modules, and relate it to (semiadditive) redshift phenomena.
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1 Introduction

Background & overview
The classical m-dimensional Discrete Fourier Transform (DFT) is a linear isomorphism
gw: cm = (ij

associated to a primitive m-th root of unity w € C, whose characteristic property is transforming
the convolution product on the source to the pointwise product on the target. More generally, one
can associate to every commutative ring R with an m-th root of unity w: Z/m — R*, a natural
transformation of R-algebras,

Fw: R[M] — RM",

from the group R-algebra of an m-torsion abelian group M to the algebra of R-valued functions
on its Pontryagin dual M* = hom(M,Q/Z). Furthermore, §, is an isomorphism if and only if the
image of w is primitive in every residue field of R. The classical case is recovered by taking R = C
and M =Z/m.

Passing from the ordinary category of abelian groups to the oco-category of spectra, i.e., from
classical commutative algebra to stable homotopy theory, introduces new “characteristics”. The
Morava K-theory ring spectra of heights n = 0,...,00 at an (implicit) prime p,

Q=K(0), K1), K2), ... , K(n), ... , K(c0)=TF,,

are in a precise sense the prime fields in the world of spectra, and can be thought of as providing an
interpolation between the classical characteristics 0 and p; see [[IS98]. A central tool in the study of
these intermediate characteristics is Lubin—Tate spectra. For each 0 < n < oo, this is a K (n)-local
commutative algebra F, that can be realized as the algebraic closure of the K(n)-local sphere,
and which has deep connections to the algebraic geometry of formal groups making it amenable
to computations. For example, in [HL13], Hopkins and Lurie prove the following theorem, which
resembles the discrete Fourier transform, only in higher chromatic heights:

Theorem 1.1 ([HL13, Corollary 5.3.26]). For all integers n > 1, there is a natural isomorphism of
K (n)-local commutative F,-algebras
En[M] = B

where M is a connective m-finite (i.e., having only finitely many non-vanishing homotopy groups,
all of which are finite) p-local Z-module and M* is its Pontryagin dual.

Furthermore, they deduce from this result several fundamental structural properties of local systems
of K (n)-local algebras on n-finite spaces, reproving among other things the convergence of the K(n)-
based Eilenberg—Moore spectral sequence from [Bau08].

In this paper, we develop a general theory that formalizes and substantiates the analogy between
Theorem 1.1 and the classical Fourier transform. In particular, we reinterpret both in terms of a
unified notion of a chromatic Fourier transform isomorphism for all finite chromatic heights, and
show that it shares many of the formal properties of the classical Fourier transform. We then apply
this theory to generalize Theorem 1.1 in three different directions:



(1) We lift it to the telescopic world, by replacing F,, with certain faithful Galois extensions of
the T'(n)-local sphere (Theorem A). By analogy with the K (n)-local case, we deduce several
structural results for local systems of T'(n)-local algebras over 7-finite spaces (Theorem B).
We also obtain an analogue of Kummer theory at heights n > 1 (Theorem C).

(2) We extend it over E, to all (i.e., not just Z-module) connective m-finite p-local spectra (The-
orem D), and deduce from this the conjectured description of the discrepancy spectrum of
Ando-Hopkins-Rezk in terms of the Brown-Comenetz spectrum (Theorem E). As another
application, we construct a certain K (n)-local pro-m-finite Galois extension, which is a strong
analogue of the classical p-typical cyclotomic extension (Theorem F).

(3) We categorify it into a symmetric monoidal equivalence between co-categories of local systems
of K(n)-local E,,-modules on the underlying spaces of two dual 7-finite spectra. Among other
things, this generalizes the weight space decomposition of representations of finite abelian
groups in characteristic zero (Theorem G). We also explain how this categorification accords
with semiadditive redshift phenomena.

We shall now discuss each of these sets of results in some more detail, and outline along the way
some of the key aspects of the general theory.

Telescopic lift

Recall that the telescopic localization Spy(, is the Boustfield localization of Sp with respect to
T(n) = F(n)[v™t], where F(n) is (any) finite spectrum of type n with a v,-self map of the form
v: $4F(n) — F(n). It is a classical fact that SPi(n) € SPr(ny. and a long standing conjecture
of Ravenel, known as the telescope conjecture, states that the two localizations are in fact equal.
While proven to be true in heights n = 0,1, the telescope conjecture is widely believed to be
false for all n > 2 and all primes p. In recent years, the telescopic localizations gained new
interest (independently of the status of the telescope conjecture) due to their pivotal role in several
remarkable developments, of which we mention two. First, the work [Heu21] of Heuts on unstable
chromatic homotopy theory, which generalizes Quillen’s classical rational homotopy theory to higher
chromatic heights. And second, the works [LMMT20, CMNN20], which made a major progress on
establishing the conjectural chromatic redshift philosophy pioneered by Rognes (see, e.g., [Rogl4]).

The T'(n)-localizations are considerably less amenable to computations than the corresponding
K (n)-localizations, largely due to the lack of a (faithful) telescopic lift of E,,. Nevertheless, we
show that the isomorphism of Theorem 1.1 descends from F, to a deeper base, which does admit
a faithful telescopic lift and over to which the chromatic Fourier transform lifts as well. To explain
this in more detail, we first note that while the classical Fourier transform is not defined over Q,
one does not need to go all the way up to C or even Q. Instead, for Z/m-modules, it suffices to
have a primitive m-th root of unity w,,, so one can construct the Fourier transform already over
the cyclotomic field Q(w,, ), which is a finite Galois extension of Q. In the same spirit, we observe
that natural transformations as in Theorem 1.1 are in a canonical bijection with higher roots of
unity X"Z/p" — E) of E,. Moreover, the natural isomorphisms are in a canonical bijection with
those higher roots of unity that are primitive in the sense of [CSY21b, Definition 4.2].

Remark 1.2. In [HL13], the isomorphism of Theorem 1.1 is constructed from a normalization of
the p-divisible group G associated with F,,, namely, an isomorphism of the top alternating power



Alt,,(G) with the constant p-divisible group Q,/Z,. It can be verified directly, that such data are
equivalent to compatible systems of primitive higher roots of unity of F,,

S"Qy /2, ~ lim S Ly — B

We then proceed to show that, as in the classical case, the chromatic Fourier isomorphism exists
already over the higher cyclotomic extensions R, ,, which are certain faithful (Z/p")*-Galois exten-
sions of the K (n)-local sphere classifying primitive higher roots of unity in the sense of [CSY21b].
The key point now is that, by [CSY21b, Theorem A}, the R, ,-s admit faithful T'(n)-local lifts
wa, the corresponding T'(n)-local higher cyclotomic extensions. Consequently, the general theory
developed in this paper, combined with the nilpotence theorem, allows us to lift the chromatic
Fourier transform to the telescopic world.

Theorem A (7.33). For every n,r > 1, there exists a faithful (Z/p")*-Galois extension Rf . of

n,r
the T'(n)-local sphere and a natural isomorphism of T'(n)-local commutative R}, ,-algebras

o RY L IM) = (R )P,
where M is a connective w-finite Z/p"-module and M* is its Pontryagin dual.

The natural isomorphisms of Theorem A are compatible with varying r. Thus, if we replace the
individual R,J;T—s with the colimit R} := h_r)anL’T, we obtain a telescopic Fourier transform for all
connective 7-finite Z,)-module (or equivalently, p-local Z-module) spectra as in Theorem 1.1. The
commutative ring spectrum R can be viewed as the infinite p-typical higher cyclotomic extension
and is a telescopic lift of Westerland’s K (n)-local commutative ring spectrum R,, (see [Wesl7]).
However, in contrast with R, it is not known whether R/ is faithful. This subtle point might also
shed some new light on (the failure of) the telescope conjecture. Localizing Spy(,) with respect
to R} forms an interesting intermediate localization between Sp K(n) ad Spp(,). In particular, if
one speculates that RS is in fact K (n)-local, the telescope conjecture becomes equivalent to the
faithfulness of R.

As in [HL13], we deduce from Theorem A several structural properties of local systems of T'(n)-local

algebras over w-finite spaces.

Theorem B. Let A be a w-finite space such that (A4, a) is a p-group and 7,4+1(A, a) is of order
prime to p, for all a € A.

(1) (7.29) For every R € Alg(SpT(n))A, the global sections functor induces a symmetric monoidal
equivalence
MOdR(SpT(n))A - MOdA*R(SpT(n))

(2) (7.30) For every R € Alg(Spr(,)) and spaces B and C' mapping to A, one of which is 7-finite,
the canonical Filenberg—Moore map is an isomorphism:

RP @pa RO = RPXAC,

(3) (7.31) Assuming A is connected, every R € CAlg(SpT(n))A is QA-Galois, in the sense of
Rognes, over the global sections (i.e., 2A-homotopy fixed points) algebra A, R € CAlg(Spy(,,))-



Remark 1.3. The assumptions on m; and m,; are necessary. The spaces B"*1C, and BC, for
q # p are counterexamples to all three claims. On the other hand, for n > 1, Theorem B is
interesting already for A = BG, where G is a finite p-group.

We think of the first claim as an affineness property (cf. [MMI15]), and study it in a general
context by abstracting the K (n)-local arguments of [HL.13, §5.4]. In particular, in an ambidextrous
setting, it both implies and is implied by (a very special case of) the second claim regarding
the Eilenberg-Moore isomorphism. Roughly speaking, the affineness of A reduces the Eilenberg—
Moore isomorphism to the Kiinneth isomorphism for the fibers of B and C over A, which in an
ambidextrous setting is guaranteed by the w-finiteness assumptions. The suitable special case of
the Eilenberg—Moore isomorphism is then deduced from the chromatic Fourier transform, replacing
“cohomology” with “homology”, for which the analogous claim holds for formal reasons. The third
claim, which we learned from Dustin Clausen, that the Galois condition is automatically satisfied,
is also a rather formal consequence of affineness, and might have been known to other experts (in
the K (n)-local case), though we are not aware that it has appeared in the literature.

As a further corollary of the above, we obtain an analogue of Kummer theory at higher chromatic
heights n > 1.

Theorem C. (7.34) Let R be a T(n)-local commutative algebra admitting a primitive higher
p"-th root of unity, and let M be a connected n-finite Z/p"-module spectrum. Then,

{ 2M-Galois extensions of R} ~ Map(X"M*, R*).

That is, we obtain a classification of abelian Galois extensions of a commutative algebra in terms
of its units, in the presence of enough primitive (higher) roots of unity.!

Spherical orientations

Generalizing Theorem 1.1 in another direction, we show that when one does work K (n)-locally and
over E,, the chromatic Fourier transform extends to all connective m-finite p-local spectra (i.e., not
just Z-modules), provided that we replace Pontryagin duality by Brown—Comenetz duality.

Theorem D (7.8). There is a natural isomorphism of K (n)-local commutative E,-algebras
where M is a connective w-finite p-local spectrum and I'M is its Brown-Comenetz dual.

Theorem D generalizes Theorem 1.1, as for Z-module spectra, the Brown—Comenetz dual identifies
canonically with the Pontryagin dual. Conversely, it can be obtained from Theorem 1.1 by a
bootstrap procedure. To begin with, for a K (n)-local commutative algebra R, a compatible system
of primitive higher p"-th roots of unity defines a map

£"Q,/Zy ~ lim X"Z/p" — R*.

Denoting by Ig,,z, the Brown-Comenetz spectrum, we show that extensions of the chromatic
Fourier transformation over R to non-Z-module spectra are in a natural bijection with solutions to
the following extension problem:

IFor a more precise relation to classical Kummer theory in height n = 0, see Remark 4.34.



2"Qp/Zy, X"Ilg,/z,

We call such extensions spherical orientations of R, and think of them as spherical analogues of
(compatible systems of) primitive higher roots of unity of R. Using a devissage argument, we
show that the Fourier transform associated to a spherical orientation is an isomorphism for all
connective m-finite p-local spectra. By studying the obstructions for extending higher roots of unity
to spherical orientations, we construct a universal R with a spherical orientation, the spherical
cyclotomic extension, and prove that it is K (n)-locally faithful. In fact, we even construct it T'(n)-
locally, and show that it is faithful over the intermediate localization,

SPi(ny € (SPrmy)rr S SPr(n)-

We further introduce a natural higher connectedness property for commutative algebras, which guar-
antees the canonical vanishing of said obstructions, providing a practical criterion for extending the
chromatic Fourier transform to non-Z-module spectra for specific choices of R. As a consequence of
the “chromatic nullstellensatz” of the third author with Burklund and Yuan [BSY22], this criterion
is satisfied for R = F,,, thus yielding Theorem D.

Remark 1.4. More specifically, the required ingredient is [BSY22, Proposition 8.14],
Mapg, (Cp, pic(Ey)) =~ B"*tiC,.
Looping this isomorphism once yields
Maps, (Cy. BY) = B'C.

which was conjectured, and subsequently proven, by Hopkins and Lurie (see [HL13, Conjecture
5.4.14]), though we are not aware of a written account of their proof. We note that the second
isomorphism suffices for establishing Theorem D for all connective m-finite p-local spectra whose
n-truncation admits a module structure over the (n — 1)-truncated sphere spectrum.

As a further consequence of Theorem D, we deduce that a spherical orientation of F, identifies
the connective cover of X" Iq 7, with the universal right approximation of E; by an ind-w-finite
connective p-local spectrum. We denote the latter by us,, (E,) as a “spherical” analogue of the
spectrum of ordinary p-typical roots of unity of E,. We then reinterpret us (E,) as the p-local
part of the connective cover of the so-called discrepancy spectrum of E,, which was defined by
Ando, Hopkins and Rezk to be the fiber of the localization map E) — L, E). To summarize, we
obtain the following result, originally announced by Hopkins and Lurie:

Theorem E. (7.23) The p-localization of the connective cover of the discrepancy spectrum of E,,
is isomorphic to the connective cover of ¥"Ig /7, .

As the discrepancy spectrum is constructed from K (n)-local ingredients, it is somewhat remarkable
that one can read off of it the first n stable homotopy groups of spheres, which are a “global”



invariant. This relation also ties the chromatic filtration with the Postnikov filtration, which are
generally speaking two quite “orthogonal” filtrations in stable homotopy theory.

To systematize the study of the various flavours of the chromatic Fourier transform, and to facilitate
dévissage arguments, we introduce a general notion of an R-orientation of height n for every
connective p-local commutative ring spectrum fR. This is the type of data from which one can
construct the chromatic Fourier transform for connective m-finite R-module spectra. The case
R = Z/p" recovers primitive height n roots of unity, while the case !} = S, recovers spherical
orientations. Furthermore, we show that if fR is itself n-truncated and n-finite, then the associated
MR-cyclotomic extension, classifying JR-orientations, is R*-Galois. Note that in general, 3™ is not a
finite discrete group, but a 7-finite group in the homotopical sense. We deduce from this that the
spherical cyclotomic extension is a pro-mw-finite Galois extension.

Theorem F (7.7). The K (n)-local spherical cyclotomic extension is pro-G-Galois for G = 7<,,S
viewed as a pro-m-finite group.

X
D

The classical p-typical cyclotomic extension Q,(wp), and the corresponding p-typical cyclotomic
character classifying it

x: Gal(Q,/Q,) — Z; = 7<0Sy,
plays a fundamental role in number theory, in the formulation of various arithmetic duality theo-
rems, via the construction of Tate twists. In [CSY21b], it is shown that Westerland’s ring spectrum
R,,, which is a Z;—Galois extension of Sk (), can be similarly viewed as a p-typical higher cyclo-
tomic extension. As the pro-finite Galois extensions of Sk (,,) are classified by the Morava stabilizer
group G, associated to R, is the higher cyclotomic character

X Gn = Gal(En/SK(n)) — Z;,
which is essentially the determinant map. This higher cyclotomic character plays a similarly funda-
mental role in chromatic homotopy theory, via the construction of the determinant sphere featuring
in Gross-Hopkins duality. Theorem F, together with the theory developed in this paper, suggests
that the spherical cyclotomic extension should assume a similarly pivotal role in K (n)-local higher
Galois theory, which deals with pro-m-finite Galois extensions of Sk (). A more systematic account
of this circle of ideas and their applications is a subject for a future work.

Categorification

Finally, we also extend Theorem 1.1 by way of categorification. The key feature of Spy(,), that
allows the chromatic Fourier transform to be an isomorphism, is higher semiadditivity in the sense
of [HL13, Definition 4.4.2]. Moreover, the chromatic height n, which appears as the “shift” in
the chromatic Fourier transform, can be interpreted as the semiadditive height of Sp K(n) in the
sense of [CSY21a]. Similarly, our telescopic lift of Theorem 1.1 relies on the higher semiadditivity
of Spr(,), which is the maximal higher semiadditive localization of Sp of height n (see [CSY22]).
We therefore construct and study the higher Fourier natural transformation in the general setting
of higher semiadditive symmetric monoidal oo-categories of a given semiadditive height n (at an
implicit prime p). However, it is not easy to determine, in this abstract setting, when the Fourier
transform is an isomorphism, and a large portion of this paper is devoted to developing tools for
answering this question.



One interesting source of examples of higher semiadditive co-categories, outside of the stable realm,
is higher category theory itself. As already observed in [HL13], the co-category Pr of presentable co-
categories is co-semiadditive. More generally, for any presentably symmetric monoidal co-category
%, the co-category Modg of @€-linear presentable co-categories is oo-semiadditive. Regarding roots
of unity, a height n root of unity w: ¥"Z/m — R* of a commutative algebra R in % deloops
uniquely to a height n 4+ 1 root of unity

@: 2" 7Z/m — pic(R) := Mod},

of Modpg, viewed as a commutative algebra in Mody. Note that the “shift by one” in the height
is consistent with the semiadditive redshift phenomenon from [CSY21a]. Namely, if € happens to
be itself oo-semiadditive and R is of semiadditive height n in %, then Modpg is of semiadditive
height n+ 1 in Mod¢. As the semiadditive height generalizes the chromatic height, this is strongly
related to the chromatic redshift philosophy. Now, given w as above, our theory provides a Fourier
transform of commutative R-algebras in ¢

Fu: R[M] — R "M

and also a “categorified” Fourier transform of symmetric monoidal Modg-linear presentable oco-
categories
oco—(n+1) *
§z: Modg[M] — Mod2™ ""VM"

Unpacking the definitions, the right hand side is the co-category of Modg-valued local systems on
Qo= (D) A1+ with the pointwise symmetric monoidal structure, while the source is the co-category
of Modg-valued local systems on Q2°°M with the Day convolution symmetric monoidal structure.
Our main result regarding this situation is that §z is an isomorphism if and only if §, is an
isomorphism.

Categorification of spherical orientations is more subtle. In general, there can be an obstruction for
delooping a height n spherical orientation ¥" I, /7, — R* of R to a height n+1 spherical orientation
E"HIQP /z, = pic(R) of Modg. However, it does give an R-orientation for the truncated p-local
sphere spectrum R = 7<,S(,). In the case of the oo-category Mod%n of K(n)-local E,-modules,
this partial result reads as follows:

Theorem G (7.9). For every n > 0, there is a natural equivalence of symmetric monoidal co-
categories:
Fun(Q°° M, Mod;, )pay = Fun(Q°~ "D 1M, Mod}, )piw,

for M a connective w-finite p-local spectrum, assuming the vanishing of the canonical map
Tnt1S @ ToM — T 1 M.

Remark 1.5. For a connective M, the induced isomorphism on the endomorphism objects of the
respective monoidal units in the equivalence of Theorem G recovers Theorem D.

The technical assumption on M is equivalent to the (n + 1)-truncation of M having a (necessarily
unique) module structure over the n-truncated sphere spectrum. This happens, for example, if
M admits a Z-module structure, as in the original statement of Theorem 1.1, in which case the
equivalence exists already over R, (or even Rf). We conjecture however that this hypothesis is



unnecessary, namely, that the spherical orientation of E,, can be delooped to a spherical orientation
of Modg". This would happen if, for example,

Map(Cp, br(E,,)) ~ B""‘QCP,

where br stands for the Brauer spectrum (cf. Remark 1.4).

The height n = 0 case of Theorem G recovers a classical fact. For a finite abelian group A
and M = A*, we get Q°M = A* and Q°"'IM = BA. We therefore obtain an equivalence
between the symmetric monoidal (derived) categories of Q-representations of A, and of A*-graded
Q-vector spaces. This equivalence is provided, unsurprisingly, by decomposition into weight spaces.
Assuming A is a p-group, for a general height n and M = A*, we get a similar “weight space
decomposition” of the symmetric monoidal co-category of Modgn—representations of the higher
group G = B" A,
Fun(B"'A,Mody, ) ~ [ Mody, .
pEA*

For an example of a different flavor, in height n = 1 with M = X A, we get an equivalence between
Mod%1 -representations of A and of A*, but with different symmetric monoidal structures. A similar
(non-monoidal) equivalence, was considered by Treumann in [Trel5].

Organization

In Section 2, we study the notion of affineness. We begin in 2.1, by introducing it in the general
setting of monoidal functors. We establish equivalent characterisations for affine functors and
certain closure and monoidal properties thereof. Then, in 2.2, we specialize to functors arising
as pullbacks for local systems, and relate the property of affineness to the behavior of Eilenberg—
Moore maps and Galois extensions. We end this section, in 2.3, by studying the interaction of
affineness with ambidexterity and semiadditive height, establishing among other things the mutual
implications of affineness and the Eilenberg—Moore isomorphism.

In Section 3, we lay down the foundations of the abstract theory of Fourier transforms. In 3.1,
we define R-pre-orientations of height n for a connective p-local commutative ring spectrum fR,
and the corresponding notion of Brown—Comenetz duality for SR-modules. In 3.2, we proceed to
construct the Fourier (not necessarily invertible) transformation associated to an JR-pre-orientation
and discuss its functoriality and duality invariance. We conclude, in 3.3, by promoting the Fourier
transform to a map of Hopf algebras, and deducing an analogue of the classical translation invariance
property.

In Section 4, we study R-orientations, which are SR-pre-orientations such that the associated Fourier
transform is an isomorphism for all suitably finite Si-modules. In 4.1, after presenting the relevant
definitions and functorialities, we establish for a given SR-pre-orientation various closure properties of
the class of oriented modules (those for which the Fourier transform is an isomorphism). Next, in 4.2,
we introduce the universal $R-oriented algebras, the R-cyclotomic extensions, and show that they are
R*-Galois under certain finiteness hypotheses. Then, in 4.3, we discuss virtual orientability, which
is the property of admitting an R-orientation after a faithful extension of scalars, or equivalently,
that the PR-cyclotomic extension is faithful. We show that under the assumption of virtual $R-
orientability, the underlying space of a suitably finite Si-module is affine and deduce a general form
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of higher Kummer theory. Finally, in 4.4, we focus on local rings R, and show that an R-pre-
orientation can be checked to be an orientation after pushforward to the residue field of R. This
result is essential in lifting primitive (higher) p-th roots of unity to spherical orientations.

In Section 5, we investigate the interaction of the Fourier transform with categorification. In the
preliminary subsection 5.1, we review the categorification-decategorification adjunction taking, in
one direction, an E,-algebra to its [E,,_;-monoidal category of modules, and in the other, an E,,_;-
monoidal co-category to the E,-algebra of (enriched) endomorphisms of the unit. We reinterpret the
property of affineness in terms of this adjunction and address certain set-theoretical issues related to
Pr not being itself presentable. In 5.2, we initiate the study of the “categorified” Fourier transform,
by describing its source and target in explicit terms, and explaining how the “decategorified” Fourier
transform can be recovered from it. We continue, in 5.3, to show that orientations categorify to
orientations and that the categorical fR-cyclotomic extension is the categorification of the usual
R-cyclotomic extension.

In Section 6, we concentrate on 9R-(pre)-orientations for local ring spectra SR with residue field F,,
paying special attention to the following tower of rings:

Sy = -+ — T<aS(py =+ — Ly — - = Lfp" — - — Ty

In 6.1, we study the consequences of virtual F,-orientability (at height n). In particular, we show
that it implies affineness for all w-finite spaces as in Theorem B. We also show that it implies
virtual R-orientability for all connective m-finite commutative ring spectra with residue field F,,
such as R = Z/p". In 6.2, we relate Z/p"-orientations in the stable setting to primitive higher p”-th
roots of unity in the sense of [CSY21b], and deduce that virtual F,-orientability is detected by
nil-conservative functors. We also characterise virtual F,-orientability in terms of the affineness of
certain spaces and the Galois condition for the higher cyclotomic extensions. We proceed, in 6.3,
to study the consequences of virtual Z,-orientability. First, we show that it implies virtual -
orientability for all local ring spectra R with residue field F;,, and so in particular that the spherical
cyclotomic extension is faithful (the case ;R = §(;,)). Second, we show that in the stable setting, it
implies that the localization with respect to the infinite p-typical higher cyclotomic extension (or
equivalently, the spherical cyclotomic extension) is a smashing localization, and provide a formula
for its unit. Finally, in 6.4, we study truncated spherical orientations, i.e., R-orientations for
R = 7<4S(,)- Observing that the case d = n is already equivalent to an S,-orientation, we study
the obstructions for lifting a 7<4—1S(,)-orientation to a 7<4S(,)-orientation for d = 1,...,n. To this
end, we introduce the notion of d-connectedness, which ensures that the said obstructions vanish
up to d, and relate this property to the connectedness of the (ordinary) roots of unity p, and
“spherical” roots of unity us, spectra. The last step d = n requires a categorification argument
from section 5, and accordingly involves the Picard spectrum. We conclude with a discussion of
the spherical cyclotomic extension, showing it is pro-Galois.

In Section 7, we apply the abstract theory developed in the previous sections to chromatic homotopy
theory. In the preliminary subsection 7.1, we briefly recall some material on the monochromatic
oo-categories Sp(,,) and Spyp(,,), the Lubin-Tate spectra E),, and the higher cyclotomic extensions
R, , and R{;r. In 7.2, we study the Fourier theory over F,,. First, we interpret Theorem 1.1 as the
existence of a Z)-orientation on E,, and bootstrap it to an S,-orientation, proving Theorem D.
By the general theory, this readily implies Theorem F on the K(n)-local spherical cyclotomic
extension, and Theorem G on the categorified spherical Fourier transform. We conclude with the
study of the discrepancy spectrum, proving Theorem E. Finally, in 7.3, we apply the theory of
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orientations and the Fourier transform to the telescopic setting. We first prove that SpT(n) is
virtually Z/p"-orientable and deduce Theorem A. From the general theory we immediately deduce
all the properties of local systems of K (n)-local algebras on 7-finite spaces stated in Theorem B and
the higher Kummer theory as formulated in Theorem C. We conclude with a short discussion about
the universal T'(n)-local virtually spherically oriented localization and its relation to the properties
of R} and the telescope conjecture.

Notation and conventions

Throughout the paper, we work in the framework of co-categories (a.k.a. quasi-categories) as de-
veloped in [Lur09] and [Lur]. We generally follow the terminology and notation therein. For all
concepts related to semiadditivity, semiadditive height, and higher cyclotomic extensions we refer
the reader to [CSY21a] and [CSY21b]; precise references are given in the main body of the text.

In addition, we employ the following notation:

(1) The underlying space of a spectrum X will be denoted by | X | := Q2*°X. More generally, for
an object X in a monoidal co-category ¢, we write | X | = Map (1, X).

(2) A square in an oco-category is called ezxact if it is both a pullback and a pushout square.

(3) In our applications, we usually fix a prime p and work p-locally. We usually indicate the prime
through a subscript; for instance, we write Sp(,,) for the category of p-local spectra.

(4) A p-local spectrum X is said to be 7-finite if it is connective and @, 7, X is a finite abelian

group. We write Spa;“ for the category of p-local m-torsion spectra (Definition 6.52), i.e.,

those connective spectra which can be written as filtered colimits of p-local w-finite spectra.
m-tor

The p-local m-torsion torsion part of a p-local spectrum X is denoted by (X )(p)
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2 Affineness and Eilenberg—Moore

In algebraic geometry, affine schemes are those which can be canonically recovered from their algebra
of global regular functions. In this section, we study an analogous notion in homotopy theory and
its interaction with Eilenberg—Moore type properties, Galois extensions and ambidexterity. Much
of the material in this section is inspired by, and is an abstraction of, the results and arguments in
[HL13, §5.4] for K (n)-local spectra.
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2.1 Affine functors

We begin the study of affineness in the abstract generality of presentably monoidal co-categories.
For f*: 92 — € in Alg(Pr), ie., a monoidal, colimit preserving functor between presentably
monoidal oco-categories, write f.: € — 2 for the right adjoint to f*, which exists by the ad-
joint functor theorem. By [Lur, Corollary 7.3.2.7], f. has a canonical structure of a lax monoidal
functor. Hence, for every R € Alg(%), we have f.R € Alg(%) and an induced functor

fi: LModg(%) — LMody, r(2),

taking X € LModg(%) to f.«X, endowed with its canonical f,R-module structure. This functor
admits a left adjoint
f*: LMody, p(2) — LModg(%),

taking ¥ € LMody, gr(Z) to
qu =R®psr X,

using the algebra map f*f.R — R provided by the counit of the adjunction f* 4 f. (as in the
proof of [HL13, Theorem 5.4.3)).

Definition 2.1. A functor f*: 2 — € in Alg(Pr) is called affine, if the functor
fﬁ 6~ LMOd‘ﬂcg (cg) — LMOdf*]l%(.@)
is an equivalence.

This definition generalizes the usual notion of affineness from algebraic geometry in the following
sense:

Example 2.2. Consider a morphism of commutative rings g: R — S, write ¢*: Modr — Modg
for the extension of scalars functor between the associated module categories, and let g, be its
forgetful right adjoint. Then ¢* is affine. More generally, let f: X — Y be a morphism of schemes,
and f*: QCoh(Y) — QCoh(X) the functor of pullback of (ordinary) quasi-coherent sheaves along
f. Then, f* is affine if and only if f is an affine morphism of schemes.

Characterization

Our first goal is to characterize affineness in terms of the intrinsic properties of f*, or rather its
right adjoint f.. A functor f*: 2 — € in Alg(Pr) endows € with a Z-linear structure, by which we
mean a structure of a right Z-module in the symmetric monoidal co-category Pr, and f* becomes
canonically a Z-linear functor. Furthermore, we get a projection formula map

o L(X)QY - (X fY) € 9,
which for every X € ¥ and Y € Z is given by the composition
LX)QY 5 L f (f(X)@Y) = f(f [ X @ ['Y) 5 [(X ® [TY),

with u and c¢ the unit and counit maps respectively of the adjunction f* - f.. If © happens to be
a natural isomorphism, then f, is Z-linear as well, and the whole adjunction f* - f, promotes to
the world of Z-linear categories (see [Lur, Remark 7.3.2.9]).
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Lemma 2.3. Let f*: 2 — € in Alg(Pr). If f* is affine, then f. is D-linear, colimit preserving
and conservative.

