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On the algebraic K-theory of higher categories
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In memoriam Daniel Quillen, 1940-2011, with profound admiration

ABSTRACT

We prove that Waldhausen K-theory, when extended to a very general class of quasicategories,
can be described as a Goodwillie differential. In particular, K-theory spaces admit canonical
(connective) deloopings, and the K-theory functor enjoys a simple universal property. Using this,
we give new, higher categorical proofs of the approximation, additivity, and fibration theorems of
Waldhausen in this article. As applications of this technology, we study the algebraic K-theory
of associative rings in a wide range of homotopical contexts and of spectral Deligne-Mumford

stacks.
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Introduction

We characterize algebraic K-theory as a universal homology theory, which takes suitable higher
categories as input and produces either spaces or spectra as output. What makes K-theory
a homology theory is that it satisfies an excision axiom. This excision axiom is tantamount
to what Waldhausen called additivity, so that an excisive functor is precisely one that splits
short exact sequences. What makes this homology theory universal is this: if we write ¢ for the
functor that carries a higher category to its moduli space of objects, then algebraic K-theory is
initial among homology theories F' that receive a natural transformation ¢ — F. In the lingo
of Tom Goodwillie’s calculus of functors [27, 29, 30], K is the linearization of ¢. Algebraic
K-theory is thus the analog of stable homotopy theory in this new class of categorified homology
theories. From this we obtain an explicit universal property that completely characterizes
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algebraic K-theory and permits us to give new, conceptual proofs of the fundamental theorems
of Waldhausen K-theory.

To get a feeling for this universal property, let us first contemplate Ky. For any ordinary
category C' with a zero object and a reasonable notion of ‘short exact sequence’ (for example,
an exact category in the sense of Quillen, or a category with cofibrations in the sense of
Waldhausen, or a triangulated category in the sense of Verdier), the abelian group Ky(C)
is the universal target for Euler characteristics. That is, for any abelian group A, the set
Hom(K((C), A) is in natural bijection with the set of maps ¢: ObjC — A such that ¢(X) =
d(X') + #(X") whenever there is a short exact sequence

X' — X - X"

We can reinterpret this as a universal property on the entire functor Ky, which we will regard
as valued in the category of sets. Just to fix ideas, let us assume that we are working with
the algebraic K-theory of categories with cofibrations in the sense of Waldhausen. If E(C) is
the category of short exact sequences in a category with cofibrations C, then E(C) is also a
category with cofibrations. Moreover, for any C,

(1) the functors
[XI>—>X~»XH]}—>XI and [XI>—>X~»XH]}—>X”
together induce a bijection Ko(E(C)) = Ko(C) x Ko(C).

The functor [X’ > X —> X"] > X now gives a commutative monoid structure Ky(C') X
Ky(C) 2 Ko(E(C)) — Ko(C). With this structure, Ky is an abelian group. We can express
this sentiment diagrammatically by saying that

(2) the functors
[X/>—>X~»XH]}—>X/ and [X/>—>X~»X"]}—>X
also induce a bijection Ko(E(C)) = Ko(C) x Ko(C).

Now our universal characterization of K simply says that we have a natural transformation
Obj — K that is initial with properties (1) and (2).

For the K-theory spaces (whose homotopy groups will be the higher K-theory groups), we
can aim for a homotopical variant of this universal property. We replace the word ‘bijection’
in (1) and (2) with the words ‘weak equivalence’; a functor satisfying these properties is called
an additive functor. Instead of a map from the set of objects of the category with cofibrations
C, we have a map from the moduli space of objects—this is the classifying space N:C' of
the groupoid ¢tC C C consisting of all isomorphisms in C. An easy case of our main theorem
states that algebraic K-theory is initial in the homotopy category of (suitably finitary) additive
functors F' equipped with a natural transformation Nt — F.

Now let us enlarge the scope of this story enough to bring in examples such as Waldhausen’s
algebraic K-theory of spaces by introducing homotopy theory in the source of our K-theory
functor. We use co-categories that contain a zero object and suitable cofiber sequences, and we
call these Waldhausen oo-categories. Our homotopical variants of (1) and (2) still make sense,
so we still may speak of additive functors from Waldhausen oo-categories to spaces. Moreover,
any oo-category has a moduli space of objects, which is given by the maximal oco-groupoid
contained therein; this defines a functor ¢ from Waldhausen co-categories to spaces. Our main
theorem (in §10) is thus the natural extension of the characterization of Ky as the universal
target for Euler characteristics:

UNIVERSAL ADDITIVITY THEOREM (in §10). Algebraic K-theory is homotopy-initial
among (suitably finitary) additive functors F' equipped with a natural transformation . — F.
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It is well known that algebraic K-theory is hair-raisingly difficult to compute, and that
various theories that are easier to compute, such as forms of THH and TC, are prime targets
for ‘trace maps’ [47]. The Universal Additivity Theorem actually classifies all such trace maps:
for any additive functor H, the space of natural transformations K — H is equivalent to the
space of natural transformations ¢« — H. But since ¢ is actually represented by the ordinary
category I'°P of pointed finite sets, it follows from the Yoneda lemma that the space of natural
transformations K — H is equivalent to the space H(I'°P). In particular, by Barratt—Priddy—
Quillen, we compute the space of ‘global operations’ on algebraic K-theory:

End(K) ~ QS°.

The proof of the Universal Additivity Theorem uses a new way of conceptualizing functors
such as algebraic K-theory. Namely, we regard algebraic K-theory as a homology theory on
Waldhausen oco-categories, and we regard additivity as an excision axiom. But this is not just
some slack-jawed analogy: we will actually pass to a homotopy theory on which functors that
are l-excisive in the sense of Goodwillie (that is, functors that carry homotopy pushouts to
homotopy pullbacks) correspond to additive functors as described above. (And making sense
of this homotopy theory forces us to pass to the co-categorical context.)

The idea here is to regard the homotopy theory Wald,, of Waldhausen oco-categories as
formally analogous to the ordinary category V(k) of vector spaces over a field k. The left
derived functor of a right exact functor out of V' (k) is defined on the derived category Do (k)
of chain complexes whose homology vanishes in negative degrees. Objects of D> (k) can be
regarded as formal geometric realizations of simplicial vector spaces. Correspondingly, we
define a derived oo-category D(Wald,) of Wald,, whose objects can be regarded as formal
geometric realizations of simplicial Waldhausen oco-categories. This entitles us to speak of the
left derived functor of a functor defined on Wald,. Then we suitably localize D(Wald,) in
order to form a universal homotopy theory Dgs(Waldo,) in which exact sequences split; we
call this the fissile derived oo-category. Our structure theorem (Theorem 7.4) uncovers the
following relationship between excision on Dgg(Waldo,) and additivity:

STRUCTURE THEOREM (Theorem 7.4). A (suitably finitary) functor from Waldhausen oo-
categories to spaces is additive in the sense above if and only if its left derived functor factors
through an excisive functor on the fissile derived oo-category Dyss(Wald ).

The structure theorem is not some dreary abstract formalism: the technology of Goodwillie’s
calculus of functors tells us that the way to compute the universal excisive approximation to
a functor F' is to form the colimit of Q" F¥™ as n —> oo. This means that as soon as we
have worked out how to compute the suspension ¥ in Dggs(Wald, ), we will have an explicit
description of the additivization of any functor ¢ from Wald, to spaces, which is the universal
approximation to ¢ with an additive functor. And when we apply this additivization to the
functor ¢, we will obtain a formula for the very thing we are claiming is algebraic K-theory:
the initial object in the homotopy category of additive functors F' equipped with a natural
transformation ¢ — F'.

So, what is 37 Here is the answer: it is given by the formal geometric realization of
Waldhausen’s S, construction (suitably adapted for co-categories). So, the universal homology
theory with a map from ¢ is given by the formula

% +—> colim, Q" [.S7(F)].

This is exactly Waldhausen’s formula for algebraic K-theory, so our Main Theorem is an easy
consequence of our Structure Theorem and our computation of 3.

Bringing algebraic K-theory under the umbrella of Goodwillie’s calculus of functors has a
range of exciting consequences, which we are only able to touch upon in this first paper. In
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particular, three key foundational results of Waldhausen’s algebraic K-theory—the Additivity
Theorem [73, Theorem 1.4.2] (our version: Corollary 7.14), the Approximation Theorem [73,
Theorem 1.6.7] (our version: Proposition 8.4), the Fibration Theorem [73, Theorem 1.6.4]
(our version: Proposition 9.24), and the Cofinality Theorem [65, Theorem 2.1] (our version:
Theorem 10.19)—are straightforward consequences of general facts about the calculus of
functors combined with some observations about the homotopy theory of Wald .

To get a glimpse of various bits of our framework at work, we offer two examples that
exploit certain features of the algebraic K-theory functor of which we are fond. First (§11),
we apply our foundational work to the study of the connective K-theory of Ej-algebras in
suitable ground oco-categories. We define a notion of a perfect left module over an F,-algebra
(Definition 11.2). In the special case of an E; ring spectrum A, for any set S of homogenous
elements of m,A that satisfies a left Ore condition, we obtain a fiber sequence of connective
spectra

K(Nil(y ) — K(A) — K(A[S™Y)),

in which the first term is the K-theory of the oco-category of S-nilpotent perfect A-modules
(Proposition 11.16). (Note that we only work with connective K-theory, so this is only a fiber
sequence in the homotopy theory of connective spectra; in particular, the last map need not be
surjective on 7y.) Such a result—at least in special cases—is surely well known among experts;
see for example [15, Proposition 1.4 and Proposition 1.5].

Finally (in §12), we introduce K-theory in derived algebraic geometry. In particular, we
define the K-theory of quasicompact nonconnective spectral Deligne-Mumford stacks (Defi-
nition 12.10). We prove a result analogous to what Thomason called the ‘proto-localization’
theorem [67, Theorem 5.1]; this is a fiber sequence of connective spectra

K(2Z\%) — K(Z) — K(%)

corresponding to a quasicompact open immersion j:  — % of quasicompact, quasiseparated
spectral algebraic spaces. Here K(.2"\ %) is the K-theory of the oco-category perfect modules
A on Z such that j*.# ~ 0 (Proposition 12.13). Our proof is new in the details even in the
setting originally contemplated by Thomason (though of course the general thrust is the same).

Relation to other work

Our universal characterization of algebraic K-theory has probably been known (perhaps in
a more restrictive setting and certainly in a different language) to a variety of experts for
many years. In fact, the universal property stated here has endured a lengthy gestation: the
first version of this characterization emerged during a question-and-answer session between the
author and John Rognes after a talk given by the author at the University of Oslo in 2006.

The idea that algebraic K-theory could be characterized via a universal property goes all
the way back to the beginnings of the subject, when Grothendieck defined what we today
call Ky of an abelian or triangulated category just as we described above [12, 31]. The idea
that algebraic K-theory might be expressible as a linearization was directly inspired by the
ICM talk of Tom Goodwillie [28] and the remarkable flurry of research into the relationship
between algebraic K-theory and the calculus of functors—though, of course, the setting for
our Goodwillie derivative is more primitive than the one studied by Goodwillie et al.

But long before that, of course, came the foundational work of Waldhausen [73]. Since it is
known today that relative categories comprise a model for the homotopy theory of co-categories
[4], the work of Waldhausen can be said to represent the first study of the algebraic K-theory of
higher categories. Furthermore, the idea that the defining property of this algebraic K-theory
is additivity is strongly suggested by Waldhausen, and this point is driven home in the work
of Randy McCarthy [48] and Ross Staffeldt [65], both of whom recognized long ago that the
additivity theorem is the ur-theorem of algebraic K-theory.
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In a parallel development, Amnon Neeman has advanced the algebraic K-theory of
triangulated categories [49-57] as a way of extracting K-theoretic data directly from the
triangulated homotopy category of a stable homotopy theory. The idea is that the algebraic
K-theory of a ring or scheme should by approximation depend (in some sense) only on a derived
category of perfect modules; however, this form of K-theory has known limitations: an example
of Marco Schlichting [61] shows that Waldhausen K-theory can distinguish stable co-categories
with equivalent triangulated homotopy categories. These limitations are overcome by passing
to the derived co-category.

More recently, Bertrand Toén and Gabriele Vezzosi showed [70] that the Waldhausen K-
theory of many of the best-known examples of Waldhausen categories is in fact an invariant
of the simplicial localization; thus Toén and Vezzosi are more explicit in identifying higher
categories as a natural domain for K-theory. In fact, in the final section of [70], the authors
suggest a strategy for constructing the K-theory of a Segal category by means of an ‘S,
construction up to coherent homotopy’. The desired properties of their construction are
reflected precisely in our construction .. These insights were explored more deeply in the
work of Blumberg and Mandell [16]; they give an explicit description of Waldhausen’s S,
construction in terms of the mapping spaces of the simplicial localization, and they extend
Waldhausen’s approximation theorem to show that, in many cases, equivalences of homotopy
categories alone are enough to deduce equivalences of K-theory spectra.

Even more recent work of Andrew Blumberg, David Gepner, and Gongalo Tabuada [14] has
built upon the brilliant work of the last of these authors in the context of DG categories [66] to
produce another universal characterization of the algebraic K-theory of stable co-categories.
One of their main results may be summarized by saying that the algebraic K-theory of stable
oo-categories is a universal additive invariant. They do not deal with general Waldhausen oo-
categories, but they also study nonconnective deloopings of K-theory, with which we do not
contend here.

Finally, we recall that Waldhausen’s formalism for algebraic K-theory has, of course, been
applied in the context of associative S-algebras by Elmendorf, Kriz, Mandell, and May [24],
and in the context of schemes and algebraic stacks by Thomason and Trobaugh [67], Toén
[68], Joshua [33-35], and others. The applications of the last two sections of this paper are
extensions of their work.

A word on higher categories

When we speak of oo-categories in this paper, we mean oco-categories whose k-morphisms for
k > 2 are weakly invertible. We will use the quasicategory model of this sort of co-categories.
Quasicategories were invented in the 1970s by Boardman and Vogt [18], who called them
weak Kan complexes, and they were studied extensively by Joyal [36, 37] and Lurie [42]. We
emphasize that quasicategories are but one of an array of equivalent models of co-categories
(including simplicial categories [8, 21-23], Segal categories [7, 32, 64], and complete Segal
spaces [10, 60]), and there is no doubt that the results here could be satisfactorily proved in
any one of these models. Indeed, there is a canonical equivalence between any two of these
homotopy theories [9, 11, 38] (or any other homotopy theory that satisfies the axioms of [69]
or of [6]), through which one can surely translate the main theorems here into theorems in the
language of any other model. To underscore this fact, we will frequently use the generic term
oo-category in lieu of the more specialized term quasicategory.

That said, we wish to emphasize that we employ many of the technical details of the
particular theory of quasicategories as presented in [42] in a critical way in this paper. In
particular, beginning in §3, the theory of fibrations, developed by Joyal and presented in
Chapter 2 of [42], is instrumental to our work here, as it provides a convenient way to finesse
the homotopy-coherence issues that would otherwise plague this paper and its author. Indeed,
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it is the convenience and relative simplicity of this theory that compelled us to work with this
model.

PART I. PAIRS AND WALDHAUSEN 00-CATEGORIES

In this part, we introduce the basic input for additive functors, including the form of K-theory
that we study. We begin with the notion of a pair of co-categories, which is nothing more than
an oo-category with a subcategory of ingressive morphisms that contains the equivalences.
Among the pairs of oo-categories, we will then isolate the Waldhausen oco-categories as the
input for algebraic K-theory; these are pairs that contain a zero object in which the ingressive
morphisms are stable under pushout. This is the oco-categorical analogue of Waldhausen’s
notion of categories with cofibrations.

We will also need to speak of families of Waldhausen oco-categories, which are called
Waldhausen (co)cartesian fibrations, and which classify functors valued in the oo-category
Wald,, of Waldhausen oco-categories. We study limits and colimits in Wald,,, and we
construct the oo-category of virtual Waldhausen oo-categories, whose homotopy theory serves
as the basis for all the work we do in this paper.

1. Pairs of co-categories

The basic input for Waldhausen’s algebraic K-theory [73] is a category equipped with a
subcategory of weak equivalences and a subcategory of cofibrations. These data are then
required to satisfy sundry axioms, which give what today is often called a Waldhausen category.

A category with a subcategory of weak equivalences (or, in the parlance of [4], a relative
category) is one way of exhibiting a homotopy theory. A quasicategory is another. It is known
[4, Corollary 6.11] that these two models of a homotopy theory contain essentially the same
information. Consequently, if one wishes to employ the flexible techniques of quasicategory
theory, one may attempt to replace the category with weak equivalences in Waldhausen’s
definition with a single quasicategory.

But what then is to be done with the cofibrations? In Waldhausen’s framework, the
specification of a subcategory of cofibrations actually serves two distinct functions.

(1) First, Waldhausen’s Gluing Axiom [73, §1.2, Weq. 2] ensures that pushouts along
these cofibrations are compatible with weak equivalences. For example, pushouts in the
category of simplicial sets along inclusions are compatible with weak equivalences in this
sense; consequently, in the Waldhausen category of finite spaces, the cofibrations are
monomorphisms.

(2) Second, the cofibrations permit one to restrict attention to the particular class of cofiber
sequences one wishes to split in K-theory. For example, an exact category is regarded as a
Waldhausen category by declaring the cofibrations to be the admissible monomorphisms;
consequently, the admissible exact sequences are the only exact sequences that algebraic
K-theory splits.

In a quasicategory, the first function becomes vacuous, as the only sensible notion of pushout
in a quasicategory must preserve equivalences. Thus only the second function for a class of cofi-
brations in a quasicategory will be relevant. This means, in particular, that we need not make
any distinction between a cofibration in a quasicategory and a morphism that is equivalent to a
cofibration. In other words, a suitable class of cofibrations in a quasicategory C will be uniquely
specified by a subcategory of the homotopy category hC. We will thus define a pair of oco-
categories as an co-category along with a subcategory of the homotopy category. (We call these
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ingressive morphisms, in order to distinguish them from the more rigid notion of cofibration.)
Among these pairs, we will isolate the Waldhausen oo-categories in the next section.

In this section, we introduce the homotopy theory of pairs as a stepping stone on the way
to defining the critically important homotopy theory of Waldhausen oo-categories. As many
constructions in the theory of Waldhausen co-categories begin with a construction at the level
of pairs of co-categories, it is convenient to establish robust language and notation for these
objects. To this end, we begin with a brief discussion of some set-theoretic considerations and
a reminder on constructions of co-categories from simplicial categories and relative categories.
We apply these to the construction of an co-category of oco-categories and, following a short
reminder on the notion of a subcategory of an co-category, an co-category Pair,, of pairs of
oo-categories. Finally, we relate this co-category of pairs to an co-category of functors between
oo-categories; this permits us to exhibit Pair., as a relative nerve.

Set theoretic considerations

In order to circumvent the set-theoretic difficulties arising from the consideration of these
oo-categories of co-categories and the like, we must employ some artifice. Hence to the usual
Zermelo—Frankel axioms ZFC of set theory (including the Axiom of Choice) we add the following
Universe Axiom of Grothendieck and Verdier [63, Exp I, §0]. The resulting set theory, called
zZFCU, will be employed in this paper.

AXIOM 1.1 (Universe). Any set is an element of a universe.

1.2. This axiom is independent of the others of zZFcC, since any universe U is itself a model
of Zermelo—Frankel set theory. Equivalently, we assume that, for any cardinal 7, there exists
a strongly inaccessible cardinal k with 7 < k; for any strongly inaccessible cardinal k, the set
V. of sets whose rank is strictly smaller than « is a universe [75].

NoTATION 1.3. In addition, we fix, once and for all, three uncountable, strongly inacces-
sible cardinals kg < k1 < k2 and the corresponding universes V,, € V, € V... Now a set,
simplicial set, category, etc., will be said to be small if it is contained in the universe V,; it
will be said to be large if it is contained in the universe V,,; and it will be said to be huge
if it is contained in the universe V,,. We will say that a set, simplicial set, category, etc., is
essentially small if it is equivalent (in the appropriate sense) to a small one.

Simplicial nerves and relative nerves

There are essentially two ways in which co-categories will arise in the sequel. The first of these
is as simplicial categories. We follow the model of [42, Definition 3.0.0.1] for the notation of
simplicial nerves.

NoTATION 1.4. A simplicial category, that is, a category enriched in the category of
simplicial sets, will frequently be denoted with a superscript (—)2.

Suppose C2 a simplicial category. Then we write (C*)g for the ordinary category given by
taking the 0-simplices of the Mor spaces. That is, (C?) is the category whose objects are the
objects of C, and whose morphisms are given by

(C*)o(z,y) = C2(z,)o.
If the Mor spaces of C* are all fibrant, then we will often write
C for the simplicial nerve N(C?)
[42, Definition 1.1.5.5], which is an co-category [42, Proposition 1.1.5.10].
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It will also be convenient to have a model of various co-categories as relative categories [4].
To make this precise, we recall the following.

DEFINITION 1.5. A relative category is an ordinary category C along with a subcategory
wC' that contains the identity maps of C'. The maps of wC will be called weak equivalences.
A relative functor (C,wC) — (D, wD) is a functor C — D that carries wC' to wD.

Suppose (C,wC) a relative category. A relative nerve of (C,wC') consists of an oco-category
A equipped and a functor p: NC — A that satisfies the following universal property. For any
oo-category B, the induced functor

Fun(A4, B) — Fun(NC, B)

is fully faithful, and its essential image is the full subcategory spanned by those functors
NC — B that carry the edges of wC to equivalences in B. We will say that the functor p
exhibits A as a relative nerve of (C,wC).

Since relative nerves are defined via a universal property, they are unique up to a contractible
choice. Conversely, note that the property of being a relative nerve is invariant under
equivalences of co-categories. That is, if (C, wC) is a relative category, then for any commutative
diagram

S

~

A A

in which A" =5 A is an equivalence of oo-categories, the functor p’ exhibits A’ as a relative
nerve of (C,wC) if and only if p exhibits A as a relative nerve of (C,wC).

RECOLLECTION 1.6. There are several functorial constructions of a relative nerve of a
relative category (C,w(), all of which are (necessarily) equivalent.

(1) One may form the hammock localization LY (C,wC) [21]; then a relative nerve can be
constructed as the simplicial nerve of the natural functor C — R(L¥(C,wC)), where
R denotes any fibrant replacement for the Bergner model structure [8].

(2) One may mark the edges of NC' that correspond to weak equivalences in C' to obtain
a marked simplicial set [42, §3.1]; then one may use the cartesian model structure on
marked simplicial sets (over A®) to find a marked anodyne morphism

(NC,NwC) — (N(C,wC),.N(C,w()),

wherein N (C, wC) is an co-category. This map then exhibits the co-category N(C, wC')
as a relative nerve of (C,wC).

(3) A relative nerve can be constructed as a fibrant model of the homotopy pushout in the
Joyal model structure [42, §2.2.5] on simplicial sets of the map

II a'— ]I &°
pewC pewC

along the map [[,c,c A' — NC.

The oco-category of co-categories

The homotopy theory of oo-categories is encoded first as a simplicial category, and then,
by application of the simplicial nerve [42, Definition 1.1.5.5], as an oo-category. This is a
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pattern that we will follow to describe the homotopy theory of pairs of co-categories below in
Notation 1.14.

To begin, recall that an ordinary category C' contains a largest subgroupoid, which consists
of all objects of C' and all isomorphisms between them. The higher categorical analogue of this
follows.

NoTATION 1.7.  For any oo-category A, there exists a simplicial subset tA C A, which is the
largest Kan simplicial subset of A [42, 1.2.5.3]. We shall call this space the interior oo-groupoid
of A. The assignment A — 1A defines a right adjoint ¢ to the inclusion functor u from Kan
simplicial sets to oco-categories.

We may think of ¢A as the moduli space of objects of A, to which we alluded in the
introduction.

NoTATION 1.8. The large simplicial category Kan® is the category of small Kan simplicial
sets, with the usual notion of mapping space. The large simplicial category CatOAO is defined
in the following manner [42, Definition 3.0.0.1]. The objects of CatoAO are small co-categories,
and for any two co-categories A and B, the morphism space

CatZ (A, B) := /Fun(A, B)

is the interior co-groupoid of the co-category Fun(A, B).
Similarly, we may define the huge simplicial category Kan(x;)* of large simplicial sets and
the huge simplicial category Cato,(r1)? of large co-categories.

RECOLLECTION 1.9. Denote by
w(Kan®), ¢ (Kan®),

the subcategory of the ordinary category of Kan simplicial sets (Notation 1.4) consisting of
weak equivalences of simplicial sets. Then, since (Kan®,w(Kan®)) is part of a simplicial
model structure, it follows that Kan is a relative nerve of ((Kan®)o, w(Kan®),). Similarly, if
one denotes by

w(Catd), C (Catl)y

the subcategory of categorical equivalences of oo-categories, then Cat., is a relative nerve
(Definition 1.5) of (Cat5 )o, w(CatZ )o). This follows from [42, Propositions 3.1.3.5, 3.1.3.7,
Corollary 3.1.4.4].

Since the functors u and ¢ (Notation 1.7) each preserve weak equivalences, they give rise to
an adjunction of oo-categories [42, Definition 5.2.2.1, Corollary 5.2.4.5)

u: Kan —— Cat,: ¢.

Subcategories of co-categories

The notion of a subcategory of an co-category is designed to be completely homotopy-invariant.
Consequently, given an oo-category A and a simplicial subset A’ C A, we can only call A" a
subcategory of A if the following condition holds: any two equivalent morphisms of A both lie
in A’ just in case either of them does. That is, A’ C A is completely specified by a subcategory
(hA) C hA of the homotopy category hA of A.

RECOLLECTION 1.10. Recall [42, §1.2.11] that a subcategory of an oco-category A is a
simplicial subset A’ C A such that for some subcategory (hA)’ of the homotopy category hA,
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the square

Al—— A

l l

N(hA) —> N(hA)

is a pullback diagram of simplicial sets. In particular, note that a subcategory of an oo-
category is uniquely specified by specifying a subcategory of its homotopy category. Note
also that any inclusion A’ < A of a subcategory is an inner fibration [42, Definition 2.0.0.3,
Proposition 2.3.1.5].

We will say that A’ C A is a full subcategory if (hA)' C hA is a full subcategory. In this
case, A’ is uniquely determined by the set Af of vertices of A’, and we say that A’ is spanned
by the set Aj.

We will say that A’ is stable under equivalences if the subcategory (hA)" C hA above can
be chosen to be stable under isomorphisms. Note that any inclusion A’ < A of a subcategory
that is stable under equivalences is a categorical fibration, that is, a fibration for the Joyal
model structure [42, Corollary 2.4.6.5].

Pairs of co-categories

Now we are prepared to introduce the notion of a pair of co-categories.

DEFINITION 1.11. (1) By a pair (¢,%}) of co-categories (or simply a pair), we shall mean
an oo-category ¢ along with a subcategory (1.10) 63 C % containing the maximal Kan complex
16 C €. We shall call € the underlying co-category of the pair (¢, %}). A morphism of 6; will
be said to be an ingressive morphism.

(2) A functor of pairs ¢: (¢,6;) — (2,%;) is functor € — 2 that carries ingressive
morphisms to ingressive morphisms; that is, it is a (strictly!) commutative diagram

3)

‘éﬂ%

[

C —> 9
v

of co-categories.

(4) A functor of pairs € — 2 is said to be strict if a morphism of & is ingressive just in
case its image in 9 is so; that is, if the diagram (3) is a pullback diagram in Cat.

(5) A subpair of a pair (¢, ¢}) is a subcategory (1.10) 2 C % equipped with a pair structure
(2, P+) such that the inclusion ¥ < € is a strict functor of pairs. If the subcategory 2 C €
is full, then we will say that (2, %;) is a full subpair of (¢,%}).

Since a subcategory of an co-category is uniquely specified by a subcategory of its homotopy
category, and since a morphism of an oo-category is an equivalence if and only if the
corresponding morphism of the homotopy category is an isomorphism [42, Proposition 1.2.4.1],
we deduce that a pair (4, %}) of co-categories may simply be described as an oco-category €
and a subcategory (h€); C h6 of the homotopy category that contains all the isomorphisms.
In particular, note that ¢} contains all the objects of €.

Note that pairs are a bit rigid: if (¢,%}) and (€, €;+) are two pairs, then any equivalence
of co-categories €; > €} that is (strictly) compatible with the inclusions into ¢ must be
the identity. It follows that for any equivalence of co-categories C' = D, the set of pairs with
underlying co-category C' is in bijection with the set of pairs with underlying co-category D.
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Consequently, we will often identify a pair (¢, €}) of co-categories by defining the underlying
oo-category € and then declaring which morphisms of € are ingressive. As long as the condition
given holds for all equivalences and is stable under homotopies between morphisms and under
composition, this will specify a well-defined pair of co-categories.

NOTATION 1.12. Suppose (€, %}) is a pair. Then an ingressive morphism will frequently
be denoted by an arrow with a tail: »— . We will often abuse notation by simply writing €
for the pair (¢, %;).

ExAMPLE 1.13. Any oo-category C can be given the structure of a pair in two ways: the
minimal pair C° := (C,1C) and the maximal pair C* := (C,C).

The oco-category of pairs

We describe an oco-category Pair., of pairs of co-categories in much the same manner as we
described the co-category Cato, of co-categories (Notation 1.8).

NOTATION 1.14. Suppose ¢ = (¢,%;) and Z = (2, Z;) are two pairs of co-categories. Let
us denote by Funpair_ (%, 2) the full subcategory of the co-category Fun(%, 2) spanned by
the functors € — 2 that carry ingressives to ingressives.

The large simplicial category PairoAO is defined in the following manner. The objects of PairoAO
are small pairs of co-categories, and for any two pairs of co-categories ¥ and &, the morphism
space Pairs (¢, 2) is interior oo-groupoid (Notation 1.7)

Pairvo (¢,2) := (Funpair._ (¢, 9).

Note that PairZ (%, 2) is the union of connected components of Cat% (%, Z) that correspond
to functors of pairs.
Now the co-category Pair., is the simplicial nerve of this simplicial category (Notation 1.4).

Pair structures

It will be convenient to describe pairs of oco-categories as certain functors between oo-
categories. This will permit us to exhibit Pair., as a full subcategory of the arrow oco-category
Fun(A!, Cat,.). This description will, in fact, imply (Proposition 4.2) that the oo-category
Pair, is presentable.

NoTAaTION 1.15. For any simplicial set X, write &(X) for the simplicial mapping space
from A! to X, whose n-simplices are given by

O0(X), = Mor(A! x A", X).

If C is an oo-category, then O(C) = Fun(A!,C) is an oo-category as well [42, Proposi-
tion 1.2.7.3]; this is the arrow oco-category of C. (In fact, & is a right Quillen functor for
the Joyal model structure, since this model structure is cartesian.)

DEFINITION 1.16. Suppose C and D oo-categories. We say that a functor D —s C' exhibits
a pair structure on C' if it factors as an equivalence D -~ FE followed by an inclusion £ < C
of a subcategory (1.10) such that (C, F) is a pair.

LEMMA 1.17. Suppose C and D oo-categories. Then a functor ¢v: D — C' exhibits a pair
structure on C' if and only if the following conditions are satisfied.

(1) The functor  induces an equivalence 1D — 1C.
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(2) The functor v is a (homotopy) monomorphism in the co-category Cat..; that is, the
diagonal morphism

D— DxLD

in hCat, is an isomorphism.

Proof. Clearly any equivalence of co-categories satisfies these criteria. If ¢ is an inclusion
of a subcategory such that (C, D) is a pair, then 9, restricted to ¢D, is the identity map, and
it is an inner fibration such that the diagonal map D — D X¢ D is an isomorphism. This
shows that if 1) exhibits a pair structure on C, then v satisfies the conditions listed.

Conversely, suppose that v satisfies the conditions listed. Then it is hard not to show that
for any objects x,y € D, the functor 1 induces a homotopy monomorphism

Mapp (2, y) — Mapc (¢(2), 9 (y)),

whence the natural map

Mapp (z,y) — Mapy,p(z,y) X}I\L/IapNhC(d)(:E),'L/J(y)) Mape (¥(x), ¥ (y))

is a weak equivalence. This, combined with the fact that the map :D — «C' is an equivalence,
now implies that the natural map D — NhD Xf]ﬁ/hc C of Cat, is an equivalence.

Since isomorphisms in AC' are precisely equivalences in C', the induced functor of homotopy
categories hD — hC' identifies hD with a subcategory of hC' that contains all the isomor-
phisms. Denote this subcategory by hE C hC. Now let E be the corresponding subcategory of
C'; we thus have a diagram of co-categories

D Ec« C

[

NhD —~> NhE —> NhC

in which the square on the right and the big rectangle are homotopy pullbacks (for the Joyal
model structure). Thus the square on the left is a homotopy pullback as well, and so the functor
D — F is an equivalence, giving our desired factorization. ]

CONSTRUCTION 1.18. We now consider the following simplicial functor
U’ : Pairy — Fun([1], Cat?).

On objects, U’ carries a pair (¢, %}) to the inclusion of co-categories €} «— €. On mapping
spaces, U’ is given by the obvious forgetful maps

tFunpair ((¢,%4), (2, %;)) — (Fun(€, 2) X, pune,,2) tFun(6;, Z;).

