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ABSTRACT. We define Grothendieck-Witt spectra in the setting of Poincaré co-categories and show that they
fit into an extension with a K- and an L-theoretic part. As consequences we deduce localisation sequences for
Verdier quotients, and generalisations of Karoubi’s fundamental and periodicity theorems for rings in which
2 need not be invertible. Our set-up allows for the uniform treatment of such algebraic examples alongside
homotopy-theoretic generalisations: For example, the periodicity theorem holds for complex oriented E;-rings,
and we show that the Grothendieck-Witt theory of parametrised spectra recovers Weiss and Williams® LA-
theory.

Our Grothendieck-Witt spectra are defined via a version of the hermitian Q-construction, and a novel feature
of our approach is to interpret the latter as a cobordism category. This perspective also allows us to give a
hermitian version — along with a concise proof — of the theorem of Blumberg, Gepner and Tabuada, and provides
a cobordism theoretic description of the aforementioned LA-spectra.
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INTRODUCTION

Overview. Unimodular symmetric and quadratic forms are ubiquitous objects in mathematics appearing in
contexts ranging from norm constructions in number theory to surgery obstructions in geometric topology.
Their classification, however, even over simple rings such as the integers, remains out of reach. A sim-
plification, following ideas of Grothendieck for the study of projective modules, suggests to consider for a
commutativering R (for ease of exposition) the abelian group GWg(R) given as the group completion of the
monoid of isomorphism classes of finitely generated projective R-modules P, equipped with a unimodular
quadratic (say) form g, with addition the orthogonal sum

[P,ql+[P'.d1=[P®P.qLq]

This group, commonly known as the Grothendieck-Witt group of R, was given a homotopy-theoretical
refinement at the hands of Karoubi and Villamayor in [KV71], by adapting Quillen’s approach to higher
algebraic K-theory.

For this, one organises the collection of pairs (P, g) of unimodular quadratic forms into a groupoid
Unimod?(R), which may be viewed as an E _-space using the symmetric monoidal structure on Unimod%(R)
arising from the orthogonal sum considered above. One can then take the group completion to obtain an
E-group

W (R) = Unimod*(R)¥™,
the classical Grothendieck-Witt space, whose group of components is the Grothendieck-Witt group de-
scribed above. By definition the higher Grothendieck-Witt groups of R are the homotopy groups of W (R).

There are variants for symmetric bilinear and even forms, and instead of starting with a commutative
ring, one can study unimodular hermitian forms valued in an invertible R® , R-module M equipped with an
involution (subject to an invertibility condition) also for non-commutative R; this generality includes both
the case of a ring R with involution by considering M = R, and also skew-symmetric and skew-quadratic
forms by changing the involution on M by a sign. Polarisation in general produces maps

GWIL(R, M) — GWE (R, M) — SW3 (R, M)

C
which are equivalences if 2 is a unit in R. In fact, there are further generalisations based on the notion of
form parameters, but we will refrain from engaging with that generality in the introduction.

In the present paper we establish a decomposition of the Grothendieck-Witt space into a K-theoretic
and an L-theoretic part, the latter of which is closely related to Witt groups of unimodular forms: For
r € {q,ev,s} the Witt group W'(R, M) of the pair (R, M) is given by dividing isomorphism classes of
unimodular M -valued forms by those admitting a Lagrangian. In low degrees the relation takes the form
of an exact sequence

h
Ko(R)e, —> GW}(R, M) — W'(R, M) — 0;
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here the map labelled hyp assigns to a projective module P its hyperbolisation P @ Homg(P, M) equipped
with the evaluation form and the C,-coinvariants on the left are formed with respect to the action P +—
Hompy(P, M). The first goal of the paper is to extend this to a long exact sequence with L-groups play-
ing the role of higher Witt groups. Such results are well-known principally from the work of Karoubi and
Schlichting if 2 is a unit in R, and have lead to a good understanding of Grothendieck-Witt theory relative
to K-theory for two reasons: Firstly, Witt groups are rather accessible. As an example let us mention that
Voevodsky’s solution to the Milnor conjecture provides a complete filtration of the Witt group W(k) for
any field k not of characteristic 2 with filtration quotients H*(Gal(%/ k), Z/2), and an older result of Kato
achieves a similar description in characteristic 2, see [Kat82, Voe03, OVV07]. Secondly, by work of Ran-
icki [Ran92] the higher L-groups satisfy L; ,(R, M) = L;(R,—M) if 2 is invertible in R and are thus in
particular 4-periodic, which greatly reduces the computational complexity. The second goal of the present
paper series is to describe the extent to which such periodicity statements still hold if 2 is not invertible in
R. Let us also mention that the K-theoretic part of the description is rather indifferent to the invertibility of
2 in R, so from an understanding of the L-theoretic term, one can often deduce absolute statements about
Grothendieck-Witt theory by appealing to the recent progress in the understanding of algebraic K-theory.
We will take up this thread in the third instalment of the series.

History and main result. To state our results, let us give a more detailed account of the ingredients. The
study of Grothendieck-Witt spaces begins by comparing them to Quillen’s algebraic K-theory space K(R)
defined as the group completion of the groupoid of finitely generated projective modules over R. To this
end one has

fgt : GWS (R, M) - K(R) and hyp: K(R) — gwgl(R, M),

the former extracting the underlying module of a unimodular form, the latter induced by the hyperbolisation
construction.

In his fundamental papers [Kar80a, Kar80b] Karoubi analysed the case in which 2 is a unit in R (so no
distinction between the three flavours of Grothendieck-Witt groups is necessary). He considered the spaces

U (R, M) = Fib(K(R)— GW (R, M) and  Vy(R, M) = fib(GWy (R, M)— K(R)),

produced equivalences
QUCI(R, —M) ~ VCI(R’ M),

h
and moreover showed that the cokernels W;(R, M) of K, ( R)ﬂ GW,;(R, M) satisty
Wi(R, M)[3] = W p(R=M)[3]

and are in particular 4-periodic up to 2-torsion. In fact, Karoubi shows that this latter statement also holds
without the assumption that 2 be invertible in R; in other words, the additional difficulties of Grothendieck-
Witt theory as compared to K-theory are concentrated at the prime 2. These results are nowadays known
as Karoubi’s fundamental and periodicity theorems and form one of the conceptual pillars of hermitian K-
theory; they permit one to inductively deduce results on higher Grothendieck-Witt groups from information
about algebraic K-theory on the one hand and about W;(R, +M) for i = 0, 1 on the other.

To control the behaviour of the 2-torsion in the cokernel of the hyperbolisation map Kobal in [Kob99]
introduced refinements of the hyperbolic and forgetful maps: By the invertibility assumption on M, the
functor taking M -valued duals induces an action of the group C, on the algebraic K-theory spectrum and
we denote the arising C,-spectrum by K(R, M) and similarly for the K-theory space. The maps above then
refine to a sequence

WP e s fet hC
jC(R7 M)hC2 — SWCI(R’ M) — 9W01(R7 M)_) jC(R7 M) 2 >

whose composite is the norm on K (R, M). Kobal used these refinements to show that, if 2 is invertible in
R, the cofibre of hyp : K(R, M)pc, = W (R, M) is 4-periodic on the nose.

The next major steps forward were then taken by Schlichting in [Sch17], who introduced (non-connective)
Grothendieck-Witt spectra for differential graded categories with duality in which 2 is invertible. He used



4 CALMES, DOTTO, HARPAZ, HEBESTREIT, LAND, MOI, NARDIN, NIKOLAUS, AND STEIMLE

these to give a new proof of Karoubi’s fundamental theorem by first establishing the existence of a fibre
sequence

GWo(R, MI~1])— K(R. M)—2s GW, (R, M),

which he termed the Bott sequence; here GW (R, M[i]) is the Grothendieck-Witt spectrum of the cate-
gory ChP(Proj(R)) with its duality determined by M[i]. For i = 0 (in which case we suppress it from
notation) Schlichting shows that indeed Q® GW (R, M) ~ SW_ (R, M). The salient feature that relates
this sequence to Karoubi’s theorem is the existence of an equivalence GW (R, M[-2]) ~ GW (R, —M).
Still assuming 2 invertible in R Schlichting, furthermore, showed that the (4-periodic) homotopy groups of
the cofibre of the refined hyperbolic map hyp : K(R, M),c, — GW (R, M) are indeed given by the Witt
groups W(R, M) and W(R, —M) in even degrees and by Witt groups of formations in odd degrees.

This lead to the folk theorem that if 2 is a unit in R the cofibre of hyp : K(R, M)pc, — GW (R, M) is
given by Ranicki’s L-theory spectum L(R, M) from [Ran92], whose homotopy groups are well-known to
match Schlichting’s results, though as far as we are aware no account at the level of spectra has appeared in
the literature.

Let us not fail to mention that Schlichting also introduced a variant of symmetric Grothendieck-Witt
spectra without the assumption that 2 is invertible in R in [Sch10a], that satisfy localisation results by the
celebrated [Sch10b]. These are, however, of slightly different flavour in that they should relate to non-
connective K-theory, though to the best of our knowledge this is not developed in the literature. To differ-
entiate we will refer to them as Karoubi-Grothendieck-Witt spectra, and relegate a thorough discussion to
the fourth part of this series of papers.

As examples, let us mention that the strategy described above lead to an almost complete computation
of the Grothendieck-Witt groups of Z[%] in [BKOS] and to great structural insight by controlling the 2-
adic behaviour of the forgetful map GW, — K" in [BKS@15] under the assumption that 2 is a unit.
Without this assumption, however, many of the methods employed break down. In particular, the relation
to L-groups remained mysterious: If 2 is not invertible in R, there are many flavours of L-groups and as far
as we are aware not even a precise conjecture has been put forward. In contrast to this situation, Karoubi
conjectured in [Kar09] that his fundamental theorems should have an extension to general rings, where it
is not only the sign that changes when passing from U(R, M) to V(R, —M) but also the form parameter; a
similar suggestion was made by Giffen, see [Wil05]. In what is hopefully evident notation they predicted

QUI(R.-M) = VY (R, M) and QUS(R,—M) = V(R M).

In this paper series along with its companion [HS21] we entirely resolve these questions. In the present
paper we obtain the extensions of Karoubi’s periodicity and fundamental theorem, affirming in particular
the conjecture of Karoubi and Giffen described above, and also determine the cofibre of the hyperbolisation
map in terms of an L-theory spectrum. In distinction with the variants usually employed for example in
geometric topology, the L-spectra appearing are generally not 4-periodic. Part three of this series is devoted
to a detailed study of these spectra and in particular, an investigation of their periodicity properties. While
the results of that paper are largely specific to the case of discrete rings, the results of the present paper also
apply much more generally to schemes, E_ -rings, parametrised spectra among others.

Our approach is based on placing Grothendieck-Witt- and L-theory into a common general framework,
namely the setting of Poincaré co-categories, introduced by Lurie in his approach to L-theory [Lurl1], and
developed in detail in the first part of this series. A Poincaré co-category is a small stable co-category C
together with a certain kind of functor 2 : C°? — 8p which encodes the type of form (such as, quadratic,
even or symmetric) under consideration. The requirements on ¢ are such, that it, in particular, yields an
associated duality equivalence Dy : C°P — C.

As mentioned, Lurie defined L-theory for general Poincaré co-categories, and it is by now standard to
view K-theory as a functor on stable co-categories. The duality D induces a C,-action on the K-spectrum
of a Poincaré co-category and we will denote the resulting C,-spectrum by K(C, ?). Adapting the hermitian
Q-construction, we here also produce a Grothendieck-Witt spectrum GW(C, ?) in this generality. To explain
how this generalises the Grothendieck-Witt theory of discrete rings, take € = DP(R), the stable subcate-
gory of the derived co-category D(R) spanned by the perfect complexes over R. As part of Paper [I] we
constructed Poincaré structures

q 2q 2e 2s S
QM o 9M=>9M e QM = %y
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connected by maps as indicated: Roughly, the outer two assign to a chain complex its spectrum of homotopy
coherent quadratic or symmetric M -valued forms, whereas the middle three are the more subtle animations,
or in more classical terminology non-abelian derivations, of the functors

Quad,,,Ev,,, Sym,, : Proj(R)®® — Ab

parametrising ordinary M -valued quadratic, even and symmetric forms, respectively. The comparison maps
between these are equivalences, if 2 is a unit in R, but in general they are five distinct Poincaré structures
on DP(R). Now, essentially by construction the spectra

L(DP(R),9%,) =LYR, M) and L(DP(R),2,,)=L(R, M)

are Ranicki’s 4-periodic L-spectra, but from the main result of [HS21] we find that it is the middle three
Poincaré structures which give rise to the classical Grothendieck-Witt spaces, i.e. we have

Q® GW(DP(R), 951 =~ GWL(R, M),  Q* GW(DP(R), ?5,) ~ W/ (R, M)

and Q% GW(DP(R), 9%;) ~ GW3 (R, M).
This mismatch (which is also the reason for carrying the subscript cl through the introduction) explains
much of the subtlety that arose in previous attempts to connect Grothendieck-Witt- and L-theory.

In case 2 is invertible in R the identification extends to GW (R, M) ~ GW(DP(R), 9%;) and we will,
therefore, use the names Gng, GW;V and GWi1 also for the Grothendieck-Witt spectra of the Poincaré
oo-categories considered above.

As the main result of the present paper we provide extensions of Karoubi’s periodicity theorem and
Schlichting’s extension of his fundamental theorem in complete generality:

Main Theorem. For every Poincaré co-category (C,Q), there is a fibre sequence

hyp bord
K(e9 Q)hC2 I GW(G, ?)—) L(G7 9)7

which canonically splits after inverting 2 and a fibre sequence

f h
GW(, 91— K(@)—2 GW(E, 9).

Here, we have used 9! to denote the shifted Poincaré structure S’ ® ?. As in Schlichting’s set-up this
operation satisfies

(DP(R), (21 = (DP(R), 97 ) and (DP(R),(25,)) = (DP(R). 2" ).

M)
so if 2 is a unit in R, we, in particular, recover the results of Karoubi and Schlichting mentioned above, and
extend the identification of the cofibre of the hyperbolisation map to the spectrum level. More importantly,
however, if 2 is not invertible, we find

(DP(R), (5)17) = (DP(R), 9%,

and  (DP(R), (25)17)) = (DP(R), 9% ).
whence the second part settles the conjecture of Giffen and Karoubi (see [Kar09, Conjecture 1]). Explicitly,

we obtain:

Corollary. For a discrete ring R and an invertible R-module M with involution there are canonical equiv-
alences

UL(R,-M) ~S' @ V§' (R, M) and UY(R,—M)~S'® V3(R, M).

As aconsequence of the first part of our Main Theorem we obtain a direct relation between the Grothendieck-

Witt spectra for different form parameters. As an implementation of Ranicki’s L-theoretic periodicity results
Lurie produced canonical equivalences

L,y ~ st @ L(e, 9.
Applying this twice we obtain a stabilisation map
stab: S* ® L(DP(R), %) = L(DP(R), 231) — L(DP(R), 97

and as another articulation of periodicity we have:
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Corollary. The natural map Gng(R, M) - GWEI(R, M) fits into a commutative diagram

K(Rye, —225 GW(R, M) — S* ® L(DP(R), 9,

bl o

K(Rjpe, —25 GWS(R, M) —2y [(DP(R), 9%))

C
of fibre sequences, i.e. the cofibres of the two hyperbolisation maps differ by a fourfold shift.

If 2 is invertible in R, this shift on the right hand side is invisible since in that case L(DP(R), Qi;) =
L(DP(R), %) is 4-periodic.

In the body of the text, we shall derive more general versions of these corollaries concerning Grothendieck-
Witt groups associated to suitable pairs of form parameters. In particular, that form of the first corollary
settles Conjectures 1 and 2 of [Kar09] in full, see the end of §4.3 and §4.5 for details.

Outlook. As mentioned, the main content of the third paper in this series is a detailed investigation of the
spectra L(DP(R), Qi;). We show there that z, L(DP(R), ?ﬁ;) is Ranicki’s original version of symmetric
L-theory from [Ran81], which he eventually abandoned in favour of L5(R, M) precisely because in gen-
eral it lacks the 4-periodicity exhibited by the latter. In particular, the cofibre of the hyperbolisation map
K(R)yc, = GWE(R, M) is not generally 4-periodic, if 2 is not invertible in R.

Furthermore, improving a previous bound of Ranicki’s we show there that for R commutative and noe-
therian of global dimension d the comparison maps

L(DP(R), 931) — L(DP(R), 25°) — L(DP(R), 25)) — L(DP(R), 2},

are equivalences in degrees past d — 2,d and d + 2, respectively. Thus in sufficiently high degrees the
periodic behaviour of the cofibre of the hyperbolisation map is restored and surprisingly there is also no
difference between the various flavours of Grothendieck-Witt groups. This allows one to use the inductive
methods previously only available if 2 is invertible also in more general situations. We demonstrate this by
giving a solution for number rings of Thomasson’s homotopy limit problem [Tho83], asking when the map

GWS(R, M) - K(R, M)'©2

is a 2-adic equivalence, and an essentially complete computation of GW'(Z) where r € {+s, +q} (over the
integers, quadratic and even forms happen to agree), affirming a conjecture of Berrick and Karoubi from
[BKO5].

Before explaining the strategy of proof in the next section let us finally mention that feeding Poincaré
oo-categories of parametrised spectra into our machinery produces, by our Main Theorem, another set of
interesting objects, the LA-spectra introduced by Weiss and Williams in their study of automorphism groups
of manifolds [WW14]. In this case, the results of the next section allow for an entirely new interpretation
of these spectra, which sheds light on their geometric meaning. In particular, this furthers the program
suggested by Williams in [Wil05] to connect the study manifold topology more intimately with hermitian
K-theory. We will spell this out in the third section of this introduction along with further results concerning
discrete rings, that require a bit of preparation.

Hermitian K-theory of Poincaré co-categories. Let us now sketch in greater detail the road to our main
results. Besides the set-up of Poincaré co-categories the main novelty of our approachis its direct connection
to the theory of cobordism categories of manifolds. To facilitate the discussion recall that Cob, has as
objects d — 1 closed oriented manifolds, and cobordisms thereof as morphisms. The celebrated equivalence

|Cob, | ~ QX" 'MTSO(d),

established by Galatius, Madsen, Tillmann and Weiss in [GTMW09] then lies at the heart of much mod-
ern work on the homotopy types of diffeomorphism groups [GRW14]; here MTSO(d) denotes the Thom
spectrum of —y,; — BSO(d).

Now, a Poincaré oco-category (C, ?) determines a space of Poincaré objects Pn(C, ?) to be thought of as
the higher categorical generalisation of the groupoid Unimod(R, M) of unimodular forms considered in the
case of discrete rings above. Along with the Grothendieck-Witt spectrum we produce for every Poincaré
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co-category (G, ?) an analogous cobordism category Cob(C, ?) € Cat,, with objects given by Pn(C, ¢!1])
and morphisms given by spaces of Poincaré cobordisms, Ranicki style; here our dimension conventions
adhere to those of the geometric setting.

As the technical heart of the present paper we show the following version of the additivity theorem:

Theorem A. If
(€9 — (D,®) — (€,9)
is a split Poincaré-Verdier sequence, then the second map induces a bicartesian fibration of co-categories
Cob(D, ®) — Cob(E, P),
whose fibre over 0 € Cob(E, W) is Cob(C, Q). In particular, one obtains a fibre sequence
|Cob(C, ?)] — |Cob(D, )| — |Cob(E,W)|
of spaces.

Here, a Poincaré-Verdier sequence is a null-composite sequence, which is both a fibre sequence and a
cofibre sequence in Cat?_, the co-category of Poincaré co-categories; we call it split if both underlying func-
tors admit both adjoints. This requirement precisely makes the underlying sequence of stable co-categories
C — €’ — @” into a stable recollement. The simplest (and in fact universal) example of such a recollement

is the sequence

eI are) 2 e,

By the non-hermitian version of Theorem A due to Barwick [Bar17] (which can in fact also be extracted as
special case of Theorem A), it gives rise to a fibre sequence

| Span(€)| — | Span(Ar(€))| — | Span(C)|
which is split by the functor € — Ar(C) taking x to id,. Taking loopspaces thus results in an equivalence
K(Ar(C)) ~ K(C) x K(C©),

since K(C) ~ Q| Span(C)|, which makes Theorem A an hermitian analogue of Waldhausen’s additivity
theorem.

The simplest example of a split Poincaré-Verdier sequence arises similarly: If C has a Poincaré structure
Q, then the arrow category of C refines to a Poincaré co-category Met(C, ?), whose Poincaré objects encode
Poincaré objects in (C, ?) equipped with a Lagrangian, or in other words a nullbordism. There results the
metabolic Poincaré-Verdier sequence

@97 11) — Met(€,9)-> (€,9),

refining the recollement above. We interpret the cobordism category Cob?(@, 9) of its middle term as that
of Poincaré objects with boundary in (C, ?). From the additivity theorem we then find a fibre sequence

7]
|Cob(C, ®)] — |Cob’(€, ?)|— |Cob(C, 2],

that is entirely analogous to Genauer’s fibre sequence

d
|Coby | — [CobJ|— |Cob,_,|

from geometric topology [Gen12]. Note, however, that neither of these latter sequences are split (the adjoint
functors in a split Poincaré-Verdier sequence need not be compatible with the Poincaré structures), so the
name additivity is maybe slightly misleading, but we will stick with it.

Our proof of Theorem A is in fact modelled on the recent proof of Genauer’s fibre sequence at the
hands of the ninth author [Stel8] and is new even in the context of algebraic K-theory. Similar results
are known in varying degrees of generality, see for example [Sch17, HSV19]. The actual additivity theo-
rem we prove is, however, quite a bit more general than Theorem A: We show that in fact every additive
functor F: Catd — 8, a mild strenghthening of the requirement that split Poincaré-Verdier sequences
are taken to fibre sequences, gives rise to an J-based cobordism category Cob” (€, ?) and that the functor
|Cob” | : Cat? — § is then also additive. Applied to F* = Pn this gives the result above, but the statement
can now be iterated. Since the functor GW : Catgo — 8p (and thus also GW = Q® GW) is defined by an
iterated hermitian Q-construction, this generality gives sufficient control to establish:
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Theorem B.

i) There is a natural equivalence
|Cob(C, 9)| ~ QX" GW(C, 9),

so, in particular, Q|Cob(C, ?)| ~ GW(C, ?).

ii) The functorsGW : Catb — Spand GW . Cath — Grpg_ (8) are the initial additive functors equipped
with a transformation Pn — GW ~ Q% GW, respectively.

iii) The functor L. Catd — 8p is the initial additive, bordism invariant functor equipped with a trans-
formation Pn - Q% L.

Here, we call an additive functor Catgo — 8p bordism invariant, if it vanishes when evaluated on meta-
bolic categories, though there are many other characterisations. Theorem B simultaneously gives the her-
mitian analogue of the theorem of Blumberg, Gepner and Tabuada from [BGT13], that K : Cateoi‘ - 8p
is the initial additive functor with a transformation Cr — Q% K, and of the theorem of Galatius, Madsen,
Tillmann and Weiss concerning the homotopy type of the cobordism category [GTMWO09]. Just as for the
additivity theorem, our cobordism theoretic methods provide a more direct proof of the universal property
of algebraic K-theory avoiding all mention of non-commutative motives.

From Theorem B, it is straight-forward to obtain our Main Theorem: The first assertion of the Main Theorem
may be restated as the formula

cof(hyp: K(C, S?)hc2 — GW(C,?) ~ L(C,9),

and it is somewhat tautologically true that the left hand side is the initial bordism invariant functor under
GW, whence the universal properties of GW and L from Theorem B give the claim. For the second statement
we take another queue from geometric topology and use Ranicki’s algebraic Thom construction to produce
an equivalence

|Cob?(C, 9)| =~ | Span(C)| = Q%' K(C)

which extends to an identification
GW(Met(C, ?)) ~ K(C)
for all Poincaré co-categories (C, ?). Via Theorem B the metabolic Poincaré-Verdier sequence then gives
rise to the fibre sequence
fgt hyp (1]

GW(C, 29— K(C)— GW(C,?'),

which we term the Bott-Genauer-sequence, bearing witness to its relation with the fibre sequence
MTSO(d) — S[BSO(d)] — MTSO(d - 1)
first established by Galatius, Madsen, Tillmann and Weiss, and beautifully explained by Genauer’s theorem
[Genl12] that
|Cob? | ~ Q*~'S[BSO(d)].

As explained in the previous section, if 2 is invertible (and the input is sufficiently strict) this sequence is
due to Schlichting, but as far as we are aware its connection with the fibre sequence of Thom spectra above
had not been noticed before.

With the Main Theorem established, we observe that since both L- and K-theory are well-known to take
arbitrary bifibre sequence in Cat?_ to fibre sequences (and not just split ones) we obtain:

Corollary C. The functor GW : Cat® — 8p is Verdier localising, i.e. it takes arbitrary Poincaré-Verdier
sequences

€.9 — (D, @) — (&,9)
to bifibre sequences
GW(C,?) — GW(D,d) — GW(E,P)

of spectra.
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This result is a full hermitian analogue of the localisation theorems available for algebraic K-theory,
and (as far as we are aware) subsumes and extends all known localisation sequences for Grothendieck-Witt
groups, in particular the celebrated results of [Sch10b]. We explicitly spell out some consequences for lo-
calisations of discrete rings in Corollary F below.

The fibre sequence of the Main Theorem can also be neatly repackaged using equivariant homotopy
theory: The assignment (C, ?) —» K(C, 9)tc2 is another example of a bordism invariant functor, whence
Theorem B produces a natural map Z: L(C,?) — K(C, 2)!C2. A version of this map first appeared in the
work of Weiss and Williams on automorphisms of manifolds [WW14], and we show that our construc-
tion agrees with theirs. Using this map one can reexpress the fibre sequence from the Main Theorem as a
cartesian square

GW(C,9) —24 5 1(c,9)

lfgt lE
K(e’ Q)hC2 — K(es Q)tCZs

which we term the fundamental fibre square.
Now, in [HM] Hesselholt and Madsen promoted the Grothendieck-Witt spectrum GWEI(R, M) into the
genuine fixed points of what they termed the real algebraic K-theory KRzl(R, M), a genuine C,-spectrum.

We similarly produce a functor KR : Cat? — § peC using the language of spectral Mackey functors, with
the property that the isotropy separation square of KR(C, ?) is precisely the fundamental fibre square above,
so that in particular

KR(C, 922 ~ GW(C,?) and KR(C,9)?%2 ~ L(C,9);

here (—)&©2 and (=)#“2 : § png — 8p denote the genuine and geometric fixed points functors, respectively.
Combined with the comparison results of [HS21] this affirms the conjecture of Hesselholt and Madsen,
that the geometric fixed points of the real algebraic K-theory spectrum of a discrete ring are a version of
Ranicki’s L-theory.

As the ultimate expression of periodicity, we then enhance our extension of Karoubi’s periodicity to the
following statement in the language of genuine homotopy theory:

Theorem D. The boundary map of the metabolic Poincaré-Verdier sequence provides a canonical equiva-
lence

KR(C, ) ~ S'77 @ KR(C, 9).

Passing to geometric fixed points recovers the result of Lurie that L(C, 9(!) ~ S! ® L(€, ?), whereas the
abstract version of Karoubi periodicty, i.e U(C, 21?)) ~ S! ® V(€,?), and thus in particular the periodicity
results for the classical Grothendieck-Witt spectra of discrete rings, is obtained by considering the norm
map from the underlying spectrum to the genuine fixed points.

Further applications to rings and parametrised spectra. We start by specialising the abstract results
of the previous section to Grothendieck-Witt spectra of (discrete) rings. In the body of the paper, we will
derive these for E|-ring spectra satisfying appropriate assumptions, but aside from a few comments we
refrain from engaging with this generality here.

Given aring R, and an invertible R-module with involution M, we constructed in Paper [I] a sequence
of Poincaré structures

a 3 200 con >m Zm_l con 2—co 3 S
Q=% == = = =9 =%
on the stable co-category DP(R), ultimately coming from the Postnikov filtration of M'C2. The genuine
Poincaré structures from the first section appear as ?&° = 9%;), 9‘;;; = 9%; and 9‘%\3 = 9%}. Recall that these
give rise to the classical symmetric, even and quadratic Grothendieck-Witt spectra of (R, M), whereas
essentially by construction ?(11\4 and 2} give rise to the classical L-spectra of (R, M). This sequence of

Poincaré structures collapses in to a single one if 2 is invertible in R.
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Now, extending the discussion after the Main Theorem we constructed in Paper [I] equivalences of the

form
(DP(R), (239 = (DP(R), 2231,

and entirely similar results hold for the stable subcategories D¢(R) of DP(R) spanned by those objects
X € DP(R) with [X] € ¢ € K((R), whenever ¢ is a subgroup closed under the involution on Ky(R)
induced by M. For example DI (R), the smallest stable subcategory of DP(R) spanned by R[0], corresponds
to the image of Z — Ky(R), 1 = R. On the L-theory side, the switch between these categories is known
as the change of decoration, whereas it does not affect the positive Grothendieck-Witt groups. Applying
Theorem D we find the following result, which at least for 2 invertible in R proves an unpublished conjecture
of Hesselholt-Madsen:

Corollary E (Genuine Karoubi periodicity). For a (discrete) ring R, an invertible R-module M with invo-
lution, a subgroup ¢ C Ky(R) closed under the involution induced by M, and m € Z U {0} there are
canonical equivalences
KR(D(R), 921" ~ $772° @ KR(D*(R), 271,

In particular, the genuine C,-spectra

KR(D(R),?,) and KR(D(R), Q1 )
are (4 — 4o)-periodic and even (2 — 20)-periodic if R has characteristic 2.

We also find
KR(D(R), 241) ~ S*7%” @ KR(D(R), ¥, ) ~ $*™* @ KR(D“(R), 2},)

for any discrete ring R and invertible R-module with involution M, but often more is true: If for example
the norm map Mc, — M©2 is surjective (i.e. 7p,(M'©2) = 0 for all i € Z) we have 927 = 927*! and
922’“ = 922’” s0 we obtain

KR(D(R), ?5)) ~ S @ KR(D(R), %1 ) and KR(D(R),25)) ~ S*7 @ KR(D(R), 2%, ).

This applies for example whenever M is an invertible module over a commutative ring R without 2-torsion
equipped with the sign involution.
In a different direction, the (4 — 4¢)- or (2 — 20)-fold periodicity of

KR(D*(R),9},) and KR(D(R),?],)

in fact holds for any complex oriented or real oriented E;-ring R, respectively; we will deduce it in this
generality in the body of the paper, see §4.5.

Let us now turn to the behaviour of Grothendieck-Witt spectra under localisations of rings. As one
application of Corollary C we find:

Corollary F. Let R be a (discrete) ring, M an invertible module with involution over R, ¢ € Ky(R) a
subgroup closed under the involution induced by M, and f, g € R elements spanning the unit ideal. Then
the square

GW(D4(R), 9>'") SN GW(Dlm(C)(R[ 1),92m

> M1/ f]
| |

GW(SD““(C)(R[ D,? ) — GW(SD““(C)(R[

> M [1/g] ]) QM[I/fg])

is cartesian.

The case m = 0 recovers the affine case of Schlichting’s celebrated Mayer-Vietoris principle for Grothendieck-
Witt groups of schemes [Sch10b] and the case m = 1,2 extends these results from symmetric to even and
quadratic Grothendieck-Witt groups.

Outlook. We will not consider the Grothendieck-Witt theory of schemes in the present paper, as it works
more smoothly when considering Karoubi-Grothendieck-Witt spectra, i.e. the variant of Grothendieck-Witt
theory that is invariant under idempotent completion, just as non-connective K-spectra are better suited
for the study of schemes than connective ones; as explained previously, it is this variant which Schlichting
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considers in [Sch10b] as well. We will develop this extension in Paper [IV] and give a proof of Nisnevich
descent in another upcoming paper [CHN].

We use our main result in the third instalment of this paper series, to deduce dévissage results for the
fibres of localisation maps as in the above square if m = 0, i.e. for symmetric Grothendieck-Witt groups,
under the additional assumption R is a Dedekind domain. In fact, dévissage statements hold naturally for
m = —oo and we transport them to other classical Grothendieck-Witt spectra by a detailed analysis of the
L-theory spectra involved.

Lastly, we turn to another class of examples of Poincaré co-categories, namely those formed by compact
parametrised spectra over a space B. The relevance of these examples is already visible in the equivalences

A(B) = K((8p/B)*)

describing Waldhausen’s K-theory of spaces in the present framework. Given a stable spherical fibration
& over B, there are three important Poincaré structures on (Sp/B)®, the quadratic, symmetric and visible
one, all of whose underlying duality is the Costenoble-Waner functor

E » Homg(E X E, Aé);

here [X] is the exterior tensor product, A: B — B X B is the diagonal map, and the subscript denotes the
left adjoint functor to its associated pullback. Then from the isotropy separation square of KR((8p/B)®, ?g)

with r € {q,s, v} we find:

Corollary G. There are canonical equivalences
GW((Sp/B)”,?7) ~ LA(B.¢)

and in particular

Q*7LA'(B, £) = |Cob((8p/ B)”, 2})]
forr e {q,s,v}.

Here LA"(B, &) denotes the spectra constructed by Weiss and Williams (under the names LA,, LA®,
and VLA) in their pursuit of a direct combination of surgery theory and pseudo-isotopy theory into a di-
rect description of the spaces G(M)/Top(M) for closed manifolds M, see [WW14]. This result unites
their work with the recent approaches to the study of diffeomorphism groups at the hands of Galatius and
Randal-Williams [GRW14]. In particular, the second part provides a cycle model for the previously rather
mysterious spectra LA"(B, &) that can be used to give a new construction of Waldhausen’s map

Top(M)/Top(M) — Wh(M)yc,

along with a new proof of the index theorems of Weiss and Williams. These results will appear in future
work.

In the present paper we only give a small application of the above equivalence in another direction. We
use computations of Weiss and Williams for B =x together with the universal properties of GW and L to
determine the automorphism groups of these functors. The result is that

7y Aut(GW) = (C,)?  and 7y Aut(L) = C,
the former spanned by —idgy and id — (hypofgt) and the latter by —id; .

Remark. During the completion of this work on the one hand Schlichting announced results similar to the
corollaries of our main theorem, and some of the applications we pursue in the third instalment of this series
in [Sch19b], though as far as we are aware no proofs have appeared yet. On the other hand the draft [HSV19]
contains a construction of the real algebraic K-theory spectrum in somewhat greater generality than in the
present paper (in particular, not necessarily stable co-categories), with a version of Theorem B part ii) as
their main result, albeit using a slightly weaker notion of additivity than the one we use here (resulting in a
logically incomparable result).

However, as far as we are aware, neither of these systematically relates Grothendieck-Witt theory to
L-theory, the main thread of our work.
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Organisation of the paper. In the next section we briefly summarise the necessary results of Paper [I],
providing in particular a guide to the requisite parts. In §1 we study (co)fibre sequences in Cat®_ in detail
and introduce additive and localising functors. The analogous results in the setting of stable co-categories,
on which our results are based, are well-known but seem difficult to locate coherently in the literature. We
therefore give a systematic account in Appendix A, without any claim of originality.

The real work of the present paper then starts in §2. It contains the definition of the hermitian Q-
construction and the algebraic cobordism category and proves Theorem A as 2.5.1 and 2.5.3. In §3 we
then generally analyse the behaviour or additive functors Cat?  — 8p and Cat®? — 8. This leads to very
general versions of Theorem B in 3.3.6, 3.4.5, our Main Theorem in 3.6.7 and Theorem C in 3.7.7. We then
obtain all other results of this introduction as simple consequences in §4, where we specialise the discussion
to the Grothendieck-Witt functor.

Finally, there is a second appendix which establishes two comparison results to other Grothendieck-Witt
spectra, not immediate from the results of [HS21]. They are not used elsewhere in the paper.
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RECOLLECTION

In the present section we briefly recall the parts of Paper [I] that are most relevant for the considerations of
the present paper. We first summarise the abstract features of the theory, and then spell out some examples.
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Poincaré oco-categories and Poincaré objects. Recall from §[I].1.2 that a hermitian structure on a small
stable co-category C is a reduced, quadratic functor ® : C°° — Sp, see Diagram (1) for a characterisation of
such functors. A pair (C, ?) consisting of this data we call a hermitian co-category. These organise into an
oo-category Cat};0 whose morphisms consist of what we term hermitian functors, that is pairs (f, #) where
f: € — Disanexact functor and 7 : ? = ®o f°P is a natural transformation.

To such a hermitian co-category is associated its category of hermitian forms He(C, ?), whose objects
consist of pairs (X, g) where X € C and ¢ is a 2-hermitian form on X, i.e. a point in Q®?(X), see §[I].2.1.
Morphisms are maps in € preserving the hermitian forms. The core of the category He(C, ?) is denoted
Fm(C, ?) and these assemble into functors

He: Catg<> — Cat,, and Fm: Cat};o - 8.

In order to impose a non-degeneracy condition on the forms in Fm(C, ?), one needs a non-degeneracy
condition on the hermitian co-category (C, ?) itself. To this end recall the classification of quadratic functors
from Goodwillie calculus: Any reduced quadratic functor uniquely extends to a cartesian diagram

AX) ———— Ao(X)

| |

Bo(X, X)"©2 —— Bo(X, X)'©2

where Ag : €% — 8p is linear (i.e. exact) and By : C°P X C°P — §p is bilinear (i.e. exact in each variable)
and symmetric (i.e. comes equipped with a refinement to an element of Fun(C% x C°, §p)"2, with C,
acting by flipping the input variables), see §[1].1.3.

A hermitian structure ? is called Poincaré if there exists an equivalence D : C°°? — € such that

Bo(X,Y) ~ Homg (X, DY)
naturally in X,Y € C°. By Yoneda’s lemma, such a functor D is uniquely determined if it exists, so we
refer to it as Dog. By the symmetry of By the functor Dy then automatically satisfies Dg ngp ~ ide. Any

hermitian functor (F,n): (C,?) — (D, ®) between Poincaré co-categories (i.e. hermitian co-categories
whose hermitian structure is Poincaré) induces a tautological map

FoDg = Dg,0 FP,

see §[I].1.2. We say that (F, #) is a Poincaré functor if this transformation is an equivalence, and Poincaré
co-categories together with Poincaré functors form a (non-full) subcategory Cat? of Cat};o.

Now, if (C, ?) is Poincaré, then to any hermitian form (X, q¢) € Fm(C, ?) there is tautologically associated
a map
¢ X — DoX
as the image of g under
QX)) — Q¥Be(X, X) ~ Home(X, Do X)
and we say that (X, ¢) is Poincaré if g% is an equivalence. The full subspace of Fm(C, ?) spanned by the
Poincaré forms is denoted by Pn(C, ?) and provides a functor

Pn: Cat‘;o -8,

which we suggest to view in analogy with the functor Cr : Cat?, — § taking a stable co-category to its
groupoid core. Details about this functor are spelled out in §[1].2.1.

The simplest example of a Poincaré co-category to keep in mind is € = DP(R), where R is a discrete
commutative ring and DP(R) is the co-category of perfect complexes over R (i.e. finite chain complexes
of finitely generated projective R-modules), together with the symmetric and quadratic Poincaré structures
given by

9R(X) ~ homg(X ® X, M)yc, and (X)) =~ homg(X @Y% X, M)"“,
where homp denotes the mapping spectrum of the category DP(R) (in other words the spectrum underlying
derived mapping complex R Hompg). In either case the bilinear part and duality are given by

B(X,Y) ~ homg(X ®: Y,R) and D(X)=~ RHomg(X,R),
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which makes both ?; and ?% into Poincaré structures on DP(R).
We will discuss further examples in detail below.

Constructions of Poincaré co-categories. We next collect a few important structural properties of the co-
categories Cat};o and Cat®_. First of all, by the results of §[I].6.1 they are both complete and cocomplete,

and the inclusion Cat? — Cat};o is conservative, i.e. it detects equivalences among Poincaré co-categories.
Furthermore, the forgetful functors

Catl — CatEo — Cat)
both possess both adjoints, so preserve both limits and colimits; these are constructed in §[I].7.2 and §[I].7.3.
For the right hand functor the adjoints simply equip a stable co-category € with the trivial hermitian struc-
ture 0. For the left hand functor, the left and right adjoints are related by a shift: Denoting the right adjoint
functor by (G, ?) - Pair(C, ?), the left adjoint is given by (C, ?) +— Pair(C, 2!, where generally [/l de-
notes the hermitian structure 'o?. We refrain at this place from giving the explicit construction of category
Pair(C, ?) since it is somewhat involved, and we shall not need it here.

The following two special cases of this construction will be of great importance. By the above discussion
the left and right adjoint of the composite Cat? — Cat_) agree. They are given by the hyperbolic construc-
tion ¢ — Hyp(C) with underlying category C X €°P and Poincaré structure home : (C X €P)°P — Sp, see
§[1I].2.2. The associated duality is given by (X, Y) — (Y, X), and there is a natural equivalence

CrC ~ PnHyp(C)
implemented by X — (X, X). We denote by
foyp : Hyp(€) — (D,?) and f™P: (C,?) — Hyp(D)

the Poincaré functors obtained through these adjunctions from a exact functor f: € — D.

The other important case is the composite of the inclusion CatP — Cat};0 with its left adjoint. This
assigns to a Poincaré co-category (C, ?) the metabolic category Met(C, ?), whose underlying category is the
arrow category Ar(C) of € and whose Poincaré structure is given by

eMel(X 5 Y) ~ fib(R(Y) — (X)),
see §[1].2.3. The associated duality is
Domet (X = Y) =~ fib(Do(Y) = Do(X)) — Do(Y).

The Poincaré objects in Met(C, ?) are best thought of as Poincaré objects with boundary in the Poincaré
co-category (C, 2I11), which embeds into Met(C,?) via X — (X — 0), i.e. as the objects with trivial
boundary.

From the various adjunction units and counits there then arises a commutative diagram

Hyp(€)
/ hyp
Hyp(C) can €,
lag met
Met(C, ?)

in Cat®_ for every Poincaré co-category; the underlying functors pointing to the right are given by
met(X - Y)=Y and hyp(X,Y)=X & DyY,
whereas the other two are given by extending the source and identity functors
s: Ar(€) — € and id: € — Ar(G)

using the adjunction properties of Hyp. Regarding the induced maps after applying Pn, one finds that an
element in (X, q) € 7yPn(C, ?) is in the image of met if it admits a Lagrangian, thatisamap f: L - X
such that there is an equivalence f*q ~ 0, whose associated nullhomotopy of the composite

Do f
1L x 2 Dex=L DL
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makes this sequence into a fibre sequence in €. Similarly, (X, g) lies in the image of hyp if there is an
equivalence X ~ L @ Do L which translates the form ¢ into the tautological evaluation form on the target.

Thus the categories Hyp(C) and Met(C, ?) encode the theory of metabolic and hyperbolic forms in (C, ?)
and the remainder of the diagram witnesses that any hyperbolic form has a canonical Lagrangian, from
which it can be reconstructed.

One further property of these constructions that we shall need is that the duality D¢ equips the underlying
co-category of (€, ?) with the structure of a homotopy fixed point in Caty under the C,-action given by
taking C to C°P, or in other words the forgetful functor Cat? — Cat?) is C,-equivariant for the trivial action
on the source and the opponing action on the target, see §[I].7.2. As a formal consequence its adjoint Hyp
is equivariant as well, and thus the composite

fgt Hyp
p ex p
Caty, — Cat — Cat__

lifts to a functor Hyp : Catb — (CatP )"C2 = Fun(BC,, Catb ), the category of (naive) C,-objects in Cat® .
The action map on Hyp(C, ?) is given by the composite

flip op. HYP(De)
Hyp(€)— Hyp(€”)———— Hyp(€)

and the functor hyp : Hyp(C) — (C, ?) is invariant under the action on the source.

We recall from §[I].5.2 that the category Cat};0 admits a symmetric monoidal structure making the func-

tor fgt : Cat};o — Cat, symmetric monoidal for Lurie’s tensor product of stable co-categories on the
target. While we do not use the monoidal structure in the present paper, we heavily exploit the follow-
ing: The monoidal structure on Cat};o is cartesian closed, i.e. Cat};o admits internal function objects, and
also both tensors and cotensors over Cat, see §[1].6.2, §[1].6.4 and §[I].6.3. More explicitly, to hermitian
oo-categories (C, 2) and (D, ®) and an ordinary category J there are associated hermitian co-categories

Fun®((C, ?), (D, ®)), (C,?)5 and (C, Q).
connected by natural equivalences
Fun®((C, )4, (D, ®)) ~ Fun®™((€, ?), (D, ®))” ~ Fun®™((C, ?), (D, ®)”)
The underlying categories in the outer cases are given by
Fun®(C,D) and Fun(J,C)
and their hermitian structures natg and ¢” are given by

f —> nat(?,®of°?) and [ +r— ljiglr}S’OfOP.

This results in particular in equivalences

Fm Fun®((C, ?), (D, ®)) ~ Hom,n ((C,?),(D,®)), PnFun®((C,?),(D, P)) ~ Homcatgo(((i’, ?), (D, ®))

and He((€,?)”) ~ Fun(J, He(C, 9)),

though Poincaré objects in (€, ?)” are not generally easy to describe. Furthermore, the tensoring construc-
tion is unfortunately far less explicit, and as we only need few concrete details let us refrain from spelling it
out here; for J a finite poset it is described explicitely in Proposition [1].6.5.8. Finally, we note that neither
the tensor nor cotensor construction generally preserve Poincaré co-categories, though Lurie exstablished
sufficient criteria which we recorded in §[I].6.6.

Examples of Poincaré co-categories. Finally, we discuss the most important examples in detail: Poincaré
structures on module categories and parametrised spectra.

We start with the former. Fix therefore an E,-algebra A over a base E_ -ring spectrum k and a subgroup
¢ C Ky(A4). Consider then the category of compact A-module spectra Mod’} or more generally its full

subcategory Mod¢, spanned by all those X € Mod, with [X] € ¢ C K((A). For example Modg = Mod;A>
is the stable subcategory of Mod 4 spanned by A itself. For the reader mostly interested in the applications to
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discrete rings we recall that any discrete ring R gives rise to such data, via the Eilenberg-Mac Lane functor
H: Ab — Sp, which is lax symmetric monoidal and therefore induces a functor

Ring — Algg (Mod HZ)

In this way, any discrete ring may be regarded as an E;-algebra over HZ. There are, furthermore, equiva-
lences

f £
Modjz =~ DP(R) and Mody, =~ D' (R),

where DP(R) denotes the full subcategory of the derived co-category D(R) of R spanned by the perfect
complexes, i.e. finite chain complexes of finitely generated projective R-modules and Df(R) is the full sub-
category spanned by the finite chain complexes of finite free R-modules. In this regime the reader should
keep in mind, that terms such as ®y, or Homyr will evaluate to the functors ®”i and R Homgp.

Hermitian structures on the categories Mod', are generated by A-modules with genuine involution (M, N, a);
let us go through these ingredients one by one, compare §[1].3.2. The first entry M is what we term an A-
module with (naive) involution: An A ®, A-module, equipped with the structure of a homotopy fixed point
in the category Mod 4, 4 under the C,-action flipping the two factors, see §[1].3.1.

In the case of a discrete ring R, the simplest examples of such a structure is given by a discrete R ® 7 R-
module M, and a selfmap M — M, that squares to the identity on M and is semilinear for the flip map
of R®, R. If R is aring equipped with an anti-involution ¢, then M = R is a valid choice by using o to
turn the usual R @, R°P-module structure on R into an R @ R-module structure. The involution on R
can then be chosen as ¢ or —c (or eo for any other central unit e with o(e) = e71).

The additional data of a module with genuine involution consists of an A-module spectrum N, and an
A-linearmap @ : N — M'C2; to make sense of the latter term, note that upon forgetting the A ®, A-action,
the involution equips M with the structure of a (naive) C,-spectrum (or even k-module spectrum). The
spectrum M'C2 then becomes an (A ®, A)'“2-module via the lax monoidality of the Tate construction and
from here obtains an A-module structure on M2 by pullback along the Tate diagonal A — (A R A)C2,
which is a map of E-ring spectra, see [NS18, Chapter III.1] for an exposition of the Tate diagonal in the
present language. Let us immediately warn the reader that the Tate diagonal is not generally k-linear for
the k-module structure on (A ®, A)'“2 arising from the unit map k — (k ®; k)'2 = k2, as this map is
usually different from the Tate-diagonal of k (in particular, this is the case for k = HZ by [NS18, Theorem
II1.1.10]).

Even if only interested in discrete R, one therefore has to leave not only the realm of discrete R-modules
to form the Tate construction, but even the realm of derived categories, as no replacement for the Tate di-
agonal can exist in that regime.

The hermitian structure associated to a module with genuine involution (M, N, @) as described above is
given by the pullback
% (X) > hom (X, N)

| b

hOmA®kA(X ®k X, M)hC2 — hOmA®kA(X ®k X, M)IC2 i) homA(X, MtCZ)

where the C,-action on homyg, 4(X &, X, M) is given by flipping the factors in the source and the invo-
lution on M. It is a Poincaré structure on Mod’; if M restricts to an object of Mod’, under either inclusion
A - A ®, A, and furthermore M is invertible, i.e. the natural map

A — homy (M, M)

is an equivalence. In this case the associated duality is given by X ~ hom,(X, M) regarded as an A-
module via the extraneous A-module structure on M, see again §[I].3.1. Given a subgroup ¢ € K;(A) one
obtains a Poincaré structure on Mod’, if in addition c is closed under the duality on K(A) induced by M.

In the example of Modi this translates to M € Modg.
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With the preliminaries established let us give some concrete examples. We shall restrict to the special
case of discrete rings here for ease of exposition. So assume given a discrete ring R and a discrete invertible
R®7 R-module M with involution, that is finitely generated projective (or stably free, as appropriate) when
regarded as an element of D(R) via either inclusion of R into R ®» R; note that invertibility includes the
condition that Ext;{(M, M) =0foralli > 0.

Generalising the simple case discussed in the first part, associated to this data are most easily defined the
quadratic and symmetric Poincaré structures QC}M and 2} given by

(X)) = hom g (X ®% X, M)e, and (X)= hom gy p(X ®% X, M)"
which correspond to the modules with genuine involution
(M,0,0) and (M, M2, id),

respectively. Interpolating between these, we have the genuine family of Poincaré structures 97—\; corre-
sponding to the modules with genuine involution (M, 75; M 1C2, 5 M €2 5 M) fori € Z. As already
done in the introduction we shall often include the quadratic and symmetric structures via i = +oo to fa-
cilitate uniform statements. These intermediaries are important mostly since they contain the following
examples: The functors

Quad,;, Ev,,, and Sym,, : Proj(R)®® — Ab

assigning to a finitely generated projective module its abelian group of M -valued quadratic, even or symmet-
ric forms, respectively, admit animations (or non-abelian derived functors in more classical terminology)
which we term
29 ge s . p op
¥y 2, and 9 DP(R)P — 8p,
respectively. One of the main results of Paper [I] is that there are equivalences
g4 ., o>2 g o>l g . 00
=y, =0, and @ >0

see §[1].4.2. It is also not difficult to see that no further members of the genuine family arise as animations
of functors Proj(R) — Ab.

Turning to a different kind of example consider the categories Spp = Fun(B, Sp) for some B € S.
Entirely parallel to the discussion above, one can derive hermitian structures on the compact objects of Spg
from triples (M, N, a) with M € (SprB)hCZ anda: N — (A*M)'C2 amapin Spg, where A: B — BXB
is the diagonal, §[I].4.4. The most important examples of such functors are the visible Poincaré structures
?; given by the triples

(D& &t &= (A"A9),
where £: B — Pic(S) is some stable spherical fibration over B, where A, : Spp — Sppyp is the left
adjoint to A* and where u is the unit of this adjunction (which factors through & — (A*A,£)"2 since A
is invariant under the C,-action on B X B). These hermitian structures are automatically Poincaré with
associated duality given by
X — homg(X, A ),

the Costenoble-Waner duality functor twisted by £. The reason these are so important is that any closed
manifolds M defines an very interesting element, its visible symmetric signature, in Pn(Sp%,, €}), where
v: M — Pic(S) is its stable normal bundle.

As a common special case of the previous examples, let us finally mention the universal Poincaré struc-
ture 9" on §p® = Modg from §[I].4.1: It is associated to the triple (S, S, S — S©2), with structure map the

unit of S'©2, which happens to agree with the Tate diagonal in this special case. The Poincaré co-category
(8p®, ?") represents the functors Pn and Fm, i.e. for every Poincaré co-category (C, ?) and every hermitian
oco-category (D, @) there are equivalences

Homg,» ((8p”,2"),(C,2)) ~Pn(C,?) and Homg g ((8p”, "), (D, ®)) ~ Fm(D, @)

natural in the input.
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1. POINCARE-VERDIER SEQUENCES AND ADDITIVE FUNCTORS

In this section we study the analogue of (split) Verdier sequences in the context of Poincaré co-categories,
as well as their analogue for idempotent complete Poincaré co-categories, which, following a suggestion
of Clausen and Scholze, we call Karoubi sequences. In particular, our terminology differs from that of
Blumberg-Gepner-Tabuada [BGT13]; see Appendix A for a thorough discussion.

After developing the example of module co-categories in some detail, we proceed to introduce the no-
tions of additive, Verdier-localising and Karoubi-localising functors Catg<> — &, encoding the preservation
of an increasing number of such sequences, or rather, in the general not necessarily stable context, of a mild
generalisation thereof in the form of certain cartesian and cocartesian squares in Cat? . These three no-
tions we introduce correspond loosely to satisfying Waldhausen’s additivity theorem, Quillen’s localisation
theorem and Bass’ strengthening thereof.

The notion of an additive functor from Catg<> to Sp is central in our work, since it essentially abstracts
the additivity properties enjoyed by our main subject of interest, the functor GW : Cat® — 8p (only
to be defined in Definition 4.2.1); it is the universal such additive functor with a transformation from the
functor Pn, space of Poincaré forms. Analogously to K-theory, the functor GW turns out to be furthermore
Verdier-localising, justifying as well the study of that notion. Finally, just as non-connective K-theory
relates to K-theory, the search for a Karoubi-localising approximation of GW will yield in Paper [IV] the
Karoubi-Grothendieck-Witt spectrum functor GW.

In the present section we only give the very basic properties of such functors, as the only immediately
interesting examples are the space valued functors Cr and Pn. After §2 introduces more interesting exam-
ples, we return to a detailed study of additive functors in §3. The study of Karoubi-localising functors will
be taken up in Paper [IV].

1.1. Poincaré-Verdier sequences. As the basis for our study we require a rather detailed analysis of Verdier
sequences in the set-up of stable oco-categories. Essentially all of the results we need are well-known to
the experts. To keep the exposition brief we have largely collected such statements and their proofs into
Appendix A, the focus of the present section being on incorporating Poincaré structures.

A sequence

) eLple

in Cat?} with vanishing composite is a Verdier sequence (Definition A.1.1) if it is both a fibre and a cofibre
sequence in CatZ‘, in which case we refer to f as a Verdier inclusion and to p as a Verdier projection. We
also say that (2) is split (Definition A.2.4) if p or equivalently f admits both adjoints.

1.1.1. Definition. A sequence

(fm) (.9)
3) (€,9— (D, ®)—— (£,9)
of Poincaré functors with vanishing composite is called a Poincaré-Verdier sequence if it is both a fibre
sequence and a cofibre sequence in Catgo, in which case we call (f,#) a Poincaré-Verdier inclusion and
(p, 9) a Poincaré-Verdier projection. We shall say that (3) is split if the underlying Verdier sequence splits.

1.1.2. Remark. As explained in Remark A.1.2, the (pointwise) condition of the composite vanishing implies
that sequence (2) extends to a commutative square

c—L s

b

{0} — &

in an essentially unique manner and the condition that it forms a Verdier sequence amounts to this square
being both cartesian and cocartesian in Catz. If @, ® and ¥ are now Poincaré structures on C ,D and &
respectively, then, since ¥(0) ~ 0 € Sp, any null functor carries an essentially unique hermitian structure,
and this hermitian structure is automatically Poincaré since the duality on € preserves zero objects. Thus,
a sequence of Poincaré functors with null composite uniquely extends to a commutative square as above
of Poincaré oo-categories, and the condition of being Poincaré-Verdier is the condition that this square is
cartesian and cocartesian in Cat?_.
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1.1.3. Observation. Since the forgetful and hyperbolic functors are both-sided adjoints to one another, we
immediately find that the underlying sequence C — D — & of a (split) Poincaré-Verdier sequence is a (split)
Verdier sequence, and that the hyperbolisation of any (split) Verdier sequence is a (split) Poincaré-Verdier
sequence.