Proof. If f* is affine, then up to isomorphism, the functor f, identifies with the forgetful functor
LMody,1,(2) — 2. Such functors are Z-linear, colimit preserving, and conservative by [Lur,
Remark 4.8.4.11, Corollary 4.2.3.7, and Corollary 4.2.3.2]. O

We shall show that the converse of Lemma 2.3 holds as well, giving a characterization of affine
functors in terms of the properties of their right adjoint. We begin with the following more general
fact:

Proposition 2.4. Let f*: 9 — € in Alg(Pr). If f. is Z-linear and colimit preserving, then for
every algebra R € Alg(€), the functor f*: LMody, r(2) — LModg(%) is fully faithful.

Proof. To prove that f* is fully faithful, we have to show that the unit morphism u: X — fof £X is
an isomorphism for every X € LMody, s(2). First, note that f; is colimit preserving. Indeed, we
have a commutative diagram

LMod (%) — > LMod;. (%)

| |

% - 2,

where the vertical maps are the conservative and colimit preserving forgetful functors, and the lower
horizontal functor is colimit preserving by assumption. Therefore, the upper horizontal functor is
colimit preserving as well. We get that the source and the target of w: Id — fy f* are colimit
preserving functors. Since LMody, r(2) is generated under colimits by the modules of the form
f+R®Y for Y € @, it suffices to show that u is an isomorphism at such modules. The image of
fif*(f«R®Y) under the forgetful functor LMody, r(2) — 2 is given by

[s(R@pp,r [T (f+RRY)) = fu(RQp-p.r [T [ RO [TY) > (R f7Y).
Via this identification, the map u: f, RQY — fﬁfﬁ(f*R(X)Y) corresponds to the projection morphism
p: lRRY — fL(R® [TY),

which is an isomorphism by our assumption that f, is Z-linear. Since the forgetful functor is
conservative, we deduce that u is an isomorphism at f, R ® Y and the result follows. O

We deduce the following characterization and consequence of affineness (cf. [MM15, Corollary 3.7]):

Proposition 2.5. Let f*: 9 — € in Alg(Pr). The functor f* is affine if and only if its right
adjoint fo: € — D is D-linear, colimit preserving and conservative. Moreover, in such a case, for
every R € Alg(¥), the functor

fi: LModg(%¢) — LMody, r(2)

is an equivalence.
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Proof. The ‘only if’ part is given by Lemma 2.3. Now, if f, is Z-linear, colimit preserving and
conservative, then by Proposition 2.4, the functor f;: LModgr (%) — LMody, r(Z) admits a fully
faithful left adjoint. To show that f; is an equivalence it therefore suffices to show that it is
conservative. Note that the composition of fy with the forgetful functor LMody, r(2) — 2 is the
functor f., which is conservative by assumption. Thus, fy is conservative as well, and hence an
equivalence. In particular, the ‘if’ part follows by taking R = 1. O

Remark 2.6. Proposition 2.5 above is closely related to the Barr—-Beck—Lurie monadicity theorem
[Lur, Theorem 4.7.3.5] and could have been proved using it. Namely, the fact that f. is colimit
preserving and conservative implies that the adjunction f* 4 f, is monadic. The condition that it
is also Z-linear identifies the monad f,. f* on 2 with the monad of tensoring with f.1¢ € Alg(2),
so that we can identify ¢ with the category of left modules over f,1¢ in 2.

In view of Proposition 2.5, we adopt the following definition:

Definition 2.7. Let f*: 2 — ¢ in Alg(Pr). We say that f* is semi-affine’ if f. is colimit
preserving and Z-linear.

As an immediate consequence of Proposition 2.5, f* is affine if and only if it is semi-affine and f,
is conservative.

Closure properties

We now describe some of the closure properties enjoyed by the collection of affine functors. First,
affine functors are closed under composition and satisfy cancellation from the left.

Proposition 2.8. Let f*: 2 — € and g*: & — D be morphisms in Alg(Pr). If g* is affine, then
f* is affine if and only if f*g* is affine.

Proof. Let h* = f*g*. The functor hy: ¥ — LModj, 1, (&) can be identified with the composition

% L5 LMod;. 1, (2) 2 LMod,_ 1.1, (8).

The first functor fy is an equivalence if and only if f. is affine by definition, and the second functor
g4 is an equivalence if g, is affine by Proposition 2.5. Hence, the result follows by 2-out-of-3. O

Our next goal is to study the closure properties of affine functors under limits in Alg(Pr). Let
I be a small co-category and let 4y and Z(_) be two functors from I to Alg(Pr). Given a
natural transformation f *_): P~y — 6(—) which is level-wise affine, we would like to know when
the induced map on the iimits over I is affine as well. While we do not expect this to always be
the case, we can show this under the assumption that f(*_) is right adjointable, in the sense of [Lur,
Definition 4.7.4.16]. Namely, we need the lax natural transformation €(_y — %_) assembled from

the right adjoints of the f}-s to be a (strict) natural transformation.

Proposition 2.9. Let f(*_): D~y — €~y be a natural transformation of I-shaped diagrams in
Alg(Pr). Assume that,

2This notion has appeared in various guises in the literature before; for instance, it is sometimes referred to as
twisted ambidextrous.
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(1) For every a € I, the functor f¥: Dy — 6, is affine.
(2) f(’l) is right adjointable.
Then, the induced functor on the limits
f*i liﬂaelga — liﬂaelcga
s affine.
Proof. Since f(*_) is right adjointable, the right adjoint of f* is given by the limit of the right

adjoints
fo liﬂael(fa)*: liﬂael%ﬂa — liﬂaGI@aa
see, e.g., [ACS19, Proposition 2.1.7]. By Proposition 2.5, it suffices to show that f, is conservative,

colimit preserving and Z-linear. For the conservativity, since the projections 9 — ¥, are jointly
conservative, it suffices to show that the compositions

¢ 19— 9,
are jointly conservative. But this follows from the facts that these composites identify with

(fa)«

€ — €, —— 9,

and that the (f,).-s are all conservative.

To see that f, is colimit preserving, note that, since all the transition functors in the diagrams
%(—) and Z(_ are colimit preserving functors, the projections ¢’ — ¢, and 4 — %, jointly detect
(and preserve) colimits in € and 2 respectively. Hence, the result follows once again from the
assumption that (f,)« is colimit preserving.

It remains to show that f. is Z-linear. Let X = {X,}oer € € and Y = {Y,}aer € 2. Then, the
a-th component of the projection morphism

LXQY — f(X® fY)

is the projection morphism
(fa)sXa ®@Ye — (fo)«(Xa ® f3Y)

which is an isomorphism by the assumption that all the f;-s are affine. We deduce that f, is
ZP-linear and hence that f* is affine. O

Corollary 2.10. Affine functors are closed under limits over spaces in Alg(Pr).

Proof. For a space A, since all morphisms in A are invertible, all natural transformations of A-
shaped diagrams in Pr are right-adjointable. Hence, the result follows from Proposition 2.9. O
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Monoidal structure

By Proposition 2.5, for an algebra R € Alg(%) and an affine functor f*: 2 — ¥, we can identify
R-modules in ¥ with f,R-modules in &. We shall show that this identification is compatible with
the formation of relative tensor products of (left and right) modules. We first observe that for
all N € RModg(%) and M € LModg(%), the lax monoidal structure on f, provides a canonical
comparison map

vi (f.N) @ (M) — L(N©r M) € 2,

given by the composition

fN@p g fM = fof*(fN ©f. 1 foM) = fo(f* [N @pp.r [*f-M) = fo(N @r M),
where the last map is the one induced on the relative tensor product from the counit f*f. — Id.

Proposition 2.11. Let f*: 2 — € in Alg(Pr) and let R € Alg(€). If f* is affine, then for every
M € LModr(%) and N € RModr(%), the map

v: (flN) ®f,r (fsM) — fo(N @r M)
s an isomorphism.

Proof. Since f, is colimit preserving, the source and target of v preserve colimits in the M-variable.
The oo-category LModg(%) is generated under colimits by modules of the from R ® X for X €
%. Also, since f, is conservative, ¥ is generated under colimits from the essential image of f*.
Consequently, it suffices to show that v is an isomorphism at modules of the form N = R® f*Y
for Y € 9. Hence, it suffices to show that the natural transformation

Ui (fuN) @ r [ (R® fY) — fo(N @r (R® fY))

obtained from v via composing with the functor R ® f*(—): 2 — LModg(%) in the Y-variable is
a natural isomorphism. The assumption that f, is Z-linear shows that the source and target of 7
are Z-linear functors, and 7 is hence a natural transformation of Z-linear functors. Thus, we are
reduced to the case Y = 14, where we get the canonical isomorphism

(fiN) @1 (f+R) == fuN. 0

When dealing with symmetric monoidal oco-categories and commutative algebras, the above has a
very clean interpretation.

Proposition 2.12. Let f*: € — 2 in CAlg(Pr). If f* is affine, then for every R € CAlg(€) we
have a natural symmetric monoidal equivalence

fﬁ: MOdR(%) - MOdf*R(@>.
In particular, it induces an equivalence

CAlgr(¢) =~ CAlg; r(2).
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Proof. Since the tensor product in the co-category of modules over a commutative algebra is given
by the relative tensor product, the first claim is a consequence of Proposition 2.11. The second
claim follows by taking commutative algebra objects and using the natural identification

CAlg(Modg(%)) ~ CAlgr(%). O

For ¢ € CAlg(Pr), pushouts in CAlg(%) are computed via the relative tensor product. Hence,
for a symmetric monoidal functor f*: 2 — € in CAlg(Pr), Proposition 2.12 implies that if f* is
affine, then the functor f,.: CAlg(¥) — CAlg(2) preserves pushout squares. We shall now discuss
a generalization of this property to the context of non-commutative algebras. Let ¥ € Alg(Pr) and
let

R() I Rl

-

be a commutative square in Alg(%). The right map Ry — S; is a map of left Rp-modules. The Ry-
module structure of 57 comes from restricting the Sy-module structure along the left map. Hence,
the restriction-extension of scalars adjunction along Ry — Sy induces a map of left Sy-modules:

So ®pr, R1 — S51.

Definition 2.13. We say that a square of algebras as above is a relative tensor square if the above
map Sy ®gr, R1 — S is an isomorphism.

Every sifted colimit preserving monoidal functor preserves relative tensor squares, as the relative
tensor product can be realized via the geometric realization of a bar construction. For an affine
functor, the same holds for its right adjoint.

Proposition 2.14. Let f*: 9 — € in Alg(Pr). If f* is affine, then a commutative square in
Alg(€) is a relative tensor square if and only if its image under f.: € — 2 is a relative tensor
square in Alg(9D).

Proof. Assume that f* is affine and let

Ry —— Ry

|

So —= 51
be a commutative square in Alg(%). By Proposition 2.11, we have a canonical isomorphism
(f«R1) ®f. Ry (f+S0) = fu(R1 @R, So)-
Via this isomorphism, we can identity the map (f.R1) ®, g, (f«So) — f«S1 with the image under
f« of the corresponding map R; ®p, S0 — S1. Hence, if the map R ®pg,So — S is an isomorphism,

so is the map (f.R1) ®y,.r, (f+S0) — f«S1. By Proposition 2.5 the functor f, is conservative, so
the converse of the above implication holds as well. O
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2.2 Affineness for local systems

We now specialize our discussion of affineness to the setting we are mostly interested in, that of
local systems.

Definition 2.15. Let € € Alg(Pr). A map of spaces f: A — B is said to be € -(semi-)affine, if
the pullback functor f*: €% — €4 is (semi-)affine in the sense of Definition 2.1 and Definition 2.7.
Basic properties

Given a map of spaces f: A — B, and writing ¢q: B — pt for the terminal map, the unit of the
adjunction f* 4 f, induces a map

17 = qug*"l — @ f 1 =14 € Alg(%).

We now show that f*: €8 — €4 is compatible with the functor LModys (%) — LMody (%) given
by extending scalars along the above map.

Proposition 2.16. Let € € Alg(Pr) and let f: A — B be a map of spaces with q: B — pt the
terminal map. We have a commutative square of oco-categories

A —
LModys () ——2 ), T Modya (%)
q“J{ J{(czf)‘1
@B i @A

In particular, when A and B are € -affine, the top and bottom functors are isomorphic.

Proof. 1t suffices to show that the square comprising from the right adjoints of all the functors
commutes. As above, let ¢: B — pt be the terminal map. The composition

¢4 L gB % I Modys €

is the functor that takes X € ¥ to ¢.f.X € € with the induced 17 = g,¢*1-module structure.
This is evidently the same as restricting the 14 = f.q.¢* f*1-module structure on ¢, f, X € % along

the map
17 = q.q"1 — q.fo f*¢"1 = 14,

which is the second composition

A L%, I Modys € — LModys .

The last claim follows from the fact that if A and B are %-affine, then the vertical functors are
equivalences. O

For every point b € B, let 1, be the 17 algebra structure on 1 given by evaluation at b.
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Corollary 2.17. Let € € Alg(Pr) and let B be a space with q: B — pt the terminal map. For
every b € B, we have a commutative diagram,

Modys () —— L, @B

1b®ﬂ3(\ /

Proof. This is a special case of Proposition 2.16, with A = pt and f the inclusion pt 2. B. O

We next observe that the closure properties of affine functors imply corresponding closure properties
for ¥-affine maps of spaces.

Proposition 2.18. Let € € Alg(Pr) and let f: A — B, f': A — B’ and g: B — C be maps of
spaces.

1) If f is an isomorphism, then it is € -affine.

2) If g is € -affine, then f is € -affine if and only if go f is €-affine.

3) If all the fibers of f are €-affine, then f is € -affine.

(1)
(2)
(3)
(4) If f and f' are €-affine, then fU f': AUA' — BUB' is €-affine.

Proof. (1) is clear and (2) is an immediate consequence of Proposition 2.8. For (3), we observe that
the functor f*: €% — €4 can be written as a limit over b € B of the functors i€ — 20
where f,: f~1(b) — pt is the terminal map. By assumption, each f; is affine, and by Corollary 2.10,
affine functors are closed under limits over spaces, so the result follows. The proof of (4) is similar
to that of (3). It follows from the isomorphism (f L f/)* ~ f* x f* and Corollary 2.10. O

Warning 2.19. Claim (3) can not be promoted to an ‘if and only if’ statement. Namely, a ¢ -affine
map of spaces need not have %-affine fibers. Indeed, if A is a @-affine space, then the projection
m: Ax A — Ais F-affine by (3). Since the composition A 2, Ax AT As the identity, we
deduce by (2) and (1) that the diagonal A: A — A x A is @-affine as well. As the fibers of A
are the loop-spaces QA, if the converse of (3) were to be true, it would have implied that if A is
¢ -affine, then QA is ¢-affine as well. However, for all n > 0, we have that B"T2C, is SpP (n)-afline
while B"*1C, = QB"*2C,, is not (Proposition 2.40).

Eilenberg—Moore

Our next goal is to show that affineness is strongly related to Eilenberg—Moore type formulas for
the cohomology of pullbacks of spaces. Given a pullback square of spaces

B/XBAHA

|

B ——=B
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and a ring R € Alg(%), we can form the square in Alg(%),

R — > R4
RB/ RB/XBA.

In some cases, this square turns out to be a relative tensor square. For ¥ = Sp, this implies the
existence of a spectral sequence computing the R-cohomology of B’ x g A from the R-cohomologies
of B,B’ and A, known as the Filenberg—Moore spectral sequence. This motivates the following
definition:

Definition 2.20. Let € € Alg(Pr) and let R € Alg(%¢). A map of spaces f: A — B is said to be
FEilenberg—Moore with respect to R € Alg(%), if for every map ¢g: B’ — B, the canonical morphism

! !
RB ®RB RA RB XBA
is an isomorphism.

In the special case where B = pt, the Eilenberg-Moore property degenerates to the Kiinneth
isomorphism, for which the following is a useful criterion.

Proposition 2.21. Let ¢ € Alg(Pr), let R € Alg(¥€) and let A be a space. If R[A] € LMod(R) is
left dualizable, then A has the FEilenberg—Moore property with respect to R. That is, for every space
B, we have a Kiinneth isomorphism

R* @g RP == RP.
In particular, if 1[A] € € is left dualizable, the above holds for every R € Alg(%).

Proof. Under the assumption that R[A] € LMod(R) is left dualizable, the module R* € RModg(%)
is its left dual. Unwinding the definitions, the canonical comparison map

RY@r R” — (R* @p R)? = RY*P,
identifies with the assembly map for the functor
G :=R*®gr(-): LModg(%) — €

and the constant B-shaped limit. Now, by [Lur, Proposition 4.6.2.1], the functor G is a right
adjoint and hence preserves limits, so the claim follows. The last part follows from the fact that if
1[A] € ¥ is left dualizable, then R[A] = RQ1[A] € LModg(%) is left dualizable, by [Lur, Example
4.6.2.5]. O

Example 2.22. Let € = Sp and let R = F be an ordinary field considered as a ring spectrum.
Proposition 2.21 then recovers the classical fact, that if a space A has finite-dimensional homology
with coefficients in F, then for every space B we have a Kiinneth isomorphism for the cohomology
of A x B with coefficients in F.
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Using affineness we can reduce the general case of the Eilenberg—Moore property to the existence
of Kiinneth isomorphisms for the fibers.

Proposition 2.23. Let ¢ € Alg(Pr), let R € Alg(¥), and let f: A — B be a map of spaces. If B
is € -affine, and all the fibers of f are Eilenberg—Moore with respect to R, then f is Filenberg—Moore
with respect to R.

Proof. Let q: B — pt denote the projection, so that by our assumption ¢ is %-affine. For a map
g: B" — B, the square
RB —— = RA

L

RB’ RAXBB'

in Alg(%) is obtained from the square

'R f+f*(¢"R)

l |

9+9"(¢"R) — (f x5 9)+(f x5 9)"(¢"R)

in Alg(¢'P) by applying the functor ¢.. Since ¢* is affine, by Proposition 2.14 it would suffice to
show that the latter square is a relative tensor square. We can verify this after applying the functors
b* for all b: pt — B. Using the Beck—Chevalley isomorphism for local systems, this reduces the
claim to the case B = pt, and A = f~!(b), which holds by assumption. O

Remark 2.24. We can informally summerize Proposition 2.23 by the slogan:

“Affineness (of the base) + Kiinneth (for the fibers) = Eilenberg-Moore”.

Galois extensions

We shall now discuss the implications of affineness to Galois theory in the sense of Rognes. Our
main result is that if the classifying space BG of a group G is affine, then every commutative
algebra with a G-action is faithful Galois over its G-fixed points. We refer the reader to [Rog08]
and [Mat16] for a discussion of Galois extensions in the context of stable homotopy theory.

To make the connection with affineness more transparent, we shall rephrase Rognes’s notion of a
Galois extension in terms of the space BG rather than the group G. For a space A and a presentably
symmetric monoidal co-category %, we denote by

A:A— AXxA , q: A — pt

the diagonal and terminal maps of A, respectively. For an A-local system of commutative algebras
R € CAlg(%)*, the unit map ¢*1 — R has a mate 1 — ¢, R with respect to the ¢* 4 ¢, adjunction.
Considering the external product RX R € CAlg(%)4*4, the multiplication map

R®R~A*(RRR)— R e CAlg(¥)"
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has a mate
RX®R— AR <€ CAlg(®)*4

with respect to the adjunction A* 4 A,.

Definition 2.25. Let ¥ € CAlg(Pr) and let A be a space. A local system R € CAlg(%)4 is called
an A-Galois extension (of the unit object 1) if it satisfies the following two properties:

(G1) The mate 1T — ¢, R of the unit map is an isomorphism in CAlg(%).

(G2) The mate RX R — A, R of the multiplication map is an isomorphism in CAlg(%)4*4.
We say that a Galois extension is faithful if the functor R® (—): € — €4 is conservative.

When A is connected, by choosing a basepoint for A, we get a grouplike E;-space G = QA. Then,
by definition, an A-local system of commutative algebras in ¢ is a commutative algebra endowed
with a G-action. Via this identification, g, R, which is the limit of R over A, identifies with the
fixed points R"” of the G-action on R. Similarly, A, R identifies with the algebra of functions R®,
with a suitable G x G-action. Under these identifications, the maps appearing in conditions (G1)
and (G2) are easily seen to correspond to the maps 1 — R" and R ® R — R® appearing in
Rognes’s definition of a Galois extension, see e.g., [Mat16, Definition 6.12]. Thus, Definition 2.25
is a base-point free reformulation of Rognes’s notion of a Galois extension. Furthermore, allowing
non-connected spaces A provides a natural extension of this Galois theory “downwards”.

Example 2.26. For ¥ € CAlg(Pr) and a finite discrete space A, it is easy to check that an A-Galois
extension is a collection of idempotent rings {R, | a € A} in CAlg(%), such that [[,c4 Ra ~ 1
and R, ® Ry, ~ pt for all a # b. In particular, if we denote by 7y(%) the pro-finite set of connected
components of 1, then A-Galois extensions of € are classified by continuous maps m¢(%¢) — A. In
the stable case, this fits naturally into Akhil’s Galois theory developed in [Mat16].

The somewhat surprising observation is that if A is @-affine, then it suffices to check only the
condition (G1) to ensure that we have a faithful A-Galois extension.

Proposition 2.27. Let ¢ € CAlg(Pr) and let A be a € -affine space. A local system R € CAlg(€)4
is a faithful Galois extension if and only if the map 1 — q. R is an isomorphism.

Proof. If R is Galois then by condition (G1), the unit map 1 — ¢.R is an isomorphism. To prove
the converse, we have to show that

(1) The functor R® (—): € — € is conservative.
(2) The map ¢: RX R — AR, which is the mate of the multiplication, is an isomorphism.

For (1), by Proposition 2.5, the functor q,: €4 — € is €-linear. Consequently, the composition

F.g 200 a2 o

is a %-linear functor from % to €, which is therefore given by tensoring with F(1) ~ ¢.R. By

our assumption this is the identity functor, so that R ® (—) is left-invertible and in particular
conservative.
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For (2), let my,m: A X A — A be the projections on the two factors. By Proposition 2.18, the map
71 is €-affine, and hence, by Proposition 2.5, the functor (), is €-linear and conservative. Using
the conservativity, it suffices to show that the map

(m)sp: (m)«(RRR) — (m1)+ AR~ R

is an isomorphism. By the projection formula for (7). and the Beck—Chevalley isomorphism, we
have
(m)«(RR R) ~ (m1)+(m3 R i R) ~ ((m1)+73R) ® R~ (¢*¢. R) ® R.

Unwinding the definition of ¢, the map (7). corresponds via this identification to the composition

RO REL Reo R R,

where c¢ is the counit of the adjunction ¢* - g, and m is the multiplication map. By the assumption
that ¢, R ~ 14, we have an isomorphism ¢*q.R ~ la, so that this composite is an isomorphism
and the result follows. O

More generally, we define an A-Galois extension of any S € CAlg(%), to be an A-Galois extension
in the co-category Modg(%). That is, an object R € CAlgg(%)4 satisfying the analogues of (G1)
and (G2) relative to S. From Proposition 2.27 we deduce the following;:

Corollary 2.28. Let € € CAlg(Pr) and let A be a €-affine space. Every R € CAlg(€)4 is a
faithful Galois extension of g.R € CAlg(¥) for q: A — pt the terminal map.

Proof. Let S = q.R. By construction, the map S — ¢, R is an isomorphism and hence the claim
follows from Proposition 2.27. O

Example 2.29. The constant A-local system on 1 € CAlg(%), i.e., ¢*1 € CAlg(%)4, is Galois
over 14 = ¢,q*1.

In fact, the above example is universal. Let CAlggfgal(%) C CAlgg(%)” denote the space of
faithful A-Galois extensions of S € CAlg(%).

Proposition 2.30. Let € € CAlg(Pr) and let A be a €-affine space. For every S € CAlg(%¥),
there is a natural isomorphism

A—
CAlg§ ™5 (€) ~ Mapgaje(e) (174, 5).
In other words, the object 14 corepresents A-Galois extensions of commutative algebras in €.

Proof. By Proposition 2.12, we have an equivalence of oo-categories CAlg(44) ~ CAlg,a (%),
under which the global sections functor ¢,: CAlg(¢#) — CAlg(%) corresponds to the forgetful
functor CAlgya(¢) — CAlg(%). This is further isomorphic to the canonical projection functor
CAlg(€)1a, — CAlg(¥). The latter is a left fibration whose fiber over S € CAlg(%) is the space
Mapc Alg(%)(]lA, S). Thus, this space is also isomorphic to the fiber of ¢.. Namely, the space of ob-
jects R € CAlg(%4*) with an isomorphism of commutative algebras ¢.R ~ S. By Proposition 2.27,
it is isomorphic to CAlg‘g_gal(‘f ). O

Remark 2.31. Rognes develops the theory of A-Galois extensions under the additional assumption
that G = QA is dualizable in €. This occurs, for example, when A is weakly € -ambidextrous (see
[CSY22, Corollary 3.3.10]).
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2.3 Affineness and ambidexterity
Semi-affineness and ambidexterity

For truncated maps of spaces, (semi-)affineness turns out to be closely related to ambidexterity.

Proposition 2.32. Let ¥ € Alg(Pr). A truncated map of spaces f: A — B is €-ambidextrous if
and only if f and all of its iterated diagonals are € -semi-affine.

Proof. We prove the claim by induction on the truncatedness level of f. For m = —2, the map
f is an isomorphism and the claim holds trivially. For m > —1, the diagonal of f is (m — 1)-
truncated, so the claim holds for it by the inductive hypothesis. We are thus reduced to showing
that if f is weakly ambidextrous, then it is ambidextrous if and only if it is semi-affine. Recall
that f is ¢-semi-affine if and only if f, is colimit preserving and ¢“-linear. By [HL13, Proposition
4.3.9], since f is weakly ambidextrous, it is €-ambidextrous if and only if f, is colimit preserving.
Hence, semi-affineness implies ambidexterity. Conversely, if f is ambidextrous, then by [CSY22,
Proposition 3.3.1], the functor f, ~ f; is €*-linear, and hence f is semi-affine. O

Corollary 2.33. Let € € Alg(Pr) be semiadditive and let p be a prime. The oco-category € is
p-typically m-semiadditive if and only if the spaces BCy, B*C,, ..., B™C, are all € -semi-affine.

Proof. By [CSY2la, Proposition 3.1.2], it suffices to show that the spaces BC,, B*C,,...,B™C,
are all ¥-ambidextrous. This follows from Proposition 2.32 and Proposition 2.18, as the diagonal
map B*C, — B*C, x B*C, has fiber B¥=1C,,. O

Under the assumption of ambidexterity, affineness reduces to the conservativity of the global sections
functor.

Corollary 2.34. Let ¢ € Alg(Pr) and let f: A — B be a €-ambidextrous map of spaces. Then, f
is € -semi-affine. Furthermore, f is €-affine if and only if f.: €4 — €P is conservative.

Proof. This follows from Proposition 2.32 and the characterization of affine functors given in Propo-
sition 2.5. O

Example 2.35. For ¥ € Alg(Pr) semiadditive, every map of spaces f: A — B with finite discrete
fibers is @-affine. Indeed, by Proposition 2.18 it suffices to show this when B = pt and by the above
Corollary 2.34 we only need to show that the functor f,: €4 — % is conservative. This functor
takes an A-indexed collection of objects (X,),c 4 to their product J],. 4, X4. The conservativity
now follows from the fact that each projection a*: €4 — ¥ for a € A is a retract of f,.

Remark 2.36. For f: A — pt, the right adjoint f,: €4 — € is conservative if and only if the
image of the left adjoint f*: € — € generates €“ under colimits. That is if and only if every
%-valued local system on A can be constructed from constant ones by colimits. By analogy with
representation theory, one might call such local systems wunipotent. Thus, we can rephrase the
second part of Corollary 2.34, by saying that a ¥-ambidextrous space A is %-affine if and only if
all ¢-local systems on A are unipotent.
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Ambidexterity and Eilenberg—Moore

Under the assumption of ambidexterity, the relationship between affineness and the Eilenberg—
Moore property can be further tightened. First, we have the following criterion for Kiinneth iso-
morphisms:

Proposition 2.37. Let € € Alg(Pr), and let A be a space. If A is €-ambidextrous, then A has the
Eilenberg—Moore property with respect to every R € Alg(€). That is, for every space B, we have a

Kiinneth isomorphism
R*@p RP = RMP.

Proof. Since A is €-ambidextrous, 1[A] € € is dualizable by [CSY22, Corollary 3.3.10]. Hence, the
claim follows from Proposition 2.21. O

The combination of Proposition 2.37 and Proposition 2.23 shows that if B is ¥-ambidextrous, then
the %-affineness of B implies the Eilenberg—Moore property for a large class of maps A — B. In
fact, the ambidexterity assumption guarantees that affineness is also implied by a very special case
of the Eilenberg—Moore property. The situation can be summerized as follows:

Theorem 2.38. Let ¥ € Alg(Pr), and let B be a %-ambidextrous space. The following are
equivalent:

(1) The space B is €-affine.
(2) Every ¢-ambidextrous map f: A — B is Eilenberg-Moore with respect to every R € Alg(%).

(3) For every pair of points a,b € B, the canonical map 1 @5 1 — 1{2}*8{%} i5 an isomorphism.

Proof. We will show that (1) = (2) = (3) = (1). For every ¥-ambidextrous map f: A — B,
the fibers are Eilenberg—Moore with respect to every R € Alg(%) by Proposition 2.37. Thus, if
B is @-affine, then f is Eilenberg-Moore with respect to every R € Alg(%) by Proposition 2.23.
That is, we have shown that (1) implies (2). Now, (3) follows from (2) by taking f: {a} — B and
g: {b} — B.

It remains to show that (3) implies (1). To show that B is %-affine, we need to show that the

functor
q4: €8 — LMody5 (%)

is an equivalence, where ¢: B — pt is the terminal map. By Corollary 2.34, the map ¢ is %-semi-
affine and hence by Proposition 2.4, the left adjoint ¢¥ of gy is fully faithful. Hence, it remains to
show that the counit map

e X =1 Qg1 e X — X ()

is an isomorphism for all X € ¥B. By [HL13, Lemma 4.3.8], the category ¢” is generated under
colimits by objects of the form bY for Y € € and b: pt — B. By the ¥-ambidexterity of ¢, both
sides of (%) preserve colimits and it therefore suffices to show that € is an isomorphism at local
systems of the form X = ;Y. Using the ¥-ambidexterity of the map b: pt — B, we can also
identify bY with b,Y.
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Next, to show that e is an isomorphism at b,Y’, it suffices to show that for every a: pt — B, the
map a*e is an isomorphism at b,Y. Using the identities b*¢* = Id and g.a. = Id, the map

a‘e: a*ququ(b*Y) — a*(b.Y)
assumes the form
1Y ~1 ®g.1 Y —b*a,.Y ~ ylatxzs{b}

Both the domain and the range of this map, when considered as functors in the Y-variable, are
colimit preserving and %-linear. Indeed, for the domain it follows from the colimit preservation and
¢ -linearity of the relative tensor product, and for the target by Corollary 2.34 applied to the €-
ambidextrous space {a} x g {b}. Moreover, a*¢ is canonically a natural transformation of ¢-linear
functors. Hence, it suffices to show that the above map is an isomorphism for Y = 1. In this case,
we obtain precisely the map from condition (3)

1@ 1 — 1iabxs{b}
which is an equivalence by assumption. O

Theorem 2.38(3) provides a very practical criterion for checking affineness, which we shall use
repeatedly. For now, we demonstrate its utility by deducing that affineness behaves well with
respect to monoidal functors.

