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The generalized slices of Hermitian K-theory

Tom Bachmann

ABSTRACT

We compute the generalized slices (as defined by Spitzweck—@stveer) of the motivic spectrum KO
(representing Hermitian K-theory) in terms of motivic cohomology and (a version of) generalized
motivic cohomology, obtaining good agreement with the situation in classical topology and the
results predicted by Markett—Schlichting. As an application, we compute the homotopy sheaves
of (this version of) generalized motivic cohomology, which establishes a version of a conjecture
of Morel.

1. Introduction

K-theory was invented by algebraic geometers and taken up by topologists. As a result of
Bott periodicity, the homotopy groups of the (topological) complex K-theory spectrum KU
are alternatingly Z and 0. Consequently, the (sped up) Postnikov tower yields a filtration
of KU with layers all equal to the Eilenberg-MacLane spectrum HZ (which is also the
zeroth Postnikov layer of the topological sphere spectrum). From this one obtains the
Atiyah—Hirzebruch spectral sequence, which has the singular cohomology of a space X on
the Es page and converges to the (higher) topological K-theory of X.

Much research has been put into replicating this picture in algebraic geometry. In its earliest
form, this meant trying to find a cohomology theory for algebraic varieties called motivic
cohomology which is related via a spectral sequence to higher algebraic K-theory. There is now
a very satisfactory version of this picture. The motivic analog of the stable homotopy category
SH is the motivic stable homotopy category SH(k) [13, Section 5]. Following Voevodsky
[27, Section 2], this category is filtered by effectivity, yielding a kind of G,,-Postnikov tower
called the slice filtration and denoted

oo = fo1 B> o — fp 1 E— -+ = E.

The cofibres f,+1F — f,E — s, E are called the slices of E, and should be thought of as
one kind of replacement of the (stable) homotopy groups from classical topology in motivic
homotopy theory.

In SH(k) there are (at least) two special objects (for us): the sphere spectrum S € SH(k)
which is the unit of the symmetric monoidal structure, and the algebraic K-theory spectrum
KGL € SH(k) representing algebraic K-theory. One may show that up to twisting, all the
slices of KGL are isomorphic, and in fact isomorphic to the zero-slice of S [9, Sections 6.4 and
9]. Putting H,Z = 50,5, this spectrum can be used to define motivic cohomology, and then the
sought-after picture is complete.

Nonetheless there are some indications that the slice filtration is not quite right in certain
situations. We give three examples. (1) We have said before that the homotopy groups of KU
are alternatingly given by Z and 0. Thus in order to obtain a filtration in which all the layers
are given by HZ, one has to ‘speed up’ the Postnikov filtration by slicing ‘with respect to S
instead of S'’. Since the slice filtration is manifestly obtained by slicing with respect to G,,
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which is (at best) considered an analog of S*, and yet the layers are already given at double
speed, something seems amiss. (2) In classical topology there is another version of K-theory,
namely the K-theory of real (not complex) vector bundles, denoted KO. There is also Bott
periodicity, this time resulting in the computation that the homotopy groups of KO are given
by Z,72/2,7/2,0,Z,0,0,0 and then repeating periodically. There is an analog of topological
KO in algebraic geometry, namely Hermitian K-theory [6] and (also) denoted KO € SH(k).
It satisfies an appropriate form of Bott periodicity, but this is not captured accurately by its
slices, which are also very different from the topological analog [21]. (3) The slice filtration
does not always converge. Thus just considering slices is not enough, for example, to determine
if a morphism of spectra is an isomorphism.

Problem (3) has lead Spitzweck—Ostvaer [25] to define a refined version of the effectivity
condition yielding the slice filtration which they call being ‘very effective’. In this article we
will argue that their filtration also solves issues (1) and (2).

To explain the ideas, recall that the category SH(k)" is the localizing (so triangulated!)
subcategory generated by objects of the form XX, for X € Sm(k) (that is, no desuspension
by G,,). Then one defines SH(k)*(n) = SH(k) AT"" and for E € SH(k) the n-effective
cover f,E € SH(k)*(n) is the universal object mapping to E. (Note that since SH(k)°
is triangulated, we have SH(k)*® A T"" = SH(k)*® A G/".) In contrast, Spitzweck-@stvaer
define the subcategory of very effective spectra SH(k)* to be the subcategory generated
under homotopy colimits and extensions by XX A S™ where X € Sm(k) and n > 0. This
subcategory is not triangulated! As before we put SH(k)"*®(n) = SH(k)"* A T"". (Note that
now, crucially, SH(k)v*f A T/ £ SH (k)" A G/\".) Then as before the very n-effective cover
fnE € SH(k)""(n) is the universal object mapping to E. The cofibres f, 1 E — f,E — 5,E
are called the generalized slices of F. )

As pointed out by Spitzweck—@stvaer, the connectivity of f,, F in the homotopy t-structure
increases with n, so the generalized slice filtration automatically converges. Moreover, it is
casy to see that f, KGL = f, KGL (that is, the n-effective cover of KGL is ‘accidentally’
already very n-effective) and thus §, KGL = s,,(KGL). This explains how the generalized slice
filtration solves problem (1): we see that the ‘G,,-slices’ (that is, ordinary slices) of KGL agree
‘by accident’ with the ‘T-slices’ (that is, generalized slices). But note that T is an analog of
52, explaining the double-speed convergence.

The main point of this article is that the generalized slices of KO can be computed, and have
a form which is very similar to the classical analog, thus solving problem (2). Of course this
leads to Atiyah—Hirzebruch type spectral sequences for Hermitian K-theory. Heuristically, the
generalized slices of KO are (supposed to be) like the S?-Postnikov layers of the topological
spectrum KO. We thus expect that they are 4-periodic (up to twist). Moreover, we expect
that §; for i = 1,2,3 (mod 4) should just ‘accidentally’ be ordinary zero-slices (corresponding
to the fact that m; KO = 0 for i = 3,5,7), whereas §oK O should be an extension of two objects
(corresponding to m KO # 0 # moKO). This is indeed the case:

THEOREM (see Theorem 16). The generalized slices of Hermitian K-theory are given as
follows:

50(KO) n=0 (mod 4)

- AR H,Z/2 n=1 (mod4)

SWKO=TAC 7 n=2  (mod 4)

0 n=3 (mod 4).

What about the ‘conglomerate’ oK O?7 We offer two ways of decomposing it, either using

the effectivity (slice) filtration or using the homotopy t-structure. The relevant triangles are
H,7Z/2[1] = 5,KO — HZ

HwZ NGy, = 50KO — H,Z.
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See Lemma 11 and Theorem 16 again. Here H7 is a spectrum which we call generalized motivic
cohomology, and HyZ is a spectrum which we call Witt-motivic cohomology. They can be
characterized abstractly as the effective covers of certain objects in the heart of the homotopy
t-structure on SH(k).

The boundary maps in the above two triangles are very interesting and will be subject
of further investigation. Also the computation of generalized slices of other spectra is an
interesting topic which we will take up in future work.

Relationship to other works. All our computations are done abstractly in the motivic
homotopy category. This is not really satisfactory, since in general it is essentially impossible
to compute cohomology with coefficients in some abstract spectrum. For the motivic spectral
sequence, there is a parallel and much more computational story to the one we have
outlined above: Voevodsky has defined motivic cohomology via a category DM(k) which
is reasonably computable [11], and in fact motivic cohomology in this sense coincides with
motivic cohomology in the sense of higher Chow groups [11, Theorem 19.1] which is certainly
very explicit. Grayson has defined an explicit spectral sequence converging to algebraic K-
theory [5, Section 5]. Work of Voevodsky [30] and Levine [9] shows that the explicit definitions
of motivic cohomology mentioned above agree with the abstract definition H,Z = 50.S. Work
of Suslin [26] shows that the Grayson spectral sequence has layers given by the explicit form
of motivic cohomology, which by what we just said is the same as the abstract form. Work of
Garkusha—Panin [3] shows that the abstract and explicit motivic spectral sequences agree.