We now proceed to consider Poincaré-Verdier sequences more closely. To begin, recall that the inclusion
Catg<> — Catg<> preserves both limits and colimits (Proposition [1].6.1.4), and since it is also conservative
we get that it detects limits and colimits. We may hence test if a given sequence of Poincaré co-categories
is a (co)fibre sequence at the level of Cat};o. In addition, the projection Catg<> — Cat; preserves small
limits and colimits (Lemma [I].6.1.2), and is a bicartesian fibration with backwards transition maps given
by restriction and forward transition maps given by left Kan extensions. This means that limits in Cati‘o are
computed by first taking the limit D of underlying stable co-categories, then pulling back all the quadratic
functors to D°P, and finally calculating the limit of the resulting diagram in the co-category of quadratic
functors on D°P. Similarly, colimits are computed by first computing the colimit D of underlying stable
oo-categories, then left Kan extending all the quadratic functors to D°P, and finally calculating the colimit of
the resulting diagram in the co-category of quadratic functors on D°P. We also note that limits and colimits
in Fun4(‘D°P, §p), i.e. of quadratic functors, can be computed in Fun(D°P, §p), see Remark [I].1.1.15.

1.1.4. Proposition. Let

f.m) (p,9)
@) @9 . @)L & w)

be a sequence in Catgo with vanishing composite. Then the following holds:
i) The sequence (4) is a fibre sequence in Cat’ if and only if its image in Cat(, is a fibre sequence and

n: Q- f*O®is an equivalence.

ii) The sequence (4) is a cofibre sequence in Cat®  if and only if its image in CatZ, is a cofibre sequence
and 9. @ — p*W exhibits ¥ : E°P — Sp as the left Kan extension of ® along p°P.

iii) It is a Poincaré-Verdier sequence if and only if its image in Cat_, is a Verdier sequence, and the
Poincaré structures on C and & are obtained from that of D by pullback and left Kan extension, re-
spectively.

Proof. Specialising the preceding discussion to the case of squares with one corner the zero Poincaré co-
category gives that (4) is a fibre sequence in Cat?_ if and only if its image in Cat¢} is a fibre sequence and
Q > f*® — f*p*V¥ is a fibre sequence in Fun(C°P, 8p), which, since f*p*¥ ~ 0, just means that the map
Q — f*® is an equivalence. This proves i).

Similarly, (4) is a cofibre sequence in CatP if and only if its image in Cat?} is a cofibre sequence and
p /12 = p® — ¥ is a cofibre sequence of quadratic functors, which, since p, 12" ~ 0 just means that the
map p;® — ¥ is an equivalence, so that we get ii). (]

Combining this Proposition with Proposition A.1.9 which states that an exact functor € — D between
stable co-categories is a Verdier inclusion if and only if it is fully faithful and its essential image is closed
under retracts in D, we get:

1.1.5. Corollary. A Poincaré functor (f,n): (C,?) — (D, ®) is a Poincaré-Verdier inclusion if and only if
[ is fully-faithful, its essential image is closed under retracts, and the map n . ® — f*® is an equivalence.

To state the analogous corollary concerning Poincaré-Verdier projections, let us first stress that we take
the localisation D[W ~!] of an co-category D at a set W of morphisms to mean the initial co-category
under D in which the morphisms from W become invertible. Beware that we differ in our use of the
term localisation from Lurie, who requires the existence of adjoints to the functor D — D[W ~!]. See
Lemma A.2.3 for the precise relationship between the two notions.

Given an exact functor C — D, the Verdier quotient D /C of D by C is the localisation of D with respect
to the collection of maps whose fibre is in smallest stable subcategory containing the essential image of f
(see Definition A.1.3).

By [NS18, Theorem 1.3.3(1)] D/C is again a stable co-category and the tautological functor D — D/C
is exact. For a further discussion of Verdier quotients, we refer the reader to §A.1. The main output of the
discussion there is Proposition A.1.6, which shows that an exact functor is a Verdier projection if and only
if it is a localisation. Combining this with Proposition 1.1.4, we get:
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1.1.6. Corollary. A Poincaré functor (p,9) : (D, ®) - (&, V) is a Poincaré-Verdier projection if and only
ifp: D — & isalocalisation and ® — p*V exhibits ¥ as the left Kan extension of ® along p.

1.1.7. Example. If p : D — & is a Verdier projection and @ is a Poincaré structure on D then the hermitian
structure p;® on & and the tautological hermitian refinement of p are Poincaré if and only if ker(p) is
invariant under the duality, and in this case

(ker(p), @) — (D, D) — (&, p,D).

is a Poincaré-Verdier sequence.

Indeed, if p,® and p are Poincaré, then it is immediate that ker(p) is closed under the duality. Conversely
if ker(p) is closed under the duality, then, since the forgetful functor Catgo - Catz preserves colimits, the
cofibre of the inclusion (ker(p), ®) — (D, ®) in Catgo must be equivalent to a Poincaré co-category of the
form (&, ¥) for some Poincaré structure on € equipped with a Poincaré functor (p,3d) : (D, D) - (€,¥).
The latter is then a Poincaré-Verdier projection by construction and by Proposition 1.1.4 ii) the natural
transformation p)® — ¥ determined by J must be an equivalence, and so the desired properties of p,®
follow.

1.1.8. Remark. The left Kan extension of a functor ? : €°°P — Sp along (the opposite of) an exact functor
p: C — Dis given by g*? (along with the transformation 2 — p*g*? induced by the co-unit), whenever p
admits a left adjoint g.

Even if this is not the case, however, the left Kan extension p,? can always be computed using the
following trick (cf. Lemma [I].1.4.1). Consider the commutative square

CP —— Ind(C°P)

p"pl l]nd(p"p)

DP — 3 Ind(DP)

Since p is exact the functor Ind(p°P) : Ind(C°P) — Ind(D°P) preserves all colimits and as its target is
presentable it admits a right adjoint g: Ind(D°P) — Ind(CP) and the left Kan extension p)?: D — 8pis
given by the composite

g Ind(? li
DP s Tnd(DP)— Tnd(CP)—ay Ind(Sp) s Sp.
Since DP — Ind(DP) is fully faithful p,? is the restriction of left Kan extension of ¢ to Ind(D°P). By

commutativity of the above square this is equivalent to the left Kan extension along Ind(p°P) of the left Kan
extension ¢ : Ind(C°P) — Sp of ? to Ind(C°P), which in turn is given explicitly as the composite

~ Ind(?) colim
Q: Ind(C°P)—— Ind(8p)—— Sp.

Finally, left Kan extensions along Ind(p°P) are given by restriction along g by adjunction, which results in
the claimed formula.

By [NS18, Theorem 1.3.3] the composite D°P — Ind(C°P) takes p(c) to colimxe(ke,(p)c )P fib(c — x),
where the fibre is formed in € (as opposed to €°P). Ultimately the above procedure therefore results in the
formula

(P )(p(d)) ~ Ce(lgg%%l/)op 2(fib(d — ¢))

for the left Kan extension of ?.

1.2. Split Poincaré-Verdier sequences and Poincaré recollements. We turn to split Poincaré-Verdier
sequences, which are by definition Poincaré-Verdier sequences in which the underlying Verdier sequence is
split. Let us therefore mention from Lemma A.2.5 that a sequence

) eLple

in Cat? with vanishing composite is a split Verdier sequence if and only if it is a fibre sequence and p admits
fully faithful left and right adjoints, if and only if it is a cofibre sequence and f is fully faithful and admits
left and right adjoints. Furthermore, this notion is equivalent to that of a stable recollement.

In the context of Poincaré co-categories, one of the adjoints in fact, implies the existence of the others:
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1.2.1. Observation. The underlying functor p of a Poincaré functor admits a left adjoint if and only if it
admits a right adjoint.

For a left or right adjoint to p gives a right or left adjoint to p°P, respectively, but p and p°P are naturally
equivalent by means of the dualities in source and target.
With this at hand, we derive the following criterion to recognise split Poincaré-Verdier sequences.

1.2.2. Proposition. Let

©) @92 0, 0)-L2, (&, w)

be a sequence in Cat® with vanishing composite. Then the following holds:

i) Suppose that (0) is a fibre sequence in Catgo. Then (6) is a split Poincaré-Verdier sequence if and only
if p admits a fully faithful left adjoint g and the transformation
g*9 u*
o= g'p'¥ =Y
is an equivalence, where u . ide = pg denotes an adjunction unit.
ii) Suppose that (6) is a cofibre sequence in Cat? . Then (6) is a split Poincaré-Verdier sequence if and
only if f is fully faithful, n : @ —» f*® is an equivalence, and f admits a right adjoint.

Proof. Assume that (6) is a fibre sequence in Cat® , hence its image in Cat) is a fibre sequence as well. By
the previous observation, the existence of a left adjoint to p implies that of a right adjoint, so the underlying
sequence of stable co-categories is a split Verdier-sequence if and only if p admits a fully faithful left
adjoint g : &€ — D. In this case it follows from Remark 1.1.8 that g*® is a left Kan extension of ® and the
transformation from the statement is the extension of 9. Thus W is a left Kan extension of ® if and only if
it is an equivalence, which gives the claim by Proposition 1.1.4.

The second item is immediate from Observation 1.2.1 and Proposition 1.1.4 i). ]

1.2.3. Corollary.
i) A Poincaré functor (f,n): (C,?) — (D, ®) is a split Poincaré-Verdier inclusion if and only if f is
Sully faithful, admits a right adjoint, and the map n : ? — f*® is an equivalence.
ii) A Poincaré functor (p,9): (D, ®) - (&,¥) is a split Poincaré-Verdier pm]ectlon lfand only if p

admits a fully faithful left adjoint g and the composite transformation g*® => g p*Y => Y is an
equivalence.

1.2.4. Remark. By means of the equivalence g*® ~ ¥ the left adjoint g to a Poincaré-Verdier projection
p: (D,®) - (€,¥) automatically becomes an hermitian functor (€, ¥) — (D, ®@) (which is usually not
Poincaré). One readily checks that the unit gives an equivalence of hermitian functors id ¢ ) = pg, making
g a section of p in Cati‘o

In fact, granting that the co-categories He(Fun®((D, ®), (€, ¥))) provide a Cat  -enrichment to CatE<> (a
fact we will neither prove nor even make precise here), the adjunction between g and p is an enriched one,
i.e.itsunitidg = gp and counit pg = idy canonically promote to objects in He(Fun®*((€, ¥), (€, ¥))) and
He(Fun®((D, @), (D, @))), such that the triangle identities hold in these co-categories.

Conversely, the existence of such an enriched left adjoint to p, whose unit is an equivalence, is readily
checked to amount precisely to the conditions of Corollary 1.2.3 ii).

Similarly, the existence of an enriched right adjoint with counit an equivalence, boils down to precisely
the conditions in i) above, and therefore detects split Poincaré-Verdier inclusions; in particular, the counit
always provides the right adjoint to a Poincaré-Verdier inclusion with an hermitian structure (which is again
usually not Poincaré).

We warn the reader that the analogous statements involving the right adjoint to a Poincaré-Verdier projec-
tion and the left adjoint to a Poincaré-Verdier inclusion fail entirely; for instance in the metabolic Poincaré-
Verdier sequence of Example 1.2.5 below, the only hermitian refinement of the right adjoint to the projection
is null, and so certainly does not give rise to a splitting of p.

The following is the most important example of a split Poincaré-Verdier sequence. It is in fact universal
by Theorem 1.2.9 below and will be fundamental to several results we prove:
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1.2.5. Example. For any Poincaré co-category (C, ?) the sequence

(€,9171) — Met(C, 9)— (€. 9)

is a split Poincaré-Verdier sequence, the metabolic fibre sequence; the left hand Poincaré functor is given
by sending x to x — 0, together with the identification Q?(X) ~ fib(2(0) — 2(x)).

Proof. The underlying sequence of stable co-categories, described in detail in Proposition A.2.11, is a split
Verdier sequence. The sequence is a fibre sequence in Cat® by Proposition 1.1.4 i). To see that it is a split
Poincaré-Verdier sequence apply Proposition 1.2.2 using the fully faithful left adjoint to met given by the
exact functor g : € — Met(C) sending x to 0 — x. (Il

In the remainder of this section, we provide an analogue of the classification of split Verdier-projections,
i.e. that they arise as pullbacks of the target functor z : Ar(C) — €. The role of this universal split Verdier
projection is played by the metabolic Poincaré-Verdier sequence above. To this end we first record:

1.2.6. Corollary. A pullback of a split Poincaré-Verdier projection is again a split Poincaré-Verdier pro-
Jjection.

Proof. From Corollary A.2.7 we know that the underlying functor of the pullback is again a split Verdier
projection. Thus it remains to analyse the Poincaré structures, where the claim is a straight-forward conse-
quence of Corollary 1.2.3. O

Now, recall that for a split Verdier sequence
eLople
with adjoints g < f < g’ and ¢ < p < ¢/, the (co)units fit into fibre sequences
f& =idp =4¢p and ¢p=idy, = fg,

see Lemma A.2.5. Furthermore, there is a canonical equivalence gq’ ~ Tg’q and denoting this functor
c: & — C there results a cartesian square

D %5 Ar(©)
@) l” l‘
& ——— ¢,

cf. Proposition A.2.11. We now set out to show that this diagram canonically upgrades to a pullback in
CatP_, when extracted from a Poincaré-Verdier sequence

€95 @, 0L &, w).
‘We need:

1.2.7. Lemma. For a split Verdier sequence C —f> DL & and an hermitian structure ® on D such that
Bg(g(e), f(c)) =~ 0 for every c € Cand e € &, the fibre sequence

qp(d) — d — fg(d)
induces a fibre sequence
D(fg(d)) — D(d) — D(gp(d))

of spectra.

The assumption of the lemma is satisfied for all Poincaré-Verdier sequences (C, 9)-f> (D, (I))—p> (&, 9)
since then

Bo(g(e), f(¢)) ~ Homqp (g(e), Do f(c)) ~ Homy, (g(e), f(Dgc)) ~ Homg (e, pf(Dgc)) ~ 0.
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Proof. From Example [I].1.1.21 we find the fibre of ®(d) — D(gp(d)) equivalent to the total fibre of the
diagram
d(d) ———— DP(gp(d))
Bo(qp(d), d) —— Bg(gp(d), gp(d)).
The fibre of the lower horizontal map is Bg(gp(d), f g(d)) which vanishes by assumption. ([l

We will next equip the horizontal functors of (7) with hermitian structures.

1.2.8. Construction. Given a split Verdier sequence G—f> DL € and an hermitian structure ® on D such
that B4 (g(e), f(c)) =~ 0, denote by ? its restriction to € and by ¥ its left Kan extension to €. We thus find
O(fg(d)) ~2(g(d)) and D(gp(d)) ~ ¥ (p(d))
so that the fibre sequence of lemma 1.2.7 gives a natural equivalence

@ ~ fib (p*¥ - g*ol!).

Applying the unit transformation u : idy, — ¢’'p we obtain a commutative diagram

@(q'p(d)) —— ¥(pq'p(d)) — MM (gq’ p(d))
®) l l l
O(d) ——— P(p(d)) —— MM(g(d))

whose rows are fibre sequences. By the triangle identities the unit p(d) — pq’ p(d) is an equivalence, since
itis a one-sided inverse to the counit, which is an equivalence as ¢’ is fully faithful. Thus the middle vertical
arrow in (8) is an equivalence.

It follows that the natural transformation p*¥ — g*Q[!l factors naturally through the maps (gq’p)*2!'! —
g9 induced by the unit of p - ¢’. But since p°P is a localisation this factorisation

Wop® = p*¥ — (g¢'p)* M = ((g¢")* M) op®®
can be regarded as a natural transformation
n: ¥ (gg)yrel!

providing the desired hermitian structure to the functorc = gq’ : & — C.
The diagram (8) also provides an equivalence

cof [(¢'p)*® = @] ~ fib [(g¢'p)* ! = g*ol!]],
so in particular, a natural transformation
E: D - (g— Cp)*((}[l])met'

Furthermore, the diagram

O —— (g~ cpy (@l
© l Jme
P —— (epyel!
commutes by construction.
In total, we obtain a commutative diagram

(D, d) By Meg(e, 91T

! b

E€w) — (e,
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in Catgo. At the level of underlying stable co-categories it is cartesian by Proposition A.2.11. Furthermore,
the diagram (9) is also cartesian: By (8) both vertical cofibres are given by g*@!!], connected by the identity.
We conclude that the diagram above is cartesian in Cati‘o.

The following is then the main result of the present section:

1.2.9. Theorem. The commutative square

(D, @) EZL9 Mer(e, 911

b

&%) — (e, oll)

is a cartesian square in Cat’ for every split Poincaré-Verdier sequence

€91 D, o)L &),

Proof of Theorem 1.2.9. As limits in CatP are detected in Catg<> by Proposition [I].6.1.4 it only remains to

show that the horizontal arrows are Poincaré functors, i.e. that they preserve the dualities. It suffices to treat

the top arrow, since the lower one is obtained by forming cofibres (with respect to the canonical maps from

(G, 9)), and Catgo is closed under colimits in Cati‘o by Proposition [1].6.1.4. Recall then that generally
Domet(f 1 x = y) =~ [DQ cof (f) —» DQy] ,

whence it remains to check that the maps

g(Dgd) — Doy cof(g(d) — cp(d)) and  cp(Dgd) — Doini(cp(d))

induced by & are equivalences. But through the fibre sequence fg’ = idq, = ¢’p the target of the left hand
map becomes

Dogfg'(d) = g’ fg(Dod),

and unwinding definitions, the map induced by £ is given by the unit of f F g’, which is an equivalence
since f is fully faithful. Similarly, the target of the second map is given by

ZeDegq p(d) = Zeg'qp(Ded)
and the map in question unwinds to an instance of the natural equivalence gq' = Zg’q constructed before
Proposition A.2.11. O
1.2.10. Remark. Using the identification ¢ ~ Xg’q a lengthy diagram chase shows that the composite
w2 ol o Tg,0 (&'9)* 0 Qeop — (&'9)*?

is given by the composite of the two canonical hermitian structures carried by the functors g’ and g, see
Remark 1.2.4.

The uniqueness of the classifying map in Theorem 1.2.9 is implied by the following hermitian analogue
of Proposition A.2.13:

1.2.11. Proposition. Given a split Verdier sequence C¢ — D — & and an hermitian structure ® on D
such that Bg(q(e), f(c)) ~ 0 forall c € Cand e € &. Then for every hermitian co-category (C',?') the
full subcategory of Fun®*((D, @), Met(€’, 9’[1])) spanned by the pairs (F,n) that give rise to adjointable
squares

D —L£5 Ar@)

Ll

e —L ¢
on underlying co-categories is equivalent to Fun®*((C, ?), (€', Q")) as an hermitian co-category via restric-
tion to horizontal fibres, where @ denotes the restriction of ® to C.
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Here, adjointability refers to the diagrams formed by passing to vertical left or right adjoints commuting,
see [Lur09a, §7.3.1] for a detailed discussion of such squares.

Given Proposition A.2.13 one might expect an hermitian version of adjointability to appear in the present
statement; this is simply implied by the adjointability at the level of underlying categories, essentially since
a morphism in Fun"((€, 9), (D, ®)) is invertible if and only if its image in Fun®*(C, D) is.

1.2.12. Corollary. The horizontal maps in Theorem 1.2.9 are determined up to contractible choice by yield-
ing a pullback on underlying stable co-categories and inducing the identity functor on the vertical fibre
(G, 9).

Put differently met : Met(C, 9!l) — (@, ¢! is the universal Poincaré-Verdier projection with fibre
(G, 9.

Proof. Note first that the lower horizontal map in Theorem 1.2.9 is uniquely determined by the upper one
through the universal property of Poincaré-Verdier quotients. Thus to apply Proposition 1.2.11 it only re-
mains to note that cartesian squares with vertical Verdier projections are adjointable. This is easy to check
directly and also contained in Proposition A.3.15. O

Proof of Proposition 1.2.11. Onunderlying co-categories the restriction functor is an equivalence by Propo-
sition A.2.13. It therefore suffices to show that the restriction map

nat (@, ot oFP) — nat (2,20 F)

met

is an equivalence of spectra for every F: D — Ar(C’). To see this, note that adjointability naturally
identifies F with the functor taking d to the arrow Gg(d) — Gcp(d), where G: € — €' is the functor
induced by F on vertical fibres. Since therefore

oM F(a)y ~ fib (2 (Gep(d)) — 2(Gg(a)),

met

the source of the map in question is equivalent to the fibre of
nat (©,9""o(Gep)™®) — nat (0,9 o(Gg)?).

Writing cp = cof (g’ = g) we can use Example [I].1.1.21 to express 9’“]ch(d)°P as the total fibre of

oMGg(d) — 5 MGg' (@)

l |

Bo1(Gg(d), Gg'(d)) —— Bon(Gg'(d), Gg'(d)).
This results in a cartesian square

nat (@, 9’1l o Fop) > nat (@, 9/ o(Gg')P)

l l

nat (d), Boinio(Gg, Gg’)OPOAgop) — nat (d), B, m0(Gg’, Gg’)"POAgop).

Now by adjunction the top right corner is equivalent to
nat (®ofP,9'0G) ~ nat (2,9'0G)
and unwinding definitions shows that this identifies the top horizontal map with the restriction in question.
We there have to show that the lower horizontal map is an equivalence. By Lemma [I].1.1.7 this map
identifies with
nat (Bg, Bgo(Gg, Gg')?) — nat (Bg, Boro(Gg', Gg')P)

whose fibre is nat(Bg, Bero(Gep, Gg')°P), which we will show vanishes. Separating the variables using
Fun(D°P x D, Sp) ~ Fun(D°P, Fun(D°P, Sp)) yields equivalences

nat (Bg, Boro(Gep, Gg')P) = nat (Bgo(id, £)°P, Bgro(Gep, G)P)
=~ nat (((cp)*® X idgop),(Bgo(id, £)°P), Beo(G, G)*P)
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by adjunction. We now claim that already (p°P X ideop)(Bgo(id, f)°P =~ 0: The left Kan extension is ob-
tained by pullback along the right adjoint (g, ide)°P of (p, id)°P and we precisely assumed that B, 0(q, f)°P =~
0. O

1.3. Poincaré-Karoubisequences. In this section we study Poincaré-Karoubi sequences, the analogues of
Poincaré-Verdier sequences in the setting of idempotent complete Poincaré co-categories. On the one hand,
these are important in their own right when considering the hermitian analogue of non-connective K-theory
in §[IV].2.2, on the other it is often easier to establish Poincaré-Verdier sequences in a two-step process: First
one constructs a Poincaré-Karoubi sequence using the Thomason-Neeman localisation theorem A.3.11,
or in modern guise, the equivalence between small stable co-categories, and compactly generated stable
oo-categories, and then in a second step isolates subcategories forming Poincaré-Verdier sequences, see
Proposition 1.4.5 for an example.

We will, in fact, see that every Poincaré-Verdier sequence is a Poincaré-Karoubi sequence (Proposi-
tion 1.3.8), and establish a simple criterion for a Poincaré-Karoubi sequence to be a Poincaré-Verdier se-
quence (Corollary 1.3.10).

Let us establish some terminology: We denote by Cf the idempotent completion of a small co-category €
and refer the reader to [Lur09a, §5.1.4] for its construction. The category @4 is stable if € is and the natural
functor i : @ — G is fully faithful, exact and has dense essential image, where a full subcategory D C @
is called dense if every object of C is a retract of one in D. Recall also that we call a functor a Karoubi
equivalence if it is fully faithful with dense essential image, in other words if it induces an equivalence on
the idempotent completions (cf. Definition A.3.1).

1.3.1. Remark. We avoid the common term Morita equivalence for what we call a Karoubi equivalence,
since it conflicts with the notion of Morita equivalence of (discrete) rings: The very fact that invariants such
as K-, L- and Grothendieck-Witt spectra of a ring are defined via its (derived) module categories makes them
invariant under Morita equivalences in the latter sense, whereas invariance under Karoubi equivalences is
an additional feature, that for example separates connective and non-connective K-theory.

1.3.2. Definition. A Poincaré co-category is idempotent complete if its underlying stable co-category is.
We denote by Catzo idem S CatP  the full subcategory spanned by the idempotent complete Poincaré co-
categories. A Poincaré functor (f.m): (C,Q — (D, D) is a Karoubi equivalence if f is a Karoubi equiva-
lenceand 7 : ? — f*® is an equivalence.

1.3.3. Proposition. Let (C, ®) be a Poincaré co-category andi . C — el its idempotent completion. Then
the left Kan extension i,? : (CH°P — 8p is a Poincaré functor on @ and the canonical hermitian functor
(C,9) — (Cf, i,?) is Poincaré, and a Karoubi equivalence.

Moreover, for any idempotent-complete Poincaré co-category (D, @) the pullback functor

Fun®*((€%, i,9), (D, ®)) — Fun®*((C, ?), (D, ®))

is an equivalence of Poincaré co-categories. In particular the inclusion OfCatzo idem S CatP_of idempotent-

de
complete Poincaré co-categories has a left adjoint sending (C, ?) to (@, 09?).

We will often write (C, 9)h for this left adjoint.

Proof. By Lemma [I].1.4.1 and Proposition [I].1.4.3 the functor i,? is quadratic with bilinear part (i Xi),Bo.
To see that this is perfect, note first that it restricts back to Bg since i is fully faithful. Now, the idempotent
completion of the equivalence Do : C°? — C is another equivalence D : (CH°P ~ (C°P)F — €, and by the
previous observation, the functors

Homey(—,D—) and B,

agree on C°P x C°P, and therefore on all of (Cyop x (Chyor by [Lur09a, Proposition 5.1.4.9]. This shows that
both i,? and i are Poincaré.
Finally, let us fix (D, ®) an idempotent-complete Poincaré co-category and consider the Poincaré functor
i*: Fun®™ ((€%,i,9), (D, ®)) — Fun™ ((C,9), (D, ®)).

By another application of [Lur09a, Proposition 5.1.4.9] this is an equivalence of the underlying stable co-
categories, so it suffices to show that it induces also an equivalence on the corresponding quadratic functors.
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But for an exact functor f : €% — D this map is precisely the canonical equivalence nat(i 1, fFD) —
nat(?, i* f*®). O

1.3.4. Remark. The adjunction i, : Fun9(C) <_l_> Funq((ih) : i* between hermitian structures on € and her-
mitian structures on C7 is an equivalence, since i\ is fully-faithful and i* is conservative by the density of
i. By Proposition 1.3.3 this equivalence restricts to an equivalence between Poincaré structures on C and
Poincaré structures on C7 whose associated duality preserves C.

1.3.5. Proposition. The localisation of Cat  at the Karoubi equivalences admits both a left and a right
adjoint, the right adjoint is given by (C,%) +— (C,9)%, and the left adjoint by (C,2) ~ (€™, j*Q) where
C™in is the full subcategory of C spanned the objects X € € with 0 = [X] € K(C) and j is its inclusion
into C.

In particular, the idempotent completion functor (=) Cat?  — Catg<> dem PrEserves both limits and
colimits.

The analogous statement for the underlying stable co-categories is Proposition A.3.3.

Proof. We first note that @™" C € is closed under the duality of C, since the duality acts by a group
homomorphisms on K, and so (Cmin j*9QY is Poincaré by Observation [1].1.2.19.

Now, according to Lemma A.2.1, we have to verify that Hom p ((emin_;*Q) _)and Homg,p (-, (8, i?))
invert Karoubi equivalences of Poincaré co-categories. Both of these follow from their non-Poincaré coun-
terparts established in Proposition A.3.3 by considering the induced maps on the cartesian squares

Nat(®, F*¥) —— Homg,» (D, ®), (€, %))

| !

A —— 5 Homgye (D, €).

For either (D, ®) = (€M, j*Q) or (&, ¥) = (€4, i 12) a Karoubi equivalence in the other variable induces
an equivalence by Lemma A.2.1 and Proposition A.3.3, and the induced map in the top left corner is an
equivalence by [Lur09a, Proposition 5.1.4.9], since 8p is idempotent complete.

The final clause follows since the adjoints are both automatically fully faithful by yet another application
of Lemma A.2.1. O

f . . .. .
Recall, that a sequence C— D L & of exact functors with vanishing composite is a Karoubi sequence
(Definition A.3.5) if the sequence

ICLIN ) I
is both a fibre and a cofibre sequence in CatZ‘ idem- 1D this case we refer to f as a Karoubi inclusion and to
p as a Karoubi projection.
In the same spirit, we put:
1.3.6. Definition. A sequence
(fm (p.0)

of Poincaré functors with vanishing composite is a Poincaré-Karoubi sequence if

, b ,,9ﬁ
@ 9L, (0, 0F LY (e, wy

m° We then call (f, %) a Poincaré-Karoubi inclu-

is both a fibre sequence and a cofibre sequence in Catl; ide

sion and (p, 9) a Poincaré-Karoubi projection.

We warn the reader that, contrary to the situation for (Poincaré-)Verdier sequences, a (Poincaré-)Karoubi
sequence is determined by its inclusion or its projection only up to idempotent completion of the third term.
We record a few simple consequences of the definition.

1.3.7. Observation. Since the forgetful and hyperbolic functors commute with idempotent completion by
inspection, the sequence of stable co-categories underlying a Poincaré-Karoubi sequence is a Karoubi
sequence and the hyperbolisation of a Karoubi sequence is a Poincaré-Karoubi sequence.
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By Proposition A.3.7, any Verdier sequence is a Karoubi sequence. Analogously:
1.3.8. Proposition. Every Poincaré-Verdier sequence is a Poincaré-Karoubi sequence.

Proof. Abifibre sequence in Cat? remains soin Cat® afteridempotent completion by Proposition 1.3.5.
00,idem
O

1.3.9. Proposition. Let

s ,9
@922 0,02 (e, w)

be a sequence of Poincaré functors with vanishing composite. Then:
i) Its idempotent completion is a fibre sequence in Catzo idem if and only if the idempotent completion of
its underlying sequence is a fibre sequence in Cateoi"i dem @Nd 1 induces an equivalence @ = f*.
ii) Its idempotent completion is a cofibre sequence in Catio,i dem [ and only if the idempotent completion
and 9 exhibits ¥ as the left Kan extension

ex

of its underlying sequence is a cofibre sequence in Catoo’i dem

of ® along p.
iti) It is a Poincaré-Karoubi sequence if and only if its underlying sequence is a Karoubi sequence and
both i induces an equivalence @ = [*® and 9 exhibits ¥ as the left Kan extension of ® along p.

Proof. By Proposition 1.3.5, fibres in Catg<> e are computed in CatP while cofibres are computed as
idempotent completions of cofibres in Cat‘go. Thus, 1) and ii) follow from Proposition 1.1.4 i) and ii), re-

spectively, using the equivalence between quadratic functors on € and on et explained in Remark 1.3.4 (as
well as the ones for D and €). Part iii) is i) and ii) put together. ([

In particular, comparing Proposition 1.3.9 with Proposition 1.1.4 and investing Corollary A.1.10 for a
concrete description, we obtain:

1.3.10. Corollary. A Poincaré-Karoubi sequence is a Poincaré-Verdier sequence if and only if its underlying
(Karoubi) sequence is a Verdier sequence, i.e. concretely, the image of the inclusion is closed under retracts
and the projection is essentially surjective.

Combining Proposition 1.3.9 with the concrete characterisation of Karoubi sequences given in Proposi-
tion A.3.7, we also have:

1.3.11. Corollary. A sequence of Poincaré functors

5 9
@9 (0, &)L (e, w)

with vanishing composite is a Poincaré-Karoubi sequence if and only if both

i) f is fully-faithful and the induced map D /C — & is fully faithful with dense essential image and
ii) themapn: Q = f*®isan equivalence, and the induced map 9 : ® = p*¥ exhibits ¥ as the left Kan
extension of ® along p.

Similarly, using Corollary A.3.8, we obtain:

1.3.12. Corollary.
i) A Poincaré functor (f,n): (C,2) - (D, ®) is a Poincaré-Karoubi inclusion if and only if f is fully-
faithful and the map n : @ = f*® is an equivalence.
ii) A Poincaré functor (p,9) : (D, ®) — (&, ¥) is a Poincaré-Karoubi projection if and only if p has dense
essential image, the induced functor D — p(D) is a localisation and 9 : ® = p*V exhibits ¥ as the
left Kan extension of ® along p.

Finally, let us establish an analogue of the classification of Verdier and Karoubi projections from Propo-
sition A.3.14, compare also [Nik20] for a slightly different treatment. To this end recall the category
Latt(€) ¢ Ar(IndPro(C)) spanned by the arrows from inductive to projective systems and the Verdier
projection cof : Latt(C) — Tate(C) with Tate(C) C Ind Pro(C) the smallest stable subcategory containing
Ind(C) and Pro(C); in the appendix we used Pro Ind instead of Ind Pro to define Latt and Tate (which was
advantageous in the proof of Proposition A.3.14) but evidently this makes no difference and the reverse
order will be more convenient here.
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Given an hermitian co-category (C, ?) we can endow both Ind(C) and Pro(C) with induced hermitian
structures since Sp is both complete and cocomplete, e.g. via

Pro(®) lim
Ind(€)°P ~ Pro(C°P) —— Pro(Sp)— Sp.

Evenif © is Poincaré the same is, however, not usually true of these extensions. Instead the duality of  then

induces an equivalence

Pro(De)
Ind(C)°P ~ Pro(C°?)——— Pro(C).

From this statement it is readily checked that Tate(C) inherits a Poincaré structure by the above procedure
(note, however, that it is not a small category in general), as does Latt(C) from the hermitian structure on

Ar(Ind Pro(C)) given by
Qur(x = ¥) = 20, (v = cof(x = y)),
whose duality is given by Do (x — y) >~ Doy — Dex; see Definition [I].2.4.1 for a thorough discussion

of this hermitian structure. By design there is generally an equivalence (Ar(D), ®,,) ~ Met(D, ®!l) by
sending an arrow x — yto y — cof(x — y) and this translates met : Met(D, ®!) — (D, ®l!) to the
functor cof : (Ar(D), ®,.) — (D, ®1),

1.3.13. Proposition. For any Poincaré co-category (C, Q) the restriction
cof : (Latt(C),?,,) —> (Tate(C), 2"
of the hermitian functor just described is a Poincaré-Verdier projection (among large Poincaré co-categories)
with fibre (C, ).
Proof. To see that it preserves the dualities simply note that

cof D‘?ar (x = y) @ cof(Dgy = Dgx) =~ XDg cof(x = y) = Dgij cof(x = y).

Regarding the fibre we find that the kernel of cof is et by Proposition A.3.14 and that ?,, restricts as desired
to € is immediate from its definition. But this determines the restriction to G as well since Sp is idempotent
complete. Another application of Proposition A.3.14 also yields that cof is a Verdier projection, and to
check that 911 is the left Kan extension of ?,,, we use Remark 1.1.8 to compute

(cof Q. )(cof (i = p)) ~ colig} ?,(fib(i = ¢) — fib(p — ¢))
ceep/
o . 111 /e .
o~ Sglég} 2 (fib(p = ¢) — cof (i = p))
p/
~ colim fib(@M(cof (i — p)) — 2M(fib(p — ¢)))
cee”
»/
Now, the category €, is cofiltered, so in particular contractible, whence the colimit can be moved through
the first term, and we are left to show that

lim 9 (fib ~ 0.
(CCGO(‘ZII,;I)LP (fib(p — ¢))

But by construction the extension of ? to projective systems commutes with filtered colimits, so

colim M (fib(p — ¢)) ~ 9“1( lim fib(p —» c)> ~ M(tib(p > p) =0
CGGZI/’ Ceep/

as desired. O

We claim that the Poincaré-Verdier projection just constructed is the universal example of such a pro-
jection with fibre (C, ?)%, and cof : (Latt(C),2,,) — (Tate(C), ?!'1) is consequently the universal Poincaré-
Karoubi projection. We construct the classifying morphism:

1.3.14. Construction. Given a Poincaré-Verdier sequence

.95 (0.0 €. w)
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consider the null-composite sequence Ind Pro(C) — IndPro(D) — IndPro(€). By Theorem A.3.11 and
the discussion thereafter it is a split Verdier sequence and endowing the middle term with the induced
hermitian structure, we claim it satisfies the assumption of Construction 1.2.8, i.e Bg(g(e), Pro(f)(c)) ~ 0
for all e € Ind Pro(€) and ¢ € Ind Pro(C). Before going to the proof, note that straight from the definition
the restriction of this hermitian structure on Ind Pro(D) to Ind Pro(C) is just the extension of ?. Now the
vanishing of the bilinear part in fact holds before passing to inductive completions, and is preserved by that
process: For pro-objects d = limd, and d’ = lim dj’. one computes

Bq)(d, d/) st COhm B(I)(d[9 d_]) st COhm HOmD (di’ D(de) st COljm HOmPrO(D)(d, D(I)dj) >~ HomlndPrO(D)(d’ D(Dd)
i,j L] J

where the first equivalence follows straight from the definition of the extension of ® to Pro(D)°P and D¢
in the final entry denotes the extension Pro(D)°P — Ind(D). With this in place we can compute

B (g(e), Pro(f)(c)) = Homy,g pro(m)(4(e), D Pro(f)(c))
=~ Homypg pro()(g(e), Ind(f)Dgc)
~ Homy,gpro(e)(e, Ind(p) Ind(f)Dec)
~0
for e € Pro(€) and ¢ € Ind(C). That the vanishing is still true after inductive completion follows from the
general formula
Bo(d,d") ~ 1imBg(d;, dj’.)
i,j
for inductive systems d = colim, d; and d’ = colim; d.
We can therefore apply Construction 1.2.8 and the discussion immediately after, to obtain a cartesian
diagram
(Ind Pro(D), ®) —Z s Met(Ind Pro(C), 9!y
| [
(IndPro(€),¥') ———— (IndPro(C), !'))

of rather large hermitian co-categories; note that we do not claim that the hermitian structure ¥’ in the lower
left corner is the extension of ¥. Using the equivalence between metabolic and arrow categories it can be
rewritten as

(Ind Pro(D), ®) —=% 3 Ar(Ind Pro(€),?,,)
l lcof

(IndPro(&), ') ——=—— (IndPro(C), 2]

and one readily checks that it restricts to a diagram
(D, ®) —— (Latt(C),?,,)
! [
(&,¥) —— (Tate(C), 2!,
using Remark 1.1.8 to identify the hermitian structures in the lower left corner.
1.3.15. Theorem. For any Poincaré-Verdier sequence
©9L (.02 &)
the square constructed above consists of Poincaré functors and is cartesian.

Proof. That the square of underlying co-categories is cartesian is part of Proposition A.3.14 and that the
hermitian structure on D is the pullback of the other three follows from the analogous statement in the
preceeding cartesian square involving the Ind Pro-categories. Since limits of Poincaré co-categories are
detected among hermitian co-categories, it only remains to check that the horizontal maps preserve the
dualities. This is verified exactly as in Theorem 1.2.9. O
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Finally, we again record the uniqueness of the classifying map. To state the result, we extend the notion
of adjointability to non-split Verdier projections by requiring the diagrams

Ind(€) —— Ind(C) Pro(C) —— Pro(€")
Ik I Ik I
Ind(D) —— d(D" Pro(C) —— Pro(¢)

to be left and right adjointable, respectively.

1.3.16. Corollary. Given a Poincaré-Verdier sequence (C,?) —» (D, ®) — (&E,¥) then for every Poincaré
oo-category (€', Q') the full subcategory of Fun®((D, @), (Latt(C"), ?! )) spanned by the functors ¢ that
give rise to adjointable squares

D —2 5 Latt(€')

|k

& —? 5 Tate(®)

is equivalent to Fun®((C, ?), (¢, ")) via restriction to horizontal fibres.
In particular, the classifying morphism in Theorem 1.3.15 is determined up to contractible choice by
vielding a cartesian square and inducing the identity on vertical fibres.

Proof. The first part follows from Proposition 1.2.11 by inspection, the second uses in addition that cartesian
squares with vertical Verdier-projections are adjointable, which is part of Proposition A.3.15. O

1.4. Examples of Poincaré-Verdier sequences. In this section we consider various examples of interest
of Poincaré-Verdier and Poincaré-Karoubi sequences. As one of the most important examples we already
gave the metabolic fibre sequence in Example 1.2.5, which is at the core of our deduction of the main results
from the additivity theorem in the next section. We repeat the statement for completeness’ sake: Given a
Poincaré oo-category, the metabolic fibre sequence

(€,91711) — Met(C, 9)— (€. 9)

is a split Poincaré-Verdier sequence; its left hand Poincaré functor is given by sending x to x — 0, together
with the identification Q2(X) ~ fib(?(0) — 2(x)).

Next, we give a simple recognition criterion for Poincaré-Verdier sequences involving hyperbolic Poincaré
oo-categories. Recall from Corollary [I].7.2.20 and Remark [1].7.2.21 that Hyp is both left and right adjoint
to the underlying category functor U : Cat? — Cat?}.

1.4.1. Lemma. Let g : C — D be an exact functor. Then for a Poincaré structure ? on C the functor
g™ 1 (€.9) — Hyp(D)

obtained by right adjointness of Hyp is a split Poincaré-Verdier projection if and only if g is a split Verdier
projection and the restrictions of ? to both the essential images of I°P and Dgp or vanish, where | and r
denote the adjoints of g.

Similarly, for a Poincaré structure ® on D the functor

Ehyp : Hyp(e) — (D, D)

obtained by left adjointness of Hyp is a split Poincaré-Verdier inclusion if and only if g is a split Verdier
inclusion and the restrictions of @ to both the essential images of g°° and ngog vanish.

Proof. Let us prove the first statement, the second is entirely analogous. It is easy to check that the functor
g™P, which is given by
(g.80Dy"): € — D @ D®
admits both adjoints if and only if g does; in this case the left adjoint I to 8hyp 1s given by (d, d) —
Id @ Dg(rd’), and the right adjoint by switching the roles of / and r.
Similarly, one checks that the unit of the adjunction // - gh¥? is given by

((,0),(0,¢))
_—

(d,d") (gld @ gDq(rd"), gDo(Ix) ® grd’),
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where u is the unit of the adjunction / - g and c the counit of g F r. If this unit is an equivalence then so are
u and ¢ making g into a split Verdier projection by Corollary A.2.6. Conversely, if g is a Verdier projection
both u and ¢ are equivalences and it remains to check that g vanishes on the essential images of both Dgpor

and Dgpol , but this is implied by
Homq, (gDe(rd"), d) ~ Home(De(rd’), rd)
= Bo(Dy(rd"), Dy(rd))
Hom, (d, gDo(ld")) =~ Home(Id, De(ld"))
~ Bo(ld,1d")

both of which vanish by the assumption on ©.
Finally by Corollary 1.2.3, assuming the existence and full faithfulness of a left adjoint, g"YP is a Poincaré-
Verdier projection if and only if the map

Q(ld ® Dg(rd")) —> Bo(ld @ Do(rd"), 1d @ Do(rd")) ~ Home(Id @ De(rd’), D(ld) @ rd’)

P ’ ,o ((dg.0)*(0.idgr),)
— Homy,(d @ pDy(rd’), pDe(ld) & d') ———

is an equivalence. Under the equivalence
Q(ld @ Dg(rd")) =~ (ld) ® ?(De(rd")) @ Home(ld, rd")
this map becomes the projection to the last summand followed by the natural equivalence
Homd, (Id, r'd) ~ Home(gld,d") ~ Home(d,d").

Thus it is an equivalence if and only if 2(/d) and (D (rd”)) both vanish, which is precisely our assumption.
O

Homq,(d, d")

We next work out the more substantial example of module co-categories in detail, where the hermitian
structure is defined by means of a module with genuine involution, introduced in §[1].3.2 (compare also the
recollection section). We do so first in the generality of a map of E,-algebras ¢ : A — B over some base
E -ring k together with a map # of modules with genuine involution ¢,(M, N,a) - (M’, N’, §) over B
and eventually specialise to Ore localisations of discrete rings with anti-involution in Corollary 1.4.9. The
reader only interested in this case is invited to take k the (Eilenberg-Mac Lane spectrum of the) integers
and A and B (and even M and M') discrete from the start, though this does not simplify the discussion.
Furthermore, it is important to allow N and N’ to be non-discrete, so as to capture the genuine Poincaré
structures.

Throughout, unmarked tensor products are always over k, and in case k = HR will translate to the
derived tensor product ®p.

We want to establish general conditions on ¢ under which the hermitian functor (¢,,#) becomes a
Poincaré-Verdier or Poincaré-Karoubi projection. To obtain a Verdier sequence on the underlying stable
oo-categories the following conditions are necessary and sufficient: A map ¢ : A — B of E;-ring spectra
is said to be a localisation if the map

B®, B — B,
induced by the multiplication of B is an equivalence of spectra. For such a localisation of ring spectra
denote by I € Mod, its fibre. Straight from the definition one finds that I belongs to (Mod ) g, the kernel
of ¢,: Mod, — Modg. We say that ¢ has perfectly generated fibre if I belongs to the smallest full
subcategory of (Mod ) g containing Mod’; N(Mod 4 ) g and closed under colimits.

Summarising the discussion of Appendix A.4, we have by Proposition A.4.4 thatif ¢ : A — B is local-
isation of E;-rings with perfectly generated fibre, then for any subgroup ¢ C K,(A) the induction functors

¢?: Mod% —» Modj and ¢¢: Mod, —» Mod%®
are Karoubi and Verdier projections, respectively; here Mod, denotes the full subcategory of Mod, spanned
by all those A-modules with [A] € ¢ C Kj(A).
We warn the reader explicitely, that when applied to the Eilenberg-Mac Lane spectra of discrete rings,

this notion of localisation differs from that in ordinary algebra: If A — B is a localisation of discrete
rings, then HA — HB is a localisation in the sense above if and only if additionally Torlf“(B, B) = 0 for
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all i > 0. This is automatic for commutative rings, or more generally if the localisation satisfies an Ore
condition, but not true in general. Moreover, there are quotient maps A — A/I of commutative rings such
that HA — HA/I is a localisation. When specialising to the case of discrete rings we will therefore call a
map A — B aderived localisation if HA — HB is a localisation in the sense above. We do not know of a
simple ring theoretic characterisation of this condition; see §A.4 for a more thorough discussion.

The following example will essentially cover all of our applications:

1.4.2. Example. If A is an E-ring spectrum and S C 7, A is a multiplicatively closed subset of homoge-
neous elements, which satisfies the left or right Ore condition, then the localisation map ¢ : A — A[S™!]
(see [Lurl7, §7.2.3]) is a localisation by Lemma A.4.1, since the forgetful functor Mod Als-1] — Mod, is
fully faithful. In this case the modules A/s = cof[-s: S" ® A — A] for s € S and n € Z form a system
of generators for (Mod )z under shifts and colimits , see [Lurl7, Lemma 7.2.3.13], so in particular ¢ has
perfectly generated fibre.

Thus ¢ Mod} — Modj[
projection for any ¢ C Ky(A).

is a Karoubi projection and ¢ : ModS, — Modi:Eg is a Verdier

S—l] 1]

Let us now introduce hermitian structures into the picture. As discussed in section §[I].3.2, an invertible
module with genuine involution (M, N, &) over A gives rise to a Poincaré structure ¢} on Mod¢; it restricts
to a Poincaré structure on Modg provided that M belongs to Mod', and provided c is closed under the
involution on Ky(A) induced by M. For example, if ¢ is the image of the canonical map Z — Ky(A), 1 — A,
then Mod’, = Modf4 and this assumption is satisfied if also M € Modi. We computed the left Kan
extension of this Poincaré structures along the functor q’)‘!" . Mod} — Mod in Corollary [1].3.3.1: Itis the
hermitian structure associated to the module with genuine involution

(10) $(M,N,a) =(B®B) @494 M,BR, N, p),

over B; here f is the composition

B®, N (B B @, MO (B® B) 8194 M)

where A is the Tate diagonal. For example by Remark 1.1.8, the same formula then applies for the Kan
extension along ¢ : ModS, — Modﬁ(c).

In order to obtain Poincaré-Karoubi projections, we need a compatibility condition between¢ : A — B
and the module with involution M over A:

1.4.3. Definition. An invertible module with involution M over A is called compatible with a localisation
of E,-rings A — B if the composite

is an equivalence.

1.4.4. Example.

i) If Ais an E_-ring and M an invertible A-module with A-linear involution (regarded as an A @ A-
module via the multiplication map A ® A — A), then compatibility is automatic, since in this case the
map in question identifies with the evidentone B® 4 M — B ®, B ® 4 M which is an equivalence
by the assumption that A — B is a localisation.

ii) If M is the module with involution over A associated to a Wall anti-structure (e, o) on a discrete ring
A as in Example [1].3.1.12 (i.e. M = A regarded as an A ® A-module using the involution o, and then
equipped with the involution eo, where € € A*) and

¢: (Ae,0) — (B,6,7)

is a map of rings with anti-structure, then M is also automatically compatible with ¢ if the latter is a
derived localisation: For in this case it is readily checked that the maps

bRV @ar— ba@r(b') and PRV — bRV @1

give inverse equivalences
BR®B®ug1 A~B®, B,
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which translates the map in Definition 1.4.3 to the unit map B - B ® 4 B which is an equivalence
since ¢ is a localisation.

iii) If ¢ is an Ore localisation at the set S C z,(A), and M is an invertible module with involution over A,
then M is compatible with ¢ if after inverting the action of S on M using the first A-module structure,
S operates invertibly through the second one.

iv) Combining the two previous examples, if M is the A-module associated to a Wall anti-structure (e, o)
on A, and S C A satisfies the Ore condition and is closed under the involution o, then M is compatible
with the localisation map A — A[S~!].

1.4.5. Proposition. Let ¢ : A — B be a localisation of E|-ring spectra, with perfectly generated fibre and
let (M, N, @) be an invertible module with genuine involution over A, such that M is compatible with ¢.
Then ¢ (M, N, a) is invertible and the associated functor

. dra
¢ (Modf, ?%,) = (Mod“’,ﬂ’qﬁ!M)

is a Poincaré-Karoubi projection. It restricts to a Poincaré-Verdier projection

. c $(©) oo

@7+ (ModS, 2},) — (Mod, ,9¢!M).
if c € Ky(A) is closed under the involution induced by M.
Proof. The natural map
B ®, hom (X, M) — homp(B®,4 X,BQ,4 M)

is an equivalence for X = A and thus for every compact A-module X, in particular for X = M, which
shows that B® 4 M has B as its B-linear endomorphisms, and therefore by assumption (B® B)® 44 M is
invertible (or alternatively, one can apply Remark 1.1.7 together with Proposition [I].3.1.5). Both functors
¢% and ¢! are then Poincaré by Lemma [1].3.3.3.

. By Corollary 1.1.6, the functor ¢! is a Poincaré-Verdier projection since the underlying map on module
categories is a Verdier projection and by definition the Poincaré structure on the target is the left Kan
extension of that on the source. Similarly, the functor ¢ is a Poincaré-Karoubi projection by Corol-
lary 1.3.12. O

1.4.6. Corollary. Let ¢ : A — B be a localisation of E|-ring spectra, with perfectly generated fibre and let
M be an invertible module with involution over A, that is compatible with ¢.
Then

¢7: Mod}, 9]) — (Mody. 9 ) and ¢ : (Mods,, 2},) — (Modj™., €] )

are a Poincaré-Karoubi and Poincaré-Verdier projection (for c C Ko(A) closed under the duality), respec-
tively.

Symmetric Poincaré structures are not, however, generally preserved by left Kan extension:

1.4.7. Example. Themapp: S — S[%] does not induce an equivalence p, 2 =~ QSS[ and consequently the

1
3]
functor
P (Modg, %) — (Mod;’[l], 9%),
2

is not a Poincaré-Karoubi projection: By Lin’s theorem the linear part of p,?° is classified by S[%] ® S;\ ~

HQ,, whereas S[%]tCZ ~ () gives the linear part of the symmetric Poincaré structure on the target.

In the discrete case, an additional flatness assumption excludes such examples, as we will see in the next
proposition.

Recall that for discrete (or more generally connective) A, and M an invertible module with (non-genuine)
involution over A, we defined in §[I].3.2 the genuine family of Poincaré structures Qidm for m € Z as the
Poincaré structures associated to the modules with genuine involution (M, 7., , M 2, ) wherea : TomM ©
M2 is the canonical map; the quadratic and symmetric Poincaré structures ?(11\4 and 9} are included in
the genuine family as m = —oo and m = oo, respectively.
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1.4.8. Proposition. Let ¢ : A — B be aderived localisation between discrete rings with perfectly generated
fibre, that furthermore makes B into a flat right module over A and let M be a discrete invertible module
with involution over A that is compatible with ¢. Then for arbitrary m € Z U {+o0} the maps

¢y (DP(A). 93 = (DP(B). 95" and ¢ (DE(A). 93 — (DXI(B). 9.7 ).

are a Poincaré-Karoubi and a Poincaré-Verdier projection, respectively, for every c C Ky(A) closed under

the duality.

Proof. We use the following two inputs: firstly, B being a flat A°P-module implies that it can be written as
filtered colimit of finitely generated free A°P-modules B; and secondly, Tate cohomology commutes with
filtered colimits of discrete modules in the coefficients. The former statement is a classical theorem of
Lazard, see e.g. [Laz69, Théoreme 1.2] or [SP18, Tag 058G], and the second statement (for group coho-
mology) was discovered by Brown in [Bro75, Theorem 3] for groups admitting a classifying space of finite
type; given the 2-periodicity of Tate cohomology for C, the case at hand also follows immediately from the
same statement for group homology, which is obvious from the definitions.

Now, recall the description of ¢!91>_\4m via (10). We start by considering the case m = oo; in which case
we need to show that B @ 4 M€ 5 (B® B) Qg4 M)C2 is an equivalence. We can regard this as a
natural transformation between spectrum valued functors

Xr—X@uM% and X +— (X ® X) @4 M)

on both the category of discrete A°P-modules and D(A°P). From the latter case we obtain that it is an
equivalence for every perfect X, as both sides are exact functors and the claim is evidently true for X = A.
In particular, the claim is true for all finitely generated projective A°P-modules since these are perfect when
regarded in D(A°P). Since filtered colimits are in particular sifted (i.e. the diagonal of a filtered category
is cofinal), regarding the two assignments as functors on the category of discrete A°P-modules the second
fact makes them commute with filtered colimits of finitely generated free A°P-modules (for X a finitely
generated free A°P-module, X ® X is a finitely generated free (A ® A)°P-module, so (X ® X) ® AvA M
remains discrete, despite X ® X and A ® A potentially having higher homotopy). Taken together, the
transformation is an equivalence for all flat A°P-modules, so in particular for X = B as desired.

To obtain the case of the genuine Poincaré structures, just observe that the flatness of B also guarantees
that the functor B® 4 —: D(A) - D(B) commutes with the connective cover functors 7., for allm € Z.

The case of the quadratic Poincaré structure is trivial. - O

As a special case we obtain:

1.4.9. Corollary. Let (A, €, o) a ring with Wall anti-structure, and S C A a multiplicative subset satisfying
the left Ore condition and closed under the involution ¢. Then if M denotes the module with involution
over A given by endowing A with the A @ A-module structure arising from o and the involution ec we find
forallm € Z U {+0} a Poincaré-Karoubi sequence
> > -1 >
(Dp(A)S, QM'") — (Dp(A), QM'") — (@p(A[S D, ?M”ES_I])
and a Poincaré-Verdier sequence
> bt i -1 b
(DS(A)s. 937") — (D(A), 23") — (D™O(ALS™'T), QM’”[S_I]),

where the subscript S in the source denotes the full subcategory of complexes whose homology is S-torsion.

This example will serve as the main input to obtain localisation sequences of Grothendieck-Witt spectra
in §4.4.

Proof. Note only that A[S™!] is flat thus a derived localisation on account of the Ore condition, as the
construction of A[S™!] as one-sided fractions displays it as a filtered colimit of free A°P-modules of rank
1, so that Proposition 1.4.8 applies. (]

The Ore condition is in fact often necessary to achieve flatness of the localisation: In [Tei03, Main The-
orem] Teichner shows that if .S’ is the set of elements that become invertible modulo a two-sided ideal I,
then flatness of A[.S~!] as a right A-module is equivalent to .S being left Ore.
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Let us finally consider examples involving the tensor and cotensor constructions as considered in §[1].6.3
and [I].6.4; several of the results will be required for our analysis of the hermitian Q-construction in the next
section.

1.4.10. Proposition. Let p : I — J be a functor of co-categories which exhibits J as a localisation of J and
let C be a stable co-category. Then the following hold:
i) The induced functor Cq — C4 is a Verdier projection,
ii) the induced functor CId = € is a Verdier inclusion,
iii) if ® is a Poincaré structure on C, such that (Cq,2q) is Poincaré and the kernel of €5 — Cq is closed
under the duality of 24 then

D
(Cq,29)— (eg’ 93)
is a Poincaré-Verdier projection, and

iv) if @ is a Poincaré structure on C, such that (7,97 is Poincaré and C? is closed under the duality in
@7, then

@, 9H L (€, 9
is a Poincaré-Verdier inclusion.