Proposition 2.39. Let F: € — 2 be a functor in Alg(Pr) and let B be a €-ambidextruous space.
If B is € -affine then it is Z-affine. Conversely, if B is Z-affine and F' is conservative, then B is
€ -affine.

Proof. Since F is monoidal and colimit preserving, B is also Z-ambidextrous, see [CSY22, Corollary

3.3.2]. Moreover, F preserves B-shaped limits as well as {a} x g {b}-shaped limits for every a,b € B,
see [CSY22, Corollary 3.2.4]. It follows that for all a,b € B the square

18— 14

|

]1@ R ]l_{@a}XB{b}
is the image under F' of the square

1B 1y

|

]1% R ﬂ;{g{I}XB{b}

Since F is is colimit preserving and monoidal, the latter is a relative tensor square if the former is
a relative tensor square, and the converse holds if F' is conservative. O
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Affineness and height

In Corollary 2.34, we have seen that %-semi-affineness is closely related to %¢-ambidexterity. In
particular, the ¢-semi-affineness of the Eilenberg—Maclane spaces B*¥C), is closely related to the
p-typical higher semiadditivity of € (Corollary 2.33). We shall now see that € -affineness of these
spaces is closely related to the semiadditive height of € in the sense of [CSY21a, §3].

Proposition 2.40. Let p be a prime and let € € Alg(Pr) be p-typically n-semiadditive.

(1) If € is of height < n, then every (n + 1)-connected w-finite p-space is € -affine.
(2) If € is of height <n and B"*1C, is ¢-affine, then € is of height < (n —1).°
(3) If the spaces B*C,, are € -affine for k =0,...,n, then € is of height > n.
Proof. For (1), let A be an (n 4 1)-connected w-finite p-space and let ¢: A — pt be the terminal

map. Since ¥ is of height < n, we get by [CSY2la, Proposition 3.2.3], that ¢*: € — € is an
equivalence and hence clearly affine.

For (2), assuming B"T'C), is €-affine, we get by Theorem 2.38, an isomorphism

1 ®]an+lcp 1= ]anCp.

Since € is of height < n, by [CSY21a, Proposition 3.2.1] we also have an isomorphism 1 ~ 18" Gy
Combining the two isomorphisms we get

121®;121®putic, 1~15"C

By [CSY21a, Proposition 3.2.1] again, this implies that B"~'C,, is ¢-amenable. Namely that ¢ is
of height <n — 1.

For (3), let €<n—1 € ¥ be the full subcategory spanned by the objects of height < n — 1, so that
¢ is of height > n if and only if ¥<,_1 ~ pt. By [CSY2la, Proposition 5.2.16], the inclusion of
G<n—1 into € admits a symmetric monoidal reflection ¢ — é<,—_1. Hence, the oco-category €<,—_1
is itself p-typically n-semiadditive and the space BkC’p for k =0,...,n are also ¥<,—;-affine, by
Proposition 2.39. Now, applying (2) inductively, we find that €<,_1 is of height —1 and hence
trivial. O

For & of height < n, we can roughly summarize the content of Proposition 2.40 regarding %-
affineness of m-finite p-spaces as follows:

(1) We have affineness above level n + 1 for trivial reasons.
(2) To have affineness below level n + 1, the height of ¥ must be exactly n, in which case,

(3) There is no affineness at level exactly n + 1.

3By convention, an co-category is of height < —1 if and only if it is the zero category.
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This sill leaves open, however, the question of whether for ¥ of height exactly n we actually have
affineness below level n+ 1. In the chromatic world, Hopkins and Lurie proved in [HL13, Theorem
5.4.3], that this is indeed the case for ¢ = Spy(,). Their argument is rather specific though,
as it relies on explicit computations with the Lubin-Tate spectrum F,. One of the goals of this
paper is to bootstrap [HL13, Theorem 5.4.3] to the telescopic localizations ¢ = SpT(n). We achieve
this by placing the approach of Hopkins and Lurie in the context of a higher semiadditive Fourier
transform, which we develop in the next section.

3 The Higher Fourier Transform

Let R be a connective p-local commutative ring spectrum and % a symmetric monoidal co-category.
In this section, we study natural transformations

1[M] — 1Z oMl e CAlg(%),

from the group algebra of a suitably finite connective R-module spectrum M to the algebra of
functions on its n-suspended Brown-Comenetz dual. We show that such natural transformations
can be viewed as a generalization of the classical discrete Fourier transform and share many of its
basic properties. In particular, we show that such maps are parameterized by a certain datum of an
R-pre-orientation on €, which generalizes roots of unity of 1¢ in the case R = Z/p", and satisfy
familiar relations with respect to augmentations, translation and duality.

3.1 Pre-orientations
Shifted Brown—Comenetz duality

The first ingredient in the construction of the higher Fourier transform is a spectral lift of Pontryagin
duality for abelian groups, known as Brown—Comenetz duality. We shall work throughout with
the p-local variant of this theory with respect to a fixed prime p. By Brown representability, the
contravariant functor homay(7_.(—), Q,/Z,), from spectra to graded abelian groups, is represented
by a spectrum I, /z,, the p-local Brown-Comenetz dual (of the sphere). It is characterized by the
following property: There is a natural isomorphism

ﬂ*(homsp(M, I@p/Zp)) ~ hOmAb(ﬂ'_*(M),Qp/Zp)

for all M € Sp. Mapping into Iy, z, gives a contravariant endofunctor on Sp. For our applications,
it will be useful to introduce a certain connective shifted version of it.

Definition 3.1. For n € N and M € Sp™, we define the n-shifted Brown—Comenetz dual of M by
IIM = rs9hom(M, 5" Iy, ;) € Sp™.

For a connective commutative p-local ring spectrum R and a connective R-module M, the n-shifted
Brown-Comenetz dual IZ(,")M admits a canonical R-module structure via the action of 2 on the
source of the mapping spectrum hom(M,¥"Ig, /7, ). In particular, I;")m itself is a connective R-

module. In fact, it represents the functor II(,n) internally to connective SR-modules. In the following,
homgy' stands for the internal hom functor in connective RR-modules.

29



Lemma 3.2. Let R € CAlg(Sp(y)). For every M € Mody', we have

I{MM =~ hom@ (M, I{MR) € Modg .

Proof. We compute using the fact that M is connective,
hom§y (M, If™R) o 750 homep (M, ITVR) ~ 750 home (M, 750 hom(R, X" /7)) =
T>0 homeg (M, hom(R, "Iy, /7)) = 70 hom(M, X" Ig, /7, ) ~ IV M. O
Terminology 3.3. With notation as above, we will refer to maps M — II(,n)iR as characters of M.

Next, we observe that I,gn)M is always n-truncated and depends only on the n-truncation of M.

Thus, it makes sense to restrict I;(,n) to the full subcategory Modgi’n} C Modg' of n-truncated
(connective) R-modules, on which it is characterized by the property

(IS M) =~ homap(mn— kM, Qp/Zy), k=0,...,n.

Remark 3.4. For R € CAlg(Spfg)), both the spectrum I,gn)i)% and the oo-category Modg;’n] depend
only on the n-truncation of R, so we might as well assume that R is n-truncated whenever it is
convenient to do so.

When further restricting to the full subcategory Modg;’n]'ﬁn C Modg;’n] of [0, n]-finite R-modules

(i.e., connective n-truncated 7-finite SR-modules), the functor I;") becomes a contravariant self-
equivalence
I Modly ™™™ =~ (Modly ™ myor.

Indeed, every module in Modi[)?{’n]_ﬁrl is w-finite and p-local, hence its homotopy groups are finite

p-groups, and the claim follows from the corresponding claim for the functor hom(—,Q,/Z,).

Remark 3.5. In principle, we could work with the non-p-local Pontryagin dual hom(—,Q/Z) and
general (i.e., not necessarily p-local) connective ring spectra 3. However, in practice, the choice
of the shift n will match the semiadditive height of a given higher semiadditive oco-category %, at
the prime p (introduced in [CSY21a]). As € will usually have different heights at different primes,
it will not make much sense to have a fixed shift n. instead, we observe that a connective m-finite
spectrum M decomposes as a direct sum of its p-localizations M ~ @p prime M (p)- So for every

vector 7i = (n,) of integers, we can define the i-shifted Brown-Comenetz dual of M € Mod3;™ by

i n, 7-fin
M= @ 1M, € Modi™.

p prime

We chose to work p-locally in this paper to make things easier, but essentially everything can be
generalized to this “global” setting. We note that for a stable co-category, the semiadditive height
can be non-zero for at most one prime. On the other hand, there are interesting non-stable oo-
categories, such as those arising via categorification, for which the vector of semiadditive heights
can be more complicated.
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Pre-orientations

Recall that the construction of the discrete Fourier transform for an m-torsion abelian group M
depends on a choice of an m-th root of unity. We can view the condition that M is m-torsion as the
existence of a (necessarily unique) structure of Z/m-module on M. Analogously, for a connective
ring spectrum R, the higher Fourier transform in an oo-category %, for connective SR-modules,
requires a choice of auxiliary data.

Definition 3.6. Let ¥ € CAlg(Cats) and R € CAlg(Sp(y)). For every S € CAlg(¢), the space
of R-pre-orientations of height n of S is defined and denoted as follows:

POy (S: %) := Mapgyen (ISV$R, $),

where S* denotes the spectrum of units of S. An R pre-orientation of ¢ is a pre-orientation of 1

and the space of such is denoted by POrf(g )(%) If R is clear from contect, we will also refer to this
data simply as a pre-orientation of €.

Example 3.7. We have a canonical identification IZ(,")Z/pT ~ ¥"7Z/p". Hence, the notion of a
Z/p"-pre-orientation of height n identifies with that of a height n root of unity of order p”, in the
sense of [CSY21b, Defnition 4.2]. More precisely, for € € CAlg(Cato) and S € CAlg(%€) we have

POr(n)

0 (8:6) ~ Mapg, (S"Z/p", §*) ~ ui(9),

where ,uz(fl)(S) denotes the spectrum of height n roots of unity of order p” in S. Note that, in

particular, Z/p"-pre-orientations of height 0 of a field F correspond to p”-th roots of unity in F.

Remark 3.8. For a p-divisible group G over an E.-ring spectrum R, Lurie [Lurl8b, Definition
2.1.4] defines a pre-orientation of G as a map of Z-modules ¥Q,/Z, — G(R). Since for the
multiplicative group G,, we have G,,,(F) ~ hom(Z, R*), a pre-orientation of G,, is the same thing
as a map of spectra

Sl ~$Q,/Z, — R*.

Thus, we can identify the space of Z,-pre-orientations of height 1 of R, with the space of pre-

orientations of the p-divisible group G,,, over R. In general, we can view POrg? ) (%) as an “MR-linear,
higher height analogue” of pre-orientations for the multiplicative p-divisible group over the unit 1.

There is an adjoint way of viewing pre-orientations. When ¥ is presentable, the functor
(=)*: CAlg(%) — Sp™

admits a left adjoint

1[=]: Sp™" — CAlg(%),
which takes a connective spectrum M to its group-algebra 1[M]. Hence, we can identify a pre-
orientation w: II(,n)% — 1% with an augmentation

cot IR — 1 € CAlg(%).
Thus, R-pre-orientations of height n for commutative algebras in ¢ are corepresented by 11[]1(,")9‘{].
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Example 3.9. Let € be the category of complex vector spaces and let R = Z/p". For an m-th
root of unity w € C*, the augmentation e, : C[Z/p"] — C is given by

€ Z aglk] | = Z aw® € C.

kEZ/p" k€EZ/p"

Hence, we can view ¢, in general as the map which gives 1-valued “exponential sums”.

3.2 The Fourier transform
Construction

Given an R-pre-orientation w of height n, we now construct for every connective R-module M a

map of commutative algebras §,,: 1[M] — 1 LMY 1y fact, we show that the space of such maps,
that are natural in M, is parameterized by pre-orientations.

Proposition 3.10. Let ¥ € CAlg(Pr) and let R € CAIg(Spf;;)). The space of natural transforma-
tions 1[—] — 17 )] of functors Modg;’n] — CAlg(%) is naturally isomorphic to POrgg) (€).

Proof. The functor that takes an Si-module M to the algebra 15" M) i the right Kan extension
of the functor pt — CAlg(%¥) corresponding to the object 1, along the functor pt — Modf[g’n}
corresponding to the object IZ(;”)‘.R:

](”>/ \
[0,n]
Modyy™ -3z CAIg(¥).

It follows that the space of natural transformations of the form 1[—] — 17 is isomorphic to

the space of augmentations of the algebra ]l[I,(,")ER], which is the same as the space POrg{l ) (€) of
R-pre-orientations of height n. O

Definition 3.11. Let ¢ € CAlg(Pr) and let R € CAlg(Sp(,). For w € POri(;) (¥), the associated
Fourier transform is the natural transformation

Fui 1] — 157

of functors Modgi’n] — CAlg(%¥) corresponding to w by Proposition 3.10. We shall occasionally
consider the Fourier transform as a functor g, : Modgi’"] — CAlg(%)M.

A couple of remarks on the definition of the Fourier transform are in order.
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Remark 3.12. By unwinding the definition of the Kan extension, the passage from a pre-orientation
to the associated Fourier transform and vice versa can be made more explicit. First, by evaluat-

ing §, on M = I,(,n)%, we recover the augmentation that corresponds to w: Ié”)m — 1%, as the
composition
o LIV T USR] g Map (M) 10, g

Conversely, let w: Iz(,")i)‘{ — 1> and let M € Modg[g’n]. For every character p: M — I][(,n)fﬁ, the
composition wop: M — 1 corresponds to an augmentation £,0,: 1[M] — 1. These assemble into
a map

L5 M| = Map (M, I R) — Mapcae) (1[M], 1),

which is the same data as the map §,,: 1[M] — LIS M)

Remark 3.13. In Proposition 3.10, one could replace Modg’n] with a larger oo-category such as
Mod%' and thus define the Fourier transform for all connective R-modules. Though this might
sometimes be technically convenient, we shall be interested primarily in the Fourier transform only
for n-truncated modules. In fact, eventually, we shall be interested only in the further restriction

of the Fourier transform to the full subcategory Modg){’"]_hn - Mod[gg’n] of [0,n]-finite modules.
However, for establishing some of its formal properties, it is useful to use the characterization
provided by Proposition 3.10. Having said that, if %R itself happens to be [0, n]-finite (e.g., R =
Z/p"), then I§V% € Modly™™ and one could also replace Modly™ with Modlg™™.

Definition 3.11 generalizes the classical discrete Fourier transform in the following sense:

Example 3.14. Let ¥ be the category of C-vector spaces. For an m-th root of unity w € C* and
an m-torsion abelian group M, the map §.: C[M] — CM" is given on z € M C C[M] by

Fu(@): o — WP,

In particular, if M ~ Z/p" and we identify M* with M using the generator 1 € M, we recover the
classical (inverse) Fourier matrix g, (k)(¢) = w**.

The Fourier transform can be enhanced to take into account a bit more structure. A character
w: M — I,(,”)‘ﬁ induces a map wo ¢: M — 1%, which corresponds to an augmentation

Ewop: I[M] — 1 € CAlg(?).
On the other hand, thinking of ¢ as a point in \_II(,n)M | yields an augmentation
evy: wBwM 1 € CAlg(%).
The Fourier transform intertwines these augmentations.

Proposition 3.15. Let ¢ € CAlg(Pr) and let R € CAlg(Sp(y,)). For every w € POré?) (¢) and
p: M — IZ(,n)SR n Modgg’"], the following diagram commutes:

M) ——Fe UMl
1.
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Moreover, §., promotes uniquely to a natural transformation of functors

(ModR™) gy — CAlg(%) 1.,

(n)
/ISR

)

whose component at p: M — I,(,n R is given by the diagram above.

Proof. One the one hand, the Fourier transform §,: 1[M] — 1M J, whiskered by the forgetful

functor (Mod[S™) — Modl9™ can be viewed as a functor

/1%
0,n
(Mod™) J1me — CAlg(#)".
On the other hand, the construction taking ¢: M — I,(,")ER to evy: 1H”M) 1 assembles into a
functor .
(Mod 3™ 1wy — CAIg(€) 1.

Since the forgetful functor CAlg(%’),; — CAlg(%) is a right fibration, we have a pullback square
of oo-categories

(CAlg(€)1) —— (CAlg(¥))!

-
evy evi

(CAlg(%) /1) —— CAlg(%).

It follows that the two functors above, which agree after projecting to CAlg(%), uniquely lift to a
functor

(Mod (3™ — (CAIg(%) jp) M.

/150 R
It remains to show that for every M € Modg[g’n], the map ev,, o §, is homotopic to €,0,. By the
naturality of §,,, we have a commutative diagram:

1[M] —S s LM

N‘
‘pl l‘»@

(n) Sw LI 1) eviq

IR — ey UEVLIR e g

By Remark 3.12, the composition of the two bottom maps is €, and &,, 0 ¢ = €404, 50 the claim
follows. 0

Functoriality
We now explain how the Fourier transform § is functorial in the various arguments it depends on.
First, given a map f: R — & in CAlg(Sp(,)), we can regard an S-module as an 9-module by

restriction of scalars along f, which we denote by f: Mod[g’"] — Modg;’"] . Similarly, given an
R-pre-orientation w: I,(,")ER — 1%, by pre-composition with the SR-module map IZ(,")G — I,(,")D%, we
obtain an &-pre-orientation, which we denote by f.w: I,(,")G — 1%,
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Proposition 3.16. Let ¢ € CAlg(Pr), let f: R — & in CAlg(Sp(y,)), and let w: Iﬁ”)m — 1% be
an R-pre-orientation. There is a canonical isomorphism of natural transformations

gf*w = gwf*
of functors Modg’n] — CAlg(%).
Proof. First, observe that for every M € Modgd' we have

Mapy, (f. M, I{"R) ~ | I{V M | = Mapg (M, I}'S).

Hence, both §y,.., and §. f« are maps 1[—] — 17" () of functors Modg’n] — CAlg(%). Conse-
quently, by Proposition 3.10, it suffices to show that §, f. is classified by the pre-orientation fiw.
For this, it suffices to identify the corresponding augmentations. By Remark 3.12, the augmentation
associated with §,, f« is given by

e ]I[I(")G} S, {Mapy ISV S IJVR) _~ | {Mape ()W 6, IJV6) evia, 4
1[I, .

The isomorphism Mapg (I3 &, I{M9R) = Mapg (1SS, ISV &) takes the map ISV f: IIV& —
Ié")m, dual to f: 8 — &, to the identity map of I,(,")G. Hence, we can identify ¢ with the
composition

ev (n)
1M e) 32, (Maps (Ve %) U D
p

1.
By Proposition 3.15, this composition is homotopic to the composition

7™ .
1rme] 2L 1) 21,

which is by definition €¢,,,. O

Example 3.17. Let ¥ € CAlg(Pr), and let w € ,ugf)ﬂ(]l) = POr(Z%T+1 (€¢). The Pontryagin dual

of the quotient map Z/p"+! — Z/p" identifies with the inclusion Z/p" < Z/p"*!. Hence, if M is a
Z/p"-module, then by Proposition 3.16 we can identify the map

Sur: 1[M] — 1L,

with the map
St 1[M] — 2M

obtained by regarding M as a Z/p"tl-module.

Next, we discuss the functoriality of the Fourier transform with respect to the ambient co-category.
A symmetric monoidal functor F': € — & induces a functor CAlg(¢) — CAlg(2). Furthermore,

given a pre-orientation w: IIS")% — 12 in €, by post-composition with the map F*: 15 — 17,

we obtain a pre-orientation in &, which we denote by F(w): IZ(,n)ER — 17,
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Proposition 3.18. Let F': € — 2 in CAlg(Pr), let ) € CAlg(Sp(,)), and let w: I,(,n)i)‘i — 12 be
an R-pre-orientation of €. The following diagram commutes

F(Zo VSRR
F(le[M]) — s palr ™)
T SF(w) |15 M |

IgM] — 22 1,

naturally in M € Modg[)g’n}. Here, the vertical maps are induced by functoriality.

Proof. By Proposition 3.10, it suffices to show that the following diagram commutes:

F(Ew)

F(L4 (L") F(ly)
lo[IiWm) — 9 1,

Namely, that the augmentation €p(,,) is homotopic to the composition

1o [IVR] = F(14[ITMR]) 2222 F(ly) = 1g.
Via the adjunction 14[—] - (—)*, this composition corresponds to the map

e < 2oy

which is by definition F(w). O

Remark 3.19. In the situation of Proposition 3.18, the left vertical map is always an isomorphism,
since by assumption F' preserves colimits. If we additionally require F' to preserve legn)M |-shaped
limits, then the right vertical map is also an isomorphism and hence F(§,,) identifies with §p ().

We have one more type of functoriality to consider, which is given by rescaling the pre-orientation.
For | € CAlg(Sp(,)), the underlying space [9] with its multiplicative monoid structure acts

naturally on every S3-module M. Thus, given € € CAlg(Pr) and a pre-orientation w € POrE(): )(‘5),
the naturality of the Fourier transform §,,: 1[—] — 1 L5 =) makes it | |-equivariant. In particular,

for every r € |R], we have a commutative square

1] — Sy gLV M)

T-J/ JT‘
1[M] —Se— L")
natural in M € Modgg’n]. Now, the diagonal map given by (either of) the compositions is also a

natural transformation of the form 1[—] — 1 L5 =1 and hence, by Proposition 3.10, is classified by
the associated augmentation
MR o MR = 1%,
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Definition 3.20. For r € |2, we denote by
(—)": POy (%) — PO (%)

the pre-composition with IR —— IR,

Example 3.21. For R = Z/p" and n = 0, the operation w +— w* for k € Z/p" is given by raising
the p"-th root of unity w to the k-th power.

For ease of reference we record the following immediate consequence of the above discussion:

Proposition 3.22. Let ¢ € CAlg(Pr), let R € CAlg(Sp(,), and let w € POrg(;) (€¢). For every
r € |R]|, we have a commutative triangle

1[M)] r 1M

QLI M)

]

in CAlg(€) naturally in M € Modi[)g’n].

Proof. This follows immediately from the definition of w”. O

Duality

We conclude this section with a discussion of the symmetry of the Fourier transform with respect
to monoidal duality. Given a presentably symmetric monoidal co-category % and w € POrgg )(%),

we have for every M € Modg.;’n]'ﬁn a Fourier transform map
(Fo)rr: 1[M] — 1M
Under the canonical identification M - I{™ (I M), we also have the Fourier transform map
(8) s 1[IMM] — 1M,

We shall now show that when € is n-semiadditive, (F.) 1™ coincides with the monoidal dual of

(Fw)m- In fact, we show more generally that even when % is not assumed to be n-semiadditive,
the two maps are the transpose of one another in the following sense:

Definition 3.23. Let ¥ € CAlg(Pr).
(1) For X € €, we define the (weak) dual to be
XY :=hom(X,1) € ¢.

A map f: X — YV can be identified with a map X ® Y — 1.
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(2) Foramap f: X — YV in ¥, we define the transpose of f to be the map
Yy — XV e @,
corresponding to f via the isomorphism

Mape (X, YY) ~ Mapg (X ® Y, 1) ~ Map (Y, X").
Unwinding the definitions, f* is given by the composition
oy — oy L x,

where the first map is the canonical map from an object to its double dual. In particular, if Y
is dualizable, then the transpose f! coincides with the dual fV under the canonical identification
Y =~ YVV. One can think of the transpose as a useful substitute for the dual when Y is non-
dualizable.

Remark 3.24. In general, even if f is an isomorphism, f* might not be. For example, for V
an infinite dimensional vector space over a field k, the transpose of the identity map VV — VV
is the non-isomorphic embedding V' < (VY)Y of V into its double dual. This deficiency however
disappears if we assume that X and Y are dualizable.

Proposition 3.25. Let ¢ € CAlg(Pr), let R € CAlg(Sp(,)) and let w € POrS():) (€¢). We have a
natural isomorphism

(Fw) oy = ()
as natural transformations of functors Mod[) "l .

Proof. We have
Mape (1[M], 1[IV M]Y) = Map, (1[M] ® ]I[I(")M], 1) ~

Mapeg (L[M x IV M], 1) ~ Mapg(| M| x [I{VM], [1]).

By construction, via this identification, the map §,: 1[M] — 1[I, ) ar |V corresponds to the map
of spaces
[ M| x [ITM] =5 [IPVR] = (1.

By the definition of the transpose, we deduce that §¢, corresponds to the map of spaces
LISV M| x [M] == | M] < [ IV M] =5 [ V%] = [1].
Via the isomorphism M —- I, (n)(I (") v ), this map identifies with the composition
LIV M < LI (I0 M) | =5 [ IVR] = (1],
which is the map corresponding to the morphism §,,: ]l[[z(,")M ] — 1M1, O

Corollary 3.26. In the situation of Proposition 3.25, if € is n-semiadditive and M is [0, n]-finite,
then

(3’&))]5)”)]\4 ~ (%’UJ)VM

Proof. If € is n-semiadditive then the source and the target of both maps are dualizable [CSY22,

Proposition 3.3.6] and hence the maps (F.)n and (Fo) 7m,, are dual to one another. O
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3.3 co-Multiplicative properties

So far, for a presentably symmetric monoidal co-category € we have constructed the Fourier trans-
form
s (M) — 157

only as a map of commutative algebras in €. However, as in the classical case, under suitable
finiteness and semiadditivity assumptions, both sides also admit natural co-multiplication and co-
unit maps making them into Hopf algebras, and the Fourier transform preserves this structure.

Hopf algebras

We begin by recalling the definitions of coalgebras, bialgebras and Hopf algebras. First, given
% € CAlg(Caty,), the oo-category of cocommutative coalgebras in € is given by

coCAlg(%) := CAlg(€°P)°P.
Definition 3.27. Let ¥ € CAlg(Cato,). We define the co-category of bialgebras in € by
biCAlg(%) := coCAlg(CAlg(%)),
where CAlg(%) has the induced symmetric monoidal structure from %
Since the induced monoidal structure on CAlg(%) is coCartesian, we have equivalently
biCAlg(%) ~ (CMon(CAlg(%)°"))°P.

Definition 3.28. Let ¥ € CAlg(Caty,). We define the oo-category of Hopf algebras in € to be
the following full subcategory

Hopf (%) := (CMon®® (CAlg(%)°P))°P
of biCAlg(%).

Remark 3.29. By the Yoneda lemma, Definition 3.28 is equivalent to [Lurl7, Definition 3.9.7] in
terms of the functor Speccg. One can think of Hopf (%) as opposite to the category of commutative
group objects in the oo-category CAlg(%)°P of “affine €-schemes”.

We now have the following consequence of [GGN16, Corollary 2.10]:

Proposition 3.30. Let € € CAlg(Caty,). For every additive co-category &, composition with the
forgetful functor Hopf(%) — CAlg(¥) induces an equivalence

Fun" (&, Hopf (%)) =~ Fun" (&, CAlg(%)),
where Fun denotes the co-category of co-product preserving functors.

Proof. This follows by applying the opposite of [GGN16, Corollary 2.10] to the co-category CAlg(%).
O
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Corollary 3.31. Let ¢ € CAlg(Pr®™) and let ® € CAlg(Sp(y,)). For every w € POrg:) (€), the
Fourier transform
o 1] — 27O

]-fin

lifts uniquely to a natural transformation of functors Mod[gg’n — Hopf(€), along the forgetful

functor Hopt (%) — CAlg(¥).

Proof. The oo-category Modg;’"]'ﬁn is additive. The functor 1[—] is coproduct preserving as a (re-

striction of a) left adjoint and the functor 1 L5 ()] i coproduct preserving by the n-semiadditivity
assumption on ¢ and Proposition 2.37. Thus, the claim follows from Proposition 3.30. U

Remark 3.32. The co-multiplication of 1[M] comes from the diagonal of M, while the multipli-
cation uses the addition of M. In contrast, the multiplication of UM ges only the diagonal
map of |IS") M |, while the co-multiplication uses the addition.

Translation equivariance

One of the main features of the classical Fourier transform is that it intertwines the translation
operations on the function space CM" with multiplication by characters on C[M]. In other words,
the Fourier transform simultaneously diagonalizes the shift operators. We now derive a similar
result for the higher Fourier transform.

Definition 3.33. Given ¢ € CAlg(Caty,) and H € Hopf(%) with an augmentation e: H — 1 as
a commutative algebra, we define the translation automorphism of H (as a commutative algebra)

by the composition

T HAHoHM Ho1=H.

This construction naturally assembles into a functor
T(_y: Hopt*(€) — CAlg(¥)!",
where Hopf* (%) is the category of pairs (H,¢), formally given as a pullback
Hopt* (%) := Hopf (%) X caigw) CAl(%) /1.

Remark 3.34. In algebro-geometric terms, e: H — 1 corresponds to a global element of the group
scheme Spec(H), and T is the translation map by that element from Spec(H) to itself.

Using the compatibility of the Fourier transform with augmentations (Proposition 3.15) and Hopf
algebra structures (Corollary 3.31), we deduce that it intertwines the corresponding translation
automorphisms.

Proposition 3.35. Let ¢ € CAlg(Pr™™) and let ’t € CAlg(Sp(,)). For every w € POré?) (€), the
associated Fourier transform §., promotes uniquely to a functor

(Modjy" ™) — CAlg(%)<0

/1R
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)

whose component at ¢: M — I,(,n R is given by

1[M] — S gL M)

T(swowl Jvaw

1[M] % ]1LI;(,")MJ_

Proof. We have a commutative diagram of functors

(Modl0™-fim) —— (CAlg(%) 1)

|

Hopf (€)1l ——— CAlg(¥)!M,

(n)
/TS

where the top one is provided by Proposition 3.15, the bottom one by Corollary 3.31, and the other
two are the canonical forgetful functors (and both compositions are the Fourier transform map).
This corresponds to a functor from the top left corner into the pullback of the remaining diagram.
Since raising to the power of [1] preserves pullbacks, this is a functor

(Modlg-fim) — Hopf* (%)

RERE
Composing this functor with (T(,))[l], yields a functor

(Mod9m-fim) — CAlg(%)1*1,

(n)
/ISR

Unwinding the definitions, the component at ¢: M — II(,n)iR is as claimed. O

4 Orientations and Orientability

The construction of the Fourier transform in the previous section depends on a choice of a pre-
orientation, which plays the role of a root of unity in classical Fourier theory. Usually, one chooses
the root of unity to be primitive, so that the Fourier transform is an isomorphism. In this section, we
consider an analogous property of a pre-orientation and its relation to affineness and the Eilenberg—
Moore property.