A similar picture is expected for Hermitian K-theory. Calmes—Fasel [2] have defined a
variant DAI\//I(k) of DM(k) and an associated theory H’Z which they call generalized motivic
cohomology. Markett—Schlichting [in preparation] have defined a version of the Grayson
filtration for Hermitian K-theory and they hope to show that the layers are of the same form
as in our Theorem 16, with HZ replaced by H'Z. The author contends that it will eventually
be shown that HZ = H'Z and that the Market-Schlichting spectral sequence coincides with
the generalized slice spectral sequence!.

We note that an obvious modification of the Calmés—Fasel construction yields a spectrum
H{;,Z. Again the author contends that H{;,Z = HyZ, but this is not currently known.

More about HZ and Hy/Z. In the meantime, we propose to study the spectra HZ and Hy, Z
abstractly. Taking intuition from classical topology, that is, comparing the two decompositions
of 5§ KO with (m KO, n0KO) = (Z/2,7) we see that HZ should be a ‘variant’ of Z and Hy Z
should be a ‘variant’ of Z/2. This is a familiar game in motivic homotopy theory: the standard
unoriented variant of Z is the homotopy module K" of Milnor-Witt K-theory, that is, TSk,
and the standard unoriented variant of Z/2 is the homotopy module K" = KMW /b of Witt
K-theory [17, Chapter 3]. (The standard oriented variants are Milnor K-theory K and its
mod-2 version.) Thus the following result confirms a very optimistic guess.

THEOREM (Morel’s structure conjecture; see Theorem 17). The homotopy sheaves of HZ
and HyZ are given as follows:

- {K?W i=0

(12) K" 1=0
w.(HZ), =
' L’(HMZ)* i #0

T(HwZ) = {wizHuZ/Q)* i #0.

Organization of this article. In the preliminary Section 2 we recall some basic facts about
stable motivic homotopy theory, and in particular the homotopy t-structures.

tAdded later: the isomorphism HZ ~ H’Z has now been established and will appear in forthcoming joint
work of the author and Jean Fasel.
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In Section 3 we collect some results about the category SH(k)*T of effective spectra.
In particular we show that it carries a t-structure, show that the effectivization functor
r: SH(k) — SH(k)*® is exact, and provide some results about the heart SH(k)*™". Note
that by definition SH(k)"*" = SH(k)<.

In Section 4 we define the generalized slice filtration and establish some basic results. In
particular we show that there are two canonical ways of decomposing a generalized slice, similar
to how we decomposed 50K 0. We also give precise definitions of the spectra H,,Z, H,Z/2, HZ
and Hy Z we use.

In Section 5 we prove our main theorem computing the generalized slices of the Hermitian
K-theory spectrum K O. This uses crucially a lemma of Voevodsky [28, Proposition 4.4], the
detailed study of the geometry of quaternionic Grassmannians by Panin-Walter [20] and the
geometric representability of symplectic K-theory by Quaternionic Grassmannians, as proved
by Panin-Walter [19] and Schlichting—Tripathi [24].

Finally in Section 6 we compute the homotopy sheaves of HZ and HyZ. The computation
of L—(ﬁZ)j and ;(HwZ); for i <0 or j <0 is a rather formal consequence of results in
Section 3. Thus the main work is in computing the higher homotopy sheaves in positive weights.
The basic idea is to play off the two triangles H,Z/2[1] — §oKO — HZ and HyZ A G,, —
50K O — H,7Z against each other. For example, an immediate consequence of the first triangle
is that m;(50K0O)g is given by GW if i =0, by Z/2 if i = 1, and by 0 else. This implies that
7w, (HwZ), = Z/2, which is a very special case of Theorem 17. The general case proceeds along
the same lines. We should mention that this pulls in many more dependencies than the previous
sections, including the resolution of the Milnor conjectures and the computation of the motivic
Steenrod algebra.

Conventions. Throughout, k is perfect base field. This is because we will make heavy use of
the homotopy t-structure on SH(k), the heart of which is the category of homotopy modules
[12, Section 5.2]. We denote unit of the symmetric monoidal structure on SH(k) by S, this is
also known as the motivic sphere spectrum.

We denote by Sm(k) the category of smooth k-schemes. If X € Sm(k) we write X € Sm(k).
for the pointed smooth scheme obtained by adding a disjoint base point.

We use homological grading for our t-structures, see for example [10, Definition 1.2.1.1].

Whenever we say ‘triangle’; we actually mean ‘distinguished triangle’.

2. Recollections on motivic stable homotopy theory

We write SHY" (k) for the S'-stable motivic homotopy category [12, Section 4.1] and SH(k) for
the P'-stable motivic homotopy category [12, Section 5.1]. We let X2 : Sm(k), — SHSl(k)
and 3°° : Sm(k). — SH(k) denote the infinite suspension spectrum functors. Note that there
exists an essentially unique adjunction
% SHY (k) = SH(k) : O

such that 33° o X3 = .

For E € SHY (k) and i €Z we define m,(E) to be the Nisnevich sheaf on Sm(k)
associated with the presheaf X — [E3X, AS" E]. For E € SH(k) and 4,j € Z we put
m,(E); = m,(Q°(E AG)7). We define

SH®' (k)>o = {E € SHY' (k)|z;(E) = 0 for all i < 0}

SH®' (k)<o = {E € SH® (k)|z;(E) = 0 for all i > 0}
SH(k)>o ={FE € SH(k)|x;(E); =0foralli < 0,j € Z}
SH(k)<o = {E € SH(k)|x,(E); =0 for all i > 0, € Z}.
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1128 TOM BACHMANN

As was known already to Voevodsky, this defines t-structures on SHSl(k),SH(k) 12,
Theorems 4.3.4 and 5.2.6], called the homotopy t-structures. The most important ingredient in
the proof of this fact is the stable connectivity theorem. The unstable proof in [12, Lemma 3.3.9]
is incorrect; this has been fixed in [15, Theorem 6.1.8]. It implies that if X € Sm(k) then
S X, € SH(k)so and £ X, € SH® (k)so [12, Examples 4.1.16 and 5.2.1]. If E € SH(k)
then we denote its truncations by Exo € SH(k)>0, E<o € SH(k)<o and so on. We will not

explicitly use the truncation functors of sH"' (k), and so do not introduce a notation.

The hearts SHS' (k)¥, SH(k)" can be described explicitly. Indeed sHS (k)¥ is equivalent to
the category of Nisnevich sheaves of abelian groups which are strictly homotopy invariant (that
is, sheaves F' such that the map HY,, (X, F)— HY, (X x A', F) obtained by pullback along
the projection X x A! — X is an isomorphism, for every X € Sm(k)) [12, Lemma 4.3.7(2)]. On
the other hand SH(k)Y is equivalent to the category of homotopy modules [12, Theorem 5.2.6].
Let us recall that a homotopy module F), consists of a sequence of sheaves F; € Shv(Sm(k)nis)
which are strictly homotopy invariant, and isomorphisms F; — (F;1)_1. Here for a sheaf F
the contraction F_; is as usual defined as F_1(X) = F(X x (A'\ 0))/F(X). The morphisms
of homotopy modules are the evident compatible systems of morphisms. One then shows that
in fact for £ € SH(k), the homotopy sheaves m,(E). form (for each ¢) a homotopy module in
a natural way [12, Lemma 5.2.5].

We will mostly not distinguish the category SH(k)¥ from the (equivalent) category of
homotopy modules, and so may write things like ‘let F, € SH(k)” be a homotopy module’.

Because there can be some confusion about the meaning of epimorphism and so on when
several abelian categories are being used at once, let us include the following observation. It
implies in particular that not much harm will come from confusing for £ € SH(k) the homotopy
module 7;(E), € SH(k)¥ with the family of Nisnevich sheaves (i — m;(FE);).

LEMMA 1. Write Ab(Shv(Sm(k)nis)) for the category of Nisnevich sheaves of abelian groups
on Sm(k), and Ab(Shv(Sm(k)nis))? for the category of Z-graded families of sheaves of abelian
groups.

(1) The category sHY' (k) has all limits and colimits and the functor sHY' (k)Y —
Ab(Shv(Sm(k)nis)), E — my(E) is fully faithful and preserves limits and colimits.

(2) The category SH(k)Y has all limits and colimits and the functor SH(k)Y —
Ab(Shv(Sm(k)nis))?, E + (Z i my(E);) is conservative and preserves limits and colimits.