The proof will furthermore provide the following addendum to i): If we denote by W the set of maps
in J taken to equivalences in J and by W the collection of maps in Cq arising as images of arrows (id,,, a)
under the tautological functor € X J — €5 with x € € and @ in W, then C5 — Cj is a localisation of the
source at W . The kernel appearing in iii) is then the smallest stable subcategory of €4, that is closed under
retracts and contains the fibres of maps in w.

Proof. The universal properties of €5 and €4 as tensors imply that for every stable co-category D we have
a commutative square with invertible horizontal arrows

Fun®(C4, D) — Fun/(€ x g, D) — Fun(d, Fun®*(C, D))

| | |

Fun®™(Cy, D) — Fun/(C x J, D) — Fun(J, Fun®™(€, D)),

where Fun’(€xJ, D) denotes the full subcategory of Fun(CxJ, D) spanned by those functors which are exact
in the C entry, and similarly for Fun’(€ x J, D). The assumption that J — J exhibits J as the localisation
of J at W now implies that the right most vertical arrow is fully faithful, with essential image spanned by
those diagrams J — Fun®*(C, D) which send the arrows in W to equivalences. It then follows that the left
most vertical arrow is fully-faithful with essential image spanned by those exact functors C; — D which
send the arrows in W to equivalences. By Proposition A.1.6 this establishes i) and the addendum.

For the second statement we recall C7 ~ Fun(J, @), so the fact that J — J is a localisation implies that
@3 — @7 is fully faithful, and the characterisation of the image as those functors that invert W shows that
the image is closed under retract. ii) now follows from Proposition A.1.9.

Now since (€4, 24) is assumed to be Poincaré and the kernel € C Cq closed under the associated duality
in statement iii) it follows that (€, (?4)|¢) is Poincaré as well. In light of Proposition 1.1.4, to show that
the map in iii) is a Poincaré-Verdier projection it will thus suffice to show that, extended by its kernel it is a
cofibre sequence in Catgo, since the forgetful functor Cat? — Cati‘o detects colimits. For this we note by the

universal properties of (Cg, 29) and (Cy4, ?4) as tensors in Cat};o we obtain for every hermitian co-category
(D, ®) a commutative diagram

Fun(g, Fun"((C,?), (D, ®))) =~ Fun"((C4,9y),(D,®)) — Fun®(€4,D) =~ Fun(J, Fun®™(€, D))

| | | |

Fun(J, Fun((€, 9), (D, ®))) ~ Fun((€y,?y), (D, ®)) — Fun®*(€y, D) =~ Fun(J, Fun®(C, D)).

[hd
1

[1d
1

Since J — J is a localization at W the left most diagonal arrow is fully faithful with essential image
consisting of those diagrams J — Fun"((€, 9), (D, ®)) which send the arrows in W to equivalences, and
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similarly for the rightmost arrow. Since Fun"((€, ®), (D, ®)) — Fun®™(C, D) is conservative the middle
square in the above diagram is cartesian and since €5 — €y is a Verdier projection

Fun((C4, 24), (D, ®)) — Fun"((€y, 29), (D, ®))

is fully faithful with essential image those hermitian functors (Cy, 25) — (D, ®) which invert W, i.e. which
vanish on the kernel of €; — €. This shows iii).

For iv) we have to check that 99 ~ p*@d_ but this follows from the definition of the hermitian structure
on cotensors as a limit, together with the fact that localisations are final. (|

For simplicity we shall restrict attention to the case of finite posets in the remainder of this section, where
we recall that our convention for interpreting a poset as a category is that i < j means a morphism from i to
Jj. Given a finite poset J, a full subposet J C { is said to be a upwards closed if i, j € J are such thati € Jand
i < jthen j € J. In particular, if r : J < J is upwards closed then for every i € J the functor J; Vi Hr(i) / is
an isomorphism and hence r satisfies the condition of Proposition [I].6.3.18. Given a Poincaré co-category
(C,?) we then have that the functor 7* : €9 — €’ commutes with the respective (possibly non-perfect)
dualities. Thus, in the case where both (€7, 97) and (€9, 99) are Poincaré the hermitian functor

(11) . (€9,99) » (@, 9%)
is Poincaré as well.

1.4.11. Proposition. Let r: I & { be an upwards closed inclusion between finite posets, and let (C, ?) be
a Poincaré co-category such that the hermitian oo-categories (€”,97) and (€2, 99) are Poincaré. Then the
Poincaré functor (11) is a split Poincaré-Verdier projection.

Proof. A fully-faithful left adjoint to r is given by the exact functor r, : €7 — @9 performing left Kan
extension. In fact, since r is upwards closed this left Kan extension admits a very explicit formula: for a
diagram ¢ : J — C the value of r|¢ is given by

~_Joe() jed
Since 2(0) ~ O the spectrum valued diagram j — ®(r,@(j)) is then, for a similar reason, a right Kan
extension of its restriction to J°P, and so the natural map

2 (rip) = lim 2re()) — lim 2e()) = ¥ (9)
JjEJP i€Jop
is an equivalence. The Poincaré functor (11) is then Poincaré-Verdier projection by Corollary 1.2.3ii). [

In the situation of Proposition 1.4.11, one may also consider instead the hermitian co-categories (Cq, ?4)
and (Cy4, ?4) obtained by applying the tensor construction instead of the cotensor construction. When J is
a finite poset, the underlying co-category C4 identifies with Fun(J°P, €) by Lemma [I].6.5.6, and 2 sends
such a diagram ¢ : J°° — € to colim; 4 ?((i)); of course the same holds for J. In the case where (C4, 24)
and (C 75 93) are both Poincaré and r : J & J is an upwards closed inclusion, the induced hermitian functor

(12) (re.m: (Cq,29) = (C4,29)

refining the right Kan extension functor r,, is Poincaré by Proposition [I].6.5.13; we shall use the symbol r,,
even though the right Kan extension is taken along the functor r°P : J°P — J°P.

1.4.12. Proposition. Let r: J — J be an upwards closed inclusion of finite posets, and let (C,®) be a
Poincaré oco-category such that the hermitian oco-categories (Cq,%q) and (C4,%4) are Poincaré. Then the
Poincaré functor (12) is a split Poincaré-Verdier inclusion.

Proof. We first note that the right Kan extension r, is fully-faithful (since r is) and admits a left adjoint
given by restriction. To finish the proof it will suffice by Corollary 1.2.3 i) to show that for every diagram
@ : J°° — C the composite map

colim Q(p(i)) = colim (r*r (i) — colim (r,p(j))
iel i€l JjEJ
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is an equivalence. Here the first map is an equivalence since r is fully-faithful. To see that the second map
is an equivalence we argue as in the proof of Proposition 1.4.11 and observe that

_Joel) Jjed
The spectrum valued diagram j — 2(r,@(j)) is then, for a similar reason, the left Kan extension of its
restriction to J, and so the second map above is an equivalence as well. O

We next consider Poincaré-Verdier projections involving the exceptional functoriality from Construc-
tion [I].6.5.14. To this end let « : J — J be a cofinal map between finite posets. In this case the restriction
and right Kan extension maps

(a°®)*: Fun(J°?, @) — Fun(J*,€) and a,: Fun(J, €) — Fun(d, C)
acquire canonical hermitian structure upgrading them to functors
@' (€9 — (€97 and a,: (C9)’ — (C,7.

1.4.13. Proposition. Suppose that (C,®) is a Poincaré oo-category and a . J < [ is a cofinal and fully
faithful inclusion of finite posets such that (C,?)5 and (C, )4 are Poincaré. Then a* : (C,?)5 — (C,?)q is
a split Poincaré-Verdier projection.

Proof. To prove the first claim note that a* admits fully faithful left and right adjoints given by left and
right Kan extension. It follows direclty from the explicit formula

[Ds(@)]1() = colim D(g()"*™”
e
of Proposition [1].6.5.8, that a* preserves the dualities.
By Proposition 1.2.3 we are left to show that for ¢ € Fun(J°P, C) the natural map
(@ p) = 25 ((a) " @) = 2(e)
is an equivalence, where a, denotes the left Kan extension functor. Indeed
(P @) = colim 2(a;P p(i)) =~ colim (e} p(a(}))) = colim (e ())),
: ied : jed : j€d

where we have used that @ : J — J is cofinal and that ((x"p)*a?P @ = @ as a consequence of a being fully
faithful. ' O

1.4.14. Proposition. Suppose that (C, Q) is a Poincaré co-category and @ : J < J a localisation among
finite posets such that (C,2)” and (C,?)? are Poincaré. Assume furthermore that the hermitian functor a.,
is duality preserving. Then a,, : (C,2) = (C,9)3 is a split Poincaré-Verdier projection.

Note that by [Cis19, Proposition 7.1.10] localisations are cofinal, so that «,, is well-defined.

Proof. First up, restriction along «a is left adjoint to @, and fully faithful since « is a localisation. Thus by
1.1.6 we are left to prove that the natural map

2(p) — @*(pow)
is an equivalence. Indeed,
(@) = lim () ~ lim Aga(i)) = ' (poa)
Jj€gor ieJop
since a®? is final by [Cis19, Proposition 7.1.10]. O
Finally, let us also record:

1.4.15. Proposition. Given a (split) Poincaré-Verdier sequence (C,2) — (€',?) — (C",9") and a finite
poset J such that (=); : Cat? — Cat};0 preserves Poincaré co-categories. Then the induced sequences

(e’ 9)3 SN (e/’ 9/)3 N (e//’ 9//)3
and

(67 Q)j — (6,7 Q,)j — (G”7 Q”)j

are (split) Poincaré-Verdier sequence.
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Note that by [1].6.5.12, the functor =) Catgo — Catgo preserves Catgo provided (—)4 does, which in
turn is equivalent to (Sp®, ") being Poincaré.

Proof. Let us treat the tensoring, the argument for the cotensoring being entirely dual. As a left adjoint,
the tensoring construction generally preserves colimits, and by [I].6.5.10 tensoring with a finite poset also
preserves limits. This gives the part of the statement disregarding splittings. But for example from [1].6.5.8
we find that the operation ()5 : Cat_, — Cat, preserves adjoints, which implies the split case. (]

1.5. Additive and localising functors. In this section we establish the basic notions of additive, Verdier-
localising and Karoubi-localising functors. They are based on a mild generalisation of Poincaré-Verdier and
Ponicaré-Karoubi sequences in the form of certain bicartesian squares. Sending these particular bicarte-
sian squares to bicartesian squares isolates the localisation properties enjoyed by Grothendieck-Witt theory
axiomatically.

In the present paper we focus almost exclusively on Verdier-localising (or even additive) functors. To-
gether with the principal example of the Karoubi-Grothendieck-Witt functor, Karoubi-localising functors
are studied thoroughly in Paper [IV] and we only briefly mention them here for completeness’ sake.

1.5.1. Definition. A (split) Verdier square is a commutative square

C——D

(13) l l

¢ — D
in Cat?, which is cartesian and whose vertical maps are (split) Verdier projections. We say that a square as
in (13) is a Karoubi square if it becomes cartesian in Cat™ after applying completion and its vertical

. . S 00,idem
maps are Poincaré-Karoubi projections.
A (split) Poincaré-Verdier square is a commutative square

€9 —— (D, D)

P

(e/’ Q/) — (DI, CI),)

in Cat?_ which is cartesian and whose vertical maps are (split) Poincaré-Verdier projections. We say that
a square as in (14) is a Poincaré-Karoubi square if it becomes cartesian after applying the idempotent
completion functor of Proposition 1.3.3 and its vertical maps are Poincaré-Karoubi projections.

1.5.2. Remarks.

i) A (split) Poincaré-Verdier square with lower left corner 0 € Catgo is exactly a (split) Poincaré-Verdier
sequence. The same holds for Poincaré-Karoubi sequences.
ii) The classifying squares of Theorem 1.2.9 and Proposition A.2.11 give examples of split (Poincaré-
)Verdier squares.
iii) Any Poincaré-Verdier square is also cocartesian in Cat‘go: Indeed, extend (14) to a commutative rec-
tangle

(E,%]e) —— (€,9) —— (D, D)

Lol

0 — ¢,9) — (D, D)

in which both squares are cartesian and the vertical maps are Poincaré-Verdier projections. Then the
external rectangle is cartesian by the pasting lemma, and hence cocartesian since the right vertical
map is a Verdier projection. For the same reason the left square is cocartesian and so the right square
is cocartesian by the pasting lemma. Similarly, every Poincaré-Karoubi square becomes cocartesian
in Catzo «dem after applying idempotent completion.

iv) By Cordllary 1.2.6 and Corollary A.2.7 the collection of split (Poincaré-)Verdier projections is closed
under pullback. Therefore a cartesian square in Cat®_ is a split Poincaré-Verdier square if only its right
vertical leg is a split-Verdier projection. The same statement holds for general Poincaré-Verdier squares
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by Lemma A.1.11, Remark 1.1.8 and Proposition A.3.15. The case of Poincaré-Karoubi squares fol-
lows from this.

v) Proposition 1.3.5 implies that every Poincaré-Verdier square is a Poincaré-Karoubi square. Conversely,
a Poincaré-Karoubi square involving idempotent complete Poincaré co-categories is a Poincaré-Verdier
square if and only if its vertical maps are essentially surjective.

The following are useful recognition criteria for (Poincaré)-Verdier squares:
1.5.3. Lemma. Consider a diagram

e~y ¢

bl
D s D
in Cat®y such that p and p' are (split) Verdier projections. Then the square is a Verdier square if and only

if the induced map ker(p) — ker(p') is an equivalence and the square is adjointable.
The same statement holds for a diagram

(€,9) —— (€, 9"

bk

(D, ®) —L s (D, @)

in Cat?_whose vertical maps are (split) Poincaré-Verdier projections, i.e. it is cartesian if and only if the in-
duced map (ker(p), ®) — (ker(p'), ?') is an equivalence and the underlying diagram of stable co-categories
is adjointable.

Furthermore, for a diagram in Cat®_ as above, left adjointability and right adjointability are equivalent.

The adjointablity condition is not automatic: Consider for example the shear map
25 e (e, )P (c,e®C)

as a self-map of the Verdier projection pry : @2 — C. It is, however, easily checked in practise, especially
in the Poincaré setting: For example, for a square

A—— A

Lo

B—— B

of E;-rings, left adjointability of the square formed by the extension-of-scalars functors on compact modules
is equivalent to the natural map A’ ® , B — B’ being an equivalence. Under the assumption that the map
ker(p) — ker(p') is an equivalence, it is also easily checked equivalent to the condition that i induces
equivalences

Home(x, ¢) = Home(i(x),i(c)) and Home(c, x) = Home/(i(c), i(x))

for all x € ker(p) and ¢ € C. In this guise the non-hermitian part of Lemma 1.5.3 is directly verified by
Krause in [Kra20, Lemma 3.9], whereas we will simply appeal to our classification of (Poincaré-)Verdier
projections.

Proof. We explicitly checked that Verdier squares are adjointable as part of Proposition A.3.15; this contains
the much simpler case of split Verdier squares. As mentioned for the more interesting converse we appeal to
the classification results for Verdier sequences: In the split case Proposition A.2.11 implies that both p and
p’ are pulled back from the same split Verdier projection, and thus from one another, since the classifying
map of p is that of p’ composed with the arrow D — D’ by Proposition A.2.13. In the case of a Karoubi
projection the same argument can be made using Proposition A.3.14 and Proposition A.3.15 instead. For
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the case of general Verdier sequences we then immediately obtain that

e —— (@)

bk
DF Ly (D)

is a cartesian square and deduce that the map from € to the pullback in the original square is fully faithful. It
remains to show that it is essentially surjective. This follows immediately from Thomasson’s classification
of dense subcategories Theorem A.3.2, since Verdier projections induce exact sequences on K.

The Poincaré case follows by the exact same argument using Proposition 1.2.11 and Corollary 1.3.16
instead of Proposition A.2.13 and Proposition A.3.15.

Finally, to see that the two adjointability conditions are equivalent in the Poincaré case, simply note that
Do : €°°? — € induces an equivalence

Pro(@)°P ~ Ind(C°?) — Ind(C)

and similarly for €', D and D’. Since all functors in sight commute with the dualities, conjugation with the
above equivalence exchanges left and right adjoints, which gives the claim. O

‘We now come to the main definition of this subsection.

1.5.4. Definition. Let € be an co-category which admits finite limits and J: Cat® — & a functor. Recall
that JF is said to be reduced if F(0) is a terminal object in £&. We say that a reduced functor ¥ is addi-
tive, Verdier-localising or Karoubi-localising, if it takes split Poincaré-Verdier squares, arbitrary Poincaré-
Verdier squares or Poincaré-Karoubi squares to cartesian squares, respectively.

We shall denote the co-categories of these functors by

Fun*(CatP , €), Fun"°(Cat?,€), and Fun*(Cat?,¢&),
respectively.

It follows from Remark 1.5.2 that there are inclusions
Fun**°(Cat? , £) € Fun"*¢(Cat? , &) C Fun®¥(Cat? , €)

as full subcategories. We note that additive, Verdier-localising and Karoubi-localising invariants are closed
in Fun(Cat®_, €) under limits (which are computed pointwise), such as taking loops. Colimits on the other
hand are generally not computed pointwise (unless € is stable), and we shall see in the next section that the
Q-construction implements suspension in the category Funadd(CatEo, 8), which is ultimately the reason for
the universal property of Grothendieck-Witt theory.

Warning. Here we follow the convention of the fifth author and Tamme to divorce the preservation of fil-
tered colimits from the preservation of certain fibre sequences and squares. As a result, the co-categories
appearing in the end of Definition 1.5.4 are not locally small. The reader who is adverse to non-locally small
oo-categories is invited to restrict attention only to accessible additive/Verdier-localising/Karoubi-localising
functors; this will not affect any of the statements in this paper, nor their proofs.

We also note that if one fixes a regular cardinal x and restricts attention only to those additive/Verdier-
localising/Karoubi-localising functors that preserve x-filtered colimits then the corresponding variants of
Funadd(CatEo, &), Fun"l"C(Catgo ,&) and FunklOC(CatEo , €) become presentable, and a reader who so prefers
may fix at this moment once and for all a sufficiently large such k. At any rate, the most interesting examples
of such functors that appear in this paper, such as the Grothendieck-Witt, K- and L-theory spectra, even
preserve w-filtered colimits.

Any additive, Verdier-localising or Karoubi-localising functor sends split Poincaré-Verdier, Poincaré-
Verdier or Poincaré-Karoubi sequences, respectively, to fibre sequences. If € is stable, the converse holds
as well:

1.5.5. Proposition. A reduced functor F: Catl — & with € stable is additive, Verdier-localising or
Karoubi-localising if and only if it takes split Poincaré-Verdier, Poincaré-Verdier or all Poincaré-Karoubi
sequences to exact sequences in .
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Proof. Apply J to the rectangle in Remark 1.5.2 and use the pasting lemma. O

For non-stable € we expect, however, that the condition of being additive or Verdier-localising is strictly
stronger than sending split Poincaré-Verdier or Poincaré-Verdier sequences to fibre sequences, and similarly
for the condition of being Karoubi-localising. We will need the stronger variant in §2.6 with target 8, when
we discuss the additivity theorem for cobordism categories.

1.5.6. Proposition. A functor I : Catd  — & is Karoubi-localising if and only if it is Verdier-localising and
invariant under Karoubi equivalences.

Proof. The “only if” part follows from Remark 1.5.2 and the fact that
€9 —— 0

forms a Poincaré-Karoubi square. The other direction follows from the fact that every Poincaré-Karoubi
square is Karoubi equivalent to a Poincaré-Verdier square: Assume that J is Verdier-localising and sends
Karoubi equivalences to equivalences. By definition of Karoubi squares it suffices to consider squares

(C,9) —— (D, D)
(16) l l
€, — (D', ),

all of whose corners are idempotent complete and whose vertical legs are Poincaré-Karoubi projections.Let
then A C €’ and B C D’ be the essential images of the left and right vertical arrows, respectively, which
are invariant under the respective dualities since these vertical arrows are Poincaré. Furthermore, their
inclusions are Karoubi equivalences by Corollary 1.3.12. Since (16) is cartesian the full subcategory A
coincides with the inverse image of B C D’ and the square

C,9) — (D, D)
a7) l l
(‘A’ QIIA) — (3’(D,|‘B)

is again cartesian. Finally, it follows from Corollary 1.3.10 that the vertical maps in (17) are Poincaré-
Verdier projections, which gives the claim. O

1.5.7. Lemma. The categories
Fun®(CatP , €), Fun"*(Cat®,€) and Fun*(Cat®,€)
are semi-additive and the forgetful functor
Fun*(CatP , Mong_(€)) — Fun*(Cat? , €)
and its localising analogues are equivalences.

Proof. Since the co-category Cat? is semi-additive the category of product preserving functors Cat? — €

is also semi-additive by [GGN15, Corollary 2.4]. But products of additive, Verdier or Karoubi localising

functors are again such, which implies the first statement. The second follows from [GGN15, Corollary 2.5

i)]. (]
This allows us to set:

1.5.8. Definition. An additive functor F: Cat} — & is called group-like if the canonical lift of JF to
MonEm(E) actually takes values in the full subcategory GrpEw &).

Equivalently, this is the same as saying that for every Poincaré co-category (C, ?) it takes the shear map
(G, X (C,?) — (C,?) X (C,?) (given at the level of objects by (x, y) — (x, x @ y)) to an equivalence in €.
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1.5.9. Remark. If € is additive then any additive functor ' : Cat? — & is group-like, because both forgetful
functors MonEm(e) — & and GrpEm(E) — & are equivalences.

1.5.10. Examples. i) The functorsCr andPn: Cat® — 8 are Verdier-localising since, by virtue of being
representable, they preserve all limits. They are not group-like.
ii) Lurie’s version of L-theory, i.e. the functor L : Catg<> — 8p from [Lurl 1] is Verdier localising, see
§4.4 below for a discussion.

iii) Many examples can be obtained from functors Cat, — € satisfying the corresponding conditions for
(non-Poincaré) stable co-categories: For example the functors X : Cat? — 8 and K: Cat? — 8p,
which associate to a Poincaré co-category the algebraic K-theory space or spectrum of its underlying
stable co-category are Verdier-localising and group-like; this essentially follows from Waldhausen’s
additivity and fibration theorems, as implemented in the setting of stable co-categories by Blumberg-
Gepner-Tabuada [BGT13], we will review the situation in §2.7. Similarly, the functor K : Catlgo - 8p
which associates to a Poincaré co-category the nonconnective K-theory spectrum of its underlying
stable co-category is Karoubi-localising by [BGT13].

iv) The functor K o(—)h (where (—)n is the idempotent completion functor of Proposition 1.3.3) is an
example of an additive, but non-Verdier-localising functor. Consequently, so is the cofibre of K —
K o(—)%, which by the cofinality theorem is the same as H(KO(—h)/ Ko(-)), where H: Ab — Sp
denotes the Eilenberg-Mac Lane functor. Note that by constrast the cofinality theorem also implies
that K o(—)F is Karoubi-localising.

Itis the main purposes of this paper series to show that these K-theoretic examples have hermitian analogues.

Finally, we record the following simple consequence of the splitting lemma:

1.5.11. Proposition. Le?

(18) @,9) — (@, 9) L @, 9"

be a (split) Poincaré-Verdier sequence and let F . Cat?  — & be a group-like (additive or) Verdier-
localising functor. Assume that the Verdier projection (C',9") — (C", 9" admits a section s : (€",9") —
€, in CatP . Then i and s together induce an equivalence

(19) F(C,9) @ F(C", ") —TF(C', ).

If. in addition, the Poincaré functor i admits a retractionr : (€',9") — (€,Q)in Catl;0 then p and r together
induce an equivalence

(20) F(€,9)—TF(C, Q) & F(C", .
This equivalence is inverse to (19) when ros is the zero Poincaré functor.

Note, that since Cat‘;0 is only semi-additive, but not additive, the middle term in a Poincaré-Verdier
sequence admitting a Poincaré split as above, need not split as a direct sum before applying F.

The proof of Proposition 1.5.11 relies on the following version of the classical splitting lemma [Mac67,
Proposition 1.4.3] from homological algebra (it should be considered standard, but we were not able to
locate a reference).

1.5.12. Lemma. Let A be an additive co-category which admits fibres and cofibres and let

i r
X—>)y—X

be a retract diagram. Then the following statement hold:

i) The mapsi: x — y and fib(r) — y induce an equivalence x @ fib(r) — y.
ii) The mapsr:. y — x and y — cof (i) induce an equivalence y—x @ cof (i).
iii) The fibre sequence fib(r) — y — x is also a cofibre sequence.
iv) The cofibre sequence x — y — cof (i) is also a fibre sequence.

v) The composite map fib(r) — y — cof (i) is an equivalence.
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Proof. We first note that ii) and iv) follow from i) and iii), respectively, applied to the additive co-category
A°P. To prove i), it is actually enough to argue at the level of the homotopy category. To see this, observe
that for every z we have a fibre sequence of spaces

Map 4 (z,fib(r)) — Map 4(z, y) — Map 4(z, x).

Since r admits a section the map 7 Mape(z, y) — 71 Mape(z, x) is surjective and hence the long exact
sequence in homotopy groups ends with a fibre sequence

7o Map 4 (z,fib(r)) — 7y Map 4(z, ¥) — 7y Map 4(z, x).

of sets. This means that fib(r) is also the fibre of r in the homotopy category Ho(A). Now since products
and coproducts descend to Ho(A) we have that Ho(A) is additive and the functor A — Ho(A) preserves
direct sums. It will hence suffice to show that i) holds for Ho(A), which is the classical splitting lemma
(see, e.g., [Bor94, Proposition 1.8.7]); the splitting lemma is usually phrased for abelian categories only,
but the proof from loc.cit. works verbatim in the additive case. Alternatively, it can be deduced from the
ablian case by embedding Ho(A) into its abelian envelope.

Let us prove iii). Note that i) provides us in particular with a retraction y — fib(r) which vanishes
when restricted to x. We may then consider the resulting commutative diagram

— fib(r) ——

|

i r

i >y >i
; %

|

— fib(r) —

in which the middle row and middle column are retract diagrams. By i) the top left square is cocartesian
and hence by the pasting lemma the top right square is cocartesian as well. This gives iii).

To obtain v) use the pasting lemma to deduce that the bottom left square is cocartesian, which induces an
equivalence fib(r)— cof(i). But this map is the same as the one obtained from the composition fib(r) —
y — cof (i) because the fib(r) — y —> fib(r) is a retract diagram. ([

Proof of Proposition 1.5.11. To obtain the first equivalence (19) we apply part i) of the splitting lemma
1.5.12 to the retract diagram

Fe", 9//)2) Fe, 9/)ﬁ) FE", 9"
in the additive co-category GrpEm(S) and identify the fibre of p, with F(C,?). By Part iii) of the same
lemma it follows that the fibre sequence

F(E,Q) — F(C,9) = F(E",")
is also a cofibre sequence in A. The second equivalence (20) then follows from Part ii) of the splitting
lemma applied the retract diagram

F(C, 9 F(E, ) F(E,9),

after identifying F(C, ?) with the cofibre of i, with F(C”,?") using the above. To see the final statement
note that two equivalences are inverse to each other if and only if they are one-sided inverses. Composing
in one direction we get the functor

(21) FEe, 9@ F", Q") - FEC, 9 e FEe", Q)
id r,.s,
0 id

zero Poincaré functor. O

whose “matrix components” are < ), and so (21) is homotopic to the identity as soon as ros is the
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2. THE HERMITIAN Q-CONSTRUCTION AND ALGEBRAIC COBORDISM CATEGORIES

In this section we introduce the main objects of study, namely the cobordism category constructed from
a Poincaré oo-category. To motivate our perspective let (€, ?) be a Poincaré co-category and (x, q), (x', ¢’)
be two Poincaré objects in C. A cobordism from (x, q) to (x', ¢') is a span of the form

a p '
X —w—x
together with a path 77 : a*q — B*¢’ in the space Q®Q(w) of hermitian structures on w, such that w satisfies
the Poincaré-Lefschetz condition with respect to x and x’, i.e. that the canonical map

(22) fib(w — x) ~ fib(x’ — x U, x") = fib(x’ = Dow) =~ QDe(fib(w — x")),
is an equivalence; here the middle map is induced by the map
w = Dox Xp, 4 Dox’

provided by # and the condition above can also be phrased as asking this map to be an equivalence.

For example, if W is an oriented cobordism between two d-manifolds M and N we obtain a span of the

form

C* (M) « C*(W) — C*(N)
and the fundamental class [W'] determines a path relating the pullbacks of the two symmetric Poincaré
structures g,, and g,y on C*(M) and C*(V), respectively. Lefschetz duality for oriented manifolds precisely
implies that this path exhibits the span as a cobordism between the Poincaré objects (C*(M), q5,) and
(C*(N), qy) of (DP(2), QSZ[_‘”) in the sense above.

Now, cobordisms can be composed in a natural way, by first forming the corresponding composition at
the level of spans and then at the level of the paths between hermitian structures. This will allow us to define
an co-category Cob(C, ) whose objects are the Poincaré objects of (C, ?!!1) and whose morphisms are given
by cobordisms; the choice in shifts adheres to the usual convention from manifold theory that the category
Cob, have (d — 1)-dimensional closed manifolds as objects and d-dimensional cobordisms as morphisms.

To make this idea precise, we interpret a cobordism in (C, ) as a Poincaré object in the diagram category
(Fun(P, @), 2F), where P is the category e < « — », and 2% is the Poincaré structure on the diagram category
given by the limit of the values of ? on the diagram. This construction turns out to be the degree 1 part
of a simplicial Poincaré co-category Q(C, ?), whose Poincaré objects in degree » may be interpreted as the
datum of #n composable tuples of cobordisms. Varying (C, ?) this construction gives rise to a functor

Q: Cat? — sCatP ,
o0 o0

our implementation of the hermitian Q-construction, see §2.2. By considering the spaces of Poincaré objects
of these diagram categories we will therefore obtain a complete Segal space and then extract Cob(C, ?) €
Cat, as the associated category in §2.3.

Then we develop the two main tools that will allow us to analyse this cobordism category and its homo-
topy type. First, we show how to describe the cobordism category using Ranicki’s algebraic surgery tech-
niques from [Ran80], adapted to the setting of Poincaré co-categories by Lurie in [Lurl1]. Beside its uses
in the present paper, this serves as a fundamental tool in [HS21] to compare our definition of Grothendieck-
Witt theory with the classical L-, Witt and Grothendieck-Witt groups, and is also used extensively in Paper
[IIT]. The second topic, in §2.5 and §2.6, is the additivity theorem, which says that the functor

|Cob—| = [PnQ(-)| : Catl — §;

is additive. This will be the basis for most of the structural results we prove about Grothendieck-Witt theory.
As far as the additivity theorem is concerned, the only property of the functor Pn that enters the proof,
is that is itself is additive. In fact, we will show that the functor

|FQ(-)| : Cat®, - 8

is additive whenever J: Cat? — § is additive. This added layer of generality will be used to establish the
additivity of the Grothendieck-Witt functor, defined via iteration of the hermitian Q-construction, and also
enters into the proof of its universal property.

Finally, in §2.7 we explain how our methods give rise to a new proof of the more classical additivity
theorem for the algebraic K-theory of stable co-categories.
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2.1. Recollections on the Rezk nerve. Before we get started, let us collect the necessary results regarding
the relationship between oo-categories and Rezk’s complete Segal spaces established in [Rez01,JT07] and
suitably reformulated in [LurO9b, §1].

There is an adjoint pair of functors

asscat: s8 <_L_>CatDo :N
with the Rezk nerve as right adjoint, given by
N(©), = HomCatm(A", ©),
and left adjoint given by left Kan extending the cosimplicial category
A7 A — Cat,

along the Yoneda embedding A — s8. By [Lur09b, Corollary 4.3.16], the nerve is fully faithful with
essential image the complete Segal spaces ¢SS C s 8, in particular making Cat, a left Bousfield locali-
sation of s 8 (at what we shall refer to as the categorical equivalences). Consequently, there is also a left
adjoint comp: s& — ¢SS to the inclusion, often referred to as completion, and composing adjoints we
find asscat ocomp = asscat. Complete Segal spaces can be characterised in many ways, for us the most
convenient crition will be that a Segal space X lies in the essential image of N if and only if the diagram

Xy —— X;

lA l(doz»d 13)

x2 2, x2
is cartesian, see [Lur09b, Proposition 1.1.13] or [Rez10, Proposition 10.1].

Furthermore, the restriction of the nerve functor to § C Cat, is given by the inclusion of constant
diagrams § — s 8 and passing to adjoints again shows that | asscat X | ~ | X | for every simplicial space X.
In particular, 7| asscat X | is always the coequaliser of the two boundary maps 7y X| = 75 X,.

Furthermore, Rezk showed in [RezO1, §14], see also [LurO9b, Proposition 1.2.27], that for any Segal
space X the natural map X — comp X induces equivalences from the fibres of (dy,dy) : X| = Xy X X,
to the same expression for comp X. For X = N C this fibre, say over (x, y), is given by Home(x, y). We
therefore find that for any Segal space X and any x, y € X, we have a canonical equivalence

Homyggeq x (x, ) = fib(x,y)(Xl = Xy X Xy)-
Similarly, for every simplicial space X, the inclusion of 0-simplices induces a natural map
X, — 1(asscat X)

on associated categories, which is a surjection on 7y by [Lur09b, Remark 1.2.17]. For X a Segal space
1(asscat X) =~ | X*|, where X ¢ is the full subspace of X, consisting of all those edges that become equiva-
lences in asscat X by [LurO9b, Proposition 1.2.27], so the map X, — 1(asscat X)is an equivalence whenever
X is complete. We will also have to use that the completion functor commutes with finite products, when
restricted to Segal spaces. This also follows immediately from [LurO9b, Proposition 1.2.27] since Segal
equivalences are evidently closed under finite products.

Finally, on the more abstract side, we note that by [Lur09a, Proposition 5.5.4.15], the categorical equiva-
lences are the saturation of the spine inclusions, which encode the Segal condition, and the map A3 /A%2, A3 —
A, In particular, any colimit preserving functor s§ — & (with & cocomplete) factors (uniquely) through
asscat : s8& — Cat, if it inverts these maps, i.e. if its restriction A°? — £°P along the Yoneda embedding
is a complete Segal object in €.

2.2. The hermitian Q-construction. Let K be an co-category and (C, ) an hermitian co-category.

2.2.1. Definition. Let Qg (C,?) denote the following hermitian co-category: The underlying stable oo-
category is given as the full subcategory Qg (C) of Fun(TwAr(K), C) spanned by those functors F such
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that for every functor [3] - K, sayi — j — k — [ € K, the square

Fi<l) —— F(G <)

l l

Fi<k) — F( <k)
is bicartesian. The hermitian structure is given by restricting the quadratic functor

QIWArK)(Fy = lim  QoF°P
TwAr(K)°P

from Proposition [I].6.3.2.
When K = A" we will shorten notation and denote Qg (C,?) by Q,(C,?) and QA" by ?,. Also by

definition the hermitian co-category (Fun(TwAr(K), €), @TVAr(K)) i5 the cotensor (€, 2)™VA'K) in the sense
of §[1].6.3. It is usually not Poincaré, while Qg (C, ?) is, as we will see below.

2.2.2. Remark. By the pasting lemma for cartesian squares, see [Lur09a, Lemma 4.4.2.1], we find that in
order to establish the condition in Definition 2.2.1 for all i < j < k <[ to suffices to check the case j = k.
2.2.3. Examples.
i) We have TWAT(A') = ¢ « ¢« = o 50 Q,(€) is simply the category of spans in €, with no condition
imposed. Using Proposition [1].6.3.2, the duality on Q,(C, ?) is given by the rule
(X <Y —=>2Z) = (DgX «—DoX Xp,y DgZ — DoZ).

Following our explanation above, we interpret Q,(C, ?) as the category of cobordisms in (C, ?).
ii) Q,(C) consists of those diagrams

F(0<2)
« ~
FO0<1) F(1<2)
F(0<0) F(l<1) F2<2)

in which the top square is bicartesian. It is therefore reasonable to think of Q,(C, ?) as the category of
two composable cobordisms equipped with a chosen composite.
iii) By 1), the functor

di: QY- QC,=(C9, XY >2Z)X

is duality-preserving so that its kernel is closed under the duality of Q;(C, ?), and therefore a Poincaré
oo-category with the restricted Poincaré structure. In fact, there is a canonical equivalence of Poincaré
co-categories
ker(d;) ~ Met(C, ?)
that sends 0 < w — ctow — c.
iv) We note that for the category J, € TwAr(A") spanned by the pairs (i, j) with j < i+ 1 (the zig-zag
along the bottom) the restriction functor

Q,(C,?) — (Fun(J,, €),97n) = (€, 9)’n

is an equivalence of hermitian co-categories: On underlying categories, it follows from [Lur(9a,
Proposition 4.3.2.15], that the right Kan extension functor Fun(J,, €) — Fun(TwAr(A"), C) is both
fully faithful and a left inverse to restriction. For X € Fun(TwAr(A"), C) it is then readily checked
from the pointwise formulae [Lur09a, Lemma 4.3.2.13] that being in Q,,(C) is equivalent to being right
Kan extended from J,. For the quadratic functor it follows since the inclusion J," C TwAr(A")°P
is final. By Remark [I].6.5.18 the arising hermitian structure on the right Kan extension functor
Fun(J,, €) — Fun(TwAr(A"), C) is an instance of the exceptional functoriality of Construction [I].6.5.14.

This description justifies us in thinking of Q,,(C, ?) as the category of n composable cobordisms in
(G, Q) also for larger n.
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v) There is another description of the category underlying Q,(C, ?): Letting J,, € TwAr(A") denote the
subset of those (i, j) with either i = 0 or j = n (the arch along the top), the restriction functor

Q,(€) —» Fun(g,, €)
is also an equivalence: A functor F : TwAr(A") — Cisin Q,(C) if and only if it is left Kan extended
from J,. However, this equivalence does not translate the quadratic functor ,, into 99+, once n > 2.
For example, for the element
idy idy
Xe—X<0-Y—Y

in Fun(d,, €) we find Qdn given by 2(X) @ 2(Y), where as ?, yields (X @ Y), and these two terms
differ by Bo(X, Y). In fact, (Fun(d,, C), 93'«) is not Poincaré, whereas we will next establish this for
Q,(C, ).

Denoting the category of finite posets by Cat_, we thus obtain a functor
Cat® x Cath — Cat" | (K,C,9) ~ Qk(C,9),

from Proposition [I].6.3.11, since clearly induced maps perserve the cartesianness condition of Defini-
tion 2.2.1. Restricting along the inclusion A C Cat_, and adjoining the construction above we thus obtain
a simplicial object Q(C, Q) € sCatEo.

2.2.4. Definition. We call the functor Q : Catg<> - sCatE<> just described the hermitian Q-construction.

We immediately note that the underlying category of Q,(C,?) only depends on €, and agrees with
Barwick-Rognes’ implementation Q,,(C) of the Q-construction, see [BR13, §3] upon restricting their set-up
to stable co-categories.

The following is at the heart of the present section:

2.2.5. Lemma. For every hermitian co-category (C,?) the simplical hermitian co-category Q(C,?) is a
Segal object of CatEo. Furthermore, it is complete in the sense that the diagram

Q€9 —— Q3(C,9)

lA l(dozadla)

(5,5)
Qy(C.9)? —— Q(€.9)?
is cartesian in Catgo, with horizontal maps given by total degeneracies.

At the level of underlying categories, this holds more generally for any of Barwick’s adequate triples in
place of the stable category C, see [HLN20, 3.7 Lemma].

Proof. We need to show that for every 0 < i < n the square

Q, ¢ —— Qp; €

| !

Qm € — Quy€

is a pullback square of Poincaré oco-categories. This will follow readily from Example 2.2.3 iv). To this end,
note that the inclusions TwAr(A’) — TwAr(A") and TwAr(A !>y — TwAr(A") take the subcategories
JyandJ;  ,toJ,, and in fact the induced diagram

Ty = i
is readily checked to be cocartesian in Cat,, thus cartesian in Cat?. But the functor

Catgf - Catgoa I = (Fun({, 6)791)
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being a right adjoint preserves limits, whence we obtain the first claim.

To see that Q(C, ?) is complete recall that limits in Caty may be computed in Cat, (as limits in Cat,
of diagrams of stable co-categories and exact functors, are easily checked to be stable again), so the map
P — Q3(C) from the pullback P of the diagram

Qo(©)* = Qi(€)* < Q3(€)

is fully faithful, since the degeneracy Q,(€) — Q;(C)1is, and fully faithful functors are stable under pullback.
Its essential image is given by the diagrams consisting entirely of equivalences, as one can check directly
using the defining property of the Q-construction, and these are precisely the constant diagrams, i.e., the
totally degenerate ones.

The claim for the hermitian structure is immediate from Remark [I].6.1.3, since the diagram

Q(X)? = (s X)? « 9(sX),

whose pullback defines the hermitian structure on P, evaluates to
QX) -5 QXY - 9(X),
so has pullback 2(X). O
2.2.6. Lemma. For fixed (C,?) € Cat};o the functor Q_(C, ) : Catgg — Cat};o preserves limits.
Of course the functor Qg (—) : Cat};0 - Catg<> also preserves limits, essentially by construction.

Proof. On underlying categories this is [HLN20, 3.8 Proposition]. We repeat the argument with hermitian
structures tagging along:

One first considers only diagrams I : K°° — Cat_, whose colimits are preserved by the Rezk nerve.
Such colimits are preserved by the functor TwAr : Cat,, — Cat, by a direct calculation at the level of
Rezk nerves, and so are the subcategories making up the Q-construction. Therefore,

lllen‘lé Q]k(e’ 9) and QCOlimkEK Iy (e’ 9)

are the same hermitian subcategory of

lim (C, Q)TwAr(Ik) ~ (C, Q)colimkeK TwAr(l}) (@, Q)TwAr(colimkeK Ik),
kek

and thus Q_(C, ?) commutes with limits over diagrams that are compatible with the Rezk nerve. For an
arbitrary co-category K, this implies

Q (€, 9) ~ neliAn/lK Q.(C.9)

since A/K — A C Cat, has colimit K, and this is tautologically preserved by the Rezk nerve.

To deduce that Q_(C,?): Cat® — Catg<> preserves arbitrary limits note that it suffices to prove this
after precomposition with asscat : s 8% — CatP. But the unique limit preserving functor F: s8% —
CatE0 extending Q(C,?): A? — Cati‘o inverts categorical equivalences by 2.2.5 and the final part of the
discussion in §2.1, so it suffices to check its agreeance with Qygecar(—)(C, ) on complete Segal spaces. For
such an X we find

F(X) ~ néiArr/lx Q,(C) ~ Qu(©) = Qusear(x)(©)-

lim
neA / N(asscat(X))

We next show the following statements, whose proofs share some notation we will not need again:

2.2.7. Lemma. The functor Q : CatP x CatEo - CatEo restricts to a functor Cat? x Cat®? — Catb . In
particular, Q(C, ) is a complete Segal object of Cat? , whenever (C, ) is Poincaré.

2.2.8. Lemma. For (C,?) a Poincaré co-category all face maps in Q(C,?), and more generally all maps
induced by injections in A, are split Poincaré-Verdier projections.
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Proof of Lemmata 2.2.7& 2.2.8. There are two good approaches to the statements about Q(C, ?). Either,
one directly attacks them using the machinery developed in §[1].6.6, or one reduces the statement to explicit
checks for small values of n using the Segal condition. At the cost of being less elementary, we will here
use the former route as it leads to shorter proofs.

That the categories Q,(C, ?) are Poincaré follows immediately from Proposition [I].6.6.1 and Exam-
ples 2.2.3, since J,, is the poset of faces for the triangulation of the interval using n + 1-vertices. It also
follows that Poincaré functors (G, ?) — (€', ?”) induce Poincaré functors Q,(C,?) = Q, (€', 2.

To see that the induced hermitian functors a* : Q,(C,?) —» Q,(C,9?) for a: A™ — A" preserve the
dualities, we distinguish two cases, namely the inner face maps on the one hand, and the outer face maps
and degeneracies on the other. Since every morphism in A can be written as a composition of such, this
will suffice for the claim.

The latter maps all take the subset J,, C TwAr(A™) into J,,, and the restriction is induced by a map of the
simplicial complexes giving rise to J,, and J,.. Thus Proposition [I].6.6.2 gives the claim. The interior faces
do not preserves the subsets J,,, however. Instead, we claim that they are instances of the exceptional func-
toriality of Construction [I].6.5.14 associated to a refinement among triangulations. Namely, one readily
checksthatd; : TwAr(A") — TwAr(A™!) admits arightadjointr; : TwAr(A™1) - TwAr(A") explicitly
given by

(k <1 I<iork<l=i
k<D (k—1<1) k=1=i
= (k<1-1) k<i<l

(k=1<1-1) i<k<lori<k=lI
As aright adjoint r; is cofinal, so by Example [I].6.5.15 the pullback functor
( di)* . (€, Q)TwAr(A"“) — (@, Q)TwAr(A”)

agrees with the exceptional functoriality along r;. From the explicit formula it is clear that r; takes J,, ; into
J,, so we find a commutative square

@0 — 4 (@ 9y

! |

(€, Mvararh [y (@ gyTwaran

where vertical maps are the exceptional functorialities associated to the inclusions J,, € TwAr(A") which
are also cofinal (the diagram commutes since exceptional functorialities compose by Remark [1].6.5.17).
But the vertical maps are equivalences onto Q,(C, ?) by Example 2.2.3 iv). The claim now follows from
Proposition [I].6.6.2, since the restriction of r; to J,,; — J,, comes from the refinement of triangulation of
the interval that adds a new ith vertex.

This shows that Q restricts to a functor A"PxCatl;o - Catg<> , and in particular, it follows from Lemma 2.2.5
above, that Q(C, ?) is a complete Segal object of Catg<> for every (C,?) € Catgo, because limits in Catg<> are

computed in Catgo. But since generally K = colim,,c, /g A" in Cat, we find

Q€= lim Q,(C.9)

in Catg<> from Lemma 2.2.6. But the right hand side lies in Cat? again because the forgetful functor Cat? —
Catgo preserves limits. This finishes the proof of Lemma 2.2.7.

We finally establish Lemma 2.2.8. We only need to consider face maps, since split Poincaré-Verdier
projections are stable under composition by the characterisation in Corollary 1.1.6. For the inner faces
this is immediate from Proposition 1.4.14, since r; : J,,; — J, is evidently a localisation at the edges
(i—-1<i)-> (i<iand(i <i+1)— (i <i). Forthe outer faces it is an instance of Proposition 1.4.11. [

2.2.9. Remark. If (C, ?) is a commutative algebra in Cat?_with respect to the symmetric monoidal structure
constructed in §[I].5.2, then each Q,(C, ?) inherits such a structure again; however these structures are not
compatible with the simplicial structure.
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2.3. The cobordism category of a Poincaré co-category. We now proceed to extract the cobordism cat-
egory from the hermitian Q-construction. As mentioned in the introduction it will be useful to do this in
the generality of an arbitrary additive F: Cat? — 8, but the reader is encouraged to envision F = Pn
throughout.

2.3.1. Proposition. Let (C,®) be a Poincaré co-category and J . Cat? — 8 an additive functor. Then
FQ(C,?) is a Segal space and if, furthermore, F preserves arbitrary pullbacks, it is complete.

When J is the functor Cr: Cat? — § completeness was established in [BR13, 3.4 Proposition] by
different means. For arbitrary additive J, the Segal space I Q(C, ?) is in general not complete. For example,
if F is group-like, then F Q(C, ?) is complete if and only if F Hyp(C) ~ 0, see Remark 3.2.18.

Proof. For the first part we need to show that

9an(ea 9) E— ?Q[O,[](G’ 9)

| !

FQum(C. 9 — FQ(C.9)

is cartesian for every 0 < i < n. But before applying J the square is a Poincaré-Verdier square by Lem-
mas 2.2.8 and 2.2.5, and by assumption J preserves the cartesianness of such squares.
The assertion on completeness is immediate from the final part of Lemma 2.2.5. O

2.3.2. Definition. Let Cobg((?, ) denote the category associated to the Segal space F Q(C, Q[!1). We shall
write Cob(C, 9) for Cob™ (€, 9) and call it the cobordism category of (C, ?). Furthermore, we set Cob?(@, Q) =
Cob(Met(C, 9[1])), the cobordism category with boundaries.

We shall refer to Cob” (€, 9) as the F-based cobordism category and hope the two possible superscripts
(3 and 0) will not lead to confusion. By the functoriality of the Q-construction and the previous discussion
the construction of these categories assemble into a functor

Funadd(CatEo, 8) x Catd — Cat,,.

An entirely analogous definition can be made for additive functors F: CatZ, — 8 (i.e. reduced and sending

split Verdier squares to cartesian squares), resulting a category Span? (©), with F = Cr giving rise to the
usual span category considered in [BR13].

2.3.3. Example.

i) Straight from the definition we have Cob“" (G, 9) ~ Span(C€) for every small stable co-category C.
ii) Similarly one obtains an equivalence

Cob” (Hyp(@)) ~ Span”° 1P (@)

by commuting the hyperbolic and Q-constructions: From the natural equivalences of Remarks [1].6.4.6
and [I].7.2.23, we find

Fun®((€, 9), Q, Hyp(©)) = Fun®((&, 9), Hyp(€)")
=~ Fun"((&, 9)5,, Hyp(€))
~ Hyp(Fun™(€ , €))
~ Hyp(Fun® (&, C”n))
~ Fun™((&, 2), Hyp Q,(©)).

so the natural map Q Hyp(€) = Hyp Q(C) in sCat?_is an equivalence.
iii) In particular, Pn Hyp(C) ~ 1(C) gives

Cob(Hyp(C)) ~ Span(C)

for every stable co-category, see Proposition [I].2.2.5.
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iv) There are canonical equivalences
Cob(C, %) ~ Span(C)"“2 :

By Remark [I].2.2.8, a Poincaré structure on an co-category D induces a natural C,-action on D. In
particular, we 9° induces a C,-action on the simplicial space :Q C and therefore a C,-action on the
associated category Span(C). By Proposition [I].6.2.2, the Poincaré structure (9%)™VAT"] is symmetric
so that by Proposition [1].2.2.11 PnQ,(C, ?°) =~ 1Q,,((3)hc2. As 1Q C is a complete Segal space, this
implies the claim.

v) There is a canonical equivalence

Cob” (€,9) ~ Cob” (€, 9)°P

natural in the Poincaré co-category (C, ?), since Q(C, ?) is naturally identfied with Q(C, ?)°P (the rever-
sal of the simplicial object) via the canonical identification TwAr(A") = TwAr((A")°P) of cosimplicial
objects.

We will now collect a few basic properties of such cobordism categories. Note that the inclusion of
0-simplices of F Q(C, ') gives a natural map
F(€, M) — 1Cob” (€, 9)
that is surjective on 7. Informally, for 5 = Pn this map takes any Poincaré object to itself and an equiva-
id
lence f : x — x’ to the cobordism x <l—x—f> x'. Proposition 2.3.1 implies:
2.3.4. Corollary. The natural map
F(E, QM 5 1Cob¥ (€, 9)

is an equivalence, whenever I preserves pullbacks. In particular, a Poincaré cobordism
(x,q) < (w,p) > (x'.q")

considered as a morphism in Cob(C, Q) is invertible if and only if both underlying maps w — x and w — x’
are equivalences in C.

2.3.5. Remark. In the geometric cobordism category Cob,, one can perform a similar analysis: If a mor-
phism W in Cob,, is invertible, then it is an A-cobordism and the converse is true if d # 4, the inverse of
W given by the h-cobordism with Whitehead torsion —z(W') € Wh(z,(dyW)).

Furthermore, the homotopy type of :Coby is closely related to the classifying space for h-cobordisms
[RS19].

There is similarly a simple way for producing diagrams in Cob” (@, 9), via the following canonical map
with K € Cat,, and (C,?) € Cat?

FQ(C,9) — Hom, s(N K, FQ(C, ?)) — Hom, (N K, comp(F Q(C, 2))) =~ HomCatm (K, Cobg(G, ?)),

arising from considering the first two terms as functors s 8°° — & (the first by precomposition with asscat,
the second directly), which restrict to F Q(C, ?) along the Yoneda embedding and observing that the target
preserves limits.

2.3.6. Proposition. If ' : Catd — 8 preserves arbitrary limits, the above map gives an equivalence
FQ(€,?) — Homg,,_(K,Cob” (C,?))

for every K € Cat?_and (C,?) € Cath .

Proof. All maps in the construction above are equivalences in this case, the former by Lemma 2.2.6, the

second by Lemma 2.2.7, and the third since N is fully faithful. O

Since the association (C, ?) — Q,(C, ?) preserves products, as does completion of Segal spaces, it fol-
lows that the functor Cob” : Cat? — Cat, preserves products. Since Cat®_is pre-additive (see Propo-
sition [I].6.1.7) the categories Cobg(G, Q) acquire natural symmetric monoidal structures induced by the
direct sum operation in C. In particular, 7, |Cob” (€, 9)] is naturally a commutative monoid; explicitly when
JF = Pn, 7y|Cob(C, ?)| is the monoid of cobordism classes of Poincaré objects in (C, ) under orthogonal
sum. Now, ﬂ0|C0b$(€, Q)| is in fact a group by the following result:
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2.3.7.Proposition. The Poincaré functor (ide, —ide) : (C,?) — (C, Q) induces an inversion map on n |C0b?(€, )|
for every additive T . Cat? — 8 and every Poincaré co-category (C, Q). In particular, |Cob” (C,9)| is al-
ways an E -group in its canonical E  -structure.

2.3.8. Remark. Let us warn the reader, that the Poincaré functor (ide, —idg) does not generally induce the
inversion on the entirety of |Cob” (G, 9)], the difference between the two maps merely vanishes on zy. We
will give a formula for the inversion map at the space level in Corollary 3.1.8 below.

For the proof we need a construction which will reappear later:

2.3.9. Construction. Consider the hermitian functor beyl : (C, ?) — Q,(C, ?), representing a bent cylinder,
which consists of the functor

A
X [X®X —X 0]
and the map of quadratic functors induced by the commutative diagram

ox (id,~id,0)

\\)
Q,(beylX) — (X @ X) — 9X & 9X @ Bo(X, X)

J/ J/ )
pry+pry

wF———————— 3 QX

whose left hand square is cartesian by definition of ?;, and whose right most horizontal map is an equiv-
alence by definition of B¢. The construction is readily checked to give a Poincaré functor by unwinding
definitions.

Informally, the bent cylinder provides a nullbordism of the sum of any Poincaré object with its reversed
hermitian form.

Proof of Proposition 2.3.7. Recall from the discussion of Segal spaces that z, |Cob” (@, 9)|is the coequaliser
of the two boundary maps 7,F Q,(C, ') — 7z,7(C,9!)). By construction then the element beyl,x €
7o F Q, (€, 2y witnesses

0 = x + (ide, —idg), x € 7y F(C, ¢!l
for every x € 7y JF(C, QU1). The claim follows. [l

2.3.10. Corollary. For any additive functor F . Catg<> — 8, the natural map ryJF(C, el - Ty |C0b?(6, )|
fits into a cocartesian square

moF(Met(C, Q1)) 2L 7 F(e, o)

| !

0 —————— 7y|Cob” (C, Q)]
of commutative monoids.

In other words, 7,|Cob” (€,9)| is the quotient of 7,F(€, 211) by the congruence relation identifying x

and x’ if there exist y, )’ € 7,F Met(C, ?U!1) such that

x + met(y) = x’ 4+ met(y).
In particular, for ¥ = Pn we obtain an isomorphism

7| Cob(C,9)| = L_,(€,9)
with the L-groups from §[1].2.4. We will further explain the relation in §4.4 below.
Proof. The two formulations are equivalent by the description of cokernels in the category of commutative
monoids. Now recall that 7, |Cob” (€, 9)| is the coequaliser of the two boundary maps d, d; : 7,F Q(€, ) —
7o F(C, U, Using Example 2.2.3 iii), we conclude that the diagram is indeed commutative, and the right

vertical map surjective. Therefore, we obtain an induced surjective map on the cokernel of met and we claim
that this map has trivial kernel. To see this, we note that the image of (d,, d;) is an equivalence relation in
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7o F(C, oU1): Tt is clearly reflexive and transitive, and symmetry follows from the evident automorphism of
Q;(C, ?) swapping source and target. Thus if x € 7F(C, QU1) vanishes in 7| F Q(C, QU1)| then there exists
aw € 1yF Q;(C, M) with dyw = x and d,w = 0. But since

FMet(e, ') - FQ, (e, o' — F(e, M)

is a fibre sequence by Lemma 2.2.8, we conclude that w lifts to 7y F (Met(C, 9[1])) and therefore vanishes in
the cokernel of met.

Now the map from 7, F(C, 2111 into the cokernel is surjective (by the description of cokernels), and by
the same argument as in the proof of Proposition 2.3.7, we see that the cokernel of met is a group, just as
JrO|C0b§(G, 9)|, so that the vanishing of the kernel implies injectivity. (|

As the maps
met : Met(Met(C, ?)) — Met(C,?) and met: Met(Hyp(C)) - Hyp(C)
are split by Remark [I].7.3.23 and Corollary [I].2.4.9, we obtain:

2.3.11. Corollary. For any Poincaré oo-category (C,?), any small stable oo-category ‘D and any additive
functor F . Catr;<> — 8 the categories Cob?(Met(G, ?)) and Cob?(Hyp('D)) are connected.