4.1 Oprientations

Definition and functoriality

A pre-orientation for which the associated Fourier transform is an isomorphism on all w-finite
modules will be called an orientation. More precisely, we have the following:

Definition 4.1. Let ¥ € CAlg(Pr), let )} € CAlg(Sp(,), and let w € POrg:)(%) be a pre-

orientation.
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(1) M e Mod[gg’n]'fin is called w-oriented if Fp: 1[M] — 157 M] g an isomorphism.

(2) wis called an orientation if every M € Mod™™™ is w-oriented.

We denote the subspace of fR-orientations by ()rg()?)(%’) C POr&L ) (%), and say that € is (R, n)-
orientable if Oré:) (¥¢) # 2.

The following is the motivating example from the classical theory:

Example 4.2. Let € be the category of (ordinary) modules over a field F of characteristic 0. Then,
Z/p"-pre-orientations of height 0 of € are just p"-th roots of unity in F (see Example 3.7). A root
of unity defines an orientation of € exactly when it is primitive. We note that the situation with
higher roots of unity is more subtle, as we shall discuss in Section 6.2.

Example 4.3. As in Remark 3.8, for R € CAlg(%) a Z-pre-orientation w: XQ/Z — R* of R,
in the sense of Definition 3.6 is the same datum as a pre-orientation @w: Q/Z — G,,(R) for the
divisible group G,, over R, in the sense of [Lurl8b, Definition 2.6.8]. One may show that w is an
orientation of R if and only if @ is an orientation of G,, over R in the sense of [Lurl8a, Definition
4.3.9]

We now examine how the space of orientations behaves under the various operations on pre-
orientations considered in Section 3. First, orientations are preserved under restriction of scalars.

Proposition 4.4. Let @ € CAlg(Pr) and let f: % — & in CAlg(Sp(h)). A module M € Mod "™
is fiw-oriented if and only if f.M is w-oriented. Consequently, if w is an R-orientation, then f.w
is an &-orientation.

Proof. Given M € Mod[g’"}'ﬁ“7 by Proposition 3.16, the component of §,, at f,M € Modg;’n]'ﬁn
is homotopic to the component of §y,, at M. Thus, M is f.w-oriented if and only if f,.M is
w-oriented. O

Orientations are also preserved under symmetric monoidal functors which preserve n-finite limits.

Proposition 4.5. Let F: ¢ — 2 in CAlg(Pr), and let w € POrg{l) (€¢). If M € Modgg’n]_ﬁn is

w-oriented and F preserves LIIS")MJ -shaped limits, then M is F'(w)-oriented. In particular, if w is
an orientation on € and F preserves n-finite limits, then F(w) is an orientation on 9.

Proof. The assumption that F' preserves \_I][(,n)M |-shaped limits implies that the M-components
of FI(§,) and §p(,) are isomorphic, see Remark 3.19. Thus, if M is w-oriented then it is also

F(w)-oriented. If F preserves all n-finite limits, then this is true for all M € Mod[gg’n}'ﬁn. O

When € and 2 are n-semiadditive, every colimit preserving functor F': € — & preserves n-finite
limits. If we further assume that the oco-categories are stable, Proposition 4.5 admits a partial
converse.

Definition 4.6. Recall from [CSY22, Definition 4.4.1], that a functor F': € — 2 in Alg(Pry) is
called nil-conservative if for every S € Alg(%) for which F(S) = 0, we have S = 0.
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Proposition 4.7. Let F': € — 9 in CAlg(Prg") be nil-conservative and let R € CAlg(Sp(y)). An
w e POrg()g)(%) is an orientation on € if and only if F(w) is an orientation on 9.

Proof. Since F is n-semiadditive, it preserves n-finite limits and hence F(§.,) is isomorphic to §p(w),

see Remark 3.19. We deduce that, for every M € Modi[g’n]'ﬁn, the map

F(3.): F(LIM]) — F(L7 M)
is an isomorphism. Since F' is nil-conservative, it is conservative when restricted to the dualizable

objects of €, see [CSY22, Proposition 4.4.4]. By [CSY21b, Proposition 2.5], both 1[A] and 117"

are dualizable in ¢, and we deduce that §, is an isomorphism at every M € Mod[gg’"]'ﬁn if and only

F(Fw) is. O
Finally, we have the following behaviour with respect to scaling:

Proposition 4.8. Let ¢ € CAlg(Pr), let )} € CAlg(Sp(y)), and let w € Orﬁ(;) (€¢). Forr e |R],
the pre-orientation w" is an orientation, if r € M*. The converse holds if R is w-finite and € is
non-zero.

Proof. By Proposition 3.22, for every M € Modi[g’"]'ﬁn we have a commutative diagram

1[M] 1[M]

]]_LI;(;H)MJ'

Since w is an orientation, the right diagonal map is an isomorphism. By 2-out-of-3 for isomorphisms,
w" is an orientation, i.e., the left diagonal map is an isomorphism if and only if 1[M] = 1[M] is

an isomorphism for all M € Modf[g’”]'ﬁn. Clearly, if r is invertible, then this is the case. Conversely,

assuming R is 7-finite, we get that the map 1[R] —— 1[R] is an isomorphism. Applying Mapg (—, 1)
we get an isomorphism |1 |7 = |11, Since mo(R) is a retract of 9], we get an isomorphism
|1 |70’ =~ | 1] () to which we can apply 7o, which preserves products, and get an isomorphism
o (1) ™ () =~ 7o(1)™ @) Since multiplication by r is not invertible on my(R), the last map can
be an isomorphism only if (1) ~ pt, which would imply that & is zero. O

Oriented modules

To study the question of whether a given R-pre-orientation w is in fact an orientation, it is useful
to know that the collection of w-oriented SR-modules is closed under a variety of operations. We
shall assume higher semiadditivity throughout. We begin by showing that orientability is preserved
under shifted Brown-Comenetz duality.

Proposition 4.9. Let R € CAlg(Sp(y,)), let € € CAlg(Pr"™), and let w € POrgL) (¢). An R-
module M € Mod[gg’"]'ﬁn is w-oriented if and only if I,(,n)M € 1\/Iod£’n]'ﬁn is w-oriented.
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Proof. By Corollary 3.26, the maps () and (&,)I(,L)M are dual to one another. Hence one is an
P

isomorphism if and only if the other is. O

Oriented modules are also closed under finite direct sums.

Proposition 4.10. Let R € CAlg(Sp(y)), let € € CAlg(Pr"™) and let w € POrgL) (€). For every
w-oriented M, N € Modgg’”]'ﬁn, the module M & N is also w-oriented.

Proof. The Fourier transform §,: 1[-] — 1 11" (2)] s a natural transformation between two func-
tors, which both preserve finite co-products. Indeed, 1[—] by being a (restriction of a) left adjoint,

and 11557 () by the n-semiadditivity assumption on ¥ and Proposition 2.37. O

Next, we consider the behavior of orientability under cofibers and extensions of Si-modules.

Proposition 4.11. Let R € CAlg(Sp(,)), let € € CAlg(Pr*™) and let w € POré?) (¢). Consider

an exact sequence in Mod[;;’n]_ﬁn of the form

My — My — M,

such that My is w-oriented and LI,(;R)MOJ is € -affine. Then, My is w-oriented if and only if Ms is
w-oriented.

Proof. Consider the following commutative diagram in CAlg(%), where the diagonal arrows repre-
sent the components of the Fourier transform §,, for the objects 0, My, M; and Ms:

1[Mo] 1[M;]
o~ ‘ \\\\\
]ll.Ig(;n)MUJ ]l\.Ién)Mlj
| ()
1 L[M;]
\ AN
~%
1 ]1LI§,")M2J

The two solid diagonal maps are isomorphisms by assumption and we have to show that if either of
the dashed diagonal maps is an isomorphism, then so is the other. Since the functor 1[—] is a left
adjoint, the back face of the diagram is a pushout. Since we assumed that LI][(,”)MOJ is ¢ -affine,
the front face is also a pushout (Theorem 2.38). Thus, if the top dashed diagonal (§F.)as, is an
isomorphism, then so is the bottom one (Fy)ns,-

Now, assume that the bottom dashed diagonal is an isomorphism. We can view the diagram as
living in commutative algebras in % under 1Mol o equivalently, as commutative algebras in

Mod |, (%). By the definition of affineness, we have an equivalence of categories
1lp

Mod () ~ @ Mol

1 LI;”) Mg |
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The collection of functors ¢*: ¢ Mol @ for all p € LIZ(,TL)MOJ is jointly conservative. By
Corollary 2.17, these functors correspond under the above equivalence to the extension of scalars
functors

F,=1,®

MOdn (¢) — €,

1Lzé”>zxu (=) 128w )

where 1, is the unit 1 with the ]luz(>">M°J—algebra structure given by ev,: 1Mol 1. For

example, in the above cubical diagram, the left vertical map in the front face is 115" M

Thus, the fact that the back and the front faces are pushouts implies that
FO((S:L«J)Ml) = (%W)sz

which is, by assumption, an isomorphism. To show that Fi,((F.)ar,) is an isomorphism for all

i ]10.

wE LI,gn)MOJ, we shall use the translation invariance of the Fourier transform and the case ¢ = 0.
By the long exact sequence of homotopy groups associated with the cofiber sequence

My — My — Mo,
the map 7, Mo — 7, M is injective, which implies that the map (IS M) — mo (IS Mo) is

surjective. Hence, we can lift ¢ to an element @ € LI,(;")Mlj. By Proposition 3.35, we get a
commutative diagram

1[ Mo 1[M;]
]lLI(ﬂ)MOJ ‘ ]]_LI(W)MIJ
i T(gww,) ZJ(T(E )
U T (evy) U Troy_
1[ Mo - 1[M;] “?
LIS Mo 15" M)

where the vertical maps are the respective translation automorphisms. Pasting this diagram on
top of () yields a cubical diagram analogous to (x), where the left vertical map of the front face

is evy,: 11" Mol _, 1. As before, we get that Fi,((§w)ar, ) identifies with (§,,)a, and hence is an
isomorphism. Thus, (§,)as, is itself an isomorphism. O
Similarly, we have a dual statement for fibers.

Proposition 4.12. Let R € CAlg(Sp(,)), let € € CAlg(Pr®™) and let w € POrg(}?)(%). Consider

an exact sequence in 1\/Iod§[)g’n]_ﬁn of the form

My — My — My,

such that My is w-oriented and | M| is €-affine. Then, My is w-oriented if and only if My is
w-oriented.

Proof. By Proposition 4.9, a module Modgg’"]'ﬁn is w-oriented if and only if I,(,n)M is. Thus, the
claim follows from Proposition 4.11 applied to the exact sequence

I My — I8 My — I M. O
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4.2 R-Cyclotomic extensions

We now construct for every R € CAlg(Sp(;,)) and ¢’ € CAlg(Pr"™) a universal R-oriented commu-

tative algebra (of height n) in 4, denoted by ]l[wgl)], which we call the R-cyclotomic extension (of
height n).

Universally oriented categories

We begin by working one categorical level up, which does not require any higher semiadditivity
assumptions. The adjunction unit II()n)ER — ]1[[,§")9<{V exhibits 11[[}1”)9%] as the universal R-pre-
oriented (of height n) commutative algebra in €. Our first goal is to establish a categorification of
this fact.

Proposition 4.13. Let ¢ € CAlg(Pr) and let R € CAlg(Sp(,). The functor

PO (=): CAlg(Mody(Pr)) — S
is co-representable by Mod

%).

1[112"’9%](
Proof. Using the adjunctions

Mod(_y(¥): CAlg(¢) = CAlg(Mod (Pr)) :End(1_))

and
1[-]: Sp™ & CAlg(%) : ()™,
we get
MaPCAlg(Mod<g(Pr))(MOdM[I;gn)m] (), 2) ~ Mapcmg(%)(ﬂ[ljgn)i)‘{],End(ﬂ@)) =
Mapg,en (IR, End(15)*) =~ Mapg,en (IR, 1%) =: POryy (2)
naturally in 2 € Modg, which finishes the proof. O

We shall thus use the following notation:

Definition 4.14. Let ¢’ € CAlg(Pr) and let R € CAlg(Sp(,)). We define

cpopor | __
69{7” = Modﬂ[Ién)m]

(%)

and denote by

Weane : IR — Lpor = 1[I R~
the tautological R-pre-orientation of €°, given by the unit of the adjunction 1[—] 4 (—)*.
Remark 4.15. By Proposition 4.13, ‘KS};(’; co-represents JR-pre-orientations of height n for @-linear
presentably symmetric monoidal oco-categories. Explicitly, given F: €5°, — 2 in Modg (Pr), the
associated JR-pre-orientation of 2 is F(wiaut)-
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We now consider the co-representability of the subfunctor Orég )(—) C POrE();L )(—).
Definition 4.16. Let ¢ € CAlg(Pr) and let % € CAlg(Sp(,)). We define 73", C 437, to be the
full subcategory of objects X € %", such that

& hom(1U5”M) X) — hom(1[M],X) € ¢

Wnut :
is an isomorphism for all M € Modg;’n]'ﬁn

Equivalently, by Proposition 3.25, €', can be identified with the left localization of ‘5;;“ with
respect to the collection of morphisms of the form

Idy ® . Y @1[M] — YV @ 17 M],

In particular, it is a ®-localization of €, , and hence can be seen as an object of CAlg(Mod (Pr)),
and it is equipped with a symmetric monoidal localization functor L°": €3°) — g,

Proposition 4.17. Let € € CAlg(Pr) and let R € CAIg(Sp'(C;I)). The localization functor
L 6 —

co-represents the fully faithful embedding Ori(,;l)(—) Cc POrE(,?)(—).

Proof. Since L°" is a localization, pre-composition with it exhibits Mapcaigaody (pr)) (€5t
a subfunctor of

—) as

n?

MapCAlg(Modcg(Pr))(%ﬂg?:Z? —) =~ POrE()?)(—).

Thus, it would suffice to show that a functor F': 43 — 2 in CAlg(Mod(Pr)) factors through
the localization functor L°" if and only if F'(wiayt) is an orientation of 2.

By Proposition 3.18 we have §por(wn) =~ L (Swpnn:) ON Mod[0 nk- fin " which is an isomorphism by
the definition of ‘59‘3{" This implies that if F' factors through L"r then F'(wiaut) is an orientation.

Conversely, assuming that F'(wiayu) is an orientation we shall show that F' factors through L°.
For this, it suffices to show that the essential image of the right adjoint G: 2 — 6" of F lies

in 63", < CK;?:L. By the definition of €3, this is if and only if, for every X € Z and every

M € Modly™in

, the morphism
Svans - hom(]llff,"’)MJ,G(X)) — hom(1[M],G(X))
is an isomorphism. Since F' is symmetric monoidal, we have a natural isomorphism
homegper (Y, G(X)) ~ G(homg (F(Y), X))
for all Y € 6°), so it would suffice to show that

F(Funn)s hom(FA M) X) — hom(F(1[M]), X)

is an isomorphism for every M € Modg[g’n]_ﬁn. But this follows from our assumption that F'(wgaut)
is an orientation. O
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Universally oriented algebras

Proposition 4.17 shows that there is a %-linear symmetric monoidal co-category Cfg)%rn carrying a
universal R-orientation of height n. We now show that if ¢ is n-semiadditive, then €3, is in fact
the oco-category of modules over a universally $R-oriented commutative algebra in %.
Proposition 4.18. Let ¢ € CAlg(Pr®™) and let R € CAlg(Sp(y,)). Then, there is an idempotent
commutative ]l[II(,n)DQ]—algebm ]l[wi();l)], such that

(fgﬂr’n:Mode(m](‘ﬁ) € CAlg(Modgper (Pr)).

Proof. By [RS22, Theorem 7.6], it would suffice to show that Cy, is closed under all limits, all
colimits, tensoring with any object of 43", and taking internal hom from any object of 3", . Now,
the functor (X,Y") — hom(Y, X) is limit preserving in the X-argument and satisfies

hom(Z, hom(Y, X)) ~ hom(Y, hom(Z, X)).

These imply that €, is closed under limits and applying hom(Y, —) for Y € 4. On the other
hand, by the n-seimadditivity assumption on ¥, for every M & Modi[)g’n]_ﬁn the objects 1[M] and

1M are dualizable. Hence, we can identify the morphisms
hom (11" M), X) — hom(1[M], X)

of pre-composition with §,, with the tensor product §, ® X. This implies that ‘fg?fn is also closed
under all colimits and tensoring with any object of €3° .

Finally, since the functor
Mod(_y(%): CAlg(¥¢) — CAlg(Mod(Pr))

is fully faithful, it follows from Proposition 4.17 that indeed fR-orientations of commutative algebras
in € are co-represented by ]l[wé? )]. O

From the above proposition follows that fR-orientations of commutative algebras in € are co-

represented by ]l[w&" )]. In other words, ]l[wgl )] carries a universal JR-orientation of height n, which

motivates the following:

Definition 4.19. Let ¢ € CAlg(Pr*™) and let 3t € CAlg(Sp(,)). We refer to It[w;?)] € CAlg(¥)
as the R-cyclotomic extension of height n.

In general, the functoriality of the construction ]l<g[wf(,: )] in ¥ € CAlg(Pr®") is rather subtle.
However, there is one relatively simple, yet useful, case.

Proposition 4.20. Let F: € — 2 in CAlg(Pr®™) and let R € CAIg(Spf;)), If F admits a
conservative right adjoint, then F(]l%)[wé?)]) ~ ]l@[wgl)].

Proof. Let G be a right adjoint of F. Then, G is lax symmetric monoidal and hence maps commu-
tative algebras in 2 to commutative algebras in €. Moreover, for S € CAlg(2), we have a natural
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identification G(S)* ~ S* and hence we can identify pre-orientations of S with pre-orientations of
G(9).

The object ]l@[wi(): )] co-represents PR-orientations of height n in CAlg(Z), while F (ﬂg[wgg )]) co-
represents the functors CAlg(%) — S given by S — Or,g? )((f; G(S)). Both these functors are sub-
functors of POrég)(@; —). Hence, to identify them, it would suffice to show that, for S € CAlg(2)

with pre-orientation w: II(,n)iR — 5% >~ G(5)* and every M € Mod[gg’n]'ﬁn, the morphism
§o: S[M] — SLI M (%)
is an isomorphism if and only if
o G(S)[M] — G(S)L" M) (%)

is an isomorphism. The functor G is limit preserving and hence it preserves also w-finite colimits,
see [CSY22, Corollary 3.2.4]. Consequently, the map (xx) is the image under G of the map ().
Since G is assumed to be conservative, we deduce that (xx) is an isomorphism if and only if (x) is
an isomorphism and the result follows. O

Corollary 4.21. Let ¢ € CAlg(Pr®™) and let R € CAlg(Sp(y)). For every S € CAlg(%) we have,
Swi] ~ S@ 1w’ € CAlgg(%).

Proof. Apply Proposition 4.20 to the extension of scalars functor S ® (—): € — Modg(%). O

Equivariance and Galois

Recall that ]1[],(,”)9%] admits an action of the multiplicative monoid [9R]. This induces an action
of |91] on the functor POrE(,? )(—; %) it co-represents. This action is given by scaling and hence, by
Proposition 4.8, the action of the submonoid R* C |9R] preserves the subspace

Or(;)(—;%) C POrE(g)(—;‘K).

We thus obtain an action of 98 on the co-representing object ]l[wg()? )} and an R*-equivariant map

IR — 1wl)] € CAlg(¥)"?.

Proposition 4.22. Let ¢ € CAlg(Pr® "™V and let R € CAlg(Sp(y)) be n-finite. If the R-

cyclotomic extension ]l[wi(,?)] is faithful, then it is R*-Galois.

Proof. By our assumptions, both BR* and R* are %-ambidextrous spaces. Thus, the tensor
product of € preserves the respective limits in conditions (G1) and (G2) of a Galois extension

(Definition 2.25). Hence, since Il[wf(;; )] is faithful, it suffices to show that it is Galois after base-
change along itself. Namely, after applying the functor

]l[wi();‘)} ®(-): € — MOd]l[wé:) (€).
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In other words, we may assume without loss of generality that € is (9, n)-orientable. We shall

show that in this case, ]l[wég )] is in fact split Galois. The Fourier transform, associated with any

R-orientation w of height n, provides an isomorphism
ot LIMM] = 1194,

which is equivariant with respect to the multiplicative monoid |R], and hence in particular with
respect to SR*. Consider the composition

UIWR] T 1 1 e CAlg(9)PM.

where the second map is given by restriction along the inclusion R* — |9R]. Since 1% s co-
induced as an $8*-object, this map corresponds to a non-equivariant map ]l[I,()n)ER] — 1 given by
evaluation at 1 € 3*. By unwinding the definitions, this is exactly the orientation w, and hence
factors through ]1[[1(,”)9‘{] — ]l[wg()? )]. Consequently, we get the following commutative square in
CAlg(€)P?"

1[I R] — S 118

! J e

1w{)] ———— 1%,

~—

Since the top map is an isomorphism, it would suffice to show that () is a pushout square, as
this would imply that the bottom map is an isomorphism as well. Furthermore, as the forgetful
functor CAlg(%)P%" — CAlg(¥) is colimit preserving and conservative, it suffices to check that
(%) is a pushout square non-equivariantly. Namely, we need to show that for every f: 1% — Sin
CAlg(%), the composition

wp: LIMR] S g Log

is an orientation on S if and only if f factors through the projection 1% — 12" The ‘if’ part is
clear from the existence of the commutative square (x). For the ‘only if’ part, it suffices to show
that if wy is an orientation, then the pushout 1S @ o) S vanishes. Since the space |97~ R*
is @-ambidextrous, it is ¥-semi-affine (Corollary 2.34), so by Proposition 2.4 we have a fully faithful
embedding

Mod o) ox (€) — @IRINRT

Furthermore, by Corollary 2.17, the jointly conservative functors r*: €2 %" — ¢ correspond

to the functors 1, @ s sx (—). Therefore, by the associativity of the relative tensor product, it
suffices to show that S, := 1, ®¢ %, S vanishes for every r € |R] N R*. Now, consider the diagram,
where the right square a pushout square and the left square commutes by Proposition 3.22 and
Proposition 3.15:

1w — S g% ! S
r'l J{ev,. lgr
1[I 9R) w 1 Ir S,.
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Comparing the composition along the top and then right maps with the composition along the left
and the bottom maps provides an isomorphism

(gr)wwr = ((fr)awp)” € PO (S;9).

Since we assumed that wy is an orientation, it follows by Proposition 4.4, that the left hand side
is an orientation. However, since R is w-finite and r is assumed to be non-invertible, it follows by
Proposition 4.8, that the right hand side is not an orientation unless S, = 0. O

4.3 Virtual orientability and affineness

In Proposition 2.40, we have seen that having semiadditive height n for an co-category % implies
the affineness of (n + 1)-connected w-finite spaces with respect to €. We shall now show that the
existence of an R-orientation of height n implies the affineness of all n-truncated m-finite spaces
which admit an f3-module structure. In fact, many oco-categories of interest € are not themselves
(R, n)-orientable, yet possess an (R, n)-orientable commutative algebra S, which is faithful in the
sense that the functor S® —: ¥ — % is conservative. This allows one to use the Fourier transform
over Modg (%) together with “faithful descent” along the morphism 1 — S to derive structural
properties, such as affineness, for €.

Virtual orientability

The above discussion leads to the following definition:

Definition 4.23. Let " € CAlg(Pr) and let R € CAlg(Sp(,,)). We say that the co-category ¢ is
virtually (R, n)-orientable if there exists a faithful commutative algebra S in %, which admits an
R-orientation of height n.

In the higher semiadditive setting, we have the universal commutative algebra ll[wi(; )] in ¢ that
caries an PR-orientation. In this case, its faithfulness is equivalent to virtual orientability of €.

Proposition 4.24. Let ¢ € CAlg(Pr™™) and let ® € CAlg(Sp(,)). Then, € is virtually (R,n)-
orientable if and only if]l[wg(,:)] is faithful.

Proof. Since ]l[wi(y?)] admits an 93-orientation of height n, if it is faithful, then ¢ is virtually (2R, n)-
orientable. Conversely, assume that ¥ is virtually (98, n)-orientable, and let S € CAlg(%) be
a faithful algebra which admits an fR-orientation of height n. The extension of scalars functor
S®—: ¢ — Modg(%) admits a conservative right adjoint, which, by Proposition 4.20, implies that
S [wi(,;I )] ~S® ]l[wg()g )]. Now, S admits an R-orientation, which in turn provides an augmentation

S @ 1[wiy] ~ Slwiy)] — 5.

Since S is faithful, we deduce that S © 1[w{"] is faithful, and hence that 1[w{"] is faithful. O

Example 4.25. The field of rational numbers Q does not admit a Z/p"-orientation of height 0,
i.e., a primitive p"-th root of unity, unless p = 2 and r = 1. However, it is still virtually (Z/p",0)-
orientable, as we can pass to the cyclotomic extension Q(wyr), which is clearly faithful over Q.
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By localizing with respect to 1 [wf(y? )], we obtain the universal virtually (R, n)-orientable localization
of ¥.

Definition 4.26. Let ¥ € CAlg(Pr"™") and let !} € CAlg(Sp(y)). We define %o to be the
Bousfield localization of ¢ with respect to ]l[wi()?)].

Namely, ‘J?mn is obtained from % by inverting all the morphisms X — Y in ¥ for which the
induced morphism X ® ]l[wég )] —-Y® ]l[wf(): )] is an isomorphism. The oco-category %, classifies

the property of being virtually (R, n)-orientable among localizations of %'

Proposition 4.27. Let ¢ € CAlg(Pr*™) and let R € CAlg(Sp(y,)). The oo-category %?m,n is the
initial symmetric monoidal localization of € in CAlg(Pr®™) which is virtually (R, n)-orientable.

Proof. First, since %Ag)gm is a Boustfield localization of %, it is a symmetric monoidal localization of

€. Let L: € — %?m,n be the localization functor. By Proposition 4.20, and since L admits a fully

faithful (and in particular conservative) right adjoint, we have L(]lc,g[wé;I )]) ~ 1z [ws(,? )]

,n

. Since,

by construction, L(]lcg[wi():)}) is faithful in CAlg(‘é\m,n), we deduce from Proposition 4.24 that %\D‘Ln
is virtually (98, n)-orientable. It remains to show that %,n is initial with respect to being virtually
(R, n)-orientable. Let L1: € — 2 be any symmetric monoidal localization in CAlg(Pr®") for which
2 is virtually (R, n)-orientable. By Proposition 4.20 again, we have that Ll(]l%e[wgl)]) ~ ]l@[wé?)],
which is faithful by our assumption on 2. This implies that L; factors through the Bousfield
localization with respect to ﬂ%[wf(g)}, that is, through L: ¢ — ‘f;,n. O

Affineness of modules

The existence of an fR-orientation for an oco-category % allows one to relate group algebras and
algebras of functions on SA-modules. Since the functor 1[—]: Modyx — CAlg(%) preserves pushouts,
we can use the Fourier transform to deduce Eilenberg-Moore type properties for €. In fact, virtual
orientability suffices.

Proposition 4.28. Let ®t € CAlg(Sp()) and let ¢ € CAlg(Pr*™) be virtually (R, n)-orientable.

For every exact square (x) in Mod[gg’n]_ﬁn, the associated square (xx) is a pushout in CAlg(%¥).
My —— M, (%) 1Ms] LM ()
M2 E— Mg, ]N—MZJ E— ]II-MDJ.
Remark 4.29. The square (*) is exact (see the conventions) in Modg.;’n]'ﬁn if and only if it is a

pushout square in Modg (Sp).

Proof. Let S € CAlg(%€) be a faithful algebra which admits an fR-orientation of height n. Since
the tensor product in € preserves n-finite limits in each coordinate, tensoring the square (xx) with
S gives the analogous square in Modg(%’). Since S is faithful, we may replace ¢ by Modg (%) and

assume without loss of generality that ¥ admits an R-orientation w: IZ(,”)i)‘{ — 1*.
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The exact square () in Mod[gg’n]'lcin induces another exact square in Mod[gg’n]'ﬁn:

I M, —— 15,

L

I My —— 15 My,
which is also exact in Sp®*. The functor
1[—]: Sp™ — CAlg(%)

preserves colimits, so that the square

1[I M) — 1[I5 M| ( * #)

| l

1[I My — 1[15 M)

is a pushout square in CAlg(%). Now, the (inverse of the) Fourier transform §,,: 1[M] = 1L M)
identifies the pushout square (* * x) with the square (*x) in the claim, which is therefore a pushout
square as well. O

This implies the following affineness result:

Proposition 4.30. Let R € CAlg(Sp(,)) and let € € CAlg(Pr*™) be virtually (R,n)-orientable.
For every M € Mod[gg’n]'ﬁn, the space | M | is € -affine.

Proof. First, we have a map |M | — mo|M | whose fibers are all isomorphic to [7>1M]. Thus, by
Proposition 2.18((2) and (3)), it suffices to prove that |moM | and | 7>1 M | are G-affine. Since |7 M |
is finite, it is ¥ -affine by Example 2.35. Hence, we are reduced to the case that M is connected.
For connected M, all the path spaces P, | M| for a,b € [ M| are isomorphic to QM| ~ Q| M].
By Theorem 2.38, to show that | M | is €-affine, it suffices to show that the square

1LM] 1

L

11— > qleM]

is a pushout square in CAlg(%). This in turn follows from Proposition 4.28. O

Remark 4.31. The conclusion of Proposition 4.30 is far from being the best possible. Since €-
affine spaces are closed under extensions (Proposition 2.18), to deduce that an n-finite space A is
¢ -affine, it suffices to be able to build A from fR-modules by iterated extensions. We exploit this
fact in Theorem 6.2, to show that already virtual (IF,, n)-orientability implies the € -affineness of
all n-finite p-spaces.
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Higher Kummer theory

When one actually has an R-orientation of height n we obtain a variant of Kummer theory, providing
a classification of certain abelian Galois extensions of a ring in terms of its units.

Proposition 4.32. Let }t € CAlg(Sp(y)) and let € € CAlg(Pr™™) be (R, n)-orientable. For every
M € 1\/[odi[)g’n]_ﬁn and S € CAlg(€), we have an isomorphism of spaces
CAlgMI=#(S;€) ~ Mapgen (I M, S¥).
Proof. By Proposition 4.30, the space | M| is €-affine. Hence, by Proposition 2.30, we have
CAlgg" 78 (5;%) ~ Mapcag(e) (1 M1 S).