Now note that since (Fun(%;, ;) «— (Fun(%;, 2) is the inclusion of a union of connected
components, it follows that the projection

(Fun(%, 2) X run(e,,2) Fun(6;, 2y) — 1Fun(€, 2)

is an inclusion of a union of connected components as well; in particular, it is the inclusion of
those connected components corresponding to those functors ¥ — % that carry morphisms
of ¢} to morphisms of Z;. That is, the inclusion

LFunPairoc ((Cf, Cgir), (.@, ‘@T)) > LFUH(%, .@)
factors through an equivalence

(Funpair ((€¢,%6}),(2, %)) = (Fun(€, 2) X [Fun(;,2) (Fun(6;, 24).
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In other words, the functor U’ is fully faithful.
We therefore conclude:

ProrosiTION 1.19. The functor
Pair,, — NFun([1], Cat%) ~ ¢(Cat..)

induced by U’ exhibits an equivalence between Pair., and the full subcategory of (Cat,)
spanned by those functors D — C' that exhibit a pair structure on C.

The oo-categories of pairs as a relative nerve

It will be convenient for us to have a description of Pairs, as a relative nerve (Definition 1.5).
First, we record the following trivial result.

PRrROPOSITION 1.20. The following are equivalent for a functor of pairs ¢¥: € — 9.

(1) The functor of pairs ¢ is an equivalence in the co-category Pair.

(2) The underlying functor of co-categories Is a categorical equivalence, and 1 is strict.

(3) The underlying functor of co-categories is a categorical equivalence that induces an
equivalence h6; ~ h%;.

Proof. The equivalence of the first two conditions follows from the equivalence between
Pair., and a full subcategory of &(Caty,). The second condition clearly implies the third. To
prove that the third condition implies the second, consider the commutative diagram

The front and back faces are pullback squares and therefore homotopy pullback squares. Since
both Nh¢ -=~> Nh9 and Nh¢; =~ NhP; are equivalences, the bottom face is a homotopy
pullback as well. Hence the top square is a homotopy pullback. But since (¢, %%) is a pair, it
must be an actual pullback; that is, 1 is strict. O

This proposition implies that the oco-category of functors of pairs is compatible with
equivalences of pairs.

COROLLARY 1.21. Suppose & is a pair, and suppose ¢ > & is an equivalence of pairs of
oo-categories. Then the induced functor Funpair (97, €) —> Funpair. (7, 2) is an equivalence
of co-categories.

Proof. The proposition implies that any homotopy inverse 2 -~ € of the equivalence
€ > 2 of underlying oo-categories must carry ingressives to ingressives. This induces a
homotopy inverse Funpair_ (&, 2) — Funpair (27, %), completing the proof. O

Furthermore, Proposition 1.20 may be combined with Propositions 1.19 and 1.9 to yield the
following.
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COROLLARY 1.22. Denote by w(Pairs), C (Pairs ) the subcategory of the ordinary
category of pairs of co-categories (Notation 1.4) consisting of those functors of pairs € — 9
whose underlying functor of oo-categories is a categorical equivalence that induces an
equivalence h'6¢; ~ h9;. Then the oo-category Pair., is a relative nerve (Definition 1.5) of
the relative category ((Pair%)o, w(Pair%))o).

The dual picture

Let us conclude this section by briefly outlining the dual picture of co-categories with fibrations.

DEFINITION 1.23. Suppose (4°P, (4°P);) a pair. Then write ¢’ for the subcategory
(")) C %.

We call the morphisms of €’ egressive morphisms or fibrations. The pair (¢, ¢'") will be called
the opposite pair to (¢°P,(%°P);). One may abuse the terminology slightly by referring to
(¢,%1) as a pair structure on €°P.

NOTATION 1.24. Suppose that (4°P, (4°P);) is a pair. Then a fibration of ¢ will frequently
be denoted by a double-headed arrow: —»> . We will often abuse notation by simply writing
€ for the opposite pair (¢, %7).

We summarize this discussion with the following.

PROPOSITION 1.25. The formation (¢,%}) > (€°P, (¢°P)") of the opposite pair defines
an involution (—)°P of the co-category Pair,.

2. Waldhausen oco-categories

In developing his abstract framework for K-theory, Waldhausen introduced first [73, §1.1]
the notion of a category with cofibrations, and then [73, §1.2] layered the added structure of
a subcategory of weak equivalences satisfying some additional compatibilities to obtain what
today is often called a Waldhausen category. This added structure introduces homotopy theory,
and Waldhausen required that the structure of a category with cofibrations interacts well with
this homotopy theory.

The theory of Waldhausen oco-categories, which we introduce in this section, reverses these
two priorities. The layer of homotopy theory is already embedded in the implementation of
quasicategories. Then, because it is effectively impossible to formulate co-categorical notions
that do not interact well with the homotopy theory, we arrive at a suitable definition
of Waldhausen oo-categories by writing the quasicategorical analogues of the axioms for
Waldhausen’s categories with cofibrations. Consequently, a Waldhausen oo-category will be
a pair of oco-categories that enjoys the following properties.

(A) The underlying oo-category admits a zero object 0 such that the morphisms 0 — X
are all ingressive.
(B) Pushouts of ingressives exist and are ingressives.

Limits and colimits in co-categories

To work with these conditions effectively, it is convenient to fix some notations and terminology
for the study of limits and colimits in co-categories, as defined in [42, §1.2.13].
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RECOLLECTION 2.1. Recall [42, Definition 1.2.12.1] that an object X of an co-category C'is
said to be Initial if for any object Y of C', the mapping space Map(X,Y") is weakly contractible.
Dually, X is said to be terminal if for any object Y of C, the mapping space Map(Y, X) is
weakly contractible.

DEFINITION 2.2. A zero object of an oo-category is an object that is both initial and
terminal.

NoTATION 2.3. For any simplicial set K, one has [42, Notation 1.2.8.4] the right cone
K® := K » A% and the left cone K< := A° x K; we write +o0 for the cone point of K™, and
we write —oo for the cone point of K.

RECOLLECTION 2.4. Just as in ordinary category theory, a colimit and limit in an oo-
category can be described as an initial and terminal object of a suitable associated co-category.
For any simplicial set K, a limit diagram in an oco-category C' is a diagram

p: K9 — C

that is a terminal object in the overcategory C/,, [42, §1.2.9], where p = p| K. Dually, a colimit,
diagram in an oo-category C'is a diagram

ﬁ:KD‘»C

that is a terminal object in the undercategory C,,, where p = p|K.
For any oco-category A and any oo-category C, we denote by

Colim (A", C) C Fun(4*,C)

the full subcategory spanned by colimit diagrams A> — C.

DEFINITION 2.5. A pushout square in an oco-category C' is a colimit diagram
X: (AP =Ax A — C.
Such a diagram may be drawn

Xoo —> Xo1

o

X10 — Xu1;
the edge X190 — X11 is called the pushout of the edge Xo9 —> Xo1.

RECOLLECTION 2.6. A key result of Joyal [42, Proposition 1.2.12.9] states that for any
functor ¢: A — C, the fiber of the canonical restriction functor

p: Colim(A”,C) — Fun(A, C)

over 1 is either empty or a contractible Kan space. One says that C' admits all A-shaped
colimits if the fibers of the functor p are all nonempty. In this case, p is an equivalence of
oo-categories.

More generally, if o7 is a family of co-categories, then one says that C' admits all <7 -shaped
colimits if the fibers of the functor Colim(A>,C) — Fun(A, C) are all nonempty for every
Aed.
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Finally, if & is a family of co-categories, then a functor f: C’ —s C will be said to preserve
all o/ -shaped colimits if for any A € </, the composite

Colim(A”,C") — Fun(4*,C’) — Fun(A",0)

factors through Colim(A”,C') C Fun(A”, C). We write Fung (C’, C) C Fun(C’, C) for the full
subcategory spanned by those functors that preserve all o/-shaped colimits.

Waldhausen oco-categories

We now introduce the notion of Waldhausen oco-categories, which are the primary objects of
study in this work.

DEFINITION 2.7. A Waldhausen oo-category (¢€,%;) is a pair of essentially small oo-
categories such that the following axioms hold.

(1) The oco-category € contains a zero object.

(2) For any zero object 0, any morphism 0 — X is ingressive.

(3) Pushouts of ingressive morphisms exist. That is, for any diagram G: A3 — €
represented as

X —Y

|

X/

in which the morphism X »— Y is ingressive, there exists a pushout square G:
(A3)> =2 Al x Al — ¥ extending G-

X—Y

L

X —Y'.

(4) Pushouts of ingressives are ingressives. That 1is, for any pushout square
(A2)> =2 Al x A — ¥ represented as

X—Y

L

X — Y’,

if the morphism X »— Y is ingressive, then so is the morphism X’ — Y”.

Call a functor of pairs 1: € — Z between two Waldhausen oco-categories exact if it satisfies
the following conditions.

(5) The underlying functor of ¢ carries zero objects of € to zero objects of 2.
(6) For any pushout square F': (AZ)> =2 Al x Al — % represented as

X—Y

|

X/)_>Y/
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in which X »— Y and hence X' ~— Y’ are ingressive, the induced square 1 o F':
(A2)> = Al x Al — 2 represented as

P(X) ()

|

P(X') —(Y)

is a pushout as well.
A Waldhausen subcategory of a Waldhausen oco-category € is a subpair 2 C € such that
2 is a Waldhausen oo-category, and the inclusion 2 «— % is exact.

Let us repackage some of these conditions.

2.8. Denote by Ag2? the pair (A3, AL 1 Af2}H) which may be represented as

0—1

|

2.

Denote by 2?2 the pair
(A2)>, ATO} [ AT2ooby o (A1) (A)E 22 (AL x AL (AT D AT AL
(Example 1.13), which may be represented as

There is an obvious strict inclusion of pairs Ag2? «— 22
Conditions (Definition 2.7.3) and (Definition 2.7.4) can be rephrased as the single condition
that the functor

Funpairoc (32, %) — Funpairoo (A0=@2, cg)
induces an equivalence of co-categories
COlimpairw (Qz, cg) > Funpairm (1\03927 cg)

where Colimpair_ (22, %) denotes the full subcategory of Funpair. (22, %) spanned by those
functors of pairs 22 — % whose underlying functor (A3)> — ¢ is a pushout square.

Condition (Definition 2.7.6) on a functor of pairs ¢: ¥ — 2 between Waldhausen oo-
categories is equivalent to the condition that the composite functor

COhHlpairOo (22, Cg) C Funpairoo (32, cg) — Funpairx (22, @)
factors through the full subcategory
Colimpair. (22, 2) C Funpair. (2%, 2).

Some examples

To get a sense of how these axioms apply, let us give some examples of Waldhausen oo-
categories.
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ExAMPLE 2.9. When equipped with the minimal pair structure (Example 1.13), an oco-
category C' is a Waldhausen co-category C” if and only if C' is a contractible Kan complex.

Equipped with the maximal pair structure (Example 1.13), any co-category C' that admits
a zero object and all finite colimits can be regarded as a Waldhausen co-category C*.

ExaMPLE 2.10. As a special case of the above, suppose that & is an oo-topos [42,
Definition 6.1.0.2]. For example, one may consider the example & = Fun(S,Kan) for some
simplicial set S. Then the co-category & of compact, pointed objects of &, when equipped with
its maximal pair structure, is a Waldhausen oo-category. Its algebraic K-theory will be called
the A-theory of &. For any Kan simplicial set X, the A-theory of the co-topos Fun(X, Kan)
agrees with Waldhausen’s A-theory of X (where one defines the latter via the category Zas(X)
of finitely dominated retractive spaces over X [73, p. 389]). See Example 10.3 for more.

EXAMPLE 2.11. Any stable oo-category &/ [46, Definition 1.1.1.9], when equipped with
its maximal pair structure, is a Waldhausen oco-category. If &/ admits a t-structure [46,
Definition 1.2.1.4], then one may define a pair structure on any of the oo-categories <,
by declaring that a morphism X — Y be ingressive just in case the induced morphism
X —> m,Y is a monomorphism of the heart 7. We study the relationship between the
algebraic K-theory of these co-categories to the algebraic K-theory of &7 itself in a follow-up
to this paper [3].

ExamMpPLE 2.12. If (C,cofC) is an ordinary category with cofibrations in the sense of
Waldhausen [73, §1.1], then the pair (NC, N(cofC)) is easily seen to be a Waldhausen oco-
category. If (C,cofC,wC) is a category with cofibrations and weak equivalences in the sense
of Waldhausen [73, §1.2], then one may endow a relative nerve (Definition 1.5) N(C,wC) of
the relative category (C,wC) with a pair structure by defining the subcategory N(C,wC); C
N(C,wC) as the smallest subcategory containing the equivalences and the images of the edges
in NC corresponding to cofibrations. In Proposition 9.15, we will show that if (C,wC) is a
partial model category in which the weak equivalences and trivial cofibrations are part of a
three-arrow calculus of fractions, then any relative nerve of (C,wC) is in fact a Waldhausen
oo-category with this pair structure.

The oco-category of Waldhausen co-categories

We now define the co-category of Waldhausen oco-categories as a subcategory of the oco-category
of pairs.

NOTATION 2.13. (1) Suppose that € and Z are two Waldhausen oo-categories. We denote
by Funwaia,, (¢, 2) the full subcategory of Funpair (%, %) spanned by the exact functors
€ — 2 of Waldhausen oco-categories.

(2) Define Waldvo as the following simplicial subcategory of PairoAO. The objects of WaldOAo
are small Waldhausen oco-categories, and for any Waldhausen oco-categories 4 and %, the
morphism space Wald% (%, 2) is defined by the formula

WaldoAo (¢,2) .= (‘Funwaia_, (¢, 2),

or, equivalently, Wald% (4, 2) is the union of the connected components of Pair’ (%, 2)
corresponding to the exact morphisms.

(3) We now define the co-category Wald,, as the simplicial nerve of Wald%, (Notation 1.4),
or, equivalently, as the subcategory of Pair., whose objects are Waldhausen oo-categories and
whose morphisms are exact functors.
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LEMMA 2.14. The subcategory Wald., C Pair., is stable under equivalences.

Proof. Suppose that € is a Waldhausen co-category, and that ¢: € > 2 is an equivalence
of pairs. The functor of pairs ¢ induces an equivalence of underlying oco-categories, when 2
admits a zero object as well. We also have, in the notation of Nt. 2.8, a commutative square

Colimpair. (22,%) —> Funpair. (A22,%)

l |

Colimpairw (32, @) e Funpairoo (AQQ2, @)

in which the top functor is an equivalence since % is a Waldhausen co-category, and the vertical
functors are equivalences since ¥ -~ & is an equivalence of pairs. Hence the bottom functor
is an equivalence of co-categories, whence Z is a Waldhausen oo-category. Ul

Equivalences between maximal Waldhausen oco-categories

Equivalences between Waldhausen co-categories with a maximal pair structure (Example 2.9)
are often easy to detect, thanks to the following result.

PROPOSITION 2.15. Suppose that € and 2 are two oo-categories each containing zero
objects and all finite colimits. Regard them as Waldhausen oco-categories equipped with the
maximal pair structure (Example 2.9). Assume that the suspension functor ¥: € — € is
essentially surjective. Then an exact functor ¢¥: € — & is an equivalence if and only if it
induces an equivalence of homotopy categories h¢ —> h9.

Proof. We need only to show that v is fully faithful. Since ¥ preserves all finite colimits [42,
Corollary 4.4.2.5], it follows that i preserves the tensor product with any finite Kan complex
[42, Corollary 4.4.4.9]. Thus for any finite simplicial set K and any objects X and Y of €, the
map

[Kv Map‘é(Xv Y)] - [Ka Map@ (w(X)v 1/’(Y))]
can be identified with the map
moMap(X ® K,Y) — moMap(¢(X @ K), ¢(Y)) = moMap(4(X) © K, ¢ (Y)).

This map is a bijection for any finite simplicial set K. In particular, the map
Map(X,Y) — Map(v(X),¥(Y)) is a weak homotopy equivalence on the connected com-
ponents at 0, whence Map(XX,Y) = Map(¢(XX),¥(Y)) is an equivalence. Now since every
object in ¥ is a suspension, the functor 4 is fully faithful. Ul

The dual picture

Entirely dual to the theory of Waldhausen oco-categories is the theory of co-Waldhausen oco-
categories. We record the definition here; clearly any result or construction in the theory of
Waldhausen oco-categories can be immediately dualized.

DEFINITION 2.16. (1) A co-Waldhausen co-category (¢,%') is an opposite pair (¢, %)
such that the opposite (€°P, (¢°P)+) is a Waldhausen oo-category.

(2) A functor of pairs ¢: € — Z between two co-Waldhausen co-categories is said to be
exact if its opposite ¢°P: P — P°P is exact.



264 CLARK BARWICK

NOTATION 2.17. (1) Suppose that € and 2 are two co-Waldhausen oco-categories. Denote
by Funcowald (%, 2) the full subcategory of Funpair (¢, Z) spanned by the exact morphisms
of co-Waldhausen oo-categories.

(2) Define coWaldoAo as the following large simplicial subcategory of PairOAo. The objects
of coWaldOAO are small co-Waldhausen oco-categories, and for any co-Waldhausen oco-categories
% and 2, the morphism space is defined by the formula

coWald? (¢, 2) := i(Funcowaia (%, 2),

or equivalently, coWald% (¢, 2) is the union of the connected components of Pairs (¢, 2)
corresponding to the exact morphisms.

(3) We then define an oco-category coWald as the simplicial nerve (Definition 1.5) of the
simplicial category coWaldOAo.

We summarize these constructions with the following.

PROPOSITION 2.18. The opposite involution on Pairs, (Proposition 1.25) restricts to an
equivalence between Wald, and coWald.

3. Waldhausen fibrations

A key component of Waldhausen’s algebraic K-theory of spaces is his S, construction
[73, §1.3]. In effect, this is a diagram of categories

S: A’ — Cat
such that for any object m € A, the category Sy, is the category of filtered spaces
x=XoCX1C--CXnm

of length m, and, for any simplicial operator [¢: n — m] € A, the induced functor
or: S, — S, carries a filtered space * = Xy C X7 C --- C X,,, to a filtered space

* = Xy0)/Xp0) C Xop1)/Xop0) €+ C Xon)/Xop(0)-

We will want to construct an co-categorical variant of S,, but there is a little wrinkle here: as
written, this is not a functor on the nose. Rather, it is a pseudofunctor, because quotients are
defined only up to (canonical) isomorphism. To rectify this, Waldhausen constructs [73, §1.3]
an honest functor by replacing each category S,, with a fattening thereof, in which an object
is a filtered space

*x=XoC X1 C---CX,,

along with compatible choices of all the quotient spaces X;/X;.
If one wishes to pass to a more homotopical variant of the S, construction, matters become
even more complicated. After all, any sequence of simplicial sets

*’;’X()HXl—» *’Xm

can, up to homotopy, be regarded as a filtered space. To extend the S, construction to accept
these objects, a simplicial operator should then induce functor that carries such a sequence to a
corresponding sequence of homotopy quotients, in which each map is replaced by a cofibration,
and the suitable quotients are formed. This now presents not only a functoriality problem
but also a homotopy coherence problem, which is precisely solved for Waldhausen categories
satisfying a technical hypothesis (functorial factorizations of weak w-cofibrations) by means of
Blumberg—Mandell’s S,-construction [15, Definition 2.7].
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Unfortunately, these homotopy coherence problems grow less tractable as K-theoretic
constructions become more involved. For example, if one seeks multiplicative structures on
algebraic K-theory spectra, it becomes a challenge to perform all the necessary rectifications to
turn a suitable pairing of Waldhausen categories into an E} multiplication on the K-theory. The
work of Elmendorf and Mandell [25] manages the case k = co by using different (and quite rigid)
inputs for the K-theory functor. More generally, Blumberg and Mandell [17, Theorem 2.6]
generalize this by providing, for any (colored) operad O in categories, an O-algebra structure
on the K-theory of any O-algebra in Waldhausen categories.

However, the theory of co-categories provides a powerful alternative to such explicit solutions
to homotopy coherence problems. Namely, the theory of cartesian and co-cartesian fibrations
allows one, in effect, to leave the homotopy coherence problems unsolved yet, at the same time,
to work effectively with the resulting objects. For this reason, these concepts play a central role
in our work here. (For fully general solutions to the problem of finding O structures on K-theory
spectra using machinery of the kind developed here, see either Blumberg—Gepner—Tabuada [13]
or [2].)

Cocartesian fibrations

The idea goes back at least to Grothendieck (and probably further). If X: C — Cat is an
(honest) diagram of ordinary categories, then one can define the Grothendieck construction of
X. This is a category G(X) whose objects are pairs (¢, z) consisting of an object ¢ € C and an
object € X(c¢), in which a morphism (f,¢): (d,y) — (¢, x) is a morphism f: d — c of C
and a morphism

¢: X(f)y) — =

of X (c). There is an obvious forgetful functor p: G(X) — C.

One may now attempt to reverse-engineer the Grothendieck construction by trying to extract
the salient features of the forgetful functor p that ensures that it ‘came from’ a diagram of
categories. What we may notice is that for any morphism f: d — ¢ of C' and any object
y € X(d) there is a special morphism

F=(f¢): (dy) — (¢, X(f)(¥))
of G(X) in which
o: X()y) — X))

is simply the identity morphism. This morphism is initial among all the morphisms F’ of G(X)
such that p(F’) = f; that is, for any morphism F’ of G(X) such that p(F’) = f, there exists a
morphism H of G(X) such that p(H) = id. such that F" = Ho F.

We call morphisms of G(X) that are initial in this sense p-cocartesian. Since a p-cocartesian
edge lying over a morphism d — ¢ is defined by a universal property, it is uniquely specified up
to a unique isomorphism lying over id.. The key condition that we are looking for is then that
for any morphism of C' and any lift of its source, there is a p-cocartesian morphism with that
source lying over it. A functor p satisfying this condition is called a Grothendieck opfibration.

Now for any Grothendieck opfibration q: D — C, let us attempt to extract a functor
Y: C — Cat whose Grothendieck construction G(Y') is equivalent (as a category over C) to
D. We proceed in the following manner. To any object ¢ € C assign the fiber D, of ¢q over c.
To any morphism f: d — ¢ assign a functor Y (f): Dy — D, that carries any object y € Dy
to the target Y (f)(y) € D. of ‘the’ g-cocartesian edge lying over f. However, the problem is
already apparent in the scare quotes around the word ‘the’. These functors will not be strictly
compatible with composition; rather, one will obtain natural isomorphisms

Y(gof)=Y(g)oY(f)

that will satisfy a secondary layer of coherences that make Y into a pseudofunctor.
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It is in fact possible to rectify any pseudofunctor to an equivalent honest functor, and this
gives an honest functor whose Grothendieck construction is equivalent to our original D.

In light of all this, three options present themselves for contending with weak diagrams of
ordinary categories:

(1) Rectify all pseudofunctors, and keep track of the rectifications as constructions become
more involved.

(2) Work systematically with pseudofunctors, verifying all the coherence laws as needed.

(3) Work directly with Grothendieck opfibrations.

Which of these one selects is largely a matter of taste. When we pass to diagrams of higher
categories, however, the first two options veer sharply into the realm of impracticality. A
pseudofunctor S — Cat., has not only a secondary level of coherences, but also an infinite
progression of coherences between witnesses of lower-order coherences. Though rectifications
of these pseudofunctors do exist (see Recollection 3.4), they are usually not terribly explicit,
and it would be an onerous task to keep them all straight.

Fortunately, the last option generalizes quite comfortably to the context of quasicategories,
yielding the theory of cocartesian fibrations.

RECOLLECTION 3.1. Suppose p: X — S is an inner fibration of simplicial sets. Recall [42,
Remark 2.4.1.4] that an edge f: A! — X is p-cocartesian just in case, for each integer n > 2,
any extension

Ao L, x,

17

and any solid arrow commutative diagram

A x

[l

A" — S,

the dotted arrow F exists, rendering the diagram commutative.

We say that p is a cocartesian fibration [42, Definition 2.4.2.1] if, for any edge n: s — t of
S and for every vertex x € X such that p(x) = s, there exists a p-cocartesian edge f: x — y
such that n = p(f).

Cartesian edges and cartesian fibrations are defined dually, so that an edge of X is p-
cartesian just in case the corresponding edge of X°P is cocartesian for the inner fibration
p°P: X°P — S§°P_and p is a cartesian fibration just in case p°P is a cocartesian fibration.

ExAMPLE 3.2. A functor p: D — C between ordinary categories is a Grothendieck
opfibration if and only if the induced functor N(p): ND — NC on nerves is a cocartesian
fibration [42, Rk 2.4.2.2].

EXAMPLE 3.3. Recall that for any oo-category C, we write &(C) := Fun(Al, C). By [42,
Corollary 2.4.7.12], evaluation at 0 defines a cartesian fibration s: ¢(C) — C, and evaluation
at 1 defines a cocartesian fibration ¢: 0(C) — C.
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One can ask whether the functor s: &(C) — C is also a cocartesian fibration. One may
observe [42, Lemma 6.1.1.1] that an edge A! — €(C) is s-cocartesian just in case the
corresponding diagram (A3)> = Al x Al — C is a pushout square.

RECOLLECTION 3.4. Suppose that S is a simplicial set. Then the collection of cocartesian
fibrations to S with small fibers is naturally organized into an oo-category Catgg%”. To
construct it, let Cat®®"* be the following subcategory of €(Caty,): an object X — U of
0(Caty,) lies in Cat®“"* if and only if it is a cocartesian fibration, and a morphism p — ¢
in 0(Caty,) between cocartesian fibrations represented as a square

x-Ly

a o

U—V

lies in Cat2°* if and only if f carries p-cocartesian edges to g-cocartesian edges. We now

define Catggfg“ as the fiber over S of the target functor
t: Catl2" C 0(Caty,) — Catoo.

Equivalently [42, Proposition 3.1.3.7], one may describe Catgg%rt as the simplicial nerve
(Notation 1.4) of the (fibrant) simplicial category of marked simplicial sets [42, Defini-
tion 3.1.0.1] over S that are fibrant for the cocartesian model structure; that is, of the form
X% S for X — S a cocartesian fibration [42, Definition 3.1.1.8].

The straightening/unstraightening Quillen equivalence of [42, Theorem 3.2.0.1] now yields
an equivalence of co-categories

Catgg‘;%rt ~ Fun(S, Caty).

So, the dictionary between Grothendieck opfibrations and diagrams of categories generalizes
gracefully to a dictionary between cocartesian fibrations p: X — S with small fibers and
functors X: S — Caty,. As for ordinary categories, for any vertex s € Sy, the value X(s) is
equivalent to the fiber X, and for any edge n: s — ¢, the functor hX(s) — hX(t) assigns
to any object x € X an object y € X; with the property that there is a cocartesian edge
x —> y that covers . We say that X classifies p [42, Definition 3.3.2.2], and we will abuse the
terminology slightly by speaking of the functor n;: X, — X; induced by an edge n: s — ¢
of S, even though n is defined only up to canonical equivalence.

Dually, the collection of cartesian fibrations to S with small fibers is naturally organized into
an oo-category Catgir/ts, and the straightening/unstraightening Quillen equivalence yields an
equivalence of co-categories

Catgir/ts ~ Fun(S°P, Catw).

EXAMPLE 3.5. For any oo-category C, the functor C°P — Cat,, that classifies the
cartesian fibration s: 0(C) — C is the functor that carries any object X of C to the
undercategory Cx, and any morphism f:Y — X to the forgetful functor f*: Cx, — Cy;,.

If C' admits all pushouts, then the cocartesian fibration s: 0(C) — C is classified by
a functor ¢ — Cat, that carries any object X of C to the undercategory Cx, and any
morphism f:Y — X to the functor fi: Cy, — Cx/, that is given by pushout along f.

RECOLLECTION 3.6. A cocartesian fibration with the special property that each fiber is
a Kan complex, or equivalently, with the special property that the functor that classifies
it factors through the full subcategory Kan C Cat,,, is called a left fibration. These are
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more efficiently described as maps that satisfy the right lifting property with respect to horn
inclusions A} «— A™ such that n > 1 and 0 < k < n — 1 [42, Proposition 2.4.2.4].

For any cocartesian fibration p: X — S, one may consider the smallest simplicial subset
tsX C X that contains the p-cocartesian edges. The restriction tg(p): tsX —> S of p to ts X
is a left fibration. The functor S — Kan that classifies tgp is then the functor given by the
composition

st Cat., — Kan,

where F' is the functor that classifies p.

Let us recall a particularly powerful construction with cartesian and cocartesian fibrations,
which will form the cornerstone for our study of filtered objects of Waldhausen oo-categories.

RECOLLECTION 3.7. Suppose that S is a simplicial set, and that X: S°? — Cat,, and
Y: S — Cat,, are two diagrams of oo-categories. Then one may define a functor

Fun(X,Y): S — Cat

that carries a vertex s of S to the co-category Fun(X(s), Y(s)) and an edge n: s — t of S to
the functor

Fun(X(s), Y (s)) — Fun(X(t), Y (1))

given by the assignment F' > Y (n) o F o X(n).

If one wishes to work instead with the cartesian and cocartesian fibrations classified by X
and Y, the following construction provides an elegant way of writing explicitly the cocartesian
fibration classified by the functor Fun(X,Y). If p: X — S is the cartesian fibration classified
by X and if q: Y — S is the cocartesian fibration classified by Y, one may define a map
r: T — S defined by the following universal property: for any map o: K — S, one has a
bijection

Morg(K,T) = Morg(X xgs K,Y),

functorial in o. It is then shown in [42, Corollary 3.2.2.13] that p is a cocartesian fibration,
and an edge g: A — T is r-cocartesian just in case the induced map X xg Al — Y carries
p-cartesian edges to g-cocartesian edges. The fiber of the map T' —> S over a vertex s is the
oo-category Fun(Xs,Ys), and for any edge n: s — ¢ of S, the functor n: Ty — T} induced
by 7 is equivalent to the functor F — Y (n) o F o X(n) described above.

Pair cartesian and cocartesian fibrations

Just as cartesian and cocartesian fibrations are well adapted to the study of weak diagrams of
oo-categories, we will introduce the theory of Waldhausen cartesian and cocartesian fibrations,
which makes available a robust notion of weak diagrams of Waldhausen oco-categories. To
introduce this notion, we first discuss pair cartesian and cocartesian fibrations in some detail.
These will provide a notion of weak diagrams of pairs of co-categories.

DEFINITION 3.8. Suppose that S is an co-category. Then a pair cartesian fibration & — S
is a pair 2 and a morphism of pairs p: 2~ —> S” (where the target is the minimal pair
(S, 1S)—see Example 1.13) such that the following conditions are satisfied.

(1) The underlying functor of p is a cartesian fibration.
(2) For any edge n: s — t of S, the induced functor n*: Z; — %5 carries ingressive
morphisms to ingressive morphisms.
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Dually, a pair cocartesian fibration 2° —> S is a pair 2 and a morphism of pairs p: 2" —> S°
such that p°P: 27°P — S°P is a pair cartesian fibration.

PRrROPOSITION 3.9. If S is an oo-category and p: & — S is a pair cartesian fibration
[respectively, a pair cocartesian fibration] with small fibers, then the functor S°° —s Cat
[respectively, the functor S —> Caty] that classifies p lifts to a functor S°° — Pair,
[respectively, S — Pair.].

Proof. We employ the adjunction (&€, N) of [42, §1.1.5]. Since Pair,, and Cat., are
both defined as simplicial nerves, the data of a lift S°» — Pair,, of S°» — Cat,, are
tantamount to the data of a lift X: €[S]°P —> Pair% of the corresponding simplicial functor
X: ¢[S]°° —> Cat% . Now for any object s of €[S], the categories X (s) inherit a pair structure
via the canonical equivalence X(s) ~ Z5. For any two objects s and t of €[S], condition
(Definition 3.8.2) ensures that the map

¢[S](t, ) — Cat (X(s), X (1))
factors through the simplicial subset (Notation 1.14)
Pairs (X(s),X(t)) C Cat? (X(s), X(t)).
This now defines the desired simplicial functor X. ]

DEFINITION 3.10. In the situation of Proposition 3.9, we will say that the lifted func-
tor S°°? — Pair,, [respectively, the lifted functor S — Pair,,] classifies the cartesian
[respectively, cocartesian] fibration p.

PRrROPOSITION 3.11. The classes of pair cartesian fibrations and pair cocartesian fibrations
are each stable under base change. That is, for any pair cartesian [respectively, cocartesian]
fibration & — S and for any functor f: S’ — S, if the pullback Z' := % xg S’ is endowed
with the pair structure in which a morphism is ingressive just in case it is carried to an
equivalence in S’ and to an ingressive morphism of 2, then 2’ — S’ is a pair cartesian
[respectively, cocartesian] fibration.

Proof. We treat the case of pair cartesian fibrations. Cartesian fibrations are stable under
pullbacks [42, Proposition 2.4.2.3(2)], so it remains to note that for any morphism 7: s — ¢
of S’ the induced functor

n f) s 2= Ly — P =2

S

carries ingressive morphisms to ingressive morphisms. ]

The oo-categories of pair (co)cartesian fibrations

The collection of all pair cocartesian fibrations is organized into an oco-category PairS°**,

which is analogous to the oco-category Cat®® of Recollection 3.4. Furthermore, pair

cocartesian fibrations with a fixed base co-category S organize themselves into an oco-category

«_.cocart
Pair /.

NoTATION 3.12. Denote by

cart

cocart]
00

Pair [respectively, by Pairy

the following subcategory of ¢(Pairy,). The objects of Pair®" [respectively, Pair®®"] are

pair cartesian fibrations (respectively, pair cocartesian fibrations) 2 — S. For any pair
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cartesian (respectively, cocartesian) fibrations p: 2~ — S and ¢: # — T, a commutative
square

-y

Rt
KN o)
of pairs of co-categories is a morphism p — ¢ of Pair®®" [respectively, of Pairlo"] if and
only if v carries p-cartesian (respectively, p-cocartesian) edges to g-cartesian (respectively,
g-cocartesian) edges.
By an abuse of notation, we will denote by (2°/S) an object 2~ — S of Pair®"
[respectively, of Pairt®“]

The following is immediate from Proposition 3.11 and [42, Lemma 6.1.1.1].