Let us have a closer look at these two cobordism categories. We recorded in Example 2.3.3 that the
forgetful functor Cob(Hyp(€C)) — Span(C€) is an equivalence, so in particular we find:

2.3.12. Observation. For every small stable co-category C there is a canonical equivalence
|Cob(Hyp(€))] = Q=" K(C).

Here, K(C) denotes the connective algebraic K-theory spectrum of C, defined for instance through the
iterated Q-construction for stable co-categories. In the case of Met(C), we have:

2.3.13. Proposition. There is a natural equivalence of co-categories
Cob(Met(C, ?11)) — Span(He(C, 9)).
Furthermore, the forgetful functor Span(He(C, ?)) — Span(C) induces an equivalence on realisations. Thus,
|Cob(Met(C, 9))| ~ Q¥ K(C).
The resulting equivalence
|Cob(Met(C, ))| ~ |Cob(Hyp(C))|
in fact holds more generally for the F-based cobordism categories as a formal consequence |Cob” — | being

additive and group-like, see Corollary 3.1.5.

Proof. Commuting diagram categories we find
Q(Met(C, ?2)) ~ Met Q(C, ?)
so that Proposition [1].2.4.6 implies
Pn Q(Met(C, ?!')) ~ Fm Q(G, ?).

But without a non-degeneracy condition hermitian objects in a diagram category are just diagrams of her-
mitian objects, see Corollary [I].6.3.15. So the right hand side is equivalent to : Q(He(C, ?)). Passing to
associated categories gives the first claim.

For the second claim we will show that

7 . Span(He(C, ?)) — Span(C)

is cofinal and appeal to [Lur09a, Theorem Corollary 4.1.1.12]. By [Lur09a, Theorem 4.1.3.1], it suffices to
show that for every x € Span(C) the under category Span(He(C)), / 1s contractible. Since 1Span(C) ~ 1€
(which is immediate from our discussion of Segal spaces) we may naturally interpret x as an object of C
and hence consider the comparison map

(23) (He(C, 9) /)% = (He(C, 9)°P),, —> Span(He(C, 9)),,
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induced by the following functor He(C, ?)°? — Span(He(C, ?)): It is given by the identity on objects and
id
takes a morphism f : x’ — x’ to the span x”’ <f—x’ = x'; more formally the target functor TwAr(A") —

(A™)°P gives a natural transformation of complete Segal spaces
1Fun(A, —°P) ~ 1 Fun(A°P, —) — 1Q(-),

which has the desired behaviour on associated categories. But the functor (23) admits a right adjoint:
Using the fibre sequence relating mapping spaces in under-categories with those in the original category
one readily checks that w — x is right adjoint to x’ « w — x, and thus Yoneda’s lemma assembles this
assignment into a right adjoint functor. We conclude that (23) induces an equivalence on realisations. But
the category He(C, €) /. has an initial object (the zero object of C with the trivial hermitian structure) and
is hence contractible. (|

2.4. Algebraic surgery. In this subsection we translate Ranicki’s algebraic surgery to our set-up. This
provides a useful way of producing cobordisms, that we will heavily exploit in §[III].1 of Paper [1II] and
[HS21], and gives a description of slice categories of Cob(C, ?). We will approach these statements by
translating them into assertions about certain Segal spaces derived from the Q-construction, and for the
present paper it is, in fact, the analysis thereof that will play the largest role. We will follow the basic
description of algebraic surgery given by Lurie in [Lurl1, Lecture 11].

Let (C, ?) be a Poincaré co-category, and (X, q) be a Poincaré object therein. A surgery datum on (X, q)
consistsof amap r: T — X and a nullhomotopy of f*g € Q®°%(T). In other words, this is the extension of
(X, ¢) to an hermitian (but not necessarily Poincaré) nullbordism, i.e. to an object of He Met(C, ?). Surgery
data organise into a space, and, more generally, into a category:

2.4.1. Definition. The category of surgery data in (C, ?) is given by
Surg(C, ?) = Pn(C, ?) Xpe(e.o) He(Met(C, ?)),

where the right hand map in the pullback is induced by met : Met(C, ?) — (€, ?). The fibre of Surg(C, ?)
over some (X, ¢) € Pn(C, ?) is called the category of surgery data on (X, q) and denoted by Surgx (€, ?).
We shall refer to the groupoid cores of these categories as the spaces of surgery data.

2.4.2. Remark. In geometric topology, a surgery datum on a closed oriented d-dimensional manifold M is a
finite collection of disjointly embedded spheres I1;.5* with trivialised normal bundles. The induced map on
singular chains inherits the structure of an algebraic surgery datum in (DP(Z), @sl=41y after applying chains
(the Poincaré form on the target arises via its identification with C*(M ; Z) trough Poincaré duality), for ex-
ample by feeding the trace of the geometric surgery datum into the surgery equivalence of Proposition 2.4.3
below.

Let us warn the reader that our presentation of algebraic surgery does not follow the overall convention
of creating Poincaré chain complexes from manifolds via their cochains; that convention would require us
to describe an algebraic surgery datum in a more cumbersome fashion via the map X — S = Do T, together
with a null-homotopy of the form after pull-back along Do.S — Do X.

Like in the geometric setting, surgery data can be used to produce cobordisms: Given a surgery datum
(f: T— X,h: f*q ~0), the composition

;o Def
T-L X—5 DX —2s DT

is identified with (f*q); and therefore null via . Therefore one can form the following diagram

T———T —0
L
x(f) > X > DT

Ll

X; —— X/T — DoT
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with exact rows and columns: Here y(f) is the fibre of the composition X ~ Do X ﬂ DoT and X is
defined to be the cofibre of T — y(f).

The resulting span [X « y(f) —» X f] € Q(C) will then be the underlying object of the desired
cobordism:

2.4.3. Proposition (Surgery equivalence). The association y upgrades to an equivalence
x> Surg(C,?) = PnQ,(C,9),

such that the diagram

1Surg(C, 9) £ > PnQ,(C,9)
pry %
Pn(C, ?).
commutes, naturally in the Poincaré co-category (C, Q).

The image of a surgery datum under this equivalence is called the trace of the surgery. By the commu-
tativity of the diagram above, the trace of a surgery on (X, g) starts at (X, ¢), and the other end of the trace,
that is X ¢, is called the result of surgery. As already done here, we will use y(f) for both the trace and its
total object.

Proof. We identify the Q,(C,?) with the full subcategory of Met(Met(C, ?!!)) on those objects whose
“boundary of the boundary” is zero, i.e., with the fibre of

et

[11y) 2 (1 ™ (1
Met(Met(C, ') — Met(C, 1) — (G, 2.
One readily checks that this yields an equivalence
Q1(€,9) = (€, ?) Xyey(e.ot11y Met Met(C, 911)))

in CatP_, where the maps in the pull-back are given by taking boundaries on the right, and including objects
with boundary zero on the left. We obtain an equivalence

Pn(Q; (€, 9)) = Pn(€, ?) Xpymer(e.ol1y Pn(Met Met(C, 9111))
=~ Pn(C, ?) Xpm(e,¢) Fm(Met(C, ?))
=Surg(C, ?)
as desired from the algebraic Thom isomorphism (see Corollary [I].2.4.6). (]

2.4.4. Remark. From the proof one also obtains the following explicit description of the inverse equivalence
on objects. Given a Poincaré cobordism with underlying object

X<W->Y,
its associated surgery datum has as underlying object the canonical map
fib(W - Y) - X.

The form on fib(W — Y) is the pull-back of the form on W to the fibre, which comes with a canonical
nullhomotopy, since the form pulls back from Y.

Now, by construction of Cob(C, ?) there is a cartesian square

Homcgpe.0)(X,Y) — PnQ;(C, o)

! Jes

A ————— Pn(C, 912,
(X.Y)
so from a surgery datum 7 on (X, q) € Pn(€,?~!), we obtain an element Homggpe 9)(X, X7). As men-
tioned we will make extensive use of this construction in §[III].1. Due to the inherently asymmetrical nature
of the surgery process, it is, however, not particularly convenient to describe the spaces Homg, e ¢y (X, Y)
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themselves (with prescribed Y) in terms of surgery data on (X, g). The entire process does, however, gen-
eralise very well to describe the slice categories Cob(C, ?)y, and more generally the comma category of
1Cob(C, ?) over Cob(C, ?). Let us denote the latter category by dec(Cob(C, ?)), so that there is a pullback
diagram

dec(Cob(C, ?)) —— Ar(Cob(C, ?))

l l
Pn(C, o))y ———— Cob(C, ?)

with s the source map. The terminology dec is issued from the word decalage, see Lemma 2.4.7 below.

2.4.5. Theorem. The surgery process results in an equivalence y

Surg(C, 911y £ s dec(Cob(C, 9))

pr, /

Pn(C, o)
natural in the Poincaré co-category (C, ). In particular, there result equivalences
Surgy (€, ") ~ Cob(€, 9y,
forall X € Pn(C, Q).

2.4.6. Remark. We will not exploit this description of Cob(C, )y, in the present paper as we are forced

to consider Cob” (€, 9) for arbitrary additive 3" : Cat? — § in the sequel and do not know a similarly nice
description in that generality (see Remark 2.4.12 below for a discussion of this point). The description
features very prominently in [HS21].

The proof of Theorem 2.4.5 will occupy the remainder of this section. The construction of the equiva-
lence will proceed by first translating the assertion to the language of Segal spaces, see Proposition 2.4.10
below. To this end, let us first recall the following well-known construction of slice categories in Segal
spaces (for which we could not find a reference). We denote by dec: s8 — s 8 the shifting or décalage
functor induced by the endofunctor [0] * —: A°°? — A°P_and similarly for simplicial objects in other
categories. Recall also that we set dec(C) ~ 1(C) X Ar(C) for any co-category C.

2.4.7. Lemma. There are canonical equivalences
N(dec(C)) ~ dec N(C)
natural in the category C, under which the nerve of the source and target functors
dec(C) - 1€ and dec(C) — C

correspond to the maps

N4 (€) — Ny(©)

Np4n(€) — N,(©)
induced by +1: [n] — [1 + n] and the inclusion [0] — [1 + n], respectively. In particular, there result
equivalences

N(Cyx ) = fib(z : dec(N(C)) — Ny(C)),

naturally in n and (C, X), where the fibre is taken over X € 1€ = Ny(C).

Proof. Note that the statement is entirely analogous to the comparison of thin and fat slices in the theory
of quasicategories and the proof is conceptually similar as well. Unwinding the definitions the claim is
equivalent to there being a cocartesian square

d
A" —Ly AP x Al

l l

AO do y Al+n
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in Cat ., that is natural in n; the contraction of A'*” onto its first vertex produces the map A” x Al — Al+"
appearing on the right. Explicitely, it is given by
(k,0)— 0 and (k,1)+— k+1.

That this diagram is cocartesian can be deduced from [Lur09a, Proposition 4.2.1.2], together with the fact
that homotopy cartesian diagrams in Joyal’s model structure on simplicial sets give cocartesian diagrams
in Cat .

But one can also give an internal argument: The contraction admits an explicit degreewise right inverse
(which is not natural in ) as follows: Simply include A"*! into A” x Al as by sending 0 to (0,0) and k to
(k—1,1)forall 0 < k < n+ 1. Then the composition

An+1 SN Al’l X Al N An+1
is the identity, and conversely the composition
A"x A — AT AT A!
comes with a unique natural transformation A” X Al x Al — A” x A! to the identity. Given now a category
€ against which to test the cocartesianness of the square above, this transformation preserves A” X {0} so
adjoins to a transformation
Al X Fun(An X Al, 8) xFun(A",S) & — Fun(An X Al, 8) xFun(A",E) &

from the composition in question to the identity. This is readily checked to be a pointwise equivalence. [

It follows conversely that for a complete Segal space € € ¢SS and X € €, we find
asscat(C) y, = asscat(fib(s : dec(C) — €y))
where the fibres are taken over X . It is also easy to see that the right hand side is not affected by completion,

so this formula is valid for all Segal spaces C.
In particular, the co-category Cob(C, €), is modelled by the following Segal object:

2.4.8. Definition. Let (C, ?) be a Poincaré co-category. We define the simplicial object Null(C, ?) in Cat?_
as the fibre of the simplicial map dec(Q(C, 2)) — Qy(C,?) = (C, ?).

Explicitly, Null,,(C, ?) consists of those diagrams ¢ : TwAr[1 +n] — €in Qq,,(C, ?) such that (0 <
0) = 0, with the Poincaré structure restricted from Q;,,(C,?). In particular, Nully(C, ?) = Met(C, ?).
In fact, the Poincaré co-category Null,,(C, ?) is metabolic in the sense of Definition [I].7.3.10: Let L, C
Null,,(C, ?) be the full subcategory spanned by those diagrams ¢ : TwAr[1+n]? — € with (0 < i) ~ 0
for all i € [1+ n]. Then, since ¢ is left Kan extended from J,,, C TwAr(Al*") by Examples 2.2.3, the
restriction to the subposet of TwAr(A!'*") spanned by all (j < 1 + n), j # 0 gives an equivalence

py - L, — Fun(A”, €)
and furthermore one readly checks that the restriction of the hermitian structure of Null,,(C, ?) corresponds

precisely to 22" under p,,.
2.4.9. Proposition. We have a natural equivalence

Pn(Null, (G, 2[')) ~ Fm(Fun(A”, @), 94").
for Poincaré oco-categories (C, ?).

Proof. We will show more generally that the full subcategory £* C Null,(€) formed by the duals of the
objects in £ is a Lagrangian in the sense of Definition [I].7.3.10; so that p, induces an equivalence

Pair (Fun(A”, €),9%") — Null,(C, 9!

by the recognition principle for pairing categories, Proposition [1].7.3.11, from which the claim follows
from the generalised algebraic Thom isomorphism, Proposition [I].7.3.5.

To see this, we observe that L: consists of all those ¢ : TwAr[1+n]°°? — C that are left Kan-extended
from the subposet B, of TwAr(A!*") spanned by all (0 < j), or equivalently for which (0 < j) — @(i <
Jj) is an equivalence for i < j € [1 + n] (in addition to (0 < 0) = 0). The second description immediately
implies that the restriction of ¢, indeed vanishes, while the first exhibits left Kan extension from B,, as a
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right adjoint R to the inclusion L: C Null,,(C, ?). Since also, by definition, £ = ker(R), the subcategory
L is indeed a Lagrangian. (]

Now under the equivalences of Lemma 2.4.7, Theorem 2.4.5 translates to the following generalisation
of Proposition 2.4.3:

2.4.10. Proposition. The algebraic surgery construction canonically extends to a cartesian diagram

PnQ,,,(C.9) —— 2 4 Pn(e,9)
l lconst
I Fun(A", He(Met(C, 9))) —™5 ;Fun(A", He(C, ?))
of functors Cat? x AP — 8.

Proof. Identify the Poincaré co-category Qy.,(C, ?) with the full Poincaré subcategory of Null, Met(C, Q1)
on all objects whose boundary in Null, (€, 9! is of the form

b/b\o
NSO

that is with the fibre of the composition

24) Null, Met(€, 91" Null e, 91122 @ (e, 9l1);
n ? n s n ) b
this is achieved by the equivalences
Q1+n(e9 9) =~ Q] (69 9) X(G,Q) Qn(e’ 9)
= Met Met(C, 2M) Xy1e.oti) Qu(€. Q)
= Null, Met(C, ") X werce i) Qu(C, D),

where the third identification is obtained from the pullback

Met(C,9) —2L 5 (€, 9)
Null, (€, 9) —25 Q,(€.9)

(straight from the Segal condition Lemma 2.2.5) by pasting pullbacks. Since the right hand map in the last
description is fully faithful, this embeds Q,,(C, ?) fully faithfully into Null, Met(C, /1), and it is clear
that the essential image is as desired. But invoking the displayed pullback again, we find that the fibre of
the right hand maps in (24) is equivalent to

fib(Met(C, 1) — (@, ey ~ (@, 9),

the latter by the metabolic fibre sequence of Example 1.2.5. In total, we obtain an equivalence
Q144G 2) = (€, ) Xy (e, o111y Null, Met(€, o)
in Cat? . But the functor Pn preserves limits, so
PnQ,,(€,?) = PnNull, Met(€, M) Xpnu (e.om) Pn(C, )

~ Fm Fun(A", Met(C, €)) Xgm pun(ar (c.9)) Pn(C, ?)

~ 1Fun(A", He Met(C, 9)) X, pyn(an pe(e.9)) Pn(C, 2)
the second equivalence by Proposition 2.4.9 and the third from Corollary [1].6.3.15. O
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2.4.11. Remark. Unwinding the algebraic Thom construction used in the proof above we can extract the
following description of the functor

dec(Cob(C, ?)) — C

that takes a cobordism to its underlying surgery datum (without any form data): Per construction itis induced
by the composite

f s
PnQ,,, (€, ?) —> Fun(A", He(Met(C, 9))— Fun(A”, Ar(€))— Fun(A”, €)

where the first map is the left hand vertical one in 2.4.10, the middle forget the hermitian form and the right
takes the source of an arrow. It factors, naturally in n € A, as the composite of the forgetful map

Pn Q1+n(e’ ?) — Cr Q1+n(e)

followed by the map which takes a diagram F : TwAr(A!*") — €, forms the fibre G of the counit t*t, F —
F of the adjunction

* 1 Fun((A'*"P, @) «— Fun(TwAr(A!*"),€) 11,
and then takes its preimage under the fully faithful functor
s*: Fun(A'*", @) — Fun(TwAr(A'*"), @);

and forgets the initial vertex; here (s, ) : TwAr(A*") — Al*" x (A1*")°P takes source and target; s* is
fully faithful since s admits k — (k < n) as a fully faithful left adjoint.

To prove this description observe that the map p, : £, — Fun(A”, €) inducing the equivalence in 2.4.9
is inverse to the restriction of s* to diagrams A'*” —  that vanish at 0, and that the Lagrangian L: occuring
in the proof is precisely the image of the fully faithful functor ¢*.

Unwinding further the statement means that F is taken to the functor informally described by

k+— fib(F(0 < k) » F(k <k))
on objects and with the morphism induced by some k — / obtained by inverting the left hand map in
fib(F(0<k)—> F(k <k)) «—fib(FO<I]) > F(k<l)) — fib(FO<I)—> F( <)),
which is an equivalence by the definition of the Q-construction.
Proof of 2.4.5. Since the inclusion of constant diagrams induces an equivalence
Pn(C, ?) — 1Fun(A”", Pn(C, Q))
by the contractibility of A", Proposition 2.4.10 can be restated as an equivalence
dec(Pn Q(C, ?)) ~ N(Surg(C, ?)).

The claim thus follows from Lemma 2.4.7. O

2.4.12. Remark. Finally, let us explain the reason for sticking to the functor Pn: Cat? — § in this section:
For an arbitrary additive functor J: Cat? — § one can produce a functor cJ : Cat® — Cat, by setting

cF(C, ?) = asscat F(Null(C, 2!11).
For example, cPn = He by Proposition 2.4.9. One can then set
Surg?(e, Q) = ff(@, Q) XCSF(C,Q) C?(Met(e’ Q))

and attempt to obtain generalisations of Proposition 2.4.3 and Theorem 2.4.5 for arbitrary additive F. The
crucial (and in fact necessary) ingredient for these statement is, however, that the tautological map

FMet(C, Q) — 1(cF(C, =11y

is an equivalence, which unwinds exactly to the completeness of the Segal space F(Null(C, 9{11)). As already
mentioned after Proposition 2.3.1, this generally fails unless J preserves arbitrary pullbacks.
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2.5. The additivity theorem. As we will see, the decisive step towards understanding the homotopy type
of the cobordism categories Cob(C, ?) consists in analysing their behaviour under split Poincaré-Verdier
sequences. To this end we show:

2.5.1. Theorem (Additivity). Let I : Catd — 8 be additive. Then the functor |Cob” | is also additive. In
particular, a split Poincaré-Verdier sequence
(C,9) = (€, - (€", 9"
induces a fibre sequence
|Cob7 (€, 9)] — |Cob” (€, ?)| — |Cob” (", 9"
of E -groups.

We heavily exploit the result in §3 below. In particular, we use it to compute 7 |Cob” (G, 9)], produce
deloopings of |C0b§ (€, ?)| via the iterated Q-construction and it also serves as the basis for Grothendieck-
Witt theory in §4. It contains Waldhausens’s additivity theorem for K-theory as a special case, as we will
detail in §2.7 below.

On the other hand, Theorem 2.5.1 yields an algebraic analogue of Genauer’s fibre sequence from geo-
metric topology. To explain this analogy recall that there exists a fibre sequence

|Cob,1| = [Cobf, | — [Coby]

relating cobordism categories of manifolds of different dimension (with the middle term allowing objects

to have boundary). As mentioned in the introduction this was originally proven by identifying the sequence

term by term with the infinite loop spaces of certain Thom spectra, together with a direct verification that

these Thom-spectra form a fibre sequence, see [Gen12, Proposition 6.2] and the main result of [GTMWO09].
Applying Theorem 2.5.1 for I = Pn to the metabolic Poincaré-Verdier sequence

€971 - Met(e, o1 - (€,9)
from Example 1.2.5, we obtain the following algebraic analogue of the Genauer fibre sequence:
2.5.2. Corollary. For every Poincaré oo-category (C, Q) there is a fibre sequence
|Cob(C, 2=1)| - |Cob?(C, 21| - |Cob(C, 9)|
of E,-groups.

Even more, our proof of the Additivity theorem will follow the strategy developed in [Ste18] by the ninth
author in his approach to Genauer’s fibre sequence. It is based on a recognition criterion for realisation
fibrations, whose assumption we verify with the following result:

2.5.3. Theorem. Let F: Cat? — 8 be additive and (p,n): (C,?) = (C',?') a split Poincaré-Verdier
projection. Then the induced map

.M, FQE,9 — FQE,9)
is a bicartesian fibration of Segal spaces and in particular
(p, 1), : Cob? (€,9) — Cob” (€', 9"
a bicartesian fibration of co-categories.

We refer to [Stel8, section 2] for the definition of (co-)cartesian fibration between Segal spaces. The
proof of Theorem 2.5.3 will indeed show that an edge in F Q(C, ?) is F Q(p)-cocartesian if and only if it lies
in the image of ' Q(E, 2;) where & C Q;(C) is the subcategory spanned by those diagrams x « w — y
with left hand map p-cartesian and right hand map p-cocartesian; the roles are reversed for Q(p)-cartesian
edges.

2.5.4. Remark. i) A similar result in the context of co-categories of spans was given by Barwick as
part of his unfurling construction in [Barl7, Theorem 12.2], but see [HLN20, 3.13 Remark] for a
small correction. While the main motivation for that construction is also K-theoretic in nature, its use
does not seem at all related to additivity in Barwick’s work. Our proof, furthermore, proceeds rather
differently than Barwick’s combinatorial approach.
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ii) Neither Theorem 2.5.1 nor Theorem 2.5.3 remain true upon assuming J Verdier-localising and the
input Poincaré-Verdier, but not necessarily split. For example, with F = K o(—)", which is Karoubi-

localising and group-like, Corollary 2.3.10 and Theorem 3.3.4 below in combination show that |Cob™ o _
| ~B X o(—)" is the connected delooping, which is famously not (Poincaré-)Verdier-localising, since
Verdier projections need not induce surjections on K o(—)f.

Proof of the Additivity theorem, assuming Theorem 2.5.3. Suppose given a Poincaré-Verdier square

€9 —— (D,D)

| l

@,y —— (D', D).

Since FQ: Catgo - sCatEo is additive, we find an associated cartesian square of Segal spaces, and we
claim that also

Cob” (€,9) —— Cob” (D, ®)

Cob” (€/,9") —— Cob” (D', @)
is cartesian. Since completion of Segal spaces preserves mapping spaces, the functor from the top left
corner to the pullback is fully faithful on general grounds, but might a priori fail to be essentially surjective.
However, if one of the maps involved is an isofibration we claim this is true (and (co)cartesian fibrations
are easily check to be isofibrations); here we call a map A — B of Segal spaces an isofibration if

X X
Al —> Bl XBO AO

surjective on x,, where the target is formed using either d; or d;. Employing the formula 1 asscat(—) ~
|(—=)*| for Segal spaces, we have to check that

71'0|CX XBX Axl —> 7y (lCX| Xlel |AX|)

is surjective, but by the theorem of Seifert and van Kampen, any component in the target contains an element
formed by some ¢ € Cy, a € A, a path w in B, ending at the image of a and a zig-zag of edges in B*
starting at the image of ¢, and ending at w(0). Per assumption the zig-zag can be lifted to C*, and the
endpoint of such a lift, together with a and w defines a preimage.

With the square above established as cartesian, we next argue that it remains cartesian after realisation.
Writing Un(G) for Lurie’s cocartesian unstraightening of a functor G : €& — Cat, it is generally true that
if

G [l
E— Cat,— §
factors over | €|, the diagram

[Un(GH)| — |Un(G)|

l l

|F| ——— 1€]

is cartesian for any H : ¥ — €&: Simply observe, for example via [Lur09a, Corollary 3.3.4.3], that the
upper terms can also regarded as the unstraightenings of |G| : |E| — 8 and its precomposition with | H|.
The cocartesian straightening of a bicartesian fibration takes values in CatI(;o, so satisfies these assumptions
since adjoint functors realise to equivalences.

Alternatively, one can consider the square

FQE,QY —— FQD, )

l |

FQE,Y) —— FQD', D).



HERMITIAN K-THEORY FOR STABLE c0o-CATEGORIES II: COBORDISM CATEGORIES AND ADDITIVITY 63

and apply [Ste18, Theorem 2.11], which verifies directly that bicartesian fibrations are realisation fibrations
also among incomplete Segal spaces. Incidentally, that result also gives another proof that completion
commutes with pullbacks with one leg an isofibration. (]

2.6. Fibrations between cobordism categories. The present section is devoted to the proof of Theo-
rem 2.5.3. We remind the reader of the notation (€, 2)? = (Fun(J, €), 29) for the cotensoring of an hermitian
oo-category (C, ?) with an co-category J.

The strategy of proofis as follows: After recording that a split Verdier projection (of stable co-categories)
is a bicartesian fibration, we improve on this by showing that the maps

Py (DA = (@, Y

behave like a bicartesian fibration between Segal objects in Cat};o; we will not give a formal definition of
this term, but instead formulate the relevant statements directly in Lemmas 2.6.3 and 2.6.4. We then use
this to show that the map
Q) QEC,9) - QE,?)

also behaves like such a bicartesian fibration; the cocartesian part is formulated in Lemmas 2.6.7 and 2.6.8
and the cartesian one follows by invariance of the Q-construction under taking opposites. From there we
will deduce the theorem by observing that any additive functor I can be used as a ‘cut-off” to obtain a
bicartesian fibration F Q(€, ?) — F Q(€C’,?’) of Segal objects in §, which implies the result.

To get started we need:

2.6.1. Lemma. Let p: C — C' be a functor with left adjoint g. Then:
i) A morphism a: x — yin Cis p-cocartesian if and only if the square

(a)
gn(x) L2 gp(y)

x#}y’

obtained by applying the counit transformation to a, is a pushout square.
it) If C admits pushouts which p preserves and g is fully faithful, then p is a cocartesian fibration.

Proof. The first statement is immediate from the mapping space criterion for cocartesian morphisms [Lur(9a,
Proposition 2.4.4.3]. For the second one readily checks that for ¢ € € and a map p(c) — d in €’ the edge
¢ = € Ugy) 8(d) is a p-cocartesian lift; here the pushout is formed using the counit gp(c) — ¢ of the
adjunction. ]

Applying the previous corollary also to the opposite category we find:
2.6.2. Corollary. Any split Verdier projection p: C — C' of stable co-categories is a bicartesian fibration.
Now denote by
Cart(p), Cocart(p) C Ar(C)
the full subcategories on p-cartesian, resp. p-cocartesian morphisms. These are stable subcategories as

a consequence of Lemma 2.6.1, and the hermitian structure QA" endows Cart(C) and Cocart(C) with the

structure of hermitian co-categories (we warn the reader that QAl(x — y) ~ Q(y) is distinct from the
Poincaré structure ?,, from §[1].2.4). Finally, we denote by s and # : Ar(C) — C source and target functor,
respectively.

2.6.3. Lemma. Let p: (C,Q) — (C',?) be a split Poincaré-Verdier projection. Then the diagrams

(Cart(p), 92") —— (C,9) (Cocart(p), 92') —— (€, 9)
lp lp lp lp
(G/’Q/)Al —1) (6’,9’) (e/’Q/)AI —5) (G,,?,)

in CatEo are cartesian.
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2.6.4. Lemma. Let p: (C,Q) — (C',?) be a split Poincaré-Verdier projection. Then the square

(Cart(@), 92) X g g a1 (€D Dy (Cart(©), 98" x(eg) (€, D)4

L L

@, 9/)A2 (do.dy) y (€ Q/)Al X e @, Q/)A] )

where the pullback in the top left corner is formed using d,: A' — A? and those on the right using the
target functor is cartesian in Cat};o. Similarly,

(Cocart(©), 22") X o g a1 (€. 9" =5 (Cocart(©). 94") x ¢ g) (€. D'

L I

@, @) @99 xerar (€A

with top left corner formed using d, : A' — A? and right hand using the source functor, is cartesian in
Cat .
oo

Proof of Lemma 2.6.3. One readily checks straight from the definitions and the mapping space criterion for
cartesian edges [Lur09a, Proposition 2.4.4.3] that the map Cart(p) — Ar(C") X C is essentially surjective
and fully faithful for any cartesian fibration p. Now apply Lemma 2.6.2

To see that this map is an equivalence Catgo, note first that by the discussion in §[1].6.1 it is enough to
show that for a cartesian morphism f : A! — @ the square

lim(Q0 f°P) —— Q(f(1))

| |

lim(o(pf)P) —— ' (pf(1))

is a pullback of spectra. But this is clear since the horizontal maps are equivalences, as 1 is initial in (A)°P.

Now we deal with the second square. That the underlying square of co-categories is cartesian is again
easy (or indeed follows from the cartesian case applied to p°P). For the hermitian structure we need to show
that

(S (1) — 2f(0)
|
F(pf (1) — V(pf(0)).

is a pullback for every p-cocartesian morphism f.

To see this, recall from Lemma 2.6.1 that f(1) ~ f(0) Urpr0) Ipf(1), where [ is the left adjoint to p.
Furthermore, the canonical map o/ — ¢’ is an equivalence, since p is a split Poincaré-Verdier projection,
see Corollary 1.2.3. Thus, the square in question is equivalent to

(S (0) Upppqo) IS (1)) —— 2(£(0))

! /

lpf(1)) — pf(0)
By Lemma [I].1.1.19 it is therefore enough to show that

Bo(cof(Ipf),cof(c)) ~ 0,
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where ¢ : Ipf(0) — f(0) is the counit of the adjunction We compute

Bo(cof(Ipf),cof(c)) ~ Home(I cof (pf), Dg cof(c))
~ Home/(cof (pf), pDg cof (c))
~ Home/(cof (pf), Dgs cof (pc))

but pc is an equivalence so this term vanishes as desired. (]

For the proof of Lemma 2.6.4 we will use the following observation, compare [Lur09a, Corollary 2.4.2.5]:

2.6.5. Observation. Let p: C — €' be a cartesian fibration, and Cy C C be a full subcategory that contains
all p-cartesian morphisms whose target lies in Cy. Then the restricted functor p : Cy — €' is also a cartesian
fibration.

Proof of Lemma 2.6.4. We again start by showing that the upper square is a pullback of co-categories. We
first claim that both vertical maps are cartesian fibrations. By [Lur09a, 3.1.2.1] the functors p, : Fun(K, C) —
Fun(K, C’) are again cartesian fibrations, with cartesian edges detected pointwise. Applying this with
K = A% and A%, the claim easily follows from Observation 2.6.5 and the cancellability of cartesian edges
[Lur09a, Proposition 2.4.1.7]. The pointwise nature of cartesian edges also implies that the top horizontal
map perserves cartesian edges, so to check that the underlying diagram is cartesian in Cat it suffices to
check that the induced map on vertical fibres are equivalences by [Lur09a, Corollary 2.4.4.4].

But here again, one readily checks that the induced functors are fully faithful and essentially surjective
straight from the mapping space criterion for cartesian edges [Lur09a, Proposition 2.4.4.3] together with
the description of spaces of natural transformation as iterated pullbacks arising from [GHN17, Proposition
5.11.

This concludes the proof that the underlying square on the left is a pullback in Cat,, and the argument
for the right one is entirely analogous. To make the left square a pullback in Cat};o, we need to show that
for each f : A% — C, the square of spectra

lim(AZ)op Qofop _ lim(Ag)(,p QofOP

| !

1im(A2)op Q,OPfOP — lim(Ag)op Qlopfop

is a pullback. But this is clear since 2 is terminal in both A? and A% so the inclusion (A%)Op C (A?)°P s final
and the horizontal maps are equivalences.

To see that the second square is a pullback in Catgo, we have to show that the following square is a
pull-back:

limg2y0p Q0P ——— Tim(y2 0 9./

lim(A2)0p Qlopfop — lim(A(Z))op Q,OPfop

Since 2 is terminal in A2 this reads

f(2)) —— (S (D) Xg(r(0y 2 (2))

| !

Vpf(2) — L) Xerpr0p) V(RS 2)).
But either by decoding the statement of Lemma 2.6.3 or more directly from (25), we find

S (1) = ' (P (1) Xer(pr(0y) ASO)),

since f(0) — f(1) is p-cocartesian by assumption. O
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Let € C Q,(C) denote the full subcategory on objects of the form ¢ « w — d where the left arrow is
p-cartesian, and the right arrow is p-cocartesian. This is a stable subcategory which inherits an hermitian
structure from Q; (C).

2.6.6. Lemma. & C Q,(C) is closed under the duality D‘?l'

Therefore, (€, ?;) is a Poincaré co-category and the inclusion functor € — Q;(C) tautologically refines
to a Poincaré functor.

Proof. Letc <f—w—g> d be an object of &, so that f is p-cartesian and g is p-cocartesian. The dual arrow
is obtained by first completing the diagram to a pushout square; then applying Do termwise, and deleting
the value at the terminal object of the square, see Proposition [I].6.3.2. The claim now follows from the
fact that p-(co-)cartesian morphisms are stable under (co-)base change, and that the dualities interchange
p-cartesian with p-cocartesian morphisms since the diagram

GOP&)G

b
D/
GIOP 3 el
commutes as p is Poincaré. (I

We are now ready to state the main technical results of this section, namely that Q(p) : Q(C,?) —
Q(€’, 9"y behaves like a cocartesian fibration of Segal objects in Cat};o, with cocartesian lifts given by
(€,2)) € Qq(C,9). Since the Q-construction is invariant under taking the opposite simplicial object, it
follows that it also behaves like a cartesian fibration, see Example 2.3.3.

2.6.7. Lemma. The diagram
€9 — s (@9
| l
Q@9 —Iy (@, 9
is a split Poincaré-Verdier square.

2.6.8. Lemma. The diagram

(id,dy)
(&,21) Xq,e.0) Q(C, 9 ——= (£,2)) X(ee) Q(C, Q)

l L
(dp.dy)
Q(€,9) — = Q€. 9) X(er oy Qi (€, D).

where the upper left pullback is formed using d, : Q,(C,?) — Q,(C,?) and the right hand ones using d,
is a split Poincaré-Verdier square.

In particular, both diagrams are cartesian in Cat?_.

Proof of Lemma 2.6.7. We factor the square in question as
(&,9) — (Cart(€),9%) —— (€,9)
lp lp b
Q,(€,9) —— (€, —L— (€@, 9).

Here the left horizontal maps are given by including A! into TwAr A! as the morphism (0 < 1) = (0 < 0).
The right square is a pullback by Lemma 2.6.3. Now

Q€9 = (€9 = (€94 X (€D
using the source and target arrows for the pullback, and this equivalence restricts to an equivalence
€ =~ Cart(C) Xe Cocart(C)
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by construction. So, the left square is obtained by pullback from the right hand square of Lemma 2.6.3 and
therefore cartesian as well (in Cat};o, and hence in Catgo).
Since p is a split Poincaré-Verdier projection by assumption this implies the claim by Corollary 1.2.6. [

Proof of Lemma 2.6.8. The co-category in the upper left corner is equivalent (as an hermitian co-category)
to the full subcategory of Q,(C) on those diagrams F : TwAr A = C,

F0<2)
/ (IH)\
(26) FO<1) F(1<2)
e VN
F(0 <0) F<1) F2<2)

such that (i) the map labelled by (I) is p-cartesian, (ii) the map labelled by (II) is p-cocartesian, and (iii) the
middle square is exact. In view of Lemma 2.6.1, one easily checks by pasting exact squares that condition
(iii) is equivalent to the following two conditions: (iii’) the map labelled by (III) is p-cocartesian, and (iii”)

the image of the middle square in €’ is exact. In other words, if we denote by (C, ?);WAr(Az) C (C, ?)TWAr(AZ)

the full subcategory on diagrams satisfying (i), (ii), and (iii’), then the diagram

- 2
(&, 91) XQ](G,Q) Q2((i’, 9 —— % (G, 9);1; Ar(A?)

27) l" |

Qz(e,, 9!) 5 (e/’ Qf)TWAl'(Az)

is a pullback in Cat};o, since it is one in Cat, and the hermitian structures on the left are the restrictions of
those on the right.
Now consider the following filtration

Iy — I; > ... I, = TwAr(A?)
through (non-full) subposets, starting with
Iy = dy(TwAr A"y U d,(TwAr A').

The remaining I; are obtained by adding relations in the order indicated in the following picture:

~
=

IA4——————=IA
-

/

@)
)

R
V

0=<0)

~
—
—
~

(2<2)

1 1
(namely using A3, Aj and then Ag twice) in Cat,: This either follows from a simple direct argument by

writing the posets involved as iterated pushouts of simplices, or from the corresponding statement at the
level of simplicial sets using that homotopy pushouts in the Joyal model structure model pushouts in Cat ,
or

Now one readily checks that each I; — I, is obtained from an outer horn inclusion by cobase change

Fori € {0,...,4}, let (C, 9)11," C (€, )i denote the full subcategory on functors that satisfy whichever

of condition (i), (ii), and (iii’) apply. Then for i = 0 the map (C, 9)11," — (€/,9")!i induced by p is equivalent
to that in the right hand column of the statement of the Lemma, and for i = 4 it is the right hand map in
27).
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We then claim that the diagram

€,9), ———— €9,

e8) I I
(el’ Q’)Ii I (e/’ 9/)11-71 ,

with horizontal maps given by restriction, is a pullback in Catgo. This establishes the lemma by pasting
pullbacks.
Indeed, I, is obtained from I by filling the 1-horn A(l) C A with a cocartesian edge, so that the restriction

map (G, )2 — (€,9)/1 is pulled back from the restriction map s : (C, S?)A1 — (G, Q). It follows that the
diagram in question is obtained from the second diagram of Lemma 2.6.3 by base changes, and therefore is
a pullback.

Similarly, we see that the diagrams for i = 1, 3,4 are obtained by base-changes from the diagrams of
Lemma 2.6.4 and therefore pullbacks.

We are left to show that the right vertical map in the statement of the lemma, namely

(8, 91) X(G,?) Ql((i’, 9) e Ql(e/, 9/) X(e/,g/) Ql (e/, 9/),

is a split Poincaré-Verdier projection. But Lemma 2.6.7 identifies this map as a base change of Q;(p) : Q;(C,?) —
Q, (€', ?"), which is a Poincaré-Verdier projection by Proposition 1.4.15. The claim thus follows from Corol-
lary 1.2.6. (]

Proof of Theorem 2.5.3. Applying J to the squares of Lemmas 2.6.7 and 2.6.8, and using additivity, we
deduce that the following squares are also pullbacks:

(iddy)
F(E, QD L} FC,9) FEQ) XF(Q,(C.9) F(Qu(C,9) — F(, ?1) Xge.9 F(Q(C,?)

l l l l
d (dp.dy)

F(Q(€,2) —— F(€.2) FQ(C',9")) ———— F(Q(€,2)) Xg(er o) FQ (€, 2));
here the pullback in the right hand square is formed using d, on the left and d; on the right. Now the right
hand square tells us that the image of 7, F(E,2;) — 7yF(Q,(C, ?)) consists of F Q(p)-cocartesian arrows,
whence the left hand square provides sufficiently many J Q(p)-cocartesian lifts to make 5 Q(p) : FQ(C,?) —
FQ(C’,?) into a cocartesian fibration of Segal spaces: To see the former claim map the right square to

97(5’91) e 97(5’91)

l l

FQ,€,?) — FQC.?)

in the evident fashion and take fibres of a given point f € F(&, ¢ 1) and its images. The resulting fibre
square is precisely the necessary square making its image f € F(Q;(C, ?)) a 3 Q(p)-cocartesian morphism,
see [Stel8, Definition 2.6]. Mapping instead to the square

F(E,9)) X F(C,9) ——— F(E,9,) X F(C,Q)

| l

FQ,(C,9)x F(€,9) — FQ,(€,2)x F(€,?)

by addtionally extracting the last vertex and passing to fibres over (f,¢) € F(&, ?;) X F(C, 2), we obtain the
cartesian square

—of
Home 5 @ o) (t(f), x) ——————— Homg 5 ¢ o)(s(/). 1)

l l

—opf
HomCobg(e’,Q’)(t(pf)’ px) EE— HomCObJ(@;,g/)(S(Pf), Px)
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via the equivalence
. (dy.dy)
Homgg 7 e ) (¢, d) = fib 4) (F(Q,(€,2)—— F(C.9)).
Thus, any f € F(E, ?) also defines a Cobg(p)-cocartesian morphism making Cobg(p) a cocartesian fibra-
tion as well.
Since Q(C) is naturally identfied with Q(C)°P through the canonical identification TwAr(A") = TwAr((A")°P),
see Example 2.3.3, we conclude that both F Q(p) and Cob” (p) are also cartesian fibrations. [l

2.7. Additivity in K-Theory. The arguments presented in the previous section work verbatim upon drop-
ping hermitian structures and working with additive functors Cat?; — 8. In the present section we briefly
record the statements that are obtained this way.

Let us first formally set terminology obviously analogous to that of Definition 1.5.4.

2.7.1. Definition. Let € be an co-category with finite limits and F : Catl, — & a reduced functor. We
say that & is additive, Verdier-localising or Karoubi-localising if it sends split Verdier squares, arbitrary
Verdier squares or Karoubi squares to cartesian squares, respectively.

Part of the following result also appears in [BR13], though in incommensurable generality.

2.7.2. Proposition. For a stable co-category C the simplicial category Q(C) is a complete Segal object in
Cat,,, whose boundary maps are split Verdier projections. For an additive functor . Caty, — 8, and
F Q(C) is a Segal space, which is complete if F preserves pullbacks.

Proof. This first two statements are obtained during the proofs of Lemmas 2.2.5 (see also [HLN20, 3.7
Lemma]) and 2.2.8. The latter two statements are proven just as Proposition 2.3.1. (]

In particular, we can extract a category Span? (©) from F Q(C), and it inherits a symmetric monoidal
structure since C — Spang(e) preserves products. The proof of Corollary 2.3.10 gives the statement that

7T (Ar(C)) —L—3 7,7(C)

| !

0 ——— x| Span” ()]

is a pushout. In the non-hermitian situation, the top horizontal map is, however, surjective: It is split for
example by the exact functor x — (0 — x). We obtain:

2.7.3. Proposition. The category Spang((“:’) is connected for any stable C and additive J . Catl, — 8.

In particular, | Span§(6)| is always an E  -group. Our notion of additive functor is geared to permit the
following strong version of Waldhausen’s additivity theorem:

2.7.4. Theorem (Additivity). If F : Catz — 8 is additive, then so is | Spang —| ~|FQ—|.

Just as the hermitian version 2.5.1, this theorem is deduced from the following statement and the fact
that bicartesian fibrations are realisation fibrations.

2.7.5. Theorem. Let F : Cat?y — 8 be additive and p : C — C' a split Verdier projection, then
FQp): FQ©) - FQE)

is a bicartesian fibration of Segal spaces and thus a realisation fibration.

The proof of Theorem 2.5.3 in §2.6, in particular, verifies Theorem 2.7.5 upon dropping all mention of
Poincaré structures (which in fact made up the bulk of the work). For the reader averse to stripping away
the hermitian structure themselves here is a digest.

Proof sketch. The starting point is the observation that a split Verdier projection is itself a bicartesian fi-
bration together with a result of Barwick’s which implies that an exact bicartesian fibration p: € — €’
among stable co-categories induces another bicartesian fibration Span(p) : Span(€) — Span(€’), with a
morphism X < Y — Z being Span(p)-cocartesian iff Y — X is p-cartesian and Y — Z is p-cocartesian
(and reversed roles for Span(p)-cartesian edges), see [Barl7, Theorem 12.2] or [HLN20, 3.12 Theorem)].



70 CALMES, DOTTO, HARPAZ, HEBESTREIT, LAND, MOI, NARDIN, NIKOLAUS, AND STEIMLE

This already implies the result for 5 = Cr. To obtain it for general additive J : Catz — 8, we categorify:
Let € C Q,(C) denote the full subcategory spanned by the Span(p)-cocartesian edges of Span(C). Then one
checks that for a split Verdier projection p the squares

e e € Xq,e) Q(©) ELLVNY: Xe,9) Q1(©)
Lk s s
Q€ 4y ¢ Q,(€) — 21 4 (@) xe Q)(€)

are split Poincaré-Verdier square, where the upper left pullback on the right is formed using d, : Q,(C) —
Q;(C). Applying J these become pullbacks by assumption on J, and after unwinding definitions the right
square says that all edges of F Q(C) that lie in the image of F(&) — F(Q;(C)) are F Q(p)-cocartesian, and
the left square says that there is a sufficient supply of these, so F Q(p) is a cocartesian fibration. Exchanging
the legs of € shows that Span? (p) is also cartesian. [l

Waldhausen’s additivity theorem now follows, by inserting the analogue of the metabolic sequence, i.e.
the split Verdier sequence

€ - Ar(@)— €

into the corollary (whence our terminology), and noting that either adjoint of ¢ give rise to splittings of the
sequence

1F(©)] = |FAL(C)| - |F©).

This runs contrary to the situation of the metabolic sequence, where the adjoints of met : Met(C, ?) — (C, ?)
are not compatible with the Poincaré structures. The splitting lemma then gives the equivalence

|F(@)|* = |F(CD)] = |F(Ar(E))].

Applying this to K = Q| Span —|, which is additive by 2.7.4 above, we find K(€)? ~ K(C2) ~ K(Ar(C))
as desired.

In summary, the metabolic fibre sequence is not just an algebraic analogue of Genauer’s fibre sequence
regarding geometric cobordism categories, but also of Waldhausen’s additivity, the connection between
which was first realised by the ninth author in [Ste18].

2.7.6. Remark. i) We repeat the caveat that it is not generally true, that |3 Q —| is Verdier-localising
whenever I : Cat_, — 8 is, a counterexample being X o(—)idem,

ii) In the set-up of stable co-categories any group-like additive functor & in fact takes all right split and all
left split Verdier-sequences to fibre sequences (i.e. those where the projection admits only one adjoint)
by unpacking an old argument of Waldhausen’s: Observe that as a consequence of additivity there is
an equivalence F(G,) ~ F(G,) + F(G5) : F(€) - F(C) for any cofibre sequence G; = G, = G5 of
exact functors ¢ — €’ (since both source and cofibre of G; = G, and G; = G; ® G5 : C > Ar(C’)
agree). But for a, say, left split Verdier sequence

& q
)(l\ )(J'_\
e—=3 D 25 ¢,

we find a fibre sequence fg = idp = gp from A.2.5, which gives idgp) = F(f)F(g) + F(@F(p),
and thus that the two maps

(F(©), F(p) : F(D) — FC)XF(E) : F()+F(a)

are inverse equivalences, which in particular means that F(C) — F(D) — F(E) is a fibre sequence.
In the hermitian case, we will replace this simple argument with the more elaborate isotropic de-
composition principle, see Proposition 3.1.7 and Theorem 3.2.10.
iii) Let us also mention that the proof of Theorem 3.3.4 below also carries over without change to the
setting of stable co-categories. As a consequence one obtains:
a) K ~ Q| Span(-)| : Catf;‘ — 8§ is the initial group-like additive functor under Cr, compare 3.3.6,
b) the iterated Q-construction defines a positive Q-spectrum Span(C), with Q*®°Span(C) ~ K(C),
compare 3.4.5,
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¢) whose spectrification K(C) gives the initial additive functor Catz — 8p under S[Cr], and in fact
that K is the suspension spectrum of Cr in the stabilisation of co-category of additive functors
Catz}‘ — 8, compare 3.4.6 and 3.4.9.
This gives a simple and uniform approach to these fundamental results, which to the best of our knowl-
edge have not been treated together in the literature.

Finally, as we will have to make use of this result in the next section, let us also record the computation
of 7o K(C€) = 7;| Span(C)| in the generality of an arbitrary additive J : Catz)‘ — 8: The natural equivalence
Homspany(e)(o, 0) ~ F(C) provides maps

1 F(€2) 0 2 F(Are) ——L 7, T (@)

l l l

7| Span5(62)| — 7| Spang(Ar O — =yl Spanf(G)l,

where s, t and cof take the source, target, and cofibre of a morphism. The additivity theorem implies that
the lower left horizontal map is an isomorphism. Inverting it produces a commutative diagram

7 F(Ar @) —— 7,7(C)

(s,cof)l l

7,F(€)2 —— ;| Span” (©)|
of abelian monoids natural in both C and &.
2.7.7. Proposition. This square is cocartesian for every stable C and every additive J . Cat?y — 8.
In particular, for ' = Cr we recover the standard fact that Ky(C) is given by 7,Cr(C) modulo extensions.

Proof. While a proof internal to the Q-construction is certainly possible, the quickest route is through
the well-known subdivision equivalence |F Q(C)| ~ |FS(C)| with the Segal construction, as employed by
Waldhausen. In S(C) the 0-,1- and 2-simplices are given by %, C and Cof(C), respectively, where Cof(C)
denotes the category of cofibre sequences in C. This is equivalent to Ar(C) and under this identification the
boundary maps of S(C) are given by source, target and cofibre. Thus we find 7,|FS(C)| given by 7y, F(C)
modulo the relation s( f)+cof(f) = #(f) forevery f € znyF(Ar(C)), whichis exactly the pushoutabove. [

3. STRUCTURE THEORY FOR ADDITIVE FUNCTORS

The objective of this section is to derive the fundamental theorems of Grothendieck-Witt theory from the
additivity theorem. We will, however, do so in the generality of arbitrary additive functors Cat? — 8. Even
when only interested in Grothendieck-Witt spectra this additional layer of generality is useful, for example
it enters our proof of the universal property of GW : Cat? — 8p. The reader is encouraged to keep the two
fundamental examples

Pn and [Cob(-)|: Catl — §

in mind throughout. In §4 below, we will specialise the results of this section to define Grothendieck-Witt
theory and conclude the main theorems of this paper.

We begin by introducing the notion of a cobordism between Poincaré functors, and use this to establish
some fundamental results for group-like additive functors. Chief among these is the agreeance of their
values on hyperbolic and metabolic categories. In the case of |Cob(—)| we already proved this claim in
Proposition 2.3.13 by explicit identification of both sides. Using the general statement as a base case,
we develop a general theory of isotropic decompositions of Poincaré co-categories, which allows for the
computations of the values of a group-like additive functor I applied to many Poincaré co-categories (C, ?)
of interest, e.g. Q,(C, ?) for all i, in terms of hyperbolic pieces and parts that are often simpler then the
original (C, ?).

We then use this machinery to establish precise relationships between additive functors taking values
in the categories of E -monoids, E -groups and spectra, in particular constructing left adjoints to the
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evident forgetful functors. The adjoint passing from E_ -monoid- to E_ -group-valued functors, the group-
completion, is given by F — Q|Cob” ()| 1= Q|FQ(=1)|, using the F-based cobordism category
from section §2, and the adjoint from E  -group-valued to spectrum-valued functors, the spectrification,
is given by iterating the Q-construction on F. This generalises the work of Blumberg-Gepner-Tabuada on
the universality of algebraic K-theory [BGT13]. Many of our constructions also have geometric precursors
in the work of Bokstedt-Madsen on the connection between iterated cobordism categories and algebraic
K-theory [BM14]. We will expand on these analogies in §4.

We then turn to a more detailed analysis of spectrum-valued additive functors. To this end we introduce
the notion of a bordism-invariant functor (i.e. one that vanishes on metabolic categories), the principal
example being L : Catlzo — 8p, the L-theory functor of Ranicki and Lurie. We show that the inclusion of
bordism invariant functors into all additive functors also admits a left adjoint bord. It will then follow for
rather formal reasons that there always is a natural bicartesian square

3,«(6, Q) 3 S:bord(e’ Q)

l l

F(Hyp(©)"“> —— F(Hyp(€))'2

of spectra, which can in principle be used to compute F from its hyperbolisation TP = FoHyp and
its bordification F°°'9, each of which may be easier to understand than F. We also provide two direct
formulas for F°°r4, which again have precursors in manifold theory. We will use these in §4 to identify the
bordification of Grothendieck-Witt theory with L-theory, completing the proof of the main theorem.

3.1. Cobordisms of Poincaré functors. In the previous section we introduced the concept of cobordism in
a Poincaré co-category. When applied to the Poincaré co-category of exact functors between two Poincaré
oo-categories this yields a natural notion of a cobordism between functors:

3.1.1. Definition. Let (C, ?) and (D, ®) be two Poincaré co-categories and let f, g : (C,?) - (D, @) be two
Poincaré functors. By a cobordism from f to g we shall mean a cobordism in the Poincaré co-category
Fun®((C, ?), (D, ®@)) between the Poincaré objects corresponding to f and g.

We note that the data of such a cobordism can equivalently be encoded by a Poincaré functor ¢ : (C,?) —
Q(D,®) such that dy¢p = fand d|¢p = g.

Our first goal is to describe the behaviour of group-like additive functors under such cobordisms. Recall
from Definition 1.5.8 that an additive functor F : Catgo — £ into a category admitting finite products is
called group-like if its canonical lift Cat? — MonEm(E) arising from the semi-addivity of Cat®_ actually
takes values in the full subcategory GrpEoo(E) C MonEoo(E). Regarded as functor Catgo - GrpEw(S), Fis
then again additive, since limits in GrpEm(E) are computed in &, and group-like, since GrpEm(E) is additive.

We start by analysing the universal case of a Poincaré cobordism between functors with target (C, ?). It
is given by the two Poincaré functors dy,d; : Q;(C,?) = Qu(C,?) = (C,?), which are equipped with a
tautological cobordism between them.

To this end, consider the functor

(29) i: C— Q(0), x»—>[0<—x—>x]
and its right adjoint
p: Q) — ¢, [x —w - y] — fib(w — x).

Note that the unit transformation id = pi is an equivalence, so i is fully-faithful. By the universal property
of the hyperbolic construction, Corollary [I].7.2.20, we obtain a pair of Poincaré functors

30) Hyp(©) —%3 Q,(€.9) %3 Hyp(C)

which is a retract diagram in Catgo. We also note that iy, : Hyp(C) — Q,(€, ?) factors through Met(C, ?) C
Q;(C, ?); the corresponding restriction of Ihyp agrees with can: Hyp(C) — Met(C, ?) (compare the recol-

lection section for a review of notation). Similary, the restriction of phYP to Met(C, ?) C Q(C, ?) is exactly
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lag : Met(C, ?) - Hyp(C). In particular, we obtain the commutative diagram
€9

b,

31) Met(€,9) —— Q,(€,9) —5 (€,9)

hyp
h lp

Hyp(C)
with cyl the inclusion of constant functors and p"P split (as a Poincaré functor) by i"P.

3.1.2. Lemma. For (C,?) a Poincaré co-category both the horizontal and vertical sequence of (31) are split
Poincaré-Verdier sequences.

Proof. For the horizontal sequence this is immediate from Lemma 2.2.8. For the vertical sequence we
shall check that p satisfies the assumptions of Lemma 1.4.1 to conclude that p"P is a split Poincaré-Verdier
projection; the kernel of p™P is evidently given by the diagrams TwAr(A') — CrC, and since | TwAr(A!)|is
contractible these are exactly the constant diagrams, which embed € fully faithfully into Q, (C) and evidently
cyl* @, = Q.
We already recorded above that p admits a fully faithful left adjoint i taking x to 0 < x — x, and

210 <~ x — x) =2 20) ~0.