Since ¥ is (R, n)-orientable, the Fourier transform, associated with any fR-orientation w of height
n, provides an isomorphism

Fo: LI M] = 1M e CAlg(9).
Plugging this into the above we get,
MapCAlg(‘ﬁ)(ﬂLN[J ,8) ~ Mapcage (LIS M, S) ~ Mapg e (IS M, 5).
O

Example 4.33. If ¢ is (F,, n)-orientable for some n > 1, then applying the above to M = XC,,
we get
CAlgP“r8(S; %) = Mapgyen (X" Cp, §%) = Q" 111y (S) =1 u{"~V(S).

That is, C),-Galois extensions are classified by p-th roots of unity of height n — 1.

Remark 4.34. The case n = 0 is excluded, and does not even make sense, in Example 4.33.
However, we have shown in [CSY21b, Theorem 3.18], that if ¢ is additive and admits a primitive
m-~th root of unity, then we have an isomorphism

CAlgBCmfgal(S; (g) ~ Mapspcn (C'm; plC(S))

Furthermore, we have explained how this recovers and extends classical Kummer theory. The
above isomorphism and the one in Example 4.33 can be combined into a single uniform claim (see
Theorem 7.34).

4.4 Detection for local rings

We shall now show that Proposition 4.4 admits a partial converse, when % is higher semiadditive
and f: R — G is a strict map of local ring spectra in the following sense:

Definition 4.35. Let JR be a connective commutative ring spectrum. We say that R is local if
mo(R) is local. In this case, we refer to the residue field k of mo(R) as the residue field of R. We
shall implicitly assume that k is of characteristic p, which implies that R is p-local. We say that a
map R — 6 of local ring spectra is strict, if it induces an isomorphism on residue fields.

54



For a local ring spectrum R with residue field k, the oo-categories Modf[g’n]'ﬁn and Modg)’n]'ﬁn are

closely related.

Definition 4.36. Let & be a pointed oco-category and let & be a full subcategory of &.
(1) We say that &y C & is closed under extensions if for every exact sequence
M—N-—L
in & such that M, L € &, we also have N € &.

(2) We say that & generates & under extensions, if the only subcategory of & containing &y and
closed under extensions is & itself.

Proposition 4.37. Let R € CAlg(Sp(,)) be local with residue field k. The oo-category Mod[ag’n]_ﬁn
is generated under extensions from the essential image of the restriction of scalars functor

fe: Modgco’n]_ﬁn — Mod[ag’n]_ﬁn

induced by the residue map f: R — k.

-

Proof. Let & denote the minimal subcategory of Mod[gg’" " which is closed under extensions and

contains the essential image of f.. Given M € Modg’n]'ﬁn, we wish to show that M € &. Consider
the Postnikov tower

M=17<, M —717<p_ 1M — -+ = 7<0M — 0

of M. For every 1 <t < n, we have an exact sequence
YoM — T<tM — 1< M

Hence, by induction on the tower, and using that & is closed under extensions, it would suffice to
show that for every 0 <t < n, the R-module X7, (M) belongs to &. In particular, it would suffice
to show that for every discrete, finite mo(R) module N and every 0 < ¢t < n, we have SIN € 8.

Let m be the maximal ideal of 7o(R). Since mo(R) is a local ring and N is finite, we have m‘*N = 0
for some ¢ > 0. We shall proceed by induction on ¢, where the case £ = 0 holds trivially. Let N[m]
denote the m-torsion in N, i.e., the submodule of elements killed by m. Then, we have an exact

sequence
S N[m] — S'N — S*N/Nm].

The object ¢ N[m] is a restriction of scalars of a k-module, so it belongs to &. Also, by construction
we have m‘~! (N/N[m]) = 0. By our inductive hypothesis, this implies that X*N/N[m] € &, and
since & is closed under extensions, we deduce that L/N € &. O

In particular, this allows us to bootstrap affineness from k-modules to $R-modules.

Corollary 4.38. Let R € CAlg(Sp(y)) be local with residue field k and let € € CAlg(Pr™™) be
virtually (k,n)-orientable. Then, for every M € Modg’n]'ﬁn, the space | M | is € -affine.

Proof. By Proposition 4.30, the space | M| is @-affine for R-module M in the essential image of
the functor Modgco’n]_ﬁn — Mod[g(;’n]_ﬁn. By Proposition 2.18, the 93-modules M for which |M] is
¢ -affine are closed under extensions. The result now follows from Proposition 4.37. O
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Finally, we can show that the orientation property of a pre-orientation is detected at the residue
field.

Theorem 4.39. Let ¢ € CAlg(Pr®") and let f: R — & be a strict map in CAlg(Sp%rj)). A pre-
orientation w € POr&l)(%) is an M-orientation if and only if f.w € POr(g) (€¢) is an G-orientation.
Proof. The ‘only if” direction follows from Proposition 4.4. Thus, for the ‘if’ direction, it suffices
to consider the case where f: R — k is the quotient map to the residue field. We now have to
show that all objects of Modi[)g’n]_ﬁ]rl are w-oriented assuming that all objects of Modgf’”]_ﬁ]n are fow-
oriented. By Proposition 4.4, all the objects in the image of f, are w-oriented. Since these generate
Modg;’n]'ﬁn under extensions (Proposition 4.37), it would suffice to show that the collection of w-

oriented YR-modules is closed under extensions. Since for every M € 1\/Iod5[)?"n}'ﬁn7 the space | M| is
¢ -affine (Corollary 4.38), this follows from Proposition 4.11. O

Remark 4.40. The above result reduces the verification of the fR-orientability of an S-oriented oo-

category € to a lifting problem. Namely, to fi-orient ¢, it will suffice to have any map w: I,(;")Sfi —
1* which makes the following diagram commutative:

e ———— IVn

x o
1*.
(n)]

Theorem 4.39 has the following consequence regrading the functoriality of the construction Le [wy
in R € CAlg(Sp(,):

Proposition 4.41. Let ¢ € CAlg(Pr™™). For every strict map f: R — & in CAlg(Sp(y)), we
have

1w§] = 1IN ®, 1w,

IARIC)
Proof. Passing to the co-representable functors, the claim is equivalent to the existence of a natural
isomorphism
or{(T;6) ~ POrY(T; %) X powts) (rs6) ord(T;%).

for T € CAlg(%). Both sides are naturally subspaces of POr(g? ) (T'; %); the left hand side consisting
of those pre-orientations which are orientations, and the right hand side those pre-orientations
w for which f,w is an orientations. By Theorem 4.39, these two subspaces are equal for every
T € CAlg(¥), and the result follows. O

Corollary 4.42. Let € € CAlg(Pr®™) and let f: R — & be a strict map in CAlg(Sp(y))- If € is
virtually (R, n)-orientable, then it is virtually (&, n)-orientable.

Proof. By Proposition 4.41, there is a map 1[(;ng)] — Il[wé:)]. Therefore, if It[wgg)] is faithful, then

S0 is ﬂ[wg)], and the claim follows from Proposition 4.24. O

56



5 Categorification and Redshift

In this section, we shall study the interaction of the various notions developed in this paper (affine-
ness, (pre)orientations and the Fourier transform) with categorification.

5.1 Categorification

For € a presentably symmetric monoidal co-category, the oco-category Modg (Pr) of presentably %-
linear co-categories admits a canonical symmetric monoidal structure (see [Lur, Corollary 5.1.2.6]).
Hence, we could try to apply the theory developed in the previous sections to Mody (Pr) in place
of €. However, Mod (Pr) is usually not presentable itself. To avoid set-theoretical complications,
we follow the strategy of [Lur, §5.3.2] and adopt the following convention:

Convention 5.1. For every presentable co-category %, there exists an uncountable regular cardinal
K, such that ¥ is k-compactly generated. We shall always implicitly choose such k and treat % as
an object of the co-category Pry, which is presentable by [Lur, Lemma 5.3.2.9]. If needed, we shall
allow ourselves to implicitly replace k by some larger x’ using the canonical (non-full) inclusion
Pr, < Pry. If € is furthermore presentably E,-monoidal, we let Mod be the presentably E,, ;-
monoidal co-category Mod (Pr,), for k£ as in [Lur, Lemma 5.3.2.12].

Semiadditivity of Mod¢

An important feature, for our discussion, of Pr is that it is co-semiadditive (see [HL13, Example
4.3.11]). In view of Convention 5.1, we shall need the analogous property of Pry.

Proposition 5.2. For every uncountable reqular cardinal K, the co-category Pr,; is co-semiadditive.

Proof. Let Cat,_sman C Cats be the (non-full) subcategory of oo-categories that admit x-small
colimits and functors preserving them. Since & is assumed to be uncountable, we have an equivalence
of oo-categories Pry ~ Caty_sman, by [Lur09, Proposition 5.5.7.10]. Similarly, for every integer m,
let Caty,in C Cato, be the (non-full) subcategory of co-categories that admit m-finite colimits and
functors preserving them. By [Har20, Propoistion 5.26], the co-category Caty,.an is m-semiadditive.
Recall from [Lur09, §5.3.6], the functor

rPn—spﬂall .

m-fin Catm-ﬁn — Catn—small»

which adds formally k-small colimits while fixing the m-finite ones. This functor preserves all small,
and in particular m-finite, colimits by [Lur09, Corollary 5.3.6.10]. Moreover, by [Lur, Remark
4.8.1.8], it is also symmetric monoidal with respect to the canonical symmetric monoidal structures
on the source and target, which preserve colimits in each coordinate by [Lur, Remark 4.8.1.6]. Thus,
by [CSY22, Corollary 3.3.2], the co-category Cat,;_sman =~ Pr,; is m-semiadditive as well. O

Corollary 5.3. For everyn > 2 and ¢ € Algg (Pr), the co-category Mody is co-semiadditive.

Proof. Let k be the cardinal for which Mods = Mod4 (Pr.). By Proposition 5.2, the co-category
Pr,; is oo-semiadditive. Therefore, the claim follows from [CSY22, Corollary 3.3.2], applied to the
monoidal functor

% @ (—): Pr, — Modg(Pry). O
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Affineness revisited

By [Lur, §4.8.5 and §5.3.2], for every 1 < n < oo and a presentably E,-monoidal co-category €,
we have a monoidal, fully faithful embedding

Mod(_y: Algg (¢) — Algg, _ (Mody),

taking an |, algebra R in € to the co-category of left modules Modg in €. Furthermore, Mod_)
admits a right adjoint, which takes an E,,_;-monoidal €-linear co-category 2 to the endomorphism
object of the unit End(1y) € Algg (%). We shall reserve a special notation for the value of this
right adjoint on morphisms.

Notation 5.4. For ¢ € Algg (Pr) and F: 2 — & in Algg, _ (Mody), we denote by
F°: End(1g) — End(lg) € Algg (¢)

the map induced by F' between the endomorphism objects of the units of 2 and &, and refer to it
as the decategorifcation of F.

Remark 5.5. By [Lur, Proposition 4.8.5.1], the functor Mod_y is compatible with base-change in
the sense that for every ¢ — Z in Algg (Pr), we have a commutative square

Algg, (€) —— 5 Algg . (Mode)

! |

Algg (7) ——0 s Algy  (Modg).

Specializing the above discussion to n = 2, we can characterize the essential image of Mod_) in
terms of the affineness.

Proposition 5.6. Let € € Algg, (Pr). An oo-category 2 € Algg, (Mode) belongs to the essential

image of the functor
Mod_y: Algg, (%) — Algg, (Mody),

if and only if the unit functor u*: € — 2 is affine.

Proof. Since Mod_) is fully faithful, 2 belongs to its essential image if and only if the counit map
Modgnd(1,) (%) — 2 is an isomorphism. Moreover, we have

End(1g) ~hom(lg,1g) ~ hom(u*le,1g) ~ hom(ly, udlg) ~ udy

and the above counit map identifies with u*: Mod,, 1, (%) — 2. Thus, the claim follows from the
very definition of affineness. O

The above characterisation of module categories has an immediate consequence for detecting equiv-
alences of @-linear oco-categories.
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Proposition 5.7. Let ¢ € Algg, (Pr) and let F': 9 — & in Algg, (Mody), such that the unit
functors € — 2 and € — & are affine. Then, F is an equivalence if and only if the map

F°: End(ly) — End(lg) € Algg (%)
is an isomorphism.

Proof. By Proposition 5.6, the co-categories Z and & are in the essential image of the fully faithful
embedding Mod(_y: Algg, (%) — Algg, (Mody). Hence, I is an equivalence if and only if its image
under the right adjoint of Mod(_) is an equivalence. Finally, this right adjoint is given by taking
the endomorphism object of the unit and takes F to F°. O

We conclude this subsection by comparing affineness with respect to ¢ and affineness with respect
to Mody.

Proposition 5.8. Let € € CAlg(Pr) and let A be a w-finite €-ambidextrous space. If A and Q,A,
for every a € A, are €-affine, then A is Mody-affine.

Proof. By Corollary 5.3, the space A is Modg-ambidextrous, and so by Theorem 2.38; it would
suffice to show that for every a,b € A, the square

ModZ —— Modyg (%)

]

Modg —> Mod{H *4{)

is a relative tensor square in Algg (Mody). Now, the space A is ¢-affine by assumption and the
space {a} x4 {b} is either empty or isomorphic to 2,4, and hence F-affine as well. Since pt is
obviously %-affine, we can identify the square (%) with the image under the functor

Mod(_y: CAlg(¥¢) — CAlg(Mody)

of the square

14— -1 (k)
1 —— q{a}xafb}

Since Mod_) is colimit preserving, and relative tensor squares of commutative algebras are pushout
squares, Mod_y takes relative tensor squares in CAlg(%) to relative tensor squares in CAlg(Modg).
Thus, it would suffice to show that (xx) is a relative tensor square. Since, by our assumption, A is
% -affine, this follows again from Theorem 2.38. O

5.2 The categorical Fourier transform

In this subsection, we compare the Fourier transform for a presentably symmetric monoidal oco-
category ¢, with the Fourier transform for its categorification Modg.
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Looping pre-orientations

We begin with the observation that height n pre-orientations for € are essentially the same thing as
height n + 1 pre-orientations for Mod¢. More precisely, for R € CAlg(Spf;’)), an R-pre-orientation
of height n + 1 for Mod¢ is a map

w: Iz(,m'l)iﬁ — ¢ =:pic(¥),

where pic(%) is the Picard spectrum of &, consisting of ®-invertible objects. By applying the
functor Q: Sp™ — Sp“" to w, we get a morphism

Qu: IMR ~ QI YR — Qpic(€) = 1.,

which we can view as an JR-pre-orientation of € of height n. Under the (natural) assumption that
R is n-truncated, taking loops provides an isomorphism between POrE();L +1)(M0d<g) and POrg: )(%)

Proposition 5.9. Let ¢ € CAlg(Pr) and let R € CAlg(Sp(,)). If R is n-truncated, we get an
isomorphism of spaces
Q: POr™ (Modg) = PO ().
Proof. Since R is n-truncated we get WO(I,(,nH)ER) = 0. Consequently, for every M € Sp",
Mapg ,en (II(,”H)ER, M) >~ Mapgen (II(,"H)ER, T>1 M) ~ Mapg,en (II(,")SR, QM).

The result follows by taking M = pic(%). O

Categorical group algebras

Given w € POrgH_l)(Mod%)7 we get for every M € Modg[)g’"'ﬂ]_ﬁn the categorical Fourier transform:
Fu: C€[M] — €I TVML ¢ CAlg(Mody).

The range is the functor category Fun(LI,(;nH)MJ,(f) endowed with the pointwise symmetric
monoidal structure. We shall now show that the domain, i.e., the categorical group algebra ¢’ [M],
is also the functor category Fun(|M |, €), albeit with the Day convolution symmetric monoidal
structure. That is, the categorical Fourier transform is a %-linear, colimit preserving symmetric
monoidal functor

ot Fun([ M|, €)pay — Fun([I" ™ M|, €)pew,

where the subscripts ‘Day’ and ‘Ptw’ stand for the Day convolution and pointwise symmetric
monoidal structures respectively.

Proposition 5.10. For every € € CAlg(Pr) and M € Sp™, we have a natural isomorphism
€¢[M] ~ Fun(|[M |, €)pay € CAlg(Mody).
Proof. On the one hand,

CIM] =€ ®SM] € CAlg(Mody),
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and on the other, by [MS21, Proposition 3.10],
Fun(| M|, €)pay ~ € @ Fun(|M|,S)pay € CAlg(Modyg).
Thus, the general case follows from the case ¥ = S. It remains to show that the functor
Fun(|—],S)pay: Sp™ — CAlg(Pr)

is left adjoint to the functor
(—)* = pic: CAlg(Pr) — Sp™.

By [Hin21], for every 2 € CAlg(Pr), we have
MapCAlg(Pr) (Fun( |_MJ ’ S)Day7 @) = MapCAlg(@m) ( LMJ ’ @) .

Since as a symmetric monoidal co-category, | M| is an co-groupoid with all objects ®-invertible,
we have
MapCAlg(é\atoo)(LMJ,.@) >~ Mapgen (M, pic(2)).

The claim follows by stringing together the two isomorphisms above. O

When M is connected, we can also identify the categorical group algebra € [M] with the co-category
Mody., (o) (€) of modules over the ordinary group algebra of QM in € (as symmetric monoidal
oo-categories).

Proposition 5.11. For every € € CAlg(Pr) and a connected M € Sp™, we have a natural
isomorphism
¢[M] ~ Modyou)(¢) € CAlg(Mod).

Proof. We shall show that both objects co-represent naturally isomorphic functors from Mode into
S. For every 2 € Mod¢ we have a natural isomorphism

MapcaigMody) (€M), Z) = Mapg,en (M, pic(2)).
Since M is connected we have a natural isomorphism
Mapgen (M, pic(2)) =~ Mapg e (M, Qpic(2)) =~ Mapgen (AM, 17,).
On the other hand, we have
MapcalgMody) (Modi, jorr (€), Z) = Mapga() (L [2M], End(15)) ~ Mapgen (UM, 17).

Thus, both €[M] and Mody, (o) (%) co-represent the functor Mapgen (20, 1(7)) and hence iso-
morphic by the Yoneda lemma. O

Remark 5.12. The isomorphism provided by the proof of Proposition 5.11 can be succinctly
summarized as follows. The object ¢’[M] corepresents maps M — pic(—) and the object Mody., o]
co-represents maps QM — 1 (X_). When M is connected, the two types of data are equivalent by

taking Q and using the identification 1* ~ Q pic.
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Decategorifying the Fourier transform

We shall now explain how the Fourier transform for 4 is essentially the decategorification of the

Fourier transform for Mod¢. Given w € POr(” b %) and M € Mod[o’n 1 the categorical Fourier
R R ) g
transform decategorifies to a natural transformation

5o End(Lypn) — End(]lcgu,(,"“)w) e CAlg(®¥).
We now interpret the source and target in terms of familiar commutative algebras. First, we have,
End(L_ coen,,) 1ML e CAlg(%).
And second, when M is connected, we have by Proposition 5.11,

End(Typ) ~ 1[QM] € CAlg(%).

Furthermore, for every M € Modgi’"]7 we also have a natural isomorphism
1 _ cn n+1 ~ cn n+1 ~ cn n _ n
") (SM) = hom®™ (M, I{"TVR) ~ hom®™ (M, Q(I{"TVR)) ~ hom™ (M, I{R) = I{") M.
Using these isomorphisms we have the following:

Proposition 5.13. Let ¢ € CAlg(Pr), let R € CAlg(Sp(,)) and let w € POrgLH)(Modg). The

following diagram of functors Modg’”] — CAlg(%) commutes:

R

zl J?
LOEM] — Sy quiEan),

Proof. By Proposition 3.10, it suffices to show that the pre-orientation Iz(,n)i)‘i — 1% associated with
the path down-right—up is also Qw. This follows from Proposition 5.11 and Remark 5.12 O

5.3 Orientations and categorification
For every € € CAlg(Pr), we have constructed a map
Q: POr™ (Mody) — POI{ (%)

between the respective spaces of fR-pre-orientations. Both the domain and the range have distin-
guished subspaces consisting of the SR-orientations. We shall now show that in the higher semiad-
ditive setting these are preserved and detected by €.

Proposition 5.14. Let ¢ € CAlg(Pr), let R € CAlg(Sp(,)) and let w € POTE();L+1)(MOd<g). For

every M € Modg[g’n]'ﬁn, if XM is w-oriented, then M is Quw-oriented. The converse holds if LI;(,H)MJ
is € -affine.

4In fact, it can be easily deduced that this isomorphism also holds without the assumption that M is connected.
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Proof. By Proposition 5.13, Fq. is an isomorphism at M if and only if F° is an isomorphism at
YM. Now, F° is an isomorphism at XM, if §, is an isomorphism at XM and the converse holds
if the source and target of

Fu: CEM] — LT (EM)

have affine units (Proposition 5.7). For the source, since ¥ M is connected, the unit ¢ — €[S M]
is affine by Proposition 5.11 and Proposition 5.6. For the target, by assumption, the space
LI;”H)(ZMM o~ LI,(,n)Mj is ¢-affine, and hence the unit € — ¢ M) is affine. O
Theorem 5.15. Let 4 € CAlg(Pr™("*V) let R € CAlg(Sp(,)) and let w € POr&lH)(Mod%).
Then, w is an orientation of Mod if and only if Qw is an orientation of %.

Proof. By Proposition 5.14, if w is an orientation on Mod¢, then Qw is an orientation on % .
Conversely, assume that w is an orientation on €. We first observe that by Proposition 4.30, for
every M € Modi[)g’n]'ﬁn, the space LIIS")M | is ¥-affine, and hence by Proposition 5.14 again, XM

is w-oriented. In other words, we get that all 1-connective N € 1\/[0d£,1§’n+1]'ﬁn are w-oriented. By

Proposition 4.9, w-oriented modules are closed under the operation M I;gnH)M = N, and hence

also all M € Mod[gg"n]_ﬁn are w-oriented. Finally, for a general M € l\/IOdE[)?L’"H}'ﬁn
sequence

, we have an exact

oM — M — 7M€ Mod§"+1-n

The modules 751 M and 7<oM are w-oriented by the above. Moreover, the finite set |7<oM | is
Modg-affine, as Mody is 0-semiadditive (Example 2.35). We conclude by Proposition 4.12 that M
is w-oriented. O

Corollary 5.16. Let ¢ € CAlg(Pr™ ") and let R € CAlg(Sp(y))- If R is n-truncated, we get
an isomorphism of spaces

Q: Or{ ™ (Mody) == Or{ (%).
In particular, € is (R, n)-orientable if and only if Mody is (R, n + 1)-orientable.

Proof. By Theorem 5.15, the analogous isomorphism of the corresponding spaces of pre-orientations,
provided by Proposition 5.9, restricts to an isomorphism between the subspaces of orientations. In
particular, the domain is non-empty if and only if the range is non-empty. O

When ¥ is (R, n)-orientable, we get for every M € 1\/Iod[92’"'~_”'ﬁn an equivalence of %-linear pre-
sentable symmetric monoidal oco-categories

ot Fun(|M], %)pay == Fun([ I M|, % )pyy.
By Proposition 5.13, we recover the ordinary Fourier transform at M € Modg[g’n]_ﬁn,
Saw: ]I[M] — ]IUI()N)MJ7

by applying the functor End(1_)) to §,, at XM. However, in the oriented case, we can also go the
other way around. By Proposition 5.11, we have

Fun( LEMJ ) %)Day ~ MOdﬂ[M] (Cg),
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and by Proposition 4.30, the space legn)Mj is €-affine, so that we have

Fun([I{" M |,€)pew ~ Mod (6).

QU5 a)
Thus, the categorical Fourier transform §, at XM can be recovered from the ordinary Fourier
transform o, at M by applying the functor Mod(_)(%).

Remark 5.17. To be precise, the above procedure recovers §,, at XM from Fq, at M only as an
equivalence of plain (%-linear) co-categories. The equivalence as symmetric monoidal co-categories
can be deduced from the fact that Fq,, is an isomorphism of Hopf algebras (Corollary 3.31), though
we shall not prove nor use this.

In contrast, for non-connected modules M € Modgg’n+1]'ﬁn, the categorical Fourier transform pro-
vides some new information.

Example 5.18. When M is discrete (i.e., a finite abelian group), the inverse of the categorical
Fourier transform at its Pontryagin dual M™* assumes the form

—1.cpB" MM _~
%’w 1 - HLPEM*
This should be thought of as providing a decomposition of every %-valued representation of the
group QB" 1M = B"M into a sum of characters. For R = Z/p" and height n = 0, this reproduces
the Fourier transform considered in [CSY21b, Definition 3.12].

Another consequence of Corollary 5.16 is that the categorical SR-cyclotomic extension is simply the
oo-category of modules over the usual R-cyclotomic extension.

Corollary 5.19. Let ¥ € CAlg(Pr®"™V) and let R € CAlg(Sp(y,)) be n-truncated. We have a
natural isomorphism

W] ~ Mod %) € CAlg(Modg).

1)
Proof. Since R is n-truncated, I,gn)i)ﬁ{ is connected and hence by Proposition 5.11, we have an
isomorphism

G TIR] ~ Mod (©) € CAlg(Mody).

1[I R]

This isomorphism corresponds the natural isomorphism of the associated co-represntable functors
Q: POrI T (2, Modg) = PO (End(14); %)

for 2 € CAlg(Mody). Corollary 5.16 implies that the above isomorphism restrict to an isomorphism
between the corresponding subspaces of orientations, when 2 = ¥. However, by base-changing
from % to 2, this implies that the same holds for an arbitrary 2 € CAlg(Mod¢). From this we
deduce the isomorphism in the claim as these are the objects co-representing the corresponding
subspaces of orientations. O
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6 Orientations for Thickenings of I,

In the definition of an PR-orientation of height n of an co-category %', the main role of the ring
spectrum fR is to determine which objects of Sp[o’”]‘ﬁn admit a Fourier transform, namely those
admitting an R-module structure. It is natural to restrict attention to the subcategory of local
rings R with residue field ), and strict maps in the sense of Definition 4.35. The minimal choice
R = F,, ie., the terminal object, gives rise to a Fourier transform for IF,-vector spaces. The
maximal choice R = §,), i.e., the initial object, gives rise to a Fourier transform for all p-local
spectra. In between, we also have the finite rings Z/p", the p-local integers Z,), and the Postnikov
truncations of the p-local sphere 7<4S(,). In this section, we study these particular cases, their
special features, interrelations and implications.

6.1 [F,-Orientations and affineness

We start with the minimal case /8 = F, and show that virtual (F,,n)-orientability already has
several significant consequences.

Semiadditive height

To begin with, in the definition of a pre-orientation the height was a free parameter. However, in
the higher semiadditive setting, if the pre-orientation is an orientation, then its height is strongly
constrained by the higher semiadditive structure of the co-category.

Proposition 6.1. Let ¢ € CAlg(Pr™™>). If € is virtually (Fp,n)-orientable, then € is of semi-
additive height n at p.

Proof. First, by Proposition 4.30, the spaces Bka = LZkaJ are %-affine for all £k = 0,...,n.
Hence, by Proposition 2.40(3), € is of height > n at p. To show that % is also of height < n
at p, it would suffice, by [CSY2la, Proposition 3.2.1], to show that 1[E"T!C,] ~ 1 € CAlg(¥).
Furthermore, it suffices to show this after extending scalars along a faithful commutative alge-
bra, so without loss of generality, we may assume that & is itself is (F,, n)-orientable. Now, the
commutative algebra 1[X"*1C,] is the pushout of the following diagram

1——1[Z"C,] —— 1.

Applying the Fourier transform associated to any [Fp-orientation of height n of ¢, we get that
1[E"T1C,] is also the pushout of the isomorphic diagram

1o qlC) _evo g

Finally, since |C)] is @-affine (see Example 2.35), by Theorem 2.38, we have

1[E"0,) = 1 @1, 1 1900 ~ 1, O
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Affineness for p-spaces

Virtual (F,, n)-orientability also implies the affineness (and non-affineness) of a large class of spaces.

Theorem 6.2. Let 4 € CAlg(Pr*>) be non-zero and virtually (F,,n)-orientable. A m-finite
p-space A is F-affine if and only if m,41(A,a) =0 for all a: pt — A.

Proof. By Proposition 2.18, the collection of %-affine spaces is closed under extensions. That
is, given a map of spaces f: B — B’, if B’ and all the fibers of f are %-affine, then so is B.
Combined with Example 2.35, we are reduced to considering only connected A. Now, assuming
that m,41(A,a) = 0, the Postnikov tower of A can be refined to a tower

A=7c;A — 1<, 1A — ... — T<9A > pt,

in which the fiber of each map is of the form BkC’p for k # n+1. By Proposition 6.1, we get that €
is of height n at p. Therefore, for k > n + 2, the spaces Bka are ¢-affine by Proposition 2.40(1).
For k£ < n, the spaces Bka = LZkaJ are %-affine by Proposition 4.30. Thus, by Proposition 2.18
again, we conclude that A is ¥-affine.

Conversely, by Proposition 6.1, € is of height n at p and hence by [CSY21a, Proposition 3.2.3], we
have ¢4 ~ € 7<»+14. We can thus assume without loss of generality that A is (n+ 1)-finite. Hence,
if m,41A # 0, then by refining the Postnikov tower of A as above, we have a fiber sequence

B"+le — A— B,

with B also (n 4 1)-finite. In particular, 2B, being n-finite, is ©-affine by Theorem 6.2. Thus, if
A were ¢-affine, by applying Proposition 2.18(2) to the map B"*'C,, — A, we would deduce that
B"t1C, is €-affine, contradicting Proposition 2.40(2). O

Remark 6.3. In Theorem 6.2, if ¢ is further assumed to be p-local, as is often the case (e.g., if
% is stable and n > 1), then the collection of @-affine spaces includes the larger class of w-finite
spaces A, such that for every a: pt — A,

(1) m1(4,a) is a p-group,
(2) mnt1(A,a) is of order prime to p.

The proof proceeds by the exact same argument as in the proof of Theorem 6.2, with the additional
ingredient that for every prime £ # p, the spaces B*C) are ¥-affine for all k£ > 2. Indeed, if ¥ is
p-local, then it is of semiadditive height 0 at ¢, so the said claim follows again from Proposition 2.40.

Bootstrapping virtual orientability

By Corollary 4.42, for every local ring spectrum R with residue field F,, virtual (R, n)-orientability
implies virtual (Fp, n)-orientability. Conversely, we have the following bootstrap result:

Proposition 6.4. Let ¢ € CAlg(Pr®™°) and let R — & be a strict map of local rings (in the sense
of Definition 4.55) with residue field F,,, such that:

(1) Its fiber is w-finite.
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(2) It is surjective on my and my,.
Then, € is virtually (R, n)-orientable if and only if it is virtually (&, n)-orientable.