LEMMA 3.13. The target functors
Pair®®" — Cat,, and Pairl' — Cat.

induced by the inclusion {1} C A' are both cartesian fibrations.

NOTATION 3.14. The fibers of the cartesian fibrations

Pair®®" — Cat,, and Pairl' — Cat.

cocart

g and Pairs” 75, respectively.

00,/

over an object {S} C Caty will be denoted Pair
By an abuse of notation, denote by

(Pairgzr/ts)o [respectively, by (Pairggc/agt)o]
the subcategory of the ordinary category ((PairZ)o | S?) whose objects are pair cartesian
fibrations [respectively, pair cocartesian fibrations] 2" — S and whose morphisms are functors
of pairs 2" —> % over S that carry cartesian morphisms to cartesian morphisms [respectively,
that carry cocartesian morphisms to cocartesian morphisms|. Denote by

w(PaiI‘gir/tS)o C (Pairfjr/ts)o [respectively, by w(Pairgg%rt)o C (Pairgg%”)o]
the subcategory consisting of those morphisms 2~ — &% over S that are fiberwise equivalences
of pairs, that is, such that for any vertex s € Sy, the induced functor Z; — %; is a weak
equivalence of pairs. Equivalently, w(PairZi”S)o is the collection of those equivalences of pairs
X = % over S that are fiberwise equivalences of co-categories, that is, such that for any
vertex s € Sy, the induced functor Z; — %; is an equivalence of underlying oco-categories.

LEMMA 3.15. For any oo-category S, the oo-category Pairggr/ts [respectively, the oo-

category Pairggc/asrt] is a relative nerve (Definition 1.5) of

((Pairgir/ts)o, w(Pairggr/tS)o) [respectively, of((Pairggc/%rt)o, w(Pairggc/egt)o)}.

cart cart

Proof. To show that Pairgzr/ts is a relative nerve of ((Pairy})s)o, w(Pairll)s)o), we first

note that the analogous result for co-categories of cartesian fibrations X — S holds. More

precisely, recall (Recollection 3.4) that Catggr/ts may be identified with the nerve of the cartesian

simplicial model category of marked simplicial sets over S, when it is a relative nerve of the
cart

category (Cat ) g)o of cartesian fibrations over S, equipped with the subcategory w(Catgz%)O
consisting of fiberwise equivalences.
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To extend this result to a characterization of Pair‘;z% as a relative nerve, let us contemplate

the square

]\f((Pz)LiI‘ng/tS)()7 W) — N((Catgzr/ts)o X (Cat.), (Pairs)o, W)

s..cart cart s
Pair /¢ Cat /s Xcat.., Pairs,

where we have written W for the obvious classes of weak equivalences. The horizontal maps
are the forgetful functors, and the vertical maps are the ones determined by the universal
property of the relative nerve. The vertical functor on the right is an equivalence, and the
vertical functor on the left is essentially surjective. It therefore remains only to note that the
horizontal functors are fully faithful. ]

We may now employ this lemma to lift the equivalence of oco-categories

Cat®s ~ Fun(S°P, Cat,,)

c0/S —
of [42, §3.2] to an equivalence of co-categories

Pairgz% ~ Fun(S°P, Pairy).

PROPOSITION 3.16. For any co-category S, the oco-category Fun(S°P, Pair.,) [respectively,
the oo-category Fun(S, Pairy, )] is a relative nerve (Definition 1.5) of

((Pairgir/ts)o, w(Pairggr/tS)o) [respectively, of((Pairgg‘;‘gt)O, w(PairEﬁ?fgt)g)].

Proof. The unstraightening functor of [42, §3.2] is a weak equivalence-preserving functor
Un': (Cat2) ™" — (Cat2s)o
that induces an equivalence of relative nerves. (Here, (Catvo)E[S]op denotes the relative category
of simplicial functors €[S]°® —> Cat% .) For any simplicial functor
X: ¢[S]°P —> Pairs,
endow the unstraightening Un™(X) with a pair structure by letting Un™(X); € Un™(X) be

the smallest subcategory containing all the equivalences as well as any cofibration of any fiber
Un™t(X), = X(s). With this definition, we obtain a weak equivalence-preserving functor

Un': (Paird)*1” (Pairgzr/ts)o.

This functor induces a functor on relative nerves, which is essentially surjective by
Proposition 3.9. Moreover, for any simplicial functors

X,Y: ¢[S]°P —> Pair%,
the simplicial set

MapN((PairoAc)t[S]op) (X,Y)
may be identified with the simplicial subset of

Map y((cata yersier) (X, Y)

given by the union of the connected components corresponding to natural transformations
X — Y such that for any s € Sy, the functor X(s) — Y(s) is a functor of pairs. Similarly,
the simplicial set

Mappaircar/ts (UnJr (X) 3 Un+ (Y))
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may be identified with the subspace of
Mapgagees, (Un*(X), Un* (Y))
given by the union of the connected components corresponding to functors
Unt(X) — Un"(Y)
over S that send cartesian edges to cartesian edges with the additional property that for any
s € Sy, the functor
Unt(X), = X(s) — Y(s) 2 Un"(Y),
is a functor of pairs. We thus conclude that Un™ is fully faithful. O

Armed with this, we may characterize colimits of pair cartesian fibrations fiberwise.

COROLLARY 3.17. Suppose that S is a small co-category and K is a small simplicial set.

cocart

A functor 2 : K® — Pair®y [respectively, a functor 2 : K* — Pair)g ] is a colimit

diagram if and only if, for every vertex s € Sy, the induced functor
2, K® — Pairy

is a colimit diagram.

Of course the same characterization of limits holds, but it will not be needed. We will take
up the question of the existence of colimits in the oco-category Pair, in Corollary 4.5.

A pair version of Recollection 3.7

The theory of pair cartesian and cocartesian fibrations is a relatively mild generalization of the
theory of cartesian and cocartesian fibrations, and many of the results extend to this setting.
In particular, we now set about proving a pair version of Recollection 3.7 (that is, of [42,
Corollary 3.2.2.13]).

In effect, the objective is to give a fibration-theoretic version of the following observation.
For any oo-category .S, any diagram X: S°? —s Pair,,, and any diagram Y : S — Pair,,,
there is a functor

Funpair (X,Y): S — Cato,

that carries any object s of S to the co-category Funpair (X(s), Y(s)).

NoTaTION 3.18. Consider the ordinary category sSet(2) of pairs (V,U) consisting of a
small simplicial set U and a simplicial subset U C V.

PROPOSITION 3.19. Suppose that p: & — S is a pair cartesian fibration, and that
q: % — S is a pair cocartesian fibration. Let r: T,% — S be the map defined by the
following universal property. We require, for any simplicial set K and any map o: K — S, a
bijection

NIOI‘S(K7 Tpg) = Morsset(g)/(s’bg)((K Xg %,K X5 %), (@, %))

(Notation 3.18), functorial in o. Then r is a cocartesian fibration.

Proof.  We may use [42, Corollary 3.2.2.13] to define a cocartesian fibration r': T/ % — S
with the universal property

Morgs(K,T,%) = Morg(K x5 Z',%).
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Thus T,% is an oo-category whose objects are pairs (s, ¢) consisting of an object s € Sy and
a functor ¢: &y — %, and T,% C TZ’,@ is the full subcategory spanned by those pairs (s, ¢)
such that ¢ is a functor of pairs. An edge (s,$) — (t,¢) in T,% over an edge 1: s — t of
S is r’-cocartesian if and only if the corresponding natural transformation na 0 ¢ o % — 9
is an equivalence. Since composites of functors of pairs are again functors of pairs, it follows
that if (s, ¢) is an object of T,,%, then so is (¢, ), whence it follows that r is a cocartesian

fibration. ]

Suppose that X classifies p and that Y classifies ¢. Since Funpair (X(s),Y(s)) is a full
subcategory of Fun(X(s), Y (s)), it follows from Recollection 3.7 that T,,% is in fact classified
by Funpairoo (X, Y)

Suppose S is an oo-category, and suppose p: £ —> S a pair cartesian fibration. The
construction T}, is visibly a functor

(Pairggc/zrt)o — (Catgg‘;?;t)o.

To show that T}, defines a functor of co-categories Pairy/s" — Cat /%", it suffices by

Lemma 3.15 just to observe that the functor T), carries weak equivalences of PairzZ‘;agt’O to

cocartesian equivalences. Hence we have the following.

PrOPOSITION 3.20. Suppose that p: & — S is a cartesian fibration; then the assignment
% +— T,% defines a functor

+_.cocart cocart
Pairl/g" — Cat /g

Waldhausen cartesian and cocartesian fibrations
Now we have laid the groundwork for our theory of Waldhausen cartesian and cocartesian
fibrations.
DEFINITION 3.21. Suppose that S is an oo-category. A Waldhausen cartesian fibration
p: & — S is a pair cartesian fibration satisfying the following conditions.
(1) For any object s of S, the pair
2= (2 xs {s}, 23 xs {s})

is a Waldhausen oco-category.
(2) For any morphism 7n: s — t, the corresponding functor of pairs

' Xy —
is an exact functor of Waldhausen co-categories.

Dually, a Waldhausen cocartesian fibration p: 2 — S is a pair cocartesian fibration
satisfying the following conditions.

(3) For any object s of S, the pair
Zs = (2 xs{s}, Z} xs {s})

is a Waldhausen oco-category.
(4) For any morphism 7: s — t, the corresponding functor of pairs

m: s — i

is an exact functor of Waldhausen oo-categories.
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As with pair cartesian fibrations, Waldhausen cartesian fibrations classify functors to
Wald,,. The following is an immediate consequence of the definition.

PROPOSITION 3.22. Suppose S is an oo-category. Then a pair cartesian [respectively,
cocartesian| fibration p: 2 —> S is a Waldhausen cartesian fibration [respectively, a
Waldhausen cocartesian fibration| if and only if the functor S°° — Pair,, [respectively, the
functor S — Pair,] that classifies p factors through Wald, C Pair,.

ProPOSITION 3.23. The classes of Waldhausen cartesian fibrations and Waldhausen
cocartesian fibrations are each stable under base change. That is, for any Waldhausen cartesian
[respectively, cocartesian)] fibration 2" — S and for any functor f: S’ — S, if the pullback
X' =% xg S’ is endowed with the pair structure in which a morphism is ingressive just in
case it is carried to an equivalence in S" and to an ingressive morphism of 4", then 2’ — S’
is a Waldhausen cartesian [respectively, cocartesian] fibration.

Proof. We treat the case of Waldhausen cartesian fibrations. By Proposition 3.11, 2/ — S’
is a pair cartesian fibration, so it remains to note that for any morphism n: s — t of S/, the
induced functor of pairs

ne fn)* s 2= Xy — X =X

S

is an exact functor. O

NOTATION 3.24. Denote by
VVald‘;zrt [respectively, by Waldggcart]

the following subcategory of

cart
0o

The objects of WaldZ'™" [respectively, of Wald2*"] are Waldhausen cartesian fibrations
[respectively, Waldhausen cocartesian fibrations] 2~ — S. A morphism

Pair Cocart}

[respectively, of Paircy

7w
pl lq

Sb Tb
@

of Pair®™"® (respectively, Pair®®®") is a morphism p —> ¢ of the subcategory Wald®"

[respectively, of Wald®®**"] if and only if v induces exact functors 2, — Dy(s) for every
vertex s € Sg.

The following is again a consequence of Proposition 3.23 and [42, Lemma 6.1.1.1].

LEMMA 3.25. The target functors
Wald®* — Cat,, and Wald?®" — Cat,,

induced by the inclusion {1} C A' are both cartesian fibrations.

NoOTATION 3.26. The fibers of the cartesian fibrations
Wald?™* — Cat,, and Wald2" — Cat,,
over an object {S} C Cat, will be denoted Waldgzr/ts and Waldgg‘fgt, respectively.
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PrOPOSITION 3.27. The equivalence of oo-categories Pair‘;gr/ts ~ Fun(S°P, Pair,)
[respectively, the equivalence of co-categories Pairggfgt ~ Fun(S, Pairy,)] of Proposition 3.16
restricts to an equivalence of co-categories

Waldgzr/ts ~ Fun(S°P, Wald.,) [respectively, Wald‘ég%rt ~ Fun(S, Wald)].

Proof. We treat the cartesian case. Note that Waldgzlr/ts is the subcategory of the
oo-category Pairgzr/ts consisting of those objects and morphisms whose image under
the equivalence Pairgzr/ts ~ Fun(S°P, Pair., ), lies in the subcategory Fun(S°P, Wald.,) C

Fun(S°P, Pairy,). So one may identify Waldgir/ts as the pullback

Wald s — Fun(S°P, Wald,)

[

Pair(}}s —— Fun(S°P, Pair).

The result now follows from the fact that because the right-hand vertical map is a categorical
fibration (1.10), this square is a homotopy pullback for the Joyal model structure. ]

As with pair fibrations (Corollary 3.17), we employ this result to observe that colimits of
Waldhausen cartesian fibrations may be characterized fiberwise.

COROLLARY 3.28. Suppose S is a small oco-category, and K is a small simplicial set. A
functor 2" : K» — Wald3}' [respectively, a functor 2 : K* — Wald27%5"] is a colimit
diagram if and only if, for every vertex s € Sy, the induced functor

Zs: K¥ — Wald,,

is a colimit diagram.

4. The derived oco-category of Waldhausen oco-categories

So far, we have built up a language for talking about the oco-categories of interest to K-
theorists. Now we want to study the oco-category Wald,, of all these objects in some detail.
More importantly, in later sections we’ll need an enlargement of Wald., on which we can
define suitable derived functors.

We take our inspiration from the following construction. Let V(k) denote the ordinary
category of vector spaces over a field k, and let D> (k) be the connective derived co-category
of V(k). That is, D> (k) is a relative nerve of the relative category of (homologically graded)
chain complexes whose homology vanishes in negative degrees, where a weak equivalence is
declared to be a quasi-isomorphism.

The connective derived oco-category is the vehicle with which one may define left derived
functors of right exact functors: one very general way of formulating this is to characterize
Dso(k) as the co-category obtained from V' (k) by adding formal geometric realizations; that
is, homotopy colimits of simplicial diagrams. More precisely, for any oo-category C' that admits
all geometric realizations, the functor

Fun(Dxo(k),C) — Fun(NV (k),C)

induced by the inclusion NV (k) « Dx¢(k) restricts to an equivalence from the full subcategory
of Fun(D3(k), C) spanned by those functors D> (k) —> C that preserve geometric realizations
to Fun(NV (k), C). (This characterization follows from the Dold-Kan correspondence; see [46,
Proposition 1.3.3.8] for a proof.) The objects of D> (k) can be represented as presheaves (of
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spaces) on the nerve of the category of finite-dimensional vector spaces that carry direct sums
to products.

In this section, we wish to mimic this construction, treating the oo-category Wald,,
of Waldhausen oco-categories as formally analogous to the category V (k). We thus define
D(Wald,) as the co-category presheaves (of spaces) on the nerve of the category of suitably
finite Waldhausen oo-categories that carry direct sums to products. We call these presheaves
virtual Waldhausen oo-categories. As with D¢ (k), virtual Waldhausen oo-categories can be
viewed as formal geometric realizations of simplicial Waldhausen oco-categories, and the oo-
category D(Wald,) enjoys the following universal property: for any co-category C' that admits
all geometric realizations, the functor

Fun(D(Wald ), C') — Fun(Wald, C)

induced by the Yoneda embedding Wald,, «— D(Wald,) restricts to an equivalence from
the full subcategory of Fun(D(Wald ), C') spanned by those functors D(Wald.,) — C' that
preserve geometric realizations to Fun(Walde, C).

To get this idea off the ground, it is clear that we must analyze limits and colimits in Wald .
Along the way, we'll find that, indeed, Wald, is rather a lot like V (k).

Limits and colimits of pairs of co-categories

We first analyze limits and colimits in the co-category Pair,.

RECOLLECTION 4.1. Suppose C a locally small oco-category [42, Definition 5.4.1.3]. For
a regular cardinal k < ko, recall [42, Definition 5.5.7.1] that C is said to be k-compactly
generated (or simply compactly generated if k = w) if it is k-accessible and admits all small
colimits. From this it will follow that C admits all small limits as well. It follows from Simpson’s
theorem [42, Theorem 5.5.1.1] that C' is k-compactly generated if and only if it is a x-accessible
localization of the co-category of presheaves 2 (Cj) = Fun(Cy”, Kan) of small spaces on some
small co-category Cj.

PROPOSITION 4.2. The oo-category Pairy, is an w-accessible localization of the arrow
oo-category 0 (Caty).

Proof. We use Proposition 1.19 to identify Pair,, with a full subcategory of ¢(Caty).
Now the condition that an object C' — C of €(Cat,) be a monomorphism is equivalent to
the demand that the functors

10— 10" X iC" and 1O(C') — 10(C') X g0y 1O(C")

be isomorphisms of hCat.,. This, in turn, is the requirement that the object C’ — C be
S-local, where S is the set

AP AP — Y AP

S = Vl ’ peA
— AP

AP

of morphisms of &(Caty,). The condition that an object C' — C' of € (Cat,) induce an
equivalence (C’ —s (' is equivalent to the requirement that it be local with respect to the
singleton

{¢: [@ — A" — [A" — A}
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Hence Pair., is equivalent to the full subcategory of the S U {¢}-local objects of &(Caty).
Now it is easy to see that the S U {¢}-local objects of & (Cat,) are closed under filtered
colimits; hence by [42, Proposition 5.5.3.6 and Corollary 5.5.7.3], the co-category Pairy, is an
w-accessible localization. |

COROLLARY 4.3. The oco-category Pair,, is compactly generated.

COROLLARY 4.4. The oco-category Pair,, admits all small limits, and the inclusion
Pair,, < 0(Caty,)

preserves them.

COROLLARY 4.5. The oo-category Pair,, admits all small colimits, and the inclusion
Pair,, < 0(Caty,)

preserves small filtered colimits.
COROLLARY 4.6. Any pair € is the colimit of its compact subpairs.

EXAMPLE 4.7. Suppose that € is a pair such that € and %} are each compact in Catq.
Then ¥ is compact in Pairs.. Indeed, suppose Z: A® — Pair,, is a colimit of a filtered
diagram of pairs. The compactness of ¢ and %; yields an equivalence

Pairs (¢, Z10) ~ colim,CatZ (¢, Zs) X colimp Cata (€;,25) colimVCatvo(%r, Dy 1)
Now since filtered colimits in spaces commute with finite limits, one has
Pairl (¢, Z100) ~ colim,CatZ (¢, Za) X Cat2 (%:,%.) Cat% (6, Dart),

which implies that € is compact in Pair,.
In particular, any pair % in which both ¢ and %} are finite simplicial sets is compact.

Limits and filtered colimits of Waldhausen co-categories

Now we construct limits and colimits in Wald .

ProPOSITION 4.8. The oo-category Wald,, admits all small limits, and the inclusion
functor Wald, — Pair, preserves them.

Proof. We employ [42, Proposition 4.4.2.6] to reduce the problem to proving the existence of
products and pullbacks in Wald,. To complete the proof, we make the following observations.

(1) Suppose that I is a set, (%;):cr an I-tuple of pairs of oo-categories, and % the product
of these pairs. If, for each i € I, the pair %; is a Waldhausen oco-category, then so is €.
Moreover, if Z is a Waldhausen oco-category, then a functor of pairs ¥ — % is exact
if and only if the composite

9D — € — 6

is exact for any ¢ € I. This follows directly from the fact that limits and colimits of a
product are computed objectwise [42, Corollary 5.1.2.3].
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(2) Suppose

’

q

'— 7Z
p’l P
&

—
q

~

is a pullback diagram of pairs of oco-categories. Suppose, moreover, that &, .%, and
F' are all Waldhausen oo-categories, and p and ¢ are exact functors. Then by [42,
Lemma 5.4.5.2] and its dual, &’ admits both an initial object and a terminal object,
each of which is preserved by p’ and ¢/, and they are equivalent since they are so in
&, F, and F'. It now follows from [42, Lemma 5.4.5.5] that &’ is a Waldhausen oo-
category, and for any Waldhausen co-category 2, a functor of pairs ¢: 2 — & is exact
if and only if the composites p’ o9 and ¢’ o 1) are exact. O

We obtain a similar characterization of filtered colimits in Wald .

PROPOSITION 4.9. The oo-category Wald., admits all small filtered colimits, and the
inclusion functor Wald,, —> Pair., preserves them.

Proof. Suppose that A is a filtered oo-category, A — Wald, is a functor given by the
assignment a — %6,, and € is the colimit of the composite functor

A — Wald,, — Pair..

Pushouts of ingressive morphisms in % exist and are ingressive morphisms. Furthermore, the
image of any zero object in any %, is initial in both € and in %;. Both of these facts follow
by precisely the same argument as [42, Proposition 5.5.7.11]. The dual argument ensures that
this image is also terminal in €, whence it is a zero object. ]

Direct sums of Waldhausen oco-categories

The oo-category Wald,, also admits finite direct sums, that is, that finite products in Wald,
are also finite coproducts.

DEFINITION 4.10. Suppose that C' is an co-category. Then C' is said to admit finite direct
sums if the following conditions hold.

(1) The oco-category C' is pointed.
(2) The oco-category C has all finite products and coproducts.
(3) For any finite set I and any I-tuple (X;);cs of objects of C, the map

1% — T

in hC, given by the maps ¢;;: X; — X, where ¢;; is zero unless ¢ = j, in which case
it is the identity, is an isomorphism.

If C' admits finite direct sums, then for any finite set I and any I-tuple (X;);cs of objects of
C, we denote by @ X1 the product (or, equivalently, the coproduct) of the X;.

We will say that C is additive if it admits direct sums, and the resulting commutative
monoids Mory,(X,Y) are all abelian groups.

PROPOSITION 4.11. The co-category Wald,, admits finite direct sums.
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Proof. The Waldhausen oo-category A° is a zero object. To complete the proof, it suffices
to show that for any finite set I and any I-tuple of Waldhausen oo-categories (%;);c; with
product €, the functors ¢;: €; — €, given by the functors ¢;;: €; —> €;, where ¢;; is zero
unless j = 4, in which case it is the identity, are exact and exhibit € as the coproduct of (%;):cr-
To prove this, we employ [42, Theorem 4.2.4.1] to reduce the problem to showing that for any
Waldhausen oco-category &, the map

Wald5, (¢, 2) — [ [ Wald4, (¢, 2)
il
induced by the functor ¢; is a weak homotopy equivalence. We prove the stronger claim that
the functor

w: Funwaia_ (¢, %) — HFUHWaldw (6, 2)
iel
is an equivalence of co-categories.
For this, consider the following composite

T

Fun(¢,Fun(N1, 2)) Fun(%, Colim((N1)>, 2))

[I;c; Fun(%;, 2) Fun(¥, 2)

where u is the functor corresponding to the functor
¢ x [[Fun(%;, 2) = [[ (€ x Fun(€;, 2)) — [] 2,
i€l i€l i€l
where r is a section of the trivial fibration

Fun(%, Colim((N1)¥, 2)) — Fun(¥,Fun(N1, 2)),

and e is the functor induced by the functor Colim((NI1)>, 2) — 2 given by evaluation at the
cone point co. This composite restricts to a functor

v: H Funwaia,, (i, 2) — Funwaia,, (¢, 2);
iel
indeed, one checks directly that if (v;: €; — 2);er is an I-tuple of exact functors, then a
functor ¢: ¥ — 2 that sends a simplex 0 = (0;)ies to a coproduct [[,.; ¢:(0;) in Z is exact,
and the situation is similar for natural transformations of exact functors.
We claim that the functor v is a homotopy inverse to w. A homotopy w o v ~ id can be
constructed directly from the canonical equivalences

Y ~Y U ]_[ 0;
iel—{j}
for any zero objects 0; in 2. In the other direction, the existence of a homotopy v o w =~ id

follows from the observation that the natural transformations ¢; o pr; — id exhibit the identity
functor on ¢ as the coproduct [, ¢; o pr;. O

Since any small coproduct can be written as a filtered colimit of finite coproducts, we deduce
the following.

COROLLARY 4.12. The oco-category Wald, admits all small coproducts.

Coproducts in Wald, enjoy a description reminiscent of the description of coproducts in
the category of vector spaces over a field: for any set I and an I-tuple (%;);c; of Waldhausen
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oo-categories, [ [;.; € is equivalent to the full subcategory of [ [, ; 4; spanned by those objects
(X:)ier such that all but a finite number of the objects X; are zero objects.

Accessibility of Wald

Finally, we set about showing that Wald,, is an accessible co-category. In fact, we prove the
following stronger result.

PROPOSITION 4.13. The oco-category Wald, is compactly generated.

Proof. The oco-category Kan is compactly generated, as is the co-category Kan, of pointed
Kan complexes. We have already seen that Pair., is compactly generated. Additionally, we may
contemplate the full subcategory Mono C Fun(A!, Kan) spanned by those functors C' — D
that are monomorphisms. We claim that Mono is also compactly generated. Indeed, Mono
is nothing more than the full subcategory of {¢}-local objects, where ¢ denotes the map

OAT —— A°
AJO —— AO,

and Mono C Fun(A!, Kan) is clearly stable under filtered colimits, whence it is an w-accessible
localization by [42, Corollary 5.5.7.3].

Now we define some functors among these co-categories. Denote by ¢ the interior functor
Pair,, — Kan 1.7. Write F': Pair,, — Kan for the functor ¢ +—— Mappg;,_ (22, %)
corepresented by 22. We also have the target functor Mono —> Kan and the forgetful functor
Kan, — Kan. It is easy to see that all of these functors preserve limits and filtered colimits.
Therefore we may form the fiber product

C := Mono XKan,F Pairoo XU,Kan Kan*,

which by [42, Proposition 5.5.7.6] is thus compactly generated.

The objects of C can thus be thought of as 4-tuples (¢, 6}, I, M), where (¢,%6}) is a pair, I
is an object of ¢, and M C Mapp,;,_ (22,%) is a collection of functors of pairs 22 — 4. A
morphism (€, 6,1, M) — (2, %;,J,N) is a functor of pairs (¢, %;) — (2, ;) that carries
I to J and carries any square in M to a square in N. In particular, Wald, can be identified
with the full subcategory of C spanned by those objects (¢,%;,1, M) such that (¢,%;) is a
Waldhausen oco-category, I is a zero object of %, and M is the collection of pushout squares
27 . %.

Now we have already shown that the inclusion Wald.,, < C preserves limits and filtered
colimits. We now intend to construct a left adjoint to this inclusion, whence Wald,, is
compactly generated by [42, Corollary 5.5.7.3].

In light of [42, Proposition 5.2.7.8], it suffices, for any object (¢, %%, 1, M) of C, to give a
localization F': (¢,%;,1, M) — (2, %, J, N) relative to Wald., C C. To do this, we present
a kind of pair version of [42, §5.3.6].

First, we form the oco-category of presheaves of pointed spaces

P.(€¢) .= Fun(¢°?, Kan,),

and we write j for the composite of the Yoneda embedding ¢ «— (%) with the pointing
functor Z(€) — Z.(F).

Now for any square p: 22 — % in M, select a colimit xp of jop|a, 92, and consider the
natural map f,: p, — j(p(1,1)) (which is unique up to a contractible choice). Now let ¢ be
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the canonical map j(I) — 0 from j(I) to the zero object of Z(€). Write S for the set

{fp | pe M}U{g},

and form the oco-category LgZ2.(€) of S-local objects as Z2,(€). Write L for the left adjoint
to the inclusion Lg P, (€) — P.(€).

We define LgZ,(€):+ as the smallest subcategory of LgZ2.(%): that contains all the
equivalences, the image of any map of M under Lo j, and any map 0 — x, and that is
stable under pushouts.

Finally, we select the smallest full subcategory 2 C LgZ.(%€) that contains the essential
image of L o j that is closed under pushouts along any morphism of LgZ,(%);, and we set

‘@T =9N Ls@*(%)T.

We set F':= Lo j, and we set J := F(I), and we let N be the collection of all pushout squares
in & along a map of %;.
The claim is now threefold:

(1) The pair (2, %;) is a Waldhausen oco-category, J is a zero object, and N consists of
pushout squares 2?2 — 2.

(2) The functor F carries 6; to %4, I to J, and M to N.

(3) For any Waldhausen oo-category &, the functor F' induces an equivalence

1\/[341)\)\]aldoQ (@, @@) —> Mapc (%, (g))

The first two claims are now obvious from the construction. The last claim is as in the proof
of [42, Proposition 5.3.6.2(2)]. O

This result shows that in fact the oco-category Wald,, admits all small colimits, not only
the filtered ones. However, these other colimits are not preserved by the sorts of invariants in
which we are interested, and so we will regard them as pathological. Nevertheless, we will have
use for the following.

COROLLARY 4.14. The co-category Wald, is w-accessible.

COROLLARY 4.15. The oco-category Wald,, may be identified with the Ind-objects of the
full subcategory Waldy, C Wald, spanned by the compact Waldhausen oo-categories:

Wald,, ~ Ind(Waldy)).

We obtain a further corollary by combining Propositions 4.9-4.13 together with the adjoint
functor theorem [42, Corollary 5.5.2.9].

COROLLARY 4.16. The forgetful functor Wald,, — Pair,, admits a left adjoint
W Pair,, — Wald,.

4.17. Since the opposite functor Wald, — coWald is an equivalence of co-categories, it
follows that this whole crop of structural results also hold for coWald. That is, coWald admits
all small limits and all small filtered colimits, and the inclusion functor coWald — Pair.,
preserves each of them. Similarly, coWald admits finite direct sums and all small coproducts,
and it is compactly generated.

Virtual Waldhausen co-categories

Now we are prepared to introduce a convenient enlargement of the oco-category Wald,,. In
effect, we aim to ‘correct’ the colimits of Wald,, that we regard as pathological. As with the
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formation of D3¢ (k) from NV (k) (see the introduction of this section), or indeed with the
formation of the oco-category of spaces from the nerve of the category of sets, we will add to
Wald,, formal geometric realizations and nothing more. The result is the derived co-category
of Waldhausen oco-categories, whose homotopy theory forms the basis of our work here.

The definition is exactly as for D¢ (k):

DEFINITION 4.18. A virtual Waldhausen co-category is a presheaf
2. (Wald2))°? — Kan

that preserves products.

NOTATION 4.19. Denote by
D(Wald) C Fun(Wald2°?, Kan)

the full subcategory spanned by the virtual Waldhausen oo-categories. In other words,
D(Wald,) is the nonabelian derived oo-category of Waldy, [42, §5.5.8]. We simply call
D(Wald,) the derived oco-category of Waldhausen co-categories.

NoOTATION 4.20. For any oo-category C, we shall write £(C) for the oo-category
Fun(C°P,Kan) of presheaves of small spaces on C. If C is locally small, then there exists
a Yoneda embedding [42, Proposition 5.1.3.1]

j: C— 2(C).

RECOLLECTION 4.21. Suppose o C % are two classes of small simplicial sets, and suppose
C' is an oo-category that admits all «7-shaped colimits (2.6). Recall [42, §5.3.6] that there
exist an oo-category 2% (C) and a fully faithful functor j: C « 2%(C) such that for any
oo-category D with all #-shaped colimits, j induces an equivalance of oo-categories (2.6)

Fung(2%(C), D) = Fun, (C, D).

Recall also [42, Notation 6.1.2.12] that, for any oo-category C, the colimit of a simplicial
diagram X : NA°? — C will be called the geometric realization of X.

4.22. In the notation of Recollection 4.21, the oo-category D(Wald,,) can be identified
with any of the following oco-categories:

(1) the oo-category WéNAop}Waldw,

(2) the oo-category ?‘;; Wald,,, where Z is the collection of small, filtered simplicial sets
and . is the collection of small, sifted simplicial sets,

(3) the co-category &5 Wald®,, and

(4) the co-category 2 WaldZ, where & is the collection of finite discrete simplicial sets,
and £ is the collection of small simplicial sets.

The equivalence of these characterizations follows directly from Corollary 4.15, the description
of the nonabelian derived co-category of [42, Proposition 5.5.8.16], the fact that sifted colimits
can be decomposed as geometric realizations of filtered colimits [42, Proposition 5.5.8.15], and
the transitivity assertion of [42, Proposition 5.3.6.11].

We may summarize these characterizations by saying that the Yoneda embedding is a fully
faithful functor

j: Waldo, < D(Wald,,)
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that induces, for any oo-category E that admits geometric realizations, any oo-category E’ that
admits all sifted colimits, and any co-category that admits all small colimits, equivalences (2.6)
Fungyaery(D(Waldy, ), E) = Fun(Wald, E);
Fun 4 (D(Wald), E') = Fun s (Wald,, E');
Fun 4 (D(Waldy), E') = Fun s (Waldy,, E');
Fun_ (D(Wald,,), E”) = Fung(Wald,, E").

DEFINITION 4.23. Suppose that E is an co-category that admits all sifted colimits. Then
a functor

$: D(Wald) — E

that preserves all sifted colimits will be said to be the left derived functor of the corresponding
w-continuous functor ¢ = ® o j: Wald,, — E (which preserves filtered colimits) or of the
further restriction Waldy, — E of ¢ to Wald,.

PROPOSITION 4.24. The oo-category D(Wald,,) is compactly generated. Moreover, it
admits all direct sums, and the inclusion j preserves them.