In particular, both functors are exact and detect epimorphisms. Let us also note that a
conservative exact functor is faithful (two morphisms are equal if and only if their equalizer
maps isomorphically to the source).

Before the proof we have two lemmas, which surely must be well known.

LEMMA 2. Let C be a t-category and write j: C¥ — C for the inclusion of the heart.
Let {E; € C}icr be a family of objects. If @, j(E;) € C exists then @, E; € C¥ exists and
is given by (D, 7(E;))<o. Similarly, if [, j(E;) € C exists then [[, E; € C” exists and is given
by (I1; 4 (Ei)) >0

Proof. The second statement is dual to the first (under passing to opposite
categories), so we need only prove the latter. Note first that @, j(E;) € C>o. Indeed if
Ee€C.o then [@,j(E),E)l=1LI(E),E]=0. Consequently if Ee&C” then
(6D, i(Ei))<0, El = (B, j(E:),jE] = [,[E:, E], since jE €Cg<o and j is fully faithful.
This concludes the proof. O

Let C,D be provided with subcategories Cxq,C<o, D0, D<o; for example, C,D could be
t-categories. A functor F':C — D is called right (respectively, left) t-exact if F(Csq) C
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D5 (respectively, F(C<o) C Dgo). It is called t-exact if it is both left and right
t-exact.

LEMMA 3. Let F': C = D : U be an adjunction of t-categories, and assume that U is t-exact.
Then the induced functor U : DY — C% preserves limits and finite colimits. If C is compactly
generated, F' preserves compact objects, and D has arbitrary coproducts, then UY preserves
all colimits.

Proof. There is an induced adjunction F¥ : C¥ = DY : UV, cf. [1, Proposition 1.3.17(iii)].
It follows that UY preserves all limits. Since U is right t-exact, U" is right exact, that is,
preserves finite colimits [1, Proposition 1.3.17(1)].

Under the additional assumptions, U preserves arbitrary coproducts, and so Lemma 2 implies
that DY has arbitrary coproducts and that UY preserves them. The result follows since all
colimits can be built from coproducts and finite colimits. O

Proof of Lemma 1. The category SH(k) is compactly generated [7, Proposition 6.4(3)], and
hence has all products and coproducts. It follows from Lemma 2 that SH(k)” has all products
and coproducts, and hence all limits and colimits. The same argument applies to SH* ' (k)©.

Let SHfl(k) denote the stable Nisnevich-local homotopy category, built in the same way
as SHY' (k), but without performing A!-localization. It is also compactly generated. Then for
Ee SHfl(k) we may define ,(E) in just the same way as before, and we may also define
SHfl(k)>0, SHfl(k)@ in the same way as before. Then SHfl(k) is a t-category with heart
Shu(Sm(k)nis) [15, Proposition 3.3.2]. We have the localization adjunction L : SHfl(k:) S
SHSl(k) : 1. By construction ¢ is fully faithful and t-exact. The functor from (1) is given by
i¥, so in particular is fully faithful. It preserves all limits and colimits by Lemma 3.

To prove (2), denote the functor by u. Consider for d € Z the adjunction £2°+4 : SHS' (k) =
SH(k) : Q% given by L1 (E) = ¥°(E) AGN, QXH(F) = QX (F A (GQL @), Then Q>+
is t-exact by construction, and so Lemma 3 applies. Note that for E € SH(k)" we have u(E)q =
i (Q2~N)Y(E), where i is the functor from (1). It follows that E ~ u(E)q preserves all limits
and colimits, and hence so does u. Note also that u detects zero objects [12, Proposition 5.1.14],
and hence is conservative (since it detects vanishing of kernel and cokernel of a morphism).

3. The category of effective spectra

We write SH(k)° for the localizing subcategory of SH(k) generated by the objects XX,
with X € Sm(k). By Neeman’s version of Brown representability, the inclusion 4 : SH(k)°
SH(k) has a right adjoint which we denote by r.

For E € SH(k)*" we let 7;(E)o € Shv(Sm(k)nis) denote m,(E)o := 7;(iE)o. In general we
may drop application of the functor ¢ when no confusion seems likely. We define

SH(k)Y} = {E € SH(k)*|z;(E)o = 0 for all i < 0}
SH(k)Z, = {E € SH(k)*|z;(E)o = 0 for all i > 0}.

Some or all of the following was already known to Spitzweck—@stveer [25, paragraph before
Lemma 5.6].

PROPOSITION 4. (1) The functors m;(e)o : SH(k)*" — Shv(Sm(k)nis) form a conservative
collection.

(2) The category SH(k)>O is generated under homotopy colimits and extensions by
$°X, AS", wheren > 0,X € Sm(k).
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(3) The functor r is t-exact and i is right-t-exact.
(4) The subcategories SH(k)g{), SH(k)\ constitute a non-degenerate t-structure on
k

SH (k)°f.

Proof. For X € Sm(k) and E € SH(k) we have the strongly convergent Nisnevich descent
spectral sequence HY, (X, m_,(E)o) = [X>*°X, E[p+ q]]. Consequently if E € SH(k)*® and

;(E)o =0 for all ¢ then XX, E[ ]] =0 for all X € Sm(k) and all n. It follows that E = 0,
since the ¥°° X, generate SH(k)" as a localizing subcategory (by definition). Thus the 7, (e)o
form a conservative collection, that is, we have proved (1).

As recalled in the previous section, we have °X A S™ € SH(k:)Cff for n > 0. Thus if
Ec SH(k)>O, then the homotopy sheaves m;(E)o can be killed off by attaching cells of the
form X° X, A S™ forn > 0, X € Sm(k). Consequently SH(k) is generated under homotopy
colimits and extensions by objects of the form claimed in (2 ) We give more details on this
standard argument at the end of the proof.

It follows from adjunction that for E € SH(k) we have m;(r(E))o = m;(E)o. Conse-
quently r is t-exact. Since i is a left adjoint it commutes with homotopy colimits and so

(SH(k) £) € SH(k)>o by (2), that is, i is right-t-exact. Thus we have shown (3).

It remains to show (4), that is, that we have a non-degenerate t-structure. If £ € SH(k)°
then riE ~ E. Since r is t-exact, the triangle 7[(iE)>o] — riE ~ E — r[(iE)<o] coming from
the decomposition of ¢F in the homotopy t-structure is a decomposition of E into non-negative
and negative part as required for a t-structure.

Next we need to show that if £ € SH(k)S and F e SH(lf)%ﬁ(‘J then [E,F]=0. The
natural map F — r[(¢F")<o] induces an isomorphism on all 7;(e)o, so is a weak equivalence
(by the conservativity result (1)). Thus [E, F| = [E,r[(iF)<o]] = [{E, (iF)<o] = 0 since i is
right-t-exact and so iF € SH(k)<g

We have thus shown that SH(k)g{), SH (k) form a t-structure. It is non-degenerate by (1).
This concludes the proof. O

Details on killing cells. 'We explain in more detail how to prove (2). Let C be the subcategory
of SH(k)*! generated under homotopy colimits and extensions by XX, A S™, where n >
0,X € Sm(k). We wish to show that SH(k)e;% C C. As a first step, we claim that if F €
SH(k)e;fn (with n > 0) there exists R(E) € CN SH(k)>” together with R(E) — E inducing a
surjection on m;(e)o for all i > 0. Indeed, just let R(E) be the sum Py x, pgr_y 5 27 X4 A Sk,
where the sum is over k > n, a suitably large set of varieties X, and all maps in SH(k) as
indicated.

Now let E € SH(k)%,. We will construct a diagram Ey — E; — --- — E with E; € C and
E; — F inducing an 1somorph1sm on E]( )o for all j < i. Clearly then hocolim; F; — E is an
equivalence, showing that £ € C, and concluding the proof.

We will also arrange that m;(E;)o — m;(E)o is surjective for all j and i. Take Ey = R(E).
Suppose that E; has been constructed and let us construct E;, ;. Consider the homotopy fibre
F — E; — E. Then F € SH(k)< <i and m; J(F)o = m;(E;)o — m;(FE)o — 0 is an exact sequence
(x). Let E;11 be a cone on the composite R(F) — F — E;. Since the composite R(F) — F —
E; — E is zero, the map E; — E factors through E; — E;;1. It is now easy to see, using (),
that E;;1 has the desired properties.