A right adjoint r to p is readily checked to be given by the formula
x+— [Zx < 0-0]
and since
DQ([Zx «~0- O]) ~ [QDox « QDox — 0]

we also find (De(rx)) ~ 0 for all x € C as desired. [l

Applying Proposition 1.5.11 to (31) we thus obtain:

3.1.3. Corollary. Let I : Cath — € be a group-like additive functor. Then the following holds:
i) The Poincaré functor cyl: (C,?) = Q(C,?) and the inclusion Met(C,?) — Q(C,?) induce an
equivalence
F(C,?) x F(Met(C, 9)—F(Q(C, 2)),
and J sends the horizontal sequence of (31) to a bifibre sequence in GrpEoo(é’,).
ii) The functors cyl: (C,?) = Q(C,?) and Thyp © Hyp(€) — Q(C, Q) induce an equivalence
(€, 2) x F(Hyp(€)—F(Q, (€, 2)),
and F sends the vertical sequence of (31) to a bifibre sequence in Grpg_ (&).
iii) The functorsd; : Q;(C,?) = (C,?) and PRLE Q,(C,?) = Hyp(C) induce an equivalence
F(Q,(C, 2)—F (€, ) x F(Hyp(C)).
As a consequence of the above we obtain the following corollary, which will play a fundamental role
throughout this paper.

3.1.4. Corollary. Let I : Catd — & be a group-like additive functor. Then the functors lag : Met(C,?) —
Hyp(€) and can: Hyp(C) — Met(C, ?) induce inverse equivalences

F(Met(C,9)) ~ F(Hyp(C)).
Proof. The composite

(cyl,inc) (dy.Phyp)
(C,2) x Met(C, 9)——— Q(€,2)—— (€, ?) x Hyp(C)
is equivalent to the map id e ¢ X lag. Since both constituents of this composite become equivalences after
applying 3 by the previous corollary, F(lag) is a retract of an equivalence and therefore an equivalence itself.
Since the functor can is a one-sided inverse to lag at the level of Poincaré co-categories it must induce the
inverse equivalence after applying J. O
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Applying Corollary 3.1.4 to the group-like additive functor (C, ?) — |Cob” (@, 9)] for F anot necessarily
group-like additive functor, we deduce immediately:

3.1.5. Corollary. The functors lag and can induce inverse equivalences
|Cob” (Met(€, 9))| = [Cob” (Hyp(C))I.
for every additive functor F . Cat® — 8.
This in particular gives an alternative proof of the second half of Proposition 2.3.13 that does not use
the algebraic Thom construction. As explained in §2.7, it is furthermore a direct analogue to Waldhausen’s

additivity theorem in the non-hermitian setting.
To exploit Corollary 3.1.3 further we need:

3.1.6. Construction. Given two Poincaré oco-categories (C, ?), (D, ®) and an exact functor f: € - D
between the underlying categories, we obtain a Poincaré functor Nf : (C,?) — (D, ®) by forming the
composition

fhyp idpyp
(€,2) —— Hyp(D) ——— (D, D)

using that the hyperbolic construction is both a left and a right adjoint to the forgetful functor Cat‘o’o - Catz
We will refer to Nf as the norm of f.

Unwinding this construction, we find (Nf)(x) ~ f(x) @ Dg f°P(Dox). Applying Corollary 3.1.3 to a
general bordism between Poincaré functors we then obtain:

3.1.7. Proposition. Let F: Catd — & be a group-like additive functor. Let (C,?) and (D, ®) be Poincaré
oo-categories and let

(32) f—h—g

be a cobordism between two Poincaré functors f,g: (C,?) = (D, ®). Let k: C - D be the exact functor
given by the formula k(x) = fib(h(x) — f(x)) and let Nk : (C,?) — (D, ®) be its norm. Then there is a
canonical homotopy

F(g) - F(f) ~FNk): F(C,? — F(D, D)
of maps F(C, Q) - F(D, ®).

Proof. By corollary 3.1.3 we have a pair of equivalences

(33)  FD,d) @ FHyp(D) 2 5,0, @y LT ) @) @ F(Hyp(D)).

These equivalences are inverse to each other: indeed, the composite equivalence

F(D, ®) @ F(Hyp(D)) — F(D, ®) & F(Hyp(D))

is equivalent to the identity since phypihyp and d,s are equivalent to the respective identity functors while
dyipyp and p™Ps are equivalent to the respective zero functors. The equivalences (33) then determine a
homotopy between the identity map id : F(Q,; (D, ®)) — F(Q;(D, ®)) and the sum F(sd) + ?(ihypphyp),
and hence a homotopy

F(p) ~ Fsdod) + Fling,p™P$) = F(sf) + Flipypk™P)

of maps F(C, ?) — F(Q, (D, ®)). Post composing with the map F(d,) : F(Q,(D, D)) - F(D, ®) we obtain
a homotopy

F(g) =9(d ) ~TFd;sf)+ ’J"(dlihypkhyp) =J(f) + F(Nk)
of maps F(C, ?) - F(D, D), as desired. [l

3.1.8. Corollary. For a group-like additive functor F . Cat?  — &, the inversion map on F(C, ) is induced
by the sum of the endofunctors (ide, —idg) and NQ of (€, ).
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Proof. We resurrect the bent cylinder beyl : (€, ?) — Q(C, ) with underlying functor

A
X— [ XX —X —-0]

from Construction 2.3.9. By construction it is a nullcobordism of ide ¢y + (ide, —idg). We obtain the
conclusion from Proposition 3.1.7 by observing that the fibre of the diagonal X — X @ X is naturally
equivalent to QX. O

Next, we use Corollary 3.1.4 to determine the fundamental group of |Cob$ (€, ?)|. We base the calcula-
tion on the well-known analogue for the categories Span9 (@) for a small stable co-category € and an additive
functor §: Cat? — § (i.e. one that sends split Verdier squares to cartesian squares), that we recalled in
Proposition 2.7.7.

Analogous to the construction in the non-hermitian case we consider the diagram

2o FHyp(©) — 8 7, F(Met(€,9)) — ™ 7,5(C,9)

l l l

71 |Cob” (Hyp(€))| —— ;|Cob” (Met(C, ?))| — z,|Cob” (C, Q)]
with the vertical maps induced by various instances of
HomCobg(e’Q)(O, 0) ~ F(C, Q).

The lower left horizontal map is an isomorphism by Corollary 3.1.4. Inverting it gives the commutative
square in the following:

3.1.9. Theorem. For a Poincaré co-category (C,?) and an additive functor F: Cat® — 8 the natural
square

7oF Met(C,9) —22 5 7,F(C, )
| |
myF Hyp(€) —— 7,|Cob” (C,9)|
of commutative monoids is cocartesian.

Since the map lag is (split) surjective, this in particular describes 7, |Cob” (€, 9)] as the quotient monoid
of 7, F(C, ?) identifying all metabolic objects with the hyperbolic objects on their lagrangians. We thus, in
particular, obtain an isomorphism

7,1Cob(C, 9)| = GW,(C, ?)

with the Grothendieck-Witt group constructed in §[1].2.5. We will discuss this further in §4 below.
For the proof we will need:

3.1.10. Proposition. The boundary map of the algebraic Genauer sequence
|Cob” (€, 91"1)| — |Cob” (Met(C, 9))| —> |Cob” (€, Q)|
participates in a commutative diagram
F(EC,9Q)

-

Q|Cob” (€, 9)| 9 s |Cob” (G, Q-11)]

with the right hand map arising from the inclusion into the core, and the left hand map from the inclusion
as the endomorphism of 0 € F(C, 9l1).

Since the map 7y F(C,?) = 7, |Cob” (C, )] is surjective by Theorem 3.1.9, this in particular determines
the effect of the boundary map 7, |Cob” (@, 9)| - JrO|C0b$(G, Q[=11)|. Before giving the proof, we record,
that from Lemma 2.4.7 and the discussion thereafter we have:
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3.1.11. Lemma. For a Poincaré co-category (C, ?), an additive F : Catgo — Sand X € F(C, 211y we have
Cob” (€,2)y/ = fib (dec(F Q(E, M) — F(C, 2M)
where the arrow extracts the object positioned at (0 < 0) and thus in particular
Cob” (€, 2)g, = F(Null(€, M)

Here
Null(e, @) = fib (dec Q(C, M) — (€, ol')y)

denotes the higher metabolic categories from Definition 2.4.8.

Proof of Proposition 3.1.10. Recall that one way to describe the boundary map in a fibre sequence A —
B — C is as the induced map on pullbacks of

[@C - PC ~PB] = [%—>C < B,

where P denotes the spaces of paths starting at the basepoints, and the transformation from left to right is
given by evaluation at the endpoint. For the Bott-Genauer sequence the the left side is given by

a
Hom 5 @ ) (0, 0) — |Cob” (C, Doy — |Cob” (Met(€, Dlo,
and the right is
0
0 —> |Cob” (€, 9)| «— |Cob” (Met(C, 9)|
with the induced maps the canonical projections. The composition from the statement is then given by
mapping
0
F(C,9) — |Cob” (€, 9)]y; < |CobT (Met(€, 9]y,
to the former of these diagrams via

F(C,Q — HomCobg(GQQ)(O, 0) — HomlCObg(&?)l(O, 0).

But this composite transformation completes to a transformation of cartesian squares

F(€.2) ---> |Cob? (Met(C, )|y, |Cob” (€, l=1)| —— |Cob? (Met(C, 9))]
J/id lmet J/ J/met
F(C,9) — |Cob” (€, D), 0 ———— [Cob”(C,9)]

as follows: Using Lemma 3.1.11 the dashed map is given by the Poincaré functor
(€,9) — Q;(Met(€, 9!y

which sends x to the diagram
O¢é——x—>x

04— x——0,
representing another bent cylinder, whose forms by definition are given by the limit of

0 > 0 < 0

Ll

0 s QI ¢ olllx

|

0 y Qllly ¢ 0

which is 9x, giving the hermitian structure. It is readily checked that this functor is Poincaré.
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Finally, rewriting the squares above as the realisations of

constF(C, ?) —— FNullMet(C, ?)) FQ(C, 2 —— FQ(Met(C,?))
lid lmet l lmet
constF(C,?) ———— FNull(C, ?) 00— FQ(C,9

using Lemma 3.1.11 one finds a transformation from the left to the right via inclusion as the 0-simplices in
the top left corner and

d
Null = dec(Q) = Q
on the right hand side. O

Proof of Theorem 3.1.9. Denote by G(C, ?) the pushout of the diagram
oI Hyp(C) «— 7T Met(C, Q) — 7¢F(C, ),
and similarly W (C, ?) the pushout of
0 «— I Met(C,?) — 7yF(C, ?),

giving a canonical map G(C, ?) — W (C, ?). By construction there is a natural map G(C, ¢) — z;|Cob(C, ?)|.
Now the discussion of the non-Poincaré case in Proposition 2.7.7 implies that this map is an equivalence
for hyperbolic categories: The square in Theorem 3.1.9 for F': Cat? — 8 and input Hyp(C) becomes that
for FoHyp: Catl, — § and input category C, under the equivalences Met(Hyp(C)) ~ Hyp(Ar(€)) and
Hyp((i’)2 ~ Hyp(Hyp(C)) from Corollary [1].2.4.9 and Remark [1].7.4.15.

Let us now construct a diagram

7,1Cob” (€, 91| —— 7,|Cob” (Met(C, )] —— 7,|Cob” (€, )] —» 7|Cob” (€, 21=11))

T ] T .

G,y — 5 GHyp(C)) ————— G(C,9) —————» W(C,9?)

whose upper sequence is induced by the metabolic fibre sequence via additivity and thus exact. Furthermore,
the rightmost map of the top sequence is surjective as indicated, since the next term in the sequence is
JrO|C0b§(Met(G, ?))|, which vanishes by Corollary 2.3.11. The vertical maps are the evident ones (see
Corollary 2.3.10 for the right most one), except the second one, which is the composition

G(Hyp(C)—> G(Met(€, 9)) —> x,|Cob? (Met(€, 9))!.

The left two horizontal maps in the lower sequence are

1
G(€,9171) — G(Met(€, 2)—> G(Hyp(®))
and
can met
hyp: G(Hyp(€))—> G(Met(C, 2)) — G(€,9),
respectively. The right one is that constructed above. The right vertical map is an isomorphism by Corol-
lary 2.3.10 and the second one by Corollary 3.1.4 and the claim for hyperbolic categories established above.
Now the middle square commutes by construction, the left one by Corollary 3.1.4 and the right by
Proposition 3.1.10. Furthermore, the lower sequence is exact at G(C, ?) in the sense that two elements
x,y € G(C,?) have the same image in W (C,?) if and only if there are elements w, z in the image of
G(Hyp(C)) such that x + w = z + y: By the surjectivity of 7yF(Hyp €) — G(Hyp C) this follows straight
from the cocartesian diagram
ﬁo?Met(e, Q) — 77.'03'(6, Q)

l l
7o J Hyp(C) ——— G(C,9?)

by taking horizontal cokernels. It then follows formally that G(C, ?) is in fact a group: Since W (C,?) is
one, there is for every a € G(C,?) an element ' € G(C,?) such that @ + a’ maps to 0 in W (G, ?). But
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then by exactness there are b, b’ € G(Hyp(C)) with a + @’ + b’ = b, from which we can subtract b to get an
inverse to a, since G(Hyp(C)) is group.
Furthermore, the composition

G(€, 97 — G(Hyp(©) — G(C,9)
vanishes: By construction the map met : G(Met(C, ?)) — G(C, ?) factors as

lag hyp
G(Met(C, ?))— G(Hyp(C))— G(C,?)

which identifies the composition above with

G(C, 91y — G(Met(C, 9)— G(€,9)

which vanishes already at the level of categories. It is a bit tedious to check that the lower sequence is in
fact exact at G(Hyp(C)). Luckily, we get away without doing so directly:

We deduce Theorem 3.1.9 by two applications of the 4-lemma. Applying one half of it to the right three
columns (extended by O to the right) gives surjectivity of the map G(C,?) — = |Cob® (€, )] for every
(G, Q), in particular also for the left most column. This formally implies exactness at G(Hyp(C)) by a short
diagram chase, whence the other half of the 4-lemma gives injectivity and thus the claim. O

3.2. Isotropic decompositions of Poincaré co-categories. We now describe a rather general situation
which gives rise to cobordisms of Poincaré functors. We will use it to analyse the categories Q,,(C, ?), see
Proposition Proposition 3.2.16, below.

Let now (C, ?) be a Poincaré co-category. Given a full subcategory £ C € we will denote by £ C @ the
full subcategory spanned by the objects y € € such that Bo(x,y) ~ 0 for every x € £. Using Bo(x, y) =~
Home (x, Do(y)) we immediately see that DQ(LJ-) C C s the full subcategory of C consisting of the objects
z € C that are right orthogonal to £, i.e. for which Mape(x, z) ~ O for every x € L.

3.2.1. Definition. By an isotropic subcategory of (C, ?) we shall mean a full stable subcategory £ C € with
the following properties:

i) @ vanishes on L.
ii) The composite functor

C()p op © G L 1
iS an equiValeIlCC.

The first condition in particular implies £ C £+, and the second expresses a unimodularity condition on
L. In the ordinary theory of quadratic forms the analogue of this condition is equivalent to the requirement
that an isotropic subspace be a direct summand. It admits a convenient reformulation:

D
3.2.2. Lemma. For a stable subcategory L C C the composite functor LP — C°P - C/LL is an

equivalence if and only if the inclusion of L into C admits a right adjoint. Furthermore, in this case L =
(LH*

In particular, Lagrangians as considered in Definition [I].7.3.10, are examples of isotropic subcategories;
we will recall their definition in Definition 3.2.7 below.

Proof. The composite being an equivalence is clearly equivalent to £ — € — €/Dg(L"1) being one. Since
Dy (L) consists exactly of the right orthogonal of £ it is closed under retracts in € and thus gives a Verdier
inclusion into € by Proposition A.1.9. Both the equivalence of the conditions in the statement and the last
statement are then instances of Corollary A.2.8. (]

3.2.3. Remark. Applying the remainder of Corollary A.2.8 in the situation at hand, we find that the kernel
of the right adjoint p : € — £ is given by Do(£1) and thus £ is the kernel of poD.

3.2.4. Remark. The condition that £ = (£1)* oreven £ = £, does not imply condition ii) of the definition
of an isotropic category. For a concrete counterexample, take € = DP(K[T1]), for K a field of characteristic
different from 2. The involution sending 7" to —T provides K[T] with the structure of a ring with involution,
and we can consider the symmetric Poincaré structure this involution provides.
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Fix then an 0 # a € K and consider the subcategory £ = DP(K[T])r_, spanned by those complexes
that become contractible after inverting T’ — a, i.e. whose homology is T — a-power torsion. We first claim
that 9% vanishes on £: For example from the universal coefficient sequence, one finds that the homology of
Dgs(X) is T + a-power torsion for X € £. But then, since T' + a and T — a generate the unit ideal, T — a
acts invertibly on Des X, so

(X) = Bos(X, X)"2 =~ Hom 7 (X, Des(X))"“2 =~ 0.

Similarly, X € £+ if and only if X is left orthogonal to all perfect T + a-torsion complexes. Since every
T + a-torsion complex is a colimit of perfect ones by Example 1.4.2 X is thus left orthogonal to the entirety
of ( Modg 7, )T +q But the (non-small) Verdier sequence

(MOdK[T] )T+[l e MOdK[T] —_— MOdK[T,(T+u)_1]

is split, with left adjoint to the localisation given by the inclusion Mod g7 (744)-1] = Modg 7). The image
of this left adjoint is the left orthogonal to the Verdier kernel by Lemma A.2.3. In total then £ consists
exactly of those perfect complexes over K[T] on which T + a acts invertibly. Since this can be checked
on homology it follows easily from the classification of finitely generated modules over the principal ideal
domain K[T1, that these are exactly the perfect K[T]-complexes that become contractible when localised
away from the prime ideal (T +a). Repeating the argument above by localising at the complement of (T —a)
instead of inverting T + a then shows £ = (L)L,

But the inclusion of perfect T — a-power torsion complexes into all perfect K[T]-complexes cannot
have a right adjoint: If a map R(M) — M from a T — a-power torsion module induces an equiva-
lence Homg (X, R(M)) =~ Homg (X, M) for all perfect T — a-power torsion modules X, then this
in fact holds for all T — a-power torsion modules. But then R(M) necessarily agrees with the image
of M under the right adjoint to the inclusion (ModK[T] )T_a — Modg (7}, which is given by X
fib (X — X[(T — a)~']). Buteven for X = K[T], this is not a perfect K[T']-module.

To upgrade this example to one where £ = £ simply replace K[T'] by its localisation at the complement
of T —a)u (T + a).

A similar construction generally works for a Dedekind domain with an involution that swaps two maximal
ideals.

3.2.5. Definition. For an isotropic subcategory £ of a Poincaré co-category (C, ?), we define the homology
category Hlgy(L) to be the cofibre of the inclusion (£, ?) — (£1,9)in Cat};o.

Thus the underlying category is £ /£ and the hermitian structure is the left Kan extension of Qe tyor
along the projection (£+)°P — (L1 /L£)°P. The next proposition, in particular, shows that ?j(cLyor in fact
descends along the projection (£1)°P — (L£+/.£)°P and gives a Poincaré structure on Hlgy(£).

3.2.6. Proposition. Let £ be an isotropic subcategory of a Poincaré oo-category (€, ). Then both (Bg)|(g 1y 1y
and (Ag)(c1yp descend along the projection (L1)P — (LL/L)°P and give the bilinear and linear part of
the hermitian structure on Hlgy(L), which is Poincaré. The duality on Hlgy(L) is induced by the functor
(LHP — L1 sending X to fib(Do X — DopX), where p denotes the right adjoint to L C C and the arrow
is induced by the counit.

In particular, the composite

(34) L nDLY) — £ — £1/L = Higy(L)
canonically refines to an equivalence of Poincaré co-categories using the restriction of ® on the source.

In particular, Hlgy(£) is equivalent to a full Poincaré subcategory of (C, ), which one may think of as
the subcategory of harmonic objects for £. We denote by

(35) 1 : Higy(L) — (C,9).
the arising fully-faithful Poincaré functor.

Proof. The first two statements follow from the general analysis of Kan-extended hermitian structures: By
Lemma [I].1.4.3 the linear and bilinear parts are given by the left Kan-extensions along (£1)°P — (L1 /.£)°P
of the restriction to £+. But they in fact descend along the projection: This is immediate from Condition i)
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of Definition 3.2.1 for the linear part and from the definition of £+ in the case of the bilinear part. Note
that this implies via the decomposition into linear and bilinear parts that ?|(;1yop also descends along the
projection (L1)%P — (L£1/L)°P, as claimed above. It furthermore implies that the hermitian structure on
Hlgy(£L) is also right Kan extended along this map, which we will use below.

For the equivalence of hermitian co-categories claimed in the statement, note first that by Lemma A.2.5
and the comments thereafter the cofibre of the counit pX — X constitutes a right adjoint g to the localisation
L1 — Higy(£). In fact, Lemma A.2.5 implies that g is an equivalence onto the kernel of p: £+ — L,
which is Dg(£1) N £+ by Remark 3.2.3. In particular, ¢ is also a right adjoint to the composite

¢: LY nD(LY) - Higy(L)

from the statement, which is thus also an equivalence. Now right Kan extensions are computed by pullback
along left adjoints, so the hermitian structure on Hlgy(£) is given by ?0¢°P, which upgrades g and thus ¢
to an equivalence of hermitian co-categories.

Finally, £1 n D(£1) is evidently closed under D so forms a Poincaré subcategory of C, whence also
Hlgy(£) is Poincaré. The statement about the duality in HIgy(£) then follows from the formula for the
inverse g of c. (I

3.2.7. Definition. Let L C € be an isotropic subcategory of a Poincaré co-category (C,?). We will say
that £ is a Lagrangian if Hilgy(£) = 0. We will say that (C, ?) is metabolic if it contains a Lagrangian
subcategory.

As mentioned, Remark 3.2.2 shows that this definition of Lagrangian agrees with that discussed in Def-
inition [I].7.3.10.

3.2.8.Remark. By Lemma A.1.8, an isotropic subcategory £ C Cis a Lagrangianif and only if the inclusion
L C L1 is an equivalence. Condition ii) of Definition 3.2.1 therefore yields a Verdier sequence

L—C— L

exhibiting € as an extension of £ by £°P, where the right functor takes X to fib(DeX — DepX) (and p
denotes the right adjoint of the inclusion £ C €). Furthermore Lemma A.2.5 shows that the right functor
in this Verdier sequence admits a right adjoint as well.

3.2.9. Examples.

i) We showed in Proposition [I].7.3.11 that a Poincaré oco-category (C, ?) is metabolic if and only if it
is of the form Pair(D, @) for some hermitian co-category (D, ®). In fact, the Lagrangians in (C, ?)
are in one-to-one correspondence with representations of (C, ?) as a category of pairings. Particular
examples are the inclusion € — Met(C, ?) as the equivalences, and € X 0 C Hyp(C).

ii) Extending the Lagrangian of the metabolic category, the full subcategory inclusion i : ¢ < Q;(C)
of (29) sending x to 0 « x — x gives an isotropic subcategory £, the adjoint p witnessing Condition ii)
of Definition 3.2.1 given by

[X <Y - Z]+— [0 « fib(Y - X) - fib(Y —» X)].

Thus Do, L1 = ker(p) is spanned by all diagrams with left pointing arrow an equivalence, whereas £+
itself consists of all diagram with right hand arrow an equivalence. Thus Hlgy(£) =~ (C, ?) embedded
as the constant diagrams.

iii) More generally one can consider the inclusion j, : € — Q,(C) as those diagrams which vanish away
from {(i <n)|i € {O0,.. n}} and are constant on that subposet ie.

0 \‘ ‘/ X
Formally this can be given by taking the embeddmg C - Q0 cons1dered in the previous example

and composing with the degeneracy [n] — [1] sending n to 1 and everything else to 0. Using the Segal
property of Lemma 2.2.5 it is not difficult to see that the requisite adjoint p is given by taking a diagram
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@ € Q,(C) to image of the fibre of the last left pointing arrow, namely p(n—1 < n) - @(n—1 < n—1).
It follows that Dgn(LL) = ker(p) consists of all those diagrams ¢ with the arrow p(n — 1 < n) —
@(n—1 < n—1)an equivalence (and thus all arrows @(i < n) - @(i < n — 1) equivalences as well).
From the explicit formula for the duality of Q;(C, ?) from Example 2.2.3 i) it then follows that Llis
spanned by the diagrams with the last right pointing arrow @(n — 1 < n) - @(n < n) an equivalence,
and so in total Hlgy(£) ~ Q,_;(C, ?) embedded in Q,(C, ?) via the degeneracy s,,_;.

iv) There are several other interesting isotropic subcategories of Q,(C, ?): For example, let L; € Q,(©
be the full subcategory spanned by those diagrams ¢ : TwAr[n]°? — C for which ¢(0 < 0) = 0 and

@0 <j)— @@ <j)isan equivalence fori <j €ln],ie.
/ \ \ \

/
NN N

Then L: ~ Fun(A""!, (:’) is an isotropic subcategory: To give the right adjoint p, of the inclu-
sion L < Q,(C), let pf: A" — TwAr(A") denote the functor k = (0 < k). Then p, sends
@ : TwAr([n])°P — C to the left Kan extension along p: . [n] = TwAr([n]) of the functor

[n]— € j = fib(e(0 < j) - @(0 <0)).

In particular, the category D(L:)J- consists exactly of those diagrams that are right Kan extended from
the image of p: and (L:)J- is dually spanned by those diagrams that are left Kan extended from the
subposet spanned by the various (i < n). The homology ngy(L:) C Q,(C, ?) is consequently given
by the full Poincaré subcategory of constant diagrams.

v) The isotropic subcategory L:H ~ Fun(A”", €) from the previous example agrees with that from the
proof of Proposition 2.4.9 upon restriction to Null,(C,?) € Q,,,1(C,?). We showed there, that it is a
Lagrangian in Null,,(C, ?), and this follows again from the considerations above.

In generalisation of Corollary 3.1.3 we now set out to prove:

3.2.10. Theorem (Isotropic decomposition theorem). Let (C, ?) be a Poincaré co-category andi: L — C
be the inclusion of an isotropic subcategory. Let F Catr;o — & be a group-like additive functor. Then the
Poincaré functors
inyp © Hyp(£) — (€,?) and 1: Hlgy(L) — (€, 9)
from (35) induce an equivalence
(36) F(Hyp(L)) x F(HIgy(L)) — F(C,9).
We will explicitly construct an inverse to the map appearing in the theorem.

3.2.11. Construction. Fix a Poincaré co-category (C, ?) and the inclusion i : £ — C of an isotropic sub-
category with right adjoint p. We note that the counit ip — ide defines a surgery datum on the Poincaré
object id e ¢) of Fun®((C, ?), (€, ?)). Performing surgery as in Proposition 2.4.3, we obtain a Poincaré ob-
jectin Q;(Fun®*((C, 2), (C, ?))), in other words, a Poincaré functor ¢ : (C,?) — Q;(C, ?). By construction,
d;o¢ = id, and we denote by s the composite

doop: (C,2) = (C,9),

that is, the result of surgery, giving in total a cobordism

7N
id h

By construction

P(c): (¢ « gle) = h(c))
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is obtained first by forming the fibre g(c) — ¢ of the composite map ¢ ~ D¢Dg(c) = Do(ipDg(c)) where
the second map is the dual of the counit, and then by forming the cofibre g(c) — h(c) of the canonically
induced map ip(c) — g(c).

3.2.12. Lemma. The functor h: C — C factors through the inclusion £+ N Do(L1) C €, and the Poincaré
enhancement furnished by Construction 3.2.11 canonically factors as

h
(€,9)— Higy(£)— (€,9)
and hot =~ idyygy () In particular, if £ is Lagrangian then h = 0.
Proof. For the first part we observe that both the cofibre of ipc — ¢ and DgipDgc belong to De(L£1): The

former because DQ(LJ-) = ker(p) by Remark 3.2.3 and for the latter we simply note pDo X € £ C Lt
Since hc participates in a cofibre sequence

hX — cof(ipc = c¢) — Do(ipDe(c)),

also he € Do(L1). Since h commutes with the duality its image is then also contained in £+,

For the second claim, note that ip(c) ~ 0 for ¢ € L+ NDg(L1), since ker(p) = Do(L1) by Remark 3.2.3.
Thus the cobordism (37) consists of equivalences in this case. The third claim is immediate from Proposi-
tion 3.2.6. O

3.2.13. Proposition. The functors

P (€,9) — Hyp(L) and (C,9)—> Hlgy(L)
combine into a left inverse of the Poincaré functor
(inyp> 1) © Hyp(L) @ Hlgy(£) — (C, ?)
from Theorem 3.2.10.
Proof. Consider the composite

hyp>! P.h)

(ihypo1) v,
Hyp(£) @ Higy(£) (€,9)——— Hyp(L) @ Hlgy(L).

We will analyse all four components in turn. That hi~id: Hlgy(£) — Hlgy(£) is part of Lemma 3.2.12.
For the self-map of the Hyp(£)-component we have that

PPipy(x,y) = pMPi(x) @ Dei(y)) = (pi(x) @ pDoi(y), pDgi(x) & pi(y)).

Since i*? vanishes it follows that Home (i(x), Dei(x)) = Home(i(»), Doi(y)) = 0 and hence pDqi(x) =
pDyi(y) = 0. We may then conclude that

PPing,y(x, ¥) = (pi(x), pi(y) = Hyp(pi) : Hyp(£) — Hyp(L)

and hence the unit equivalence id ; — pi induces an equivalence idgyp )~ php Ihyp» as desired.
The map
p™Por: Higy(L) — Hyp(L)
vanishes since p™P: = (p1)P and £1 N DQLJ- C ker(p) by Remark 3.2.3.
Finally, we similarly have Tzoihyp ~ (Tzoi)hyp, and hoi ~ 0, since pDoi(x) ~ 0 as observed above so that
¢ — g(c) is an equivalence. ([l
Proof of Theorem 3.2.10. 1t only remains to show that the composite map

hyp 7 he
(»2".hy) P 1)

FE,9) — M)y F(Hyp(L)) x F(Hlgy(€) —— 5 F(e,9)

is homotopic to the identity. But this now readily follows by applying Proposition 3.1.7 to the cobordism
of Construction 3.2.11 and observing that ip is identified by construction with the fibreof f: g - h. 0O

In generalisation of Corollary 3.1.4 we thus find:

3.2.14. Corollary. Let F: Cat?  — & be a group-like additive functor and let (C,?) be a Poincaré co-
category. If (C, Q) is metabolic with Lagrangian £ C C then F(C, ?) ~ F(Hyp(L)).
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As a simple application we have:

3.2.15. Proposition. Given a left split Verdier sequence
g q

{J__\ )(J__\
¢ T) D——¢,
the functors

F Hyp(q) + T Hyp(f) : FHyp(€) X FHyp(C) «— F Hyp(D) : (F Hyp(p), F Hyp(g))
are inverse equivalences for all group-like additive F . Cat? — €.
An analogous statement of course holds for right split Verdier sequences. Note, in particular, that ap-
plying this proposition to the composite Cat? — Cat?) — & recovers the fact that any group-like addi-

tive functor Cat®y — & takes left (or right) split Verdier sequences to split fibre sequences, as it displays
(F(p), F(g)) as a retract of an equivalence. We already noted this with a direct proof in 2.7.6.

Proof. The functor

gx f: &x P — D x D = Hyp(D)
is the inclusion of a Lagranian: It is isotropic since

homy, (g(e), f(c)) ~ homg (e, pf(c)) ~ 0.

To see that (€ x C°P)L is no larger, we compute

Banyp ((g(e), (), (¥, ') = homa, (g(e), y') @ hom, (p, f(c)) = homg (e, p(y')) @ home(g(y), ¢)
whence Corollary A.2.8 gives the claim. Thus Theorem 3.2.10 shows that
FHyp(q) + FHyp(f) = (g X [Py : FHyp(€) & F Hyp(C) «— F Hyp(D)
is an equivalence, and the second map in the statement is evidently a right inverse thereof. O
Next, we use Theorem 3.2.10 to analyse the values of Q,,(C, ?) under group-like additive functors. To

state the result consider the functor f,: Q,(C,?) — €” taking fibres of the left pointing maps along the
bottom of a diagram X, i.e.

X — [fib(X(0<1) - X(0<0)),....fib(X(n—1<n) > X(n—1<n-1D)].
We then have:
3.2.16. Proposition. The functors
Ont Q€9 = (€9 and f,": Q,(C.2) — Hyp(©)"
the former induced by the inclusion [0] — [n], combine into an equivalence
F(Q,(€,2) ~ F(Hyp(€))" & F(C,9)

for every group-like additive F . Cat? — &. In fact, these equivalences give an identification of the simpli-
cial E -group F Q(C, Q) in € with the bar construction of F(Hyp(C)) acting on F(C, Q) via the hyperboli-
sation map hyp : F(Hyp(€C)) — F(C, Q).

In particular, it follows that Cob” (€, 9) ~ |FQ(&, 9| is a groupoid, provided J is group-like (and
additive).

Proof. We proceed by induction. For n = 0 there is nothing to show. Using the isotropic subcategory
Jnr1© €= Q,41(C) described in Example 3.2.9 iii) we find an equivalence

(Uns Digpe Sn) + FHYP(C) X FQ,u(C. Q) — FQ,41(€,2)

as a consequence of Theorem 3.2.10. Itis readily checked that this equivalence translates the map ( f:ili, Uyi1)
to the matrix
0 hyp
n
idgype) O | ¢ FTHyp(C) X T Q,u(C. ) — F(Hyp(€)" x T Hyp(€) x F(€,9).
0 v

n
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This matrix represents an equivalence by inductive assumption, which implies the first claim.

To obtain an identification with the bar construction, we first note that the bar construction B(M, R, N)
of an action of R on N from the left and on M from the right in a semi-additive category is the left Kan
extension along the inclusion of the coequaliser diagram (Afn; )°P into A°P of the diagram

M®R®N —X M@®N

containing the two action maps; this follows directly by evaluation of the pointwise formulae for left Kan
extensions. By the calculations above d; : I Q;(C, ?)) — F(C, ?)is identified with the projection F(Hyp) X
F(C,9?) — F(C,?) anditisreadily checked thatd, : FQ(C,?) — F(C, ?) gets identified with the sum of the
identity of F(C, ?) and the hyperbolisation map under the equivalence of Proposition 3.2.16. We therefore
obtain a map of simplicial objects

B(0, F(Hyp(C)), F(C, 2)) — FQ(C, ?))

and one readily unwinds the construction to find it given by the maps we just checked to be equivalences. [

d
Recall the higher metabolic categories Null,,(C, ?) = fib(Q,,,(C, ?) — (C,?)), where d is induced by
the inclusion [0] — [1 + #n], from Definition 2.4.8:

3.2.17. Corollary. The functors f:fl) : Null,(C, ?) - Hyp(C)" induce an equivalence
F Q(Null,(C, ?)) ~ BF(Hyp(C))
for every group-like additive F : Catgo — &.

Proof. Note only that the sequence defining Null, (C, ?) is in fact a split Poincaré-Verdier sequence by
Lemma 2.2.8, so gives rise to a fibre sequence after applying F. The result then follows immediately from
Proposition 3.2.16. O

3.2.18. Remarks.

i) The identification from Proposition 3.2.16 also shows that for group-like 3 the Segal space I Q(C, ?) is
complete if and only if F(Hyp C) vanishes (see §3.5 below for a detailed discussion of such functors):
For a bar construction as above, the entirety of B(M, R, N); = M @ R@® N consists of equivalences,
so it is complete if and only if R = 0.

ii) We based the proof of Proposition 3.2.16 on the isotropic decomposition theorem 3.2.10, but Propo-
sition 3.2.16 can also be obtained directly using the Segal property of the simplicial space F Q(C, ?)
and the bar construction, together with the computation of F Q;(C, ?) from Corollary 3.1.3; we leave
the details to the reader.

iii) In Example 3.2.9 v) we constructed a Lagrangian Fun(A”, ¢) — Null,(C, ?) and Theorem 3.2.10
therefore directly yields
FNull,(C, ?) ~ FHypFun(A”, C).
This formula also implies Corollary 3.2.17 by an iterative application of the splitting lemma; a similar
discussion applies to F(Q,,(C, 2)), we again leave the details to the reader. Interestingly, our proof of
Corollary Corollary 3.2.17 does not yield the assertion that Null, (C, ?) is metabolic; indeed for n > 3
we are not aware of an isotropically embedded C" — Q,(C, ?).

3.3. The group-completion of an additive functor. Our goal in this section is to study the behavior of
space-valued additive functors under the hermitian Q-construction, or equivalently of the assignment J —
|Cob$ (—)|. This is based on the following observation: For any additive functor J : Catg<> — 8, thereis a
natural cartesian square

F(C,9) —— Cob” (€. 9),,

| !

{0} —— Cob7 (€, 9)

in Cat,, since HomCObg(e SE,)(0, 0) ~ J(C,?), which is immediate from our discussion of Segal spaces
in §2.3. As an application of the isotropic decomposition principle we saw in Proposition 3.2.16 that
Cob” (€, 9) is a groupoid if F is assumed group-like, and thus F ~ Q|Cob7 | in this case. This allows
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one to recognise Q|C0b$ — | as the group-completion of a not-necessarily group-like additive F by means
of [Lur09a, Proposition 5.2.7.4 (3)] and explicit inspection. In the present section we will, take a slightly
different route and show, moreover, that the realisation of the square above exhibits |C0b?| as the suspen-
sion of ¥ in Funadd(CatEo, 8). The requisite analysis will also allow for a somewhat more direct proof that
F ~ Q|F Q —|, whenever T is group-like, bypassing the translation from Segal spaces to co-categories.

We thus consider the corresponding statement at the level of the Segal spaces I Q(C, ?). We start by con-
structing the corresponding model for the cartesian square above. Recall the decalage dec(.S) of a simplicial
object S, i.e dec(.S), ~ Sy,,, and that we have

Cob” (€,9)y/ = asscat(FNull(C, 2))
from Lemma 3.1.11, where the higher metabolic categories Null,(C, ?) are given as the fibre of
(38) dec(Q(C, 9)) — Qu(C,?) = (C,9).

Considering the face map d: [n] — [1 + n] as a natural transformation A" = A!*" yields a map of
simplicial objects

(39) 7 Null(C,?) — Q(C, Q).

3.3.1. Lemma. The simplicial objects Null(C, ?) and dec(Q(C, ?)) extend to a split simplicial objects over
the zero Poincaré oo-category and (C, ?), respectively.

In particular, |Fdec(Q(C, ?))| =~ F(C, ?) by [Lur09a, Lemma 6.1.3.16] (which also defines split simplicial
objects).

Proof. By construction the augmented simplicial object (38) is split, which gives both results. (]

Now, to describe the final map from the square, let 1, : € — Null,(C, ?) be the simplicial map which at
level n is given by the exact functor which sends x € C to the diagram ¢, : TwAr[n] — € given by

x 0=i<j
0 otherwise

(px(i$j)={

in which all the maps between the various x’s are identities. We note that the image of 1,, is contained in the
kernel of

(40) 7, Null (€,9) — Q,(C,?)

3.3.2. Lemma. The functori, : C — Null,(C, ?) determines an equivalence of stable co-categories between
C and the kernel of (40). In addition, the restriction of the quadratic functor of Null,(C, ?) to C along 1, is
naturally equivalent to 911,

Proof. By definition, the kernel of (40) consists of those ¢ : TwAr[n + 1]°° — €in Q,,;(C, ?) such that
@i < j) = 0ifeither i < j) = (0 < 0)ori > 1. The only non-zero entries of such a functor are
hence (0 < j)for j > 1,and for 1 < i < j the maps (0 < j) = @(0 < i) are equivalences by the
exactness conditions of Definition 2.2.1, since ¢(1 < i) = @(1 < j) = 0. Conversely, every functor
@: TwAr[n + 1]°° - C which satisfies these vanishing conditions and for which (0 < j) = @(0 < i)
are equivalences satisfies all the exactness conditions of Definition 2.2.1. We may hence conclude that 1,
yields an equivalence between C and kernel of (40), since the elements (0 < j) span a contractible category.
To finish the proof we note that for x € € we have
et KO S D= Nim, ol S 3) = 0o 0 = Q)

where J,,; € TwAr[n + 1] is the cofinal full subposet of the twisted arrow category spanned by the arrows
of the form (i < j) for j < i+ 1, see Examples 2.2.3. O

In light of Lemma 3.3.2 we now obtain a fibre sequence of simplicial Poincaré co-categories

(41) const(€, 9111) — Null(@, ) — Q(C, ?).
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3.3.3. Observation. The sequence (41) is a split Poincaré-Verdier sequence in each degree: By Lemma 2.2.8,
the maps dy . Qp,,(C,?) — Q,(C,?) are split Poincaré-Verdier projections, and the left adjoint of d is
given via extension by 0 and thus factors through the underlying categories of Null,(C,?) — Q,,(C,?),
whence Corollary 1.2.3 gives the claim.

As desired applying an additive functor  : Cat® — 8 levelwise to the sequence (41) yields a sequence
of Segal spaces which corresponds to the fibre sequence of co-categories

F(€,2) — Cob” (€, 2), —> Cob” (€, ).

Here the second functor is the canonical projection as in Lemma 2.4.7 and the first functor is informally
given by sending a Poincaré object x to the cobordism [0 « x — 0]. In total we have thus modelled the
square from the start of this section.

We can now formulate the main result of the present section:

3.3.4. Theorem. Let F : Catb — 8 be an additive functor and consider the commutative square of space
valued functors

F ——— |FNull(-11))

42) l |

¥ ————— |FQ(-I)

obtained from the sequence (41). Then we have:

i) The square is cocartesian in Funadd(CatEo, 8), and so exhibits |F Q(=11)| ~ |C0b§(—)| as the suspen-
sion of F in Funadd(CatEo, 8), since the upper right corner is contractible.
ii) If F is group-like then the square is also cartesian, yielding an equivalence

g 1 F—Q|Cob” (-)|.
in Fun*(Cat? , 8).

Before giving the proof of Theorem 3.3.4 let us give some of its direct consequences. Given an additive
functor F : Cat? — §, the square (42) determines a natural map

(43) F — Q|Cob” (-)]

in Funadd(CatEo, 8). The codomain of (43), being the loop of another additive functor, is always group-
like. Our goal is to show that (43) exhibits QlCobg(—)l as universal among group-like additive functors
receiving a map from J. In other words, we claim that the association J — QlCob? (—)| realises the
group-completion of J in the semi-additive category Funadd(Catgo ,8). We need a general lemma:

3.3.5. Proposition. Let € be a semi-additive co-category which admits suspensions and loops, and let Sgrp Cc
& be the full subcategory spanned by the group-like objects. Then the following holds:

i) The full subcategory &,
suspension and loop functors Z,Q : & — & have their image contained in Egrp. In particular, we may
consider the monad QX : € — & as a functor from € to Ey..

it) If the suspension functor X . Sgrp - Sgrp is fully-faithful then the unit map u : id = QX exhibits QX
as left adjoint to the inclusion €., — €
iii) For every object A € &, the suspension of the unit Zu: LA — XQXA is an equivalence.

C & is closed under any limits and colimits that exist in €, and both the

Proof. The first claim follows from the fact that x € € being group-like can be detected on the level of
both the represented functor Map(—, x) and the corepresented functor Map(x, —) (which automatically take
values in monoid objects since € is semi-additive), and that loop spaces are always group-like.

To prove the second claim, it suffices to check that under the given assumptions the natural transforma-
tions ugy,., QZu, : QEXx — QXQ¥x are both equivalences [Lur09a, Proposition 5.2.7.4]. But since QX is
a monad these two natural transformations admit a common section (the multiplication of the monad) and
2 €gp = Eypp being fully-faithful implies that u is a natural equivalence on all group-like objects of €.

The final claim now follows from the triangle identities. O
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Since Funadd(CatEo, 8) is semi-additive by Lemma 1.5.7, we obtain the universal property of the hermit-
ian Q-construction:

3.3.6. Corollary. The natural map & — Q|Cob” (—)| exhibits Q|Cob” (-)| as universal among group-like
additive functors receiving a map from F; that is, the operation F — Q|Cob? (-)]| is left adjoint to the
inclusion

Fun*(Cat? , Grpg_(8)) € Fun*(Cat? , Mong_(8)) = Fun*(Cat? , 8),

of group-like additive functors inside all additive functors.

We will therefore also denote QlCob? (—)| as I8P and refer to it as the group-completion of J. Let
us mention that the inclusion in the statement also admits a right adjoint simply giving by taking units
pointwise; taking units preserves all limits (and thus in particular additive functors) since it is itself a right
adjoint. However, this right adjoint clearly annihilates both Pn and Cr, so we have little use for it.

Proof. Note only that Part ii) of Theorem 3.3.4 implies that the unit id = Q|Cob‘™| is an equivalence on all
group-like additive functors. Thus |Cob ™| restricts to a fully faithful functor on Funadd(CatEo, GrpEoo 8))
and the previous proposition gives the claim.

Part iii) of Proposition 3.3.5 together with Theorem 3.3.4 also immediately implies:
3.3.7. Corollary. For every additive functor F : Cat® — 8 and (C, %) € Cat , the natural map
|Cob” (€, 9)| — Cob”*" (€, Q)
is an equivalence.

3.3.8. Remark. While we described the unit map F — Q|F Q(=11)]| of the adjunction arising from Theo-
rem 3.3.4 already at the beginning of this section, the counit |QF Q(~[)| — F is more elusive. One thing
we can say about it is that the composite

(44) 1QF Q- = F - Q|F Q(-1)]

of the counit and unit can be identified with the negative of the canonical limit-colimit interchange map
(as we will show below). In case J is group-like, the unit map is an equivalence by Theorem 3.3.4, so this
determines the counit for such .

Note also that in the cases F = Pn, Cr or Cr2, or more generally any additive I for which the component
of 0in F(C, ?) is always contractible, the source of the counit simply vanishes. These cases cover all additive
functors of interest to us.

To see the claim about the composite map, observe that the limit-colimit interchange map o : |QF Q(—=[11)| —
Q|F Q(—11)| can also be described as the Beck-Chevalley map associated to the square

) Frs|F Q=1 )
Fun®(Cat? | §) — 7 X N pypaddcarP_ | s)

of |= of |=

Frs|F Q-1
Fun®d(Cat? | 8) — 7 X pypaddcar_ | s)

where X3 here denotes the suspension of J in Funadd(Cat‘o’o, 8), not the valuewise suspension. By Theo-
rem 3.3.4 this is equivalent to |F Q(=1)|, but it will be notationally advantageous to keep the notations for
the horizontal and vertical arrows separate for a moment. By definition, the Beck-Chevalley map depends
on the commutativity data of the square involving the down facing vertical arrows, which itself is given by
the canonical map 7 : Z|F Q(=Ih| = |(ZF) Q(~[")| exchanging the order of the colimits. This map is an
equivalence, since the geometric realisations occuring on both sides (which by construction are valuewise!)
actually compute the colimits in Funz‘dd(Catgo ,8): from Proposition 1.4.15 we find that each 5 Q,,(—) is addi-
tive, and Theorem 2.5.1 implies that the valuewise realisation, which computes the colimit in Fun(CatEo, SR
already lies in Funz‘dd(CatE<> ,8). Now unwinding the definitions using |F Q(=11)] ~ 7, 7 becomes the self
equivalence of £>J which switches the two suspension coordinates. In particular, the square involving the
down facing vertical arrows can be endowed with two different commutativity structures, corresponding
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to the swap 7 and the identity of X2F. These determine two corresponding Beck-Chevalley maps given,
respectively, by
Uy Qro g QXcq
TQF—— QY¥QF —— QF¥¥QF —— Q¥ F
and
UyQF id QYcq
2QF— Q¥¥QF — QYYQF—— QFF,

where u and ¢ denote the unit and counit of the adjunction X - Q. The second of these is equivalent to (44),
since

QFcgousqy ~ ugocy
by naturality. The first, which we showed to be the colimit-limit interchange map above, is its negative since
the map 7oy : Z2QJF — X2QJF is homotopic to the negative of the identity map.

We now turn to the proof of Theorem 3.3.4. As mentioned, part ii) is immediate from 3.2.16. Part i)
requires us to consider the dual Q-construction, denoted d Q(C, ?), which we discuss next.

3.3.9. Lemma. The functors Q, : Cat? — Cat? and Q,: Catl, — Catl, admit left adjoints dQ,, given
by tensoring with the poset J,,.

These adjoints make both diagrams

dQ dQ
P n P P n P
Catd  —— Cath Catd  —— Cat?
lfgt lfgt THyp THYP
dQ dQ
ex n ex ex n ex
Cat] — Cat Cat] — Cat ]

commute, since the analogous diagrams involving the respective Q-constructions commute and the dia-
grams in questions are then obtained by passing to left adjoints everywhere.

Proof. Recall that for [n] € A we have denoted by J, the full subposet of TwAr(A") spanned by the
arrows of the form (i < j) for j < i+ 1. From Examples 2.2.3 we find Q,, ~ (=)=, which by Proposi-
tion [I].6.4.4 has (—); as a left adjoint when regarded as a functor CatE<> - Cat};o. As an application of
Proposition [I].6.6.1 we find, however, that (C, ?)jn is Poincaré whenever (C, ?) is and from Remark [1].6.4.6

and Proposition [1].6.2.2 we then find an equivalence of Poincaré co-categories
Fun®((C, ?)g,, (D, ®)) ~ Fun®*((C, ?), (D, ®)’»)
which according to Corollary [I].6.2.12 gives the claim by passing to Poincaré objects. O

Now recall that there is a canonical equivalence FunL(CatE<> ,CatP ) ~ FunR(CatE<> , CatP )°P for example
as an immediate consequence of Lurie’s straightening equivalences, which makes both co-categories equiv-
alent to that of bicartesian fibrations over A! with both fibres identified with CatP_; the superscripts L and
R indicate left and right adjoint functors, respectively. In particular, as the Q-construction is a simplicial
object the left adjoints above assemble into a cosimplicial object.

3.3.10. Definition. Let (C,?) be a hermitian co-category. We will denote by d Q(C, ?) the cosimplicial
hermitian co-category obtained by applying the left adjoint of Q,, in each degree.

3.3.11. Remark. The proof of Lemma 3.3.9 does not make the functoriality of d Q(C, ?) very apparent since
the categories J,, do not form a cosimplicial object.

To remedy this defect, we offer the following description of d Q,(C, ?): By the discussion in Exam-
ples 2.2.3 a diagram ¢p: TwAr(A") — € lies in Q,(€) C CTWAT(AY if and only if it lies in the image of
the right Kan extension along the inclusion 1, : J, - TwAr(A"). The Poincaré co-category d Q,(C, ?) is
dually given by instead considering the quotient in Cati‘o of (€, ©)rwarcan by the kernel of the left adjoint
1yt Cryarpm = €y, of the canonical map (1), * €5 — Crpyacq,) ON the tensoring construction. Under the
identifications Gjn ~ Fun(I]ﬁp , ) of Proposition [I].6.5.8 and its analogue for TwAr(A") the kernel of
consists of those ¢ : TwAr[n]°P — € for which ¢(i < j) = 0 whenever |j —i| < 1.

One can check that this description directly assembles d Q(C, ?) into a cosimplicial object of Cat®_, which
is left adjoint to Q(C, ?), but we shall not need this description, so leave details to the reader.
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3.3.12. Definition. Let (C, ?) be a hermitian co-category. We define dNull,,(C, ?) to be the Poincaré-Verdier
quotient of dQ,,,.;(C, ?) by the image of the functor € = dQy(€) — d Qq,,(C) induced by the inclusion
[0] = [1+n].

Note that Proposition 1.4.12 shows, that there is then indeed a Poincaré-Verdier sequence
(€,?) — dQ,,(C,?) — dNull,(C,9?).

3.3.13. Remark. The functor dNull, is by definition the cofibre of the natural transformation d Qy, =
d Q,,;1, while the functor Null, (=) is the fibre of the natural transformation Q,,; — Q,. We conclude that
the association (C, ?) — dNull,(C, ?) is left adjoint to (D, @) — Null, (D, D).

Proof of Theorem 3.3.4. As discussed, the second statement follows from 3.2.16: The associated square
of co-categories is cartesian (before realisation= even if JF is not grouplike: This follows either by direct
inspection since one obtains the square from the start of this section, or using the fact that the right vertical
map is an isofibration of Segal spaces, see the argument in the proof of the additivity theorem. Proposition
3.2.16 then implies that all occuring co-categories already lie in 8 if F is grouplike, so realisation has no
further effect. We shall also provide another argument below.

For the first statement we have to show that the square

Nat(|F Q(-=")[, §) ——— Nat(|FNull(-I"})[, 9)

| |

* > Nat(F, 9)

is cartesian for every additive G : Catg<> — 8. But we calculate
Nat(|F Q(="[,8) ~ lim Nat(F Q, ("), ) ~ lim Nat(F,5dQ,(-"1))
[n]leA [n]leA

and similarly for the upper left hand term. Commuting limits it thus suffices to show that
(45) dQ,(C, =1y —s dNull, (G, 21 — (€, 9)

is split Poincaré-Verdier for every Poincaré category (C,?). Using Remark 1.2.4 this statement can be
obtained entirely formally by (Catgo-enriched) adjunction from the sequence

(46) (€,9) — Null, (¢, o1y — Q,(C, ¢ty

being split Poincaré-Verdier by Observation 3.3.3, but we shall give a more direct argument. It is immediate
from adjointness that (45) is a cofibre sequence in Cat? , so it remains to check that the composite

dQ,(C, QI—”)ﬂ dQy (G, 71y — dNull,(C, 971y
is a Poincaré-Verdier inclusion. But from the equivalence d Q,(C, ?) ~ (C, 9)3n we find the first map such
an inclusion by Proposition 1.4.12. Thus the Poincaré structure on d Q,(C, @[=11y is obtained from that on
dQ,(C, Q[=11) by pullback along d,, or equivalently by left Kan extension along (the opposite of) the right
adjointd Q;,,(C, o=y 5 g Q,(C, o=y to dy. We will therefore be done, if we show that this right adjoint
factors through dNull,(C, 2/=!1). But this follows from the corresponding statement for the left adjoint of
dy: Quin(C, oy Q,(C, QU factoring through Null,,(C, Q1) in Observation 3.3.3, since the adjunction
dQ, F Q, is compatible with the passage to underlying categories by the discussion after Lemma 3.3.9
(and the same argument gives the claim for dNull, - Null,). O

Alternative to our translation along the equivalence between Segal spaces and oco-categories and the
use of the isotropic decomposition principle in 3.2.16, one can obtain the second claim of Theorem 3.3.4
also by directly applying Rezk’s equifibration criterion [Rez14, Proposition 2.4] to the map FNull(C, ?) =
FQ(C,9?):

3.3.14. Lemma. Let

N>

— Y
lf
— W
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be a cartesian square of functors from some small category I to 8, such that the transformationt: Y => W
is equifibred, i.e. such that
7
Y(@i) —— W)
l. % l .

Y(G) —— W)

is cartesian for every i — j in I. Then the square

colim X —— colimY
| ;
colim Z —— colim W

is cartesian as well.

To see that I Null(C, ?) — F Q(C, ?) is equifibred in this sense, one can observe that the Segal condition
implies that it suffices to check that the squares

F(Nully (€, M) —— F(Qy(€, 1))

47) Lo Lo
F(Nully (€, 1)) —— F(Qy (€, M)
are cartesian for i = 0, 1,2. For i = 1,2 these squares are split Poincaré-Verdier (prior to applying J) by

Lemma 2.2.8 and Corollary 1.2.6 and for i = 0 the induced map on vertical fibres (over O, but this suffices
since d;) induces a surjection on 7)) identifies with

can: F(Hyp(C)) — F(Met(C, ?))

which is an equivalence by Corollary 3.1.4. For the reader’s convenience let us supply a proof of 3.3.14, as
we do not know a reference in the present language.

Proof. By [Lur09a, Lemma 6.1.3.14] we may apply [Lur09a, Theorem 6.1.3.9 (4)] to the category & (Lurie
calls an equifibred transformation cartesian). This gives us that any extension of 7 to the cone of I, such
that the extension of W is a colimit cone, is again equifibred if and only if the the extension of Y is also a
colimit cone. Applying the backwards direction we find

Y (i) — colimY

| !

W (i) —— colimW

and therefore also
X (i) —— colimY

| |

Z(i) — colimW

is cartesian for every i € I. Cancelling one pullback, it follows that also

X (i) — colim Z X_j;, y colimY

| l

Z(iy —— > colim Z

is cartesian. But then it follows from [Lur09a, Lemma 6.1.3.2], that the extension of the transformation
X = Z to the cone of I via the right hand column of the last diagram is also equifibred. A forwards
application of [Lur09a, Theorem 6.1.3.9 (4)] now gives the claim. (I
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3.4. The spectrification of an additive functor. In §3.3 we showed that for any additive functor 5 : Cat? —
8 the commutative square

F — |Coby |

48) l |

0 — |Cob”|

exhibits |Cob” | as the suspension of ¥ in Funadd(Catgo ,8). Iterating this procedure we obtain for each

additive functor J a model for the suspension pre-spectrum of F € Funadd(CatEo, 8). To set the stage we
first note that, for each n > 1, we have an n-fold simplicial object in Cat?_ given by

Q"(C,9) : (A®)" — Catl  (Imy],....[m,]) — Q,, Q. Q, (C,D).