Proof. By Corollary 4.42, if € is virtually (R, n)-orientable, then it is virtually (&, n)-orientable,
so we only need to prove the converse. By Proposition 4.24, we need to show that Il[wi()g )] is faithful
under the assumption that ]l[w(en)] is faithful. Using Corollary 4.42 for the map & — F,, we deduce
that 4 is virtually (F,, n)-orientable. Moreover, since 1 [w]gz)} is faithful (again, by Proposition 4.24),

it suffices to show that ]l[wi(,? )] ® It[wé:)] is faithful, so we can replace ¢ with the (F,, n)-orientable

oo-category of ]l[w]g:)]—modules in €. In other words, we can assume without loss of generality that

% itself is (F,, n)-orientable.

We shall say that a map A — B in CAlg(%¥) is faithful, if the functor B ®4 —: Mods — Modp

is conservative. In particular, A is faithful if the unit map 1 — A is faithful. Since faithful maps

are clearly closed under composition, and ]l[w(en )] is faithful by assumption, it suffices to show that

the map ]l[wg)] — ]l[wé?)] is faithful. By Proposition 4.41, the map R — & induces the following

pushout square in CAlg(%):
FARNCp— SO0

| l

1wl ———— 1)

It is easy to see that faithful maps are also closed under cobase-change, so it actually suffices to

show that the map ]l[I,(,n)G] — ]1[1,?”’9%] is faithful. By Remark 3.4, we may assume without loss of
generality that both R and & are n-truncated, in addition to being connective. The assumption that
R — G is surjective on mg and m, implies that Iz(,")G — IZ(;")ER is a map of connective n-truncated
spectra, which is injective on m, and mg.

We shall prove, more generally, that for every map of n-truncated connective spectra f: M — N,
such that,

(1) the fiber of f is p-local and w-finite, and

(2) f is injective on my and m,,

the induced map 1[M] — 1[N] is faithful. The first stage of the relative Postnikov tower factors
fas M — Ny — N, where M — Ny is a surjection on mg and Ny — N is an injection on my and
an isomorphism on 7 for k > 1. Tt follows that 1[N] is a free 1[Ny]-module and hence the map
1[No] — 1[N] is faithful. Tt thus remains to show that the map 1[M] — 1[Ny] is faithful. Since f
is an injection on g, it follows that M — Ny is in fact an isomorphism on my. In other words, we
can assume without loss of generality that f itself is an isomorphism on 7y. Consequently, the fiber
of f is connective. Moreover, since M and N are n-truncated and f is injective on 7,, the fiber of
f is also (n — 1)-truncated. Therefore, by refining the Postnikov tower of f , we get a tower

M=My— My — ... — M, =N
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of connective n-truncated spectra, where the fiber of each map M; — M, is isomorphic to %¢C,
for some 0 < d < n — 1. Since faithful maps are closed under composition, we can assume without
loss of generality that the fiber of f itself is of this form. Now, the exact sequence

»C, — M — N
induces a a pushout square in CAlg(%),

1xéc,) —=—— 1

| J

1[M] —— 1[N].

By the same consideration as above, it would suffice to show that the map 1 [Zde] — 1 is faithful.
Applying the Fourier transform associated with any F,-orientation of %, this map identifies, by

Proposition 3.15, with
]an—de ~ ]lLEn_deJ eve g

for e: pt — B”_de the base point. Finally, by Proposition 4.30, the space B”_de is €-affine and
so the functor
1 ®Ian7de (—): MOdIBn*dcp (Cg) — €
identifies, by Corollary 2.17, with
e @B 0 €,

which is conservative because n — d > 1 and hence B”*dC’p is connected. O

In particular, virtual (F,, n)-orientability bootstraps to (9, n)-orientability for a large class of ring
spectra fR.

Corollary 6.5. If € € CAlg(Pr*™™) is virtually (F,,n)-orientable, then it is virtually (R,n)-
orientable for every w-finite local ring spectrum R with residue field F), (e.g., R=1Z/p").

Proof. Apply Proposition 6.4 to the map R — . O

6.2 Z/p"-Orientations and higher roots of unity
Higher roots of unity

We now turn to the case R = Z/p” for some r € N. Since the shifted Brown-Comenetz dual of
Z/p" is given by
LY(Zp) = ST € Sp,

a Z/p"-pre-orientation of height n of ¢ is the same thing as a p"-th root of unity of height n in
1+, in the sense of [CSY21b, Definition 4.2] (see Example 3.7). To compare the theory developed
in this paper with the one in [CSY21Db], we shall further assume that ¢ is stable. At height n =0,
a Z/p"-pre-orientation is an orientation if and only if the corresponding root of unity is primitive.
At higher heights the situation is in general more subtle, but this does continue to hold under the
assumption that ¢ is virtually (I, n)-orientable. More precisely, we have the following:
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Proposition 6.6. Let ¢ € CAlg(Pr ;™) and let w: X"Z/p" — 1*. If w is an orientation, then it
is a primitive p"-th root of unity. The converse holds if € is virtually (F,,n)-orientable.

Proof. Assume that w is an orientation. First, by Proposition 6.1, % is of height n at p. Second,
it follows by Proposition 4.5, that for every commutative algebra S € CAlg(%), the composition
YZ/p" 25 1% — S*, which we denote by wg, is an orientation on S. Now, if

r—1 n
S =1 e ulP(s),
then we have a commutative triangle in CAlg(%),
Swp'r'fl
S[Cp] —————— §5"r
0
S.

N 7

r—1
But then, by Proposition 3.22, the map S[C,r] £— S[C,+] factors through the augmentation
S[Cpr] =%+ S, which implies S = 0.
Conversely, assume that w is primitive and that € is virtually (Fp, n)-orientable. By Corollary 6.5,

€ is virtually (Z/p", n)-orientable and since we can check that w is an orientation after a faithful
extension of scalars, we can in fact assume without loss of generality that € is (Z/p", n)-orientable.

Choose some ¢ € Or(ZT;)pT (%) and consider the composition

-1

e S
127" X 12"z /p] =2 1.
This map is represented by a sequence of orthogonal idempotents e, ...,epr—1 € mo(1), with the
property eg + - - - +epr—1 = 1. Thus, we get a decomposition

1~ Tfeg'] x - x Lle,',] € CAlg(%).

Since the subfunctor

Or(Z%,. (— %) C POr(Zj)p,. (—; %)

is co-representable, it preserves products. It therefore suffices to show that each of the compositions
n r1 Cw T —1
1X"Z/p"] =1 ]l[ej 1s

for j =0,...,p" — 1, corresponds to an orientation. We observe that by Proposition 3.22, for each
such j, we have

mi(w) = m(¢) € (e )
If 7 is divisible by p, then
N
miw)? =t ) =m () =m(1) =1
By the primitivity of j, we get that ]l[ej_l} = 0 and hence 7;(w) is trivially an orientation. For j

that is not divisible by p, the induced map 1[X"Z/p"] <> 1[£"Z/p"] is an isomorphism and hence
¢’ is an orientation. Consequently, m;(w) = 7;(¢?) is an orientation as well. O
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Higher cyclotomic extensions

In Proposition 4.18, we have shown that Z/p"-orientations of height n are classified by a certain
commutative algebra called ]l[wg;;r], which was constructed in a rather indirect manner. In con-
trast, primitive p"-th roots of unity of height n are classified by the higher cyclotomic extension

]l[wz(ff)], which was constructed in [CSY21b, Definition 4.7] by a fairly explicit formula; namely, by

splitting a certain idempotent in the group algebra 1[X"Z/p"]. As a consequence of Proposition 6.6
these two algebras coincide under the assumption of virtual (F,, n)-orientability.

Corollary 6.7. Let ¢ € CAlg(Pr ™) be virtually (Fp,n)-orientable. For everyr € N,
g ] ~ 1wi’] € CAlg(%).
Proof. By Proposition 6.6, both objects co-represent the same subfunctor of
PO (—;%): CAlg(%) — S.
Hence, the claim follows from the Yoneda lemma. O

Using higher cyclotomic extensions and the comparison between higher roots of unity and orienta-
tions, we can also show that nil-conservative functors detect virtual (F,, n)-orientability. We first
need a lemma regarding the functoriality of primitive roots of unity.

Lemma 6.8. Let F': € — 2 in CAlg(Pri™). For every R € CAlg(%) of height n at p, the induced
map uz(,rf)(R) — ,uz(;:) (F(R)) takes primitive roots to primitive roots.

Proof. Using the adjunction
L1o[—]: Sp™" S CAlg(¥): (—)%,

a root w: 14 [X"Cyr] — R is primitive if and only if
14 X" Cpr1] @14 (mnc,-) = 0.

Since F' is symmetric monoidal and colimit preserving, applying F' to the left hand side we obtain
19[X"Cpr-1] @14 (5nc,-) F(R),

which is zero if and only if F'(w) is primitive. O

Proposition 6.9. Let F: € — 2 in CAlg(Pry;™) be nil-conservative. If 9 is virtually (F,,n)-
orientable, then so is €.

Proof. First, by Proposition 6.1, & is of height n at p and therefore so is %, by [CSY21a, Proposition
4.4.2]. Tt follows that we can consider ]lcg[wz(jn)] € CAlg(%¥), the p-th cyclotomic extension of height

nin . By [CSY21b, Proposition 4.9(2)], the commutative algebra ]lcg[w,(,")] is faithful, hence if we
show that it is (F,, n)-orientable, the claim will follow. Consider the tautological F,-pre-orientation,

i.e., root of unity, w: ¥"F, — lg[w,()")]x. Since F' is nil-conservative, by Proposition 4.7, for w to

be an orientation it suffices that F(w): ¥"F, — ]lg[w,(,n)} ¥ is an orientation. Since w is a primitive
root of unity, by Lemma 6.8 so is F'(w), which is therefore an orientation by Proposition 6.6.
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Remark 6.10. In fact, under the assumptions of Corollary 6.7, one can write an “explicit formula”
for ll[wg()ztI )], for any local ring spectrum PR with residue field F,,. Indeed, let ¢, € mo(1[X"F,]) be
the idempotent for which ]l[w,(,")} ~ 1[X"F][e, '] and denote by e € ﬁo(]l[lz(,")i)%]) its image under
the map 1[X"F,] ~ ]l[Ipn)IFp] — ]l[I,(,n)fR]. By Proposition 4.41, we have

1wl)] ~ 1IMR] @, W) = WITVR) @ss,) LS F,lle; 1] ~ ILIR]R.

e, 1
The results above show also that virtual (F,,n)-orientability implies that the higher cyclotomic
extensions are Galois.

Proposition 6.11. Let ¥ € CAlg(Pry;*>) be virtually (F,,n)-orientable. For every r € N, the
cyclotomic extension ll[wl(;:)] is faithful (Z/p")* -Galois.

Proof. By Corollary 6.7, we have ]l[wl(f:)] ~ ]l[wg;;T]. By Corollary 6.5, € is virtually (Z/p",n)-

orientable, so 1 [wg;iﬂ] is faithful by Proposition 4.24. Thus, the claim follows from Proposition 4.22.

O

Warning 6.12. For a general, non virtually (F,,n)-orientable, ¥ € CAlg(Pr;; ), it may happen
that ]l[w]g?)] fails to be Galois. In particular, it is possible that ]l[wéni)r] 4 ]l[wz(,?)], and so that
a primitive root of unity fails to be an orientation. This occurs in some examples constructed by
Allen Yuan using the Segal conjecture, see [Yua22].

We have shown that a virtually (F,,n)-orientable ¢ € CAlg(Pr;;*°) enjoys the following two,
seemingly unrelated, properties:

(1) All the higher cyclotomic extensions ]l[wfa?)] are (Z/p")*-Galois (Proposition 6.11).

(2) All n-finite p-spaces are €-affine (Theorem 6.2).

However, taken together, they turn out to characterize virtual (Fp,n)-orientability in the stable
setting. In fact, the converse implication requires only the following a priori weaker versions of the
above two properties:

Proposition 6.13. Let ¢ € CAlg(Pr;;*°) be of height n at p. Then € is virtually (F,,n)-orientable
if and only if the following holds:

(1) The higher cyclotomic extension ]l[wl(,n)] is F-Galois.
(2) The spaces B¥C,, for k= [2]+1,...,n, are €-affine.

Proof. As noted above, virtual (F,,n)-orientability implies conditions (1) and (2) by Proposi-
tion 6.11 and Theorem 6.2 respectively, so it remains to prove the converse. Since € is 1-semiadditive

and ]l[wén)] is Galois, it is also faithful ([CSY21b, Remark 2.3] using [Rog08, Proposition 6.3.3]).

Thus, it will suffice to show that the canonical primitive p-th root of unity of height n of ]l[wl(yn)]

is an Fj-orientation. Equivalently, by base-changing to ]l[o.)l()n)], it suffices to show that if ¥ itself

admits a primitive p-th root of unity w: ]l[w,(,")] — 1, then w is an Fy-orientation. We will first use
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condition (1) to show that X"F, is an w-oriented F,-module and then use condition (2), and the

]-fin

various closure properties of oriented modules, to deduce that all the modules in ModI[FOP’" are

w-oriented.

Since 1 [wl(,n)] is assumed to be Galois, the existence of the augmentation w: 1 [wl(jn)] — 1 implies that

it is split Galois. That is, we have an isomorphism ]l[wl(,")} — 1%, which in the k-th coordinate

is given by w: ]l[wl(jn)] — 1. Thus, we get the following composite isomorphism

1[Z"F,) =5 1w x 1 =~ 1% x 1 = 11F),

Observing that the canonical augmentation 1[¥"F,] — 1 can be thought of as w", it follows by
Proposition 3.22, that the above isomorphism coincides with §, at X"F,. In other words, the
module X", is w-oriented.

Next, for each k = [§] +1,...,n, consider the exact sequence

YFIF, — 0 — TFF, ¢ Modgl’"] )

By assumption, B’“C’p = LE’“]FPJ is ¥-affine. Hence, by Proposition 4.12, if ZkIFp is w-orientable,
then Zk_lle is w-orientable as well. Thus, by descending induction starting form k& = n, we get that
Eklﬁ‘p is w-oriented for all k = [%],...,n. Furthermore, by Proposition 4.9, if Ek]Fp is w-oriented,
then so is X" FF, ~ I,(,")(Eka). Therefore, ¥*F, is w-oriented for all k = 0,...,n. Finally,

every object of Mod][bp mHN a0 be written as a finite direct sum of objects of the form X¥F, for

k =0,...,n. Thus, we deduce from the above and Proposition 4.10, that all such modules are
w-oriented and hence that w is an orientation. O

Remark 6.14. Every 4 € CAlg(Pr ™) of height n = 0 is virtually (F,,0)-orientable. At height
n = 1, condition (2) of Proposition 6.13 is vacuous. Hence, % is virtually (F,, 1)-orientable if and

only if ]l[wl(,l)] is Galois, which is however not always the case (see Warning 6.12). At heights n > 2,
condition (2) is non-vacuous, but we don’t know whether it is implied by condition (1) or not.
6.3 Z)-Orientations

Zp)y-orientability

In this subsection, we shall consider orientations for the ring R = Z(,). We begin with the observa-
tion that, for every height, the data of a Z,)-pre-orientation is nothing but a compatible sequence of
Z./p"-pre-orientations for all » € N. The quotient maps Z,y — Z/p" induce a system of compatible

maps ISV Z/p" — IS Z ).
Lemma 6.15. The assembly map li_I)nII(,") (Z/p") — I,(;W)Z(p) s an isomorphism, so that we have
"7y ~ ¥"Q,/Z, € Sp™.

Proof. Under the identification I,g") (Z)p") ~ X"Z/p", the tower of maps Z/p"t1 — Z/p" induces
the sequence of maps X"Z/p" < X"Z/p" ™!, whose colimit is £"Q,/Z,. Since the canonical map

h_H} homay(Z/p", Qp/Zp) - homAb(Z(p)’ Qp/Zp) = Qp/Zp
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is an isomorphism, the map lim Il(,n) (Z/p") — I,gn)Z(p) induces an isomorphism on homotopy groups
and is thus an isomorphism as well. O

Remark 6.16. It might seem more natural to speak of Z,-(pre-)orientations, rather than Z,-
(pre-)orientations, but that would require us to take into account the p-adic topology of Z, in
the construction of the Pontryagin/Brown—Comenetz dual, which is a technical complication we
preferred to avoid. Namely, while the composition

lii)n homay(Z/p", Qp/Zp) - homAb(va Qp/Zp) - homAb(Z(p)v QP/Z;D)

is an isomorphism, the first map is merely an inclusion, which identifies the left hand side, and hence
homay,(Z(y), Qp/Zy), with the subgroup of continuous group homomorphisms Z, — Q,/Z,. The
most adequate general framework appears to be that of commutative pro-[0, n]-finite ring spectra,
but it is outside the scope of this paper.

We deduce the corresponding statement for orientations.

Proposition 6.17. Let € € CAlg(Pr® ™). We have a canonical isomorphism

]l[wg(i)} o~ HL)H]].[(U%”;T] € CAlg(%).

Proof. By Lemma 6.15 and the fact that the group algebra functor preserves colimits, we have
LIVZ)] ~ Im LI (Z/p")] € CAlg().

Thus, by applying Proposition 4.41 to Z,y — I, we have
1wi” ] = 1[IV7 1wl
[wZ(p)] - [ P /p] ®]1[II(7")[FP] wFp -

(lim (15 (Z/p")]) @y 005, ) Tlwg) = lim (LI (Z/p7)] @, 00 ) Lwl]):

Applying Proposition 4.41 to Z/p" — F), we get

LI (Z/p7)] @y 0, L] = L) .
Combining this with the above we obtain the claimed isomorphism. O
As in [CSY21b, Definition 4.10], we set

1wi¥] = lim1w(?] € CAlg(?).

pOO
In the stable setting, we then obtain the following:

Corollary 6.18. Let ¢ € CAlg(Pri; ™) be virtually (F,,n)-orientable. We have a canonical iso-
morphism
1w ] ~ 1] € CAlg(®).

Proof. The claim follows from the combination of Proposition 6.17 and Corollary 6.7. O
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Virtual Z,)-orientability

At height n = 0, Corollary 6.18 implies that if € is stable and virtually (F,, 0)-orientable, then it is

also virtually (Z(,), 0)-orientable. Indeed, 1[wy, (0 ) ] is then the ordinary infinite cyclotomic extension

1[wpe-], which is always faithful (since, say, it has 1 as a retract). However, for higher heights n,
virtual (IF,, n)-orientability need not imply virtual (Z,), n)-orientability, even in the stable setting.
Namely, even though each Il[w](g?)] is faithful, the filtered colimit n[wfg@} = h_n)lll[u;é@] may no
longer be. Nevertheless, there are still some general observations that can be made. Recall from
Definition 4.26, that the Bousfield localization of ¥ with respect to ]l[w](;?] is denoted by %AZ(p)»”'
We shall show that this localization is smashing and identify its unit. The commutative algebra
1w (03 ] is acted on by the group Z,, whose torsion subgroup is

r _)Z/(p=1) pisodd
P zy2 p=2.

Furthermore, using the p-adic logarithm we get an isomorphism Z) ~ T, x Z,, which provides a
distinguished dense subgroup

G=Ty,xZ C TyxZy, =~ 7.

Proposition 6.19. Let ¢ € CAlg(Pr,™) be virtually (F,,n)-orientable for some n > 1. Then,

‘KZ( ), s a smashing localization of € with unit 1w (n)]hG. In other words, the corresponding local-

ization functor L: € — ‘KZ@)W is given by
LX) =1%o x e ¢

Proof. We need to show that R := ]l[wl(ﬁc)]hc is an idempotent algebra in the same Bousfield class

as 1w (n)] We first observe that since € is both co-semiadditive and stable, we have

()T = (Dar,  and () =5 (e,

hence the operation (—)"¢ ~ ((=)""»)"”Z commutes with colimits and the tensor product. In

particular, for every X € ¢, we have
R X = 1w ® X ~ (1[w] ® X)"¢

(n)]

where we set R := 1[w,~]"“. Now, on the one hand, we have a map

R=1[w" — 1wl e CAlg%).

(n)

Wy |-acyclic,

Hence, every R-acyclic object is also 1[w 1(1 J]-acyclic. On the other hand, if X € ¥ is 1w
then we have

R®X:([ } X)h¢ ~ 0,
n)

so X is also R-acyclic. Consequently, R and 1[w é } are Bousfield equivalent.
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Next, we show that R is an idempotent algebra. Using the notation

C(Z): X) = lim XEPD" 0 O(Zy; X) = lim X2/7",

—

we have

R = Ro 1[w] ~ (1w¥] @ 1wl ~ C(Z5 1w 2] ~ C(ZX; R),

and thus
R® R~ (R ~ C(Z)5 R)"S ~ C(Z) /Ty R)" =~ C(Z,; R)"™.

It remains to show that the commutative R-algebra unit map R — C(Z,; R)"” is an isomorphism.
In fact, this holds for every stable p-complete presentably symmetric monoidal co-category ¢ and
R € CAlg(%€), such as our € (by Proposition 6.1 and the assumption n > 1). Tt suffices to check
this in the universal case ¢ = é;)p and for the unit R = S(,). Furthermore, since both sides are
connective, it suffices to check this after tensoring with F,, € CAlg(gl\)p). Denoting by o the action
of 1 € Z on C(Z,;F,), the claim becomes equivalent to the exactness of the short sequence of

abelian groups

Id—o

0 —F, — C(Zp;Fp) — C(Zy;Fp) — 0,

which can be easily verified by an explicit computation. O

Finally, virtual (Z, n)-orientability can be bootstrapped “all the way up”.

Proposition 6.20. Let ¢ € CAlg(Pr™™>). If ¢ is virtually (Zy),n)-orientable, then it is virtually
(R, n)-orientable for every local ring spectrum R with residue field F),.

Namely, by replacing virtual (IF,, n)-orientability with virtual (Z,), n)-orientability, we can remove
the m-finiteness assumption from Corollary 6.5.

Proof. By Corollary 4.42, it suffices to consider the initial case & = S,), and by Remark 3.4, we
can further reduce to R = 7<,,S(;). The result now follows from Proposition 6.4 applied to the map

T<nSp) — T<0S(p) = Z(p).- O

6.4 T7<45,)-Orientations and connectedness

By Proposition 6.20, a Z,)-orientation of height n for 4 € CAlg(Pr*™>) can be lifted to an S,)-
orientation, after a faithful extension of scalars. To study the existence of such a lift in % itself,
we proceed in steps by climbing up the Postnikov tower of S(,y. In general, for each d = 0,...,n,
there will be an obstruction for lifting a 7<4—1S(y)-orientation to a 7<4S(,-orientation. Here, by
convention, we set

Tg_lg(p) = ]Fp.

To study this extension problem, we shall introduce a certain d-connectedness property of the
oo-category % that will be closely related to the vanishing of these obstructions.
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Spherical cyclotomic extensions

We begin by showing that the truncated spherical cyclotomic extensions are pro-Galois extensions.
We proceed by approximating S(,) by m-finite local rings, using an argument we learned form
Dustin Clausen. Consider the standard cosimplicial resolution (aka Amitsur complex) of the map
Sp) = Fy:

Sy — Fp == F, @ F, =} F, ®sF, s F,

The partial totalizations S, s = TotS(IF?S('H))

under S).

for s > 0 assemble into a tower in CAlg(Sp(,))

Lemma 6.21. For every s > 0, the partial totalization S, s has finite homotopy groups and is a
local ring spectrum with residue field F,. Moreover, for every t > 0, we have Him 7 (Sp s) ~ m:(Sp).

Proof. By the computation of the dual Steenrod algebra, the ring spectrum AY = F, ®s F,, has
finite homotopy groups and 7y A" ~ F,. Hence, the same holds for IF? s(ktD) o (.AV)‘X’Fp’c for every

k > 0. Now, each S, ;s can be written as a finite limit of the rings ]F?S(Hl) for k =0,...s. From
this we deduce that the homotopy groups of S, ; are also finite. Moreover, since the functor of units
(—)* is a right adjoint, it preserves limits. It follows that an element in (the underlying space of)

Sp.s is invertible if and only if its image is invertible in each Fj **+1) " We conclude that Sp,s is
local with residue field F,. Alternatively, from a more computational perspective, the above facts
may be deduced from the multiplicative spectral sequence arising from the finite filtration of S,
by the lower partial totalizations.

Finally, by the convergence of the Adams spectral sequence at Sp, we have im S, s >~ §;. Since
all the homotopy groups of all the S, ;-s are finite, the Mittag-Leffler condition is satisfied and
therefore for all ¢ > 0, we have lim 7;(S,,s) =~ m(Sp). O

Next, we show that the Brown-Comenetz duals of (the truncations of) S, s also approximate the
Brown-Comenetz dual of (the truncations of) S,).

Lemma 6.22. For all 0 < d <n, the augmented tower
T<d(Sp)) — (- — 7<d(Sp2) — 7<a(Sp1) — 7<d(Sp0));
induces an isomorphism
lim (1§ 7<a(Sp,s)) == 1§V 7<a(S)) € Sp™
Proof. By Lemma 6.21, for all £ > 0,

Z, t=0

lim o (7,Sp,s) ~ ™Sy = {p—ﬁnite t>0.

Since both Z,, and all finite abelian groups are topologically finitely generated, we deduce that the
above isomorphism holds as pro-finite abelian groups, and therefore induces an isomorphism on
continuous Pontryagin duals. This implies that the composition

lim homap (7¢Sp, s, Qp/Zp) — homap(7¢Sy, Qp/Zy) — homay (7S (), Qp/Zy)

is an isomorphism (see Remark 6.16), which implies the claim. O
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We deduce that the (truncated) spherical cyclotomic extension can be well approximated by the
(truncated) S, s-cyclotomic extensions.

Proposition 6.23. Let € € CAlg(Pr® ). For all 0 < d < n, there is an isomorphism

]l[w(”) | ~ 1 ]l[w(n)

T<dS(p) — T<dSp,s

] € CAlg(®).

Proof. Applying the colimit preserving functor 1[—] to the isomorphism in Lemma 6.22, we get

lim 1[I 7<4S,,s] = UM 7<aS)] €  CAlg(%).

Since all the maps in the augmented tower are strict maps of local rings, by Proposition 4.41, we
get the desired isomorphism by tensoring with ]l[wI(F:)] over 1[I{VF,]. O

Theorem 6.24. Let ¥ € CAlg(Pr* ™) be virtually (F,.n)-orientable. For every 0 < d < n, the
(n)

ngs(p)] is pro-Galois with respect to the pro-w-finite

truncated spherical cyclotomic extension 1[w

group 7<4S; = lim 5(7<aS; ;).

Proof. Each 7<4Sp s is n-truncated and w-finite. Hence, by Corollary 6.5, € is virtually (S, s,n)-
(n)

T<dS(p)

orientable, and by Proposition 4.22, 1[w ] is 7<aS;’ s-Galois. By naturality, these actions are

compatible when s varies. It remains to observe that the limit of 7<4S; ; is 7<4S; . Indeed, by
Lemma 6.21, im 7<4S), s =~ 7<4S;, and taking the spectrum of units (—)* preserves limits. O

Categorical connectedness

To study the problem of constructing truncated spherical orientations we introduce the following
notion:

Definition 6.25. Let ¥ € CAlg(Pr) and let d > —2 be an integer. We say that,
(1) A space A is ¢ -reflective if the canonical map
A — Mapcppe)(14,1) € S
is an isomorphism.
(2) € is said to be d-connected at a prime p if every d-finite p-space A is €-reflective.
Remark 6.26. If A happens to be ¢-affine, then by Proposition 2.30, we have an isomorphism
Mapeag(e) (14, 1) = CAlg 5 (%)

and the canonical inclusion of A into the above space corresponds to the ¢rivial A-Galois extensions.
Thus, A is €-reflective if and only if all the A-Galois extensions of 1 are trivial. Furthermore, if
every d-finite p-space A is €-affine, for example if € is virtually (IF,, n)-orientable for some n > d
(Theorem 6.2), then % is d-connected at p if and only if it has no non-trivial Galois extensions over
such spaces.

The first few values of d recover some familiar notions:
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Example 6.27. First, since 1P* = 1 is initial in CAlg(%), every % is (—2)-connected. Second,
since 1% = 0 is the zero ring, € is (—1)-connected if and only if € # 0.

Next, we have the following characterization of 0-connectedness:

Proposition 6.28. For ¢ € CAlg(Pr®?), the following are equivalent:
(1) € is 0-connected.
(2) 1 is indecomposable.

(3) For every decomposition 1 =€+ ¢ in mo(Ly) such that € and § are idempotents with 6 = 0,
we have either e =1 and 6 = 0 or vice versa.

Proof. To show that (1) implies (2), we assume by contradiction that 1 decomposes as 1 ~ R x S
with both R and S non-zero. Then, the set
™0 MapCAlg(cg) (]]. x 1, ]l) ~ T MapCAlg((g) (R2 X 527 R x S)
>~ T MapCAlg(%) (R2 X 52, R) X T MapCAlg((g) (R2 X 52, S)
contains at least 4 elements. It follows that the set with two elements is not %-reflective, contra-
dicting (1).
Now, (2) implies (3) because for every pair of idempotents ¢, € mo(1) as in (3), we have a

decomposition of commutative rings 1 ~ 1[e~!] x 1[§7!], and (2) implies that one of the factors is
zero and hence ¢ = 1 and § = 0 or vice versa.

It remains to prove that (3) implies (1). For a finite set A, the ring mo(14) admits a collection of
orthogonal idempotents e, € mo(14) for a € A, such that Y, 4 €, = 1. Thus, by (3), every map
14 — 1 has to send exactly one of the g,-s to 1 € m(1). We get

A Af—
Mapcag#) (17, 1) =~ H Mapcage) (14, 1], 1) ~ H Mapcaigee (1, 1) = A. O
a€cA acA
Example 6.29. For an ordinary commutative ring R, Proposition 6.28 implies that the co-category

Modp is O-connected if and only if the scheme Spec(R) is connected.

As an application of Proposition 6.28, we deduce that 0-connectedness interacts well with categori-
fication.

Corollary 6.30. Let € € CAlg(Prﬂ*'O). Then, € is 0-connected if and only if Mod is 0-connected.

Proof. By Proposition 6.28 it suffices to show that 1 is indecomposable in € if and only if € is
indecomposable in Mod. First, assume 1 is indecomposable and let € = €, x ¢ in CAlg(Mody).
We get

(]lch,O) X (0,]l<g1) = (]l<go,]l<g1) =1¢ € CAlg(%)
By our assumption either 1, = 0 or 1¢, = 0 and hence either % ~ 0 or € ~ 0.
Conversely, given R ~ Ry x Ry in CAlg(%), then as in the proof of [CSY21a, Proposition 5.1.11],
the 0-semiadditivity of € implies that

C ~ 1\/10(130 ((g) X 1\/10(131 ((g)

By the indecomposability of €, we get either Modg, (%) = 0 or Modg, (¢) = 0, which implies
either Rg =0 or Ry = 0. O
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The higher notions of connectedness depend on the prime p and are more subtle. A classical example
is provided by Mandell’s theorem [Man01].