Remark. The paragraph on killing cells in fact shows that SH(k)*® is generated by
£ Sm(k) under homotopy colimits; no extensions are needed. We will not use this observation.

Terminology. 1In order to distinguish the t-structure on SH(k)* from the t-structure of
SH(k), we will sometimes call the former the effective (homotopy) t-structure. We denote
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the truncations of E € SH(k)*™ by E> € SH(k)¥), E<,0 € SH(k)Z|, and so on. For E €
SH(k)*®, we denote by m$(E) € SH(k)*®¥ the homotopy objects. We prove below that the
functor () : SH(k)*™Y — Ab(Shv(Sm(k)nis)) is conservative and preserves all limits and
colimits. It is thus usually no problem to confuse 7¢%(E) and m,(E)o.

%

Remark. By Proposition 4(3), we have SH(k)e}ﬂEJ C SH(k)>o N SH(k)*®. Since the reverse
inclusion is clear by definition, we conclude that SH(k)e;E = SH(k)>o N SH(k)°.

Remark. We call the heart SH(k)*™? the category of effective homotopy modules. We
show below that i% : SH(k)*Y — SH(k)Y is fully faithful, justifying this terminology. Note,
however, that this is not the same category as SH(k)" N SH(k)f. It follows from work of
Garkusha-Panin [4] that SH(k)*"" is equivalent to the category of homotopy invariant, quasi-
stable, Nisnevich sheaves of abelian groups with linear framed transfers. We contend that this
category is equivalent to the category of homotopy invariant Nisnevich sheaves with generalized
transfers in the sense of Calmes—Fasel [2] and also in the sense of Morel [16, Definition 5.7].

Except for Proposition 5(3), the remainder of this section is not used in the computation of
the generalized slices of Hermitian K-theory, only in the last section.

PROPOSITION 5. (1) For E € SH(k)¥) we have m,(iE).=1i"nf"(E), where i :
SH(k)*:Y — SH(k)Y is the induced functor i¥ (M) = (iM)<o.

(2) The functor i% : SH(k)*HY — SH(k)" is fully faithful.

(3) The category SH(k)*™Y has all limits and colimits, and functor SH(k)*"" —
Ab(Shv(Sm(k)nis)), E — m,(E)o is conservative and preserves limits and colimits.

Proof. If E € SH(/ﬂ);ﬂB then we have the triangle £y ; — F — EE)HE and consequently get

the triangle i(E>,1) — iF — ir{TE. But 4 is right-t-exact, so the end of the associated long
exact sequence of homotopy shaves is 0 = 7y (iE>, 1)« = 7y (iE). — my(in§H(E)). = i°n{TE —
7_1(i(E>.1))« = 0, whence the claimed isomorphism of (1).

Let us now prove (2). If E € SH(k)*®Y then F =riE = (riE)<,0 = r[(iE)<]) = ri”(E),
where the last equality holds by definition, and the second to last one by t-exactness of 7.
Thus 7i¥ = id. Consequently if E, F € SH(k)*®" then [iVE,i"F| = [E,ri"F] = [E, F), so i%
is fully faithful as claimed. Here we have used the well-known fact that a t-exact adjunction
between triangulated categories induces an adjunction of the hearts [1, Proposition 1.3.17(iii)].

Now we prove (3). Since SH (k) is compactly generated, existence of limits and colimits in
SH(k)*™Y follows from Lemma 2. Consider the adjunction $2° : SHSl(kj) S SH(k)! : Qce.
Then Lemma 3 applies and we find that SH(k)*®Y — sHY (k)Y preserves limits and colimits.

Since SHY' (k)Y — Ab(Shv(Sm(k)nis)) preserves limits and colimits by Lemma 1, we conclude
that SH(k)*™Y — Ab(Shv(Sm(k)nis)) also preserves limits and colimits. Since the functor also
detects zero objects by Proposition 4(1), we conclude that it is conservative. O

Remark. Parts (1) and (2) of the above proof do not use any special properties of SH(k) and
in fact show more generally the following: If C, D are presentable stable co-categories provided
with ¢-structures and C — D is a right-t-exact, fully faithful functor, then the induced functor
CY — DY is fully faithful (in fact a colocalization). This was pointed out to the author by
Benjamin Antieau.

Thus the functor i¥ embeds SH(k)*® into SH(k)", explaining our choice of the name
‘effective homotopy module’. We will call a homotopy module F, € SH(k)" effective if it is in
the essential image of i%, that is, if there exists £ € SH(k)*™" such that i"F = F.

If F, is a homotopy module then we denote by F.(i) the homotopy module m,(F A G)Y).,
which satisfies F'(i), = F,;; and has the same structure maps (just shifted by i places).
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LEMMA 6. The homotopy module Ki”w of Milnor—Witt K- theory is effective. Moreover,
if F, is an effective homotopy module then so are F.(i) for all i > 0. Also cokernels of
morphisms of effective homotopy modules are effective, as are (more generally) colimits of
effective homotopy modules.

In particular, the following homotopy modules are effective: KM = coker(n : KMV (1) —
EKMWY KW = coker(h : KMV — KMW) as are, for example, KM /p, KMW[1/p], etc.

Proof. The sphere spectrum S is effective, non-negative and satisfies 7 (5). = K MW Hence
Milnor-Witt K-theory is effective by Proposition 5 part (1).

Now let E in SH(k)*™?. Then for i > 0 we have i(E AG)?) € SH(k)>0 and so EAG)! €
SH (k). Consequently (i¥ E)(i) = E<o NG} = (EAG))<o = i”[(E A G))<,0] is effective.
Here the last equality is by Proposition 5(1).

Let E — F € SH(k)*™" be a morphism and form the right exact sequence E — F — C — 0.
Since i¥ has a right adjoint it is right exact, whence i E — i F — i¥C — 0 is right exact. It
follows that the cokernel of i¥(E) — % (F) is i¥(C), which is effective.

Finally i¥ preserves colimits, again since it has a right adjoint, so colimits of effective

homotopy modules are effective by a similar argument. O

4. The generalized slice filtration

We put SH(k)vef = SH(k) and for n € Z, SH(k)*f(n) = SH(k)* A T ", SH(k)"*#(n) =
SH (k) AT ", Here T = A /G,, ~ (P!, 00) ~ S* AG,, denotes the Tate object. These are
the categories of (very) n-effective spectra (we just say ‘(very) effective’ if n = 0).

Write i, : SH(k)*(n) — SH(k) for the inclusion, r,, : SH(k) — SH(k)*(n) for the right
adjoint, put f,, = i,7, and define s,, as the cofibre f,, 1 E — f,E — s, E. This is of course the
slice filtration [27, Section 2].

Similarly we write 7,, : SH(k)"*"(n) — SH(k) for the inclusion. There is a right adjoint 7,
(see for example the proof of Lemma 10), and we put fn = i,7,. This is the generalized slice
filtration [25, Definition 5.5]. We denote by §,,(E) a cone on fni1E — foE. This depends
functorially on E.

LEMMA 7. There exist a functor 5y : SH(k) — SH(k) and natural transformations p : id =
S9pand 0 : 5y = fl[ |, all determined up to unique isomorphism, such that for each E € SH(k)

the following triangle is distinguished: f (E) — fo(B) 25 50(E) Oz, fLE[1].
Moreover, for E, F € SH(k) we have [f1(E)[1],5F] = 0.

Proof. By [1, Proposition 1.1.9] it suffices to show the ‘moreover’ part. We may as well show
that if £ € SH(k)*(1), F € SH(k) then [E[1], 50F] = 0. Considering the long exact sequence

(B[, fiF) & (E[1), foF) = (B[, 50F) — [E, fiF] & [E, foF]

it is enough to show that v and f are isomorphisms. This is clear since E, E[1] € SH(k)¥*(1)
and fifoF ~ fiF O

The following lemmas will feature ubiquitously in the sequel. Recall that the f; are
triangulated functors.