By Lemmas 2.2.7 and 2.2.5 Q(”)(G, Q) is an n-fold Segal object of Catgo, the n-fold iterated hermitian Q-
construction of (C, ?). As a multiple Segal object it presents an (oo, n)-category, though we shall not attempt
to make this precise. We simply set:

3.4.1. Definition. For F : Catgo — § additive, we shall call the n-fold Segal space F Q(”)(G, o1y the F-
based n-extended cobordism category Cobf((“:’, ?) of (C, Q).

In particular, Cob?((ﬁ, Q) = FQ(C, Uy really is the Segal space giving rise to the cobordism category
Cob” (G, 9?), and Cobg (€, ?) = F(C, ?). Furthermore, there are canonical equivalences

|Cob;?t| T
|Cob, (C,9)| ~ |Cobj+,((:’, .

1

The multiple Segal space Pn Q™ (e, 2!"ly models the (oo, n)-category informally described as having Poincaré
objects of (C, 21"1) as objects, their cobordisms as morphisms, cobordisms between cobordisms as 2-morphisms
and so on up to degree n.

3.4.2. Remark. The analogous n-fold topological category Cob’; (note the unfortunate index switch) for
cobordism categories of d-manifolds first appeared in [BM14], ironically inspired by the ordinary iterated
Q-construction of Quillen, and served to produce cobordism theoretic deloopings of |Cob,|. In particular,
Bokstedt and Madsen showed that |Cobg| ~ Q®"MTSO(d), extending the theorem of Galatius, Madsen,
Tillmann and Weiss from the case n = 1. They used this description to give an entirely cobordism theoretic
model for the spectrum MTSO(d), which endows it with an interesting map to A(BSO(d)), studied exten-
sively by Raptis and the 9’th author in [RS14,RS17,RS20], where it was used to give a short proof of the
Dwyer-Weiss-Williams index theorem [DWWO03]. We will take up the study of the evident refinements of
this map in a sequel to the present paper.

The higher categorical incarnations of these extended cobordism categories are of course also the main
objects of study in Lurie’s (sketch of a) solution to the cobordism hypothesis [Lur09c], and the results of
Bokstedt-Madsen have been reproven in the language of higher categories by Schommer-Pries in [SP17].

Now, denote by PSp the category of pre-spectra, that is the lax limit of the diagram

Q Q Q
...—™8,—8,—8,,

consisting of sequences (X,,),¢cn of pointed spaces together with structure maps X, — QX, ;. There is
a fully faithful inclusion 8p C PSp, which admits a left adjoint we will refer to as spectrification. It does
not affect the homotopy groups. Furthermore, the evaluation functors ev, : PSp — 8, commute with both
limits and colimits, and restrict to the functors Q®~" : §p — §, (which still preserve limits, but only filtered
colimits).

3.4.3. Definition. Let F: Cat? — 8 be a functor. We will denote by
Cob” (€, 9) = [Cobj (€, ), |Cob (€,9)],|Cobj (C,9)],...]

the corresponding functor from Cat®_ to pre-spectra with the structure maps determined by the square (48)
applied to the functors |C0b?|.
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Since the 0’th object in the pre-spectrum Cob(C, ?) is F(C, ?) itself, we obtain a natural map
(49) F(C,9) — Q®Cob7 (€, 9),
where the right hand side refers to the 0-th space of the spectrification of Cob” (G, 9).

3.4.4. Remark.

i) There is another possible definition of the bonding maps of Cob” (©,9): One could take the map

F - QlCobg | provided by (48) and form

|CobT| —> |Cobl 21| — QJCob/®” | = Q|Cob? |
These differ from the bonding maps we chose by a coordinate flip in the (1 + i)-fold simplicial object
Cobii. Since iterated application of the Q-construction models the suspension in Funadd(CatEo, S) by
Theorem 3.3.4, such a coordinate flip induces the negative of the identity on realisations. In particular,
this choice of bonding maps gives a pre-spectrum naturally equivalent to Cob(C, ?).

ii) In fact, the coordinate flips endow Cob(C, ?) with the structure of an (co-categorical version of a)
symmetric pre-spectrum, just as the more classical construction of K-theory spectra. We will not
have to make use of this observation, which is classically used to produce multiplicative structures
on K-spectra, since we argue instead by universal properties to construct multiplicative structures in
Paper [IV].

iii) By Theorem 3.3.4 |Cobf| is a model for the n-fold suspension of J in Funadd(CatE<> ,8). Considering
Cob” asa pre-spectrum object in Funadd(CatE<> ,8) it is hence the suspension pre-spectrum of F.

3.4.5. Proposition. Let J be an additive functor Cat’ — 8 and (C,?) € Cat® . Then:

i) The functor Cob” : Cat?  — P8p is again additive and takes values in positive Q-spectra, i.e. the
structure map |C0bf(€, 9 — Q|C0bf+1((§’, Q)| is an equivalence for every n > 1.
ii) If F is group-like, then Cob” (€, 9) is in fact an (Q-)spectrum, and Cob” is then additive when con-
sidered as a functor Cob” : Cat? — Sp.
iii) The natural map Cob” (€,9) - Cob”*"(C, Q) exhibits the right hand side as the spectrification of the
left.
In particular, we obtain equivalences
FEP(E,Q) = Q¥Cob” (C,2) and |Cob? (C,2)| = Q*"Cob” (€, ?)
forn > 1.

From Theorem 3.3.4 and Part ii) of this proposition we thus obtain the following universal property for
the iterated hermitian Q-construction:

3.4.6. Corollary. For a group-like additive functor I : Cath — § the functor Cob? : Catb — Spis the
initial additive functor under S[F], the pointwise suspension spectrum of F. In other words,

Cob: Funadd(CatEo, Grpg_) — Funadd(CatEo, 8p)
is left adjoint to the forgetful functor, i.e. composition with Q%. Also,
Cobo(—)¢"™ : Fun*¥(Cat? , §) — Fun*(Cat?_, 8p)
is left adjoint to the forgetful functor.

An explicit description of the counit of the former adjunction is easily derived from Remark 3.3.8.

Proof. For the proof note, that transformations S[F] = § of functors Cat® — 8p correspond naturally to
transformations F = Q%G of functors to both E_ -monoids and plain spaces by Lemma 1.5.7. On the other
hand, the space of transformations Cob” = Gis given by
lim Nat(Q®"Cob”, Q®"G) ~ lim Nat(|Cob? |, Q*7"G).

ne

neN

But since |C0bf | is the n-fold suspension of F by Theorem 3.3.4, this colimit system is constant with value
Nat(F, Q*°9), which gives the claim. [l
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Proof of Proposition Proposition 3.4.5. By Proposition 2.3.7, we have that |C0bf | ~ |C0bllc_°1b:TI | is group-
like as soon as n > 1, and hence in this case the structure map |C0bf| - Q|C0bf+1| is an equivalence by
Theorem 3.3.4 ii). Of course, if F is group-like then this holds also at the 0’th level. Furthermore, since by
Theorem 2.5.1 all functors |C0bf | are additive so is Cob, as fibre sequences in (pre-)spectra are detected
degreewise. This gives the first two statements.

To obtain the third statement just observe that by Part ii) the spectrification of Cob(C, ?) is given by

[QICobT (€, 9], 1Cob7 (€, )], |Cob] (€, 9, ... |
which by Corollaries 3.3.6 and 3.3.7 agrees with
[FEP(C, ), 1Coby ™" (€, )1, |Cob) " (€, D), ... ].

: F Cob”
since |Cob, | = |C0bll bl O

Part iii) of Proposition 3.4.5 identifies the non-negative homotopy groups of Cob” (€, 9) with those of
JFEP(C, ?). While these are generally very difficult to understand, we can determine the negative homotopy
groups of the spectrum Cob” (€, 9), much more easily:

3.4.7. Proposition. For every additive J: Cat? — 8, Poincaré co-category (C,?), n > 1 and 0 < k < n
the iterated bonding maps of the pre-spectrum Cob” (€, Q) induce isomorphisms

7 |Cob? (€, 9)] 2 my|Cob” (C, 2"+ and  x_,Cob” (€, Q) = my|Cob” (€, 2I"~11)|.

In other words, 7, |Cob? (€, Q)| for k < nis just the F-based cobordism group of (€, 9"~*1) and similarly
for the negative homotopy groups of Cob”.

Proof. Part 1) of Proposition 3.4.5 reduces the claim about the left hand side to the case k = 0. By re-
alising the n-fold simplicial object Cobf iteratively, this case follows from Corollaries 2.3.10 and 2.3.11
by induction on n. The statement for the right hand side is now immediate from Proposition 3.4.5 iii) and
Corollary 3.3.7. O

3.4.8. Corollary. For any group-like additive J : CatP — 8 the spectrum Cob7 (@, 9) is connective when-
ever (C, ®) admits a lagrangian subcategory, in particular Cob” Met(D, ®) and Cob” Hyp(€) are always
connective.
In fact, the functor
Cob: Funz‘dd(CatE<> ,Grpg ) — Funadd(CatEo,Sp)
is fully faithful and its essential image consists precisely of the functors whose values on all metabolic
Poincaré co-categories (C, ?) is connective.

The essential image of Cob can equivalently be described by the condition that ¥ Met(D, ®) be con-
nective for all Poincaré co-categories (D, @) or that F Hyp(E€) be connective for all small stable £: For the
latter condition this is immediate from Corollary 3.2.14, and for the former it then follows from F Hyp(€)
being a retract of F Hyp(Hyp(€)) ~ F(Met(Hyp(&))).

Proof. The first part is a consequence of Proposition 3.4.7, Corollary 3.2.14 and Corollary 2.3.11. That
Cob is fully faithful follows from Corollary 3.4.6, since the unit ¥ = Q®Cob” is an equivalence by
Proposition 3.4.5 if J is group-like. To see the statement about the essential image note that the counit
Cob®™7 - Fofthe adjunction is an equivalence after applying Q by the triangle identities, and therefore
an equivalence on non-negative homotopy groups. Applying this counit transformation to the metabolic
fibre sequence

(€,9) —» Met(e, oM — (e, o),

we conclude inductively on i that the transformation is an equivalence on z_; for all i > 0. O

3.4.9. Remark. Completely analogous definitions and arguments work in the non-hermitian set-up to give
the n-fold Segal spaces Spanf (@) and (pre-)spectra Span” (€), with the K-theory functor CatZ — Spbeing
the (pointwise) spectrification of Span®" or equivalently §pancrgrp. As a consequence of Proposition 2.7.3
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one here finds that Span? (€) is always a connective (pre-)spectrum. The analogue of the above corollary
is the statement that
. add ex add ex
Span: Fun"™(Cat_, GrpEw) — Fun"™(Cat_, 8p)
is fully faithful with essential image the functors taking values in connective spectra. In particular, the
non-connectivity of the iterated Q-construction is an entirely hermitian phenomenon.

Let us also record the relationship between the Q-construction and suspension in Funadd(CatEo, Sp). To
this end, consider again the squares

const Met(C, ?) —— dec(Q(C, ?)) const(C, -1y —— Null(C, ?)
0 | l | l
{0} ——— Q(C,9) {0} —— Q(C,9)

consisting of split Poincaré-Verdier sequences in each simplicial degree. Applying an additive J: Cat? —
Sp one obtains a levelwise cartesian square of simplicial spectra. As this is also cocartesian by stability, it
follows that also

FMet(C,9) — |Fdec(Q(C, Q)] F(C, Q1) —— |FNull(E, Q)|
{0} —— [5Q(C,9)] {0} ——— |FQ(C,9)]

are bicartesian squares of spectra. As the simplicial objects in the top right corner are split by Lemma 3.3.1
over 0 and (C, ?), respectively, we obtain a canonical equivalence

(51) s'@ Fe, o) — [7Q(e, 9|

and a natural bifibre sequence

FMet(€, 9)—— F(C,9) — |FQ(C, ).

As the right square tautologically maps to the left one, one finds that under the equivalence (51) this fibre
sequence is a rotation of the metabolic fibre sequence

[=1] met
F(C, ) — FMet(C, 29— F(C, Q).
Furthermore, the functor (C,?) = |F Q(C, ?)| is again additive, by the same argument, so we find:

3.4.10. Corollary. The endofunctor ¥ — |FQ—| on Funadd(CatEo, 8p) is the internal suspension functor,
or equivalently postcomposition with the suspension functor in Sp.

3.4.11. Remark. The geometric realisation |F Q| occuring in the previous statement may be taken both
objectwise as a geometric realisation of simplicial spectra, or as a colimit in the category Funadd(Catgo, Sp)
itself, since we noted above that the objectwise colimit (which is also the colimit in the category of all
functors Cat? — 8p) is already additive.

However, we warn the reader that in general |F Q(C, ?)| cannot be computed levelwise via the realisation
of the simplicial spaces Q®~"F Q(C, ?): Consider for example the functor K : CatP — Sp extracting the
non-connective K-theory of the underlying stable co-category C. Then Q% |K Q(@)| ~ Q®~!'K(€) need not
be connected, whereas

|Q®K Q(C)] = | K(Q(C)!4*™)| = | K(Q(CHem))| =~ Q=1 K(Eidem)

is always connected.

The notable exception to this discrepancy are the functors F = CobY for some group-like additive
g: Catgo — &: For these functors the colimit of FQ(C, ?): AP — PSp (which is formed levelwise) is
automatically an Q-spectrum, and thus also a colimit in spectra. To see this, observe that by switching the
order of the realisations we find

(ICob? Q(E, ), = 115 Q™(Q(e, 2"y)|| = CoblFR71(e, ),

and the latter terms form an Q-spectrum by Proposition 3.4.5, so ultimately by the additivity theorem.
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Finally, we use these observations to study the effect of shifting the Poincaré structure on the C,-
equivariant spectrum F(Hyp(C)) acted on by the duality of . This will ultimately lead to our generalisation
of Karoubi’s periodicity theorem in Corollary 4.5.5 below. To this end, recall that the composite functor

H
Cat? — Cat‘;‘ﬂ CatP_refines to a functor Hyp : Cat? — Fun(BC,, Cat? ) via the action of the duality,
see Remark [I].7.4.14.

3.4.12. Definition. Given a functor : Cat® — € define the hyperbolisation Fhyp Cat? — Fun(BC,, &)
of F as FoIyp.

3.4.13. Proposition (Naive Karoubi periodicity). There is a canonical equivalence of C,-spectra
Fhre, ol = 771 @ FP(e, 9),

natural in the Poincaré co-category (C, %) and the additive functor F . Cat? — Sp. Furthermore, under
this equivalence the boundary map

Fhre, Q) —» S! @ FP(e, o)
of the metabolic fibre sequence is induced by the inclusion S° — S° as the fixed points.

Here S denotes the C,-spectrum equivalently described as the suspension spectrum of S°, the 1-sphere
with complex conjugation action, or the functor

J
BC, = BO(1) » BO— Pic(S) C Sp.

Proof. We recall that under the equivalence F(Met(C,?)) ~ F(Hyp(C)) induced by can: Hyp(C) —
Met(C, ?) the map met : Met(C,?) — C identifies with hyp : Hyp(€C) — (C,?). Using the metabolic
Poincaré-Verdier sequence we may therefore identify S' @ FWP(€, 9{=11) with the cofibre of the map

Fhyp: F¥P(Hyp(C)) — FP(C, 9).
Now there is a the natural equivalence
Hyp(Hyp(€)) ~ Hyp(€ x €*?) ~ Hyp(C) ® C,

which translates the action of D¢ on the left into the flip action on the right, see Remark [1].7.4.15. We may
then identify the map Fhyp with the map

F(Hyp(€)) ® C;, — F(Hyp(C))
obtained from the map C, —* of C,-spaces, whose cofibre is S°. We therefore obtain a natural equivalence
st @ F(e, o) ~ 7 @ FVP(E, 9)
which is the claim. O

3.5. Bordism invariant functors. In the next two subsections, we will introduce the notion of a bordism
invariant functor out of Cat®_, the main examples being various flavours of L-theory. We will then show that
each additive functor ' : Cat? — 8 admits an initial bordism invariant functor Fbord equipped with a map
F — Fbord_ the bordification of F, and show that any group-like J can then be described in terms of this
bordification and the hyperbolisation 7P = Fo Hyp from the previous section. This yields a version of our
Theorem Main Theorem, first part, for arbitrary additive functors in Corollary 3.6.7; it will be specialised
to & = Pn in section 4.

To get started recall the notion of a cobordism between Poincaré functors from Definition 3.1.1: Itis a
Poincaré functor (G, ?) = Q,(€’, ?’) projecting correctly to the endpoints of Q;.

3.5.1. Definition. A Poincaré functor (F, ) : (C,®) — (€', ?')is called a bordism equivalence if there exists
a Poincaré functor (G, 9): (€¢/,9") — (€, 9?) such that the composites (F,#)o(G, 0) and (G, 0)o(F, 1) are
cobordant to the respective identities.

3.5.2. Example. Let (C, ?) be a Poincaré oco-category and £ C € an isotropic subcategory (see Defini-
tion 3.2.1). Then the inclusion Hlgy(£) C (C,?) of the homology co-category is a bordism equivalence.
This follows directly from Construction 3.2.11.
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3.5.3. Definition. Given a category with finite products €, we say that an additive functor F: Cat? — &
is bordism invariant if it sends bordism equivalences of Poincaré co-categories to equivalences in €. We
shall denote by Fun®" d(Catgo, &) the full subcategory of Funadd(CatEo, €) spanned by the bordism invariant
functors

In particular, such a functor vanishes on all metabolic Poincaré co-categories, i.e. those that admit a
Lagrangian. For (group-like) additive functors, and these are the only ones we will investigate in any detail
here, the converse holds as well:

3.5.4. Lemma. Let 5 : Catgo — & be a group-like additive functor. Then the following are equivalent:

i) F is bordism invariant.
ii) J takes the degeneracy map s (C,?) — Q(C,?) to an equivalence for every Poincaré co-category
(C,9).
iti) F vanishes on all metabolic Poincaré co-categories.
iv) F(Met(C, ?)) ~x for any Poincaré co-category (€, ?).
v) F(Hyp(C)) = for any stable co-category C.

Proof. The functors in ii) are bordism equivalences (essentially by definition) so i) = ii) and it follows im-
mediately from Corollary 3.1.3 thatii) = iv). By Example 3.5.2 all metabolic categories are bordism equiv-
alent to 0, so 1) = iii) and since Met(C, ?) really is metabolic, we have iii) = iv). To obtain iv) = v) observe
that 3 Hyp(C) is a retract of F Hyp(C x C°P), which by Corollary 3.1.4 is equivalent to F Met(Hyp(C)) =.
Finally, by Proposition 3.1.7, if I vanishes on hyperbolics, then cobordant Poincaré functors induce homo-
topic maps after applying F, and so J is bordism invariant giving v) = i). O

3.5.5. Example. The L-theory space provides a bordism invariant functor £ : Catgo — 8. The fact that it
is invariant under bordism equivalences can be seen by direct analysis of its homotopy groups: In degree n
they are given by bordism classes of Poincaré objects in (C, 9[‘”]), see [Lurll, Lecture 7, Theorem 9] for a
proof in the present language. Thus by definition the two maps dy, d; : £(Q;(C, ?)) = £(C, ?) induce the
same map on L-groups. Consequently, so do any two cobordant functors and thus bordism equivalences
induce inverse isomorphisms on L-groups, compare §[I].2.3. The same statements apply to the L-theory
spectrum. We will discuss this example, and additivity of both functors £ and L, in §4.4.

To discuss the second important example, recall from Definition 3.4.12, the hyperbolisation F™P(C, Q) =
F(FHyp(C)) taking values in the category Spc2 = Fun(BC,, 8p) of C,-spectra via the action of the duality
Do on Hyp(C).

3.5.6. Example. Given an additive functor J : Catgo — 8p the Tate construction (—)'C2 : Sphc2 - 8p
produces a functor (FWP)C2 Catg<> — 8p which is bordism invariant; to see this, we invoke the natural
equivalence

(52) Hyp(Hyp(€)) — Hyp(€) ® C,

from [1].7.4.15 again, which shows that F"P(Hyp(€)) is an induced C,-spectrum. It then follows that for
every stable co-category € we have (F1P)'C2 Hyp(€) =~ 0, since the Tate construction generally vanishes
on induced C,-spectra.

Let us also record for later use:

3.5.7. Lemma. If 7: Cat® — & is arbitrary and §: Catd — € is bordism-invariant, then the spaces

Nat(.’fhyp, 9, Nat(.’fﬁg, 9), Nat(G, ?hyp), and Nat(G, (S"hyp)hc2) are contractible (assuming & admits suffi-

cient (co)limits to form the homotopy orbits and fixed points appearing).
Proof. SinceHyp: Cat?, — Cat®_is both left and right adjoint to the forgetful functor by Corollary [I].7.2.20,

it follows that the composite Cat? ¥ Cat:) =y CatP_is both left and right adjoint to itself and hence the
association F - FMP is both left and right adjoint to itself. Since GWP ~: for any bordism invariant functor
it follows that the mapping space from F™P to and from any bordism invariant functor is trivial.

The computations

Nat(ffgg, G) ~ Nat(FMP, §)hC2 ~x  and  Nat(G, (FYP)IC2) ~ Nat(G, FWPYIC2 s
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gives the second claim. O

For the next statement recall the metabolic Poincaré-Verdier sequence
(€, 1) — Met(€,9) — (€,9)
from Example 1.2.5.
3.5.8. Proposition. Suppose that F : CatP — & is a bordism invariant functor. Then the natural map
QF (@, 9) — F(C, o1

arising from the metabolic Poincaré-Verdier sequence is an equivalence. In particular, F is automatically
group-like.

If € is stable then the converse holds in the sense that an additive functor F . Cat® — & is bordism
invariant if and only if this map is an equivalence for all Poincaré co-categories (C, Q).

In particular, we find 7,5(C,?) = 7,F(C, ?l~1) for every space or spectrum valued bordism invariant
functor. Furthermore, by Corollary 3.1.8 the inversion map on JF(C, ?) is induced by the Poincaré functor
(ide, —idg).

Proof. By Lemma 3.5.4, J is bordism invariant if and only if ' Met(C, ?) =~ for all Poincaré co-categories
(G, ?), from which we obtain a fibre sequence

Fe, oy —s—s F(e, 9

which gives the first claim. Conversely, if € is stable, then the map in question being an equivalence implies
that F Met(C, ?) vanishes for every Poincaré co-category. (|

In particular, bordism invariant functors can be delooped simply by shifting the Poincaré structure, i.e.
by considering

[F(C,9), F(C, M, F(e, 9, ... ]

with the structure maps provided by the Proposition 3.5.8. We next show that this delooping agrees with
that from the previous section. In fact, we have as the main result of this subsection:

3.5.9. Theorem. The forgetful functor
Fun®(CatP_, 8p) — Fun"(Cat? , 8),
i.e. postcomposition with Q%, is an equivalence with inverse
F +—s Cob”.

In particular, any additive bordism invariant functor F . Cat® — 8 admits an essentially unique lift to
another such functor Cat® — 8p.

The same is not true for arbitrary group-like additive F : Catgo — § as the examples
(C,9) — K(C%m) and K(C),

which have equivalent infinite loopspaces, show.
For the proof we need:

3.5.10. Remark. If F : Catgo — 8 is additive and bordism invariant, then so is |C0b3r |. This follows straight
from the definitions, as a cobordism of Poincaré functors (C, ?) — Q,(€’,?’), induces one

Q,(€,9) = Q,(Q(€,2)) = Q;(Q,(C, ?))

so abordism equivalence (G, Q) — (€, ?") gives an equivalence of simplicial objects F Q(C, Q) — FQ(€’,?"),
and thus an equivalence on realisations.



98 CALMES, DOTTO, HARPAZ, HEBESTREIT, LAND, MOI, NARDIN, NIKOLAUS, AND STEIMLE

Proof of Theorem 3.5.9. That the essential image of Q% is contained in the bordism invariant functors is
clear. If now F: Cat} — § is bordism invariant, then so is Cob” : CatP — 8p: By Proposition 3.5.8
J is group-like, so by Proposition 3.4.5 Cob” takes values in spectra and is additive. To check bordism
invariance it suffices, by induction and the equivalences

F
Q®7"Cob” =~ |Cob?| = |Cobl |

to show that |Cob” | is again bordism invariant, which we did above. Thus the adjunction between Q* and
Cob restricts as claimed and Q is essentially surjective.

Finally, to obtain full faithfulness of Q*, we check that the counit ¢ : Cob®™7 (6,9 = F(C,Q) is an
equivalence for every bordism invariant : Cat? — Sp and Poincaré co-category (C,?). By Proposi-
tion 3.4.5 Q%c is an equivalence for all (C,?), but as both domain and target of ¢ are bordism invari-
ant functors Proposition 3.5.8 then implies, that Q*~"¢c is an equivalence for all n > 0, which gives the
claim. (]

3.6. The bordification of an additive functor. In this subsection we will establish the following theorem
and deduce a formal version of our Theorem Main Theorem in Corollary 3.6.7.

3.6.1. Theorem. The inclusions
Funbord(Catgo,Sp) C Funadd(Catgo,Sp) and Funbord(CatEo, 8)C Funadd(CatEo,S)
of the bordism invariant into all additive functors admit left and right adjoints.

3.6.2. Definition. We will refer to these left adjoint functors as bordification and denote their values on an
additive functor J: Catd — Spor J: Cat? - Sby Fbord The right adjoint we shall call cobordification
and denote it by (—)°bord,

The existence of the left adjoints, Theorem 3.5.9 and Corollary 3.4.6 may be summarised by the following
commutative square of forgetful functors and their dotted left adjoints, whose left hand vertical arrows are
inverse equivalences, as follows:

(_)hord
( ........... P
Fun®™rd(CatP_, Sp) s Fun®d(Cat? , Sp)
~ )
Cob: l (ypord Cobo(-)&'P l

Fun®rd(Cat? ,8) £y Fun®d(Cat? , )

Thus the existence of the upper horizontal adjoint implies the existence of the lower one, or more precisely
for F: CatP  — 8 additive we have

::Fbord ~ Qm((COb?grp)bord)'
Similarly, we find
S,erord ~ Qoo((q:obffx )Cbord)
where F* denotes the pointwise units of F: For G bordism invariant one computes
Nat(G, Qm((ﬂ:ob?x )Cbord) ~ Nat(CObg, (Cong )cbord)
~ Nat(CobS, Cong)
~ Nat(§, )
~ Nat(§, F)

where the first and third identity follow from Corollary 3.4.6. In particular, the (co)bordifications at the
spectrum level determine those at the space level, so we will restrict attention to the case of functors taking
values in spectra in this section.

3.6.3. Remark. Comparing universal properties it is easy to see that for additive F: Cat? — 8p we have

Qm(g:cbord) ~ (Qoos,rf)cbord
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and consequently Febord ~ Cob@> @ by Theorem 3.5.9, we explicitly warn the reader that generally
neither of the analogous assertions hold true for bordifications instead of cobordifications (unless F =
CobY).

The distinction will play a major role in our discussion of Karoubi localising invariants in §[IV].2.2; a
concrete counter-example is the Karoubi-Grothendieck-Witt functor GW : Cat? — 8p discussed there.

We will give three distinct formulae for the spectral bordification functor in Proposition 3.6.6, Corol-
lary 3.6.13 and Corollary 3.6.19, and it really is the comparison between these that is most relevant for our
work. While this comparison can be established by direct calculations, that route does not lead to shorter
arguments and the present framework allows for a more conceptual intrepretation, see 3.6.8. Along the way
we will also establish the cobordification in Proposition3.6.6.

Before getting started, we can already record the following special cases:

3.6.4. Lemma. Let F : Catgo — 8p be additive. Then we have (FMYP)Pord ~ 0 and (?Eéz)bord ~ (0, whereas
the natural map (FYPYC2 = (FWPYCo descends to an equivalence
((g:hyp)hcz)bord ~ (S,rhyp)tczl

Dually, (g:hyp)cbord ~0, ((grhyp)hCQ )cbord ~ 0 and (gﬁéﬂ)cbord ~ S_l ® (g:hyp)tCQ_

To interpret the statement one can either assume the existence of a (co)bordification functor already (the
present lemma will not enter the proof of existence below), or better one can simply interpret the definition
of (co)bordifications as a pointwise statement about left and right adjoint objects. In this case the present

lemma, in particular, provides the existence of (co)bordifications for the functors FhyP, Fgép and (FhyP)hCs
2
Proof. The first two statements are immediate from Lemma 3.5.7. But then consider the cofibre sequence
gﬁép N (Srhyp)hCZ _ (Srhyp)tcz'
2

For some bordism invariant G, it induces a fibre sequence

Nat((F¥P)C2, G) — Nat((FVP)C2, G) —, Nat(&"ﬁé‘; 9

But the right hand term vanishes by Lemma 3.5.7, whereas (F"P)!®2 is already bordism invariant by Ex-
ample 3.5.6. The claim follows. The claims about cobordifications are dual. O

Recall from Corollary [I].7.4.18 that the hyperbolic and forgetful maps refine to C,-equivariant maps
Hyp(€) — (€,9) — Hyp(©),

where (C, ?) is considered with the trivial C,-action. It then follows that the induced natural maps

(53) P F s ghyp

refine to maps of the form

(54) Tper — T — ()2,

As part of [I].7.4.18 we also showed that the composite of these two maps coincides with the norm map
J

e = (FPYIC: associated to the C,-action on WP,
2

3.6.5. Example. IfF : Catz)‘ — Spisadditive, then the (co)bordification of the composite Catg<> - Catf;‘ —
Sp vanishes: In this case the C,-spectrum FhP(@, Q) itself is (co)induced from F(€C), whence the maps
Fhyp(e, Q)hc2 - F(C) —» FWP(@, )" are equivalences. This implies for example that the bordifications
of Cr, K, K, THH, TC and similar functors all vanish.

Expressed differently, (co)bordificationis a genuinely hermitian concept that has no classical counterpart.

Either from 3.6.4 or 3.5.7 we find
Nat(.’f}}:g, G)

if G is bordism invariant. In particular, assuming the existence of a bordification, there must be a sequence

(55) S,rhyp N N g:bord
hC,
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whose composition admits an essentially unique null-homotopy. There is a universal way to produce such
a sequence:

3.6.6. Proposition. Consider the functor @ : Funadd(CatEo, S8p) — Funadd(CatEo, 8p) given by the formula
oF = cof(s—";‘g — ).

Then the canonical transformations F = ®F exhibit ® as a bordification. Dually, fib(F — (FWP)IC2) js q
cobordification of F.

Proof. Let ¥ be an additive functor. We first verify that ®J is bordism invariant. By lemma 3.5.4 we need
to check that ®F(Hyp(C)) ~ 0, or, equivalently, that the canonical transformation

(56) Fyer (Hyp(€) — F(Hyp(©))
is an equivalence. Indeed, by the equivalence (52) we can identify (56) with a map of the form
(57) [F(Hyp(€)) ® Cy)lnc, — F(Hyp(C)).

It will therefore suffice to check that the pre-composition of (57) with the equivalence F(Hyp(C)) —
[FHyp(C)) ® Cy)lnc, given by the inclusion of a component is an equivalence; by direct inspection it
is the identity.

Now suppose that G is any bordism invariant functor. We need to show that the induced map

Nat(®F, §) — Nat(F, §)
is an equivalence. Indeed, by construction we have a fibre sequence
Nat(®F, §) — Nat(F, §) — Nat(F*P)c, )

and Nat((&"Hyp)hcz, G) ~* by Lemma 3.5.7.
The argument for the final statement is entirely dual. (]

Applying bordification to the natural map F — (F™P)"C2 and using Lemma 3.6.4 we find an abstract
version of our main result, the fundamental fibre square:

3.6.7. Corollary. For every additive functor F: Cat? — 8p and Poincaré co-category (C, %) there is a

fibre sequence
h bord
T (€,9)— F(€, ) —s T*"(E,9),

which canonically extends to a bicartesian square

EF(G, 9) 3 Srbord(e’ 9)

l l

(FP)IC2(E, Q) —— (TP)C2(E, Q).

Proof. 1t suffices to check that the induced map on horizontal fibres is an equivalence. But both of these
are given by ?}}:g and the induced map is necessarily the identity by Lemma 3.5.7 (]

This result can be recast more abstractly as follows:

3.6.8. Proposition. The diagram
bord (—ofgt)hC2
T~ T~
Fun®rd(Cat? , $p) —=—5 Fun®®(Cat? , Sp) —=—3 Fun®®d(Cat®, Sp)iCz,
L~ © L~ ©
cbord (—ofgt)hC2
where the right unlabelled map is pullback along Hyp : (Catiz)hc2 — Catb , consitutes a stable recolle-
ment, whose associated Tate square is precisely the fundamental fibre square from the previous corol-

lary. The images of the left and right adjoints on the right hand side consist of those additive functors
F: Catd — Sp such that

FW L F or F— (FPNC
hC,
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is an equivalence, respectively.

For the notion of stable recollements and their associated Tate squares see §A.2, particularly Definition
A.2.9 and the discussion thereafter.
One might call functors satisfying the properties characterising the essential images above left and right

hyperbolic, whence we find that ?}}:g — J is the terminal approximation to J by a left hyperbolic, and

F — (FP)ICa is the initial approximation by a right hyperbolic functor.

Proof. Recall from the discussion above (or see [I].7.4.18) that the functor
Hyp: Catls — Cat?

is a both sided adjoint to fgt : Cat? — CatZ and that this adjunction is equivariant for the trivial action of
C, on Cat? and the opponing action on Cat?} (i.e. it is a relative adjunction over BC,). It follows formally,
that

Nat((Fofgtlyc,, G) = Nat((Fof gt), 6" ~ Nat(F, Go Hyp)'C2

and similarly Nat(G, (Fofgt)’®2) ~ Nat(Go Hyp, F)" 2, so that we obtain the right hand adjunctions. Un-
winding definitions one finds that in the former case the counit evaluated at some stable co-category C is
the canonical equivalence
F(E) — (C, @ F(C)Y'™

since the inclusion FJ(€) — F(C) & F(CP) — fgt(Hyp(C)) gives rise to an equivalence C, @ F(C) =~
F(fgt(Hyp(€))) by direct inspection. Thus (—)P : Fun®(Cat? ,8p) — Fun®!(Cat, $p)1©2 has a fully
faithful adjoint, and is therefore a split Verdier projection. Its kernel is precisely Funbord(CatEo, Sp) by
Lemma 3.5.4, whence Proposition A.2.10 and the discussion thereafter give the recollement.

The claim about the Tate square is true by construction, and the conditions given in the final statement
unwind to the counit and unit being equivalences, respectively, which characterise the essential images by
the triangle identities. O

The construction of (co)bordifications via the hyperbolisation map S"Eéz — J or forgetful map J —

(FMPYC2 discussed so far are, however, not very suitable for computations of F°rd or F¢bord  Therefore we
present two more formulae for the bordification, both of which we put to use in the next section. To verify
that these really give bordifications we employ the following criterion:

3.6.9. Lemma. Suppose that B : Funadd(CatEo, 8p) — Funadd(CatEo, 8p) is a functor equipped with a nat-
ural transformation f : id = B. Suppose the following conditions hold:

i) B commutes with colimits;
ii) if I is bordism invariant then fg : F = BT is an equivalence;
iii) B(FMP) ~ 0 for every additive F Cat? — Sp.
Then f exhibits B as a bordification functor.
Let us explicitly point out that we do not assume a priori that B takes values in bordism invariant functors.

The price is that we have to invest that we already know that there exists a bordification functor into the
proof. Direct arguments are also certainly possible, but slightly more cumbersome.

Proof. Let F: Cat? — 8p be an additive functor. Applying B to the fibre sequence ?}}:ép - F — ghbord
2
from Corollary 3.6.7 yields a commutative rectangle

yp \ \ «abord
Fort > T > F

(58) ! l l

B(S’Eg) —— BF —— B(FPrd)

in which both rows are bifibre sequences and the vertical maps are all the respective components of f. By
definition, 2 is bordism invariant and hence by property ii) we get that the right most vertical map in (58)
is an equivalence. This implies that the left square is bicartesian. On the other hand, by properties i) and iii)
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the lower left corner of (58) is equivalent to 0, hence the lower right map is an equivalence as well. The
right hand square thus exhibits B as equivalent to bord under the identity of Funz‘dd(Catgo ,8p). O

Our second formula for bordification is modelled on the classical definition of L-theory spectra via ad-
spaces. Its starting point is the p-construction: For [n] € A we denote by T, = P([n])°P the opposite of
the poset of nonempty subsets of [n]. We observe that T, depends functorially on [n] € A, giving rise to a
simplicial category p(C, ?): Given a Poincaré co-category (C, ?) denote

p,(C,9) = (Fun(T,, €), 97n)

the cotensor of (C,?) by J,. Since T, is the reverse face poset of A” we find from Proposition [1].6.6.1
that the hermitian co-categories p,C are Poincaré for every [n] € A and from Proposition [I].6.6.2 that the
hermitian functoro* : p,€ — p,,CisPoincaré for every o : [m] — [n]in A. We may hence consider p(C, ?)
as a simplicial object in Cat?_.

3.6.10. Definition. Let € be an co-category with sifted colimits. Given a functor F : Cat® — & we denote
by adF : Cat} — & the functor given by

adF(C,Q) = |Fp(C, 9)|.

Using the functoriality of the cotensor construction we may promote the association ¥ — adJ to a
functor

(59) ad : Fun(Cat? , £) — Fun(Cat® , €).

The inclusion of vertices then equips ad with a natural transformation b4 : J — adJ.

In this section we consider the ad-construction only in the case when & = S8p, as this entails great
simplifications (though the case & = § is fundamental for the discussion of L-theory in §4.4). The key
is that for stable € the collection of additive functors from Cat?_ to € is closed under colimits inside the
category of all functors. Since in addition, the functor p, : Cat} — Catl preserves split Poincaré-Verdier
sequences by Proposition 1.4.15 it follows that adJ is additive whenever I : Cat? — Spis.

In particular, we may consider ad as a functor

(60) ad: Fun*(CatP , 8p) — Fun*¥(Cat? , Sp).
3.6.11. Remark. The analogous statement with target category 8 requires an additivity theorem for the p-
construction. Lurie showed in [Lurl1, Lecture 8, Corollary 9] (see Theorem 4.4.2) that £ = ad(Pn) is even

Verdier-localising, generalising results of Ranicki in more classical language, see e.g. [Ran92, Proposition
13.11].

‘We now set out to show:

3.6.12. Proposition. Let F . Cat® — Sp be an additive functor. Then

i) if I is bordism invariant then the map by : I = adJ is an equivalence.
ii) ad(FhP) cvs,

Combining this with Lemma 3.6.9 and the fact that ad evidently commutes with colimits we obtain:
3.6.13. Corollary. The natural transformation b exhibits ad as a bordification functor.

For the proof of Proposition 3.6.12, we denote by P([n]) the full power set of [n] and endow Fun(P([x])°P, C)
with the hermitian structure Q' that sends a cubical diagram ¢ : P([n])°P — C to the total fibre of 2{1op°P;
through the isomorphism

PP = [, (1

the hermitian co-category (Fun(P([n])°P, @), 9'1) is equivalent to Met"+D (@, @11), but in the form given it
is clear that it assembles into a functor Cat};o - sCatEo. Through the identification as an iterated metabolic
object, it is, however, easy to check that it restricts to Catg0 - sCatEo.

3.6.14. Lemma. The sequence

1) P(€. Q) —> (Fun(P([n])P, €), ) —2 (€, 9l
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is a Poincaré-Verdier sequence for all Poincaré co-categories (C,?) and n € N. Furthermore, there are
equivalences

Fun(P([-])°°, Ar(C)), 2 ) ~ dec(Fun(P([—])°P, @), 2'') ~ Met(Fun(P([-])°P, @), 2')

met

of simplicial Poincaré oo-categories.
Note that the left term in the second display is just Fun(P([=])°P, D), ®'F) for (D, ®) = Met(C, ?).

Proof. The map evy is given by evaluation of the cubical diagram ¢ at @, together with the canonical
projection of hermitian functors. Under the equivalence of the middle term with Met""*1(@, @]y, the
second map is the (n+ 1)-fold iteration of the map met : Met(C, 21y — (€, 9{!1); thus it is a split Poincaré-
Verdier projection. Its kernel is equivalent to the first term by restriction along T, = Py ([n])°P C P([n])°P
and the equivalence

@
since for ¢ € ker(evy) the second term is equivalent to the total fibre of 2!!1og°P.
For the second claim note that commuting limits and functor categories gives equivalences

Fun(P([-])°°, Ar(€)), 2 ) ~ Fun(P([-])° x AL, €), 9') ~ Met(Fun(P([-])°P, ©), ?'F)

> “met

lim Q0p°(A) = fib(0 — lim 9MopP(4)),
+£AC[n] B#AC(n]

and the middle term is the requisite décalage by inspection. (]

Proof of Proposition 3.6.12. 1f F is bordism invariant, then it vanishes on the middle term of (61) (which is
an iterated metabolic construction); we conclude that the left term becomes constant in #, after application
of &F. This shows 1).

To show ii) we note that for a Poincaré co-category (C, ?)

FP (Fun(P[-], ©)) = F (Hyp(Fun(P[~], ©))) =~ F (Met(Fun(P[-], €), "))

by 3.1.4. But this is the décalage of F(Fun(P[-], ©), 2'') by Lemma 3.6.14 with augmentation induced by
evy. Interpreting this map as a map of split simplicial objects, we conclude that its fibre FWP(p,(C,9)) is
split over 0, and therefore has contractible realisation. O

3.6.15. Remark. To see that Fp(C, ?) is a constant simplicial space if F is bordism invariant, one can al-
ternatively observe that the degeneracy maps (C, ?) = py(C, ?) — p,(C, ?) is the inclusion of the homology
category Hlgy(£ ) for the following isotropic subcategory £+ C p,(C,®): Let ‘IS C T, be the subposet
spanned by those §' C [1] which contain 0 and M C Fun(T,,, C) be the full subcategory spanned by those di-
agrams ¢ . T, — C which are left Kan extensions of their restriction to ‘Ig, i.e. such that (SU{0}) — @(S)
is an equivalence for every .S C {1, ...,n}. Then L: c M; may be taken to consist of those diagrams which
additionally satisfy @({0}) ~ 0.
One readily checks that for ¢ € M there is an equivalence

271 () = 2Ap(0)),
so L* really is isotropic. Furthermore, (L:)J- = M and D, (L:)J- = M¥, where M) C Fun(T,, C) is
the full subcategory spanned by those diagrams ¢ : T, — € whose restriction to ‘J’g is constant.
Thus ngy(L:) ~ M: N M consists precisely of the constant diagrams as desired.

Weiss and Williams in [WW98, Lemma 9.3] give a direct verification that ad(K) ~ 0, and their proof im-
mediately generalises to give a different argument for the vanishing of bordifications of all additive functors
of the form Cat? — Cat?y — Sp. To use the bordification procedure ad directly in other circumstances,
however, one would have to investigate the effect of the p-construction on an arbitrary additive functor
J: Cat? — 8. In particular, one would have to provide an additivity theorem in this generality, to obtain a
handle on the geometric realisation occuring in the ad-construction (essentially for the reasons spelled out
in Remark 3.4.11). As mentioned in Remark 3.6.11, such a statement was worked out in the case F = Pn by
Lurie (see [Lurl1, Lecture 8, Corollary 9]) and we will refrain from exhibiting further details in the present

paper.

Instead, we present a third bordification procedure, that is more in line with the methods developed here.
It is obtained by iterating the boundary map F(C, ?) — S' ® F(€, 2!-11) of the metabolic fibre sequence.
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3.6.16. Definition. Let 7 : Cat? — 8p be an additive functor. We define its stabilisation stabd by the
formula

(stabF)(C, Q) = colim(F(C, ?) — S! @ F(C, ") — §2 @ F(C, 92 — ...),
with structure maps the shifts of the boundary map for I, and we denote by
oy  F — stabF
the arising natural transformation.

Recall from the discussion preceding Corollary 3.4.10, that the boundary map F(€, ?) — S!®@TF(C, Q-1
of the metabolic fibre sequence
F [=1] met
(€,977) — F(Met(C, 9)— F(C,9)
is also modelled by the inclusion of vertices
oq: F(C,9 — |FQE, Q).
So we equally well find, that

StabF(C. ) = colim(F(C, 9~ 17 Q. 9) -2 170D, 9) — ...).

arises from another iteration of the Q-construction.

3.6.17. Remark. Again, there is another equally sensible choice for the structure maps in the colimit system
in Definition 3.6.16, namely the boundary maps for the functors S’ ® F(—~1). These translate to O30 |

under the equivalence described above, and thus differ from the ones we choose to employ by a sign (—1)?,
compare Remark 3.4.4. Therefore, the choice has no effect on the colimit stab3.

3.6.18. Proposition. Let F : Cat® — 8p be an additive functor. Then
i) if F is bordism invariant then the map o : F — stabJ is an equivalence.

ii) stab(FMP) ~ 0.

Proof. Property i) follows immediately from Corollary 3.5.8. To prove ii) it will suffice to show that for
any additive F : Cat? — Sp and any stable co-category € the boundary map

F(Hyp(€)) — S' ® F(Hyp(@)1)

is null-homotopic. But this follows immediately from the metabolic functor met : Met(Hyp(C)) — Hyp(C)
being split by Corollary [I].2.4.9. (]

Since stab evidently commutes with colimits and preserves additivity, we can apply Lemma 3.6.9 and
obtain:

3.6.19. Corollary. The transformation c* exhibits stab as a bordification.

The filtration provided by the arising equivalence

Fhord(e, Q) = colim s? ® F(e, o=y
allows us to access the homotopy groups of the bordification of a space-valued J:

3.6.20. Corollary. For every space valued additive F . CatP — 8 the structure maps in the colimit of
Definition 3.6.16 induce isomorphisms

7;(Cob™ (@, Q) = 7y|Cob” (€, QI=(+Dly|,
foralli € Z. In particular, the induced maps
7,Cob7 (€, Q) — ,F*74(e, Q)

are isomorphisms for i < 0 and for i = 0 become the canonical projection under the identification Theo-
rem 3.1.9 of the source.

In other words, the group Jri(Cob?)b"rd(G, Q) is the F-based cobordism group of (C, =1, In fact, the
proof will show that the colimit description for F°°r4(€, Q) stabilises on z; after step i.
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Proof. By Proposition 3.5.8 we need only consider the case i = —1 to obtain the first statement and we
may, furthermore, assume J group-like since both sides of the claimed isomorphism only depend on F&P
(see Corollary 3.3.7 for the right hand side). But then by Corollary 3.4.8 the spectra Cob” Met(C, 9) are
connective so all maps in the colimit sequence

Foord(@, 9) = colim(Cob” (€,9) — S ® Cob” (G, 2171 — $2 @ Cob¥ (€, 9172 — ),

induce isomorphisms on 7z_, as their fibres are given by S¥ ® F(Met(C, 21=1)). We conclude using Propo-
sition 3.4.7. The claim about the induced map in 7 follows from Proposition 3.1.10 by unwinding defini-
tions. O

3.6.21. Remark. i) Fora generaladditive 5 : Cat? — 8pwe donot know how to compute the homotopy
groups of FPr4(@, @) in terms of those of F(C, ?). For i > 0 the tautological map

7,9(C,9) — 1, I, Q)
factors canonically as
mF(C,2) — m(QXF)*E, Q) — 7, F*C, Q).

and we already noted in Remark 3.6.3 that the right hand map is not an equivalence in general.

ii) One can also check that
lim(... S72 @ F(C, %) — s7T @ F(e, oMy — F(C,9)

is a cobordification of J, but since this limit does not stablilise it is not nearly as useful as the equiva-
lence FPord ~ stab(F).

Finally, let us mention that one can also use the stab-construction and naive Karoubi periodicty to provide
another proof of Corollary 3.6.7 (without even investing that stab is a bordification). We can in fact show
directly, that there is a bicartesian square

F— 7§ tabd

| l

(grhyp)hCZ — (g:hyp)tCz

as follows: Consider the natural transformation F = (F™P)"C2 for any additive J : CatP  — Sp and apply
stab. Using naive Karoubi periodicity Proposition 3.4.13 we find

stab((FP)"C2)(€, ©) = colim S¢ @ FP(E, 97" x colim (77 @ FP(E, 9))"

with the structure maps in the final colimit induced by the inclusions S — S as fixed points. But for any
C,-spectrum there is a canonical equivalence

cotliim(Sd" ® X)"C ~ X1,

in fact, this is essentially the classical definition of Tate spectra, say in [GM95]; to obtain it from the
definition as the cofibre of the norm, note that the analogous colimit for the homotopy orbit spectra vanishes,
since then the colimit can be permuted into the orbits and colim; S9° ® X ~ 0: The colimit is formed along
maps S — S?, which are (non-equivariantly!) null-homotopic. This produces the Tate square above. To
see that it is bicartesian, note that by construction stab preserves cofibre sequences. Now the cofibre of ¥ =
(FMPYIC2 is easily checked to vanish on hyperbolic categories, so it is bordism invariant by Lemma 3.5.4.
Thus by Proposition 3.6.18 o3 induces an equivalence on vertical cofibres of the Tate square. It is therefore
cocartesian.
From the fact that the Tate square is bicartesian, one can also obtain the fibre sequence

hyp
icz — F — stabF

and conclude that stab really is a bordification functor, reversing the logic used in the original proof of
Corollary 3.6.7.
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3.7. The genuine hyperbolisation of an additive functor. In this final subsection we recast the funda-
mental fibre square Corollary 3.6.7 of an additive functor ' : Cat? — 8p as the isotropy separation square
of a genuine C,-spectrum, that is a spectral Mackey functor for the group C,, refining the hyperbolisation
FhYP(@, Q) € $p"“2. This allows for a convenient way of combining Karoubi periodicity with the shifting
behaviour of bordism invariant functors, see Theorem 3.7.7 below. Note, however, that in the end this re-
formulation does not yield additional information: The category of genuine C,-spectra $p©2 participates
in a cartesian diagram

_)y#Co Gy
§pE©2 % Ar(8Sp)
L l
(-)€2

8p"? ————— $p,

where —?C2 : $p2 — $p extracts the geometric fixed points and u the underlying C,-spectrum; we will
give a quick proof of this folklore result in Remark 3.7.5 below. In particular, the data

FPE,9) € 8p"2 and FUE, Q) — FIP(E, )

can be used to define the desired genuine refinement FEWP(C, Q) of FWP(C, @). The Mackey functor point
of view does, however, have the advantage that the requisite data can be constructed, once and for all, at the
level of Poincaré co-categories: In Corollary [I].7.4.18 we constructed (pre-)Mackey objects gHyp(C, ?)
in Cat?_, see Theorem 3.7.1 below for the statement. The genuine C,-spectrum FehYP(@, Q) just described
arises then by simply applying F to gHyp(C, ?).

Let us briefly recall the notion of a spectral Mackey functor. For a discrete group G, we denote by
Span(G) the span co-category of finite G-sets, introduced for the purposes of equivariant homotopy theory
in [Bar17, Df. 3.6] (under the name effective Burnside category).

Then a Mackey object in an additive co-category A is by definition a product preserving functor Span(G) —
A. If A is taken to be Sp, the results of [Nar16, Appendix A] or [GM20, Appendix C] show, that the aris-
ing co-category underlies the model category of orthogonal G-spectra classically used for the definition of
genuine G-spectra, see e.g. [Sch20]. We will treat spectral Mackey functors as the definition of the latter
objects and therefore put

$pE©2 = Fun*(Span(C,), Sp).

Evaluation at the finite C,-set C, then defines the functoru : 8 pE%2 — 8p"©2, by retaining the action of the
span
id flip
C2 <—C2—> C2.
Evaluation at the one-point C,-set defines the genuine fixed points —£C ; Spgc2 — 8p. A genuine C,-
spectrum thus gives rise to a pair of spectra (E£©2, E), together with a C,-action on E and restriction and
transfer maps

res : E&%2 — Eh© tr : Eye, — E©
coming from the spans
id id
(62) x— C,— C, and C, +—C, -

together with a host of coherence data, which in particular identifies the composite trores : Eyc, = EMC
with the norm map of E, and similarly for other target categories.
In Corollary [I].7.4.18, we showed:

3.7.1. Theorem. The construction of hyperbolic categories canonically refines to a functor
gHyp : Cat? — Fun*(Span(C,), Cat?)
together with natural equivalences of Poincaré co-categories
gHyp(C, 9)2% ~ (€, 9),

and C,-Poincaré oo-categories

u(gHyp(C, ?)) ~ HypC,
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such that transfer and restriction
gHyp(C, Dy, — gHyp(C, D)E2  and  gHyp(C, 92 — gHyp(C, 9",
are naturally identified with
hyp: Hyp(Cyc, = (€.9) and fgt: (C,2) — Hyp(€)".

3.7.2. Definition. Let F : Cat? — Sp be an additive functor. Then we call the composite

H F
Catgoﬂ Fun*(Span(C,), Cat? )— Fun*(Span(C,), 8p) = $p=©2 .
the genuine hyperbolisation FEWP of F.

Now any genuine C,-spectrum X has an associated isotropy separation square

X2 — x0C

l l

XhC2 3 X[Cz’

where the simplest description of the geometric fixed points —#2 for our purposes is as the cofibre of the
transfer Xpc, — X G2,

3.7.3. Remark. There are many other, more conceptual descriptions of the geometric fixed points. For
example [Bar17, B.7] describes —#2 : § 2 5 $p as the left Kan extension along the fixed point functor
(=)¢2 : Span(C,) — Span(Fin),
under the equivalence Fun*(Span(Fin), Sp) ~ Sp and classically they are often defined as the cofibre of
(X ® S[EC,])2%2 — X2, where EC, € 8% is the unique C,-space with empty fixed points, whose
underlying space is contractible, see e.g. [Sch20, Proposition 7.6]; here 82 is the category of functors from
the opposite of the orbit category O(C,) of C, to 8 and the genuine suspension functor S[-]: §©2 — §pe&2

is given as the composite

8C St $p©2 L $pC2,
where the second functor is left Kan extension along the evident inclusion O(C,)°? — Span(C,) (it is also
the left derived functor of the suspension spectrum functor in the classical model category picture). The
genuine fixed points of the result are described by tom Dieck’s splitting [Sch20, Theorem 6.12]

SIX]E® ~ S[XE2] @ S[Xyc, ],
which can be recovered from the pointwise formula for the Kan extension.

Geometric fixed points are in fact characterised in terms of this construction as the unique colimit pre-
serving, symmetric monoidal functor 8 £ S 8p participating in a commutative square

Sczg—cz)g

lS[—J l§[—]
$pEC2 (”_CZ> Sp,
see [Sch20, Remark 7.15].

Now from the identification of the transfer in Theorem 3.7.1 and Proposition 3.6.6, there results an
identification FEWP(C, )?C2 ~ FPord(@, Q) and by the universal property of bordifications this determines
the entire isotropy separation square. We conclude:

3.7.4. Corollary. The isotropy separation square of the genuine C,-spectrum FEWP(C, Q) is naturally iden-
tified with the fundamental fibre square, in symbols

FEP(C, Q)22 —— FEP(E, Q)72 F(C,Q) ——— Frd(e, Q)

l l l l

FEp(e, P2 —— FEP(E,9)'C J Hyp(€)"“> —— F Hyp(©)'“2,

R



108 CALMES, DOTTO, HARPAZ, HEBESTREIT, LAND, MOI, NARDIN, NIKOLAUS, AND STEIMLE

for any additive functor F . Cat® — 8 and Poincaré co-category (C,?).

In particular, combining this with the following remark, we find the functor Fgp : Catl — 8 e is
additive again (although this is also readily checked straight from the definition).

3.7.5. Remark. That the extraction of isotropy separation squares leads to a cartesian square

()72

Spt2 — T % Ar(Sp)

g [
Sphc2 (—)—"CZ) Sp’
is a direct application of Proposition A.2.11: The forgetful functoru: § ng2 ) phC2 admits both a left
and a right adjoint through Kan extension, whose images are often said to consist of the Borel (co)complete
C,-spectra. One readily checks the compositions starting and ending in Sphc2 to be the identity. Thus u
is a split Verdier projection (of non-small categories). The results of §A.2 together with some elementary
manipulations of the functors involved complete this to a stable recollement
(=)%C2 (=)
Sp KR_\> Spe©2 J(_\> $p"©2,
b &_/
G
where R is given by restriction along the fixed point functor Span(C,) — Span(Fin), under the identification
8p ~ Fun*(Span(Fin), Sp), and the lower left functor takes X to the fibre of X¢©2 — X"C2_ The classifying
functor of this recollement is given by —C2 : Sphc2 — 8p, so Proposition A.2.11 shows that the square
above is cartesian. Furthermore, the resulting bicartesian square

X — R(X?%)
(UX)® — R((uX)")*%2)
recovers the isotropy separation square of X upon applying genuine fixed points.