Proof. The first statement is [42, Proposition 5.5.8.10(6)]. To see that D(Wald,) admits
direct sums, we use the fact that we may exhibit any object of D(Wald,) as a sifted colimit
of compact Waldhausen oo-categories in &?(Waldy,) [42, Lemma 5.5.8.14]; now since sifted
colimits commute with both finite products [42, Lemma 5.5.8.11] and coproducts, and since j
preserves products and finite coproducts [42, Lemma 5.5.8.10(2)], the proof is complete. [

Realizations of Waldhausen cocartesian fibrations

We now give an explicit construction of colimits in D(Wald,) of sifted diagrams of Waldhausen
oo-categories when they are exhibited as Waldhausen cocartesian fibrations.
The idea behind our construction comes from the following observation.

RECOLLECTION 4.25. For any left fibration p: X — S (3.6), the total space X is a model
for the colimit of the functor S — Kan that classifies p [42, Corollary 3.3.4.6].

If S is an oco-category and X: S — Wald,, is a diagram of Waldhausen oco-categories, then
the colimit of the composite

s X Wald., <% 2(Wald..)

is computed objectwise [42, Corollary 5.1.2.3]. If S is sifted, then since D(Wald.,) C &
(Wald,) is stable under sifted colimits, the colimit of the composite

s X, Wald.. <%> D(Wald..)
is also computed objectwise. That is, for any compact Waldhausen oo-category %, one has
(colimsesX(s))(€) ~ colimye stFunwala,, (€, X(s)).

Suppose that X classifies a Waldhausen cartesian fibration 2 — S; then we aim to produce
a left fibration (3.6)

H(%,(27/9)) == 1s(¢,(Z/S)) — S



284 CLARK BARWICK

that classifies the colimit of the composite

S X Wald,, <5 2(Waldy,) % Kan.
We can avoid choosing a straightening of the Waldhausen cocartesian fibration by means of

the following.

CONSTRUCTION 4.26. Suppose that S is a sifted oo-category and that 2 — S is a
Waldhausen cocartesian fibration. Then for any compact Waldhausen co-category %, define a
simplicial set (€, (2°/S)) over S via the universal property

Morg (K, #'(¢,(2/S))) = Mors(¢ x K, Z'),
functorial in simplicial sets K over S. The resulting map
H(C, (X )S)) — S

is a cocartesian fibration by Recollection 3.7 and [42, Corollary 3.2.2.13]. Denote by
H(€,(Z]S)) the full subcategory of (€, (£ /S)) spanned by those functors € — Z
that are exact functors of Waldhausen oco-categories; here too the canonical functor

p: H(C,(Z)9)) — S
is a cocartesian fibration. Now denote by H(%, (2°/S)) the subcategory
(€, (Z]8)) C A (€, (2]9))
consisting of the p-cocartesian morphisms (3.6). The functor
ts(p): H(E,(2/9)) — S

is now a left fibration.

Of course, we may simply realize the assignment (¢, (2°/S)) — H(%, (2" /S)) as a functor
H: WaldZ:"P x Waldggfgt — Kan

by choosing both an equivalence Waldgg(fgt - Fun(S,Wald,,) and a colimit functor
Fun(S,Kan) — Kan. We have given this explicit construction of the values of this functor
in terms of Waldhausen cocartesian fibrations for later use.

In the meantime, since virtual Waldhausen oco-categories are closed under sifted colimits in
Z(Waldy,), we have the following.

ProOPOSITION 4.27. If S is a small sifted oco-category and Z —> S is a Waldhausen
cocartesian fibration in which 2 is small, then the corresponding functor H(—, (% /S)):
Wald? — Kan is a virtual Waldhausen co-category.

COROLLARY 4.28. If S is a small sifted co-category, then the functor

H: Walds — 2 (Waldy)
factors through the co-category of virtual Waldhausen co-categories:
|- |s: Wald29%" — D(Wald).
A presheaf on Waldy, lies in the nonabelian derived co-category just in case it can be written

as the geometric realization of a diagram of Ind-objects of Wald% [42, Lemma 5.5.8.14]. In
other words, we have the following.
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COROLLARY 4.29. Suppose that 2 is a virtual Waldhausen oo-category. Then there exists
a Waldhausen cocartesian fibration % — NA°P and an equivalence % =~ |%|naop.

DEFINITION 4.30. For any small sifted simplicial set and any Waldhausen cocartesian
fibration 2°/S, the virtual Waldhausen oco-category |.2"|s will be called the realization of 2/ S.

PART II. FILTERED OBJECTS AND ADDITIVE THEORIES

In this part, we study reduced and finitary functors from Wald,, to the oco-category of
pointed objects of an oco-topos, which we simply call theories. We begin by studying the
virtual Waldhausen oco-categories of filtered and totally filtered objects of a Waldhausen oo-
category. Using these, we study the class of fissile virtual Waldhausen oo-categories; these form
a localization of D(Wald,), and we show that suspension in this co-category is given by the
formation of the virtual Waldhausen oco-category of totally filtered objects, which is in turn an
oo-categorical analogue of Waldhausen’s S, construction. We then show that suitable excisive
functors on the oo-category of fissile virtual Waldhausen oco-categories correspond to additive
theories that satisfy the consequences of an co-categorical analogue of Waldhausen’s additivity
theorem, and we construct an additivization as a Goodwillie derivative, employing our newly
minted suspension functor.

5. Filtered objects of Waldhausen co-categories

The phenomenon behind additivity is the interaction between a filtered object and its various
quotients. For example, for a category ¥ with cofibrations in the sense of Waldhausen, the
universal property of Ko(%) ensures that it regards an object with a filtration of finite length

XO >—> Xl > o >—> XTL
as the sum of the first term Xy and the filtered object obtained by quotienting by Xjo:
O)—»Xl/X())—»»—) n/XO7

or, by induction, as the sum of Xo, X1/Xo, ..., X;,/X,—1. To formulate this condition properly
for the entire K-theory space, it is necessary to study oco-categories of filtered objects in a
Waldhausen oo-category and the various quotient functors all as suitable inputs for algebraic
K-theory. This is the subject of this section.

In particular, for any integer m > 0 and any Waldhausen oo-category %, we construct a
Waldhausen oco-category %,,(%) of filtered objects of length m, and we define not only the
exact functors between these Waldhausen oco-categories corresponding to changing the length
of the filtration (given by morphisms of A), but also sundry quotient functors. Since quotient
functors are only defined up to coherent equivalences, we employ the language of Waldhausen
(co)cartesian fibrations (§3).

After we pass to suitable colimits in D(Waldy), we end up with two functors
D(Wald.,) — D(Wald). The first of these, which we denote .%, is a model for the cone in
D(Wald,.,) (Proposition 5.25). The second, which we will denote ., will be a suspension, not
quite in D(Wald,), but in a suitable localization of D(Wald,) (Corollary 6.12). The study
of these functors is thus central to our interpretation of additive functors as excisive functors
(Theorem 7.4).

The cocartesian fibration of filtered objects

Filtered objects are defined in the familiar manner.
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DEFINITION 5.1. A filtered object of length m of a pair of co-categories € is a sequence of
ingressive morphisms

XO>—>X1>—> >—>Xm,

that is, it is a functor of pairs X: (A™)! — ¥ (Example 1.13).

For any morphism 7: m — n of A and any filtered object X of length n, one may precompose
X with the induced functor of pairs (A™)* — (A™)¥ to obtain a filtered object ¥*X of
length m:

Xo0) — Xpy — - = Xy

One thus obtains a functor NA°? — Cat,, that assigns to any object m € A the co-category
Funpair ((A™)#,%). This is all simple enough.

But we will soon be forced to make things more complicated: if € is a Waldhausen oo-
category, we will below have to contemplate not only filtered objects but also totally filtered
objects in €; these are filtered objects X such that the object Xy is a zero object. The oo-
category of totally filtered objects of length m is also functorial in m: for any morphism
7n: m — n of A and any totally filtered object X of length n, one may still precompose X
with the induced functor of pairs (A™)* — (A™)* to obtain the filtered object * X of length
m, and then one may get a totally filtered object by forming a quotient by the object X, o):

0>— Xy1)/Xy0) > =+ > Xy(m)/ Xno)-

As we noted just before Recollection 3.1, this does not specify a functor NA°? —s Cat, on
the nose, because the formation of quotients is only unique up to canonical equivalences.

This can be repaired in a variety of ways; for example, one may follow in Waldhausen’s
footsteps [73, §1.3] and rectify this construction by choosing all the compatible homotopy
quotients at once. (For example, Lurie makes use of Waldhausen’s idea in [46, §1.2.2].) But
this is overkill: the theory of co-categories is precisely designed to finesse these homotopy
coherence problems, and there is a genuine technical advantage in doing so. (For example, the
total space of a left fibration is a ready-to-wear model for the homotopy colimit of the functor
that classifies it; see Recollection 4.25 or [42, Corollary 3.3.4.6].) More specifically, the theory
of cocartesian fibrations allows us to work effectively with this construction without solving
homotopy coherence problems like this.

To that end, let us first use Proposition 3.19 to access the cocartesian fibration

F(€) — NA®
classified by the functor
m b— Funpairoc ((Am)ﬁ, %)

At no extra cost, for any Waldhausen cocartesian fibration 2~ — S classified by a functor
X: S — Wald,,, we can actually write down the cocartesian fibration

F(X)S) — NA® x §
classified by the functor
(m, s) —> Funpair_ ((A™)%, X(s)).
Once this has been done, we will be in a better position to define a Waldhausen cocartesian
fibration of totally filtered objects.

The first step to using Proposition 3.19 is to identify the pair cartesian fibration
(Definition 3.8) that is classified by the functor m — (A™)%.
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NOTATION 5.2. Denote by M the ordinary category whose objects are pairs (m, 7) consisting
of an object m € A and an element i € m and whose morphisms (n,j) — (m,?) are maps
¢: m — n of A such that j < ¢(¢). This category comes equipped with a natural projection
M — A°P,

It is easy to see that the projection M —s A°P is a Grothendieck fibration, and so the
projection m: NM — NA°P is a cartesian fibration. In fact, the category M is nothing more
than the Grothendieck construction applied to the natural inclusion (A°P)°P =2 A «— Cat. So,
the functor A — Cat,, that classifies 7 is given by the assignment m — A™.

The nerve NM can be endowed with a pair structure by setting

(]\H\/I)]L = NM X N Aop 1tNA°P,

Put differently, an edge of M is ingressive just in case it covers an equivalence of A°P.
Consequently, 7 is automatically a pair cartesian fibration (Definition 3.8); the functor
NA — Pair,, classified by 7 is given by the assignment m — (A™)%.

Now it is no problem to use the technology from Proposition 3.19 to define the cocartesian
fibration .#(2°/S) — NA°P x S that we seek.

CONSTRUCTION 5.3. For any pair cocartesian fibration 2 — S, define a map
F(Z|S) — NA°P x S, using the notation of Proposition 3.19 and Example 1.13, as
F(X)8) = Trxias (NAP) x 27).

Equivalently, we require, for any simplicial set K and any map o: K — NA°P x S, a bijection
between the set Moryaoe xs(K, % (2Z/S)) and the set

Morget(2)/(5,.5) (K X naoe NM, K Xnaor (NM)1), (27, 27))

(Notation 3.18), functorial in o.
With this definition, Proposition 3.19 now implies the following.

PRrROPOSITION 5.4. Suppose that p: 2 —> S is a pair cocartesian fibration. Then the
functor

F(ZX/S) — NA®? x §

is a cocartesian fibration.

Furthermore, the functor NA°P x S —s Cat,, that classifies the cocartesian fibration
F(X)S) — NA°P x S is indeed the functor

(m, s) — Funpair (A™)F, X(s)),

where X: S — Pair, is the functor that classifies p.

NOTATION 5.5. When S = A®, write .7 (%) for #(%/S), and for any integer m > 0, write
Fn(€) for the fiber Funpagy ((A™)#, %) of the cocartesian fibration .7 (%) — NA°P over m.

Hence for any Waldhausen cocartesian fibration 2" — S, the fiber of the cocartesian
fibration .# (2°/S) — NA°P x S over a vertex (m, s) is the Waldhausen co-category %, (Zs).
A Waldhausen structure on filtered objects of a Waldhausen oo-category

We may endow the oo-categories % (2Z/S) of filtered objects with a pair structure in a variety
of ways, but we wish to focus on one pair structure that will retain good formal properties
when we pass to quotients.
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More specifically, suppose % is a Waldhausen oco-category. A morphism f: X — Y of %,,, (%)
can be represented as a diagram

Xo— X1 — - — X,
I l
Yo —>Yi —> o Y.

What should it mean to say that f is ingressive? It is natural to demand, first and foremost,
that each morphism f;: X; — Y; is ingressive, but this will not be enough to ensure that the
morphisms X;/X; — Y;/Y; are all ingressive. Guaranteeing this turns out to be equivalent
to the claim that in each of the squares

I !

Y;

<5

)

the morphism from the pushout X uXi Y; to Y; is a cofibration as well. This was noted by
Waldhausen [73, Lemma 1.1.2].

Our approach is thus to define a pair structure in such a concrete manner on %#1(%), and
then to declare that a morphism f of #,,(%) is ingressive just in case n*(f) is so for any
n: Al — A™,

DEFINITION 5.6. Suppose that € is a Waldhausen oo-category. We now endow the oo-
category #1(€) with a pair structure by letting .%; (€); C F1(€) be the smallest subcategory
containing the following classes of edges of %"

(1) any edge X —> Y represented as a square

Xo — X1

1]

Yo— 1

in which Xg = Yj is an equivalence and X; »— Y7 is ingressive, and
(2) any edge X — Y represented as a pushout square

Xo — X

.

Yo—M
in which Xy »— Yy and thus also X; »— Y; are ingressive.

Let us compare this definition to our more concrete one outlined above it. To this end, we
need a bit of notation.

NoTATION 5.7. Let us denote by Z# the pair of oco-categories whose underlying oo-
category is

(A % (A§)7)/ (A x AD),
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which may be drawn

in which only the edges 0 ~—> 1, 2 > oo, and 2 = o0’ are ingressive. In the notation of 2.8,
there is an obvious strict inclusion of pairs Ag2? «— Z, and there are two strict inclusions of
pairs

2> P2y A, and 22>22x Al 5.

LEMMA 5.8. Suppose that € is a Waldhausen oco-category. Then a morphism f: X — Y
of %1 (%) is ingressive just in case the morphism X, — Y} is ingressive and the corresponding
square

F: 22~ (AYY x (AY — @

has the property that for any diagram F:;%’ — € such that F| g2, a0y is a pushout square,
and F = F| g2, a113, the edge F(o00') —> F(00) is ingressive.

Proof. An easy argument shows that morphisms with this property form a subcategory
of #(¥¢), and it is clear that morphisms of either type (Definition 5.6.1) or of type
(Definition 5.6.2) enjoy this property. Consequently, every ingressive morphism enjoys this
property. On the other hand, a morphism X — Y that enjoys this property can clearly be
factored as X — Y’ — Y, where X — Y is of type (Definition 5.6.2), and Y’ — Y is of
type (Definition 5.6.1), viz.:

X0>—>X1

[ ]

Yo — Yo1

|

Yo — Y7,
where the top square is a pushout square and Yy; »— Y; is ingressive. |

DEFINITION 5.9. Now suppose 2~ —> S a Waldhausen cocartesian fibration. We endow
the oo-category .Z (£ /S) with the following pair structure. Let .F# (% /S)y C F (% /S) be the
smallest pair structure containing any edge f: A — .Z#(2°/S) covering a degenerate edge
id(m,s) of NAP xS such that for any edge 7: Al — A™, the edge

At Lz 2) L 7(2)

is ingressive in the sense of Definition 5.6.
LEMMA 5.10. Suppose that € is a Waldhausen co-category. Then a morphism f: X — Y

of F,(¥¢) is ingressive just in case, for any integer 1 < i < m, the restricted morphism
X|(A{i—1,i})ﬁ — Y|(A{i—1,i})ﬁ is ingressive in Fyi_1 3 (Z5)-
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Proof. Suppose that f satisfies this condition. It is immediate that every morphism X; ~—Y;
is ingressive, so we can regard f as an m-simplex o: A™ — Z#;(%). By Lemma 5.8, this
condition is equivalent to the condition that each edge o|ai-1,: is ingressive, and since ingressive
edges are closed under composition, it follows that every edge o| i) is ingressive. ]

PROPOSITION 5.11. Suppose that p: 2 — S is a Waldhausen cocartesian fibration. Then
with the pair structure of Definition 5.6, the functor

F(X)S) — NAP x §

is a Waldhausen cocartesian fibration.

Proof. Tt is easy to see that .7 (2 /S) — NA°P x S is a pair cocartesian fibration.

We claim that for any vertex (m,s) € NA° x S, the pair %,,(Z5) is a Waldhausen oo-
category. Note that since % admits a zero object, so does %,,(Z5). For the remaining two
axioms, one reduces immediately to the case where m = 1. Then Definition 2.7(2) follows from
Definition 5.6(1) among ingressive morphisms. To prove Definition 2.7(3), one may note that
cofibrations of %1 (Z5) are, in particular, ingressive morphisms of &(%), for which the existence
of pushouts is clear. Finally, to prove Definition 2.7(4), it suffices to see that a pushout of any
edge of either of the classes Definition 5.6(1) or Definition 5.6(2) is of the same class. For
the class Definition 5.6(1), this follows from the fact that pushouts in % (%) are computed
pointwise. A pushout of a morphism of the class (Definition 5.6(2)) is a cube

X (AD x (A x (AN — 2,
in which the faces
X[aorxanexans  Xlanpxaoxang  and  X|anypayxan)

are all pushouts. If X is represented by the commutative diagram

Xo10 > Xo11,

then the front face, the top face, and the bottom face are all pushouts. By Quetzalcoatl (for
example, by [42, Lemma 4.4.2.1]), the back face X[ (1} x(a1)2x(a1): must be a pushout as well;
this is precisely the claim that the pushout is of the class (Definition 5.6.2).

For any m € A and any edge f: s — t of S, since the functor fg ,: &5 — Z; is exact, it
follows directly that the functor

fo1: Fn(Zs) — Fn(22)

is exact as well. Now for any fixed vertex s € Sy and any simplicial operator ¢: n — m of A,
the functor

visibly carries ingressive morphisms to ingressive morphisms, and it preserves zero objects as
well as any pushouts that exist, since limits and colimits are formed pointwise. ]
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Thanks to Proposition 3.20, we have:
COROLLARY 5.12. The assignment (2 /S) —> F (X2 /S) defines a functor
F: Wald2™" — Wald22*"*
covering the endofunctor S — NA° x S of Cat,

ProPOSITION 5.13. Suppose that & — S is a Waldhausen cocartesian fibration, and
that

F.(Z/S): NA°® — Fun(S, Wald,)
is a functor that classifies the Waldhausen cocartesian fibration
F(Z]S) — NA® x S.
Then F.(Z°/S) is a category object [43, Definition 1.1.1]; that is, the morphisms of A of the

form {i — 1,1} — m induce morphisms that exhibit ¥,,,(Z /S) as the limit in Fun(S, Wald,)
of the diagram

Fio13(27/8) ]-j‘{/lz} 35< ym 1}3&/\/51 Fin1,my(27/5).

Proof. Since limits in Fun(S, Wald,,) are computed objectwise, it suffices to assume that
S = AY. Tt is easy to see that (A™)# decomposes in Pair,, as the pushout of the diagram

(ATIHE (Alm—1hys

N T

(ALO1})t (ATL2}H)E (Alm=2m=1})t (Alm=Lm}yt,

since the analogous statement is true in Cats.. Thus F,, (%) is the desired limit in Cat,, and
it follows immediately from Lemma 5.10 that F,,(Z") is the desired limit in the oo-category
Pair,, and thus also in the co-category Wald . ]

Totally filtered objects

Now we are in a good position to study the functoriality of filtered objects X that are separated
in the sense that X is a zero object. We call these totally filtered objects.

DEFINITION 5.14. Suppose that % is a Waldhausen oco-category. Then a filtered object
X: (A™)F — € will be said to be totally filtered if X is a zero object.

NOTATION 5.15. Suppose that p: Z° — S is a Waldhausen cocartesian fibration. Denote
by #(Z/S) the full subpair (Definition 1.11.5) of .# (2" /S) spanned by those filtered objects
X such that X is totally filtered in 2,(x). When S = A%, write .(2) for /(2 '/S), and for
any integer m > 0, write .%,,(2") for the fiber of .(Z") — NA°P over the object m € NA°P.
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PROPOSITION 5.16. Suppose that € is a Waldhausen co-category. For any integer m > 0,
the Oth face map defines an equivalence of co-categories

lerm((g) - ym((g)v

and the map %,(¢) — A is an equivalence.

Proof. Tt follows from Joyal’s theorem [42, Proposition 1.2.12.9] that the natural functor
A4m(C) — Fn(€) is a left fibration whose fibers are contractible Kan complexes—hence a
trivial fibration. U

As m varies, the functoriality of #,(£") is, as we have observed, traditionally a matter
of some consternation, as the functors involve various (homotopy) quotients, which are not
uniquely defined on the nose. We all share the intuition that the uniqueness of these quotients
is good enough for all practical purposes and that the coherence issues that appear to arise
are mere technical issues. The theory of cocartesian fibrations allows us to make this intuition
honest.

In Theorem 5.21, we will show that, for any Waldhausen cocartesian fibration 2~ — 5,
the functor #(2°/S) — NA°P x S is a Waldhausen cocartesian fibration. Let us reflect on
what this means when S = A®; in this case, 2" is just a Waldhausen oo-category. An edge
X — Y of S(Z) that covers an edge given by a morphism n: m — n of A is by definition
a commutative diagram

Xy = Xpy = - Xym)
| | |
0 Y; Y.

To say that X — Y is a cocartesian edge over 7 is to say that Y is initial among totally filtered
objects under n*X. This is equivalent to the demand that each of the squares above must
be pushout squares, that is, that Y ~ X, )/ X, 0). So, if & (¢) — NA°P is a Waldhausen
cocartesian fibration, then the functor S,: NA°P — Wald,, that classifies it works exactly as
Waldhausen’s S, construction: it carries an object m € NA°P to the Waldhausen oco-category
S (€) of totally filtered objects of length, and it carries a morphism 7: m — n of A to the
exact functor S, (¢) — S,,(%€) given by

[XO > Xl > e >—> Xn] — [0 > X’?(l)/XW(O) > o >—> X’?("n)/XU(O)}'

In other words, the data of the co-categorical S, construction are already before us; we just
need to confirm that it works as desired.

To prove Theorem 5.21, it turns out to be convenient to study the ‘mapping cylinder’
AM(Z/S) of the inclusion functor #(2°/S) «— F(Z'/S). We will discover that this
inclusion admits a left adjoint, and then we will use this left adjoint to complete the proof
of Theorem 5.21.

NOTATION 5.17. For any Waldhausen cocartesian fibration 2" — 5, let us write .# (2" /S)
for the full subcategory of Al x .7 (2 /S) spanned by those pairs (i, X) such that X is totally
filtered if ¢ = 1. This co-category comes equipped with an inner fibration

M )S) — A x NAP x S.

Define a pair structure on . (.2 /S) so that it is a subpair of (A')* x .#(27/S); that is, let
M(X|S)y C M (X |S) be the subcategory whose edges are maps (i, X) — (4,Y) such that
i =jand X — Y is an ingressive morphism of .#(2/5).



K-THEORY OF HIGHER CATEGORIES 293

Our first lemma is obvious by construction.

LEMMA 5.18. For any Waldhausen cocartesian fibration 2~ — S, the natural projection
M(Z|S) — Al is a pair cartesian fibration.

Our next lemma, however, is subtler.

LEMMA 5.19. For any Waldhausen cocartesian fibration 2~ — S, the natural projection
M(Z]S) — Al is a pair cocartesian fibration.

Proof. By [42, 2.4.1.3(3)], it suffices to show that, for any vertex (m,s) € (NA°P x S)g,
the inner fibration

q: My (X)) — Al

is a pair cocartesian fibration. Note that an edge X — Y of #,,(Z,) covering the
nondegenerate edge o of Al is g-cocartesian if and only if it is an initial object of the fiber
M (Zs)x) Xal, {o}. If m = 0, then the map

M (23)x) — Dy,

is a trivial fibration [42, Proposition 1.2.12.9], so the fiber over o is a contractible Kan complex.
Let us now induct on m; assume that m > 0 and that the functor p: .4, 1(2s) — Al is a
cocartesian fibration. It is easy to see that the inclusion {0,1,...,m — 1} < m induces an
inner fibration ¢: A, (Zs) — Mm—1(Z5) such that ¢ = po ¢. Again by [42, 2.4.1.3(3)], it
suffices to show that for any object X of .#,,(Z) and any p-cocartesian edge n: ¢(X) — Y’
covering o, there exists a ¢-cocartesian edge X — Y of ., (%) covering 1. But this follows
directly from Definition 2.7.3.
We now show that ¢ is a pair cocartesian fibration. Suppose that

X — X

|

Y —Y

is a square of #,,(Z5) in which X’ — X and Y’ — Y are g-cocartesian morphisms and
X — Y is ingressive. We aim to show that, for any edge n: A{P2t — A™ the morphism
X'|Atral — Y| AlPa} is ingressive. For this, we may factor X — Y as

where Z|A10P} = V]AL0P} and for any r > p, the edge X|APTY — Z|APT} g
cocartesian. Now choose a cocartesian morphism Z' — Z as well. The proof is now completed
by the following observations.

(1) Since the morphism X |A{P-a} — Z| AP} is of the type Definition 5.6(2), it follows by
Quetzalcoatl that the morphism X’|AtPat — 7/|AtP.a} is of type Definition 5.6(2) as
well.

(2) The morphism Z|A{P%} — Y|APa} is of type Definition 5.6(1) and the mor-
phism ZI’, — X[') is an equivalence; so again by Quetzalcoatl, the morphism
7'\ Atrak v | AlPa} s of type Definition 5.6(1)). O

NoTATION 5.20. Together, these lemmas state that for any Waldhausen cocartesian
fibration 2~ — S, the functor .#(2°/S) — A! exhibits an adjunction of co-categories
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[42, Definition 5.2.2.1]
F: Z(Z)S) ——=S(ZL/S):J

over NA°P x S in which both F' and J are functors of pairs. In particular, for any integer m > 0
and any vertex s € Sy, the fiber .#,,(2,) — Al over (m, s) also exhibits an adjunction

Fot T 2) == F(2): Ty

Let us unravel this a bit. Assume S = A°. The functor .J is the functor of pairs specified by
the edge A! — Pair,, that classifies the cartesian fibration .#(2°) — Al. By construction,
this is a forgetful functor: it carries a totally filtered object of 2~ to its underlying filtered
object. The functor F is the functor of pairs specified by the edge A! — Pair., that classifies
the cocartesian fibration .#(%2°) — Al, and it is much more interesting: it carries a filtered
object X represented as

X0>—>X1>—> ’_’Xm

to the totally filtered object F'X that is initial among all totally filtered objects under X; in
other words, F'X is the quotient of X by Xg:

OﬁXo/XO - XI/XO > s > Xm/X0~
This functor F' is a cornerstone for the following result:

THEOREM 5.21. Suppose that 2~ — S is a Waldhausen cocartesian fibration. Then the
functor

F(L)S) — NA® x §

is a Waldhausen cocartesian fibration.

Proof. We first show that the functor #(2/S) — NA° x S is a cocartesian fibration
by proving the stronger assertion that the inner fibration

p: ML )S) — A x NAP x S
is a cocartesian fibration. By Proposition 5.11, the map
A s (X)) — AT X NAP % § (5.1)
is a cocartesian fibration. By Lemma 5.19, for any vertex (m, s) € (NA°P x S)p, the map
M(Z]S) Xnaowxs {(m, )} — A x {(m,s)} (5.2)

is a cocartesian fibration. Finally, for any m € A and any edge f: s — t of S, the functor
fii s — Z; carries zero objects to zero objects; consequently, any cocartesian edge of
F(Z']S) that covers (idpm, f) lies in .7(27/S) if and only if its source does. Thus the map

(AT} 5 {m}) x a1 naow (2 )S) — A x {m} x §

is a cocartesian fibration.

Now to complete the proof that p is a cocartesian fibration, thanks to [42, 2.4.1.3(3)] it
remains to show that for any vertex s € Sy, any simplicial operator ¢: n — m, and any
totally m-filtered object X of 2, there exists a p-cartesian morphism (1,X) — (1,Y) of
F(Z]S) covering (idy, ¢,ids). Write o for the nondegenerate edge of Al. The p-cartesian
edge e: (0,X) — (1, X) covering (o,idm, ids) is also p-cocartesian. Since (5.1) is a cocartesian
fibration, there exists a p-cocartesian edge n’: (0,X) — (0,Y”) covering (idg, ¢,id). Since
(5.2) is a cocartesian fibration, there exists a p-cocartesian edge ¢’: (0,Y’) — (1,Y) covering
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(0,1dyp,ids). Since e is p-cocartesian, we have a diagram
Al X Al *».///(%/S) X g {S}

of the form

’

(0,X) = (0,Y")

D

(1,X) — (LY).

It follows from [42, 2.4.1.7] that 7 is p-cocartesian.

From Propositions 5.16 and 5.11 it follows that the fibers of .7 (%2"/S) — NA°P x S are
all Waldhausen oo-categories. For any m € A and any edge f: s — t of S, the functor
far 1o s — 24 is exact, whence it follows by Proposition 5.16 that the functor

fy,!: <Eﬂm,(c%/'s) = FunPairoo((Amil)K %) - FunPairm((Amil)ﬁa %) = ym,(%)

is exact, just as in the proof of Proposition 5.11. Now for any fixed vertex s € Sy and any
simplicial operator ¢: n — m of A, the functor ¢.o1: 7, (Zs) — Fn(Z5) is by construction
the composite

Im,s Pz, Fns

and as ¢z is an exact functor (Proposition 5.11), we are reduced to checking that the functors
of pairs J,, s and F;, s are each exact functors.

For this, it is clear that .J,, ; and Fj, s each carry zero objects to zero objects, and as F}, o
is a left adjoint, it preserves any pushout squares that exist in %, (Zs). Moreover, a pushout
square in %, (Z5) is nothing more than a pushout square in .%,,(%Z5) of totally m-filtered
objects; hence, J, s preserves pushouts along ingressive morphisms. ]

For any Waldhausen cocartesian fibration 2" — S, write

S.(2°/S): NA® x S —> Walda

for the diagram of Waldhausen oo-categories that classifies the Waldhausen cocartesian
fibration .7 (2" /S) — NA°P x S, and, similarly, write

F.(2/5): NA® x S — Wald,

for the diagram of Waldhausen co-categories that classifies the Waldhausen cocartesian fibra-
tion F(Z'/S) — NA°P x S. An instant consequence of the construction of the functoriality
of . in the proof above is the following.

COROLLARY 5.22. The functors Fy,: (2 /S) — S (Z/S) assemble to a morphism
F: 7(Z)S)— S(Z/S) of Waldgg?}\r,zopxs, or, equivalently, a natural transformation
F:F.(Z/S) — S.(Z°/9).
Note, however, that it is not the case that the functors J,, assemble to a natural
transformation of this kind.
Virtual Waldhausen oo-categories of filtered objects

Thanks to Proposition 3.20, the assignments
(Z)S)+— (F(Z)S)/(NA® x S)) and (Z7/9)r— (L (Z/S)/(NA°P x S))
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define endofunctors of Wald2®®* over the endofunctor S — NAP x S of Cat.,. We now
aim to descend these functors to endofunctors of the co-category of virtual Waldhausen oo-
categories.

LEMMA 5.23. The functors Wald, —> Waldggj*}%op given by
@ (F(€)/NA®) and € — (F(€)/NA)

each preserve filtered colimits.

Proof. By Corollary 3.28, it is enough to check the claim fiberwise. The assignment
E — (%) is an essentially constant functor whose values are all terminal objects; hence,
since filtered simplicial sets are weakly contractible, this functor preserves filtered colimits. We
are now reduced to the claim that for any natural number m, the assignment € +—— %,,(€)
defines a functor Wald,, — Wald,, that preserves filtered colimits.

Suppose now that A is a filtered simplicial set; by [42, Proposition 5.3.1.16], we may assume
that A is the nerve of a filtered poset. Suppose that €: A¥ — Wald, is a colimit diagram
of Waldhausen oo-categories. Let #,,(¢): A® — Pair,, be a colimit diagram such that
Fm(C)|A = Z,(€|N). By Proposition 4.9, we are reduced to showing that the natural functor
of pairs

Vi T €)oo —> F(Coo)

is an equivalence. Indeed, v induces an equivalence of the underlying co-categories, since
(A™)% x (A™)® is a compact object of Pair,, (Example 4.7); hence it remains to show that v is
a strict functor of pairs. For this it suffices to show that for any ingressive morphism ¢: X »~— Y
of Fn (), there exists a vertex a € A and an edge ¢: X — Y of %,,(¢,) lifting . It is
enough to assume that m = 1 and to show that 1 is either of type Definition 5.6.1 or of type
Definition 5.6.2. That is, we may assume that v is represented by a square

X—Y

1 I (5.3)

X/)_>Y/

of ingressive morphisms such that either X »— X’ is an equivalence or else the square (5.3)
is a pushout. Since (A!)f x (A!)? is compact in Pair,, (Example 4.7), a square of ingressive
morphisms of the form (5.3) must lift to a square of ingressive morphisms

X—Y

I I (5.4)

X Y
of €, for some vertex o € A. Now the argument is completed by the following brace of
observations.