LEMMA 8. For E € SH(k) we have
T A Ju(B) = furr(T A B)

85UB017 SUOWIWOD SAIERID 8 deat|dde au Ag peusenob 8 sajolie YO ‘8sh J0 SNl 1oy Akeid 1 8UljUQ AB[IM UO (SUORIPUOD-PUR-SLLIBY WD A8 | M AReiql | pui|uo//:Sdiy) SUONIPUOD pue swis | 8y} 88S *[£202/20/8T] Uo ARiqi8uliuo A8]IM ‘1e1sauooy 10 A1sieAlun Ad Zg0zT 0dol/ZTTT 0T/10p/uoo A 1M A1 1Bl UO"d0sUTeWPUO |//:Sdny Wouy pepeojumoa ‘v *LT0Z ‘¥2v8ES.T



THE GENERALIZED SLICES OF HERMITIAN K-THEORY 1133

and
T A fu(E) > fos1 (T AE).

Proof. We have SH(k)(n 4+ 1) = SH(k)*(n) A T. Now for X € SH(k)*(n) we compute
X AT, TAfuE] = [X, foE] = [X,E| = [X AT, EAT] = [X AT, for1(E AT).

Thus T'A fo '~ f i1 (T A E) by the Yoneda lemma.
The proof for f, is exactly the same, with SH (k) replaced by SH(k)'*® and f, replaced
by fe. O

We obtain a t-structure on SH(k)*f(n) by ‘shifting’ the t-structure on SH(k)*® by G/".
In other words, if E € SH(k)*(n) then E € SH(k)*(n)s if and only if m;(E)_, = 0 for all
i < 0. Since AG/" : SH(k)* — SH(k)*f(n) is an equivalence of categories, all the properties
established in the previous section apply to SH(k)*(n) as well, suitably reformulated. In
particular, SH(k)*"(n)s( is the non-negative part of a t-structure. We denote the associated
truncation by E — E>_, o € SH(k)*"(n)>0, and so on.

LEMMA 9. Denote by j, : SH(k)(n +1) — SH(k)*!(n) the canonical inclusion. The
restricted functor f, 1 : SH(k)*f(n) — SH(k)*f(n + 1) right adjoint to j,, and is t-exact, and
Jn is right t-exact.

Proof. Adjointness is clear. Let E € SH(k)*(n). We have 7,(f,11E) 1 = 1,(E)_p_1 =
(m;(E)=n)—1. In particular if 7;(F)_,, = 0 then m;,(fnt+1E)—_n—1 = 0, which proves that f,11
is t-exact. Then j, is right t-exact, being left adjoint to a left t-exact functor. O

LEMMA 10. Let E € SH(k). Then
an = in(rn(E)Egm,n) = fn(E>n)~

Proof. Note  that AT :SH(k)*®(n) — SH(k)*f(n+1)  induces  equivalences
SH(k)*®(n)>, — SH(k)*(n + 1)>, 11 and similarly for the non-negative parts. It follows
that for £ € SH(k)*"(n) we have B>, AT ~ (EAT)s,, nt1. Similarly we find that for
E € SH(k) we have (EAT)sny1 ~ E>, AT. Together with Lemma 8 this implies that the
current lemma holds for some n if and only if it holds for n+ 1 (and all E). We may thus
assume that n = 0.

We have a factorization of inclusions SH(k)"*(0) — SH(k)*®(0) — SH(k) and hence the
right adjoint factors similarly. But the right adjoint to SH(k)"*(0) — SH(k)%(0) is truncation
in the effective t-structure by definition, whence the first equivalence. The second equivalence
follows from t-exactness of r, that is, Proposition 4 part (3). g

From now on, we will write f,,E>,, when convenient. This will always mean f,(Ex,,) and
never f,(E)s.,. This is the same as i,,(7,(E)>, ,m). In particular in calculations, we will

=

similarly write s,,E>,, to mean s,(Es,,), never s,(E)s,,. We will also from now on mostly
write fy in place of rg; whenever we make statements like ‘ fj is t-exact’ we really mean that
fo : SH(k) — SH(k)" is t-exact.
LEMMA 11. For E € SH(k) there exist natural triangles
s0(E>1) = 80(E) = fo(mo(E)+) (1)
and

Si(mo(E)«) = 30(E) = s0(Exo)- (2)
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Of course, there are variants of this lemma for §,, obtained, for example, using §,(F) ~
S0(E NT—A") AT

Proof. We claim that there are canonical isomorphisms (1) so(Ex1) ~ $0(E)>.1, (2)
fo(mo(B).) = 75" (50E), (3) f1(xmo(E).) = fi50(E) and (4) so(Exo) = sod0(E). Since 50(E) €
SH(k)Z}, the two purported triangles are thus the functorial triangles 5o(E)>,1 — 50(E) ~

50(E)>.0 — x5 T50(F) and f150(E) — 50(F) ~ fo50(F) — s050(E).

(1) We have so(E>1) =~ sofo(E>1) ~ sofo(E)%l, since fy is t-exact. In particular, we may
assume that £ € SH(k)"*". Consider the following commutative diagram

50(E)>,1

d

filE —— E —— §E —— f[(B))1] —— E[]

I |

fi(B>q) —— B> —— so(E>.1) —— fi(E>0)[1] —— E>a[l].

Here the rows are triangles and the maps p and p’ are the canonical ones. The map h is
induced. Using that [f1(E>.1)[1], SoE] by Lemma 7 and [1, Proposition 1.1.9], we see that h is in
fact the unique morphism rendering the diagram commutative. We have fi(E> 1) € SH(k;)>1,
by Lemma 9. It follows that so(E>_ 1) € SH(k)/l. Of course also 50(E)>.1 € SH(/{)G’;F1 Let
T e SH(k) . Then p’ induces [T, so(E)%l] =N [T,s0(E>,1)]. Hence by Yoneda, it suffices
to show that h induces [T, so(F>.1)] — [T,50E]. By the 5-lemma it suffices to show that
[T, E> 1] =5 [T, E] which is clear by definition, and that [T, E> 1[1]] — [T, E[1]] is injective.
This follows from the exact sequence 0 = [T, Ec, o] = [T, E>1[1]] = [T} E[L [ ]]

(2) We have n§(50E) ~ " (fo E) = n§(foE), since g f(fLE) = 0=z (f1(E)), again by
Lemma 9. We Conclude since fo : SH(k) — SH(k)*" is t-exact by Proposmon 4(3).

(3) We have the two canonical triangles fo(E)s.1 = foF — m§%(foE) ~ fomy(E). (using
t-exactness of fy) and fLE — foE — 0E. The middle terms are canonically isomorphic,
and the left terms become canonically isomorphic after applying fi. There is thus an
induced isomorphism fim(E). — f150(EF), which is in fact unique by [1, Proposition 1.1.9],
provided we show that Lfl (E)[1], f150(E)] = 0. This follows from the exact sequence
[F1(E)[1],s0(50(EN[1] = [f1(E)[1], f150(F)] = [f1(E)[1], 80 (F)], Lemma 7, and the analog
of Lemma 7 for ordinary slices. We can quickly prove this analog: if £ € SH(k)*®(1) and
F € SH(k), then [E, so(F')] = 0, since [E, fi1F[i]] = [E, foF[i]] for all 4.

( ) We have SO(E>0) ~ SofO(E>O) =~ So(fo( )gpo) >~ Sofo( ) Since S0 is a triangulated
functor, we have a canonical triangle soflE — sofoE — 8050 F. Since f1E € SH(k)® (1) we
have sofiE ~ 0, and hence we obtain the required isomorphism. O

Notation. We define spectra for (generalized) motivic cohomology theory as effective
covers:

H,Z = foKY
H,Z)2 = foK) /2
HZ = fo K"

HyZ = foK.
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Here K" € SH(k)¥ denotes the homotopy module of Milnor-Witt K-theory [17, Chapter 3],
that is, 7,(S)., where S is the sphere spectrum [17, Theorem 6.40]. Also KV := KMV /h is
the homotopy module of Witt K-theory [17, Example 3.33]. Similarly for the other right-hand
sides. This terminology is justified by the following result.

LEMMA 12. Let S — K*M denote the composite S — my(S). ~ K*MW — Kiw Then the
canonical maps so(S) — so(K *M )+ foKK *M are equivalences. Moreover, there is a canonical
equivalence fo(KM)/2 ~ fo(K™ /2), where on the left-hand side we mean a cone on a morphism
in SH(k) and on the right-hand side K /2 € SH(k)” denotes the cokernel.