Finally, we use the genuine spectrum FEWP(C, 9) to combine naive periodicity with the behaviour of
bordism invariant functors under shifting.

3.7.6. Lemma. Let J: Cat? — 8p be an additive functor and C a stable co-category. Then the map of
genuine Cy-spectra
C, ® F(Hyp €) - F"P(Hyp ©)
adjoint to the diagonal
F(Hyp €) —» F(Hyp €) @ F(Hyp €) ~ F(Hyp € X Hyp €) ~ F(Hyp(Hyp €))
is an equivalence. In particular, FEYP(Met(C, ?)) ~ C, ® F(Hyp C).

Proof. The map is an equivalence both on underlying spectra and on geometric fixed points: On underlying
spectra this follows immediately from the corresponding statement

Hyp(Hyp(€)) ~ C, ® Hyp(C)

on underlying C,-Poincaré co-categories from [I].7.4.15. Furthermore, both spectra have vanishing geo-
metric fixed points: The left hand side by the symmetric monoidality of geometric fixed points together
with C,82 = @, the right hand side by bordism invariance. O

As a direct generalisation of Proposition 3.4.13 we then have:

3.7.7. Theorem (Genuine Karoubi periodicity). Let (C, ?) be a Poincaré co-category and F . Catf — Sp
an additive functor. Then there is a natural equivalence of genuine C,-spectra

gehyp(e, o1y ~ -1 @ FEVP(E, 9),
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which translates the boundary map
FEP(E,9) — S' @ FEP(E, o7 1))
of the metabolic fibre sequence into the map induced by the inclusion S — S° as the fixed points.

In particular, passing to geometric fixed points we recover the equivalence F°°"4(C, QUl) ~ Si@FPord(@, Q)
from Proposition 3.5.8.

Proof. Given the previous lemma, the proof of Proposition 3.4.13 applies essentially verbatim, when in-
terpreted in the category of genuine C,-spectra: Lemma 3.7.6 identifies the once-rotated metabolic fibre
sequence

FEP(Met(C, 9))—ss FEWP(E, @) S| @ FEVP(E, Q1)
with
C, ® F(Hyp(C)) — FEMP(C,Q) — S” @ FMP(C, Q)
obtained by tensoring FeP(@, @) with S[C;] - S - S°. [l

Alternatively, the statement of Theorem 3.7.7 can also be deduced from Proposition 3.4.13 together with
Proposition 3.5.8, via the interpretation of genuine C,-spectra as isotropy separation squares: For every
genuine C,-spectrum the canonicalmap X ~ S® X — S° ® X induces an equivalence on geometric fixed
points, for example by monoidality and (S?)?¢2 ~ S.

Therefore the effect of tensoring with S°~! on both geometric fixed points and the Tate construction
is a shift, which by Proposition 3.5.8 is also the effect of shifting the quadratic functors on these terms.
Combined with the statement on underlying spectra Proposition 3.4.13 we obtain the claim.

4. GROTHENDIECK-WITT THEORY

In this section we will define the central object of this paper, the Grothendieck-Witt spectrum GW(C, ?)
associated to a Poincaré oco-category (C, ?), and discuss its main properties. Most of the results are corol-
laries of the results of §3.

We will start out by defining the Grothendieck-Witt space GW(C, ?) and record its properties, as speciali-
sations of the general results of the previous section to the case 3 = Pn € Funadd(CatEo, 8). We then proceed
to analyse the Grothendieck-Witt spectrum in the same manner, in particular identifying its hyperbolisation
as K-theory and its bordification as L-theory.

This will lead to the identification of the homotopy type of the algebraic cobordism categories in Corol-
lary 4.2.3, the fundamental fibre square in Corollary 4.4.14, localisation sequences for Grothendieck-Witt
spectra of discrete rings in Corollary 4.4.18 and our generalisation of Karoubi periodicity in Corollar-
ies 4.3.4 and Corollary 4.5.5, constituting the main results of the present paper.

In the final subsection we spell out the relation of our constructions to the LA-theory of Weiss and
Williams from [WW14]. In particular, our results provide a cycle model for the infinite loop spaces of their
spectra.

4.1. The Grothendieck-Witt space. In this section we will define the Grothendieck-Witt space of a Poincaré
oo-category (C, ?), whose homotopy groups are by definition the higher Grothendieck-Witt groups of (C, ?).
Recall that a functor Cat?  — & into an co-category with finite limits is called additive if it carries
split Poincaré-Verdier squares to cartesian squares, see §1.5. Additive functors automatically take values
in E_ -monoids (with respect to the cartesian product in £) but may well not be group-like; the func-
tor Pn: Cat’  — § taking Poincaré objects being the first example. Denoting by Funadd(CatEo, &) C
Fun(Cat? , €) the full subcategory of additive functors, Corollary 3.3.6 asserts that the inclusion

Fun*(Cat? , Grpg_(8)) — Fun*®(Cat? ,8)
admits a left adjoint (—)&P, the group completion functor.

4.1.1. Definition. We define the Grothendieck-Witt space functor GW : Cat? — Grpg_ to be the group-
completion

GW(C,?) = Pn®™P(C, ?),
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of the functor Pn € Funadd(CatEo, 8). Furthermore, for a Poincaré co-category (C, ?), we set
Gwi(e’ 9) = ﬂ-i QW(G, 9)9
the Grothendieck-Witt-groups of (C, ?).

We already introduced a group GW(C, ?) explicitly in §[I].2.5 as the quotient of 7,Pn(C, ?) given by
identifying every metabolic object with the hyperbolisation of its Lagrangian. We will see in Corollary 4.1.7
below that this matches with the definition above.

As a direct reformulation of the definition of Grothendieck-Witt functor we record:

4.1.2. Observation. The functor W : Cat? — 8§ is additive and group-like, and it is the initial such functor
underPn: Cath — 8.

We will show in Corollary 4.4.15 that W is in fact Verdier localising (and not just additive); that is, it
takes all Poincaré-Verdier squares to cartesian squares (and not just the split Poincaré-Verdier squares).

4.1.3. Remark. Let us explicitly warn the reader, that W is the group-completion of Pn inside Funadd(CatEo, 8),
but not given as a levelwise group-completion, that is, GW(C, ?) is generally not the group completion of
the E_ -monoid Pn(C, ?). Indeed, the levelwise group completion of Pn will not yield an additive functor.
The functor YW can then be considered as the universal way of fixing this.

From the results of the previous section we obtain several formulae for GW(C, ?): Recall from Def-
inition 2.3.2 the cobordism category Cob(C, ?) associated to the Segal space Pn Q(C, 2!!l) given by the
hermitian Q-construction. From Corollary 3.3.6 we find:

4.1.4. Corollary. There are canoncial equivalences
SW(C, 9) ~ Q|Cob(C, ?)| = Q|PnQ(C, )|
natural in the Poincaré co-category (C, ?).

These formulae are in accordance with the usual definition of the K-theory space Q| Span(C)| ~ Q|Cr Q(C)|
of C.

Classically, the Grothendieck-Witt space is often defined as the fibre of the forgetful functor from the
hermitian to the usual Q-construction. We obtain such a description from the metabolic fibre sequence:
Applying the hermitian Q-construction to the split Poincaré-Verdier sequence

(€.9) — Met(e, o)) — (e, ol
results in the fibre sequence
RINT (1
[PnQ(C, 2)| — [PnQMet(C, )| — [PnQ(C, 2 )],
modelling the algebraic Genauer sequence
-1] 2@ ol-11y
|Cob(C, 2 )| — |Cob”(C, 2 )|— |Cob(C, D),
see Theorem 2.5.1 and Corollary 2.5.2. Now from Proposition 2.3.13 and Example 2.3.3 we obtain:
4.1.5. Corollary. There are canonical equivalences
|PnQMet(€, 9')| = [Pn QHyp(C)] = |Cr Q(©)|
under which the metabolic fibre sequence corresponds to
fgt hyp (]
[PnQ(C, )| — |Cr Q(C)| — [Pn Q(C, 2"
In particular, there are natural equivalences
GW(Met(C,?)) ~ K(C) and GW(Hyp(D)) ~ K(D)
for all Poincaré co-categories (C,?) and stable co-categories D.

We also immediately obtain:
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4.1.6. Corollary. There are canonical equivalences

GW(C, 9) ~ Fib(|Pn Q(C, ?)| -5 [Cr Q(©)])

natural in the Poincaré oo-category (C,Q), and natural fibre sequences

gwee. - 1", k@)% gwe. 9).

This formula for the Grothendieck-Witt space is the transcription of the classical definition for example
from [Sch10a] into our framework.

We can also use these formulae for an explicit description of GW(C, ?), giving another direct link. From
Theorem 3.1.9 we find:

4.1.7. Corollary. The natural map
moPn(C, 2) — GW,(C, ?)
exhibits the target as the quotient of the source by the congruence relation generated by

(63) [x, q] ~ [hyp(w)],

where (x, q) runs through the Poincaré objects of (C, ?) with Lagrangian w — x.

In particular, GW(C, ?) is the quotient of 7,Pn(C, ?)8P by the subgroup spanned by the differences
[x, g] — [hyp(w)], but part of the statement is that one does not need to complete z,Pn(C, ?) to a group in
order to obtain GW(C, ?) as a quotient. From Corollary 3.1.8 or indeed from Lemma [I].2.5.3, we find that
for [x, g] € GW((C, ?) we have

—[x. q] = [x, —q] + hyp(QX).

Finally, we showed in Corollary [I].5.2.8 that the functor Pn : Cat? — Mong__ (8) admits a canonical lax
symmetric monoidal structure with respect to the tensor product of Poincaré co-categories on the left and
the tensor product of E_ -spaces on the right; informally it is simply given by tensoring Poincaré objects.
Since 7y : Mong_(8) — CMon is also lax symmetric monoidal for the tensor products on both sides, the
functor zyPn: Cat?  — CMon acquires a canonical lax symmetric monoidal structure. We showed in
Proposition [1].7.5.3:

4.1.8. Proposition. The functor GW, : Catl  — Ab admits a unique lax symmetric monoidal structure,
making the transformation nyPn — GW symmetric monoidal.

In Paper [IV] we will enhance this to a lax symmetric monoidal structure on the functor GW itself, but
for the purposes of the present paper the above suffices.

4.2. The Grothendieck-Witt spectrum. Our next goal is to deloop the Grothendieck-Witt-space into a
spectrum valued additive functor. To this end recall from Corollary 3.3.6 that the forgetful functor

Q% Funadd(CatEo,Sp) — Funadd(CatEo,GrpEm)
admits a left adjoint Cob.
4.2.1. Definition. We define the Grothendieck-Witt spectrum functor GW : Cat? — Sp by
GW(C,9) = Cob™ (€, 9),
and denote by GW,(C, ?) its homotopy groups.

We will see in Corollary 4.2.3 below, that for i > O this conforms with the definition from Defini-
tion 4.1.1.

Again, we list the properties that are immediate from the results of the previous section. As a reformu-
lation of the definition we find:

4.2.2. Corollary. The functor GW : Cat® — Sp is additive, and it is the initial such functor equipped a
transformation
Pn = Q® GW

of functors Cat?_ — 8.

In fact, we show in Corollary 4.4.15 below, that GW is Verdier-localising and not just additive.
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Proof. By Corollary 3.4.6, the functor GW is the initial additive functor to spectra equipped with a transfor-
mation §W = Q% GW of E_ -groups. By the universal property of W established in Observation 4.1.2,
the functor GW is therefore also the initial additive functor to spectra with a transformation Pn = Q* GW
of E,-monoids. (]

As additive functors to spaces carry unique refinements to Mong_ (8), these statements remain true upon
dropping the E -structures, and by adjunction GW is also the initial additive functor GW : Cat?  — 8p
under S[Pn].

Next, we identify the spaces Q®~F GW(€C, 9). To this end recall the i-fold simplicial space

Cob,(€,9) = Pn QW (e, ol
given by the iterated hermitian Q-construction from Definition 2.2.1. These model the extended cobordism
categories of (C, ®) and by Proposition 3.4.5 form a positive Q-spectrum Cob™(C, ®). The natural map
Cob™(C,?) — GW(C, ?)
exhibits the right hand side as the spectrification of the left. From Proposition 3.4.5 we also find:

4.2.3. Corollary. For any Poincaré co-category (C, Q) there are canonical equivalences
SW(C,Q) ~ Q® GW(C,?) and |Cob,(C,9?)| ~ Q¥ GW(E,?)
forany i > 1, that are natural in (C, Q). In particular, we obtain isomorphisms
7; GW(C, ?) =2 GW,(C,?)
foralli> 0.

4.2.4. Remark. We propose to view the equivalences
|Cob,(C,9)| ~ Q¥ GW(C,9)
fori > 1 as a close analogue of the equivalence
|Cobl,| ~ Q¥ 'MTSO(d),
established by Galatius, Madsen, Tillmann and Weiss for i = 1, and Bokstedt and Madsen in general
[GTMWO09, BM14]. In particular, the sequence of spectra GW(C, 2141y can be considered as an algebraic
analogue of the Madsen-Tillmann-spectra MTSO(d).

Of course, our arguments so far correspond only to the statement that the higher cobordism categories
Cobg deloop one another, i.e. that |Cob§| ~ QlCobZ“l for n > 1. The identification of the resulting
spectrum via a Pontryagin-Thom construction has no direct analogue in our work. We will describe the
homotopy type of GW(C, ?) by different means in Corollary 4.4.14 below.

We shall make this connection more than an analogy in future work by promoting the association of its
cochains or stable normal bundle to a manifold into functors

o : Coby — Cob((8p/BSO(d))”,?", ) — Cob(DP(Z), ()"
from the geometric to our algebraic cobordism categories. The Grothendieck-Witt spectrum of the mid-

dle term has already appeared in manifold topology, see §4.6, and we expect the comma category of the

composite functor over O to be closely related to the category Cob§1 4+ from [HP19] ford =2n+ 1.

Just as the negative homotopy groups of the Madsen-Tillmann spectra are given by the cobordism groups,
so are the negative homotopy groups of the Grothendieck-Witt spectrum. From Definition [I].2.3.11 we
recall:

4.2.5. Definition. We define the L-group Ly(C, ?) of a Poincaré co-category as the quotient monoid of
moPn(C, ?) by the submonoid of forms (x, g) admitting a Lagrangian w — x.

For the definition of a Lagrangian, see Definition [I].2.3.1. Also, Ly(C, ?) really is a group: We showed
in Corollary 2.3.10 that there is a canonical isomorphism

mp|Cob(C, o7 = Ly(C, 9),

and consequently, we find
[x7 _CI] + [x7 ‘I] =0
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in Lg(€, ?) from Proposition 2.3.7. In other words, Ly(C, ?) is the cobordism group of Poincaré forms in
(G, ?) and inverses are given be reversing the orientation. From Proposition 3.4.7, we obtain:

4.2.6. Corollary. For i > 0 there are canonical isomorphisms
7_; GW(C,9) = Ly(C, ol
natural in the Poincaré co-category (C, Q).
By Proposition [1].7.5.3, we have:

4.2.7. Proposition. The functor L, : Cat® — Ab admits a unique lax symmetric monoidal structure, mak-
ing the transformation nyPn — L symmetric monoidal. In fact, this transformation then factors lax sym-
metric monoidally over GW,.

We will use this fact in Proposition 4.6.4 below.

4.3. The Bott-Genauer sequence and Karoubi’s fundamental theorem. In the present section we anal-
yse the behaviour of the metabolic Poincaré-Verdier sequence

=11 met
under the Grothendieck-Witt functor. From Example 2.3.3 and Corollary 3.1.4 we obtain:

4.3.1. Corollary. The functors lag : Met(C, ?) & Hyp(C) : can induce inverse equivalences
GW (Met(C,?)) ~ GW ( Hyp(®))

for every Poincaré co-category (C, Q) and switching the order of the hyperbolic and Q-constructions gives
an equivalence
GW (Hyp(D)) ~ K(D)

for every stable co-category D. In particular, for the hyperbolisation of the Grothendieck-Witt functor we
find
GWMP ~ K .

Now, applying GW to the metabolic sequence gives a fibre sequence

f h
GW(e, 91—, K(@)—2 GW(C, 9),

of spectra, which we call the Bott-Genauer-sequence. It is a general version of the Bott-sequence appearing
for example in [Sch17, Section 6].

4.3.2. Remark. We chose the present terminology to highlight the analogy with the fibre sequence
MTSO(d + 1) — S[BSO(d + 1)] — MTSO(d)

originally appearing in [GTMWO09, Section 3], which complemented Genauer’s theorem in [Gen12, Section
6] that

|Cob? | ~ Q=~'S[BSO(d)].
In particular, in the Bott-Genauer-sequence the algebraic K-theory spectrum really arises via the metabolic
category, encoding objects with boundary, rather than the hyperbolic category. From this perspective the
connectivity of the algebraic K-theory spectrum corresponds to the fact, that the bordism groups of mani-
folds with boundary vanish.

Finally, we observe that the Bott-Genauer sequence gives a vast extension of Karoubi’s fundamental
theorem: Following Karoubi and Schlichting [Kar80a, Sch17] we define functors

U, 9) = Fib(K(C) 2% GW(C,9) and  V(E,9) = fib(GW(C, 9) 55 K(C)).

Karoubi’s fundamental theorem [Kar80a, p. 260] compares these functors in the setting of discrete rings
with involution. In the setting of Poincaré co-categories, this statement is a direct consequence of the Bott-
Genauer sequence (we will specialise this abstract version to discrete rings in Corollary 4.3.4 below).
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4.3.3. Corollary (Karoubi’s fundamental theorem). There is a canonical equivalence
(64) U, ~s' @ v(e,9)
natural in the Poincaré oo-category (C, Q).

Proof. Simply note that the Bott-Genauer sequence allows us to identify both sides with GW(C, ?{!)). O

We next spell out the consequence of these abstract results for Grothendieck-Witt theory of rings. Recall
that these are integrated into our set-up via their derived categories of modules. More generally, consider
an E,-ring R and an invertible module with genuine involution (M, : N — M'2) over R. By Proposi-
tion [I].3.4.2 there is a canonical equivalence of Poincaré co-categories

k
(Mod%, (@51 = Mod§. 9%\

refining the k-fold loop functor. In particular, this yields equivalences

2k1N sk®
(Mod$, (9% )14y ~ (Modw,segk_kz® o)

and likewise for Mod;, if M even belongs to Mod%. Now if R is complex oriented, for example if R
is even periodic or (the Eilenberg-MacLane spectrum of) a discrete ring, then the module with involution
Sk=%o ® M only depends on the parity of k modulo 2 up to a canonical equivalence induced by the complex
orientation, see Example [I].3.4.6. Let us denote the common value for odd kK by —M. If R and M are
discrete, then —M is really given by changing the involution on M to its negative.

Using the arising equivalence (—M)'©2 ~ S @ M'©2, we obtain equivalences

(Mod$, (95,)1)) ~ (Mod%, 9 (Mod, (23 )*) = (Mod$, 94

») o)

and, whenever R is furthermore connective,
(Mod%, (92M12)) ~ (Mod(, 971

Note also, that if R is even real oriented, for example a discrete ring of characteristic 2, then we even find
M~—-M.

Recall furthermore, that for ¢ € Ky(R) = KO(Mod(I“f) a subgroup we denote by D¢(R) C DP(R) the
full subcategory spanned by those R-module complexes X with [X] € c, the most interesting special cases
being

DKoR(R) = DP(R) and DZ(R) = D'(R),
where the integers on the right denote the image of Z — K,(R), 1 = R. We shall usually need to assume
that c is closed under the involution induced by M. This is clearly always true in the former case, and in
the latter amounts to M € Mod;.

4.3.4. Corollary. For R a complex oriented E,-ring, for example a discrete ring, M an invertible module
with involution over R, and ¢ C Ky(R) a subgroup closed under the involution induced by M, there are
canonical equivalences

UMod$. 91 )~ S' ® V(Mod%,21) and  UMod%. 2 ) ~ S' ® V(Mods, 2},)
and if R is furthermore connective, then also
2mtly gl >
UModS,, 9_']('4 ) =S" ® V(ModS, QM'")
for arbitrarym € Z.

Specialising the last equivalence further to a discrete ring R, ¢ = K(R) and eitherm = 1 and m = 2,
we obtain the following extension of Karoubi’s fundamental theorem:

4.3.5. Corollary. For a discrete ring R and a discrete invertible module with involution M over R, there
are canonical equivalences

U(DP(R). 9%}, ) = ST @ V(DP(R). 9. U(DP(R),9%,)) = S' ® V(DP(R), 93).
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Given the comparisons in Appendix B, all of these equivalences collapse into the classical formulation of
Karoubi’s fundamental theorem upon restricting to discrete rings in which 2 is invertible; if 2 is not assumed
invertible they are, however, distinct. We will explore their uses for discrete rings in the third paper of this
series.

Let us also apply the abstract fundamental theorem 4.3.3 to the case of a form parameter, as originally
defined by Bak [Bak81] and generalised by Schlichting [Sch19a]. Recall from §[I].4.2 that given a discrete
ring R and a discrete invertible module with involution (M, 7) over R, a form parameter A on M is the data of
an abelian group Q together with a quadratic R-action and equipped with action preserving homomorphisms

Mg, = 05 M©
whose composition is the norm map and such that the cross-effect of the quadratic R-action on Q
(a L bym= ((a+b)®(a+b))m—(a®a)m—(b®b)m=(a®b+b®a)m

satisfies (a L b)x = 7((a ® b)p(x)). As explained in §[1].4.2, the 2-polynomial functor ?;mj : Proj(R)°P —

Ab sending P to its group of A-hermitian forms, followed by the canonical Eilenberg-MacLane inclusion

Ab — Spextends essentially uniquely by non-abelian derivation to a quadratic functor Qij : DP(R)P — §p.
Any form parameter (Q, 7, p) on M admits a dual form parameter 4

(~M)c, — M/Q — (-M)©

on (—M) in which the first map is surjective. For example we have +§ = Fev and +ev = Fq, in what is
hopefully evident notation. We showed in Proposition [I].4.2.26 that the loop functor refines to an equiva-
lence of Poincaré co-categories

(65) (DP(R), (242) — (DP(R), &% ).

whenever p is injective in the original form parameter. Applying Corollary 4.3.3 to this equivalence imme-
diately implies:

subgroup closed under the involution induced by M, and a form parameter A = (Q, 7, p) on M with p
injective and dual 4, there is a canonical equivalence

4.3.6. Corollary. For a discrete ring R, a discrete invertible module with involution M, ¢ C Ky(R) a

c j Cc A
U(D*(R),?%,,) = S' ® V(D (R), 95)).

Together with [HS21], which identifies the Grothendieck-Witt space of (DP(R), ?ij) considered in the
present paper with the Grothendieck-Witt space considered in [Kar09] (which is defined as the group com-
pletion of the E_ -monoid of the corresponding Poincaré forms on projective modules), this proves Conjec-
tures 1 and 2 in §3.4 and §4.3 of loc. cit, respectively. Note for translation purposes that Karoubi’s hermitian
and quadratic modules for the form parameter A correspond to Poincaré forms for the form parameter 4 and
X respectively, as explained in [Sch19a, Example 3.9].

4.4. L-theory and the fundamental fibre square. In the present section we will prove our main result on
the homotopy type of the Grothendieck-Witt spectrum. In §3.6, we studied the bordification of an additive
functor F: Cat? — Spandin Corollary 4.4.14 produced a fibre square reconstructing J from its hyperboli-

sation FMP and its bordification F7°°T4, In the previous subsection we obtained an equivalence GWP ~ K,

and in the present section we will show GWPd ~ L. To set the stage, recall the p-construction from
Definition 3.6.10.

4.4.1. Definition. The L-theory space is the functor Cat? — 8 given by
L(C,92) = [Pnp(C, 9|
obtained by applying the p-construction to Pn.

Since py(C, 2) = (€, ?), there is a canonical map
Pn(C,?) —» L£(C,9).
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and by construction the 1-skeleta of the p and Q construction agree, so from Corollary 2.3.10 we find that
the natural map
ﬂoPn(e, 9) —> 7y L(G, 9)
descends to an isomorphism
Lo(e, 9) —> 7y L(G, 9)

for all Poincaré co-categories (C, 2).

But much more is true: Generalising a classical result of Ranicki, Lurie showed in [Lurll, Lecture 7,
Theorem 9], that there are canonical isomorphisms

7 L(C,9) = Ly(C, o=

for all i > 0. While analogous to our results on bordifications, this is more difficult and fundamentally rests
on the fact that Pnp(C, ?) is a Kan simplicial space. In fact:

4.4.2. Theorem. Given a Poincaré-Verdier sequence (C,?) — (D, ®) - (&,¥) the functor Pnp(D, @) —
Pnp(E, W) is a Kan fibration of simplicial spaces with fibre Pnp(C, ?).
In particular, the functor £ : Cat® — 8 is Verdier-localising and bordism invariant.

The above identification of homotopy groups is then a consequence of Proposition 3.5.8. The result itself
is the main content of [Lurl1, Lectures 8 & Lecture 9], we give the proof here for completeness’ sake. It
rests on the following lemma:

4.4.3. Lemma. Given a Poincaré-Verdier projection (D, @)ﬂ (E,¥), an object x € D,amap f: y —

p(x) in € and a diagram

K > %
l ls
Q*d(x) 5 QW(p(x) —L s QW)
with K € 8? there exists an arrow g . z — x in D lifting f together with a lift
K — «
l I
QX d(x) g—*> QXP(z)
of the original rectangle up to homotopy.

Proof. Since p is essentially surjective by Corollary A.1.7, there exists a v in D with p(v) ~ y, and applying
[NS18, Theorem 1.3.3 ii)] we can then modify v to find A: w — y lifting f. From Remark 1.1.8 we
furthermore find
Y(y) ~ colim ®(fib(w — ¢))
ceCyy

so putting u = fib(w — c) for an appropriate ¢, we find a lift s € Q®°®(u) lifting ¢, and the composite
u — w — ystill lifts f. To find a lift of the homotopy of maps K — Q®¥(y), note that the colimit above
is filtered so since K is assumed compact we also have

Homg (K, Q¥H¥(y)) ~ colém Homg (K, Q¥ & (fib(u — ¢')),
ce u/

which for appropriate ¢ yields all the desired data on for z = fib(u — ¢’) and g the composite z — u —
y. (I
Proof of Theorem 4.4.2. We need to show that each diagram

A" —— p(D, D)

I

A" ——5 p(E,W)

admits a filler up to homotopy (where we regard A" and A} as simplicial spaces via the inclusion Set C ).
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To unwind this, recall that p,(D, ®) = (D, ®)7», where T, = Po([n])°P is the opposite of the barycentric
subdivision sd(A") of A”". Denote then by H 1’1 C 7, the opposite of the subdivision of the i-horn, i.e. the
collection of subsets missing an element besides i. Then the lifting problem above translates to showing
that the canonical map

P ((D.07) — P (€970 %, ) Po (2.9

is surjective on xy. To this end we first show the corresponding statement on spaces of hermitian objects, and
then explain how to adapt a lift in Fm ((@, Q))Tn) to a Poincaré one, provided its images in Fm ((8, \p)%)

and Fm ((D, @)Hri > are Poincaré. The first claim even holds for boundary inclusions instead of horn inclu-

sions, so denote by B,, the opposite of the subdivision of dA” and consider hermitian objects (F : T, — &, q)
and (G : B, — D,r) and an equivalence between their images in Fm ((8, ‘P)Bn). Put then x € D as the
limit of G. By construction there is then a canonical map f : y — p(x), where y = F(b) with b the barycen-
tric vertex [n] in T,,. Furthermore, regarding r € ®58+(G) as amap r: *— lim gor QX PoG it is adjoint
to a transformation const, = Q®®oG°P, which gives rise to a map ’

|B)P| ~ colim #— colim QXPoGP —> Q°°<I>(l}gm G) = Q¥d(x)
B B

n

n n

whose composition down to Q®¥(y) is canonically identified with the constant map with value g € QP71 (F) ~
Q®W(F (b)), since b = [n] is initial in T,, so | TP | ~x.

We can therefore apply the previous lemma to obtain a lift g: z — x of f, together with a lift s €
Q®P(z) of g and an identification of the composite

|BP| — Q®d(x)— QX d(2)
with the constant map on s, that lifts the identification above. Since 7, is the cone on B, the map g precisely
defines an extension of G to a map G: ‘Jﬁp — D, on which s defines a hermitian form, and the remainder
of the data produced bears witness to (5, s) being a lift as desired.
For the second step we need to modify a hermitian lift ((N}, r) € Fm ((D, ®)7T» ) of (F,q) € Pn ((8, )T ) €
and (G, s) € Pn((@, )7 ) into a Poincaré lift. This is achieved by performing surgery as follows: The
algebraic Thom construction from Corollary [I].2.4.6 gives an equivalence

Fm (D, ®)7") ~ Pn(Met ((D, ®!!)Tr)
refining the map taking (C~}, s) to
(66) Dy, (G) — cof (G—> Dy, (G)).

In particular, the Poincaré objects in (D, ®)7» correspond precisely to those arrows with vanishing target
(the target is the boundary of (C~}, s) in the sense of Definition 4.4.7 below). Since (F, ¢) and (G, r) and the
boundary maps in the p-construction are Poincaré (see the discussion before Definition 3.6.10) it follows
that the target in our case already lies in the kernels of both

DT — DI and DT —s €7,

We claim that the intersection of these kernels is equivalent to Met(C, ?(!="1) as a Poincaré co-category.
This is clear on underlying categories, and follows for the hermitian structures from the iterative formulae
for limits of cubical diagrams, i.e.

TVI—]

limX ~ X({0,....,n = 1}) Xjip, o, x lim Xo(=Un),

TP TP

which is easily verified using [Lur09a, Corollary 4.2.3.10] by decomposing T, as the pushout of T,_; and
T, \ {0, ...,n — 1} over their intersection. We thus find that the cofibre of s, admits a Lagrangian L, since
objects in metabolic Poincaré co-categories are canonically metabolic by Remark [I].7.3.23. We can thus
perform surgery on (66) with the surgery datum 0 — L, see Proposition 2.4.3. The resulting arrow has
vanishing target, and by design the surgery changes neither the image in £”» nor the restriction to DH
Tranlating back along the algebraic Thom construction thus provides the desired Poincaré lift of (F, g) and
G, 9.
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To deduce the remaining claims, note that the statement about the fibre is immediate from both coten-
sors and Pn preserving limits. That £ is Verdier-localising now follows, since colimits of simplicial fibre
sequences with second map a Kan fibration are again fibre sequences, see e.g. [Lurl6, Theorem A.5.4.1].

To finally obtain bordism invariance, one can either proceed by observing that on account of the Kan
property the i-th homotopy groups of L(C, ?) = |Pnp(C, ?)| can be described as the quotient of

o fib (Homg g (A, Pnp(€, 2)) — Hom, 5(A’, Pnp(€, 2)))
by the equivalence relation generated by a pair of such elements admitting an extension to
7o fib (Homg g (A" X A, Pnp(€, 9)) — Hom (A" x 9A", Pnp(€, 9))) .

This quotient is readily checked to be exactly L (C, @[=i1). This is the route taken in both [Ran92] and
[Lurll].

Alternatively, one can employ Lemma 3.6.14 to see that L(Met(C, ?)) ~ |Pnp(Met(C,?))| is the re-
alisation of a split simplicial object over 0, therefore vanishes, and then conclude by 3.5.4. Let us re-
mark that via the algebraic Thom construction [I].2.4.6 the extra degeneracy of the split simplicial space
Pnp(Met(C, ?)) =~ Fmp(C, 2=1) attains a particularly easy form: It is simply given by extension-by-zero.
We leave the necessary unwinding of definitions to the reader. O

It now follows from Theorem 3.5.9 that £ admits an essentially unique lift to a functor with values in
spectra.

4.4.4. Definition. We define the L-theory spectrum L . Cat® — 8p by
L(C, ?) = Cob*(C,?)
with (C, ) a Poincaré co-category, and denote by L;(C, ?) its homotopy groups.

This definition of the L-groups agrees with Definition 4.2.5, since from Proposition 3.4.5 and Proposi-
tion 3.5.8 we obtain:

4.4.5. Corollary. There are canonical equivalences

Q®71(C,9) ~ £(C, 9l
foralli € Z. In particular, there are isomorphisms

7, L(C,9) = Ly(e, =
also for negative i.

In fact, the definition
L(C,9) = [£(E,9), £(€, M), £(€, 9, ... ]
with structure maps arising from Proposition 3.5.8 is a direct generalisation of the classical definition of
L-theory spectra due to Ranicki, see for example [Ran92, Section 13], and it is rather more elegant than our
definition which iterates the Q-construction on top of the p-construction.As an important consequence, we
obtain:

4.4.6. Corollary. The functor L . Catd — Sp is bordism invariant and Verdier-localising.

One can even directly describe the boundary operator of the long exact sequence on the L-groups of a
Poincaré-Verdier sequence.

4.4.7. Definition. Given a Poincaré co-category (C, ?) and a hermitian object (X, g) € Fm(C, ?), the bound-
ary of (X, q) is the Poincaré object d(X, q) € Pn(C, Ql11y obtained as the result of surgery on (X — 0,¢q) €
Surg,(C, olly,

Note that by the discussion preceeding Proposition 2.4.3 the object underlying d(X, q) is given by the
cofibre of gy : X — Do X.

4.4.8. Proposition. Given a Poincaré-Verdier sequence
(€,9)= (D, D)= (€,')

the boundary operator L;(€,¥) — L,_,(C, Q) of the resulting long exact sequence takes a Poincaré object
(X,q) € Pn(&, Y= 10 oY, ¢') € Pn(C, U=, where (Y, q') € Fm(D, ®l= is any lift of (X, q).



HERMITIAN K-THEORY FOR STABLE c0o-CATEGORIES II: COBORDISM CATEGORIES AND ADDITIVITY 119

In particular, the proposition asserts that such a hermitian lift of X can always be found, and its image
inL;_{(C, ?) is the obstruction against finding a Poincaré lift of X.

Proof. From Proposition 3.1.10 we find that the inverse to the boundary isomorphism z; L(€, ¥) — r, L(E, PI=1))
takes a Poincaré object X in the target to the loop w represented by 0 <~ X — 0 € Pnp,(€,¥). We now
compute the map L,(E,¥) — Ly(C,?), the case of general i € Z follows by shifting the quadratic func-
tor. That any Poincaré object (X, q) € Pn(E, PI~11) can be lifted to some (Y, ¢’) € Fm(D, ®~1) is an
application of Lemma 4.4.3 (with K = @).

Now regarding the map (Y — 0, ¢’) as a surgery datum in Surg,(D, ®) we can apply Proposition 2.4.3
to obtain a cobordism from 0 to the result of surgery, which is d(Y, q’). We can regard this cobordism
as an element of Pn(p;(D, ®)) and thus as a path in L(D, ®). By construction this path lifts the loop in
L(&,¥) defined by X via the consideration in the first paragraph. Therefore its endpoint cof (Y — Dg-1nY)
represents the image of (X, ¢) under the boundary map as claimed. (]

4.4.9. Remark. In [Lurll, Lecture 20] Lurie gives yet another definition of the L-theory spectrum, by
directly constructing an excisive functor Sim — 8, whose value on the one point space is £(C, ?). However,
while certainly true it is never justified in [Lurl 1], that the functor constructed evaluates to £(C, Q[i]) on the
i-sphere.

Now by construction there is a natural transformation Pn = £ ~ Q% L, which uniquely extends to a
transformation

67) bord: GW => L

of functors Cat? — 8p by Corollary 4.2.2. We record, see Corollary 3.6.20:

4.4.10. Corollary. Under the identifications of Theorem 3.1.9 the map
bord: 7y GW(C, ?) = 7o L(C, Q)

becomes the canonical projection GWy(C, Q) — Ly(C, 9). Similary, fori > 0 the induced map z_, GW(C, ?) —
7_; L(C, Q) is identified with the identity of Ly(C, Q") by Proposition 3.4.7.

4.4.11. Remark. While the map bord: GW(C,?) — L(C,?) is most easily constructed via the universal
property of GW, it is also easy to obtain a direct map between these spectra when defining them via the
Q- and p-constructions: Consider the map of cosimplicial objects # : (sd A")°P — TwAr(A"), that sends
a non-empty subset T' C [n] to the pair (min7T < maxT). It is an isomorphism in degrees O and 1 and in
degree 2 it sends a diagram

v Xy, w

U/ \w
NN
A
v X\Ly w \

Xé——V Xy W7

in Q,(C, ol o

in p,(C, ). The analogous operation on manifold cobordisms takes two composable cobordisms to the
2-ad given by the cartesian product of their composition with an interval; the ad-structure is given (after
smoothing corners) by decomposing the boundary into the original two cobordisms, represented along the
diagonal edges, and their composite given by the lower horizontal edge. In general then, the transformation
n: Q = pregards n composable 1-ads as a special case of an n-ad.
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Now # induces a map

Q a
GW(e.9) = 2PnQ(C. 2| 2L QiPnp(e. o) L [Prp(@, 9] = £(€.9)
and thus amap n: GW = CobW = Cob* = L. Using Proposition 3.1.10 it is not difficult to check,
that this map satisfies the universal property defining bord. Since we shall not have to make use of that
statement, we leave the details to the reader.

We now turn to the main result of this section:

4.4.12. Theorem. The transformationbord exhibits L as the bordificationof GW. Inparticular, L. Cat? —
Sp is the initial bordism invariant, additive functor equipped with a transformation Pn = Q% L of functors
Cat? — 8.

[s]

From Theorem 3.5.9 we also find that £ : Catg<> — § is the initial bordism invariant, additive functor
under either Pn or GW.

Proof. We give two proofs of the first statement. The second is then immediate from Corollary 4.2.2.

The first argument employs the formula of Definition 3.6.10 in terms of the ad-construction for bordi-
fications: The natural equivalence of Poincaré co-categories p, Q,,(C,?) ~ Q,, p,,(C, ?) identifies L(C, ?)
with the geometric realisation of the simplicial spectrum GW(p(C, ?)) in the category of prespectra. Since
the result is already an Q-spectrum we have that L(C, ?) is also the geometric realisation of GW(p(C, ?)) in
Sp. We obtain a natural identification L ~ | GW p| = ad(GW), which gives the claim by Corollary 3.6.13.

We can also employ the stab-construction: By Proposition 3.5.8, the map bord factors over a map

colim $? @ GW(C, 97 — (e, 9).

But it follows from Corollary 4.4.10 and Corollary 3.6.20 that this map is an isomorphism on homotopy
groups. By Corollary 3.6.19 the claim follows a second time. O

4.4.13. Remark. Under the analogy between GW(C, 2=¢1) and MTSO(d) (see Remarks 4.2.4 and 4.3.2)
the equivalence

colim S? @ GW(C, 917 ~ (e, 9)
corresponds to the canonical equivalence

colljim S? @ MTSO(d) ~ MSO,

whose proof is an elementary manipulation of Thom spectra (see [GTMWO09, Section 3]). In particular, the
role of the spectrum MSO is played by L(C, ?) in our theory; even its definition in terms of the p-construction
is modelled on Quinn’s construction of the ad-spectrum of manifolds Q3°, whose homotopy groups by
construction are the cobordism groups. The second proof of the above theorem is then a translation of the
well-known equivalence

colim $? ® Cob, ~ Q%°

from geometric topology; using the main result of [Ste18] this identification can in fact be achieved without
reference to Thom spectra whatsoever and therefore used to deduce the equivalence MSO ~ QS0 ie.
the Pontryagin-Thom theorem, from the equivalences Cob,; ~ MTSO(d) of Bokstedt, Galatius, Madsen,
Tillmann and Weiss.

fgt
Now since the functor (€, ?) = K(C, 9)'®2 is bordism invariant by Example 3.5.6 the composite GW =
K" = K'C2 factors uniquely over amap Z: L = K'©2 and we obtain the main result of this paper:

4.4.14. Corollary (The fundamental fibre square). The natural square

GW(C,9) —24 5 (@, 9)

(68) lfgt la

K(C, 92— K(C, @)t
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is bicartesian for every Poincaré oco-category (C, ?) and in particular, there is a natural fibre sequence

hyp bord
(69) K(€, 9)pc,— GW(C, ) —— L(C,9).
Proof. Apply Corollary 3.6.7 in combination with Corollary 4.3.1 and Theorem 4.4.12. ]

We will exploit this result to give computations of Grothendieck-Witt groups of discrete rings in Paper
[III], and solve the homotopy limit for number rings. For now we record:

4.4.15. Corollary. The functor GW : Cat® — Sp is Verdier-localising.

Proof. Given Corollary 4.4.6, we need only recall that K-theory is a Verdier-localising functor K — 8Sp (as
by Proposition 1.1.4 the underlying sequence of a Poincaré-Verdier sequence is indeed a Verdier sequence).
One way to obtain a proof of this from the literature is as the combination of
1) the non-connective K-theory functor K taking Karoubi sequences to fibre sequences [BGT13, Section
9]
ii) the cofinality theorem, i.e. the map K(C) — K(€9*™) inducing an isomorphism on positive homotopy
groups and an injection in degree 0 [Bar16, Theorem 10.19]
iii) its consequence QXK(C) ~ K(C4™) and finally,
iv) Thomason’s classification of dense subcategories Theorem A.3.2, i.e. that for a dense stable subcate-
gory € C D, we have ¢ € Cif and only if [c] is in the image of K;(C) — Ky(D).
Together these statements imply that that for a Verdier-sequence C — D — & the maps
K(C) — fib(K(D) —» K(&)) - K(C)

are both isomorphisms in positive degrees, injective in degree 0 and that the images of the right hand map
and the composite in Ky(C) agree. Since K(C€) is connective, this gives the claim. ([l

4.4.16. Remark. This circuitous route to the Verdier-localisation property of connective K-theory is ne-
cessitated only by the restriction to idempotent complete categories in [BGT13]. In truth, it is a higher
categorical version of Waldhausen’s fibration theorem (though of a flavour different from [Bar16, Theorem
8.11]) which gives this statement in one fell swoop. We do not, however, know of a reference where this is
spelled out.

Now, by construction the composite
h fet

K(€, Dy, — GW(C, 9)— K(€, )"

hC,

is the norm map of the C,-spectrum K(C,?) € 8p
canonical maps

. In particular, it is split after inverting 2 by the

K(C, 9" — K(€,2) — K(€, e,
divided by 2. But then also the fibre sequence
hyp bord
K(€, 9y, — GW(C, 9)— L(C,9)
splits after inverting 2 and we obtain:
4.4.17. Corollary. There is a canonical equivalence
GW(E, D3] = K(€ Dl3lhc, B LE D3]
natural in the Poincaré co-category (C, Q) and in particular
GW,(€, Dl3] = K,(©3]c, ® L@ D3]

Proof. Only the final statement remains, and this follows immediately from the former and the collapse of
the homotopy orbit spectral sequence of a C,-spectrum in which 2 is invertible to its edge. ]

As a consequence of Corollary 1.4.9, we obtain localisation properties of Grothendieck-Witt spectra,
which will form the basis of our analysis of the Grothendieck-Witt groups of Dedekind rings in the third
paper of this series, see Corollary [II1].2.1.9.

From Proposition 1.4.8 we then immediately obtain:
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4.4.18. Corollary. Let A be a discrete ring, M a discrete invertible module with involution over A, ¢ C
Ko (A) a subgroup closed under the involution induced by M and S C A a multiplicative subset compatible
with M, such that (A, S) satisfies the left Ore condition. Let, furthermore, D(A)g denote the full subcat-
egory of DE(A) spanned by the S-torsion complexes. Then the inclusion and localisation functors fit into
fibre sequences
>m >m im(c) -1 >m
GW(DC(A)g, W) — GW(DE(A), %) — GW(D"™E(ALST']), ?M[S—l])

forallm e Z U {+x0}.

For the compatibility condition between the multiplicative subset and the invertible module confer Def-
inition 1.4.3 and Example 1.4.4.
In particular, one obtains a fibre sequence

GW(D'(A)5. 237) — GW(D'(A), 937") — GW(D'(ALS™'), &30

)

though this generally fails for DP in place of Df, but see Remark 4.4.20 below. Upon taking connective
covers, the case of commutative A is for example also imply by [Sch17]. We similarly obtain fibre sequences
> > im(c) -17y o>
L(D(A)s, 93/) — L(D(A), 23/) — LD™(ALSTD), QM'"[S_I]),
which upon investing our identification of the genuine L-spectra in the third installment of this series, see
Theorem [III].1.2.18, recover localisation sequences of Ranicki’s, see [Ran81, Section 3.2].

4.4.19. Remark. By Corollary 1.4.6, the quadratic variant of Corollary 4.4.18 actually works for an arbitrary
E;-ring spectrum A and an invertible module M with involution over A, but for the symmetric and genuine
variants, one has to require further conditions. We leave details to the interested reader, as we shall have no
need for that generality.

4.4.20. Remark. By the cofinality theorem the map K,;(D°(R)) — K;(DP(R)) = K;(R) induces an iso-
morphism i > 0 and is the inclusion ¢ = Ky(R) for i = 0. We will show a hermitian analogue in the
fourth installment of this series, namely that for any pair of involution-closed subgroups ¢ C d C Ky(R)
the squares

GW(D(R),?) —— GW(DI(R),?) L(DS(R),?) ——— L(DI(R),?)
K(D¢(R), Dg)"C2 —— K(D4(R), Dy)"¢2 K(D¢(R), Dg)'©2 —— K(DY(R), Dg)'2

are cartesian, see Theorem [IV].2.1.3. It follows that there are fibre sequences
GW(DE(R),?) — GW(DY(R), ) — H(d/c)"2
L(D°(R),?) — L(DU(R),?) — H(d/c)'“.
In particular, the map GW,;(D(R),?) — GWi(CDd(R), Q) is an isomorphism for positive i and injective
for i = 0. On the L-theoretic side, we recover Ranicki’s Rothenberg-sequences
.. — Li(D*(R),? — L,-(Dd(R),Q) — ﬁ_i(C2; d/¢) — L,_;(D(R),?) — ...
[Ran80, Proposition 9.1].

In a similar vein, one can compare localisations along a ring homomorphism:

4.4.21. Proposition. Let p : A — B be a homomorphism of discrete rings, M and N discrete invertible
modules with involution over A and B, respectively, n: M — N a group homomorphism that is p @ p-
linear, S C A a subsetand m € Z U {+o0}. Then if
i) the map B@® 4 M — N induced by n is an isomorphism,
ii) the subset S is compatible with M,
iii) for every s € S the inducedmap p: A J| s = B /| p(s) on cofibres of right multiplication by s and
p(s), respectively, is an equivalence in D(A),
iv) the pairs (S, A) and (p(S), A) both satisfy the left Ore condition, and
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v) the boundary map ﬁ_m(Cz, N[p(S™1 — ﬁ_m+1(C2, M) in Tate cohomology of the short exact

sequence
(—n,can) _ (can,n) -1
M—> N M[S T |—— N[p(S) ]
vanishes,
the square

(DE(A), 92" ——— (DIMOA[S1]), " )

| L

p(c) 2m im(p(c)) -1 >m
(DXO(B), 93— (DWEOIBp(S)™D, 97 )

is a Poincaré-Verdier square for every subgroup ¢ C Ky(A) stable under the involution induced by M, and
so in particular becomes cartesian after taking either GW-, K- or L-spectra.

Here, condition v) is to be interpreted as vacuous of m = +co. Note also that condition iv) is equivalent
to requiring that p induces an isomorphism on kernels and cokernels of right multiplication by any s € .S.

The K-theoretic part is a classical result of Karoubi, Quillen and Vorst, see [Vor79, Proposition 1.5], and
investing the identification of the L-spectra from the third installment in this series, see Theorem [II1].1.2.18,
the L-theoretic part recovers analogous result of Ranicki [Ran81, Section 3.6].

Proof. Let us start out by observing that the diagram

A — A[STY

I

B — B[p(S)7']

is cartesian in D(A): Denoting the top horizontal fibre by F, this is equivalent to the assertion that F —
B ®l'; F is an equivalence in D(A), but combining Example 1.4.2 with assumptions iii) and iv) this holds
for any object of D(A)g. Tensoring the square with M (over A) then produces the short exact sequence
appearing in v). Furthermore, from the Ore conditions we also find that the natural map B ®% AlS™] -
B[p(S)~!1is an equivalence. It is then readily checked that p(.S) is compatible with N.

Now, the rows of the diagram of Poincaré co-categories

(DX(A)s, O57) ——> (D(A), ") ———— (DAL, 970 )
(@p(c)(B)p(S)’ QJZ\Jm) — (DPO(B), Qim) —— (DMCO)(B[p(S)]7H, QIZ\IT,;(S)—I])

are Poincaré-Verdier sequences by Proposition 1.4.8, and the vertical maps are Poincaré functors on account
of assumption 1), see Lemma [I].3.3.3, and the right hand square is Ind-adjointable: The square formed by
the horizontal right adjoints on inductive completions identifies with the (a priori only lax-commutative)
diagram
fat
D(A) +—— D(A[S™])
lgqag_ lB["(S)_%i[s—lf
fat _

D(B) <—— D(BIp(S)™'],

with structure map given by the natural map B ®l'; X - B[p(S)_l] ®E[S ] X for X € D(A[S™']). Since

both sides commute with colimits it suffices to establish that this map is an equivalence for X = A[S™'],
which we observed above.

We now claim that the left hand vertical map is an equivalence of Poincaré co-categories, whence
Lemma 1.5.3 gives the claim. The fact that the underlying functor of stable co-categories is an equiva-
lence follows from assumption i): By Example 1.4.2 the categories DP(A) g and DP(B) ;) are generated by

-1
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the objects A J/ s and B // p(s) under shifts, retracts and finite colimits, so the functor is essentially surjective
and full faithfulness can be tested on these generators, where we compute

Hom (A // 5s,A JJ t) ~ Hom,(A // s, B J/ p(t)) ~ Homg(B J/ p(s), B /J p(2)).

See also [LT19, Proposition 1.17] for an alternative argument that the underlying square of co-categories is
cartesian. It remains to check that the natural map Qil’"(X ) > QJZV”'(p,X ) induced by 7 is an equivalence for
all X € DP(A)g. For m = +oo this follows from the fact that p, is a Poincaré functor and an equivalence
on underlying co-categories, as this evidently implies that (p, #), induces an equivalence on bilinear parts.
We are thus reduced to considering the linear parts for finite m. Using the adjunction p, F p*, we have to
show that for every S-torsion perfect complex of A-modules X, the map

hom (X, s,(M'€2)) — hom 4 (X, p*z5,,(N'©2))
induced by # is an equivalence. Since the category @g(A) in generated under finite colimits and desuspen-

sions by objects of the form A // s = cof(A 3 A) one can equivalently show that every element s € S acts
invertibly on F,, = cof (TZm(MtCZ) - f*TZm(NtCZ)), i.e. that the canonical map

F, — F,[S7']
is an equivalence. We note that F,, — F__ induces an isomorphism on homology groups in degrees larger
than m, and that there is an exact sequence
0—H,(F,) —H,(F_,)— K—0,
where
K = ker (ﬁ—'"“(cz; M) - fA(Cy; N)) .

From the fact that the bilinear parts of the two functors agree, we find that .S acts invertibly on F_ . Hence it
remains to show that S acts invertibly on H,,(F},,). The above short exact sequence maps into its localisation
at S. Since this localisation is an exact functor, the snake lemma implies that it suffices to check that the
map K — K[S™!]is injective. Writing M[S™'] as (R[S™'] ® R[S™']) Qggr M and likewise for N,
using assumption ii), we find that

KIS™] = ker (B7+1(Cys MLS™']) — A*1(Cy NIp(S™)D))

since Tate cohomology commutes with filtered colimits in the coefficients (see the discussion in the proof
of Proposition 1.4.8). The kernel of K — K[.S~!] therefore canonically identifies with the kernel of

H(Cys M) — H™(C; N @ M[S™'])
which vanishes by assumption v). (]
As the simplest non-trivial special case we for example obtain:

4.4.22. Corollary. Let R be a discrete commutative ring, M an invertible R-module with an R-linear in-
volution, f,g € R elements spanning the unit ideal and ¢ C Ky(R) closed under the involution associated
to M. Then the square

GW(D(R), 93]") ——— GW(DMO(R]

! !

im(c) l >m im(c) i 2m
GW(D™ORID, Vgt o) —> GWD™ORIZD, Ot )

1 >m
7 1157

and the analogous squares in K and L-theory are cartesian.

Proof. We verify conditions i) through v) of the previous proposition. The first and fourth are obvious
and the second is implied by the two R-module structures on M agreeing. For the third one simply notes
that g acts invertibly on R // f, since with f and g also any powers thereof span the unit ideal. To verify
the final condition recall that Tate cohomology groups over C, with coefficients in M are 2-periodic with
values alternating between the kernels of the normmap idy, + o1 Mc, > M C2. Thus we may check that
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M — MJ[1/f]1@ M[1/g] induces injections on both these kernels. But taking coinvariants commutes with
localisation at both f and g, so the map in question is injective on the entire coinvariants. (]

In completely analogous fashion one can treat the inversion of some prime / in R — R;\, leading to a
localisation-completion square, see Proposition [II1].2.1.12, and also the case of localisation of rings with
involution at elements invariant under the involution, but let us refrain from spelling this out here.

4.5. The real algebraic K-theory spectrum and Karoubi periodicity. Just as in §3.7, the fundamental
fibre square can be cleanly encapsulated as the isotropy separation square of a genuine C,-spectrum:

4.5.1. Definition. We define the real algebraic K-theory spectrum KR(C, ?) of a Poincaré co-category (C, ?)
to be the genuine C,-spectrum GWEWYP(E, Q).

In particular, from Corollary 3.7.4 we obtain:
4.5.2. Corollary. The real algebraic K-theory spectra define an additive functor
KR: Catl — Spe©2,

such that
uKR~K, KRE2~GW and KR? ~L,

where u: Sp&2 - 8$p'2 denotes the functor extracting the underlying Cy-spectrum, and (-2 and
(=% 8 pgC2 — Spdenote the genuine and geometric fixed points, respectively. Furthermore, the isotropy
separation square associated to KR(C, Q) is naturally equivalent to the fundamental fibre square of (C, Q).

And from Theorem 3.7.7 we succinctly find:
4.5.3. Corollary. There are canonical equivalences
KR(C, 1) ~ S'72 @ KR(C, ?)

natural in the Poincaré co-category (C,9). In particular, any equivalence (C,9) — (C, ) induces a
periodicity equivalence

KR(C, ?) ~ S$¥ 7% @ KR(C, ?).

4.5.4. Corollary. Let R be a complex oriented E-ring, for example a discrete ring, M an invertible module
with involution over R and ¢ C Ky(R) a subgroup closed under the involution induced by M. Then there
are canonical equivalences

KR(Mod$, 9, ) ~ S @ KR(Mod$. 95,) and ~ KRMod$, 91 ) ~ §7727 @ KR(Mod$, 9)).
and if R is furthermore connective also
KR(ModS,, 927+ ~ §2727 @ KR(ModS, 927").
In particular, we obtain the following periodicity result:

4.5.5. Corollary (Karoubi periodicity). Let R be a complex oriented E,-ring, for example a discrete ring,
M an invertible module with involution over R and ¢ C Ky(R) a subgroup closed under the involution
induced by M. Then the genuine C,-spectra

KR(Mod%, 9},) and KR(Modg, 9},)

are (4 — 4o)-periodic, and even (2 — 20)-periodic if R is real oriented. For connective, complex oriented
R we, furthermore, have

KR(Mod, 951) ~ $*7** @ KR(Mod$. 95).

Passing to geometric fixed points extends the classical periodicity of Ranicki from the case of discrete
rings:
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4.5.6. Corollary (Ranicki periodicity). Let R be a complex oriented E | -ring, for example a discrete ring, M
an invertible module with involution over R and ¢ C Ky(R) a subgroup that is closed under the involution
induced by M. Then there are canonical equivalences

s Q2 s q ~ Q2 q
L(Mod§, 9 ) ~ S @ L(Mod%, 2},) and  L(Mod%, 9! )~ S* @ L(Mod$%, 23,).
In particular,
L(Mod$%,9},) and L(Mod%,9%)

are 4-periodic and if R is real orientable, for example a discrete ring of characteristic 2, they are 2 periodic.
Furthermore, for connective complex oriented R we have

L(Mod$,, 931) ~ S* @ L(Mods, 25)).

Of course this corollary can also easily be obtained straight from the shifting behaviour of bordism
invariant functors.

Let us also mention immediately, that the genuine L-spectra really are not periodic in general, as we will
show in Paper [III] of this series by explicit computation of L(Mod?%, 25%).