(2) If X > X' is an equivalence, then, increasing « if necessary, we may assume that its
—_ —/
lift X > X in %, is an equivalence as well, since, for example, the pushout

A3 U(A{°’2}uA“’3}) (AO L AO)

is compact in the Joyal model structure; hence, it represents an ingressive morphism of
type Definition 5.6.1 of %1 (%,,).
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(2) If (5.3) is a pushout, then one may form the pushout of X «—< X »— Y in %,. Since
€. —> oo preserves such pushouts, we may assume that (5.4) is a pushout square in
%.; hence, it represents an ingressive morphism of type Definition 5.6.2 of %#1(%,). O

CONSTRUCTION 5.24. One may compose the functors
Z#: Waldo, — Wald jyaer  and .: Wald,, — Wald, /nace

with the realization functor | - |yace of Definition 4.30; the results are models for the functors
Wald,, — D(Wald,,) that assign to any Waldhausen oo-category € the formal geometric
realizations of the simplicial Waldhausen co-categories F. (%) and S, (%) that classify # (%)
and (%). In particular, these composites

|F*|NAOD, |S*‘NAOPZ VValdoO —> D(Waldoo)

each preserve filtered colimits, whence one may form their left derived functors (Definition 4.23),
which we will abusively also denote .# and .. These are the essentially unique endofunctors
of D(Wald,,) that preserve sifted colimits such that the squares

Wald,, —— Wald! s, Wald,, —~— Wald s,
]I JV"NAOP and Jl J‘NAOP
D(Wald,,) —— D(Wald..) D(Wald,,) —— D(Wald..)

commute via a specified homotopy.
Also note that the natural transformation F' from Corollary 5.22 descends further to a natural
transformation F': % — .% of endofunctors of D(Wald,).

As it happens, the functor % : D(Wald,,) — D(Wald,) is not particularly exciting:

PRrROPOSITION 5.25. For any virtual Waldhausen oco-category %, the virtual Waldhausen
oo-category F (Z) is the zero object.

Proof. For any Waldhausen oo-category ¥, the virtual Waldhausen oo-category
|Z(€)|naer is by definition a functor Waldy, — Kan that assigns to any compact
Waldhausen oo-category % the geometric realization of the simplicial space

m — Wald2 (%, %,,(¢)).
By Proposition 5.16, this simplicial space is the path space of the simplicial space
m — Wald3 (%,.7,,(%)). O

For any Waldhausen co-category €, we have a natural morphism ¢ — % (%) in D(Wald, ),
which is induced by the inclusion of the fiber over 0. The previous result now entitles us to
regard the virtual Waldhausen co-category .% (%) as a cone on %. With this perspective, in the
next section, we will end up thinking of the induced morphism F: .# (%) — . (%) induced
by the functor F' as the quotient of % (%) by €, thereby identifying .7 (¥€) as a suspension of
% in a suitable localization of D(Wald).

The fact that the extensions .# and . to D(Wald,) preserve sifted colimits now easily
implies the following.
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PropoSITION 5.26. If S is a small sifted co-category, then the squares

Wald 2% 7> Wald2! son s Wald2e > Wald 2 aop s
[ 1s | Inaepxs and |'|sl |- Ivaopxs
D(Wald) — D(Wald,) D(Wald) — D(Wald)

commute via a specified homotopy.

Of course, this is no surprise for .#: D(Wald.,) — D(Wald,), as we have already seen
that .% is constant at zero.

6. The fissile derived oco-category of Waldhausen oco-categories

A functor ¢: Wald,, — Kan may be described and studied through its left derived functor
(Definition 4.23)

®: D(Wald,,) — Kan.

In this section, we construct a somewhat peculiar localization Dggs(Wald ) of the co-category
D(Wald,) on which the functor .: D(Walds) — D(Wald,) constructed in the previous
section can be identified as the suspension (Corollary 6.12). In the next section we will use
this to show that ¢ is additive in the sense of Waldhausen just in case ® factors through an
excisive functor on Dggs(Walds) (Theorem 7.4).

Fissile virtual Waldhausen oo-categories

In Definition 4.18, we defined a virtual Waldhausen oo-category as a presheaf
Z : Wald2°? — Kan such that the natural maps

X (€ ® D) = X(€) x X ()

are equivalences. This condition implies, in particular, that the value of 2" on the Waldhausen
oo-category of split cofiber sequences in a Waldhausen oco-category € agrees with the product
X (€) x Z (€). We can ask for more: we can demand that 2~ be able to split even those cofiber
sequences that are not already split. That is, we can ask that 2 regard the Waldhausen oo-
categories of split exact sequences and that of all exact sequences in % as indistinguishable.
This is obviously very closely related to Waldhausen’s additivity, and it is what we will mean by
a fissile virtual Waldhausen oo-category, and the oo-category of these will be called the fissile
derived oo-category of Waldhausen oo-categories. (The word ‘fissile’ in geology and nuclear
physics means, in essence, ‘easily split’. The intuition is that when we pass to the fissile derived
oo-category, filtered objects can be identified with the sum of their layers.)

But this is asking a lot of our presheaf 2. For example, while Waldhausen oo-categories
always represent virtual Waldhausen oco-categories, they are almost never fissile. Nevertheless,
any virtual Waldhausen oo-category has a best fissile approximation. In other words, the
inclusion of fissile virtual Waldhausen oco-categories into virtual Waldhausen oco-categories
actually admits a left adjoint, which exhibits the oo-category of fissile virtual Waldhausen
oo-categories as a localization of the co-category of all virtual Waldhausen oco-categories.

CONSTRUCTION 6.1. Suppose that 4 is a Waldhausen oco-category. Then for any integer
m > 0, we may define a fully faithful functor

Ep: € ~ Fo(€) — Fn(€)
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that carries an object X of € to the constant filtration of length m:
X=X= ... =X
This is the functor induced by the simplicial operator 0 — m. One has a similar functor
Bl A° ~ A (C) — S (F),

which is, of course, just the inclusion of a contractible Kan complex of zero objects into .7, (%).

We will also need to have a complete picture of how these functors transform as m and %
each vary, so we give the following abstract description of them. Since there is an equivalence
of co-categories

Wald 5 her =~ Fun(N AP, Wald.,. )

(Proposition 3.27), and since 0 is an initial object of NA°P, it is easy to see that there is an
adjunction

C: Wald,, == Wald(/¥ho: R,

where C is the functor ¥ +— % x NA° which represents the constant functor
Wald,, — Fun(NA°P, Wald ), and R is the functor (2 /NA°P) — %0, which represents
evaluation at zero Fun(NA°P, Wald,) — Wald.,. The counit CR —> id of this adjunction
can now be composed with the natural transformation F: # — . (which we regard as a
morphism of Fun(Wald,,, WaldX93a0r)) to give a commutative square

CRnyNAOpMCROy
E

| |

F S
F

in the co-category Fun(Wald, Waldgg??\%op).
Forming the fiber over an object m € NA°P, we obtain a commutative square

Fy
Fo —> S

P

tgzm F ‘y m
v

m

in the oco-category Fun(Wald,,, Wald,). We see that E,, and E! are the functors we
identified above.

On the other hand, applying the realization functor |- |yaer (Definition 4.30), and noting
that

|CR o F|npor =~ | Fp X NAP|yaer ~id
and
|ICR 0.7 |naow = |Fy x NAP|ypop ~ AL,
we obtain a commutative square
id——0
El l (6.1)
F - <,
in the oo-category Fun(D(Waldy ), D(Wald.)). When we pass to the fissile derived oo-

category, we will actually force this square to be pushout. Since .# is the zero functor
(Proposition 5.25), this will exhibit . as a suspension.



300 CLARK BARWICK

Before we give our definition of fissibility, we need a spot of abusive notation.

NOTATION 6.2. Recall (Corollary 4.15) that we have an equivalence of oo-categories
Wald,, ~ Ind(Waldy, ). Consequently, we may use the transitivity result of [42, Proposi-
tion 5.3.6.11] to conclude that, in the notation of Recollection 4.21, we also have an equivalence
P (Waldy) ~ 2% (Waldy,), where .7 is the class of all small filtered simplicial sets, and %
is the class of all small simplicial sets.

In particular, every presheaf 2°: Wald2:®’ —> Kan extends to an essentially unique
presheaf Wald?? — Kan with the property that it carries filtered colimits in Wald, to
the corresponding limits in Kan. We will abuse notation by denoting this extended functor by
2 as well. This entitles us to speak of the value of a presheaf 2 : Wald2;°* — Kan even on
Waldhausen oo-categories that may not be compact.

DEFINITION 6.3. A presheaf 2°: Waldy”? — Kan will be said to be fissile if for
every Waldhausen oo-category % and every integer m > 0, the exact functors E,, and J,,
(Construction 6.1 and Notation 5.20) induce functors

2 (Fm(€)) — Z(€)  and  Z(Fn(F)) — 2(Sm(%))
that together exhibit 2 (%, (%)) as the product of 2 (%) and 2 (S (%)):
(Bl J3): 2(Fl6)) = Z(6) % X ().

m?“m

An induction using Proposition 5.16 demonstrates that the value of a fissile presheaf
2 : Wald2°? —s Kan on the Waldhausen oo-category of filtered objects .%,,, (%) of length m
is split into 1 + m copies of 2°(%). That is, the 1 + m different functors € — .%,,,(%) of the
form

Xt>0=— - - = 0> X — .- =— X]

induce an equivalence
X(Fm(€)) = 2 (€)™
We began our discussion of fissile presheaves by thinking of them as special examples of

virtual Waldhausen oo-categories. That wasn’t wrong:

LEMMA 6.4. A presheaf 2" € &(Waldy) is fissile only if 2~ carries direct sums in Wald,
to products; that is, only if 2" is a virtual Waldhausen oco-category.

Proof. Suppose that ¥ and Z are two compact Waldhausen oo-categories. Consider the
retract diagrams

€ Ce9 €
l |= l
C® P 91(‘5®@)1m1‘5@@
and
CDY P

[ l

X
S «— N
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Here I; o is the functor induced by the morphism 0 +— 0. For any fissile virtual Waldhausen
oo-category 2", we have an induced retract diagram

2 (€& 2P) X(F1(C© D)) 2 (€ ® )

l l l (6.2)

Z(C)x X(2) — Z(€D D) x X(CDD) —> X(€) x X (D).

Since the center vertical map is an equivalence, and since equivalences are closed under retracts,
so are the outer vertical maps. ]

NOTATION 6.5. Denote by
Dgss(Waldo) € D(Wald,)
the full subcategory spanned by the fissile functors. We’ll call this the fissile derived co-category

of Waldhausen oco-categories.

Since sifted colimits in D(Wald,) commute with products [42, Lemma 5.5.8.11], we deduce
the following.

LEMMA 6.6. The subcategory Dgss(Walds,) C D(Wald,,) is stable under sifted colimits.

Fissile approximations to virtual Waldhausen oco-categories

Note that representable presheaves are typically not fissile. Consequently, the obvious
fully faithful inclusion Waldy, > D(Waldy) does not factor through Dge(Walds) C
D(Wald,). Instead, in order to make a representable presheaf fissile, we will have to form
a fissile approximation to it. Fortunately, there is a universal way to do that.

PRrROPOSITION 6.7. The inclusion functor admits a left adjoint
L5: D(Waldy,) — Dy (Wald,, ),
which exhibits Dgss(Wald,) as an accessible localization of D(Wald).

Proof. For any compact Waldhausen co-category ¢ and every integer m > 0, consider the
exact functor

E,®Jn: €& I0n(EC) — Fn.(€);

let S be the set of morphisms of D(Wald,,) of this form; let S be the strongly saturated class
it generates. Since WaldY, is essentially small, the class S is of small generation. Hence we
may form the accessible localization S~'D(Wald,,). Since virtual Waldhausen oo-categories
are functors 2 : Wald:®® — Kan that preserve products, one sees that S~1D(Wald.,)
coincides with the full subcategory Dggs(Walde,) € D(Wald ). O

The fully faithful inclusion Dges(Walds, ) < D(Wald,,,) preserves finite products, and its
left adjoint L preserves finite coproducts, whence we deduce the following.

COROLLARY 6.8. The oo-category Dggs(Wald o, ) is compactly generated and admits finite
direct sums, which are preserved by the inclusion

Dgss(Wald) «— D(Wald).
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Combining this with Lemma 6.6 and [46, Lemma 1.3.2.9], we deduce the following somewhat
surprising fact.

COROLLARY 6.9. The subcategory Dggss(Wald,) C D(Waldy,) is stable under all small
colimits.

Suspension of fissile virtual Waldhausen co-categories

We now show that the suspension in the fissile derived oo-category is essentially given by the
functor .. This is the key to showing that Waldhausen’s additivity is essentially equivalent to
excision on the fissile derived co-category (Theorem 7.4). As a first step, we have the following
observation.

PROPOSITION 6.10. The diagram

D(Wald..) —Z—> D(Wald..)

Lfiss J l fiss

Dises(Waldo) —— Dpies (Wald.)

commutes (up to homotopy), where ¥ is the suspension endofunctor on the fissile derived
oo-category Dggs(Wald ).

Proof. Apply L to the square (6.1) to obtain a square

Lﬁss 0

l l (6.3)

Lﬁss 0. F Lﬁss 0.
F

of natural transformations between functors D(Wald.,) —> Dgss(Waldy,). Since F is
essentially constant with value the zero object, this gives rise to a natural transformation
Yo Liss — LS o .7 To see that this natural transformation is an equivalence, it suffices to
consider its value on a compact Waldhausen oco-category %. Now for any m € NA°P, we have
a diagram

LIS Sy () —2s L5 Fg(€) — LI(€)

B l Enm l l B

Lﬁssym(.{g) . Lﬁssgzlm (cg) ? Lﬁssym (%)

m

of Waldhausen oo-categories in which the horizontal composites are equivalences. Since .#,(%)
is a zero object, the left-hand square is a pushout by definition; hence the right-hand square is
as well. The geometric realization of the right-hand square is precisely the value of the square

(6.3) on ¥. O

The observation that 3 o L% ~ L% o . nice though it is, does not quite cut it: we
want an even closer relationship between . and the suspension in the fissile derived oo-
category. More precisely, we would like to know that it is not necessary to apply L1
to (%) in order to get LLU*%. So, we conclude this section with a proof that the
functor .: D(Wald.,) — D(Wald,) already takes values in the fissile derived co-category
Dgss(Wald ).
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PROPOSITION 6.11. For any virtual Waldhausen oo-category Z°, the virtual Waldhausen
oo-category . X is fissile.

Proof. We may write 2" as a geometric realization of a simplicial diagram %, of Waldhausen
oo-categories. So, our claim is that for any compact Waldhausen co-category ¢ and any integer
m > 0, the map

(colim . (%)) (Fn(€)) —> (colim .7 (%)) (€) x (colim .7 (%)) (-Fm(€))

induced by (E, Jim) is an equivalence. Since geometric realization commutes with products,
we reduce to the case in which %, is constant at a Waldhausen oo-category . Now our claim
is that for any compact Waldhausen oco-category ¢ and any integer m > 0, the map

H(Fm (€), (Z(#)/NAP))

H(E, (L (Z)/NAP)) x H(Im (6), (L (¥)/NAT))

(Construction 4.26) induced by (E,,, Jp,) is a weak homotopy equivalence. To simplify notation,
we write H(—, (%)) for H(—, (Z(#)/NA°P)) in what follows.

Let us use Joyal’s oco-categorical variant of Quillen’s Theorem A [42, Theorem 4.1.3.1]. Fix
an object

((p,a),(q,0)) € H(E, L (¥)) x H(Im(6), S(¥)).

So, p and q are objects of NA, « is an exact functor ¥ — .%,(#'), and (3 is an exact functor
Im(€) — Sp(#). Write J((p, @), (q,0)) for the pullback

J((p, ), (a,5))

H(¢, (%)) x H(Fn(€), 7 (¥))

l

H(F(€), S (¥)) — (H(E, 7(Z)) x H(Fm(€), S (Z)))(p.0).(a.8))/

We may identify J((p, ), (q,)) with a quasicategory whose objects are tuples (r,~, u, v, 0, T)
consisting of:

(i) ris an object of A,
(ii) v: I (€) — A% is an exact functor,
(iii) p: r — p and v: r —> q are morphisms of A, and
(iv) o: p*a = v|g and 7: v* 3 =5 |4 () are equivalences of exact functors.

Denote by & the constant functor J((p,a), (q,3)) — J((p, @), (q,3)) at the object
0,0,{0} < p,{0} — q,0,0).

To prove that J((p,«),(q,/)) is contractible, we construct an endofunctor A and natural
transformations

id«— X\ — k.
We define the functor A by
A, 7y, p,v,0,7) = (r, 50 0y, 4/, V' o' 7,

where p/|, = p and p/(—o00) =0, V|, =v and v/(—o0) =0, and ¢’ and 7’ are the obvious
extensions of o and 7. The inclusion r «— r< induces a natural transformation A — id, and
the inclusion {—o0} < r< induces a natural transformation A — x. O

We thus have the following enhancement of Proposition 6.10.
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COROLLARY 6.12. The diagram

D(Wald,)
X
s Diss(Waldoo)

"

Dgss(Wald )

commutes (up to homotopy), where ¥ is the suspension endofunctor on the fissile derived
oo-category Dags(Wald ).

7. Additive theories

In this section we introduce the co-categorical analogue of Waldhausen’s notion of additivity,
and we prove our structure theorem (Theorem 7.4), which identifies the homotopy theory
of additive functors Wald,, — Kan with the homotopy theory of certain excisive functors
Dgss(Wald ) —> Kan on the fissile derived co-category of the previous section. Using this, we
can find the best additive approximation to any functor ¢: Wald,, — Kan as a Goodwillie
differential. Since suspension in this co-category is given by the functor %7, this best excisive
approximation D¢ can be exhibited by a formula

€ +— colim, Q"|p(S7(F))|.

If ¢ preserves finite products, the colimit turns out to be unnecessary, and D¢ can be given by
an even simpler formula:

= Q$(S5.(9))I-

In the next section, we will use this perspective on additivity to prove some fundamental
things, such as the Eilenberg Swindle and Waldhausen’s Fibration Theorem, for general
additive functors. In §10, we will apply our additive approximation to the ‘moduli space
of objects’ functor ¢ to give a universal description of algebraic K-theory of Waldhausen
oo-categories, and the formula above shows that our algebraic K-theory extends Waldhausen’s.

Theories and additive theories

The kinds of functors we’re going to be thinking about are called theories. What we’ll show
is that among theories, one can isolate the class of additive theories, which split all exact
sequences.

DEFINITION 7.1. Suppose that C and D are oo-categories and C is pointed. Recall ([27,
p. 1] or [46, Definition 1.4.2.1(ii)]) that a functor C — D is reduced if it carries the zero
object of C' to the terminal object of D. We write Fun®(C, D) C Fun(C, D) for the full
subcategory spanned by the reduced functors, and if &/ is a collection of simplicial sets, then
we write Fun®,(C, D) C Fun(C, D) for the full subcategory spanned by the reduced functors
that preserve «/-shaped colimits (2.6).

Similarly, recall that a functor C' — D is excisive if it carries pushout squares in C to
pullback squares in D.

Suppose that & is an co-topos. By an &-valued theory, we shall here mean a reduced functor
Wald,, — & that preserves filtered colimits. We write Thy (&) for the full subcategory of
Fun(Wald,, &) spanned by &-valued theories.
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Those who grimace at the prospect of contemplating general co-topoi can enjoy a complete
picture of what is going on by thinking only of examples of the form & = Fun(S, Kan). The
extra generality comes at no added expense, but we would not get around to using it here.

Note that a theory ¢: Wald,, —> & may be uniquely identified in different ways. On one
hand, ¢ is (Corollary 4.15) the left Kan extension of its restriction

(leald;’o : Wald‘;’o —> é";
on the other hand, we can extend ¢ to its left derived functor (Definition 4.23)
®: D(Wald,) — &,

which is the unique extension of ¢ that preserves all sifted colimits.

Many examples of theories that arise in practice have the property that the natural morphism
O(C B D) — d(€) x ¢(2) is an equivalence. We will look at these theories more closely below
(Definition 7.12). In any case, when this happens, the sum functor € ® ¢ — € defines a
monoid structure on myp(%). For invariants like K-theory, we will want to demand that this
monoid actually be a group. We thus make the following definition, which is sensible for any
theory.

DEFINITION 7.2. A theory ¢ € Thy(&) will be said to be group-like if, for any Wald-
hausen oo-category %, the shear functor € % — % &% defined by the assignment
(X,Y) — (X, X VY) induces an equivalence myp(€ & €) - mop(€ & €).

To formulate our structure theorem, we need to stare at a few functors between various
Waldhausen oco-categories of filtered objects.

CONSTRUCTION 7.3. Suppose that m > 0 is an integer, and that 0 < k < m. We consider
the morphism ¢j: 0 = {k} — m of A. For any Waldhausen oco-category ¢, write I,,, 5, for the
induced functor #,,(¢) — Fo(¢) and write I, ; for the induced functor .7, (¢") — S (%).
Of course, % (€) ~ € and (%) ~ 0. So, the functor I,, ; extracts from a filtered object

X0>—>X1>—> >—>Xm

its kth filtered piece X}, and the functor I, , is, by necessity, the trivial functor.
We may now contemplate a square of retract diagrams

(AZ/A102}) 5 (AZ/A102)) ., Wald,,

given by

In(€) > Fun(€) = Sn() 1)

Only the upper right square of (7.1) is (by Construction 6.1) functorial in m.
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We may now apply the localization functor L to (7.1). In the resulting diagram

L 7y(6) —2 LI Fo(€) — LI=.7(%)

E;nl Eml lE;n

LIS, (€) — LIS F, (€) -2 LI .7,(7) (7.2)

Jm
I?’n,kl llm,k llm.k

LA 7 (€) - LA Z4(%) - LA 7(€),
0 0
the square in the upper left corner is a pushout, whence every square is a pushout.
Now we are ready to state the structure theorem.

THEOREM 7.4 (Structure Theorem for Additive Theories). Suppose that & is an co-topos.
Suppose that ¢ is an &-valued theory. Then the following are equivalent.

(1) For any Waldhausen co-category €, any integer m > 1, and any integer 0 < k < m, the
functors

O(Fm): ¢(Fm(E)) — o(Fm(€))  and  ¢(Imik): ¢(Fm(?)) — o(Fo(?))

exhibit ¢(F(€)) as a product of ¢(.7,,(€)) and ¢(Fo(€)).
(2) For any Waldhausen oo-category € and for any functor

S.(%¢): NA® —» Wald..

that classifies the Waldhausen cocartesian fibration .#(€¢) — NA°P, the induced
functor ¢ o S, (€): NA°P —s &, is a group object [42, Definition 7.2.2.1].

(3) The theory ¢ is group-like, and for any Waldhausen oo-category € and any integer
m > 1, the functors

exhibit ¢(Fm (€)) as a product of ¢(.5,(€)) and ¢(Fy(F)).
(4) The theory ¢ is group-like, and for any Waldhausen oo-category €, the functors

¢(F1): ¢(F1(€)) — o(F1(€))  and @(l10): ¢(F1(C)) — d(F0(F))

exhibit ¢(.F1(€)) as a product of ¢(1(%)) and ¢(Fo(¥)).

(5) The theory ¢ is group-like, it carries direct sums to products, and, for any Waldhausen
oo-category €, the images of ¢(I1,1) and ¢(I1,0 & Fi) in the set Morpg, (F1(€), ) are
equal.

(6) The theory ¢ is group-like, and for any Waldhausen oo-category ¢ and any func-
tor S.(%): NA°® — Wald., that classifies the Waldhausen cocartesian fibration
S (€) — NA°P, the induced functor ¢ 0 S.(€): NA°® — &, is a category object
(see Proposition 5.13 or [43, Definition 1.1.1]).

(7) The left derived functor ®: D(Wald,) — & of ¢ factors through an excisive functor

(I)add: DﬁSS(Waldoo) — &

Proof. The equivalence of conditions (7.4.1) and (7.4.2) follows from Proposition 5.16 and
the proof of [42, Proposition 6.1.2.6]. (Also see [42, Remark 6.1.2.8].) Conditions (7.4.3) and
(7.4.6) are clearly special cases of (7.4.1) and (7.4.2), respectively, and condition (7.4.4) is
a special case of (7.4.3). The equivalence of (7.4.3) and (7.4.6) also follows directly from
Proposition 5.16.
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Let us show that (7.4.4) implies (7.4.5). We begin by noting that we have an analogue of the
commutative diagram (6.2):

(€S 9) H(F1(C © 7)) (€S 9)

| | l

P(C) X () — ¢(C & D) x (€ & D) — ¢(C) x (),

and once again it is a retract diagram in &. Since & admits filtered colimits, equivalences
therein are closed under retracts, so since the center vertical morphism is an equivalence, the
outer vertical morphisms are as well. Hence ¢ carries direct sums to products. Now the exact
functor I o & F; admits a (homotopy) section o: € & ¢ — F#1(€) such that [; 100 ~ V.
Hence if ¢ satisfies (7.4.4), then ¢(I10 @ F1) is an equivalence with homotopy inverse ¢(o),
whence ¢(I1,1) and ¢(I1,0 @ Fy) are equal in Morye(F#1(%),%).

It is now easy to see that (7.4.6) implies (7.4.2).

We now show that (7.4.5) implies (7.4.3). For any natural number m, suppose the
images of ¢(I1,1) and ¢(I10 @ F1) in Morps(F1(Fm(€)), Fm(€)) are equal; we must show
that ¢(Imo ® F)) is an equivalence. Compose I;; and I o @ Fy with the exact functor
Fm(€) — F1(Fn(€)) that sends a filtered object

Xo X3 X5 Xm

to the ingressive morphism of filtered objects given by the diagram

Xog=—Xog=— Xg=— - — X,

. I

X0>—>X1>—>X2>—>"~>—>Xm;

the exact functor I, o ® Fy, also admits a section o: € & 7,,(€¢) —> F., (%) (up to homotopy)
such that I, 1 00 ~ V, and applying our condition on ¢, we find that ¢(o o (I, 0D Fp)) =~
o(id).

We now set about showing that (7.4.3) implies (7.4.7). First, we show that ® factors through
a functor

(I)add: Dﬁss(Waldoo) —> éo

As above, we find that ® carries direct sums to products, and from this we deduce that ®
carries morphisms of the class S described in Proposition 6.7 to equivalences. We further claim
that the family 7" of those morphisms of D(Wald,) that are carried to equivalences by ® is a
strongly saturated class. Since ® sends direct sums to products, it carries any finite coproduct
of elements of T' to equivalences. Moreover, since ¢ preserves sifted colimits, it preserves any
morphism that can be exhibited as a small sifted colimit of elements of 7. Hence the full
subcategory of &(D(Wald,)) spanned by the elements of T is closed under all small colimits.
Finally, to prove that any pushout ¢': 2/ — %" of an element ¢: 2 —> # of T (along any
morphism 2" — 2) lies again in T, we note that we may exhibit ¢’ as the natural morphism
of geometric realizations (We are grateful to Jacob Lurie for this observation.).

|BA( 2", X, Z)| — |B(Z'", 2, %),

where the simplicial objects B.(Z", 2", Z") and B.(Z", %, %) are two-sided bar construc-
tions defined by

B2 X, X)) =220 2 and B,(Z' X, %) =202 cX.
Since T is closed under formation of products, each map

Bn(%/v%-?'%)g’Bn(%lv‘%a@)
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is an element of T', and since T is closed under geometric realizations, the morphism 2~/ — %"’
is an element of 7. Hence T is strongly saturated and therefore contains S; thus ® factors
through a functor ®,44: Dgss(Walds) — &.

We now show that ®,4q is excisive. For any nonnegative integer m, apply ¢ to the diagram
(7.1) with k& = 0. The lower right corner of the resulting diagram is a pullback. Hence the upper
right corner of the diagram resulting from applying ¢ to the diagram (7.1) is also a pullback.
Now we may form the geometric realization of this simplicial diagram of squares to obtain a
square

a(

)

Qk%(—o

(€)) — &(H(¥))

|

O(F(F)) — 2(S(%)).

It follows from the Segal delooping machine ([42, Lemma 7.2.2.11, 62]) that this square is a
pullback as well, since for any functor S,(%): NA°®? — Wald,,, classified by the Waldhausen
cocartesian fibration . (%) — NA°P, the simplicial object ® 0 S,(%) is a group object, and
F(€) and () are zero objects. Since .# is a suspension functor in Dgg(Waldy, ), we
find that the natural transformation ®,qq — Q¢ 0 ®,qq © X is an equivalence, whence Fjhqq is
excisive [46, Proposition 1.4.2.13].

To complete the proof, it remains to show that (7.4.7) implies (7.4.1). It follows from (7.4.7)
that for any nonnegative integer m and any integer 0 < k < m, applying ® to (7.1) yields the
same result as applying ®,qq to (7.2). Since the lower right square of the latter diagram is a
pushout in Dggs(Waldy ), the excisive functor F,qq carries it to a pullback square in &, whence
we obtain the first condition. O

DEFINITION 7.5. Suppose that & is an co-topos. An &-valued theory ¢ will be said to be
additive just in case it satisfies any of the equivalent conditions of Theorem 7.4. We denote by
Add(&) the full subcategory of Thy(&") spanned by the additive theories.

Theorem 7.4 yields an identification of additive theories and excisive functors on fissile virtual
Waldhausen oo-categories.

THEOREM 7.6. Suppose that & is an co-topos. The functor L o j induces an equivalence
of co-categories

Excg (Dgss(Waldy ), &) 2> Add(&),

where Excy (Dass(Waldy ), &) C Fun®(Dggs(Waldy ), &) is the full subcategory spanned by
the reduced excisive functors that preserve small sifted colimits.

Proof. Tt follows from Theorem 7.4 that composition with L% o j defines an essentially
surjective functor

Excy (Dss(Waldo ), &) — Add(&).

To see that this functor is fully faithful, it suffices to note that we have a commutative diagram

Excy (Drss(Waldo ), &) Add(&)

) [

Fun(Dgss(Waldy, ), &) —— Fun(D(Wald,), &)




K-THEORY OF HIGHER CATEGORIES 309

in which the vertical functors are fully faithful by definition, and the bottom functor
is fully faithful because the oo-category Dgg(Walde,) is a localization of D(Waldy,)
(Proposition 6.7). O

By virtue of [46, Proposition 1.4.2.22], this result now yields a canonical delooping of any
additive functor.

COROLLARY 7.7. Suppose that & is an oco-topos. Then composition with the canonical
functor Q°°: Sp(&) —> &, induces an equivalence of co-categories

Fung ™ (Dgss(Waldo, ), Sp(&)) — Add(&),

where Fung™(Dgss(Waldy ), Sp(&)) C Fun(Dgss(Waldw, ), Sp(&)) denotes the full subcate-
gory spanned by the right exact functors ®: Dggs(Walds,) —> Sp(&) such that Q%o
®: Dy (Wald,) — & preserves sifted colimits.

Additivization

We now find that any theory admits an additive approximation given by a Goodwillie
differential. The nature of colimits computed in Dggs(Waldo,) will then permit us to describe
this additive approximation as an oo-categorical S, construction. As a result, we find that any
such theory deloops to a connective spectrum.

We first need the following well-known lemma, which follows from [46, Lemma 5.3.6.17] or,
alternately, from a suitable generalization of [46, Corollary 5.1.3.7].

LEMMA 7.8. For any oco-topos &, the loop functor Qg : &, —> &, preserves sifted colimits
of connected objects.
THEOREM 7.9. Suppose that & is an oo-topos. The inclusion functor
Add(&) «— Thy(&)
admits a left adjoint D given by a Goodwillie differential [27, 29, 30|
D¢ ~ colim Q% o ® o .S" o7,

n—oo

where ®: D(Wald.,) — & is the left derived functor of ¢.

Proof. Let us write .# for the class of small filtered colimits. By [30, Theorem 1.8] or [46,
Corollary 7.1.1.10], the inclusion

Excg (Dggs(Wald ), &) «— Fun'y (Dgss(Wald ), &)
(Definition 7.1) admits a left adjoint given by the assignment

® — colim Q% o o Xf  (wala

n— 00 )

Now the inclusion i: Dgg(Walde, ) — D(Waldy,) induces a left adjoint
Fun’z (D(Waldy, ), &) — Funy (Dggs(Waldo,), &)

to the forgetful functor induced by LS. By composing these adjoints, we thus obtain a left
adjoint D to the forgetful functor

Excz (Dgss(Waldy ), &) — Fun’y (D(Waldy,), &).
The left adjoint D is given by the assignment

® +— colim Qg oPoio E7]:L)ﬂsb,(Wald

n— 00 o)



310 CLARK BARWICK

By Corollary 6.12, if n > 1, then one may rewrite the functor 2% o Foio Z’[L)ﬁsﬁ(waldm) as
Zao(I)oioZgﬁss(Waldw) oL 0i~Q%odoio. s,

Now if ®: D(Walde,) — & is the left derived functor of a theory, then for any virtual
Waldhausen oco-category %/, since @ is reduced, and since . (%) is the colimit of a simplicial
virtual Waldhausen oco-category S. (%) with So(#) ~ 0, the object ®(# (%)) is connected as
well. By Lemma 7.8, Qg commutes with sifted colimits of connected objects of &, whence it
follows that the restriction of D: Fun’ (D(Waldy,), &) — Excg (Dass(Waldy ), &) to

Thy (&) ~ Fung (D(Waldw,), &) C Fun’gz(D(Waldy,), &)
in fact factors through the full subcategory
Excg (Dags(Waldy, ), &) C Excg (Dass(Waldo ), &).
Thanks to Theorem 7.6, the functor D consequently descends to a functor
D: Thy(&) — Add(&)
given by the assignment
® — colim Q% 0 ® 0 B wara) © L™ 0.

n—oo

Now another application of Corollary 6.12 completes the proof. ]

DEFINITION 7.10. The left adjoint
D: Thy(&) — Add(&)

of the previous corollary will be called the additivization.