In particular, the spectra H,Z and H,Z/2 represent motivic cohomology in the sense of
Bloch’s higher Chow groups [9, Theorems 6.5.1 and 9.0.3]. This agrees with Voevodsky’s
definition of motivic cohomology [11, Theorem 19.1] (recall that our base field is perfect).

Note that if C' is a cone on K*M 2, Ki”, then fo(C) is a cone on H,Z 2, H,Z, that is, also
canonically isomorphic to H,Z/2. In other words in the notation fo K /2 it does not matter
if we view K /2 as a cone or cokernel.

Proof. Since K™, =0 we have fiK™ =0 and so foKM — 50K is an equivalence. The
spectrum $y.S represents motivic cohomology [9, Theorems 6.5.1 and 9.0.3; 11, Theorem 19.1]
and hence m(s05)o = Z, whereas m,;(s05)o =0 for ¢ # 0. Similarly we have just from the
definitions that Eo(foﬁiw)o =7 and L-(foﬁiw)o =0 for ¢ # 0. Thus the map s¢oS — SOKi\J ~
foﬁy induces an isomorphism on all w;(e), provided that [S,syS] — [S, soKiw] is an
epimorphism. But [S,S] — [S, s0S] and [S,S] = [S, K] =[S, foK] =[S, so k] are both
epimorphisms, so this is true. The first claim now follows from Proposition 4(1).

For the second claim, note that it follows from Propositions 5(3) and Lemma 1 that f :
SH (k)Y — SH(k)*™Y is exact. Thus fo(K /2) is the cokernel of «a : fo(KM) 2 fo(KM) €
SH(k)*®“ and it remains to show that this cokernel is isomorphic to the cone of a. This
happens if and only if « is injective, which is clear since under the conservative exact functor

from Proposition 5(3), « just corresponds to Z ENVA O

Philosophy. The complex realization of G,, is S* and the complex realization of T is S2.
We propose to think of the generalized slices as some kind of ‘motivic (stable) 1-types’. Note
that ordinary slices, as well as objects of SH(k)¥ and SH(k)*™" would all be reasonable
candidates for ‘motivic 0-types’. Triangle (1) shows that every motivic 1-type can be canonically
decomposed into an element of SH(k)*™" and a zero-slice (that is, a birational motive) — both
of which we think of as different kinds motivic O-types. Thus in triangle (1) we think of fom,(E).
as the mp part of the motivic 1-type §oE and of so(E>1) as the m; part of the motivic 1-type.
Of course, triangle (2) shows that every motivic 1-type can be canonically decomposed into an
element of SH(k)*™% A G,,, and a zero-slice, which are again motivic O-types. Thus in triangle
(2) we think of soE~( as the mp-part of the motivic 1-type and of fim,(E). as the 7 -part.

5. The generalized slices of Hermitian K-theory

We will now compute 3, (KO). Recall that there exist motivic spaces GW" € Spc, (k) which
represent Hermitian K-theory and come with a canonical weak equivalence QpGW!" ~
GW =1, Thus they can be assembled into a motivic T-spectrum KO = (GWI, gwll . ) ¢
SH(k) also representing Hermitian K-theory [6]. We remind that this spectrum is not
connective. We will write KO™ := KO AT"". Observe that under the adjunction X*°:
Ho(Spe, (k) = SH(k) : 9 we have Q= (K0O") ~ gwnl,
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TABLE 1. Low degree Hermitian
K-groups as strictly homotopy
invariant Nisnevich sheaves.

n o (GWIM)
0 GW

1 0

2 Z

3 72

By Bott periodicity, we have G4 ~ GW and so KO ~ KO™ [22, Proposition 7].
Also recall the low-degree Hermitian K-groups from Table 1. This table can be deduced for
example from the identification of GW(EW'] with the Balmer—Walter Grothendieck—Witt groups
[23, Lemma 8.2; 31, Theorem 10.1].

LEMMA 13. We have for (KO?), ~ H,Z, and the natural induced map soKOg) =
sofoKOg]O — sofOEO(KO[z])* ~ soH,7 ~ H,7 is an isomorphism.

Proof. Consider the map S — K o corresponding to 1 €Z =[5, K Om]. It induces
a: HZ = fory(S). = fory (KO, € SH(k)°™Y. We also have the canonical map 3 : HZ —
H,7Z ¢ SH(k)*®“. We claim that o and /3 are surjections with equal kernels. Indeed this may be
checked after applying the conservative exact functor from Proposition 5(3), where both maps
correspond to the canonical map GW — Z. It follows that there is a canonical isomorphism
fozoKOm ~ H, 7. (The point of this elaboration is that even though we know that foﬂoKOm
and H,Z are objects of SH(k)*®¥ which have the same underlying homotopy sheaf, a priori
the transfers could be different.)

The rest of the proof essentially uses an argument of Voevodsky [28, Section 4]. Write

S°SH® (k) S SH(k) : Q°

for the canonical adjunction. Note that one may define a slice filtration for sH' (k) in just
the same way as for SH(k): Let SHSl(k)(n) C SHSl(k) denote the localizing subcategory
generated by 7" A E for E € sH*' (k). Then the inclusion 7}, : sH' (k)(n) — sHY' (k) has a
right adjoint 77,, one puts f), = i),r;,, and s}, F is defined to be the cofiber of f, | E — f/ E [9,
Section 7.1].

It is enough to show that fO(KO[gl) € SH(k)°®(1), that is, that sq (KO[;) ~ (0. The functor

Q% : SH(k)*! — SHSl(k‘) is conservative [28, Lemma 3.3] and commutes with taking slices
[9, Theorems 9.0.3 and 7.1.1]. Since also Q°H,Z =7 we find that it is enough to show
that sgl(QchOg)) ~ Z. (This is precisely how Voevodsky computes soKGL, but since his
conjectures have been proved by Levine our result is unconditional.)

We claim that QOOKOE]O ~ Q* K0P ~ GWEl € Spe, (k). To see this, note that for any
E € SH(k) and U € Spe.(k) we have [U,Q%E] = [2%U, E] = [S%U, Esq] = [U, 2% s,
where for the middle equality we have used that ¥>°U € SH(k)>o. Indeed as explained in
Section 2 this holds for U = X with X € Sm(k), the category Spc.(k) is generated under
homotopy colimits by spaces of the form X, the functor ¥°° preserves homotopy colimits,
and SH(k)>¢ is closed under homotopy colimits.

The geometric representability theorem of Panin-Walter [19] (for the case of symplectic
K-theory, which is all we need here) and Schlichting—Tripathi [24] (for the general case) implies
that GW? ~ Z x HGr. Thus by [28, Proposition 4.4 and proof of Lemma 4.6] the required
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computation s5 ! (Q>*K Og}o) ~ 7 follows from the next result (which is completely analogous
to [28, Lemma 4.7]). O

LEMMA 14. Let HGr(m,n) denote the quaternionic Grassmannian of [20], with its canonical

base point. Then ¥5°HGr(m,n) € SHS' (k)(1); in other words there exists E € SH*' (k) such
that X°HGr(m,n) ~ EAT.

Proof. If X is a smooth scheme, U an open subscheme and Z the closed complement which
also happens to be smooth, then by homotopy purity [18, Theorem 3.2.23] there is a triangle

LIUy = X8 X, = EFTh(Nz)x),

where Nz, x denotes the normal bundle and T'h the Thom space (which is canonically pointed).
It follows from the octahedral axiom (for example) that we may also use a base point inside
U C X, that is, that there is a triangle

SXU — £°X — S°Th(Nyx)

(provided that U is pointed, of course).

As a next step, if F is a trivial vector bundle (of positive rank r) on Z then X°Th(FE) ~
TN AX®Z, € SHSl(k) AT is 1-effective. Since all vector bundles are Zariski-locally trivial
and SHSl(k) AT is closed under homotopy colimits, the same holds for an arbitrary vector
bundle (of everywhere positive rank). Consequently Th(Nz,x) € SH' (k) NT and so £2°X €
SHS' (k) AT if and only if XU € SHS' (k) A T.