Example 6.31 (Mandell). The oo-category Modg is oo-connected at p.

Connectedness and higher semiadditivity

We shall, however, be interested in higher connectedness primarily in the higher semiadditive set-
ting. In this case, we first observe that the semiadditive height gives an upper bound on connect-
edness.

Proposition 6.32. Let € € CAlg(Pr* ). If the height of € at p is < n, then € is not (n+1)-
connected at p.

Proof. Since the height of € at p is at most n, the n-connected space B"*1C,, is ¢-acyclic, so that
187G = 1, see [CSY21a, Proposition 3.2.1]. Thus, the canonical map

n+1
B"1C, — Mapoage) (17 9, 1) = Mapoa e (1, 1) = pt
is mot an isomorphism. O

To further analyze the collection of % -reflective spaces, we use the Eilenberg—Moore property of
affine spaces.

Proposition 6.33. Let ¢ € CAlg(Pr* ™). The functor
MapCAIg(g) (]1(_),]1) : S — S
preserves pullbacks of diagrams A — B «— C of w-finite spaces, where B is € -affine.

Proof. Aspushouts in CAlg(%) are given by relative tensor products, this follows from Theorem 2.38
and the fact that representable functors take pushouts to pullbacks. O

This implies that under the assumption of affineness % -reflective spaces are closed under extensions
and formation of fibers.

Proposition 6.34. Let € € CAlg(Pr®°) and let f: A — B be a map of w-finite spaces, where B
is € -reflective and € -affine. Then, A is € -reflective if and only if all the fibers of f are € -reflective.

Proof. Consider the canonical natural transformation

(=) — Mapgajgee) (177, 1)
of functors & — S. The domain, being the identity functor, clearly preserves pullbacks. By

Proposition 6.33, the codomain preserves the pullbacks of all diagrams of the form A ENy:PLE pt.
Now, consider the commutative diagram

A ————— Mapc e (14, 1)

| |

B ———— Mapcajg() (17, 1),
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where the bottom arrow is an isomorphism since B is @ -reflective. It follows that the induced map
on the fibers of the vertical maps at b € B can be identified with the canonical map

_ —1
F7Hb) — Mapg e (17 @) 1).
Thus, A is €-reflective if and only if f~1(b) is ¢-reflective for all b € B. O

Assuming the affineness of all d-finite p-spaces, d-connectedness can be reduced to the €-reflectivity
of a single space.

Proposition 6.35. Let € € CAlg(Pr® ™), such that all d-finite p-spaces are € -affine. Then, € is
d-connected at p if and only if BC,, is €-reflective.

Proof. If € is d-connected at p, then by definition all d-finite p-spaces are @-reflective and in
particular Bde. Conversely, assume that BdC’p is ¢-reflective. The functor

Mapcmg(%)(ﬂ(_),ﬂ) 1 §—S

takes pt to pt, and preserves pullbacks of 7-finite spaces with a #-affine base (Proposition 6.33).
Hence, it commutes with taking loops for d-finite p-spaces. It follows that B‘C), is €-reflective
for all £ = 0,...d. Finally, by Proposition 6.34, the %-reflective d-finite p-spaces are closed
under extensions. Since all the d-finite p-spaces are generated under extensions by the spaces
Cp, BC,, ..., BC,, it follows that all of them are €-reflective, so ¢ is d-connected at p. O

It will be useful for the sequel to have a slight variant of the above.

Proposition 6.36. Let ¥ € CAlg(Pr®™), such that all d-finite p-spaces are € -affine. Then, € is

d-connected at p if and only if € is 0-connected and the space Mapcaig(#) (lleCp7 1) is d-connected,
which then in particular implies that

d
Bde ~ MapCAlg(%)(]lB Cp,]].).

The subtle difference from Proposition 6.35 is that we do not, a priori, require the above isomorphism
to be provided by the canonical map, at the expense of requiring 0-connectedness in advance.

Proof. The ‘only if’ part is clear. For the ‘if’ part, consider the canonical map
BC, — MapCAlg(‘f)(ﬂBdev 1).

By assumption, both the source and target are (d—1)-connected, so it suffices to show that we get an
isomorphism after applying the d-fold loop space functor. Now, as in the proof of Proposition 6.35,
the functor Mapg A]g(cg)(]l(_)7 1) commutes with taking loops for d-finite p-spaces. Thus, applying
Q7 we get the canonical map

Cp — Mapgpe(e) (17, 1),

which is an isomorphism by the assumption that € is 0-connected. O
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Connectedness and orientations

The notions of connectedness at p and F,-orientability interact in a non-trivial way.

Proposition 6.37. Let ¢ € CAlg(Pr™™™). If € is virtually (Fp,n)-orientable, then it is not
(n 4+ 1)-connected at p.

Proof. Combine Proposition 6.32 and Proposition 6.1. O

Furthermore, by Theorem 6.2, when 4 is virtually (F,,n)-orientable, all n-finite p-spaces are -
affine. Hence, by Proposition 6.36, for every d < n, the d-connectedness of ¥ depends only on the
properties of the commutative algebra 1B8°Cr ¢ CAlg(%). When % is actually (F,, n)-oriented, we
can further reformulate the d-connectedness property in terms of the space

pip(1) := Mapgp,en (Cp, 1)
of p-th roots of unity of 1 € .

Proposition 6.38. Let ¢ € CAlg(Pr®™°) be 0-connected and (F,,n)-orientable. For every d < n,
the co-category € is d-connected at p if and only if

Tzn_d(,up(]hg)) ~ B”C’p e S.

Proof. From the (F,, n)-orientability, we deduce that all the d-finite p-spaces are % -affine (Theo-
rem 6.2). Thus, by Proposition 6.36, € is d-connected if and only if it is 0-connected, and the space

Mapc Alg(%o)(]leCP, 1) is isomorphic to Bde. Using the Fourier transform we get
d n—
Mapoaig(e) (17 7, 1) ~ Mapg () (L[E"9C,), 1).
Now, applying the various adjunctions, we get
Mapg a0y (L[Z"Cp], 1) ~ Mapgen (8" 4C,, 1%) ~

Q" Mapgen (Cp, 1) ~ Q"% (1).

Thus, ¢ is d-connected if and only if it is 0-connected and the space 2"~ %,(1) is isomorphic to
BdOp, which completes the proof. O

Remark 6.39. In particular, for ¥ € CAlg(Pr“°°) which is 0-connected and (F,,n)-oriented,
the space of Fj,-pre-orientations of height n is isomorphic to the discrete set C,. Its subspace of
orientations consists of the non-zero elements C, ~\ {0}, and is a torsor for the action of S by
scaling.

The characterization of d-connectedness in terms of p-th roots of unity also implies that it interacts
well with categorification.

Corollary 6.40. Let € € CAlg(Pr) be 0-connected and (Fp,n)-orientable. For every d < n, the
oco-category € is d-connected at p if and only if Mode is d-connected at p.

81



Proof. By Corollary 6.30, Modg is 0-connected and by Corollary 5.16, Mody is (F,, n+1) orientable.
In addition, we have
Q(]lMod(g)X = QPIC(%) ~ ﬂ%

Hence,
Q(n+1)_dﬂp(]lMod<g) = "y ().

So the claim follows from Proposition 6.38. O

Remark 6.41. While an (F,,n)-orientable % is at most n-connected, its categorification Mode
can be (n + 1)-connected. Furthermore, we shall see that (n + 1)-connectedness of Mody can have
interesting implications for € itself.

Extending orientations

Our interest in d-connectedness steams from the fact that it allows one to extend Fj-orientations to
truncated S,)-orientations. We begin with the somewhat more general setting. In Theorem 4.39,
we have seen that given a strict map of local ring spectra f: R — &, an SR-preorientation w is an
orientation if and only if f.w is an orientation. We shall now show, that under more restrictive
assumptions on f, the property of d-connectedness implies the stronger conclusion that every &-
orientation can be lifted to an fR-orientation.

Definition 6.42. Let f: R — & be a strict map of local rings in Sp®™. We say that f is d-small
if the fiber of f is [0, d — 1]-finite and admits an G-module structure.

Proposition 6.43. Let ¢ € CAlg(Pr®°) be d-connected at p and let f: R — & be a d-small map
between local ring spectra with residue field F,. For n > d, every &-orientation of € of height n
extends to an R-orientation.

Proof. Let w: Ipn)G — 1 be an G-orientation. By Theorem 4.39, it would suffice to construct a
lift as in the diagram:
e —— 5 1{Mm
x o
1%,

see Remark 4.40. Let X be the fiber of f: R — &, as a map of spectra. The obstruction for the
existence of @ lies in the group
o Mapg, (X1 IS X, 1%).

By the assumption that f is d-small, X is in particular connective and (n — 1)-truncated. Hence,
SIS X) ~ 1§ (SX) is connective. Consequently, we have
Mapg,, (I§ (8X),1%) ~ Mapgen (I (8X), 1) ~ Mapaage) (LY EX], 1).

By assumption, X is w-finite and admits an &G-module structure. Thus, by the Fourier transform
associated with w, we have

Mapoag ey (LIS (2X)], 1) ~ Mapgajeeep) (175, 1),
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Finally, by our assumptions, | X | is a (d — 1)-finite p-space, so | XX | is a d-finite p-space, and hence
the d-connectedness of € implies that

Mapajg(e) (155, 1) ~ [2X ).
Since mo(| XX |) = mo(XX) ~ 0, we see that there is no obstruction to construct @. O

This specializes to the following criterion for extending IF;,-orientations to truncated S,)-orientations:

Proposition 6.44. Let € € CAlg(Pr"™) be d-connected at p. Every F,-orientation of height n
of € extends to a T<q—1S(p)-orientation.

Proof. The claim holds vacuously for d = 0, so we may assume d > 1. Let w: I,(,n)]Fp — 1% be
an [F,-orientation of €. First, we extend w to a Z,-orientation. For all 7 > 1, the quotient map
Z)p"t1 — Z/p" satisfies the assumptions of Proposition 6.43. Thus, applying it iteratively, we
obtain a compatible sequence of Z/p"-orientations extending w. Since I,(,H)Z(p) =~ lim I,(,") (Z/p") by
Lemma 6.15, and

[0,n]-fin [0,n]-fin
ModZ(m =U,en Modz/pr ,

the colimit of the associated diagram is the desired extension of w to a Z,)-orientation:

L(2Zfp) — LY@/ — ... — LV@) — . - V2
i w<o
llvX

Next, we proceed by induction on the Postnikov tower
T<d-18(p) =+« = T<1S(p) = T<0S(p) = Lp)-

Again, each map in the tower satisfies the conditions of Proposition 6.43, and thus the 7<oSy)-
orientation w<p can be extended inductively all the way to a ng,lS(p)-orientation. O

If ¢ admits an Fp-orientation of height n, then it is not (n + 1)-connected (Proposition 6.37).
Thus, the most we can get from Proposition 6.44 is when d = n, which when combined with
Proposition 6.38 gives us the following:

Corollary 6.45. Let ¢ € CAlg(Pr®™™), such that
pp(1) = Mapg,en (Cp, 17) =~ B"C,,.

If € is (Fp,n)-orientable, then it is (T<,—1Sp),n)-orientable.

This raises a natural question of when does a spectrum M € SpE%)”]'ﬁn

In general, being a module over a truncated sphere is a (rather subtle) structure. However, for
spectra concentrated in degrees 0 to n, this structure degenerates to a property, which can moreover
be detected on the level of homotopy groups.

admit an action of 7<,,_1S,).
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Proposition 6.46. A spectrum M € Sp[o’”]

the action map

admits a module structure over T<,_1S if and only if

™S @M 22 1,M € Ab
is zero. Moreover, this module structure is then unique.

0] admits a symmetric monoidal structure for which the truncation
is symmetric monoidal. In particular, the unit is 7<,,S € Sp[o’n], and

0.l is given by T<n (X ®Y) € Spl®m. We divide the claim into

Proof. The oo-category Sp[
functor 7<,: Sp™ — splon
the tensor product of X,Y € Sp[
two parts:

(1) 7<p—1S is an idempotent algebra in Sp®™. in the sense of [Lur, Definition 4.8.2.8];
(2) T<n—1S classifies the property that ays is zero, in the sense that M € splo-n]
module if and only if aps = 0.

is an 7<,—1S-

Consider the exact sequence

Sr,S S, T<nS = T<n_1S,

where the truncation map u is the unit map for 7<,_;S as a commutative algebra in Sp[o’”]. For

every M € Sp[o’"], we get an exact sequence

M@ 3mm,S 220 M @ 70,8 S M @ 72,1 S.

The left most spectrum is n — 1 connected, and on 7, the map 1); ® f induces the map
T (M @ 2"71,S) ~ moM @ 7,S —2 1, M ~ 71, (M ® T<nS).

Thus, by the long exact sequence in homotopy groups, the map 1;; ® u becomes an isomorphism
after applying 7<, if and only if ap; = 0. Now, for M = 7<,, 1S, the target of ays is the zero
group and hence it is the zero map. Thus 1,_ s ®u: T<n-1S ® T<nS — T<p-1S @ 7<,—1S is an
isomorphism, so 7<,—1S is an idempotent algebra in Sp[o’"]; this verifies (1). By [Lur, Proposition
4.8.2.10], this implies that the forgetful functor

Mod,, _,s(Sp/*") — sp/*"!

0,n]

is fully faithful, and the essential image is precisely the objects M € Sp[ , whose tensor with « in

Sp[o’”} is an isomorphism, which by the above is equivalent to a; = 0. Therefore, we have shown
that (2) holds as well. O
Corollary 6.47. A spectrum M € SpE(;’)Tl]'ﬁn admits a module structure over T<n_1S(y) if and only

if the action map
TnS(p) @ moM ML a0, M € Ab

is zero. Moreover, this module structure is then unique.

Proof. In view of [Lur, Proposition 4.8.2.10], this follows immediately from Proposition 6.46. O
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Sadly, Corollary 6.45 stops short from implying (7<,S(y), n)-orientability, which will be already the
same as (S(;), n)-orientability. This obstacle, however, can be overcome using categorification.

Proposition 6.48. Let ¢ € CAlg(Pr*™°) such that
Mapgen (Cyp, pic(€)) =~ B"C,.
If € is (Fp,n)-orientable, then it is (S,), n)-orientable.

Proof. By Corollary 5.16, if ¥ is (F,,n)-orientable, then Mode is (F,,n + 1)-orientable. Since
we can identify Mapg,en (Cp, pic(%)) with pp(Tnod, ), We get by Proposition 6.38, that Mody is
(n+1)-connected. Hence, by Proposition 6.44, the oo-category Mody is (7<,S(;), n + 1)-orientable.
It follows, by Corollary 5.16 again, that ¢ is (7<,S(y), n)-orientable and hence, by Remark 3.4,
(S(p), n)-orientable. O

Torsion units and (d + 1)-connectedness

To further study extensions of [F,-orientation to truncated S,-orientations, it will be convenient
to use the following terminology:

Definition 6.49. Let ¢’ € CAlg(Pr**) be (F,, n)-orientable. We say that ¢ is (d+ 3)-connected,
if it is d-connected and (7<4Sy),n)-orientable.

Remark 6.50. If ¢ € CAlg(Pr"™) is (Fp,n)-oriented and 0-connected, then by Remark 6.39,
the space of its Fp-orientations of height n is a torsor for the group (Z/p)*. Thus, if any of the
[F,-orientations of € extends to a 7<4S(,)-orientation, then all of them do.

As a sanity check, we observe that (d + 1)-connectedness implies (d 4 §)-connectedness by Propo-
sition 6.44, which in turn implies d-connectedness by definition. We further note that while an
(Fp,, n)-orientable ¢ can not be (n 4 1)-connected (Proposition 6.37), it can be (n + 1)-connected.
The following is a useful criterion for that:

Proposition 6.51. Let ¢ € CAlg(Pr* ™) such that
Mapg,,en (Cp, pic(€)) ~ B"1C,,.
If € is (Fp,n)-orientable, then € is (n + 3)-connected.

Proof. By Proposition 6.48, we get that € is (7<,S(p),n)-orientable. By looping once the isomor-
phism in the hypothesis, we get

tip(Le) = Mapgen (Cp, 1) =~ B"C,,.
Thus, ¥ is n-connected by Proposition 6.38. O

Our next goal is to show that just like d-connectedness can be characterized in terms of the p-
th roots of unity of 1 (Proposition 6.38), the property of (d + %)—connectedness can be similarly
characterized in terms of all of the “p-local w-finite units” of 1.
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Definition 6.52. Let Sp@;’m C Sp® be the full subcategory generated under (filtered) colimits by
Spa;fm C Sp", and denote the right adjoint of the embedding by

T-tor

We say that a spectrum X € Sp™ is (p-local) w-torsion if it belongs to SPp)

The above notion of ‘p-local 7-torsion’ is related to p-torsion in the usual sense by the following:

Proposition 6.53. Let X € Sp™. If X € Sp?p')tor, then X[p~1] = 0. The converse holds if X is
bounded above.

Proof. For the ‘if’ part, observe that the collection of spectra X for which X[p~!] = 0, contains
C)p and is closed under colimits in Sp. Since all p-local 7-finite spectra are generated by C}, under
colimits, the same holds for all p-local m-torsion spectra and the claim follows. Conversely, if
X € Sp™ is p-torsion and bounded above, it is the colimit of its Postnikov truncations, for which
the successive fibers are (de)suspensions of p-torsion abelian groups, which in turn are all generated
from C, by colimits in Sp. O

Remark 6.54. Some additional hypothesis is necessary for the converse part in Proposition 6.53,
m-tor

as X = S/p is an example of a connective spectrum with X[p~!] =0, but X ¢ Sp(y)

Definition 6.55. For ¥ € CAlg(Caty,) and S € CAlg(%), the p-local w-torsion units of S are
given by
ps, (8) = (S*)) € Sp(,)™

In many examples of interest, such as R = 7<4S,), the spectrum Ilg")i}i belongs to Sp@for. In these
cases, pre-orientations II(,n)ER — §* factor uniquely through ug, () — S* and are thus in bijection

with maps IIS")% — ps, (S). As with ordinary roots of unity, the semiadditive height gives an upper
bound on the truncatedness of the spectrum pusg, (S).

Proposition 6.56. Let ¢ € CAlg(Cat® ™) and let S € CAlg(%). If S is of height < n at p, then
the spectrum ps, (S) is n-truncated.

Proof. For every M € Spgfn, the fold map S[X"*'M] — S is an isomorphism by [CSY21la,

Proposition 3.2.3]. Thus, applying the various adjunctions, we have
Mapg ea (M, Q2" pug, (S)) ~ Mapgea (5" M, i, (S)) ~
Mapspcn (En—‘rlj\47 SX ) ~ MapCAlgs(%) (S[Zn+1M], S) >~ MapCAlgS(%ﬂ) (S, S) >~ pt

Since Spa;fm generates Sp@jor under colimits, it follows that Q"*!ug (S) = 0 and hence pug, (S) is

n-truncated. O
We therefore focus on the full subcategory Spgi’)”]'mr - Spg;)wr of n-truncated objects. Furthermore,
passing from SpE(;’)"]'ﬁn to SpE(;’;l o is a purely formal operation.
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Lemma 6.57. For every prime p and integer n > 0, we have an equivalence of co-categories

[0,n]-tor _ [0,n]-fin
Spy) = Ind(Spg) )

Proof. By definition, the 7-finite objects in Spggor generate it under colimits. Since n-truncation

preserves colimits and the property of being m-finite, the same holds for Spg’)n Itor "1t hence remains

to show that the m-finite objects are compact in Spg)’)" Itor - This follows from the fact that any

n-truncated w-finite spectrum can be represented as the n-truncation of a finite spectrum. O

With these preliminaries, we are ready to prove the following analogue of Proposition 6.38:
Theorem 6.58. Let ¢ € CAlg(Pr™*°) be 0-connected and (F,, n)-oriented. For every d < n, the
oo-category ¢ is (d + )-connected at p if and only if

Ton-alpis,(1)) = Ton-a(l{VSy)) € Sp™.

Proof. Throughout the proof we shall write Q: Sp™ — Sp™ for the loops functor from the oco-
category of connective spectra to itself. With this convention, the above isomorphism is equivalent

to the following one:
Q" s, (1)) = Q" UIVS,)) € Sp™.

We begin with the ‘if” part. Assuming the above isomorphism we get
Q" (1) = Q" “homgyen (Cp, 1) = Q"% homgpen (Cp, pis, (1)) =

homSpC" (Cpa Qn_dMSp (]1)> =~ homSp““(va Qn_d<lggn)8(p))> =
Q"% homgpen (Cy, (IVS(y))) = Q"IN C,) = Q4" C,) ~ £4C,.

Hence, by Proposition 6.38, ¢ is d-connected. It remains to show that ¢ is (7<4S(y), n)-orientable.
Let w be an Fy-orientation of height n for ¥. By Theorem 4.39, it suffices to solve the lifting
problem

I,(,")Fp I,E”)TSdS(p)

Since II(;”)IFP is (n —1)-connected, it is in particular (n —d — 1)-connected. Hence, w factors through
T>n—d(ps, (1)), which we assumed to be isomorphic to TZn_d(II(,n)S(p)) ~ ;[(,n)TSdS(p). We shall be

done by showing that every two non-zero maps II(,")FP — TZn,d(I,(,")S(p)) differ by an automorphism
of the target. Indeed, we have

Mapgpen (I8 Fp, Ton—a(I§S))) = Mapgyen (1§ Fp, IS ) = Mapgyen (S(p), Fp) 2 Fp.

The non-zero maps correspond to F;* and multiplication by the Teichmuller lifts F,; — S} permutes
them.
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We now show the ‘only if’ part. Assume that % is (d + 3)-connected. We have

QUUIMSy) Q" s, (1) € Sply

by definition and Proposition 6.56 respectively. By the Yoneda lemma, it would thus suffice to show

E(;z)z’)d]_tor- In fact, since SpE(;’)d]'tor ~ Ind(SpE(;’)d]'ﬁn)
(Lemma 6.57), it suffices to show that on Sp@’)d]_ﬁ“7 both objects represent the functor Uz(»d)(—)J.

Given M € Sp?;’)d]_ﬁn

that both objects represent the same functor on Sp

, we have on the one hand a chain of natural isomorphisms

Mapgpen (M, Q"I ,))) 2 Mapgen (8" M, ISVS () = [I{M(S" M) | ~ (I M .
On the other hand, we have a chain of natural isomorphisms
Mapgyen (M, 2" (y15, (1))) ~ Mapgyen (S~ M, s, (1)) =~

Mapgen (8" M, 1%) ~ Mape (e (1[E"M], 1).

We now use the assumption that w extends to a 7<4S,)-orientation. This gives a Fourier transform
natural isomorphism
1[Er—dM] = UV ETIM] o g LM

Using this, and the d-connectedness of ¢ at p, we can extend the above chain of natural isomor-
phisms by
n— (d)
Mapcaig(e) (1[2 ‘M, 1) ~ Mapcmg(%)(]lu” M) U;gd)MJ-

O

Corollary 6.59. ¢ € CAlg(Pr*™>) is (n + 3)-connected if and only if it is 0-connected, (Fp,n)-
orientable and
ugp(]l) ~ Izgn)S(p) S Spcn.

Proof. This follows immediately from the case n = d in Theorem 6.58. O

7 Chromatic Applications

In this final section, we apply the general theory of Fourier transforms and orientations to chromatic
homotopy theory, specifically to the study of the monochromatic categories Spy (), SPr(y), and
Mod%n. In particular, we deduce theorems A-F stated in the introduction of the paper.

7.1 Chromatic preliminaries

We begin with a rapid review of some material from chromatic stable homotopy theory, geared
towards our applications in the subsequent subsections. For a more comprehensive survey, we refer
the interested to [BB20]. In the end of this section we also review briefly the theory of higher
cyclotomic extensions in the monochromatic categories from [CSY21b], and their relationship with
Westerland’s ring spectrum R,, introduced and studied in [Wes17].
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Telescopic localizations

Let Sp be the symmetric monoidal co-category of spectra and let p be a fixed prime. The thick
subcategory theorem of Hopkins and Smith [HS98] classifies the thick subcategories of the oo-
category sz“p) of finite p-local spectra. These subcategories assemble into a strictly ascending

chromatic filtration
0)=%XC...C% CE 1 C...C 6 =Sp(,

which plays a fundamental role in chromatic stable homotopy theory. The objects of €% \ €,
are said to be (p-local) finite spectra of type n; by the thick subcategory theorem, any choice of
finite type n spectrum generates €Y as a thick subcategory. Furthermore, the periodicity theorem
says that any finite spectrum F(n) of type n admits a v,-self map v: XI¥|F(n) — F(n) of some
non-negative degree |v| depending on F'(n). We will denote the corresponding height n telescope by
T(n) = F(n)[r—1]. For n = 0, we use the convention that the self-map is taken to be multiplication
by p. In particular one can take F'(0) = S,y and T'(0) = S,)[/»] ~ Q.

The chromatic filtration extends to the category of all p-local spectra Sp(,), by considering for each
height n the subcategory ¢, C Sp(,, generated by %, (equivalently, by /'(n))) under all colimits.
The “complement” of 6,1 is given by the Verdier quotient

Cnt1 — Sp(p) - Spfw

and we write
Lf:Sp— Spep) — Sp! < Sp

for the corresponding finite localization functor (leaving the prime p implicit). The subcategory
Sp! C Sp(y) consists of the (T'(0) & - - ®T'(n))-local spectra in the sense of Bousfield. In particular,
if X € Sp is T'(m)-acyclic for 0 < m < n, then

LIX~LIX=X®Q

For example, as we shall repeatedly use, this is the case when X is bounded above.

We denote by Cf the L!-acyclification functor. Thus, for every X € Sp we have a canonical fiber
sequence of spectra
CIX — X,y — LIX.

Finally, we note that the functors L} and (=) (p), and hence C#, are smashing. This means that
they preserve all colimits (as endofunctors of Sp).

The oco-categories Spfl form a strictly ascending filtration
SpQ:Sp{)c c... CSpr CSp£+1 C ... CSpyys

interpolating between the oco-categories of rational and p-local spectra. The n-th filtration quotient
can then be identified with the Bousfield localization of Sp(,) at a height n telescope T' (n):

Spﬁ/Spﬁ_l-ﬁL*SpToﬂ-

The localization SpT(n) inherits a symmetric monoidal structure, given by the T'(n)-localized smash
product. Moreover, by [CSY22, Theorem Al, Spr(, is co-semiadditive of height n.
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K (n)-local homotopy

There is a variant of the chromatic filtration that is constructed from the Morava K-theories.
Continuing to work with an implicit fixed prime p, for every finite height n > 1, let K(n) denote
the n-th Morava K -theory spectrum associated to a formal group law I' of height n over F,,. It has
the structure of a complex oriented E;-ring spectrum, and its coefficient ring is given by

K(n). = Fp[”vjfl}y

where vy, is of degree 2(p™ —1). By convention, we set K(0) = Q and K(c0) = F,. As a consequence
of the nilpotence theorem [DHS88, HSI8], the Morava K-theories form the prime fields of SP(p)-
Let L,,: Sp — Sp be the Bousfield localization functor with respect to (K(0)&---& K(n)). Hopkins
and Ravenel proved that L, is smashing as well. Setting Sp,, = L,Sp, we obtain a filtration

Spg =Spg C ... CSp, CSppyq1 C .- TSPy

which is compatible with the chromatic filtration discussed above, in the sense that Sp,, C Spfl. The
n-th filtration quotients of this filtration are symmetric monoidally equivalent to the K(n)-local
categories:

Spn/spn—l - SpK(n)

The question whether the localization functor Lg(n): Spre,) — SPk(n) 18 an equivalence is the
content of Ravenel’s telescope conjecture.

By construction, the co-category Spy(,,) is compactly generated by the K (n)-localization of F'(n)
for any finite spectrum F(n) of type n. However, for n > 1, the unit Sk, € SPr(n) is not
compact. Finally, as the telescopic categories, each Sp K(n) 18 co-semiadditive of height n as well,
as was proven previously by Hopkins and Lurie in [HL13].

Lubin—Tate spectra and cyclotomic extensions

For n > 1, let E, be the n-th Lubin—Tate spectrum (or Morava E-theory spectrum) at the prime
p associated to a formal group law I' of height n over IF,. Namely, it is the Landweber exact ring
spectrum attached to the universal deformation of the base-change I of I' over F,, and has ring of
coefficients

By = W(F,)[[ug, ... )] [uEY).

Here, W(Ry) denotes the ring of Witt vector on R), the power series variables u; have degree 0, and
u has degree —2. The spectrum E,, is K (n)-local and has the same Bousfield class as @], K (i);
in particular, there is a natural equivalence of localization functors L,, ~ L, . By Goerss-Hopkins
obstruction theory [GHO04], E,, admits an essentially unique E..-ring spectrum structure (see also
[Lurl8a]). We write Mod%n for the oo-semiadditive height n symmetric monoidal co-category of
K (n)-local modules over E,,.

While other conventions exist in the literature, for the purposes of this paper it is convenient to
define the Lubin—Tate spectrum at height 0 to be the even periodic commutative ring spectrum®

Ep:=Qu*'] € CAlg(Spy).

5see also [BSY22] for further motivation for this convention.
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where u is in degree —2.
For n > 1, the n-th Morava stabilizer group, defined as the profinite group

G, = Aut(T/F,) x Gal(F,/F,),

acts continuously on F,, through E..-ring maps, in a sense made precise by Devinatz and Hopkins
in [DHO4]. In fact, E, is algebraically closed and the canonical unit map Sk ,) — £, exhibits the
target as a K (n)-local pro-Galois extension with Galois group G,, (in fact, the algebraic closure);
see for example [Rog08]. Note, however, that Ey is not a Galois extension of Sk (o) = Q.

This brings into focus intermediate extensions of Sk (,). One particularly relevant such extension
appeared in work of Westerland [Wes17], where he constructed a certain Z,-extension R, of Sk (n)
for all odd primes and positive heights. In fact, as explained in [CSY21b], this extension identifies
with the (infinite) higher cyclotomic extension Sk (y) [wz(,l)], which we therefore denote by R, at all
primes and heights (including p = 2 and n = 0). The cyclotomic extensions R,, are given as the

filtered colimits of the corresponding finite cyclotomic extensions R, := Sk (n) [wl(ff)],
R, ~limR,, € CAlg(Spk(,),

where R, , is a (Z/p")*-Galois extension in Spy(,). For n > 1, under the K(n)-local Galois
correspondence of [Mat16, Theorem 10.9], the Galois extensions R,,, correspond to group homo-
morphisms xp.,: G, — (Z/p")*. Consequently, R,, corresponds to a continuous homomorphism

Xp: Gp, — Z;
called the p-adic cyclotomic character of Spg ), see [CSY21D, §5.2]. The kernel of x,, denoted

0
by G? <« G,, is a closed subgroup, and we have an equivalence R,, =~ EZLLG" of faithful Z;-Galois
extensions of Sk (,); here, (—)hG2 stands for the continuous fixed points. For n = 0, the ring R,
is the classical cyclotomic extension Q(wpe), and it corresponds to the usual p-adic cyclotomic

character of the absolute Galois group of Q.