Suppose ¢: Wald,, —> & is a theory; denote by & its left derived functor. For any virtual
Waldhausen oo-category % and any natural number n, since the virtual Waldhausen oo-
category Z™(#) is the colimit of a reduced n-simplicial diagram S, (S.(---S.(#)---)), it
follows that the object ®(#™(#")) is n-connected. This proves the following.

PROPOSITION 7.11. The canonical delooping (Corollary 7.7) of the additivization D¢ of a
theory ¢: Wald,, —> & is valued in connective spectra:

Waldoo —> Sp(éa)>0.

Pre-additive theories

We have already mentioned that many of the theories that arise in practice have the property
that they carry direct sums of Waldhausen oco-categories to products. What is really useful
about theories ¢ that enjoy this property is that the colimit

colim[p — Qodo.Y0j — D o0do0.7%20j — ---]
that appears in the formula for the additivization (Theorem 7.9) stabilizes after the first term;

that is, only one loop is necessary to get an additive theory.

DEFINITION 7.12.  Suppose that & is an co-topos. Then a theory ¢ € Thy(&) is said to be
pre-additive if it carries direct sums of Waldhausen oo-categories to products in &.

PROPOSITION 7.13. Suppose that & is an co-topos and that ¢ € Thy(&) is a pre-additive
theory with left derived functor ®. Then the morphisms

(S (Fm(€))) — @(F(€))  and (S (Fn(¥))) — (S (Sm(¥)))
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induced by I, and F),, together exhibit ®((%#,,(¢))) as a product of ®(/(¥)) and
(S (I m(%)))-

Proof. Since ¢ is pre-additive, the morphism from ®(.(.%,,(%€))) to the desired product
may be identified with the morphism

(S (Fm(€)) — 2(FL(C) © S (S (F))),
which can, in turn, be identified with the natural morphism
®(i 0 Bp,,. (Waldo) © L™ (Fn (%)) — ®(i 0 Spy, (Wald..) © L(€ & .7, (%))

by Corollary 6.12. The upper right corner of (7.2) is a pushout, and since E,,, @ J,, is a section
of Ip0 @ Fyy,, the natural morphism LI$(.%,,(€)) — LE(€ @ 7,,(%)) is an equivalence. []

By Theorem 7.4, we obtain the following repackaging of Waldhausen’s additivity theorem.

COROLLARY 7.14. Suppose that & is an co-topos and that ¢ € Thy(&) is a pre-additive
theory with left derived functor ®. Then the additivization is given by

Dp~Qodo S oj.

Suppose that & is an oo-topos and that ¢ € Thy(&) is a pre-additive theory. Then the counit
¢ — D¢ is the initial object of the co-category Add(&) Xryy(s) Thy(&)s,. By Theorem 7.4,
this means that D¢ is the initial object of the full subcategory of Thy(&)4, spanned by
those natural transformations ¢ — ¢’ such that for any Waldhausen oo-category 4 and
for any functor S, (%¢): NA°® — Wald., that classifies the Waldhausen cocartesian fibration
S (€) — NA°P, the induced functor ¢’ 0 S,(€): NA°P —s &, is a group object.

Motivated by this, we may now note that the inclusion of the full subcategory Grp(&’) of
Fun(NA°P, &) spanned by the group objects admits a left adjoint L. (It is a straightforward
matter to note that Grp(&) C Fun(NA°P, &) is stable under arbitrary limits and filtered
colimits; alternatively, one may find a small set S of morphisms of Fun(NA°P, &) such that a
simplicial object X of & is a group object if and only if X is S-local.) Hence one may consider
the following composite functor LY

Wald., —» Fun(NA®, Wald..) —— Fun(NA%, &) —X Grp(&).

If evy: Grp(&) — & is the functor given by evaluation at 1, then the functor evy o L may be
identified with the functor Qg o colimyace. (This is Segal’s delooping machine.) It therefore
follows from the previous corollary that the functor Lf = evy o L? can be identified with the
additivization of ¢. This provides us with a Iocal recognition principle for D¢.

PROPOSITION 7.15. Suppose that & is an co-topos, ¢ € Thy(&) is a pre-additive theory,
and € is a Waldhausen oco-category. Write
S.(€¢): NA°® — Wald,,

for the functor that classifies the Waldhausen cocartesian fibration (%) — NA°P. Then the
object DP(€) is canonically equivalent to the underlying object of the group object that is
initial in the oco-category

Gl‘p(éa) XFun(NAopvg) Fun(NA°p7 éa)¢os*(<g)/.

7.16. One may hope to study the rest of the Taylor tower of a theory. In particular, for
any positive integer n and any theory ¢ € Thy (&), one may define a symmetric ‘multi-additive’
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theory D™ ¢ via a formula

DWG(G, ..., C,) = (_colim) Qéi*”ﬂncrn@(ﬁﬂjl‘é, e LG,
J1s50n

where ® is the left derived functor of ¢, and cr,® is the nth cross-effect functor of the
restriction of ® to Dggs(Waldy,). However, if ¢ is pre-additive, then for n > 2, the cross-
effect functor cr,® vanishes, whence D(")¢ vanishes as well. As a result, the Taylor tower for
® is constant above the first level. More informally, the best polynomial approximation to ® is
linear. Consequently, if ¢: Wald,, —> & is pre-additive, then ® factors through an n-excisive
functor Dggs(Waldy, ) —> & for some n > 1 if and only if ¢ is an additive theory, in which case
n may be allowed to be 1. This seems to suggest a rather peculiar dichotomy: a pre-additive
theory is either additive or staunchly non-analytic.

8. Easy consequences of additivity

Additive theories, which we introduced in the last section, are quite special. In this section,
we will prove some simple results that will illustrate just how special they really are.
We will show that additive theories vanish on any Waldhausen oo-category that is ‘too
large’ (Proposition 8.1), and we will show that additive functors do not distinguish between
Waldhausen oco-categories whose pair structure is maximal and suitable stable co-categories
extracted from them. As a side note, we will remark that, rather curiously, the fissile derived
oo-category is only one loop away from being stable. Finally, and most importantly, we will
prove our oco-categorical variant of Waldhausen’s fibration theorem. In the next section, we will
introduce a richer structure into this story, to prove a more useful variant of this result.

The Eilenberg Swindle

We now show that Waldhausen oo-categories with ‘too many’ coproducts are invisible to
additive theories.

ProposiTION 8.1 (Eilenberg Swindle). Suppose that & is an oco-topos and that ¢ €
Add(&). Then for any Waldhausen oco-category € that admits countable coproducts, ¢(€)
is terminal in &.

Proof. Denote by I the set of natural numbers, regarded as a discrete oco-category, and
denote by ¥: € — € the composite of the constant functor € — Fun(I, %) followed by its left
adjoint Fun(f, %) — €. The inclusion {0} < I and the successor bijection o: I -~ I — {0}
together specify a natural ingressive id »— 1. This defines an exact functor ¥ — .%1(%).
Applying I;; and I;o® Fy to this functor, we find that ¢(¢) = ¢(id) + ¢(¢»), whence
¢(id) = 0. O

Stabilization and approximation

We prove that the value of an additive theory on a Waldhausen co-category whose pair structure
is maximal agrees with its value on a certain stable oo-category. Using this, we show that
for these Waldhausen oo-categories, equivalences on the homotopy category suffice to give
equivalences under any additive theory.

PROPOSITION 8.2 (Suspension Theorem). Suppose that &/ is a Waldhausen co-category
whose pair structure is maximal. Then for any additive theory ¢ € Add(&), the suspension
functor ¥: & — &/ induces multiplication by —1 on the group object ¢(<7).
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Proof. This follows directly from the existence of the pushout square of endofunctors of .o/

0— X. U

COROLLARY 8.3. Suppose that </ is a Waldhausen oo-category whose pair structure is
maximal. Write Sp(&/) for the colimit

o o e 2

in Wald.. Then for any additive theory ¢ € Add(&), the canonical functor
£ o —> Sp()
induces an equivalence ¢(&f) — ¢(§f)(ﬂ))

We now obtain the following corollary, which we can regard as a version of Waldhausen’s
approximation theorem. Very similar results appear in the works of Cisinski [19, Theorem 2.15]
and Blumberg-Mandell [16, Theorem 1.3], and an interesting generalization has recently
appeared in a preprint of Fiore [26].

COROLLARY 8.4 (Approximation). Suppose that € and 2 are two co-categories that each
contain zero objects and all finite colimits, and regard them as Waldhausen oo-categories
equipped with the maximal pair structure (Example 2.9). Then any exact functor : € — 9
that induces an equivalence of homotopy categories h¢ > h% also induces an equivalence
d(): P(€) > ¢(P) for any additive theory ¢ € Add(&).

Proof. 'We note that since the homotopy category functor 4"+ h% preserves colimits, the
induced functor hSp(%¢) — hSp(2) is an equivalence. Now we combine Propositions 8.3 and
2.15. Ul

The oo-category é\[/)(% ) is not always the stabilization of o, but when <7 is idempotent
complete, it is.

PROPOSITION 8.5. Suppose that </ is an idempotent complete co-category that contains
a zero object and all finite colimits. Regard </ as a Waldhausen oco-category with its maximal
pair structure. Then Sp(«/) is equivalent to the stabilization Sp(«/) of < .

Proof. The colimit of the sequence

o B B3 B

in Wald,,, agrees with the same colimit taken in Cat.,(r1)8 by [42, Proposition 5.5.7.11]
and Proposition 4.9. Since Ind is a left adjoint [42, Proposition 5.5.7.10], the colimit of the
sequence

Inde = Inde/ = - = Inde/ > -
in Pr is Ind(é;)(sz%)). By [42, Notation 5.5.7.7], there is an equivalence between PrZ and

(Prf)or whence Ind(Sp(.«7)) can be identified with the limit of the sequence

e Y ndey S Y ndey S Inde
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in Prl. Since the inclusion Pr* < Cat., (k1) preserves limits [42, Proposition 5.5.7.6], it
follows that Ind(Sp(«)) ~ Sp(Ind(«/)). Now the functor C — C% is an equivalence of co-
categories between Prf)t and the full subcategory of Cat,(r1)"** spanned by the essentially
small, idempotent complete co-categories, whence it follows that

Sp(«) ~ Ind(Sp(«))* ~ Sp(Ind(/))* ~ Sp(Ind(#)*) ~ Sp(«). O

EXAMPLE 8.6. Suppose that & is an oo-topos. (One may, again, think of Fun(X, Kan)
for a simplicial set X.) For any additive theory ¢, the results above show that one has an
equivalence

¢(6Y) ~ ¢(Sp(6™)).

Digression: the near-stability of the fissile derived oo-category

By analyzing the additivization of the Yoneda embedding, we now find that a fissile virtual
Waldhausen oo-category is one step away from being an infinite loop object. This implies that
the oo-category Dges(Walds) can be said to admit a much stronger form of the Blakers—
Massey excision theorem than the oo-category of spaces. Armed with this, we give an easy
necessary and sufficient criterion for a morphism of virtual Waldhausen oco-categories to induce
an equivalence on every additive theory.

DEFINITION 8.7. We shall call a theory ¢ € Thy(&) left exact just in case its left derived
functor ® preserves finite limits.

Clearly every left exact theory is pre-additive. Moreover, the best excisive approximation
Py (G o F) to the composite G o F of a suitable functor F': C — D with a functor G: D — D’
that preserves finite limits is simply the composite G o Pj(F). Accordingly, we have the
following.

LEMMA 8.8. Suppose that ¢ € Thy(&) is a left exact theory. Then

D¢ ~ @0 Qp,, (wad.) ©7
EXAMPLE 8.9. The Yoneda embedding y: Wald,, — Z(Wald%) is a left exact theory;

its left derived functor Y: D(Waldy,) <« Z?(Waldy)) is simply the canonical inclusion.
Consequently, thanks to Corollary 7.14, the additivization of y is now given by the formula

Dy~Qo.%oj.

Let us give some equivalent descriptions of the functor Dy. Since .% (%) is contractible, one
may write

Dy(€) ~ F(€) x 7)) F(€).
Alternately, since suspension in Dgg(Waldy, ) is given by ., the functor
Dy(%): Waldy — Kan
can be described by the formula
Dy(€)(Z) ~ Mappwala..) (' (2), 7 (€)).
In other words, Q3 ~ Q. is the Goodwillie differential of the identity on Dgss(Walds).
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Waldhausen’s Generic Fibration Theorem

Let us now examine the circumstances under which a sequence of virtual Waldhausen oo-
categories gives rise to a fiber sequence under any additive functor. In this direction, we
have Proposition 8.11, which is an analogue of Waldhausen’s [73, Proposition 1.5.5 and
Corollary 1.5.7]. We will deduce from this a necessary and sufficient condition for an exact
functor to induce an equivalence under every additive theory (Proposition 8.12).

NoTaTION 8.10. Suppose that ¢: Z — & is an exact functor of Waldhausen oo-
categories. Write

H () = |F(H) X5 (e) S (B) | Naow
for the realization (Definition 4.30) of the Waldhausen cocartesian fibration
y(ﬂ{) Xy(,Qg) y(%) — NA°P,

In other words, the virtual Waldhausen oco-category ¢ (v) is the geometric realization of
the simplicial Waldhausen oo-category whose m-simplices consist of a totally filtered object

0 Uy U, e Un
of A, a filtered object
Xo X1 Xo e Xm
of o7, and a diagram
Xo X1 Xo . Xm

I l l

0 >—— p(Ur) = P(Us) = ... »— Y(Up)

of &/ in which every square is a pushout.

The object # (1) is not itself the corresponding fiber product of virtual Waldhausen
oo-categories; however, for any additive functor ¢: Wald,, — & with left derived func-
tor ®, we shall now show that ®(J#(¢)) is in fact the fiber of the induced morphism
(S (2) — (S ().

THEOREM 8.11 (Generic Fibration Theorem I). Suppose that ©¥: 8 — & is an exact
functor of Waldhausen oco-categories. Then for any additive theory ¢: Wald,, —> & with left
derived functor ®, there is a diagram

$(#) ¢() *

l | l

of & in which each square is a pullback.

Proof. For any vertex m € NA°P, there exist functors

5= (Bm @ S (1), pr2): Fo(H) © S (B) — Fn(H) X 7,,(et) S m(B)
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and
pi= (Im,O O prl) (o) pPro: ﬁm(d) XYm(eszf) Ym(%) —> yo(ﬂ) &, ym(@)

Clearly p o s ~ id; we claim that ¢(s o p) ~ ¢(id) in &,. This follows from additivity applied to
the functor

Fol( A ) X7, () S (B) — FUF () X 7, (1) S (B))

given by the ingressive morphism of functors (Ey, o I oo pry,0) > id. Thus the value
T (A ) X 5, (o) Fm(PB)) is exhibited as the product ¢(.Fo()) X ¢ (5B)).
We may therefore consider the following commutative diagram of &:

Fo(¢) Fo

$(Fo()) O(S0(2))

0
| | 2.
pry

b | | #n
H(Fm () " H(F ()
Im,()l ljw/n,o
&(Fo(A)) A(Fo()).

The lower right-hand square is a pullback square by additivity; hence, in light of the
identification above, all the squares on the right-hand side are pullbacks as well. Again by
additivity the wide rectangle of the top row is carried to a pullback square under ¢, whence
all the squares of this diagram are carried to pullback squares.

Since ¢ is additive, so is ® o .. Hence we obtain a commutative diagram in &:

in which every square is a pullback. All the squares in this diagram are functorial in m, and
since the objects that appear are all connected, it follows from [46, Lemma 5.3.6.17] that the
squares of the colimit diagram

(S (Fo(2))) — (S (Fo())) — (S (S(#)))

l |

(S (F(A))) — 2(F(H (V) — (S ((£)))

l l

(ST () — (S ((H))),



K-THEORY OF HIGHER CATEGORIES 317

are all pullbacks. Applying the loopspace functor ¢ to this diagram now produces a diagram
equivalent to the diagram

in which every square again is a pullback. |

PRrOPOSITION 8.12. The following are equivalent for an exact functor v¢: 8 — &/ of
Waldhausen oco-categories.

(1) For any co-topos & and any ¢ € Add(&) with left derived functor
&: D(Waldy) — &,

the induced morphism ®(v): ®(#) — P() is an equivalence of &.
(2) For any co-topos & and any ¢ € Add(&) with left derived functor

®: D(Wald,,) — &,

the object ®(# (1)) is contractible.
(3) The virtual Waldhausen oo-category . (% (1)) is contractible.

Proof. 1Inlight of Lemma 8.8 and Example 8.9, if (8.12.1) holds, then the induced morphism

is an equivalence of virtual Waldhausen oco-categories. Since (%) and (/) are connected
objects of #(Waldy,), this in turn implies (using, say, [46, Corollary 5.1.3.7]) that the induced
morphism of virtual Waldhausen oo-categories

W) S (B) — S (A)

is an equivalence and therefore by Proposition 8.11 that (8.12.2) holds.

Now if (8.12.2) holds, then in particular, Q.7 (2 (v)) is contractible. Since the virtual
Waldhausen co-category .#(# (1)) is connected, it is contractible, yielding (8.12.3).

That the last condition implies the first now follows immediately from Proposition 8.11. [

9. Labeled Waldhausen oco-categories and Waldhausen’s fibration theorem

We have remarked (Example 2.12) that nerves of Waldhausen’s categories with cofibrations are
natural examples of Waldhausen oco-categories. But Waldhausen’s categories with cofibrations
and weak equivalences do not fit so easily into this story. One may attempt to form the relative
nerve (Definition 1.5) of the underlying relative category and to endow the resulting oo-category
with a suitable pair structure, but part of the point of Waldhausen’s set-up was precisely that
one did not need to assume things such as the two-out-of-three axiom. For example, Waldhausen
considers ([73, Part 3] or [74]) categories of spaces in which the weak equivalences are chosen
to be the simple maps. In these situations the K-theory of the relative nerve will not correctly
encode the Waldhausen K-theory.

The time has come to address this issue. Fortunately, the machinery we have developed
provides a useful alternative. Namely, we introduce the notion of a labeled Waldhausen co-
category (Definition 9.1), which is a Waldhausen oco-category equipped with a subcategory of
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labeled edges that satisfy the analogue of Waldhausen’s axioms for a category with cofibrations
and weak equivalences. There is a relative form of this, too, as an example, we show how to
label Waldhausen cocartesian fibrations of filtered objects.

It is possible to extract from these categories with cofibrations and weak equivalences useful
virtual Waldhausen oo-categories (Notation 9.9). These virtual Waldhausen co-categories are
constructed as realizations of certain Waldhausen cocartesian fibrations over NA°P; they are
not Waldhausen oo-categories, but they are ‘close’ (Proposition 9.13). We also discuss the
relationship between the virtual Waldhausen oco-categories attached to a labeled Waldhausen
oo-category and the result from formally inverting (in the co-categorical sense, of course) the
labeled edges (Notation 9.18).

The main result of this section is a familiar case of the Generic Fibration Theorem I
(Theorem 8.11). This result (Theorem 9.24) gives, for any labeled Waldhausen oco-category
(o7 ,wef) satisfying a certain compatibility between the ingressives and the labeled edges
(Definition 9.21) a fiber sequence

NT) — () — (B(,wd))

for any additive theory ¢ with left derived functor ®. This result is the foundation of virtually
all fiber sequences that arise in K-theory.

Labeled Waldhausen co-categories

In analogy with Waldhausen’s theory of categories with cofibrations and weak equivalences, we
study here Waldhausen oo-categories with certain compatible classes of labeled morphisms.

DEFINITION 9.1. Suppose that € is a Waldhausen oco-category. Then a gluing diagram in
% is a functor of pairs

X: 22x(AYY — %

(Example 1.13 and 2.8), such that the squares X|( g2 a01) and X| (g2, a1} are pushouts. We
may depict such gluing diagrams as cubes

Xoo X0
pd ‘ /
Xao X0 [
[ Xo1 HI" X1
pd e

Xo1 Xoo1

in which the top and bottom faces are pushout squares.

DEFINITION 9.2. A labeling of a Waldhausen oo-category is a subcategory w% of € that
contains (¢ (that is, a pair structure on %) such that for any gluing diagram X of ¢ in which
the morphisms

Xoo — Xo1, Xi0— X1, and X9 — Xop

lie in w%, the morphism X0 — X1 lies in w% as well. In this case, the edges of wé will
be called labeled edges, and the pair (%, w%) is called a labeled Waldhausen oco-category.

A labeled exact functor between two labeled Waldhausen co-categories 4 and & is an exact
functor ¥ — &2 that carries labeled edges to labeled edges.
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Note that a labeled Waldhausen oco-category has two pair structures: the ingressives and the
labeled edges.

EXAMPLE 9.3. We have remarked (Example 2.12) that the nerve of an ordinary category
with cofibrations in the sense of Waldhausen is a Waldhausen oo-category. Similarly, if
(C, cofC,wC) is a category with cofibrations and weak equivalences in the sense of Waldhausen
[73, §1.2], then (NC, NcofC, Nw(C') is a labeled Waldhausen co-category.

Suppose (¢, w%) is a labeled Waldhausen oo-category. For gluing diagrams X of ¢ in which
the edges

Xoo — X20, Xoo — Xoi,
X10 — Xooo, X10 — X11

are all degenerate, the condition above reduces to a guarantee that pushouts of labeled
morphisms along ingressive morphisms are labeled. For gluing diagrams X of % in which
the edges

Xoo — X100, Xoo — Xo1,
Xoo — Xooo, X20 — X21

are all degenerate, the condition above reduces to a guarantee that the pushout of any labeled
ingressive morphism along any morphism exists and is again a labeled ingressive morphism.

NoOTATION 9.4. Denote by

fWald,, C Wald, Xcat,, Pairs
the full subcategory spanned by the labeled Waldhausen oco-categories.

PRrROPOSITION 9.5. The co-category fWald, is presentable.

Proof. The inclusion
{Wald,, «— Wald Xcat,, Pairy

admits a left adjoint, which assigns to any object (¢,%;,w%) the labeled Waldhausen oo-
category (€¢,%6;,w%), where W€ is the smallest labeling containing w%. It is easy to see
that /Wald, is stable under filtered colimits in Walds, Xcat,, Pair..; hence fWald., is
an accessible localization of Walds, Xcat., Pairs. Since the latter oco-category is locally
presentable by [42, Proposition 5.5.7.6], the proof is complete. |

The Waldhausen cocartesian fibration attached to a labeled Waldhausen oco-category

In §5, we defined the virtual Waldhausen oo-category of filtered objects of a Waldhausen oo-
category €. We did this by first using Proposition 3.19 to write down a cocartesian fibration
that is classified by the simplicial co-category

F.(%): NA® — Cat

such that for any integer m > 0, the co-category F,,,(%) has as objects sequences of ingressive
morphisms
X0>—>X1 > e >—>Xm

Then we defined the virtual Waldhausen oo-category we were after by forming the formal
geometric realization of the diagram F.(%).
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Here, we introduce an analogous construction when 4 admits a labeling, in which the role
of the cofibrations is played instead by the labeled edges. That is, we will define a cocartesian
fibration B(€¢,w%) — NA°P that is classified by the simplicial co-category

B.(%,w?): NA°® — Cat

such that for any integer m > 0, the co-category B,,, (%, w%) has as objects sequences of labeled
edges

Xo—> X1 —> - — X

The pair structure will be simpler than in §5, but once again we will define the virtual
Waldhausen oco-category we are after by forming the formal geometric realization of the diagram

B.(€,w?).

CONSTRUCTION 9.6. Suppose that € is a Waldhausen oo-category, and suppose wé C €
a labeling thereof. Define a map Z(%¢,w%) — NA°P, using the notation of Proposition 3.19,
Example 1.13, and Notation 5.2, as

B(E,wE) := Tr(NAP) x (€,wF)).

Equivalently, we require, for any simplicial set K and any map o: K — NA°P_ a bijection
between the set Moryaor (K, B(€,w%€)) and the set

Morset(2) (K X naee NM, K X yaoe (NM)4), (€, wE))

(Notation 3.18), functorial in o.
In other words, Z(%,w%) is the simplicial set .# (€, w%), where € is regarded as a pair
with its subcategory of labeled edges, rather than its subcategory of cofibrations.

It follows from Proposition 3.19 that #(%, w¢) — NA®P is a cocartesian fibration.

9.7. For any Waldhausen oco-category ¢ and any labeling w% C € thereof, we endow the
oo-category (€, w%€) with a pair structure in the following manner. We let %; (¢, w%) be the
smallest pair structure containing morphisms of the form (id,#): (m,Y) — (m, X), where
for any integer 0 < k < m, the induced morphism Y}, — X}, is ingressive.

LEMMA 9.8. For any Waldhausen oco-category ¢ and any labeling wé C € thereof, the
cocartesian fibration p: #(€,w%¢) — NA°P is a Waldhausen cocartesian fibration.

Proof. Tt is plain to see that p is a pair cocartesian fibration.

Now suppose m > 0 is an integer. Since limits and colimits of the oo-category Fun(A™, %)
are computed pointwise, a zero object in Fun(A™, %) is an essentially constant functor whose
value at any point of A™ is a zero object. Since any equivalence of ¢ is contained in w%,
this zero object is contained in B(€, ws),, as well. Again since pushouts in Fun(A™,%) are
formed objectwise, a pushout square in Fun(A™, %) is a functor

XA x Al x AR @

such that for any integer 0 < k < m, the restriction X|(A1 % Alx A0k} 18 & pushout square; now
if X is in addition a functor of pairs 2% x (A™)” — %, then it follows from the gluing axiom
that if X|oyxatnrty, X|qiyxatory, and X|oyx a0y all factor through wé C €, then so
does X|({s}xatory). Hence the fibers %,,(¢,w?) of p are Waldhausen oo-categories, and,
again using the fact that colimits and limits are computed objectwise, we conclude that p is a
Waldhausen cocartesian fibration. ]
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The virtual Waldhausen oco-category attached to a labeled Waldhausen oo-category
It follows from Proposition 3.20 that the assignment
(€, wE) — B(C,wE)
defines a functor
#: (Wald o, — Wald7 ho-

By composing with the realization functor (Definition 4.30), we find a functorial construction
of virtual Waldhausen oco-categories from labeled Waldhausen oco-categories:

NoTATION 9.9. By a small abuse of notation, we denote also as % the composite functor

|- Inaop

(Wald, 2> Wald5xt., D(Wald,,).

EXAMPLE 9.10. One deduces from Example 9.3 that a category (C,cofC,wC) with

cofibrations and weak equivalences gives rise to a virtual Waldhausen oo-category
PB(NC, NcofC, Nw(C).

NOTATION 9.11. Note that the pair cartesian fibration 7: NM —s NA°P of Notation 5.2
admits a section o that assigns to any object m € A the pair (m,0) € M. For any labeled
Waldhausen oco-category (€, w%), this section induces a functor of pairs over N A°P

Olgwe): B(C,WE) — (NA°PY x €,
which carries any object (m,X) of Z(€,w?) to the pair (m,Xy) and any morphism
(¢,9): (n,Y) — (m, X) to the composite
Yo —> Yi0) > Xo.
The section ¢ induces a map of simplicial sets
H(2,#(¢,w¢)) — wFunwala.. (Z2,%),
natural in 7, where wFunwaia,, (Z,%) C Funwala., (2, €) denotes the subcategory containing

all exact functors 2 — % and those natural transformations that are pointwise labeled.

LEMMA 9.12. For any labeled Waldhausen co-category (¢, w%) and any compact Wald-
hausen oo-category 2, the map H(2, B(€¢,w%)) — wFunwala.. (2,%) induced by o is a
weak homotopy equivalence.

Proof A. Using (the dual of) Joyal’s oo-categorical version of Quillen’s Theorem A [42,
Theorem 4.1.3.1], we are reduced to showing that for any exact functor X: 9 — %, the
simplicial set

H(Z, 2(¢,w?E)) X wPunwaia.. (2,¢) WFinwala. (Z,€) x/
is weakly contractible. This simplicial set is the geometric realization of the simplicial space
nt— Hy (2, B(, wE)) Xwhunwaan, (2,6) X}
in particular, it may be identified with the path space of the fiber of the map
H(2,%(¢,w?)) — wFunwala_, (2,€)

over the vertex X. ]



322 CLARK BARWICK

Proof B.  Consider the ordinary category A (2,6) of simplices of the simplicial set

'wFun{,Valdoo
wFunwala, (Z,%). Corresponding to the natural map

N(AOP (2,%) X Aop MT) —> FunWaldoo (@, %)

wFunwaid oo

is a map
NA bunwaia.. (2,6) — H(Z, B(€,w?)).
This map identifies the nerve NAE with the simplicial subset of H(Z, (¢, w%))

; ; wFunwald o (2,%)
whose simplices correspond to maps

A" X Aop MT —> Funwmdoo (@, %)
that carry cocartesian edges (over A™) to degenerate edges. The composite

N AP 96 — H(2,B(¢,wE)) — wFunwaa,. (7, )

wFuUnwald o (

is the ‘initial vertex map’, which is a well-known weak equivalence. A simple argument now
shows that the map NATEL 2.0y — H(Z2,B(¢,wE)) is also a weak equivalence.  []

In other words, the virtual Waldhausen oo-category #(%,w%) attached to a labeled
Waldhausen co-category (4, w%) is not itself representable, but it’s close:

PROPOSITION 9.13. The virtual Waldhausen co-category B(€,w®) attached to a labeled
Waldhausen co-category (¢, w%) is equivalent to the functor

D +— wFunwaldoo (@, (f)

Inverting labeled edges
Unfortunately, for a labeled Waldhausen oo-category (€, w%), the functor (Notation 9.11)
Olgwe): BE,wE) — (NAP) x €

cocart

will typically fail to be a morphism of Wald J/ya0p, because the cocartesian edges of % (€, w?)
will be carried to labeled edges, but not necessarily to equivalences. Hence one may not regard
U&”,w% as a natural transformation of functors NA°? — Wald,,. To rectify this, we may
formally invert the edges in w% in the oco-categorical sense.

LEMMA 9.14. The inclusion functor Wald,, <« ¢Wald., defined by the assignment
, — , Gy L admits a left adjoint ald,, — Wald..
€, C: €, €, 16) admi left adjoint {Wald Wald

Proof. The inclusion functor Wald,, «— ¢{Wald,, preserves all limits and all filtered
colimits. Now the result follows from the adjoint functor theorem [42, Corollary 5.5.2.9] along
with Proposition 9.5. ]

Let us denote by w% ~1% the image of a labeled Waldhausen co-category (¢, w%’) under the
left adjoint above. The canonical exact functor € — w% ~'¥ is initial with the property that
it carries labeled edges to equivalences. As an example, let us consider the case of an ordinary
category with cofibrations and weak equivalences in the sense of Waldhausen [73, §1.2].

PROPOSITION 9.15. If (C, cof C, wC) is a category with cofibrations and weak equivalences
that is a partial model category [5] in the sense that: (1) the weak equivalences satisfy the two-
out-of-six axiom [20, 9.1], and (2) the weak equivalences and trivial cofibrations are part of a
three-arrow calculus of fractions [20, 11.1], then the Waldhausen co-category (NwC)~Y(NC) is



K-THEORY OF HIGHER CATEGORIES 323

equivalent to the relative nerve N (C, wC), equipped with the smallest pair structure containing
the images of cofC' (Example 2.12).

Proof. We first claim that N(C,wC) is a Waldhausen co-category.

First, by [20, 38.3(iii)], the image of the zero object 0 € C is again a zero object of
N(C,wC). It is also an initial object of N(C,wC);, since for any object X, the mapping
space Map y ¢ ), (0, X) is a union of connected components of Map v (¢, ey (0, X), whence it
is either empty or contractible, but the image of the edge 0 — X is ingressive by definition.

Now let us see that pushouts along ingressives exist and are ingressives. The oco-category
Funpair. (Ao 22, N(C,wC)) is the relative nerve of the full subcategory C" of Fun(1 ulod 1, )
spanned by those functors that carry the first arrow 0 — 1 to a cofibration, equipped with
the objectwise weak equivalences. Similarly, Funpair_ (2%, N(C,wC)) is the relative nerve of
the full subcategory CY of Fun(1 x 1,C) spanned by those functors that carry the arrows
(0,0) — (0,1) and (1,0) — (1,1) each to cofibrations, equipped with the objectwise weak
equivalences. The forgetful functor U: CY — C" and its left adjoint F: " —> CU are each
relative functors, whence they descend to an adjunction

F:Ho(C") == Ho(C"): U

on the HosSet-enriched homotopy categories, using the description [20, 36.3]. Furthermore,
the unit is clearly an equivalence id ~ U F'. Hence the forgetful functor

Funpair_, (327 N(C,wC)) — Funpajr__ (AOQ2, N(C,w())

admits a left adjoint, and the unit for this adjunction is an equivalence. This is precisely
the condition that pushouts along ingressives exist and are ingressives. Thus N(C,wC) is a
Waldhausen oo-category.

Moreover, if X »— Y is a cofibration of C' and if X — X’ is an arrow of C, a square

X—Y

[

X/)_>Y/

in N(C,wC) is a pushout just in case it is the essential image of the left adjoint above. This,
in turn, holds just in case it is equivalent to the image of a pushout square in C.
Now suppose Z is a Waldhausen co-category. Since the canonical functor

NC — N(C,wC)
is exact, there is an induced functor
R: Funwaldm (N(C, wC’), 9) —> FuanValdoo (]\f(j7 @),

where Funyy,q_ (NC, 2) C Funwaia.. (NC, 2) is the full subcategory spanned by those exact
functors that carry arrows in wC to equivalences in D. The universal property of N(C,w(C),
combined with the definition of its pair structure, guarantees an equivalence

Funpair_ (N(C,wC), 2) = Funlpairm (NC,2),

where Funp,;, (NC, ) C Funpair_ (NC, 2) is the full subcategory spanned by those functors
of pairs that carry arrows in wC' to equivalences in . Hence R is fully faithful. Since an object
(respectively, a morphism, a square) in N(C,wC) is a zero object (respectively, an ingressive
morphism, a pushout square along an ingressive morphism) just in case it is equivalent to
the image of one under the functor NC — N(C,w(), it follows that a functor of pairs
N(C,wC) — 2 that induces an exact functor C — & is itself exact. Thus R is essentially
surjective. ]
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Let us give another example of a situation in which we can identify the Waldhausen oco-
category wé '€, up to splitting certain idempotents. We thank an anonymous referee and
Peter Scholze for identifying an error in the original formulation of this result.