We finally come to quaternionic Grassmannians. The space HGr(m,n) has a closed
subscheme N (m,n), with open complement Y (m,n) everywhere of positive codimension [20,
Introduction]. The space Nt (m,n) is a vector bundle over HGr(m,n — 1) [20, Theorem 4.1(a)]

and so smooth. The open complement Y (m,n) is Al-weakly equivalent to HGr(m — 1,n — 1)
[20, Theorem 5.1].

Consequently X HGr(m,n) € SHSl(kz) AT if and only if YXHGr(m—1,n-1)¢
sHY' (k) AT. The claim is clear if m = 0, so the general case follows. O

We will use the following result, which is surely well known.

LEMMA 15. Let C be a non-degenerate t-category and
Z-1 35X 5Y 52

a triangle. If n§(Y) — n5(Z) is an epimorphism in CY, then there is a unique map
0"+ Z>o[—1] = X0 such that the following diagram commutes, where all the unlabelled maps
are the canonical ones

Z>o[—1] LN X>o0

Yo Z50
| | | |
z7-1] —2- X Y Z.

Moreover, the top row is also a triangle.

Proof. Let F be a homotopy fibre of Y — Zx. Since 75Y — 7§ Z is epi we have 7€, F = 0
and F' € Cxp. We will show that F' ~ X>.
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By TR3, there is a commutative diagram

Zso|-1] F L yey —— 7o
| J| | |
Z[-1] X Y —— 7

The composite F % X — X _g is zero because F € C>o and consequently a factors as F o‘—,>

X>0 — X. By the five lemma, ' induces isomorphisms on all homotopy objects, so is an

isomorphism by non-degeneracy. This shows that in the above diagram, we may replace F' by

X>0 in such a way that o becomes the canonical map. We need to show that then f is also

the canonical map. But since Xsg € C>o we have [X>o,Y>0] = [X>0,Y], and the image of 3

in this latter group is the canonical map, since the diagram commutes. This proves existence.
For uniqueness, note that the triangle

X<0[71] — X>0 — X - X<0
induces an exact sequence
0 = Hom(Z>0[~1], X<o[~1]) = Hom(Z>0[-1], X>0) — Hom(Z>o[-1], X),

whence there is indeed at most one map & making the square commute. O
We now come to the main result.

THEOREM 16. The generalized slices of Hermitian K-theory are given as follows:
50(KO) n=0 (mod 4)
H,Z/2 n=1 (mod4)
H,Z n=2 (mod 4)
0 n=3 (mod4).

5, KO ~T" A

Moreover, the canonical decomposition (1) from Lemma 11 of §o(KO) is given by
H,7/2[1] — 30(KO) — HZ,

and decomposition (2) is given by
G NHwZ — 50KO — H,Z.

Proof. Since KO AT"* ~ KO, the periodicity is clear, and we need only deal with
n€{0,1,2,3}. It follows from Lemma 8 that §,KO =T"" A5(T""ANKO)=T" A
50K0" and similarly for s,,.

We first deal with n € {1,2,3}. Since then m,(KO!™™)_; = 0 (sec again Table 1) we have
fimy(KO™), =0 and hence by decomposition (2) from Lemma 11 it is enough to show
SU(KO;}]) =H,7/2, SU(KO;?]) = H,Z and SO(KO[;OB]) = 0. The case n = 2 is Lemma 13.

We will now use the triangle [21, Theorem 4.4]

Gm AKO S KO L KGL 2 KOAT = KOW. (3)
Smashing with 772 and applying fo we get (using that T A KGL ~ KGL)
foKO? Ly fukGr s fokOB.

We claim that h : 7% fo KGL — 757 fo KOP) € SH(k)*™? is epi. By Proposition 5(3), it suffices
to show that the induced map of Nisnevich sheaves h : Z = 7y (KGL)o — mo(KOP) = Z/2
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is an epimorphism. All symplectic forms have even rank, so the map f:m (K 0[2])0 —
7o(KGL)y = Z has image 2Z and thus non-zero cokernel. This implies the claim. We may
thus apply Lemma 15 to C = SH(k)® and this triangle. Consequently there is a triangle

SOKO[;]O — S()KGL;() — S()KO[;%

Note that foKGL € SH(k)eﬁ) since K-theory of smooth schemes is connective. Thus the
triangle is isomorphic to

H,Z % H,Z — syKOY,

yielding the required computation sOKO[;’]O ~ H,7Z/2.

Throughout the proof we will keep using Proposition 5(3) all the time. To simplify notation
we will no longer talk about w5 but only about 7;(e)o; any statement about the latter should
be understood to correspond to a statement about the former.

By a similar argument, smashing with T instead of 7/\?, and using that Z = 7,(KGL)o LN
7o(KOP)y = Z is an isomorphism, we conclude from

fokOM = foKGL — foKOP

that soKO[;]O =0.
We have thus handled the cases n € {1,2,3}. Consider the triangle

foKOP! = foKGL — foKOW,

obtained by smashing triangle (3) with 7% and applying fo. We have 7 (KO®), = 7/2 and
wo(KGL)y = Z, whence Eo(KO[g])O — my(KGL)y must be the zero map and consequently
7, (KOM)y — 7, (KO®); must be epi. It follows that we may apply Lemma 15 to the rotated
triangle

foKGL[-1] — foKOW[-1] = foKOB.
Now (E[—1])s0 ~ E>1[—1] and so, rotating back, we get a triangle
soKOZ = soKGLz1 — sgKOY).
We claim that so KGL>; = 0. Indeed we have a triangle
$o0KGL>1 — soKGL>y — somy(KGL),,

and the two terms on the right are isomorphic by what we have already said.

We thus conclude that SoKO[;]l o~ SOKO[;H1 o~ sOKO[;’%)[l] ~ H,7Z/2[1]. The unit map S —
KO induces an isomorphism HZ = fomy(S). — fomy(KO)., and hence the decomposition (1)
of 50K O follows.

It remains to establish the second decomposition. We first show that so(KOx¢) = H,Z. For
this we consider the triangle

foKO" = foKGL — foKOW
obtained by applying fj to triangle (3). Since EO(KOM)O = 0, by Lemma 15 we get a triangle

SOKOQ% — 80KGL20 — SoKO[;]O

and we have already seen that SoKO[;]O =0and soKGL>o = H,Z. Thus so(KOx¢) = H,Z as
claimed.
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Finally the map KV A G,, & KMV — 7,(KO). (which makes sense since nh = 0 and so
n: KMV — KMV factors through KM /h = Kﬁl; see also [14]) induces an isomorphism
on m,(e)_1 and consequently

G NHWZ = f1(K) ANGp) ~ AEMY ~ fimy(KO).,

where the first equivalence is by Lemma 8. This concludes the proof. O

6. The homotopy sheaves of HZ and Hw'Z

In this section we prove the following result.

THEOREM 17 (Morel’s structure conjecture’). Let k be a perfect field of characteristic
different from two.

The natural maps HZ = foK*MW — Eflwﬁnd HwZ = fOEZV — K*W induce isomorphisms
on my(e),. Moreover, the natural maps HZ — H,Z and HwZ — H,7/2 (obtained by
: MW MW M w w M . .
applying fo to K,V — K" /n~ K. and K — K. /n~ K." /2, respectively) induce

isomorphisms on x;(e), for i # 0.

The proof will proceed through a series of lemmas. Note that HWZ,ﬁZ € SH(k)>o by
Proposition 4(3), so in the theorem only ¢ > 0 is interesting.

Throughout this subsection, we fix the perfect field &k of characteristic not two. Actually the
only place where we explicitly use the assumption on the characteristic is in Lemma 20.

LEMMA 18. We have m,(HZ), = KMV and ny(HwZ). = K.

Proof. This follows from the results of the second half of Section 3. Namely the homotopy
modules KM and KW are effective (Lemma 6), so

T (oK) = moir k™), = Fr k2 2 KU

(where the first equality is by definition, the second is by Proposition 5 part (1), and the third
is by part (2) of that proposition and effectivity of K iww) and similarly for K" . O

LEMMA 19. We have

K" i=0
0 else.

The canonical map HwZ — H,,7Z/2 induces an isomorphism on 7, (e);.