One advantage of the cyclotomic approach from [CSY21b] is that it allows for a telescopic lifts of
R, » and R,. The corresponding p"-th finite cyclotomic extensions wa = St(n) [wz()?)], constructed
in parallel to the finite cyclotomic extensions R, ., are again faithful (Z/p")*-Galois for every r

([CSY21b, Proposition 5.2]). They assemble into an infinite cyclotomic extension
Rf = Sr(mlwp] =lmRf, € CAlg(Spr(,)

which is a pro-finite Z;-Galois extension in Spp,). It is, however, not known whether Rf is a
faithful Galois extension; we return to this point at the end of Section 7.3.

7.2 Orientations of the Lubin—Tate ring spectrum

We begin our discussion of the Fourier transform in chromatic homotopy theory with the case of
E,-modules. After reinterpreting Theorem 1.1 of Hopkins and Lurie as providing E,, with a Z)-
orientation and descending it to R,,, we apply the results of Section 6 to extend it to a spherical
orientation (Theorem D), and the results of Section 5 to further categorify it (Theorem G). We
then construct the pro-w-finite Galois K (n)-local spherical cyclotomic extension (Theorem F), and
conclude the subsection with the computation of the connective cover of the p-localized discrepancy
spectrum of E,, (Theorem E).
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Zp)-Orientability

As we shall now explain, the (Z,), n)-orientability of E,, is essentially equivalent to the following
result of Hopkins and Lurie:

Theorem 7.1 ([HL13, Corollary 5.3.26]). For every n > 1, there is a natural isomorphism
En[M] = EFM e CAlg(Spic(n),
for connective w-finite p-local Z-modules M, where M* = homg (M, Q/Z).

Indeed, while this isomorphism is not constructed in [HL13] using Fourier theory, all natural trans-
formations of the above form are essentially Fourier transforms. Thus, this result can be reformu-
lated (and extended to height n = 0) as follows:

Corollary 7.2. For every n > 0, the co-category Mod/]}n is (Z(p), n)-orientable.

Proof. We start with the case n = 0. The commutative ring spectrum Fj is an algebra over Q,

and hence it suffices to show that Q is (Z(p), 0)-orientable by Proposition 4.5. Using Lemma 6.15,
the compatible system of p-power roots of unity exp(%) € Q (viewed as a subfield of C) gives a
Zp)-pre-orientation of Q of height 0. For a finite abelian p-group M, the resulting Fourier transform

— —M
Q[M] — Q  is the classical discrete Fourier transform, hence an isomorphism.

We turn to the case n > 1. First, a n-finite p-local Z-module is the same thing as a w-finite
Zp)-module. Furthermore, if M is concentrated between degrees 0 and n then X"M™ ~ I]gn)M .

. . . . . . . 5 —
Hence, an isomorphism as in Theorem 7.1 restricts to a natural isomorphism E,,[—] ~ E,LL L of

dg)/’:,],._ﬁn — CAlg(Spg(yy) for every r € N. By Proposition 3.10 (and Remark 3.13),
such an isomorphism is the Fourier transform associated with an essentially unique Z/p"-orientation
w: X"Z/p" — E). Since these orientations are compatible with each other, they assemble into a

Zp-orientation of E,, of height n by Proposition 6.17. O

functors Mo

Remark 7.3. The construction of the isomorphism in Theorem 7.1 depends on a choice of a nor-
malization v of the p-divisible group I" associated with F,,, in the sense of [HL13, Definition 5.3.1].
Hence, identifying this isomorphism with the Fourier transform, we associate to a normalization
v of I' a (Zy), n)-orientation w,. It is not hard to show that the association v +— w, furnishes a
bijection between normalizations of I' and (Z ), n)-orientations of £,.

The orientability of Mod]/;ﬂn implies virtual orientability of Spjc(,).

Corollary 7.4. For everyn > 0, the oo-category Spy () is virtually (Zy),n)-orientable (hence, in
particular, virtually (Fp,, n)-orientable).

Proof. Since F,, is faithful in SpK(n), this follows from Corollary 7.2. O
While Spy,, is virtually (Z(,),n)-orientable, it is not (Z,),n)-orientable. Namely, one can not

replace E, with Sk () in the isomorphism of Theorem 7.1. However, the Fourier theoretic point of
view does allow us to descend this isomorphism from F,, to the intermediate extension R,,.
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Theorem 7.5. For every n > 0, there is a natural isomorphism
R,[M] == RIP"™M e CAlg(Spg(n))
for connective m-finite p-local Z-module spectra M.
Proof. Since Sp(,, is virtually (Fp, n)-orientable, by Corollary 6.18 we obtain that

Ry = Sicimy W] = Sk (ny [wé’jj)] € CAlg(Spkn))-

In particular, the universal (Z,), n)-orientation on R, provides the desired isomorphism. O

Remark 7.6. The fact that R, carries the universal (Z,), n)-orientation among K (n)-local com-
mutative ring spectra, shows that for n > 1 the isomorphism in Theorem 7.1 is obtained from
the one in Theorem 7.5 by scalar extension along a map R, — E,. This map identifies with the
inclusion of the fixed point algebra R,, ~ EZG?L — E,,, up to possibly pre-composing with an auto-
morphism of R,, (that is, an element of Z;). Hence, Theorem 7.5 is essentially the claim that the
isomorphism in Theorem 7.1 is G?-equivariant.

S(p)-orientability

Since Spy(,,) is virtually Z,)-orientable (by Corollary 7.4), it is also virtually S(,)-orientable (by
Proposition 6.20). Namely, the K (n)-local spherical cyclotomic extension Sk (n) [wé?p))} is faithful.
Our general results imply that it is a pro-m-finite Galois extension of Sk (y,).

Theorem 7.7. For every n > 0, the commutative algebra Sg () [wé:lp))} is a pro-Galois extension of

Sk (n) for the group TgnS(Xp ) viewed as a pro-m-finite group.

Proof. By Corollary 7.4, Spy(,) is virtually (Fp,n)-orientable. Thus, the result follows from Theo-
rem 6.24. O

While Sk (n) [wg:))] is the universal spherically oriented K (n)-local commutative algebra, we do not

have an explicit description of it. In contrast, combining the theory of categorical connectedness
from Section 6 with the results on pic(E,) from [BSY22], we can also construct a (non-universal)
spherical orientation on E,,, which for n > 1 is an ordinary (pro-finite) Galois extension of Sy ().

Theorem 7.8. For every n > 0, the co-category Modgn is (n+ %)—connected, hence in particular
(S(p), n)-orientable.

Proof. We check the assumptions of Proposition 6.51. By Corollary 7.2, Mod/];ﬂn is (Fp, n)-orientable,
and by [BSY22, Proposition 8.14], we have

Mapg,en (O, pic(Ey)) =~ B"*ttC,,. O

Applying the general results on categorification of orientations from Section 5, we also get the
following:
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Corollary 7.9. There is a natural equivalence of symmetric monoidal co-categories:
Fun(Q*° M, Mod}, )pay = Fun(Q*~ "t (Ig 5 M), Mod}, )pew,
for M a connective (n + 1)-finite p-local spectrum, provided that the action map
Tp1S @ moM — 71 M
18 zero.

Proof. Since Mody, s (7<yS(y), n)-orientable (by Theorem 7.8), we get by Corollary 5.16 that
Modyoay  is (T<nS(py,n + 1)-orientable. By Corollary 6.47, this translates to the above. O

We expect that the technical condition on M can be removed:

Conjecture 7.10. The oo-category Modyioqy is (S(py,n + 1)-orientable.

At least in height 0, this conjecture can be verified by an explicit computation:

Proposition 7.11. The co-category Modmody, 5 (S(p), 1)-orientable (for every prime p).

Proof. Tt suffices to show that Modyiody, is (7<1S(p), 1)-orientable (see Remark 3.4). By Corol-
lary 7.2, Modg, is (Z(y),0)-orientatable, and hence by Corollary 5.16, Modwmody, 18 (Zp),1)-
orientable. For p # 2, we have 7<1S(,) =~ Z,), so the result holds for odd primes. It remains
to treat the case p = 2. In fact, we shall show that Modnody, is (1 + %)—connected at p = 2, which
implies (7<1S(y), 1)-orientability, by definition.

m-tor

By Theorem 6.58 applied to Modmody, , it would suffice to show that pic(EO)(Q) ~ IQ(I)S(Z). Since
m«Fo is a 2-periodic even graded field, mopic(Fy) ~ Z/2, with the non-zero element given by the
isomorphism class of X Ey (see, e.g., [BR05, Theorem 37]). Since Qpic(Ey) ~ E; we conclude that

727 t=20

—X
. t=1
mi(pic(Eo)) = % t>1odd
0 otherwise

Let X denote the fiber of the map pic(Ey) — pic(Ep)[Y/2]. Since pic(Eo)[l/z]g)tO’r ~ 0, we obtain
that pic(Eo)ZTQ')tor ~X (“2')““, and we shall compute the latter.
From the long exact sequence of homotopy groups associated with the fiber sequence

X — pic(Ey) — pic(Ep)[Y/2],

we see that the homotopy groups of X are as follows:

7)27. t=0
Wt(X): QQ/ZQ t=1
0 t>2.

In particular, by Proposition 6.53, X =~ X(’;‘)tor, so it remains to show that X ~ 151)8(2).
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Since X is an extension of Z/27Z by Q3 /Z,, it is classified by a map Z/2Z — %2Qq/Zs in Sp. The
collection of homotopy classes of such maps is given by

7o Mapg, (Z/2Z, 2*Q3/Z3) ~ mo Mapyjeq, (Z/2Z ®s Z, 5*Q2 /L) ~ (m2(Z/2Z @5 L))* ~ L/ 2Z,

where the last isomorphism follows from the classical computation of the integral (dual) Steenrod
algebra. Consequently, there are only two possible extensions of Z/2Z by ¥Q/Zs, and we want to
show that X is the non-split one.

These two extensions can be distinguished using the multiplication-by-n map from my to 7y, which
is 0 for the split extension and the inclusion Z/2Z — Q2/Zs for the non-split one. Since the
morphism X — pic(Ep) induces an isomorphism on 7y and an injection on 1, it suffices to show
that multiplication by 7 is non-zero already on mopic(Ey). This follows from the fact that, for the
class [XEy] € mo(P), we have (e.g., by [CSY21b, Proposition 3.20]),

X

n-[SEy] = dim(XEy) = -1 € m(pic(Epy)) ~Q,

which is non-trivial. O

The discrepancy spectrum

Another application of the categorical connectedness result of Theorem 7.8, is an explicit description
of the spectrum pusg, ().

Theorem 7.12. For every n > 0 there is an isomorphism

cn

tis,(En) =~ 7>0(X"Ig,/z,) € SP()-

Proof. The oo-category Modp, is (n+ 4)-connected by Theorem 7.8, so the claim follows by Corol-
lary 6.59, keeping in mind that I,()H)S(p) ~ 7>0(X" g, /z,)- O

The spectrum pg, (E,) turns out to be closely related to the discrepancy spectrum of E,. In
[AHR10], Ando, Hopkins, and Rezk defined the discrepency spectrum of an arbitrary L,-local
commutative ring spectrum R as the fiber of the localization map R* — L,R*. For such a
ring spectrum R, it essentially follows from [AHR10, Theorem 4.11] that its discrepency spectrum
agrees with its p-torsion m-finite units ug, (R), after taking the connective cover and p-localizing.
As explained in [AHR10] (see the discussion below [AHR10, Lemma 4.12]), if R is L,-local then
L,R* ~ L{R*, 5o one can use L{ R* instead of L,, R in the definition of the discrepancy spectrum.
This variant has the advantage of providing a well-behaved notion of a discrepancy spectrum defined
for all L[L—local commutative ring spectra. In particular, for this definition, the p-localization of the
discrepancy spectrum of R € CAlg(L{Sp) is given by CJf R*.

Our goal in this subsection is to review the relation between the discrepancy spectrum and the
p-torsion 7-finite units of L,-local commutative ring spectra from [AHR10], and generalize it to the
context of Lf-local commutative ring spectra. In fact, we will even work in the wider generality of
almost Lf-local commutative ring spectra, in the following sense:

Definition 7.13. A p-local spectrum X is almost L/ -local, if hom(Z, X) is bounded above for some
(and hence all) finite spectra Z of type n + 1.
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Equivalently, X is almost Lf-local if X ® Z is bounded above for some (and hence all) finite spectra
Z of type n + 1. Indeed, hom(Z, X) ~ DZ ® X and DZ is of type n + 1 if and only if Z is. Note
also that the collection of almost L{-local spectra itself forms a thick subcategory of SP(p)-

Remark 7.14. If we replace in Definition 7.13 ‘bounded above’ with ‘m-finite’, we arrive at the
stronger notion of fp-type n in the sense of Mahowald and Rezk [MR99].

Example 7.15. Every LfL—local (and in particular L,-local) spectrum is almost LfL—local. Indeed,
a p-local spectrum X is L7-local if and only if hom(Z, X) = 0 for some finite spectrum Z of type
n+ 1.

Example 7.16. Every p-local bounded above spectrum is almost Lf-local. Indeed, if X is a
bounded above spectrum and Z is any (in particular, type n + 1) finite spectrum, then Z ® X is
also bounded above.

The example above implies that the almost Lf-locality of a spectrum can be checked after passing
to an arbitrary connected cover of it. In fact, one can verify this property using only an arbitrary
connected cover of its underlying space.

Proposition 7.17. Let X,Y € Sp(p) be such that
QX ~ Ty e S,
for some (and hence all sufficiently large) d > 0. Then, X is almost L -local if and only if Y is.

Proof. Let A € S, be a finite pointed space whose reduced suspension spectrum Z := S[A] is of type
n + 1. Then, by definition, a spectrum W is almost L{-local if and only if hom(Z, W) is bounded
above. This is the case if and only if there exists e € N such that

Q°°*¢hom(Z, W) ~ pt (%)

By applying the functor €2 to the above isomorphism, if () holds for some e then it holds for any
larger value of e as well. Unwinding the definitions, we get

Q%7 hom(Z, W) ~ Q° Mapg,,(Z, W) ~ Q° Mapg, (4, QW) ~ Maps,_ (4, 2>TW).

Now, if Q°FT4X ~ Q**9Y and X is almost L!-local, we may choose e satisfying () for X such
that e > d. But then
Mapg_ (A, Q%7¢Y) ~ Mapg (A4, Q%°°X) ~ pt

and we deduce that Y is almost Lf-local as well. By symmetry, if Y is almost LJ-local then so is
X and therefore they are almost Lf-local together. O

Given R € CAlg(Sp,)), in addition to the “additive” underlying p-local spectrum R € Sp,), we
can form the “multiplicative” p-localized spectrum of units R(Xp ) € SP(p)- Although these are very

different p-local spectra in general, Proposition 7.17 implies that they are almost Lf-local together.

Corollary 7.18. A p-local commutative ring spectrum R is almost Lf-local if and only if the
p-localization of its spectrum of units R* is almost L -local.
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Proof. This follows from Proposition 7.17 and the fact that

Q¥R ~ QO R ~ QTR

)" D

Note that, in particular, R(Xp) is almost L{-local for every R € CAlg(Sp,,). We thus obtain the
following:

Example 7.19. The spectrum (E) ), is almost L{-local.

We proceed by analysing the behavior of the functor C; on arbitrary almost L{-local spectra.

Proposition 7.20. For an almost L -local spectrum X, the spectrum C{X is a filtered colimit of
bounded above p-torsion spectra.

Proof. This follows from the standard fact (see [[1S99, Proposition 7.10]) that C X can be written
as lim hom(Z,, X ), where the Z,-s are a cofiltered diagram of finite spectra of type n + 1. Since

X is almost L-local and the Z,-s are finite p-torsion spectra, each hom(Z,, X) ~ hom(Z,, C{ X)
is bounded above and p-torsion. O

The functor C} is compatible with connective covers in the following sense:
Lemma 7.21. For X € Sp, the canonical map
TZO(C’,]:TZOX) — TZO(C',]:X) € Spf;‘)
is an isomorphism.
Proof. Since 07{ is an exact functor, we have a cofiber sequence
C,fTZOX — /X — Cf:TS,lX € Sp(y)-
Applying the limit preserving functor 7>¢: Sp,) — Sp?;l) we obtain a fiber sequence

cn

TZOC,{TZOX — TZ()CT{X — TZ()C£T§_1X € Sp(p).

Thus to show that the first map is an isomorphism, it suffices to show that 750Cf{7< ;X ~ 0.
Equivalently, for Y € Sp, we wish to show that if 75¢Y = 0 then 750C/Y = 0. First, such a Y is
bounded above, so LY ~ Q ® Y (as explained in Section 7.1). Consequently,

720L£Y ~750(QRY)~Q®750Y ~0,

and similarly
Tzo}/(p) >~ (Ton)(p) ~ (.

Finally, C/Y is the fiber of a map Yip) — LY, and since the functor T>0: Sp — Sp™ preserves
fibers, we get 7>0C1Y ~ 0. O

Recall that yus, (R) is defined as the p-local m-torsion part of R*. The relation between us, () and
the discrepancy spectrum of R is deduced from the following general fact:
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Proposition 7.22. Let X be an almost L] -local spectrum. Then
T>0(CLX) ~ (120X)[}™ €  Sp{py.

Proof. First, we can assume without loss of generality that X is connective, by replacing it with
750X . Indeed, by Example 7.16, the spectrum 750X is also almost L{-local, and by Lemma 7.21,
we have 750(C1 X) ~ 750(C{750X). Now, by the definition of (f)agor, it would suffice to show
that:

(1) TEOCT{X S szrl;)tor.
(2) For every Z € Sp&jor, the map 750C7 X — X induces an isomorphism
Map(Z, 750C X) =~ Map(Z, X).

For (1), by Proposition 7.20, there is a filtered colimit presentation Cf X ~ lim X, such that each
X, is bounded above and p-torsion. Since the formation of connective covers preserves filtered
colimits, we obtain that

T20(CfX) ~ lim 750 X

Each 7>¢X, is connective, bounded above and p-torsion. By Proposition 6.53, 70X, belongs to
sz;)tor, and hence so does 750 (CJ X).

m-tor

For (2), by definition, every Z € Spyy  Is a filtered colimit of bounded above p-torsion spectra. A
bounded above spectrum Y satisfies L1Y ~ Y ® Q and if Y is also p-torsion, then it is L{-acyclic.
Since LfL—acyclic spectra are closed under colimits, we deduce that Z itself is Lg—acyclic, hence
Sp?[;)tor - C,{(Sp(p)). Consequently,

Map(Z, X) ~ Map(Z, C{ X) ~ Map(Z, 750(C X)),

where the composite of these isomorphisms is given by post-composing with the canonical map
TZOC£X — X. O

Putting everything together we get the main result of this subsection.

Theorem 7.23 (cf. [AHR10, Theorem 4.11]). For all n > 0 and for every almost L{-local commu-
tative ring spectrum R, we have

ps, (R) ~ m>0C4(R*) € Spfp.

Proof. By Corollary 7.18, the p-localization of the spectrum R* is almost Lf-local as well. Hence,
by Proposition 7.22, we have

T20CL(R*) = 750CH (R) () = (R)F}" = ps, (R).
]

Corollary 7.24. The connective cover of the p-localized discrepancy spectrum of Ey, is isomorphic
to TZO(ETLIQP/ZP)'
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Proof. Recall that the connective cover of the p-localized discrepancy spectrum of E,, is isomorphic
to 7>0CY (Ey). By Theorem 7.23, we have 7>0CJ (E)) ~ ps, (E,). Hence, the result follows from
Theorem 7.12. U

Remark 7.25. Using the vanishing of the telescopic homology of sufficiently connected Eilenberg—
MacLane spaces, established in [CSY22, Theorem E], the same argument as in the proof of Proposi-
tion 6.56, shows that g, (R) is n-truncated for every R € CAlg(LISp). Together with Theorem 7.23,
this constitutes a telescopic generalization of [AHR10, Theorem 4.11].

As another consequence of Theorem 7.23, we obtain the following property of the functor yus, (—).

Corollary 7.26. The functor us,(—): CAlg(L{Sp) — Sp?p‘)tor preserves filtered colimits.

Proof. First, observe that the fully faithful embedding Sp?[;)tor — Spf;) is conservative and preserves
filtered colimits, so it suffices to prove the claim when regarding pus,(—) as a functor into p-local
connective spectra.

By Theorem 7.23, we have pus, (R) ~ 75C{(R*) for R € CAlg(L{Sp). Namely, we may write the
functor ps, (—) as the composition

(=) o >0
CAlg(L!Sp) — CAlg(Sp) —— Sp —= S —— Sp(y-
g( p) 0 g(Sp) 2 p @) P(p) @ P(p)

We will proceed by showing that each of the functors in this composite preserve filtered colimits.

(1) The embedding CAlg(LfSp) — CAlg(Sp) is obtained from the lax symmetric monoidal,
colimit preserving, fully faithful embedding L{Sp < Sp by applying CAlg(—), and hence it
preserves filtered colimits.

(2) The argument for the functor (—)*: CAlg(Sp) — Sp is similar to [MS16, Proposition 2.3.3],
and we give it for completeness. The lax symmetric monoidal functor Q2*°: Sp — S preserves
filtered colimits, and therefore so does the induced functor CAlg(Sp) — CMon(S), taking
a commutative algebra to its underlying space with the multiplicative commutative monoid
structure. Furthermore, the functor CMon(S) — Sp®", right adjoint to the inclusion of
connective spectra as group-like commutative monoids, also preserves filtered colimits. Indeed,
this can be checked after composing with the conservative filtered colimit preserving forgetful
functor CMon(S) — S, and the invertible elements form a connected summand, so the claim
can be easily verified on 7.

(3) The functor CJ: Sp — Sp(p) is the acyclification functor associated with the smashing local-
ization L] and hence it preserves all small colimits.

(4) The functor 7>q: SPpy) — Spf;‘) preserves filtered colimits since the formation of homotopy
groups preserves filtered colimits.

We deduce that their composition us, (—) preserves filtered colimits. O
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7.3 Virtual orientability of Spy,,

We now turn to the application of the theory of orientations and the Fourier transform to the
T'(n)-local setting. In particular, we construct a T'(n)-local lift of the chromatic Fourier transform
(Theorem A) and prove the corresponding T'(n)-local affineness, Eilenberg—Moore and Galois results
(Theorem B and Theorem C).

Virtual F,-orientability & applications

In [HL13, §5], the (Z,),n)-orientability of E, was used to prove affineness results for Spy,),
as well as Eilenberg-Moore type formulas for the cohomology of 7-finite spaces with K (n)-local
coefficients. From the Fourier-theoretic perspective, this is a formal consequence of Spy(,,) being
virtually (F,,n)-orientable. Similarly, the next proposition allows us to lift all of these results to

SP1(n)-

Proposition 7.27. For all n > 0, the co-category SpT(n) is virtually (F,, n)-orientable.

Proof. The T'(n)-local commutative ring spectrum FE,, is (Z ), n)-orientable by Corollary 7.2 and
hence in particular (F,, n)-orientable by Proposition 4.4. Since the functor

E,®(—): SPrny — Modg"

is nil-conservative (see, e.g., [CSY22, Corollary 5.1.17]°), we deduce from Proposition 6.9 that
Spr(n) is virtually (Fj, n)-orientable. O

Remark 7.28. The virtual (IF,, n)-orientability of Spp(,, depends crucially on the fact that it is
oo-semiadditive of semiadditive height n ([CSY2la, Theorem 4.4.5]). However, those properties
alone do not suffice to guarantee that a stable co-category is virtually (F,,n)-orientable. Indeed,
for n = 1, the universal example of such an co-category is ¥; (constructed in [CSY2la, Theorem
5.3.6]). In [Yua22], Yuan constructs a commutative algebra S3* € CAlg(X,;), whose p-th cyclotomic
extension is not Galois ([Yua22, Proposition 3.9]). By Proposition 6.11, this implies that 3; is not
virtually (F,, 1)-orientable.

The virtual (Fy, n)-orientability of Spp(,, implies the following affineness result:

Theorem 7.29. Let n > 0, and let A be a w-finite space for which m(A4,a) is a p-group and
Tn+1(A4, a) is of order prime to p, for every a € A. Then, A is SpPp(ny-affine.

Recall that by Proposition 2.5, this implies that for every R € Alg(SpT(n))A, the global sections
functor induces an isomorphism

MOdR(Sp?(n)) - MOdA*R(SpT(n)).

Proof. By Proposition 7.27, SpT(n) is virtually (IF,, n)-orientable, and as it is also stable and p-local,
the SpT(n)—afﬁneness of A follows from Theorem 6.2 and Remark 6.3. O

6The height 0 case, while not covered by the referred corollary, follows easily from the fact that Q is a retract of
Eo in Spg.
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The affineness of the spaces in Theorem 7.29 gives in turn corresponding Eilenberg—Moore type
results:

Corollary 7.30. Let A be as in Theorem 7.29 (e.g., an n-finite p-space) and let R € Alg(Spr(y,))-
For every w-finite space B and an arbitrary space B’ mapping to A, we have

RB R pa RB, ~ RBXAB, S SpT(n)

Proof. The space A and the map B — A are Spyp(,)-ambidextrous by the oco-semiadditivity of
Spr(ny ([CSY22, Theorem AJ), and A is Spp(,-affine, by Theorem 7.29. Thus, the claim follows
from Theorem 2.38. O

We also obtain the following result on the ubiquity of T'(n)-local Galois extensions:

Corollary 7.31. Let A be as in Theorem 7.29 (e.g., an n-finite p-space). Every R € CAlg(SpT(n))A
is an A-Galois extension of AR, in the sense of Definition 2.25.

)BY is a G-Galois extension

In particular, for n > 1 and G a finite p-group, every R € CAlg(SpT(n)
of its fixed point algebra R"C.

Proof. By Theorem 7.29, A is Spp(,)-affine. Hence, the claim follows from Corollary 2.28. O

Remark 7.32. The K (n)-local analogues of the above results follow easily, either using the colimit
preserving symmetric monoidal functor L (,): SpT(n) — Sp K(n) OF by an identical argument start-
ing from the virtual (F, n)-orientability of Spy(,. In particular, we recover the affineness result
of [HL13, Theorem 5.4.3] and the Eilenberg-Moore type result of [HL13, Theorem 5.4.8].

The virtual IF,-orientability of SpT(n), given by Proposition 7.27, bootstraps automatically to virtual
R-orientability for every connective n-truncated w-finite p-local commutative ring spectrum R, by
Corollary 6.5. Namely, the corresponding fR-cyclotomic extensions, over which we have a Fourier
transform isomorphism, are faithful. Specializing to R = Z/p", these are precisely the T'(n)-local
higher cyclotomic extensions wa constructed in [CSY21b]. We thus obtain Fourier isomorphisms
over these extensions.

Theorem 7.33. For every n > 0 and r > 1, there is a natural isomorphism of T'(n)-local commu-
tative R,fl’r—algebras

Sw: R{Lm[M] - (RTfL,r)LEnM*J’

where M is a connective m-finite Z/p"-module and M* is its Pontryagin dual.

Proof. By Corollary 6.7, RJ  is the universal (Z/p", n)-oriented commutative algebra in Spr(ny- U

n,r
Finally, we also obtain a higher chromatic height analogue of Kummer theory.
Theorem 7.34. For every n > 0, every R € CAIg(SpT(n)) admitting a primitive higher p"-th root

d[O,n]—ﬁn

2 there is a natural isomorphism of spaces

of unity, and every M € Mo

CAlgMI=eal (R, SPr(ny) = Mapgyen (IS M, RX).
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Proof. This is a special case of Proposition 4.32. O

Classically, Kummer theory is used to classify abelian Galois extensions. Applying Theorem 7.34
to the case of finite abelian p-groups, we get a similar classification in arbitrary chromatic heights.

Corollary 7.35. For everyn > 0, every R € CAlg(Spy(,,)) admitting a primitive higher p"-th root
of unity, and every finite abelian p"-torsion group M, there is a natural isomorphism

CAlg"M =8 (R; Spr(,,)) = Mapgen (5" M*, pic(R)).
Proof. The case n = 0 follows from [CSY21b, Theorem 3.18]. For n > 1 we have
Map(X"M*, pic(R)) ~ Map(X" " M*, Qpic(R)) ~

Map(2"~'M*, R*) ~ Map(I{" M, R).
By Theorem 7.34, the last space identifies with

CAlgPMI=&l (R Spyny) = CAIg”M & (R; Spy () O

Virtual Z,)-orientability & speculations

By Corollary 6.18, the infinite cyclotomic extension Ry is the universal (Z (), n)-orientable T'(n)-
local commutative ring spectrum, so in particular it supports a Fourier transform for all w-finite
p-local Z-modules. Note that by universality, this lifts the K (n)-local Fourier transform over R,
from Theorem 7.5. However, in contrast with R,, we do not know whether R} is faithful (even
though all the Rffm—s are). This question can be re-formulated in a way that might shed some light

on the relationship between Spy,,y and Spy(,)-

By Proposition 4.27, the Bousfield localization of Spy(,,) with respect to R{ is the universal virtu-
ally Zp)-orientable symmetric monoidal localization of Spp(,y. Proposition 6.19 tells us that this
localization gl\)T(n) := (SPr(n)) s is smashing and that its unit is given by (RIMCG € CAlg(Spr(n));
where

G=T,xZ C TpxZL, ~17,.

We also observe that since, essentially by construction, gl\)T(n) is virtually Z,)-orientable, it is in
fact virtually S(,)-orientable, by Proposition 6.20. Now, Since Spy,) is a virtually Z,)-orientable
localization of Spp,,), we obtain a chain of fully faithful embeddings

SPi(m) € SPrm) S SPr(n)-

The gap between SpK(n) and SpT(n) is the subject of Ravenel’s celebrated telescope conjecture,
which would imply that all the above inclusions are in fact equalities. However, this conjecture is
not only open, but also believed by many experts to be false for heights greater than 1. It is also
not known whether there can be any Bousfield localization strictly in between Spy(,,y and Spp(,,)-
In this light, we propose the following:

Question 7.36. What can be said about the location of the intermediate localization §I\)T(n)? In

particular, is éf)T(n) = SPr(n)! Is éf)T(n) = Spr(n)?
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On the one hand, SI\)T(n) = Spr(n) if and only if R} is faithful in Spr(n)- On the other, é}\)T(n) =
SPk(n if and only if R is itself K (n)-local, namely R ~ Ly, R{ ~ R,. Thus, the failure of the
telescope conjecture is equivalent to at least one of these assertions being false, while the failure of
both would produce a strictly intermediate localization.
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