DEFINITION 9.16. We say that a full Waldhausen subcategory 4’ C ¢ of a Waldhausen
oo-category is strongly cofinal if, for any object X € €, there exists an object Y € € such that
XVvYe?.

We will show below in Theorem 10.19 that a strongly cofinal subcategory 4’ C € of a
Waldhausen oo-category has the same algebraic K-theory as % in positive degrees.

PROPOSITION 9.17. Suppose that C is a compactly generated oco-category containing a
zero object, that L: C' —s D is an accessible localization of C, and that the inclusion D <« C'
preserves filtered colimits. Assume also that the class of all L-equivalences of C' is generated
(as a strongly saturated class) by the L-equivalences between compact objects. Then if wC% C
C“ is the subcategory consisting of L-equivalences between compact objects, then D¥ is the
idempotent completion of (wC¥)~1C%.

In particular, C' and D are additive (Definition 4.10), then with their maximal pair structures,
the inclusion (wC*)~*C% < D* is strongly cofinal.

Proof. Let us begin by giving, for any labeled Waldhausen oco-category A with a maximal
pair structure, a construction of wA~*A. We begin by inverting the edges of wA in A as an
oo-category; the result is an oo-category A’ and a functor i: A — A’ that induces, for any
oo-category B, a fully faithful functor

Fun(A4’, B) — Fun(4, B)

whose essential image is spanned by those functors that carry the edges in wA to equivalences
in B. Now we will use the ideas of [42, § 5.3.6]. Consider the class Z consisting of the following
diagrams: the composite

o 2> A i A,
in which z is the inclusion of the zero object, and the composites
(Ag)D Py A i A

in which p is a pushout square. Now let .% denote the collection of all finite simplicial sets. In
the notation of [42, Proposition 5.3.6.2], we claim that wA~1A ~ 227 (A’), where the latter
oo-category is endowed with its maximal pair structure.

To prove this claim, let us first note that the inclusion of the full subcategory Cat®e** ¢
Wald,, spanned by those Waldhausen oo-categories equipped with the maximal pair structure
admits a left adjoint. This much follows from the adjoint functor theorem, but in fact we can
be more precise: it is the construction € > £5,%, where # consists of the initial object
2P — € and the pushouts (AZ)> — € of cofibrations, and .# consists of all finite simplicial
sets. Note that since the diagrams of # are colimits in %, it follows that the unit j: 4 — 325%
is fully faithful.

Now for any Waldhausen oco-category €, let us consider the square

Funwaldoo (Qg (A/), cg)

|

Funwaa. (25 (A'), 237 (€)) — Funa, (4, 257 (€)),

Fun,Walclm (A,9)
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where Fun’ denotes the full subcategory spanned by those exact functors that carry the edges
of wA to equivalences. Unwinding the universal properties, one sees immediately that the
bottom horizontal functor is an equivalence; our claim is that the top horizontal functor is an
equivalence. Hence we aim to show that the square above is homotopy cartesian; this amounts
to the claim that in a commutative diagram of exact functors

A €

il 4

PLA) — D),

the functor F factors through j. This now follows from the minimality of the construction of
z@g(A’), as in the proof of [42, Proposition 5.3.6.2]. This completes the proof that wA=*A ~
P (AN.

Let us now note that the inclusion of the full subcategory Cat®e**V ¢ Cat®*** spanned by
those Waldhausen oo-categories equipped with the maximal pair structure, which also admits
a left adjoint. This is given by the idempotent completion A — AV of [42, §5.1.4].

We turn to our localization. For any idempotent complete co-category A that admits all
finite colimits, the localization C* — D“ induces an equivalence

Fungrex (DY, A) =5 Fung,, (C¥, A),

where Funpg ., (C¥, A) C Fungex(C¥, A) is the full subcategory spanned by those finite colimit-
preserving functors that carry L-equivalences to equivalences. (Here we are using the mutually
inverse equivalences A > Ind(A) and B > B“ of [42, Proposition 5.5.7.10].) This target
oo-category is of course equivalent to the full subcategory of Funwaia, (C¥, A), spanned by
those exact functors, that carries L-equivalences to equivalences. We therefore deduce that the
natural functor (wC¥)~1C¥ — D* induces an equivalence

Funwaid.. (D%, A) =5 Funwaia.. (wC¥)~'C¥, A)Y.
Consequently, we deduce that
D¥ = 27 ((C¥))" = (wC*)~'C¥)Y,
as desired. 0

NoOTATION 9.18. Composing the canonical exact functor 4 — w% 1€ with the functor
B(€,wE) — (NAPY x €,

we obtain a morphism of Waldg‘;?%tmp

B(€,wE) — (NAPY x wE '€

that carries cocartesian edges of (€, w%) to equivalences. Applying the realization | - | yaop
(Definition 4.30), we obtain a morphism of D(Wald,)

Y&we): B(C, wE) — wé1E.

We emphasize that for a general labeled Waldhausen oo-category (%,w%), the com-
parison morphism 74 %) is not an equivalence of D(Wald,,); nevertheless, we will find
(Proposition 10.17) that (4 %) often induces an equivalence on K-theory.

Waldhausen’s fibration theorem, redux

We now aim to prove an analogue of Waldhausen’s generic fibration theorem [73, Theo-
rem 1.6.4]. For this we require a suitable analogue of Waldhausen’s cylinder functor in the
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oo-categorical context. This should reflect the idea that a labeled edge can, to some extent, be
replaced by a labeled ingressive.

NoOTATION 9.19. To this end, for any labeled Waldhausen oco-category (<7, ), write
wi e = w/ N . The subcategory w;e/ C &/ defines a new pair structure, but not a new
labeling, of o/. Nevertheless, we may consider the full subcategory A(<, wio/) C F ()
spanned by those filtered objects

Xo X .. X,

such that each ingressive X; »— X471 is labeled; we shall regard it as a subpair. One may
verify that %, (o, w;o) C F,, (/) is a Waldhausen subcategory, and #(</, w3 o) — NAP
is a Waldhausen cocartesian fibration.

For any pair 9, write wiFunpair (2, o) C Fupair, (2, o) for the following pair structure.
A natural transformation

n: D x Al — o
lies in wiFunpair, (2, /) if and only if it satisfies the following two conditions.

(1) For any object X of 2, the edge A' =2 Al x {X} C Al x 2 — & is both ingressive
and labeled.
(2) For any ingressive f: X »— Y of 2, the corresponding edge

Al — ZF\ ()
is ingressive in the sense of Definition 5.6.
If 7 is a Waldhausen oo-category, write
wiFunwala,, (7, &) C wiFunpair, (2, )
for the full subcategory spanned by the exact functors.
9.20. Note that the proofs of Lemma 9.12 apply also to the pair (&, w;<7) to guarantee
that for any compact Waldhausen oco-category &, the natural map
H(2,(#( ,wi /) NAP)) — wiFunwaia,. (2, o)
induced by o is a weak homotopy equivalence.
DEFINITION 9.21. Suppose (&7, ws/) a labeled Waldhausen oo-category. We shall say that
(o7, we/) has enough cofibrations if for any small pair of co-categories 2, the inclusion
wiFunpair (2, o) — wFunpair (2, )
is a weak homotopy equivalence.
In particular, if every labeled edge of (&, w?) is ingressive, then (&, w</) has enough

cofibrations. More generally, this may prove to be an extremely difficult condition to verify,
but the following lemma simplifies matters somewhat.

LEMMA 9.22. Suppose (&, /;,we/) is a labeled Waldhausen oo-category. Suppose that
there exists a functor

F: Fun(A', @) — Fun(A', &)
along with a natural transformation n: id — F' such that:

(1) The functor F carries Fun(A', we/) to Fun(Al, w o).
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(2) If f is a labeled ingressive, then ny is an equivalence.
(3) If f is labeled, then ny is objectwise labeled.

Then (4, oy, we/) has enough cofibrations.

Proof. For any pair 2, the functor F' induces a functor
Fun(A', wFunpair (2, 7)) — Fun(A®, wiFunpair (2, 7)),

and 7 induces natural transformations that exhibit this functor as a homotopy inverse to the
inclusion

Fun(A, wiFunpair. (2, %)) — Fun(A', wFunpair. (2, ).
The result now follows from the homotopy equivalence between a simplicial set and its
(unbased) path space. O

LEMMA 9.23. If a labeled Waldhausen co-category (<7 ,we/) has enough cofibrations, then
for any Waldhausen co-category 2, the inclusion
wTFunwaldm (@, ﬂ) — wFunwaldm (@, ﬂ)

is a weak homotopy equivalence.

Proof. For any Waldhausen oco-category 4, the square

wTFuHWaldoc (9, JZ{) — 'LUFunWaldoo (.@, JZ{)

l l

wiFunpair (2, o) —— wFunpair (2, o)
is a pullback, and the vertical maps are inclusions of connected components. ]

THEOREM 9.24 (Generic Fibration Theorem II). Suppose that (<, wef) is a labeled
Waldhausen oo-category that has enough cofibrations. Suppose that ¢: Wald,, — & is an
additive theory with left derived functor ®. Write &/ C & for the full subcategory spanned
by those objects X such that a map from a zero object to X is labeled, with the pair structure
inherited from 7. Then </ is a Waldhausen oco-category, the inclusion i: &/ «— & is exact,
and it along with the morphism of virtual Waldhausen co-categories e: o/ —> B( ,wel) give
rise to a fiber sequence

() ()
l |
* (B, 0wl )).

Proof. It follows from Proposition 8.11 that it is enough to exhibit an equivalence between
O(AB( ,wal)) and ®(# (i)) as objects of &y(e),-

The forgetful functor J# (i) — Z o7 is fully faithful, and its essential image F¥of consists
of those filtered objects

Xo X . X

such that the induced ingressive X,;/Xo »— X;11/Xo is labeled; this contains
the subcategory Z(o/ Wyl ). We claim that for any m >0, the induced morphism
(B (w1 ) — $(FN (/) is an equivalence. Indeed, one may select an exact functor
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P K (i) — B (&, w o) that carries an object

Xo— X1 — Xo— ... — X,
b |
00— U — Us»— ... — U,

to the filtered object
Xg— XoVU; — XgVUy —— -+ —— Xy VU,,.

When m = 0, this functor is compatible with the canonical equivalences from <. Additivity
now guarantees that p defines a (homotopy) inverse to the morphism ¢(%,, (&, w;%)) — ¢

One has an obvious forgetful functor #(o, wo/) — HB(of,wal) over NAP. We claim
that this induces an equivalence of virtual Waldhausen oo-categories |%(«7, w; o )|naor —>
| B (A ,we )| naer. So we wish to show that for any compact Waldhausen oo-category 2, the
morphism

H(Z,(#(, wi ) INA)) — H(D, (B(A ,wl ) [NA))

of simplicial sets is a weak homotopy equivalence.
By Lemma 9.12 and its extension to the pair (o7, w;.7), we have a square

H(2, (B(o ,wi ) INAP)) —> H(D, (B (A ,wal ) |NAP))

wiFunwala,, (2, %) wFunwala, (2,%)
in which the vertical maps are weak homotopy equivalences. Since (&, wg/) has enough

cofibrations, the horizontal map along the bottom is a weak homotopy equivalence as well
by Lemma 9.23. |

Part III. ALGEBRAIC K-THEORY

We are finally prepared to describe the Waldhausen K-theory of oo-categories. We define
(Definition 10.1) K-theory as the additivization of the theory ¢ that assigns to any Waldhausen
oo-category the maximal co-groupoid (Notation 1.7) contained therein. Since the theory ¢ is
representable by the particularly simple Waldhausen co-category NI'°P of pointed finite sets
(Proposition 10.5), we obtain, for any additive theory ¢, a description of the space of natural
transformations K — ¢ as the value of ¢ on NIT°P.

Following this, we briefly describe two key examples that exploit certain features of the
algebraic K-theory functor of which we are fond. The first of these (§ 11) lays the foundations
for the algebraic K-theory of F4-algebras in a variety of monoidal co-categories, and we prove
a straightforward localization theorem. Second (§12), we extend algebraic K-theory to the
context of spectral Deligne-Mumford stacks in the sense of Lurie, and we prove Thomason’s
‘proto-localization’ theorem in this context.

10. The universal property of Waldhausen K-theory

In this section, we define algberaic K-theory as the additivization of the functor that assigns
to any Waldhausen oo-category its moduli space of objects. More precisely, the functor
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t: Wald,, — Kan that assigns to any Waldhausen oo-category its interior oo-groupoid
(Notation 1.7) is a theory.
DEeFINITION 10.1. The algebraic K-theory functor
K: Wald,, — Kan

is defined as the additivization K := D¢ of the interior functor ¢: Wald,, — Kan. We denote
by K: Wald,, — Sp its canonical connective delooping, as guaranteed by Corollary 7.7
and Proposition 7.11.

Unpacking this definition, we obtain a global universal property of the natural morphism
. — K.

ProrosiTioN 10.2. For any additive theory ¢, the morphism « — K induces a natural
homotopy equivalence

Map(K, ¢) == Map(t, ¢).
We will prove in Corollaries 10.10 and 10.16 that our definition extends Waldhausen’s.

ExaAMPLE 10.3. For any oco-topos &, one may define the A-theory space
A(&) = K(&7)
(Example 2.10). In light of Example 8.6, we have
A(&) ~ K(Sp(&*¥)).
For any Kan simplicial set X, if
& = Fun(X,Kan) ~ Kan x,
then it will follow from Corollary 10.18 that A(&) agrees with Waldhausen’s A(X), where one
defines the latter via the category Zqs(X) of finitely dominated retractive spaces over X [73,
p. 389]. Then, of course, one has A(&) ~ K(Fun(X, Sp®)).
Representability of algebraic K-theory
Algebraic K-theory is controlled, as an additive theory, by the theory ¢. It is therefore valuable

to study this functor as a theory. As a first step, we find that it is corepresentable.

NoOTATION 10.4. For any finite set I, write I for the finite set I LI {oo}. Denote by I'°P
the ordinary category of pointed finite sets. Denote by F(T)p C I'°P the subcategory comprising
monomorphisms Jy — 1.

ProproOSITION 10.5. For any Waldhausen oco-category %, the inclusion

{x} < NT®P
induces an equivalence of oco-categories
FunWaldoo (NFOp, cg) -5 F.
In particular, the functor ¢: Wald., — Kan is corepresented by the object NT°P.

Proof. Write N I‘Zpl for the full subcategory of NI'°P spanned by the objects @ and *. Then
it follows from Joyal's theorem [42, Proposition 1.2.12.9] that the inclusion {*} «— NT°P
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induces an equivalence between ¢ and the full subcategory Fun®(NT'Y), €) of Fun(NT'Z), %)
spanned by functors z: N F(;pl — & such that z(@) is a zero object. Now the result follows
from the observation that the co-category Funwag, (NT°P, %) can be identified as the full
subcategory of the co-category Fun(INI'°P, %) spanned by those functors Z: NT'°P — & such
that (1) Z(©) is a zero object, and (2) the identity exhibits Z as a left Kan extension of
Z|(Npo<p1) along the inclusion NI'g) < NT°P. O

In the language of Corollary 4.16, we find that W (AY) ~ NT°P. Note also that it follows that
the left derived functor 7: D(Wald,,) — Kan of ¢ is given by evaluation at W (A®) ~ NT°P.
From this, the Yoneda lemma combines with Proposition 10.2 to imply the following.

COROLLARY 10.6. For any additive theory ¢: Wald,, — Kan,, there is a homotopy
equivalence

Map(K, ¢) ~ ¢(NTP),

natural in ¢.
In particular, the theorem of Barratt—Priddy—Quillen [58] implies the following.

COROLLARY 10.7. The space of endomorphisms of the K-theory functor
K: Wald,, — Kan

is given by
End(K) ~ QS°.

The local universal property of algebraic K-theory

Though conceptually pleasant, the universal property of K-theory as an object of Add(Kan)
does not obviously provide an easy recognition principle for the K-theory of any partic-
ular Waldhausen oo-category. For that, we note that ¢ is pre-additive, and we appeal to
Corollary 7.14 to obtain the following result.

ProOPOSITION 10.8. For any virtual Waldhausen oo-category 2, the K-theory space
K(Z) is homotopy equivalent to the loop space QI( (X)), where I is the left derived functor
of ¢.

We observe that for any sifted oco-category and any Waldhausen cocartesian fibration
% —> S, the space I(Z(|%|s)) may be computed as the underlying space of the subcategory
INAorx 5L (% ]S) of the co-category .7 (%) comprising the cocartesian edges with respect to
the cocartesian fibration (% /S) — NA°P x S (Definition 3.6). This provides us with a
(singly delooped) model of the algebraic K-theory space K (|%|g) as the underlying simplicial
set of an oco-category.

COROLLARY 10.9. For any sifted oo-category S and any Waldhausen cocartesian fibra-
tion % — S, the K-theory space K(|%|s) is homotopy equivalent to the loop space
Qunacexs)S (¥ /9).

The total space of a left fibration is weakly equivalent to the homotopy colimit of the functor
that classifies it. So the K-theory space K (%) of a Waldhausen oo-category is given by

K(%) ~ Q(colim (S.(¥)),
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where

S.(€): NA®® —, Wald,,

classifies the Waldhausen cocartesian fibration .#(€¢) — NA°P. Since this is precisely how
Waldhausen’s K-theory is defined [73, § 1.3], we obtain a comparison between our oo-categorical
K-theory and Waldhausen K-theory.

COROLLARY 10.10. If (C,cofC) is an ordinary category with cofibrations in the sense
of Waldhausen [73, §1.1], then the algebraic K-theory of the Waldhausen oo-category
(NC, N(cofC)) is naturally equivalent to Waldhausen’s algebraic K-theory of (C,cofC).

The fact that the algebraic K-theory space K(Z2") of a virtual Waldhausen oo-category 2
can be exhibited as the loop space of the underlying simplicial set of an co-category permits us
to find the following sufficient condition that a morphism of Waldhausen cocartesian fibrations
induce an equivalence on K-theory.

COROLLARY 10.11. For any sifted oo-category S, a morphism (%'/S) — (#'/S) of
Waldhausen cocartesian fibrations induces an equivalence
K(|#'|s) = K(|¥]s)
if the following two conditions are satisfied.
(1) For any object X € 1s%/, the simplicial set
Lsg/ XLSg (LS@)/X

is weakly contractible.
(2) For any object Y € 15.%1(%/S), the simplicial set

15T (Y |S) X sz 19) Ls TP |S) )y
is weakly contractible.
Proof. We aim to show that the map tnyarxs(Z'/S) — inpoexsS(#/S) is
a weak homotopy equivalence; it is enough to show that for any n € A, the map
L5 Fn(Y']S) —> 15:Fn (% ]S) is a weak homotopy equivalence. Since % (%" /S) and Z(%/S)
are each category objects (Proposition 5.13), it is enough to prove this claim for n € {0,1}.

The result now follows from Joyal’s oo-categorical version of Quillen’s Theorem A [42,
Theorem 4.1.3.1]. U

Using Proposition 7.15, we further deduce the following recognition principle for the K-theory
of a Waldhausen co-category.
PropPoOSITION 10.12. For any Waldhausen co-category ¢, and any functor
S.(¥): NA°® — Wald,

that classifies the Waldhausen cocartesian fibration . (¢) — N A°P, the K-theory space K (%)
is the underlying space of the initial object of the co-category

Grp(Kan) Xpuu(vacr,Kan) Fun(NAP Kan),g (¢,

The algebraic K-theory of labeled Waldhausen oco-category
We now study the K-theory of labeled Waldhausen oo-categories.
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DEFINITION 10.13. Suppose that (¢,w%) is a labeled Waldhausen oo-category (Defini-
tion 9.2). Then we define K (¢, w%) as the K-theory space K(#(€¢,w?)).

NotAaTION 10.14. If ¥ is a Waldhausen oco-category, and if wé C € is a labeling, then
define wyaer. (%) C (%) as the smallest subcategory containing all cocartesian edges and
all morphisms of the form (id,¥): (m,Y) — (m, X), where for any integer 0 < k < m, the
induced morphism Y, — X} is labeled.

In light of Lemma 9.12, we now immediately deduce the following.
PROPOSITION 10.15. For any labeled Waldhausen oo-category (¢,w%), the K-theory
space K (€, w%) is weakly homotopy equivalent to the loopspace
Q(’U)NAopy(%))
In other words, for any labeled Waldhausen oo-category (%,w%), the simplicial set
K(%,w?%) is weakly homotopy equivalent to the loopspace
Qcolim wS,(F).

Since this again is precisely how Waldhausen’s K-theory is defined [73, §1.3], we obtain a
further comparison between our co-categorical K-theory for labeled Waldhausen oo-categories
and Waldhausen K-theory, analogous to Corollary 10.10.

COROLLARY 10.16. If (C,cofC,wC) is an ordinary category with cofibrations and weak
equivalences in the sense of Waldhausen [73, §1.2], then the algebraic K-theory of the labeled
Waldhausen oo-category (NC, N(cofC),wC) is naturally equivalent to Waldhausen’s algebraic
K-theory of (C, cofC,wC).

Using Corollary 10.11, we obtain the following.
COROLLARY 10.17. Suppose that (¢,w%) is a labeled Waldhausen oco-category. Then the
comparison morphism ¢ .,«) (Notation 9.18) induces an equivalence
K(€,w€) — K(w€ %)
of K-theory spaces if the following conditions are satisfied.
(1) For any object X of w¢ 1€, the simplicial set
WE X, (we-1) L(WE ' C) ) x

is weakly contractible.
(2) For any object Y of F1(wé %), the simplicial set

wﬁl (Cg) XLé’zl(w%'*l%”) Lﬁ& (w%_l%)/y

is weakly contractible.
Proposition 9.15, combined with Corollary 10.17, yields a further corollary.

COROLLARY 10.18. Suppose that C' is a full subcategory of a model category M that is
stable under weak equivalences, then the Waldhausen K-theory of (C,C NcofM,C NwM) is
canonically equivalent to the K-theory of a relative nerve N(C,C NwM), equipped with the
smallest pair structure containing the image of cofC' (Example 2.12).
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Proof. The only nontrivial point is to check the conditions of Lemma 9.22 for the
labeled Waldhausen oo-category (NC, N(C NcofM), N(C NwM)). Fix a functorial factor-
ization of any map of C into a trivial cofibration followed by a fibration. The functor
F: Fun(A', NC) — Fun(A', NC) that carries any map to the trivial cofibration in its
factorization now does the job. ]

Cofinality and more fibration theorems

We may also use Corollary 10.17 in combination with Proposition 9.17 to specialize the second
Generic Fibration Theorem (Theorem 9.24). We first prove a cofinality result, which states that
strongly cofinal inclusions (Definition 9.16) of Waldhausen oco-categories do not affect the K-
theory in high degrees. We are thankful to Peter Scholze for noticing an error that necessitated
the inclusion of this result. We follow closely the model of Staffeldt [65, Theorem 2.1], which
works in our setting with only superficial changes.

THEOREM 10.19 (Cofinality). The map on K-theory induced by the inclusion i: €' — €
of a strongly cofinal subcategory fits into a fiber sequence

K(¢') — K(¥¢) — A,

where A is the abelian group Ko(%)/Ky(%¢"), regarded as a discrete simplicial set.

Proof. Tt is convenient to describe the classifying space BA in the following manner. Denote
by BA the nerve of the following ordinary category. An object (m, (z;)) consists of an integer
m > 0 and a tuple (7;);e(1,...,m}, and a morphism

(m, (2:)) — (1, (y;))

is a morphism ¢: n — m of A such that for any j € {1,...,n},

Yy; = H Z;.

p(i—1)<i—1<9(5)—1
The projection BA — NA°P clearly induces a left fibration, and the simplicial space
NA°? — Kan that classifies it visibly satisfies the Segal condition and thus exhibits

(BA); = A as the loop space QBA.
We appeal to the Generic Fibration Theorem 8.11. Consider the left fibration

P Ln(ace xaor) S H (i) — N(AP x AP)
and more particularly its composite ¢ := pry o p with the projection
pro: N(A% x A°P) — NA°P

(whose fiber over n € A is ¢ (aorxaor)-ZnH# (i)). The Generic Fibration Theorem will imply
the cofinality theorem once we have furnished an equivalence ¢y (aopx aor)-7# (i) ~ BA over
NA°P,
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Observe that an object X of the co-category ¢y (aorxacr)-# (i) consists of a diagram in ¢
of the form

[ I

Xor — Xy — - — X1

A
XI HXI H...HXI

such that each Xp¢/X (1), € ¢ and the maps
X1y UNE=DED Xy gy —> X
are all ingressive. Consequently, we may define a map
O Ly (aorxpor) S H (i) — BA
that carries an n-simplex
X(0) — - — X(n)
of L (aorx aer)- (i) to the obvious n-simplex whose ith vertex is

(¢(X (), ([X(0)oe/ X (Doee—1)Deea....ax@)})

of BA, where [Z] denotes the image of any object Z € € in Ko(%)/Ko(%"). This is easily seen
to be a map of simplicial sets over VAP,

Our aim is now to show that ® is a fiberwise equivalence. Note that the target satisfies the
Segal condition by construction, and the source satisfies it thanks to the additivity theorem.
Consequently, we are reduced to checking that the induced map

(I)li LNAoin/(Z.) — (BA)l ~A
is a weak equivalence. This is the unique map determined by the condition that it carry an
object

XO)—) . )—)Xn

of 1.2 (i) to the class [Xo] = [X1] = - - = [X,] € A.
One may check that ®; induces a bijection motyacr# (i) = A exactly as in [65, p. 517].
Now fix an object Z € ¥, and write txyaop# (i) z C tnaor# (i) for the connected component
corresponding to the class [Z]. This is the full subcategory spanned by those objects

Xorr oe o X,y
such that [Xo] = [Z] in A. We may construct a functor
T: inporF(€) — tnaow H (i) 7
that carries an object
Yo > o > Y,

to an object
YoVZ>— - > Y, VZ.
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In the other direction, choose an object W € € such that Z VW € €’. Let S: typon # (i) 7z —>
tnaerF (€') be the obvious functor that carries an object

X0>—> ’_’Xn

to an object

XoVW »— -+ > X, VW.

Now for any finite simplicial set K and any map g: K —> tyaoe#(€"), we construct a map

G: K x Al —> LNAOPQ(%I)

such that
GK x A =g and GI(Kx A= SoToy

in the following manner. We let the map K x A' — NA°P induced by G be the projection
onto K followed by the map K — NA°P induced by g. The natural transformation from the
identity on €” to the functor X > X V Z V W now gives a map (K x Al) x yaoo NM — €,
which by definition corresponds to the desired map G.

In almost exactly the same manner, for any map f: K — tyaor (i) 2z, one may construct
a map

F: K xA' — iyaov H(i)
such that
FI(Kx A~ ¢ and F|(Kx Ay ~ToSof.
We therefore conclude that, for any simplicial set K, the functors 7" and S induce a bijection
(K, inpoe F (€] 2 (K, iynorH (i) 7],

whence S and T are homotopy inverses. Now since tyaer.# (%) is contractible, it follows
that tyaee (i) 7 is as well. Thus tyaee# (7) is equivalent to the discrete simplicial set A, as
desired. 0

In the situation of Proposition 9.17, we find that the natural map
K((wC¥)~'C¥) — K(D¥)

is a homotopy monomorphism; that is, it induces an inclusion on 7wy and an isomorphism on
m, for k > 1. We therefore obtain the following.

PROPOSITION 10.20 (Special Fibration Theorem). Suppose that C' is a compactly gener-
ated oo-category that is additive (Definition 4.10). Suppose that L: C — D is an accessible
localization, and that the inclusion D «— C' preserves filtered colimits. Assume also that the
class of all L-equivalences of C' is generated (as a strongly saturated class) by the L-equivalences
between compact objects. Then L induces a pullback square of spaces

K(E¥) — K(C¥)

l l

* —— K (DY),

where C¥ and D are equipped with the maximal pair structure, and E¥ C C¥ is the full
subcategory spanned by those objects X such that LX ~ 0.

A further specialization of this result is now possible. Suppose that C' is a compactly
generated stable oo-category. Then C = Ind(A) for some small co-category A, and so, since
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Ind(A) C #(A) is closed under filtered colimits and finite limits, it follows that filtered colimits
of C are left exact [42, Definition 7.3.4.2]. Suppose also that C' is equipped with a t-structure
such that C'<g C C' is stable under filtered colimits. Then the localization 7>1: C' — C, being
the fiber of the natural transformation id — 7¢g, preserves filtered colimits as well. Now by
[46, Proposition 1.2.1.16], the class S of morphisms f such that 7<o(f) is an equivalence is
generated as a quasi-saturated class by the class {0 — X | X € C51}. But now writing X as a
filtered colimit of compact objects and applying 7>, we find that S is generated under filtered
colimits in Fun(A', C) by the set {0 — X | X € C¥ N C>1}. Hence the T¢p-equivalences are
generated by T¢p-equivalences between compact objects, and we have the following.

COROLLARY 10.21. Suppose that C is a compactly generated stable co-category. Suppose
also that C is equipped with a t-structure such that C'<o C C is stable under filtered colimits.
Then the functor T<( induces a pullback square

K(C¥NCs1) K(C¥)

l l

* K(CwﬂC<0)7

where the oco-categories that appear are equipped with their maximal pair structure.

In particular, we can exploit the equivalence of [42, Proposition 5.5.7.8] to deduce the
following.

COROLLARY 10.22. Suppose that A is a small stable co-category that is equipped with a
t-structure. Then the functor T, induces a pullback square

*

where the co-categories that appear are equipped with their maximal pair structure.

Proof. If A is idempotent-complete, then we can appeal to Corollary 10.21 and [42,
Proposition 5.5.7.8] directly. If not, then we may embed A in its idempotent completion A’
and we extend the t-structure using the condition that any summand of an object X € A¢g
(respectively, X € A>1) must lie in A, (respectively, AL,). Now we appeal to the Cofinality
Theorem 10.19 to complete the proof. ]

11. Example: Algebraic K-theory of E;-algebras

To any associative ring in any suitable monoidal co-category, we can attach its oo-category of
modules. We may then impose suitable finiteness hypotheses on these modules and extract a
K-theory spectrum. Here we identify some important examples of these K-theory spectra.

NOTATION 11.1. Suppose that &7 is a presentable, symmetric monoidal co-category [46,
Definition 2.0.0.7] with the property that the tensor product ®: &/ x & —> & preserves
(small) colimits separately in each variable; assume also that & is additive (Definition 4.10).
We denote by Alg(</) the co-category of Ej-algebras in &7, and we denote by Mode(d ) the
oo-category LMod (/) defined in [46, Definition 4.2.1.13]. We have the canonical presentable
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fibration
6: Mod’ (&) — Alg(«)

[46, Corollary 4.2.3.7], whose fiber over any Fj-algebra A is the presentable co-category Modf\
of left A-modules. Informally, we describe the objects of Mod®(.«7) as pairs (A, E) consisting
of an Fj-algebra A in o/ and a left A-module E.

Our aim now is to impose hypotheses on the objects of (A, E) and pair structures on the
resulting full subcategories to ensure that the restriction of 6 is a Waldhausen cocartesian
fibration.

DEFINITION 11.2. For any Ej-algebra A in &7, a left A-module E will be said to be perfect
if it satisfies the following two conditions.

(1) As an object of the oo-category Modf\ of left A-modules, F is compact.
(2) The functor Mod, —> .7 corepresented by E is exact.

Denote by Perf’(«7) C Mod® (<) the full subcategory spanned by those pairs (A, E) in which
FE is perfect.

These two conditions can be more efficiently expressed by saying that E is perfect just in
case the functor Modf\ — o/ corepresented by F preserves all small colimits. Note that this
is not the same as complete compactness, that is, requiring that the functor Modf\ — Kan
corepresented by E preserves all small colimits.

EXAMPLE 11.3. When & is the nerve of the ordinary category of abelian groups, Alg()
is the category of associative rings, and Modg(d ) is the nerve of the ordinary category of pairs
(A, E) consisting of an associative ring A and a left A-module E. An A-module F is perfect just
in case it is (1) finitely presented and (2) projective. Thus Perf, is the nerve of the ordinary
category of finitely generated projective A-modules.

EXAMPLE 11.4. When & is the oo-category of connective spectra, Alg(«/) can be
identified with the co-category of connective Ej-rings, and Mod!(«7) can be identified with the
oo-category of pairs (A, E) consisting of a connective E;-ring A and a connective left A-module
E. Since the functor 2°°: Sp., — Kan is conservative [46, Corollary 5.1.3.9] and preserves
sifted colimits [46, Proposition 1.4.3.9], it follows using [46, Lemma 1.3.3.10] that the second
condition of Definition 11.2 amounts to the requirement that £ be a projective object. Now
[46, Proposition 8.2.2.6 and Corollary 8.2.2.9] guarantees that the following are equivalent for
a left A-module E.

(1) The left A-module F is perfect.

(2) The left A-module E is projective, and moE is finitely generated as a moA-module.

(3) The mpA-module moF is finitely generated, and for every mgA-module M and every
integer m > 1, the abelian group Ext™(E, M) vanishes.

(4) There exists a finitely generated free A-module F' such that E is a retract of F'.