Proof. By Theorem 16, triangle (2) from Lemma 11 for 50K O reads
Gm NHwZ — 50KO — H,Z.

We know the m,(50KO)o from Theorem 16 (use triangle (1) from Lemma 11 for 5,K0O), and
we know 7;(H,Z)y from the definition. We also know 7 (G, A HwZ)o from Lemma 18, and
7, (G A HyZ)o = 0 for i < 0 by Proposition 4(3). The claim about the remaining «,(HwZ)o
follows from the long exact sequence of the triangle.

TMorel conjectured a form of this result in personal communication.
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To prove the last claim, consider the diagram of homotopy modules

1 h y
K —— K —— KT

|1

K —— K —— K))2.

Applying fo, both sequences become exact as sequences in the abelian category SH(k)*™?.

Equivalently, by Proposition 5(3), the sequences of sheaves Z - GW — W and Z — Z — Z/2
are exact. Thus we get a morphism of triangles

h

H,Z HZ HwZ
H,7 —*— H,Z HuZ)2,

where c is the canonical map we are interested in. A diagram chase (using Lemma 18) concludes
that 7, (¢); is an isomorphism as claimed. O

Recall that the motivic Hopf map 7 : A2\ 0 — P! induces a stable map of the same name
n: G, — S [12, Section 6.2]. For E € SH(k) we write E/n for a cone on the map id An:
ENG,, - ENS~E. We denote by 7: H,Z/2[1] = H,Z/2 A\ G,, the unique non-zero map
[8, top of p. 33].

LEMMA 20. There is an isomorphism HwZ/n ~ H,Z/2 & H,7Z/2[2], such that HyZ —
H,7/2 is the canonical map, and the boundary map H,Z/2[2] — HwZ A G,,[1] has the
property that the composite

H,Z/2[2] = HwZ AGu[l] = HuZ/2 A Gy[1]

is T[1].

Proof. 1t follows from the long exact sequence of homotopy sheaves and Lemma 19 that
m;,(HwZ/n)o is given by Z/2 if i € {0,2} and is zero otherwise. Consider the triangle

(HwZ/m)>1 — HwZ/n — (HwZ/n)<o-

We have HywZ/n = so(HwZ) (see also Proposition 23(2)) and so HyZ /7 is an effective motive.
We may consider the above triangle as coming from the homotopy t¢-structure on DM
Since the heart of the category of effective motives can be modeled as homotopy invariant
sheaves with transfers (here we need the assumption on the characteristic), we find that
(HwZ/n)s1 ~ H,Z/2[2] and (HwZ/n)<o ~ H,Z/2. Since Hompyere(H,Z/2, H,Z/2[3]) =0
the triangle splits.

The composite a : H,Z/2[2] = HyZ A G, [1] = H,Z/2 A G,,[1] defines a cohomology oper-
ation of weight (0, 1). By the computation of the motivic Steenrod algebra [8, Theorem 1.1(1)],
this is either 7[1] or 0. Here again we use the assumption that char(k) # 2. Consider
again the triangle HwZ A G,, - HwZ — HwZ/n~ H,Z/2 & H,Z/2[2], and its morphism
to the triangle for H,Z/2/n. Since n,(HwZ)o = 0 and 7,(HwZ A G,,,) = Z/2, the boundary
map Z/2 = m5(Z/2[2]))o — 7, (HwZ A G,,)p must be an isomorphism. Since also m (HwZ A
Gm)o = m (H,Z/2 A Gyy,)o is an isomorphism by the last sentence of Lemma 19, we conclude
that « is not the zero map. This was to be shown. O

We will use the following easy fact about ‘split triangles’.
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LEMMA 21. Let C be a triangulated category and
A—-BeC—D

a triangle. Then A — B is an isomorphism if and only if C — D is an isomorphism.
In particular if 0 - A — B® C — D — 0 is an exact sequence in an abelian category, then
A — B is an isomorphism if and only if C' — D is an isomorphism.

Proof. Since the axioms of triangulated categories are self-dual, it suffices to show one
implication. Thus suppose that C' — D is an isomorphism.
Let E € C. Consider the long exact sequence

= [E,D[-1]] % [B, A] = [B, B]® [E,C] = [E, D] % [B, Al - -
Since C' — D is an isomorphism [E, C[i]] — [E, D[i]] is surjective, and thus 9 = 0. We hence
get a short exact sequence
0 2,4 B, Ble B 0] 2 (B, D] 0.

But in such a situation surjectivity of ¢ implies surjectivity of 4, and injectivity of ¢ implies
injectivity of i. Hence [E, A] — [E, B] is an isomorphism. Since E was arbitrary, we conclude
by the Yoneda lemma. O

LEMMA 22. The canonical map HwZ — H,7Z/2 induces an isomorphism on m(e), for
k>1andneZ.

Proof. Consider the long exact sequence of homotopy sheaves associated with the triangle

HwZ A Gy, — HyZ — H,7/2 & H,7/2[2):
i Ek-q—l(HWZ)n — Ek+1(H;LZ/2)7L D Ek—l(HuZ/z)n = T (HwZ)ns1
- Ek(HWZ)H - Ek(HuZ/Q)n S Ek_Q(H;AZ/z)n —
We will use induction on n. If n = 0 (or n < 0) the claim is clear. We may assume by induction
that m,(HwZ),, — m,(H,Z/2), is an isomorphism for k > 1. It follows that (still for £ > 1)
we get short exact sequences
0 — Ek—‘—l(HWZ)ﬂ — Ek+1(H#Z/2)n S5 ﬂk_l(HﬂZ/Q)n — ﬂk(HWZ)n:Fl — 0

Lemma 21 now implies that m,_;(H,Z/2), = 7, (HwZ),+1 is an isomorphism. By the last
part of Lemma 20 the composite

o1 (HuZ/2)n = 7 (Hw Z)nir = 1 (HuZ/2)n4a

(where the last map is the canonical one) is 7 and hence is an isomorphism for k> 1 by
Voevodsky’s resolution of the Milnor conjectures [29] (which implies that H**(k,Z/2) =

KM /2[r]).
It follows that m),(HwZ)n+1 — m,(HuZ/2),4+1 must also be an isomorphism. This concludes
the induction and hence the proof. O

Proof of Theorem 17. Tt remains to prove the claim about m;(HZ), for i > 0. The exact
sequence 0 — KMV — KM ¢ K — KM /2 — 0 [14, Théoréme 5.3] induces a triangle

HZ — HyZ @ H,7Z — H,7/2.

By Lemma 18, the map mo(HZ). — mo(HwZ @ H,Z), is just the canonical map K" —
K i\'{ o K *W and thus injective. Hence by Lemma 15 we get a triangle

(HZ)>1 = (HwZ)>1 & (HyZ)>1 = (H.Z/2)>1.
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Since (HwZ)s1 — (H,Z/2)s; is an equivalence by Lemma 22, we find that (HZ)s, —
(H,Z)>1 is an equivalence by Lemma 21. This concludes the proof.

The slices of HZ and HyZ. A minor extension of part the argument of the above proof
also yields the following.

PROPOSITION 23. (1) The canonical map HZ7 — HwZ induces an isomorphism on f,, and
s, forn > 1.

(2) Forn >0 we have f,HwZ ~ G HyZ.

(3) We have syHZ ~ H,Z ® H,Z/2[2], and for n >0 we have s,HwZ ~ G)"(H,Z/2 &
H,7/2[2]).

Proof. Since L»(ﬁZ)_n — m,(HwZ)_, is an isomorphism for n > 1, claim (1) is clear.
For claim (2), it follows from Lemma 8 that f,HwZ ~ G."fo(HwZ AG)™™). But n™:

m m

HwZ — HywZ A G,,—n induces an isomorphism on m;(e) for n > 0, so fo(HwZ NG, ") ~
fo(HwZ) = Hw Z. }

To prove (3), using the triangle HZ — HwZ & H,Z — H,7Z/2 one finds using Lemma 21
that the claim for soHZ reduces to the one for Hy Z. By (2), s,HwZ ~ (G\" "' HyZ) /n ~
G)"""(HwZ/n), and HwZ/n ~ H,Z/2 & H,7/2[2] by Lemma 20. O
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