ExAMPLE 11.5. The situation for modules over simplicial associative rings is nearly
identical. When 7 is the oo-category of simplicial abelian groups, Alg(</) can be identified
with the oco-category of simplicial associative rings, and Modg(;z{ ) can be identified with the
oo-category of pairs (A, E) consisting of a simplicial associative ring A and a left A-module E.
Since the forgetful functor &/ — Kan is conservative and preserves sifted colimits, it follows
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that the second condition of Definition 11.2 amounts to the requirement that F be a projective
object. One may show that the following are equivalent for a left A-module E.

(1) The left A-module F is perfect.

(2) The left A-module F is projective, and mo F is finitely generated as a mpA-module.

(3) The mpA-module moE is finitely generated, and for every mpA-module M and every
integer m > 1, the abelian group Ext™(E, M) vanishes.

(4) There exists a finitely generated free A-module F' such that E is a retract of F'.

ExAMPLE 11.6. When & is the co-category of all spectra, Alg(</) is the oco-category of
FE;-rings, and Mod*(«) is the co-category of pairs (A, E) consisting of an E;-ring A and a left
A-module E. Suppose that A is an Fj-ring. The second condition of Definition 11.2 is vacuous
since 7 is stable. Hence by [46, Proposition 8.2.5.4], the following are equivalent for a left
A-module FE.

(1) The left A-module E is perfect.

(2) The left A-module E is contained in the smallest stable subcategory of the co-category
Mod), of left A-modules that contains A itself and is closed under retracts.

(3) The left A-module E is compact as an object of Mody.

(4) There exists a right A-module EY such that the functor Mody — Kan informally
written as Q®°(EY ®, —) is corepresented by E.

Now we wish to endow Perfz(,gzi ) with a suitable pair structure. In general, this may not be
possible, but we can isolate those situations in which it is possible.

DEFINITION 11.7.  Denote by S the class of morphisms (A’, E’) — (A, E) of the oo-category
Perfe(,d ) with the following two properties.

(1) The morphism A’ — A of Alg(«/) is an equivalence.
(2) Any pushout diagram

(A, E') —> (AE)

| |

(A,0) — (A, E")

in Mod" (/) in which 0 € Mod}, is a zero object is also a pullback diagram, and the
A-module E” is perfect.

We shall say that <7 is admissible if the class S is stable under pushout in Perf‘(«) and
composition. (Note that pushouts in Perf’(#) are.)

ExXAMPLE 11.8. When &/ is the nerve of the category of abelian groups, S is the class of
morphisms (A, E') — (A, E) such that A’ — A is an isomorphism, and the induced map
of A’-modules E — FE is an admissible monomorphism. It is a familiar fact that these are
closed under pushout and composition, so that the nerve of the category of abelian groups is
admissible.

EXAMPLE 11.9. When & is the oo-category of connective spectra or the oco-category of
simplicial abelian groups, S is the class of morphisms (A, E') — (A, E) such that A’ — A is
an equivalence, and the induced homomorphism

Ext(E, M) — Ext’(E’, M)
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is a surjection for every mgA’-module M. This is visibly closed under composition. To see that
these are closed under pushouts, let us proceed in two steps. First, for any morphism A — A’
of Alg(«/), the functor informally described as E —> E ®p A’ clearly carries morphisms of
Perff\ that lie in S to morphisms of Perff\, that lie in S. Now, for a fixed E;-algebra A in <7,
suppose

E—FE

L]

F' — F

a pushout square in Perff\ in which E/ — FE lies in the class S, and suppose M a moA-
module. For any morphism F/ — M, one may precompose to obtain a morphism E' — M.
Our criterion on the morphism E’ — E now guarantees that there is a commutative square

E'— F

L]

Fr— M

up to homotopy. Now the universal property of the pushout yields a morphism F' — M that
extends the morphism F/ —s M, up to homotopy. Thus both connective spectra and simplicial
abelian groups are admissible co-categories.

ExAMPLE 11.10. When & is the oco-category of all spectra, every morphism is contained
in the class S. Hence the co-category of all spectra is an admissible co-category.

NoTATION 11.11. If o is admissible, denote by Perff;(;z{) the subcategory of Perf (<)
whose morphisms are those that lie in the class S. With this pair structure, the co-category
Perf’(47) is a Waldhausen co-category.

LEMMA 11.12. If.</ is admissible, then the functor Perf’(</) — Alg(</) is a Waldhausen
cocartesian fibration.

Proof. 1t is clear that the fibers of this cocartesian fibration are Waldhausen oo-categories.
We claim that for any morphism A’ — A of Ej-algebras, the corresponding functor

ModY, — Mod}

given informally by the assignment F’' > A ®,, E’ carries perfect modules to perfect modules.
Indeed, it is enough to show that the right adjoint functor

Mod, — Mod},
preserves small colimits. This is immediate, since colimits are computed in the underlying
oo-category 7 [46, Proposition 3.2.3.1].
The induced functor Perff\, — Perff\ carries an ingressive morphism F’ »— FE’ to the
morphism of left A-modules F' @/ A — E’ @5, A, which fits into a pushout square
(A, F) (A, E)

l l

(A,F’ QA A) — (A,El QA A)

in Perf’(.7); hence F’ ®n A — E' @, A is ingressive. O
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DEFINITION 11.13. The algebraic K-theory of F;-rings, which we will abusively denote
K: Alg(«/) — Spy,

is the composite functor K o P, where P: Alg(%/) — Wald,, is the functor classified by the
Waldhausen cocartesian fibration Perf’ (/) — Alg(</).

CONSTRUCTION 11.14. The preceding definition ensures that K is well-defined up to a
contractible ambiguity. To obtain an explicit model of K, we proceed in the following manner.
Apply .7 to Perf’(/) — Alg(</) in order to obtain a Waldhausen cocartesian fibration
S (Perf’ (7)) — NA° x Alg(</). Now consider the subcategory

LN acrx Alg()) (Perf’ () C 7 (Perf! (/)
consisting of cocartesian edges. The composite
LN Aor x Alg(er)) L Perf! (o) —— NAP x Alg(e/) — Alg()
is now a left fibration with a contractible space of sections given by
Alg() = {0} x Alg(o/) < 1./ Perf’ (o) —— L(naovx Alg () Perf' (7).
It is clear by construction that this left fibration classifies a functor
L: Alg(«/) — Kan
such that K ~ Qo L.

Let us now concentrate on the case in which & is the oo-category of spectra.

ExXAMPLE 11.15. Combining Examples 8.6 and 10.3, and the identification of Fun(X, Sp)
with Modz(EfX ), we obtain the well-known equivalence

A(X) ~ K(5°X).

PrOPOSITION 11.16. Suppose that A is an F; ring spectrum, and that S C m,A is a
collection of homogeneous elements satisfying the left Ore condition [46, Definition 8.2.4.1].
Then the morphism A — A[S~'] of Alg(Sp) induces a fiber sequence of connective spectra

K(Nil(ys)) — K(A) — K(A[S7Y]),

where Nilfx” s C Perff\ is the full subcategory spanned by those perfect left A-modules that

are S-nilpotent.

Proof. Consider the t-structure
ol ¢
(Nll(A,S) s LOC(A,S))’

where Nilfm s) C Modf\ is the full subcategory spanned by the S-nilpotent left A-modules,
and Locf A9 C Modi is the full subcategory spanned by the S-local left A-modules. We claim
that this t-structure restricts to one on Perff’\. To this end, we note that Modf\ is compactly
generated, and LocfAﬁ) C Modf\ is in fact stable under all colimits [46, Remark 8.2.4.16].
Now we apply Corollary 10.21, and our description of the cofiber term now follows from the
discussion preceding [46, Remark 8.2.4.26]. O

Such a result is surely well known among experts; see, for example, [15, Propositions 1.4
and 1.5].
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EXAMPLE 11.17. For a prime p (suppressed from the notation) and an integer n > 0, the
truncated Brown—Peterson spectra BP(n), with coefficient ring

T.BP(n) = Zy[vi,ve, . . ., U]

admit compatible F; structures [39, p. 506]. We may consider the multiplicative system
S C m.BP(n) of homogeneous elements generated by v,. Then BP(n)[v, ] is an E;-algebra
equivalent to the Johnson—Wilson spectrum E(n). The exact sequence above yields a fiber
sequence of connective spectra

K(Nil’*

(BPW’S)) — K(BP(n)) — K(E(n)).

The content of a well-known conjecture of Ausoni-Rognes [1, (0.2)] identifies the fiber
term (possibly after p-adic completion) as K(BP(n — 1)). In light of results such as [46,
Lemma 8.4.2.13], such a result will follow from a suitable form of a Dévissage Theorem [59,
Theorem 4]; we hope to return to such a result in later work (cf. [67, 1.11.1]).

Of course, when n =1, such a Dévissage Theorem has already been provided thanks to
beautiful work of Andrew Blumberg and Mike Mandell [15]. They prove that the K-theory
of the oo-category of perfect, G-nilpotent modules over the p-local Adams summand can be
identified with the K-theory of Z(,). Consequently, they provide a fiber sequence

K(Zy) — K() — K(L).

12. Example: Algebraic K-theory of derived stacks

Here we introduce the algebraic K-theory of spectral Deligne—-Mumford stacks in the sense
of Lurie, and we prove an easy localization theorem (analogous to what Thomason called the
‘Proto-localization Theorem’) in this context.

We appeal here to the theory of nonconnective spectral Deligne-Mumford stacks and their
module theory as exposed in [44, 45]. Much of what we will say can probably be done in
other contexts of derived algebraic geometry as well, such as [71, 72]; we have opted to use
Lurie’s approach only because that is the one with which we are least unfamiliar. We begin
by summarizing some general facts about quasicoherent modules over nonconnective spectral
Deligne-Mumford stacks. Since Lurie at times concentrates on connective Deligne-Mumford
stacks, we will at some points comment on how to extend the relevant definitions and results
to the nonconnective case.

NoOTATION 12.1. Recall from [45, §2.3, Proposition 2.5.1] that the functor
Sch(#5M)°P — Stk™

is a cocartesian fibration, and its fiber over a nonconnective spectral Deligne-Mumford stack
(&, 0) is the stable, presentable co-category QCoh(&, &) of quasicoherent &-modules.

For any nonconnective Deligne-Mumford stack (&, &), the following are equivalent for an
O-module /.

(1) The O-module . is quasicoherent.
(2) For any morphism U — V' of & such that (Zy, Oy) and (2, O)y) are affine, the
natural morphism .# (V) ® vy O(U) — . (U) is an equivalence.
(3) The following conditions obtain.
(a) For every integer m, the homotopy sheaf m,.# is a quasicoherent module on the
underlying ordinary Deligne-Mumford stack of (&, &)
(b) The object Q°°.# is hypercomplete in the co-topos &.
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Using ideas from [45, §2.7], we shall now make sense of the notion of quasicoherent module
over any functor CAlg — Kan(k;). As suggested in [45, Remark 2.7.9], write

QCoh: Fun(CAlg,Kan(k1))°® — Catuo (k1)

for the right Kan extension of the functor CAlg — Cat., (k1) that classifies the cocartesian
fibration Mod — CAlg. Then for any functor X: CAlg — Kan(k;), we obtain the oo-
category of quasicoherent modules QCoh(X) on the functor X. Many of the results of [45,
§2.7] hold in this context with precisely the same proofs, including the following brace of
results.

PROPOSITION 12.2 (cf. [45, Remark 2.7.17]). For any functor X : CAlg — Kan(k1), the
oo-category QCoh(X) is stable.

PROPOSITION 12.3 (cf. [45, Remark 2.7.18]). Suppose that (&,0) is a nonconnective
Deligne-Mumford stack representing a functor X: CAlg — Kan(k;). Then there is a
canonical equivalence of co-categories

QCoh(&, 6) ~ QCoh(X).

DEFINITION 12.4. Suppose that X: CAlg — Kan(k;) is a functor. We say that a
quasicoherent module .# on X is perfect if for any E ring A and any point x € X (A), the A-
module .Z (z) is perfect (Definition 11.2). Write Perf(X) C QCoh(X) for the full subcategory
spanned by the perfect modules.

In particular, we can now use Proposition 12.3 to specialize the notion of perfect module to
the setting of nonconnective Deligne-Mumford stacks.

NoTATION 12.5. Denote by Perf C Sch(%é\,g)"p the full subcategory of those objects
(&,0, #) such that 4 is perfect.

12.6. For any functor X: CAlg — Kan(k1), the oo-category QCoh(X) admits a

symmetric monoidal structure [45, Notation 2.7.27]. Moreover, this is functorial, yielding a
functor

QCoh®: Fun(CAlg, Kan(x;))°® — CAlg(Cat.(k1)).

PROPOSITION 12.7 (cf. [45, Proposition 2.7.28]). For any functor X : CAlg — Kan(k)
a quasicoherent module .# on X is perfect if and only if it is a dualizable object of QCoh(X).

Since the pullback functors are symmetric monoidal, they preserve dualizable objects. This
proves the following.

COROLLARY 12.8. The functor Perf — Stk™° is a cocartesian fibration.

We endow Perf with a pair structure by Perf; := Perf xggne ¢Stk™, so that the fibers are
equipped with the maximal pair structure.

PROPOSITION 12.9. The functor Perf — Stk"¢ is a Waldhausen cocartesian fibration.

In fact, the fiber over a nonconnective Deligne-Mumford stack (&, &) is a stable co-category
Perf(&, 0).
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DEFINITION 12.10. We now define the algebraic K-theory of nonconnective Deligne—
Mumford stacks as a functor that we abusively denote

K: Stknc e Sp>0

given by the composite K o P, where P is the functor Stk"“°® — Wald,, classified by the
Waldhausen cocartesian fibration Perf — Stk"°.

LEMMA 12.11. For any open immersion of quasicompact nonconnective spectral Deligne—
Mumford stacks j: % — 2, the induced functor

Jx: QCoh(% ) — QCoh(Z")

is fully faithful.
Proof.  When 2 is of the form SpecétA, this is proved in [45, Corollary 2.4.6]. For any

map z: SpecetA — 2, we have the open immersion

U X o SpecétA — SpecétA7
which induces a fully faithful functor

QCoh(% x o SpecétA) — QCoh(SpecétA).
Now letting A vary and applying [45, Proposition 2.4.5(3)], we obtain a functor
CAlgy, — O(Cat (k1))

whose values are all fully faithful functors. Thanks to Proposition 12.3, the limit of this functor
is then equivalent to a functor

L N
a: Ae(%%lg%/ QCoh(% x g Spec™"A) QCoh(Z2),

which is thus fully faithful. We aim to identify this functor with j,.
Since each of the co-categories QCoh(% X o SpecetA) can itself be described as the limit
of the oo-categories Modp for B € CAlg%X Spect A’ it follows that the source of a can
2 Spec

be expressed as the limit of the oco-categories Modp over the oco-category C of squares of
nonconnective Deligne-Mumford stacks of the form

SpecetB — SpecetA

| |

4 Z.

J
Now there is a forgetful functor g: ¢ — CAlgy, , that carries an object as above to the

morphism SpecetB —> /. This is the functor that induces the canonical functor

. ét )
Aeégrllg%/ QCoh (% x g Spec™"A) — QCoh(%);

hence it suffices to show that g is right cofinal. This now follows from the fact that the functor
g admits a right adjoint CAlg,, , — C', which carries a morphism z: SpecetC —> % to the
object

SpecetC’ = SpecetC’

0| Jioe

/3 Z.

The proof is complete. ]



344 CLARK BARWICK

NotAaTIiON 12.12. For any open immersion j: % — %2 of quasicompact nonconnective
spectral Deligne-Mumford stacks, let us write Perf(2", 2"\ %) for the full subcategory of
Perf(2") spanned by those perfect modules .# on 2" such that j*.# ~ 0. Write

K(Z, 2\ %) :=K(Perf(X, 2 \U)).

PROPOSITION 12.13 (‘Proto-localization’, cf. [67, Theorem 5.1]). For any quasicompact
open immersion j: % — % of quasicompact, quasiseparated spectral algebraic spaces [45,
Definition 1.3.1, 41, Definition 1.3.1], the functor j*: Perf(2") — Perf(% ) induces a fiber
sequence of connective spectra

K2, 2\U) — K(Z) — K(U).

Proof. We wish to employ the Special Fibration Theorem 10.20. We note that by [41,
Corollary 1.5.12], the oo-category QCoh(2") is compactly generated, and one has Perf(.2") =
QCoh(Z)¥; the analogous claim holds for % . It thus remains to show that j*-equivalences
of QCoh(Z"), that is, the class of morphisms of QCoh(Z") whose restriction to % is an
equivalence, is generated (as a strongly saturated class) by j*-equivalences between compact
objects. Since QCoh(Z") is stable, we find that it suffices to show that the full subcategory
QCoh(Z', 2 — %) of QCoh(Z") spanned by the j*-acyclics, that is, those quasicoherent
modules M such that j*M =~ 0, is generated by compact objects of QCoh(.%Z"). This will follow
from [41, Theorem 1.5.10] once we know that the quasicoherent stack ® o (QCoh(Z2", 2" — %))
of [40, Constr. 8.5] is locally compactly generated.

So, suppose that R is a connective F, ring spectrum, and that n € 2 (R). We wish to show
that the oo-category

® 4 (QCoh (2, 2" —%))(n) ~ Modr ®qcon(2) QCoh(Z, 27\ %)

is compactly generated. It is easy to see that this co-category can be identified with the full
subcategory of Modpg spanned by those modules M that are carried to zero by the functor

Modgr ~ Modpg ®QCoh(2) QCOh(%) —> Modg ®QCoh(2) QCOh(%).

By a theorem of Ben Zvi, Francis, and Nadler [40, Corollary 8.22], this functor may be identified
with the restriction functor along the open embedding

iU = SpecétR Xo U — SpecétR.

The open immersion j is determined by a quasicompact open U C Spec”A, which consists of
those prime ideals of myA that do not contain a finitely generated ideal I. The proof is now
completed by [45, Propositions 4.1.15 and 5.1.3]. ]

When j is the open complement of a closed immersion i: 2 — 2, one may ask whether
K(Z \ %) can be identified with K(Z). In general, the answer is no, but in special situations,
such an identification is possible. Classically, this is the result of a Dévissage Theorem [59,
Theorem 4]; we hope to return to a higher categorical analogue of such a result in later work
(cf. [67, 1.11.1])

Acknowledgements. There are a lot of people to thank. Without the foundational work
of André Joyal and Jacob Lurie on quasicategories, the results here would not admit such
simple statements or such straightforward proofs. I thank Jacob also for generously answering
a number of questions during the course of the work represented here.

My conversations with Andrew Blumberg over the past few years have been consistently
enlightening, and I suspect that a number of the results here amount to elaborations of insights
he had long ago. I have also benefitted from conversations with Dan Kan.



K-THEORY OF HIGHER CATEGORIES 345

In the spring of 2012, I gave a course at MIT on the subject of this paper. During that time,
several sharp-eyed students spotted errors, especially Rune Haugseng, Luis Alexandre Pereira,
and Guozhen Wang. I owe them my thanks for their scrupulousness.

John Rognes has declined to be listed as a coauthor, but his influence on this work has been
tremendous. He was present at the conception of the main result, and this paper is teeming
with insights I inherited from him.

I thank Peter Scholze for noticing an error that led to the inclusion of the Cofinality
Theorem 10.19.

Advice from the first referee and from Mike Hopkins has led to great improvements in the
exposition of this paper. The second referee expended huge effort to provide me with a huge,
detailed list of little errors and omissions, and I thank him or her most heartily.

On a more personal note, I thank Alexandra Sear for her unfailing patience and support
during this paper’s ridiculously protracted writing process.

References

C. AusonI and J. ROGNEs, ‘Algebraic K-theory of topological K-theory’, Acta Math. 188 (2002) 1-39.

. C. BARWICK, ‘Multiplicative structures on algebraic K-theory’, Doc. Math. 20 (2015) 859-878.

. C. BARWICK, ‘On exact co-categories and the theorem of the heart’, Preprint, 2012, arXiv:1212.5232.

C. BArwick and D. M. KAN, ‘Relative categories: another model for the homotopy theory of homotopy

theories’, Indag. Math. 23 (2012) 42-68.

C. BArRwWICK and D. M. KAN, ‘From partial model categories to co-categories’, Preprint from the web page

of the author, 2013.

6. C. BARwICK and C. SCHOMMER-PRIES, ‘On the unicity of the homotopy theory of higher categories’,
Preprint, 2011, arXiv:1112.0040.

7. J. E. BERGNER, ‘A characterization of fibrant Segal categories’, Proc. Amer. Math. Soc. 135 (2007) 4031—
4037 (electronic).

8. J. E. BERGNER, ‘A model category structure on the category of simplicial categories’, Trans. Amer. Math.
Soc. 359 (2007) 2043-2058.

9. J. E. BERGNER, ‘Three models for the homotopy theory of homotopy theories’, Topology 46 (2007) 397-436.

10. J. E. BERGNER, ‘Complete Segal spaces arising from simplicial categories’, Trans. Amer. Math. Soc. 361
(2009) 525-546.

11. J. E. BERGNER, ‘A survey of (co,1)-categories’, Towards higher categories (eds J. Baez and J. P. May),
IMA Volumes in Mathematics and Its Applications 152 (Springer, New York, 2010) 69-83.

12. P. BERTHELOT, A. GROTHENDIECK and L. ILLUSIE, ‘Théorie des intersections et théoréme de Riemann-
Roch’, Séminaire de Géométrie Algébrique du Bois Marie 1966-67 (SGA 6), Avec la collaboration de D.
Ferrand, J. P. Jouanolou, O. Jussila, S. Kleiman, M. Raynaud, J. P. Serre. Lecture Notes in Mathematics
225 (Springer, Berlin, 1966-67).

13. A. J. BLUMBERG, D. GEPNER and G. TABUADA, ‘Uniqueness of the multiplicative cyclotomic trace’,
Preprint, 2011, arXiv:1103.3923.

14. A.J. BLUMBERG, D. GEPNER and G. TABUADA, A universal characterization of higher algebraic K-theory’,
Geom. Topol., to appear.

15. A.J. BLUMBERG and M. A. MANDELL, ‘The localization sequence for the algebraic K-theory of topological
K-theory’, Acta Math. 200 (2008) 155-179.

16. A. J. BLUMBERG and M. A. MANDELL, ‘Algebraic K-theory and abstract homotopy theory’, Adv. Math.
226 (2011) 3760-3812.

17. A. J. BLUMBERG and M. A. MANDELL, ‘Derived Koszul duality and involutions in the algebraic K-theory
of spaces’, J. Topol. 4 (2011) 327-342.

18. J. M. BoArRDMAN and R. M. VoGT, Homotopy invariant algebraic structures on topological spaces, Lecture
Notes in Mathematics 347 (Springer, Berlin, 1973).

19. D.-C. CisinNsKl, ‘Invariance de la K-théorie par équivalences dérivées’, J. K-Theory 6 (2010) 505-546.

20. W. G. DwyYER, P. S. HIRSCHHORN, D. M. KAN and J. H. SwmiTH, Homotopy limit functors on
model categories and homotopical categories, Mathematical Surveys and Monographs 113 (American
Mathematical Society, Providence, RI, 2004).

21. W. G. DwWYER and D. M. KaN, ‘Calculating simplicial localizations’, J. Pure Appl. Algebra 18 (1980)
17-35.

22. W. G. DWYER and D. M. KAN, ‘Function complexes in homotopical algebra’, Topology 19 (1980) 427-440.

23. W. G. DWYER and D. M. KAN, ‘Simplicial localizations of categories’, J. Pure Appl. Algebra 17 (1980)
267-284.

24. A. D. ELMENDORF, I. Kriz, M. A. MANDELL and J. P. MAY, Rings, modules, and algebras in stable

homotopy theory, Mathematical Surveys and Monographs 47 (American Mathematical Society, Providence,

RI, 1997). With an appendix by M. Cole.

Lol

o



346 CLARK BARWICK

25. A. D. ELMENDORF and M. A. MANDELL, ‘Rings, modules, and algebras in infinite loop space theory’, Adv.
Math. 205 (2006) 163—228.

26. T. FIORE, ‘Approximation in K-theory for Waldhausen quasicategories’, Preprint, 2013, arXiv:1303.4029.

27. T. G. GOODWILLIE, ‘Calculus. I. The first derivative of pseudoisotopy theory’, K-Theory 4 (1990) 1-27.

28. T. G. GOODWILLIE, ‘The differential calculus of homotopy functors’, Proceedings of the International
Congress of Mathematicians, Vols I and II, Kyoto, 1990 (The Mathematical Society of Japan, Tokyo,
1991) 621-630.

29. T. G. GOODWILLIE, ‘Calculus. II. Analytic functors’, K-Theory 5 (1991/92) 295-332.

30. T. G. GOODWILLIE, ‘Calculus. III. Taylor series’, Geom. Topol. 7 (2003) 645-711 (electronic).

31. A. GROTHENDIECK, ‘La théorie des classes de Chern’, Bull. Soc. Math. France 86 (1958) 137-154.

32. A. HirscHOWITZ and C. SIMPSON, ‘Descente pour les n-champs (Descent for n-stacks)’, Preprint, 1998,
arXiv:math/9807049.

33. R. JosHuA, ‘Higher intersection theory on algebraic stacks. I’, K-Theory 27 (2002) 133-195.

34. R. JosHuAa, ‘Higher intersection theory on algebraic stacks. I, K-Theory 27 (2002) 197-244.

35. R. JosHua, ‘Riemann-Roch for algebraic stacks. I’, Compos. Math. 136 (2003) 117-169.

36. A. JovaL, ‘Notes on quasi-categories’, Preprint, 2008, www.math.uchicago.edu/~may/IMA /JOYAL/Joyal
Dec08.pdf.

37. A. JovAL, The theory of quasi-categories and its applications, Advanced Course on Simplicial Methods in
Higher Categories 2 (Centre de Recerca Matematica, Barcelona, 2008).

38. A. JovaL and M. TIERNEY, ‘Quasi-categories vs Segal spaces’, Categories in algebra, geometry and
mathematical physics, Contemporary Mathematics 431 (American Mathematical Society, Providence, RI,
2007) 277-326.

39. A. LAzZAREV, ‘Towers of MU-algebras and the generalized Hopkins—Miller theorem’, Proc. London Math.
Soc. (3) 87 (2003) 498-522.

40. J. LURIE, ‘Derived algebraic geometry XI. Descent theorems’, Preprint, http://www.math.harvard.
edu/~lurie.

41. J. LURIE, ‘Derived algebraic geometry XII. Proper morphisms, completions, and the Grothendieck existence
theorem’, Preprint, http://www.math.harvard.edu/~lurie.

42. J. LURIE, Higher topos theory, Annals of Mathematics Studies 170 (Princeton University Press, Princeton,
NJ, 2009).

43. J. LURIE, ‘(o0,2)-categories and the Goodwillie calculus I’, Preprint from the web page of the author,
October 2009.

44. J. LURIE, ‘Derived algebraic geometry V. Structured spaces’, Preprint from the web page of the author,
February 2011.

45. J. LURIE, ‘Derived algebraic geometry VIII. Quasi-coherent sheaves and Tannaka duality theorems’,
Preprint from the web page of the author, May 2011.

46. J. LURIE, ‘Higher algebra’, Preprint from the web page of the author, February 2012.

47. 1. MADSEN, ‘Algebraic K-theory and traces’, Current developments in mathematics, 1995 (Cambridge,
MA) (International Press, Cambridge, MA, 1994) 191-321.

48. R. McCARTHY, ‘On fundamental theorems of algebraic K-theory’, Topology 32 (1993) 325-328.

49. A. NEEMAN, ‘K-theory for triangulated categories. I(A). Homological functors’, Asian J. Math. 1 (1997)
330-417.

50. A. NEEMAN, ‘K-theory for triangulated categories. I(B). Homological functors’, Asian J. Math. 1 (1997)
435-529.

51. A. NEEMAN, ‘K-theory for triangulated categories. II. The subtlety of the theory and potential pitfalls’,
Asian J. Math. 2 (1998) 1-125.

52. A. NEEMAN, ‘K-theory for triangulated categories. III(A). The theorem of the heart’, Asian J. Math. 2
(1998) 495-589.

53. A. NEEMAN, ‘K-theory for triangulated categories. III(B). The theorem of the heart’, Asian J. Math. 3
(1999) 557-608.

54. A. NEEMAN, ‘K-theory for triangulated categories 3%. A. A detailed proof of the theorem of homological
functors’, K-Theory 20 (2000) 97-174. Special issues dedicated to Daniel Quillen on the occasion of his
sixtieth birthday, Part II.

55. A. NEEMAN, ‘K-theory for triangulated categories 3%. B. A detailed proof of the theorem of homological
functors’, K-Theory 20 (2000) 243-298. Special issues dedicated to Daniel Quillen on the occasion of his
sixtieth birthday, Part III.

56. A. NEEMAN, ‘K-theory for triangulated categories 3%: a direct proof of the theorem of the heart’, K-Theory
22 (2001) 1-144.

57. A. NEEMAN, ‘The K-theory of triangulated categories’, Handbook of K-theory, vols. 1, 2 (Springer, Berlin,
2005) 1011-1078.

58. S. B. PRIDDY, ‘On 2°° 5% and the infinite symmetric group’, Algebraic topology, Proceedings of Symposia
in Pure Mathematics, Vol. XXII, University of Wisconsin, Madison, WI, 1970 (American Mathematical
Society, Providence, RI, 1971) 217-220.

59. D. QUILLEN, ‘Higher algebraic K-theory. I’; Algebraic K-theory, I: Higher K-theories, Proceeding
Conference, Battelle Memorial Institute, Seattle, Washington, 1972. Lecturer Notes in Mathematics 341
(Springer, Berlin, 1973) 85-147.


http://www.math.uchicago.edu/~may/IMA/JOYAL/JoyalDec08.pdf
http://www.math.uchicago.edu/~may/IMA/JOYAL/JoyalDec08.pdf
http://www.math.harvard.edu/$\sim $lurie
http://www.math.harvard.edu/$\sim $lurie
http://www.math.harvard.edu/$\sim $lurie

73.

74.

75.

K-THEORY OF HIGHER CATEGORIES 347

. C. REZK, ‘A model for the homotopy theory of homotopy theory’, Trans. Amer. Math. Soc. 353 (2001)
973-1007 (electronic).

. M. SCHLICHTING, ‘A note on K-theory and triangulated categories’, Invent. Math. 150 (2002) 111-116.

. G. SEGAL, ‘Categories and cohomology theories’, Topology 13 (1974) 293-312.

. ‘Théorie des topos’, Séminaire de Géométrie Algébrique du Bois Marie 1963-64 (SGA 4). Dirigé par
M. Artin, A. Grothendieck, J. L. Verdier. Avec la collaboration de N. Bourbaki, P. Deligne, B. Saint-Donat.
Lecture Notes in Mathematics 269 (Springer, Berlin, 1963-64).

. C. SiMPsON, Homotopy theory of higher categories, New Mathematical Monographs 19 (Cambridge
University Press, Cambridge, 2011).

. R. E. STAFFELDT, ‘On fundamental theorems of algebraic K-theory’, K-Theory 2 (1989) 511-532.

. G. TABUADA, ‘Higher K-theory via universal invariants’, Duke Math. J. 145 (2008) 121-206.

R. W. THOMASON and T. TROBAUGH, ‘Higher algebraic K-theory of schemes and of derived categories’, The
Grothendieck Festschrift, vol. III, Progress in Mathematics 88 (Birkhduser, Boston, MA, 1990) 247-435.

. B. TOEN, ‘Théorémes de Riemann-Roch pour les champs de Deligne-Mumford’, K-Theory 18 (1999) 33-76.

. B. TOEN, ‘Vers une axiomatisation de la théorie des catégories supérieures’, K-Theory 34 (2005) 233-263.

. B. ToEN and G. VEzzosl, ‘A remark on K-theory and S-categories’, Topology 43 (2004) 765-791.

. B. ToiEN and G. VEzzosl, ‘Homotopical algebraic geometry. I. Topos theory’, Adv. Math. 193 (2005)
257-372.

. B. ToEN and G. VEzzosI, ‘Homotopical algebraic geometry. II. Geometric stacks and applications’, Mem.
Amer. Math. Soc. 193 (2008).
F. WALDHAUSEN, ‘Algebraic K-theory of spaces’, Algebraic and geometric topology (New Brunswick,
NJ, 1983) (eds A. Ranicki, N. Levitt and F. Quinn), Lecture Notes in Mathematics 1126 (Springer,
Berlin, 1985) 318-419.
F. WALDHAUSEN, B. JAHREN and J. ROGNES, Spaces of PL manifolds and categories of simple maps, Annals
of Mathematics Studies 186 (Princeton University Press, Princeton, 2013).
N. H. WiLLIAMS, ‘On Grothendieck universes’, Compos. Math. 21 (1969) 1-3.

Clark Barwick

Department of Mathematics
Massachusetts Institute of Technology
Building 2

77 Massachusetts Avenue

Cambridge, MA 02139-4307

USA

clarkbar@gmail.com



	Part I. Pairs and Waldhausen -Categories
	1. Pairs of -categories
	2. Waldhausen -categories
	3. Waldhausen fibrations
	4. The derived -category of Waldhausen -categories
	Part II. Filtered objects and additive theories
	5. Filtered objects of Waldhausen -categories
	6. The fissile derived -category of Waldhausen -categories
	7. Additive theories
	8. Easy consequences of additivity
	9. Labeled Waldhausen -categories and Waldhausen's fibration theorem
	Part III. Algebraic K-theory
	10. The universal property of Waldhausen K-theory
	11. Example: Algebraic K-theory of E1-algebras
	12. Example: Algebraic K-theory of derived stacks
	References