Similarly, it follows from [WW 14, Theorem 4.5], that L(ModZ, %) is not periodic, we will explain this
in Remark 4.6.5 below. Consequently, some assumption like complex orientability, or more precisely a
Thom isomorphism for the vector bundle yleak — BC, for some k, is a definite requirement for a periodicity
statement even for the symmetric Poincaré structure.

Let us finally state the case of form parameters discussed at the end of §4.3. The equivalence
v v
(DP(R), (25)) — (DP(R). Q%))
associated to a form parameter
M, — 05 M©

with second map injective and dual

(~M)c, — M/Q — (-M)®
gives:

4.5.7. Corollary. For a discrete ring R, a discrete invertible module with involution M over R, a subgroup
¢ C K((R) closed under the involution induced by M and a form parameter A = (Q, 7, p) on M with p
injective, there is a canonical equivalence

KR(D¢(R), 9%’3\4) ~ §¥72° @ KR(D(R), 9%).
In particular, we find
L(D(R), 9%,,) = S* @ L(D*(R), 9%

by passing to geometric fixed points (or directly from bordism invariance of L-theory). Note also, that this
corollary can be applied twice whenever the dual form parameter (—M )C2 — M/Q — (—M)*2 again has

its second map injective. This is the case if and only if p: Q — M®2 is an isomorphism, in which case
9%\; = Qi; per construction. We thus find equivalences

4 c 2 c e ¢ S
S* @ L(D(R), 95)) = S* @ L(D*(R), %) = L(D*(R), 25,

as claimed in the introduction.

4.6. LA-theory after Weiss and Williams. In this final subsection, we would like to relate the fundamental
fibre square to the LA-spectra arising in the work of Weiss and Williams [WW14]. We start by comparing
the map 2: L —s K'©2 appearing in Corollary 4.4.14 with the map L — K'2 constructed by Weiss and
Williams in [WWO8, Section 9]. Translated to our set-up, they consider the map

L£(€,9%) = |Crp(C, %) | — Q|CrQ p(C, 9*)'C2| — Q®ad(K"2)(C, 2%),

where the second map is a colimit-limit interchange and the first is the realisation (in the p-direction) of the
structure maps for the group completions of the additive functor Cr"2; here 9* denotes the symmetrisation
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of an hermitian structure ¢ on C, given by 25(X) = Bo(X, X )"C2 as in Example [I].1.1.17. Precomposing
with the composite
fgt .
Pn(C, Q) — £(C,9)— L£(C, 9%
and unwinding definitions this is the same as

f
P(C, 9) — GW(E, ) —> | SW p(C. 9)|— | K p(€, )| — Q¥ad(K"2)(€, &)

The latter part of this composite can in turn be rewritten as

f
GW(C, Q) ~ Q®° GW(C, ?) — Q®ad GW(C, Q)i Q®ad(K"2)(e, 9%).

Now, the canonical map ad(K"C2)(C, Q) —» ad(K'C2)(C, 9%)is an equivalence, so the forgetful map is nothing
but QPE: Q® L(C, Q) = Q% K(C, 9)'C2 under the identifications of Corollary 3.6.13 and Theorem 4.4.12.
By the universal property of L-theory in Theorem 4.4.12, we conclude that the Weiss-Williams map L =
K'C2 agrees with ours.

4.6.1. Corollary. For a space B € 8 and a stable spherical fibration & over B the spectrum GW(8p, 92),
identifies with Weiss’ and Williams’ LA"(B, &), where r € {s,v,q}, i.e. either of symmetric, visible or
quadratic. In particular, we find equivalences
—1 ~
Q®7'LA"(B, &) ~ |Cob(Spiy. 27)I.

We think of the displayed equivalence as a cycle model for the left hand object, which seems to be new.
In particular, specialising to B = we find that the —1st infinite loop spaces of

GW(8p®,?) ~LA%(x) and GW(8p®, ") ~ LAV(x),
where 9" : (8p®)°P — 8p is the universal hermitian structure of §[I].4.1, are the homotopy types of the
cobordism categories of Spanier-Whitehead selfdual spectra, and selfdual spectra equipped with a lift along
DgX — (DgX)) =~ homg,(X,DgX)'“
of the image of the selfduality map, respectively.

4.6.2. Remark. Here we applied a naming scheme similar to Lurie’s suggestion of writing LY(R) and L*(R)
instead of Ranicki’s L,(R) and L*(R) for what we would systematically call L(DP(R), 9(1]{) and L(DP(R), ?;).

In [WW14] the spectra LAY(B, &), LAY(B, &) and LAS(B, &) are called LA (B,¢( ® S9,d), VLA (B, £ ®
S9, d) and LA*(B, E® S9, d), where d is the dimension of E.

Proof. The spectra LA"(B, &) are defined by certain pullbacks [WW 14, Definition 9.5]
LA’(B,§) —— L'(B,¢)

Ll

A(B, &2 —— A(B, &',

which we claim correspond precisely to our fundamental fibre square Corollary 4.4.14 for (8p%, ?2).

As we detailed in Section [I].4.4, the sets of quadratic, symmetric and visible Poincaré objects that Weiss
and Williams consider canonically map to Pn(Sp%, ?2) for the appropriate value of r. Since they define their
L-spaces by a point-set implementation of the p-construction, that are then delooped by shifting the duality,
see [WWO8, Sections 10 & 11], there result comparison maps between the L-spectra, that are equivalences
by [1].4.4.12 and [I].4.4.14. As we identified the map = occuring in the definition of the LA-spectra with

ours above, we obtain the claim from the well-known equivalence A(B) ~ K(8 p‘E).

For completeness’ sake let us give a reader’s digest of the comparison of Poincaré objects. Weiss and
Williams work in the dual set-up, i.e. they describe Poincaré objects via their coforms, rather than forms.
Translated to modern language they consider the functor

Sps —> $p'2, E+— M(E®; E ®p &),

where M : Spp — 8p is the Thom spectrum functor (corresponding to colim : Fun(B,8p) — &p), and
define symmetric and quadratic coforms objects on some E € 8p7 by forming homotopy fixed points and



128 CALMES, DOTTO, HARPAZ, HEBESTREIT, LAND, MOI, NARDIN, NIKOLAUS, AND STEIMLE

orbits, respectively. The translation to our language is achieved via the Costenoble-Waner duality equiva-
lence

Dg: (8pp)*" — Spp.

i.e. the duality associated to 9% S see Corollary [I].4.4.3: Indeed, one calculates that
Bﬁ?é(DBE, DpF)~M(E Qg F Qp &),

for perfect E, F € Spp. To define visible coforms they upgrade M(E ®p E ®p &) to a genuine C,-
spectrum, i.e. a relative version of the Hill-Hopkins-Ravenel norm (though for perfect objects it is much
easier to construct and analyse). They then take a visible coform on some E € 8p to be an element of
QM(E® p E®&)8%2. Just as in the absolute setting, the geometric fixed points of this genuine refinement
are given by M(E ® p £) and the natural map to M(E @3 E Q3 )2 is induced by the Tate diagonal, see
[1].4.4.13. Now one readily calculates

Ag;(DpE) = M(E ®5 &),
whence we obtain an identification between the isotropy separation square of M(E @  E @ &) and

9DpE) ————— Ag:(D;E)

! !

BQE(DBE,DBE)hcz — BQE(DBE,DBE)‘CZ,

which gives the claim also in this final case. O

4.6.3. Remark. In subsequent work, we will construct for £ a stable —d-dimensional vector bundle over B
a functor

Cob’ — Cob(8p, 2})

from the geometric, normally-& oriented cobordism category into algebraic cobordism category of parametrised
spectra over B. Through the equivalence

Q%LAY(B, &) ~ Q|Cob(8p}, 92)|
this provides a factorisation of the Weiss-Williams map
BTopé(M) — Q®LAY(B, &)

whenever M is a closed &-oriented manifold with stable normal bundle v,,, through the geometric cobor-
dism category Cobg; here Top?(M) denotes the E 1-group of &-oriented homeomorphisms of M. Now the
homotopy type of the cobordism category is excisive in the bundle data by the main result of [KGL18],
which was exploited by Raptis and the ninth author in the K-theoretic context for a new proof of the Dwyer-
Weiss-Williams index theorem [RS17]. One can now follow their strategy so as to provide a canonical lift of
the map Q|C0b§| — Q®LAY(B, &) into the the source of the assembly map of LA". Inserting & = v,,, the
stable normal bundle of M, there results a new perspective on substantial parts of [WW14] and by compat-
ibility with the classical comparison between block homeomorphism and L-spaces also on Waldhausen’s
map
Top(M)/Top(M) — Wh(M)yc,

into the (topological) Whitehead spectrum of M, by investing the fundamental fibre sequence.

We offer one application of the identification GW(8p®, %) ~ LAY (x). To this end recall that the functors
GW, and L and K, : Cat? — Ab are compatibly lax symmetric monoidal for the tensor product of Cat?_
and that (§p®, %) is the unit of the tensor product on Catgo. Hence there are rings maps

@ fgt © ou bord ® ou
Ko(8p”) «—GW(8p”, 2")—— Ly(8p”, 2%).

Abbreviating the underlying spectra to K(S), GW"(S) and L"(S), and similarly their homotopy groups, we
have:
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4.6.4. Proposition. There is a commutative diagram with vertical maps isomorphisms

8«ie, 2h e—e, h—0

Z +——"— Z[e,h]/I ———— Z[e]/(e* — 8e)

| l |

Ko(S) «—— GW(S) —— Ly(S

where e and h denote the classes of the spherical Eg-lattice and hyp(S), respectively, and I is the ideal
generated by e* — 8e, h> — 2h and eh — 8h.
Furthermore, there are canonical isomorphisms

GW! (S) = LY (S) = LI (2)

for i > 2 induced by the comparison maps with quadratic L-theory of the sphere spectrum, whereas
GW! | (S) and GW",(S) both vanish.

The calculation of Ky(S) = 7yA(x) is of course due to Waldhausen and the calculation of LS(S) is due
to Weiss-Williams (due to the identification L*(S) = L(S§p®, Qé)).

Without multiplicative structures the result says that GWE(S) is free of rank 3 generated by the Poincaré
spectra hyp(S), (S, idg) and the spherical lift of the Eg-lattice. In particular, as already observed by Weiss
and Williams, the equality [ Eg] = 8[Z, id;] in the symmetric (Grothendieck-)Witt-group of the integers (a
consequence of the classification of indefinite forms over Z through rank, parity and signature) does not lift
to the sphere spectrum.

Proof. We first identify the underlying abelian groups in all cases. From Corollary 4.4.14 we have a fibre
sequence
K, — GWY(S) — LY(S),
which we identified with
A(#)pc, — LAY(x) — LV (%)
above. Using the former naming, Weiss and Williams constructed a fibre sequence
LiY(S) — LY%(S) — S & MTO(1),

by identifying the latter term with visible, normal (or hyperquadratic) L-theory of the sphere in [WW 14,
Theorem 4.3]. By the algebraic z-z-theorem the base change map

L4(S) — LY2)

is an equivalence; this appears for example as [WW89, Proposition 6.2], a proof in the present language is
given in [Lurll, Lecture 14] and we will also derive it in the third installement of this series, see Corol-
lary [1II].1.2.24. We thus obtain an exact sequence

00— LT(S) — 7 (S&MTO(1)) — Z — LS(S) — 7(S @ MTO(1)) — 0,

since the odd quadratic L-groups of the integers vanish, whereas Lg(Z) = Z, spanned by the Eg-lattice.
Thus we also find that Lg(S) is spanned by a spherical lift of Eg (note that 7,24(S®) — 7,99(Z") is always
an isomorphism, so this lift is unique up to homotopy). Now to obtain the homotopy groups of MTO(1),
recall from [GTMWO009, Section 3] the fibre sequence

MTO(1) —> S[BO(1)] — MTO(0),

the latter term being equivalent to the sphere S. Now the first nine (reduced) homotopy groups of S[BO(1)]
were computed by Liulevicius in [Liu63, Theorem II.6], and the map S[BO(1)] — S is easily checked to
be the transfer map for the canonical double cover of BO(1). Therefore it is 2-locally surjective on positive
homotopy groups by the Kahn-Priddy theorem [KP78] and given by multiplication by 2 on 7. We obtain

0 i<-1
rs®MIOM) =12/ 1=

Z/2? i=1
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Thus we find LB(S) ~ 77 generated by the spherical Eg-lattice and (S, ids), compare the discussion fol-
lowing [WW14, Theorem 4.3]. Furthermore, we also find L‘f(S) = /2)2, so obtain an exact sequence

h
0 — Ko(S)e, —> GWI(S) — 2> — 0,

because the first term is torsionfree, since the involution Doy evidently acts trivially on Ky(S) = Z. This
gives the first claim.
The second claim also follows, as S @ MTO(1) is —2-connected, so the maps

GW'(S) — LY(S) «— LY(S)
are isomorphisms on homotopy groups from degree —3 on. For degrees —1 and —2 we find an exact sequence
0— L% (S) — 7_(S®MTO(1)) — LI (S) — L (S) — 0

with both middle terms isomorphic to Z/2. We now claim that the right map vanishes, forcing the middle
one to be an isomorphism completing the computation of the additive structure (see also Corollary [II1].1.2.24
iv) for a more direct proof that the outer terms vanish).

For this we first note that the canonical map Liz(Z) - Liz(Z) vanishes; indeed, the source is spanned
by the standard unimodular skew-quadratic form of Arf-invariant 1 on Z? (regarded as a chain complex
concentrated in degree 1), given by the matrix

whose underlying anti-symmetric bilinear form

(5 9)

admits the Lagrangian Z @ 0. But then Liz(S) = 7y L(SpP, Qal2ly is spanned by the lift of this quadratic
form to S' @ S' and we claim that the Lagrangian lifts as well: Decoding this is implied by

0 = mp@MIP(Sh) = 7_,2(Sh),

which gives the vanishing of the underlying form g € Q®(2")?(S! @S!) restricted to one of the summands;
the resulting object of Fm(Met(SpP, (29)[?))) is automatically Poincaré, as this can be checked after base
change to the integers by Whitehead’s theorem, where it reduces to the computation above.

To see the vanishing, consider the square

QS — 5 homg(S', S)

| !

homg(S' ® S!,S)P2 —— homg(S' ® S!, S)1

from the definition of " (with the C,-action flipping the S!-factors). Since h0m§(§1 ®SLS)~ S 1ot
gives rise to a diagram

7S ——— 7r_2§1:é2_‘7 — 7, — 7,§7!

| | | |

A (STING —— 2L, T —— m (ST —— 75T,
with exact rows. Now, the top right corner vanishes and the homotopy orbit terms evaluate to Z/2. Thus
we will be done if we show that the homotopy fixed point term vanishes as well, since then the lower left
horizontal map is surjective and by Lin’s theorem [Lin80] (identifying the left vertical map as Z — Zg),
so is the upper left horizontal map. But dualising the fibre sequence S ® C, - S — S° and applying
homotopy fixed points yields a fibre sequence

(S—O‘)hC2 N ShCz N S
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with the right hand map the forgetful one. This map is split, since the C,-action on S is trivial, and so we
find that the negative homotopy groups of the left and middle term agree. But in the exact sequence
”—lghcz . 71'_18hc2 . 71'_18tc2

both outer terms vanish (by connectivity on the left, and Lin’s theorem on the right). The claim follows.
We are left to calculate the ring structures on GWE(S) and Lg(S). We start with the latter. By Exam-
ple [1].5.4.11 the map
LI(S) — LA(S)

is an Ljj(S)-module map, so [Eg]> = n[Eg] for some n € Z. Mapping to the integers shows that n = 8,
giving the claim. For the ring structure of GWS(S) we similarly observe that the exact sequence

h
Ko(S)—2 GWU(S) — LY(S),

consists of GW;,(S)-modules by Corollary [I].7.5.13. This immediately gives eh = 8h and h? = 2h, and
also that e? = 8e + kh for some k € Z. But then we find

16h = 8he = he* = h(8e + kh) = 16h + 2kh
which forces k = 0. (]
4.6.5. Remark. Similar to the sequence used in the previous proof, Weiss and Williams produce a fibre
sequence

LY(Z) — L(S) — (S) ® S5) & MTO(1),
in [WW14, Theorem 4.5], which rules out any sort of periodicity for L(S).

Finally, we use Proposition 4.6.4 to determine the automorphisms of the Grothendieck-Witt and L-

theory functors. Yoneda’s lemma, the universal property of the Grothendieck-Witt spectrum and Propo-
sition [I].4.1.3 provide equivalences

Nat(GW, GW) ~ Nat(Pn, Q° GW) ~ Nat(Hom,» ((8p°,2"), ), W) =~ GW'(S).
Similarly,
Nat(L,L) ~ £%(S),
while bordification induces a map
Nat(GW, GW) — Nat(L, L),
which identifies with
bord
GWHS)— L),
giving in particular E; -structures to these spaces.

4.6.6. Corollary. These identifications provide isomorphisms
7y Nat(GW, GW) = Z[e, h]/I and myNat(L,L) = Z[e]/(e* — 8e)
with I = (e* — 8e, he — 8h, h* — 2h) as before.
In particular, we have
o Aut(GW) = {+1,+(1 — h)} = (C2)2 and 7wy Aut(L) = {+id} = C,.
Proof. 1t only remains to show that the identifications
GWY(S) ~ Nat(GW, GW)

are compatible with the multiplicative structures present on their 0-th homotopy groups, and similarly in
L-theory. This will immediately follow from our work in Paper [IV], where we show that both GW and L
carry lax symmetric monoidal structures. But we can also argue more directly:
The spaces Nat(GW, GW) and Nat(L, L) receive compatible E;-maps from Nat(Pn, Pn) and from Yoneda’s
lemma we find
Nat(Pn, Pn) ~ HomCatgo ((8p”, M), (8pP, M) ~ Pn(8p®, M).

Since (8p®, ") is the unit of the symmetric monoidal structure on Cat®_, the functorPn ~ Hom,» ((8p”,2"), -)
inherits a lax symmetric monoidal structure. The left hand equivalence is then a map of E,-spaces using the
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composition, and the right hand map refines to one of E_ -space for the multiplication induced by the tensor
product of Poincaré co-categories. But on the middle term this E_ -structure restricts to the composition
product by naturality. In total then, we obtain an E,-refinement of the canonical map

Pn(8p®, ") — GW(8p®, ?") ~ Nat(GW, GW).
Since the map 7yPn(8p®, ") — 7y SW(Sp®, ") = GWS(S) is surjective, this shows that the isomorphism
GW{(S) =~ 7y Nat(GW, GW)

is multiplicative and similarly in L-theory. The claims then follow from Proposition 4.6.4 and a quick
calculation of the units in the displayed rings. (]

APPENDIX A. VERDIER SEQUENCES, KAROUBI SEQUENCES AND STABLE RECOLLEMENTS

In this appendix we investigate in detail the co-categorical variants of the notion of Verdier sequence, i.e.
fibre-cofibre sequences in Cat? and the same notion up to idempotent completion, called Karoubi sequence.
The results are mostly well-known and various parts can be found in the literature, but we do not know of a
coherent account at the level of detail we need. In the hope that it can serve as a general reference for this
material, we have kept this appendix self-contained.

Remark. For the reader familiar with [BGT13], here is a comparison of terminology: A Karoubi sequence is
called an exact sequence in [BGT13], while our notion of a Verdier sequence corresponds to that of a strict-
exact sequence in [BGT13]; this follows from Proposition A.1.6, Proposition A.1.9 and Proposition A.3.7.
Our notion of a split Verdier sequence is however stricter than the corresponding notion of split-exact se-
quence in [BGT13], since we require the projection to have both adjoints (in which case these adjoints are
automatically fully-faithful, and the injection has both adjoints as well, see Proposition A.2.10), while in
the corresponding notion in [BGT13] only the right adjoints are assumed to exist.

A.l. Verdier sequences. We start out by analysing in detail the notion of a Verdier sequence. We recall
the definition:

A.1.1. Definition. Let
(70) eLple

be a sequence in Cat_, with vanishing composite. We will say that (70) is a Verdier sequence if it is both
a fibre and a cofibre sequence in Catz. In this case we will refer to f as a Verdier inclusion and to p as a
Verdier projection.

A.1.2. Remark. The condition that the composite of the sequence (70) vanishes, simply means that it sends
every object of C to a zero object in €. Equivalently, the exact functor pof : € — € is a zero object in
the stable oco-category Fun®*(C, £). Since the full subcategory of Fun®*(C, £) spanned by zero objects is
contractible we may identify po f in this case with a composite functor of the form € — {0} C € in an
essentially unique manner. Thus, (70) refines to a commutative square

c—L 4o

b

{0}y —> &

in an essentially unique manner, and the condition of being a fibre or cofibre sequence refers to this diagram
being cartesian or cocartesian, respectively.

Let us recall how to compute fibres and cofibres in Cat_,: The fibre of an exact functor f : € — D is
computed in Cat, and given by the the kernel ker(f), which is the full subcategory of € on all objects
mapping to a zero object in ‘D. Cofibres, in turn, are described by Verdier quotients:

A.1.3. Definition. Let f : € — D be an exact functor between stable co-categories. We say that a map in
D is an equivalence modulo C if its fibre (equivalently, its cofibre) lies in the smallest stable subcategory
spanned by the essential image of f. We write D /C for the localisation of D with respect to the collection
W of equivalences modulo C and refer to D/C as the Verdier quotient of D by C.
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A.1.4. Remark. Let us stress that we differ in our use of the term localisation from Lurie’s: For us, the
localisation of an co-category D at a set W of morphisms is the essentially unique functor D — D[W 1]
such that for any co-category D’, the pull-back functor

Fun(D[W 1, D") - Fun(D, D’)

is fully-faithful, with essential image the functors sending the morphisms from W to equivalences. We
refer to localisations which are left or right adjoints as left and right Bousfield localisations, respectively.
(See Lemma A.2.3 below for the precise relation between the two notions.)

The following result is proven in [NS18, Theorem 1.3.3(i)] (at least in the case where f is fully-faithful,
but the general case follows at once).

A.1.5. Proposition. Let f : C — D be an exact functor between stable co-categories. Then:

i) The co-category D /C is stable and the localisation functor D — D /C is exact.

ii) For every stable co-category & the restriction functor Fun®*(D/C, £) —» Fun®*(D, &) is fully-faithful,
and its essential image is spanned by those functors which vanish after precomposition with f. In
particular, the sequence C — D — D/C is a cofibre sequence in Cat?.

A.1.6. Proposition. Let p: D — € be an exact functor between stable co-categories. Then the following
are equivalent:
i) pis a Verdier projection.
ii) pis the canonical map into a Verdier quotient of D.
iii) pis alocalisation (at the maps it takes to equivalences).

Proof. If p is a Verdier projection, then it is a cofibre in Cat?y. So i)=ii) follows from Proposition A.1.5;
and ii)=iii) holds by definition of Verdier quotient. Finally, assume that iii) holds. Since p is exact, a
morphism in D maps to an equivalence in € if and only if its cofibre lies in the kernel of p. Therefore p is
indeed the localisation at the class of equivalences modulo ker(p), and therefore the cofibre of the inclusion
ker(p) — D. Thus, the sequence ker(p) — € — D is both a fibre sequence and a cofibre sequence in Catz,
so that i) holds. [l

A.1.7. Corollary. Every Verdier projection is essentially surjective.
We now examine the notion of a Verdier inclusion. For this, we need the following result:

A.1.8. Lemma. The kernel of the canonical map p: D — D/C consists of all objects of D which are
retracts of objects in C.

Proof. Clearly, any retract of an object in C lies in the kernel of p. For the converse inclusion, let x be an
object of ker(p). We note that by Proposition A.1.5 every exact functor D — Sp that vanishes on C also
vanishes on ker(p). In particular, we may consider the exact functor ¢, : D — Sp given by the formula
@, (y) = colim homd(x,cof(f))
[6: z-yleC,

where €/, 1= € Xp D/, is the associated comma oco-category. Then ¢, vanishes on C: indeed, for y € C
we have that €/, has a final object given by the identity id : y — y, and homq, (x, cof(id)) = 0, which means
that ¢, (y) = 0.

By the above we then get that ¢, vanishes on ker(p). In particular ¢, vanishes on x € ker(p) itself,
which implies the existence of amap f: z — x for some z € C such thatid : x — x is in the kernel of the
composed map 7y homp (x, cof (0 = x)) = 7y homqp(x, cof(f)). We may then conclude thatid: x — x
factors through z and hence x is retract of z, as desired. O

A.1.9. Proposition. Let f: C — D be an exact functor between stable co-categories. Then the following
are equivalent:

i) f is a Verdier inclusion.

ii) f is fully-faithful and its essential image is closed under retracts in D.

Proof. If f is a Verdier inclusion, then it is a kernel so that ii) holds. On the other hand, if ii) holds, then f
extends to a cofibre sequence ¢ — D — D/C, and by Lemma A.1.8 this is also a fibre sequence. O
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Summarizing our discussion, we obtain:

A.1.10. Corollary. For a sequence C —f> DL &in Cat_. with vanishing composite, the following are
equivalent:
i) The sequence is a Verdier sequence.
ii) f is fully-faithful with essential image closed under retracts in D, and p exhibits € as the Verdier
quotient of D by C.
iti) pis a localisation, and f exhibits C as the kernel of p.

Finally, we record:
A.1.11. Lemma. Any pullback of a Verdier projection is again a Verdier projection.
Proof. So consider a cartesian diagram
D L D

bl

L
in Cat_) with p’ aVerdier projection and € the common vertical fibre. Then we claim that the canonical map
p: D/C — & isanequivalence, which gives the claim. Since p’ is essentially surjective by Corollary A.1.7,
so is p by inspection, so we are left to check full faithfulness of p. Using [NS18, Theorem 1.3.3 (ii)] twice
we find

Homyp /e (d, d") =~ colim Hom, (d, cof (c — d))

ce(?/d/

~ CCgélm Hom@/ (k(d), k(COf(C - d/))) XHomS/(lp(d),lp(cof(c—»d/))) Home (p(d),p(COf(c - d/)))
/a’

~ chélm Hom@/ (k(d), COf(C b k(d/))) XHomS/(lp(d),lp(d’)) Home (p(d),p(d/))
Ja!

~ nghm HOmD/ (k(d), COf(C - k(d,))) XHomD//@(k(d),k(d’)) Homg (p(d),p(d’))
/k(d")

~ Homg (p(d), p(d")),

where we have invested €, ~ C ;) into the fourth step; this equivalence is immediate by regarding €/
as the pullback of € X {d'} - D x D « Ar(D), and then commuting the pullback defining D out. (]

A.2. Split Verdier sequences, Bousfield localisations and stable recollements. We now discuss the ex-
istence of adjoints to the inclusion and projection in a Verdier sequence. It leads to the central theme of this
section, the notion of split Verdier sequence (Definition A.2.4), and its relationship with stable recollements
(Definition A.2.9 and Proposition A.2.10).

To obtain criteria similar to Propositions A.1.6 and A.1.9 for exact functors fitting into split Verdier
sequences, we first recall the relationship between two notions of localisation: the universal one we have
used so far and the notion of Bousfield localisation, compare Remark A.1.4.

A.2.1. Lemma. Let C be a small co-category and W a collection of morphisms in C. Then the localisation
p: C = CIW ™' admits a left or right adjoint, if and only if for every X € C there existsa Y € C and an
equivalence pX — pY in C[W =11, such that the functors

Home(Y,-) or Home(-,Y),

send all morphisms in W to equivalences in 8, respectively.

In either case, the Yoneda lemma assembles such choices of objects Y for all X € C into the requisite
adjoint to the localisation functor, which is automatically fully faithful, and therefore renders p into a right
or left Bousfield localisation, respectively.

A.2.2. Lemma. If a functor p: C — D admits a fully faithful left adjoint L, i.e. p is a right Bousfield
localisation, then it is a localisation at those maps X — Y in C, for which the induced map

Home(L—, X) —» Home(L—,Y)

is natural equivalence of functors D — 8.
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The same of course holds mutatis mutandis for left Bousfield localisations.

Proof of Lemma A.2.1. We prove the left adjoint variant. Since p: € — C[W ~!]is essentially surjective,
it admits a left adjoint if and only if, for each X € C the functor

Home[W—I](pX,p_) G- 38

is representable. We claim that a representing object is precisely an object Y € C as in the statement.
To see this let us note generally, that for any Y € € such that Homg (Y, —) inverts the morphisms in W,
then p provides a natural equivalence

Home (Y, —) =~ Homey, -1,(pY, p-).
To see this, descend Home (Y, —) to a functor Fy : C[W -] - 8 and compute
Nat(Fy, G) ~ Nat(Fyp, Gp)
~ Nat(Home (Y, —), Gp)
~ G(pY)
~ Nat(Homey,-11(pY, -), G)

for an arbitrary G : C[W~!] = §; the first equivalence arising from the definition of localisations. But then
Yoneda’s lemma implies that Fy =~ Homgy,-1;(pY, —) and precomposing with p gives the claim.
Therefore a Y € € as in the statement represents the functor Homey,-1)(pX, p—).
If, on the other hand, p admits a left adjoint L, and X € C, then one can take LpX for Y: By adjunction

HOH]@(LPX, —) ~ Home[W—1](pX,p—)
inverts the morphisms in W, and by the previous consideration we then find
Home(LpX, —) ~ Homey -1,(pLpX, p—)

which gives pLpX ~ pX via the adjunction unit, since p is essentially surjective.
The adjunction unit being an equivalence also implies that L is automatically fully faithful. ]

Proof of Lemma A.2.2. The proof that Bousfield localisations are indeed localisations in our sense is [Lur09a,
Proposition 5.2.7.12] and the characterisation of the morphisms that are inverted is immediate from Yoneda’s
lemma. O

Let us apply this to give a criterion to recognize Verdier projections with a one-sided adjoint. In what
follows, given a stable co-category D and a full subcategory € C D, let us say that an object y € D is right
orthogonal to € if homq,(x, y) =~ 0 for every x € C and that y is left orthogonal to C if homq (y, x) ~ 0 for
every x € C.

Let us write, @ and € for the subcategories spanned by these objects.

A.2.3.Lemma. Let p: D — & be an exact functor of stable co-categories. Then the following are equiva-
lent:

i) pis a Verdier projection and admits a right (or left) adjoint.
ii) pis a localisation, and ker(p)” (or ker(p)') projects essentially surjectively to € via p.
iii) pis a localisation, and its restriction to ker(p)" (or ker(p)!) is an equivalence.
iv) p admits a fully-faithful right (left) adjoint, i.e. is a left (or right) Bousfield localisation.
In this situation, ker(p)” (or ker(p)!) agrees with the essential image of the right (or left) adjoint of p.

Proof of Lemma A.2.3. Let us treat the non-parenthesised variants. Recalling from Proposition A.1.6 that
Verdier projections are localisations, the implications between i) and iv) are proven in Lemmas A.2.1 and
A2.2.

Now suppose that p admits a fully faithful right adjoint R, then p and R determine mutually inverse
equivalences between € and the essential image of R and it follows from Lemma A.2.1 that this essential
image of R agrees with C. Together with Lemma A.2.2 this proves the implication iv)=> iii) and the last
claim. The implication iii)=> ii) is trivial. Finally, if ii) holds, then preimages under p : ker(p)" — € yield
exactly the desired objects to obtain a right adjoint via Lemma A.2.1. O
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A.2.4. Definition. A Verdier sequence
C—>D—E&
is split if p admits both a left and a right adjoint.
In this definition, we might just as well require that f admit both adjoints, by the following result:

A.2.5. Lemma. Let
(71) eLple
be a sequence in Cat?, with vanishing composite. Then the following are equivalent:

i) (71) is a fibre sequence, and p admits a fully-faithful left (right) adjoint q.

ii) (71) is a cofibre sequence, and f is fully-faithful and admits a left (right) adjoint g.
Furthermore, if i) and ii) hold, then both sequences

eLple and eLpie
are Verdier sequences.

Explicitly, in the case of left adjoints g is described as the cofibre of the counit gp — id,, thoughtof as a
functor D — D that vanishes after projection to € and therefore uniquely lifts to €. Similarly, the adjoint ¢
is described as the fibre of the unitidq, — fg, thought of as a functor D — D that vanishes after restriction
to € and therefore uniquely factors through €.

A.2.6. Corollary. An exact functor p:. D — & is a split Verdier projection if and only if it admits fully
faithful left and right adjoints. An exact functor f . € — D is a split Verdier inclusion if and only if it is
Sully faithful and admits left and right adjoints.

Proof of Lemma A.2.5. We prove the claim for left adjoints. The claim for right adjoints follows by the dual
argument (or by replacing all co-categories by their opposites).
Suppose first that i) holds. Then we obtain a left adjoint g of f by considering the exact functor

g=cof[gp—id]: D> D

given by the cofibre of the counit. Since g is fully-faithful, the unit map id — ¢p is an equivalence, from
which we can conclude that pog vanishes. Thus, & factors uniquely through f, giving rise to a functor
g: D — C. We now claim that the canonical transformation id - § = fog acts as a unit exhibiting g as
left adjoint to f. Given objects x € D and y € C it will suffice to check that the composite map

home (g(x), y) — homqy, (fg(x), f(¥)) = homqp (x, £(3))

is an equivalence of spectra. Indeed, the first map is an equivalence since f is fully-faithful and the second
map is an equivalence because its cofibre is homq, (gp(x), f(y)) =~ homg (p(x), pf(¥)) ~ 0.

In this situation, p is a localisation by Lemma A.2.2, so the sequence formed by f and p is a Verdier
sequence by Corollary A.1.10, in particular a cofibre sequence. Also, the kernel of g consists, by the
adjunction rule, of those objects that are left orthogonal to €, and by Lemma A.2.3 this agrees with the
essential image of g. So the sequence formed by the adjoints satisfies i) (in the version with right adjoints),
and is therefore also a Verdier sequence by what we have just shown.

On the other hand, suppose that ii) holds. Then g is a localisation by Lemma A.2.1 and thus the essential
image of f is given by the right orthogonal of ker(g). It is therefore, in particular, closed under retracts in
D. But according to Proposition A.1.6, p exhibits € as the Verdier quotient of D by this image so it equals
ker(p) by Lemma A.1.8. This shows that (71) is a fibre sequence. To see that p admits a left adjoint we can
appeal to Lemma A.2.1: For x € D the fibre of the unit map x — fg(x) clearly projects to p(x) under p,
and for ¢ € C we have

Homy, ( fib(x — fg(x)), f(c)) 2 cof [Homy,(x, f(c)) — Homq,(fg(x). f(c))]

and since f is fully faithful the latter term is also given by Home(g(x), ¢), which identifies the map on the
right as the adjunction equivalence. O

As a straight-forward consequence of Corollary A.2.6 we record:
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A.2.7. Corollary. A pullback of a split Verdier projection is again a split Verdier projection.

Proof. Using the universal property of the pullback one readily constructs the requisite functors from the
original adjoints (using the fact that these are fully faithful, and therefore sections of the original Verdier
projection). That these are again fully faithful adjoints follows immediately from the description of mapping
spaces in pullbacks of co-categories as pullbacks of mapping spaces. O

One might call Verdier sequences as in Lemma A.2.5 left-split and right-split, respectively. We will
not invest too much in this terminology, mostly since in the Poincaré context, the existence of one adjoint
implies the existence of both, see Proposition 1.2.2. We do, however, take this opportunity to frame the
following corollary, which shows that the scenario of a left-split/right-split Verdier sequence as above can
be recognized in several ways (we make use of this in Section 3.2). For the statement recall that we denote
by €" and €' for the left and right orthogonal to a full subcategory C C D.

A.2.8. Corollary. Let D be a stable co-category and C,E C D two full stable subcategories such that
homq (x, y) =~ 0 for every x € C, y € €. Then the following are equivalent:
i) € C D admits a right adjoint p: D — C and the inclusion € C C" is an equivalence.
ii) € C D is a Verdier inclusion and the projection © — D /& is an equivalence.
iii) € C D admits a left adjoint q : D — & and the inclusion C C €' is an equivalence.
iv) € C D is a Verdier inclusion and the projection € — D /C is an equivalence.

Furthermore, when either of these equivalent conditions holds, the resulting sequences
C->D—-E and E->D->C
formed by the inclusions and their adjoints are right-split and left-split Verdier sequences, respectively.

Proof. The implications i) = ii) and iii) = iv) are dual to each other, and the same for the implications ii)
= iii) and iv) = 1). It will hence suffice to show i) = ii) = iii), along with the last claim.

To prove the first of these implications, suppose that i : ¢ C D admits a right adjoint p: D — € and
that & C € is an equivalence. By the adjunction rule, C" agrees with the kernel of p so we have a right-split
Verdier sequence

esnhe
from which we conclude that the map D /€ — € induced by p is an equivalence. The projection ¢ - D/&
is a one-sided inverse and therefore also an equivalence.

On the other hand, if ii) holds then by Lemma A.2.3, the projection D — D/E has a left adjoint, and the
inclusion of C into &’ is an equivalence (since both project to D /& by an equivalence); the existence of the
left adjoint g follows from Lemma A.2.5.

The first Verdier sequence follows by duality. O

We now come back to the notion of a split Verdier sequence and show that it is essentially equivalent to
that of a recollement in the sense of [Lurl7, Section A.8] in the setting of stable co-categories. Specialising
the definition to this case, we have:

A.2.9. Definition. A stable co-category D is a stable recollement of a pair of stable subcategories C and &
if
i) the inclusions of both € and & admit left adjoints L and L,

. . Leg .
i) the composite € - D—> & vanishes, and
iii) L¢ and L are jointly conservative.

L
A.2.10. Proposition. If D is a stable recollement of C and &, then the sequence C — D — Eisa split
Verdier sequence.

Conversely, if C —f> DL eisa split Verdier sequence, then D is a stable recollement of the essential
images f(C) and q(E), where q denotes the right adjoint of p.

Proof. Consider the first statement. We claim that the sequence under consideration is a fibre sequence,
so that it is split Verdier by Lemma A.2.5. Since the composite is zero by assumption, we are left to show
that every object x in ker(L¢ ) already belongs to the essential image of €. Denoting by L the left adjoint
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of the inclusion of C, then the unit x — L(x) is mapped to an equivalence under both L¢ and Le. By
assumption L and L are jointly conservative, so the unit x — Le(x) is an equivalence and therefore x
lies indeed in the essential image of C.

For the second statement f admits a left adjoint g by Lemma A.2.5 , since p does and it remains to
see that p and g are jointly conservative. Since we are in the stable setting it will suffice to show that the
functors p and g together detect zero objects. Indeed, if x € D is such that p(x) ~ 0 then x belongs to
the essential image of f. In this case, if g(x) is zero as well then x ~ 0 because the counit of g - f is an
equivalence. ]

In pictures, a stable recollement is given by

Le
VRN
c—Lyp_feye

L
a split Verdier sequence is as left of the following diagram and in [BG16] Barwick and Glasman considered
diagrams as on the right:

s N <1 »
C—s D —¢E and C—— D — E.
L &-l—/
Here the non-curved maps form a Verdier sequence and left adjoints are on top. Our results above show
that all of these types of diagrams can be completed to the full

g q
CIR N
rL o oL

g q

in which both the top and the bottom left pointing maps also form Verdier sequences, and whose maps are
related by the bifibre sequences

qp

J

fg == idp == ¢'p.

J

fg

From this data, one obtains a canonical transformation g’ = g whose (co)fibre descends to a functor & — €,
and another transformation g = ¢’, whose (co)fibre also lifts to a functor & — €. We then have

gq' ~cof(q = ¢') =~ cof (g’ = g) ~ Zeg'q,

where the middle equivalence comes from the cofibre sequence describing the cofibre of a composition in
terms of the cofibres of the constituents. The functor ¢ : € — € specified by any of the formulae above is
said to classify the recollement, as it participates in the following result:

A.2.11. Proposition. Given a split Verdier sequence in the notation above, the diagram
D =Ly Ar(©)
boob
E———¢
is cartesian, where t is the target projection. Moreover, for any object x € D there is a cartesian diagram
x — fg(x)
| !
q'p(x) — fgq'p(x)

with all maps induced by the units of the respective adjunctions.
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Let us remark that the sequence

S q
e~ T~
e — Ar(C) —— €
% ~—

1

isindeed a split Verdier sequence, where r(x) = (x — 0), with left and right adjoints being s(x — y) = x and
fib(x — y), respectively, while t(x — y) = y with left and right adjoints q(y) = (0 — y) and 6(y) = idy,
respectively. It underlies the metabolic sequence of Example 1.2.5 which plays fundamental role in our
results.

Proof. The inverse functor from the pullback to D is given by sending a pair (e, a — c(e)) to the pullback
q'(e) X fe(e) S (a), with the left structure map coming from the definition of ¢. That the composite on the
pullback € X Ar(C) is equivalent to the identity follows from unwinding the definitions, whereas for the
composite on D it is precisely the cartesianness of the diagram from the statement. But the induced map
on its vertical fibres is the unit map of fg’(x) — fgfg’(x) of the adjunction fg which is an equivalence
since f is fully faithful, together with the triangle identity. (]

A.2.12. Remark. A monoidal refinement of this result was recently given in [QS19, Section 1].

Finally, we characterise the horizontal maps appearing in Proposition A.2.11. To this end consider a
commutative diagram

D— 7D

bl

& —— &
with vertical split Verdier projections. Such a diagram gives rise to two new (not necessarily commutative)
diagrams of the shape

D— 7D

1

&E—— ¢
by passing to either left or right adjoints in the vertical direction. The original square is called adjointable
if both squares of adjoints do in fact commute, i.e. if the Beck-Chevalley transformations connecting the
composites are equivalences, see [Lur(09a, Section 7.3.1] for details. It is readily checked that cartesian
squares as above are adjointable.

A.2.13. Proposition. Given a split Verdier sequence © — D — & and another stable co-category C' the
full subcategory of Fun® (D, Ar(C")) spanned by the functors @ that give rise to adjointable squares

D —25 Ar(@)
Ll
e —2 ¢

is equivalent to Fun®(C, €) via restriction to horizontal fibres.

In particular, the classifying functor in Proposition A.2.11 is uniquely determined by yielding a cartesian
diagram and inducing the identity on fibres, so ¢ : Ar(C) — C really is the universal split Verdier projection
with fibre C. Similarly, we find that for a cartesian square

D— 7D
bl
E—— ¢
with common fibre € the classifying functor & — € of p is the composite of that for p’ and the given map

& — &’. We shall make use of the functoriality of the classifying map in adjointable (and not just cartesian)
squares arising from Proposition A.2.13 in Lemma 1.5.3.
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Proof. Using the fibre sequences connecting the various adjoints one readily checks that generally ad-
jointability of the two squares

D25 e —— ¢
N
& — ¢ D2y

are equivalent conditions for two (vertical) Verdier sequences. We will use the latter description in the case
athand to see that the restriction functor in the statement is fully faithful: Rewriting then Fun®*(D, Ar(C")) =
Ar(Fun®*(D, €")) we compute for ¢,y : D — Ar(€’) that

nat(o, y) =~ nat(s@, sy) Xp(sp.ny) Natle, 1y).
Using the fact that s, fib : Ar(C’) — @ are the left and right adjoint to the Verdier inclusion €' — Ar(C’)
we find s =~ ¢ pog and 1¢ =~ @ pocp from adjointability of ¢ and similarly for y. Thus the above can be
rewritten as
nat((p|F°g7 l//|F"‘)g) Xnat(go‘FOg,x/qFocp) nat((p|F°Cp7 I//|F°Cp)-
But g : D — Cis alocalisation (since it has f as a fully faithful right adjoint) so

nat(¢|Fog, ¥ pog) =~ nat(@|r, ¥|r)

and we claim that the restriction map

nat((plFocp, W|F°CP) — nat((plFog, W|F°CP)

is an equivalence, which gives fully faithfullness. To see this consider its fibre nat(¢, rog’, w|pocp) and
recall that
(¢)*: Fun(C,€) & Fun(D,€) : f*
is also an adjunction, so
nat((plFog’, wpocp) = nat(@ g, ypocpf) =0

as desired.

We are left to show that the restriction functor is essentially surjective, but this is obvious by following
the classification arrow from Proposition A.2.11 with the one induced by given functor € — €’ on arrow
categories. O

A.2.14. Remark. Proposition A.2.11 and the entire discussion preceding it apply equally well to stable co-
categories that are not small, and for example recover the observation of Barwick and Glasman [BG16,
Proposition 7], that the left and right orthogonal to the inclusion of € in a stable recollement are canonically
equivalent.
One example we established in Paper [I] is given by
A =)
RN RN
Fun®*(C°P, §p) ——— Fun4(C°P, §p) ——— Fun®(C°P, 8p),
L L
=)
whose fracture square gives exactly the classification of quadratic functors in Corollary [1].1.3.12.
Another standard example is the case where D = Sp and f is the inclusion of those spectra on which a
prime / acts invertibly:

7] ()]
T~ kT~

Spl5] Q—) Sp Q—) Spll-adic equiv’s™'],
div, (—);\

where div;(X) = lim_; X is the /-divisible part of X, together with the fibre sequences
divi(X) — X — XIA and X[[®] — X — X[%],

classifying functor
X - X/A[H =~ Qdiv, (X [I*])
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and fracture square
X —— X[}

Ll

XN —— XN,

A.3. Karoubi sequences. We now move to the more general notion of Karoubi sequences, which are a
version of Verdier sequences invariant under the addition of direct summands in the categories at hand.
Let us briefly record some basic statements:

A.3.1. Definition. We call an exact functor C — D between stable co-categories a Karoubi equivalence if
it is fully faithful and has dense image, in the sense that every object of D is a retract of an object in the
essential image.

The most important example of Karoubi equivalences are of course idempotent completions ¢ — €.
When fixing the target Karoubi equivalences can be entirely classified, see [Tho97, Theorem 2.1]:

A.3.2. Theorem (Thomason). Karoubi equivalences induce injections on K : Catl, — Ab, and Karoubi
equivalences to a fixed small stable oo-category C (up to equivalence over C) are in bijection with subgroups
of Ko(C) by taking the image of their induced map.

Note that the statement in [Tho97] is for triangulated categories, but the proof works verbatim in the
setting of stable co-categories.

A.3.3. Proposition. The localisation of Cat(, at the Karoubi equivalences is both a left and a right Bousfield

localisation. The right adjoint is given by C — ' and the left adjoint takes C to C™™, the full subcategory
spanned by the objects x € C with 0 = [x] € K(C).

Furthermore, an exact functor is a Karoubi equivalence if and only if it induces an equivalence on
minimalisations or equivalently idempotent completions.

ex
co,idem

oo-categories, we in particular find that (-)f: Cat?y — Cat

Denoting by Cat the full subcategory of Cat?; spanned by the small, idempotent complete stable

ex

oo idem DrESCIVES both limits and colimits.

A.3.4. Definition. Small stable co-categories € with the property that K,(C) vanishes we will call minimal
and refer to the assignment C — C™" as minimalisation.

Proof of Proposition A.3.3. Itis an exercise in pasting retract diagrams to check that Karoubi equivalences
are closed under 2-out-of-3. The characterisation in the last statement then follows immediately from the
fact that both inclusions ™" C € C € are Karoubi equivalences, the former for example by Thomason’s
result. Furthermore, [Lur09a, Lemma 5.1.4.7] then implies that given a Karoubi equivalence i : ¢ — D
and a functor f : D — & the exactness of f is equivalent to that of fi.

The statement about the adjoints now follows from Lemma A.2.1: That idempotent completion satisfies
the requisite conditions is [Lur09a, Proposition 5.1.4.9] and that minimalisations do is immediate from the
functoriality of K. (]

Let us now define our main object of study in this section.

A.3.5. Definition. A sequence
eLple
of exact functors with vanishing composite is a Karoubi sequence if the sequence
el pi el

ex

w.idem 111 this case we refer to f as a Karoubi inclusion and to p

is both a fibre and cofibre sequence in Cat
as a Karoubi projection.

A.3.6. Remark. Equivalently, by Proposition A.3.3, we might ask the sequence

emin N @min N 8min
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to be both a fibre and a cofibre sequence in the full subcategory of Cateoi‘ spanned by the minimal stable
oo-categories, or more symmetrically that the original sequence give a fibre and cofibre sequence in the
localisation of Cat? at the Karoubi equivalences.

We have chosen the present formulation as the idempotent completion plays a disproportionally more
important role, both in the detection of Karoubi sequences and in applications.

We also have a concrete characterisation of Karoubi sequences, analogous to the one for Verdier se-
quences Corollary A.1.10.

. f ,
A.3.7. Proposition. Let C— D Lo ehea sequence of exact functors between small stable co-categories
with vanishing composite. Then

ex

f fi
i) the sequence G —s D" L, ehis a fibre sequence in Cat _;,

equivalence when regarded as a functor C — ker(p).

if and only if f becomes a Karoubi

f fi
ii) the sequence e ol elisa cofibre sequence in Catz,idem if and only if the induced functor
from the Verdier quotient of D by the stable subcategory generated by the image of f is a Karoubi
equivalence to €.

iii) the sequence G—f> D2 & is a Karoubi sequence if and only if f is fully-faithful and the induced map
D/C — €& is a Karoubi equivalence.

In particular, every Verdier sequence is a Karoubi sequence.

Let us explicitely warn the reader, however, that the Verdier quotient of two idempotent complete, stable
oo-categories need not be idempotent complete.

Proof. By Proposition A.3.3 the functor (=) Caty — Cat‘:;:i dem PrEserves both limits and colimits, and

Cat®*

.. is closed under limits in Cat®*. This yields an equivalence
0o0,idem 0o

ker(p?) ~ ker(p)?,

which proves 1).

Similarly, ii) follows from the description of cofibres in Catz as Verdier quotients together with the
preservation of cofibres under idempotent completion.

Finally, the forwards direction of iii) follows directly from the previous two statements. On the other
hand, if f is fully faithful, and D/C — €& is a Karoubi equivalence, then the kernel of p agrees with the
kernel of the projection g: D — D/C. Thus, by Lemma A.1.8, the map f: C — ker(g) has dense
essential image and therefore is a Karoubi equivalence. The reverse claim thus also follows from the first
two statements. (]

A.3.8. Corollary. An exact functor f : C — D is a Karoubi inclusion if and only if it is fully-faithful. It
is a Karoubi projection if and only if it has dense essential image f(C) C D, and the induced functor
[ € — f(C)is Verdier projection.

Combining this statement with Thomason’s result above, we find:

A.3.9. Corollary. Let p: D — &€ be a Karoubi projection. Then the following are equivalent:

i) pis a Verdier projection.
ii) p is essentially surjective.
iii) The induced group homomorphism Ky(D) — K(€) is surjective.

We also note:
A.3.10. Lemma. Any pullback of a Karoubi projection is again a Karoubi projection.

Proof. Given Lemma A.1.11 and the characterisation of Karoubi projections in Corollary A.3.8 it suffices
to show that the pullback D — D’ of a Karoubi equivalence & — &' along i : D’ — &’ is again one such.
But one readily checks that this pullback is given by the full subcategory {x € &' | i[x] € K((€)} of &,
whence Thomason’s theorem A.3.2 gives the claim. O
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Next, we record the following detection criterion for Karoubi-sequences, often called the Thomason-
Neeman localisation theorem in the context of triangulated categories, see [Nee92, Theorem 2.1]. To state
it, we need to extend the notion of Verdier sequences to non-small stable co-categories. This is achieved
for example by Corollary A.1.10 which does not require any smallness assumption.

A.3.11. Theorem. A sequence C — D — € of small stable co-categories and exact functors with vanishing
composite is a Karoubi sequence if and only if the induced sequence

Ind(€C) — Ind(D) — Ind(E)
is a Verdier sequence (of not necessarily small co-categories).

Here Ind denotes the inductive completion of a small category, characterised for example as the smallest
subcategory of Fun(C°P, §) stable under filtered colimits and containing all representable functors.

Proof. First of all, note that inductive completion preserves both stability of co-categories and exactness
of functors for example as a consequence of [Lur09a, Proposition 5.3.5.10]: The colimit preserving exten-
sion of suspension is suspension, and the extension of loops is its inverse. Furthermore, it preserves full
faithfullness by [Lur09a, 5.3.5.11], commutes with Verdier quotients by [NS18, Proposition [.3.5] and by
[Lur09a, Lemma 5.4.2.4] the compact objects in Ind(C) form an idempotent completion of €. Combining
these statements it follows that an exact functor is a Karoubi equivalence if and only if it induces an equiv-
alence on inductive completions: The backwards direction is immediate, and given a Karoubi equivalence
€ — D we find Ind(C) the kernel of Ind(D) — Ind("D/C) ~ 0 by Lemma A.1.8, since cocomplete categories
are in particular idempotent complete by [Lur09a, Corollary 4.4.5.16].

Reusing the three statements, the claim now follows from our characterisation of Verdier and Karoubi
sequences, Corollary A.1.10 and Proposition A.3.7. O

In fact, given a Karoubi sequence C Lol € the sequence Ind(C) - Ind(D) — Ind(€) consists of the
left adjoints in a stable recollement (note the order reversal)

Ind(p) Ind(i)

T T
Ind(§) —— Ind(D) ——— Ind(C)
L~ L~

It follows immediately from [NS18, Proposition 1.3.5], that Ind(p) admits a fully faithful right adjoint which
preserves colimits. By [Lur09a, Corollary 5.5.2.9] it then follows that this functor has a further right adjoint,
whence the results of the previous section give the adjoint to Ind(i) and its adjoint.

The other functors in this recollement do not, however, in general preserve compact objects, so one
cannot pass to them to obtain further Karoubi sequences.

A.3.12. Remark. By [NS18, Theorem 1.3.3] the adjoint on inductive completions may be explicitely de-
scribed as taking p(x) to colim,¢e I cof(z — x), and dually the right adjoint on projective completions is

given by taking x to lim_ce_ y fib(x — y). As adjoints to localisations these are fully faithful and via the

inclusions Ind(€) C Fun(C°P, §) and Pro(C) C Fun(C, 8§)°P they give a concrete way of constructing the
Verdier quotient.

A.3.13. Remark. Let us also warn the reader of the following asymmetry: Suppose given compactly gener-
ated stable co-categories C and D (i.e. cocomplete, stable co-categories that admit a set of compact objects
which jointly detect equivalences) and a functor F : € — D which preserves colimits and compact objects.

If such F is a Verdier inclusion (of non-small co-categories) its restriction f to compact objects is auto-
matically a Karoubi inclusion, since full faithfulness is clearly retained. In fact, such an F is automatically
of the form Ind(f) by [Lur09a, Propositions 5.4.2.17 & 5.4.2.19], and another application of [NS18, Propo-
sition 1.3.5] exhibits the Verdier quotient of F as the inductive completion of that of f.

Conversely, however, if F is a Verdier projection (of non-small co-categories), it needs not follow that
its restriction to compact objects is a Karoubi projection, as the kernel of F may fail to be compactly
generated; in fact ker(F) need not have any non-trivial compact at all. The first example of such a situation
was exhibited by Keller in [Kel94], we recall it in Example A.4.6 below.

The fibre of a Verdier projection between compactly generated categories is, however, automatically du-
alisable in the symmetric monoidal category of stable presentable co-categories. In as of now unpublished



144 CALMES, DOTTO, HARPAZ, HEBESTREIT, LAND, MOI, NARDIN, NIKOLAUS, AND STEIMLE

work Efimov constructed an extension of any localising invariants Catz idem — SP» such as non-connective
K-theory, to such dualisable categories. This allows one to circumvent the difficulties for localisation se-
quences caused by the failure of compact generation, see [Hoy18] or [Efi18] for an account.

Finally, we extend the classification result Proposition A.2.11 for split Verdier sequences to the non-split
case. To this end consider a Verdier sequence C — D — &. Recalling Pro(€) = Ind(C°P)°P we obtain from
Theorem A.3.11 and the discussion thereafter a split Verdier sequence

g q
I I
ProInd(€) —— ProInd(D) —— ProlInd(f)
IQ-/ IQ-/

g q

of fairly large categories, together with a classifying functor ¢ : ProInd(€) — ProInd(C). Now consider
the categories Tate(C) and Latt(C) of (elementary) Tate objects and their lattices from [Hen17] (though we
warn the reader that Hennion denotes by Tate(C) the idempotent completion of the category we consider
here): Tate(C) is the smallest stable subcategory of Pro Ind(C) spanned by its full subcategories Pro(C) and
Ind(C), and Latt(C) is the full subcategory of Ar(ProInd(C)) spanned by the arrows with source in Ind(C)
and target in Pro(C). We obtain a commutative square

Pro Ind(D) AN Ar(ProInd(@))

(72) l lcof

ProInd(é) —=— ProInd(C),

which is a pullback by (a rotation in the top right corner of) Proposition A.2.11. By direct inspection it
restricts to a commutative diagram

/—)
D £75% Latt(©

|

& —£ 3 Tate(C)
and we find:

A.3.14. Proposition. For any stable co-category C the map cof : Latt(C) — Tate(C) is a Verdier projection
with fibre C% and for a Verdier sequence ¢ — D — & with C idempotent complete the diagram above is
cartesian.

The first part of this result is a special case of Clausen’s discussion of cone categories in [Clal7, Sec-
tion 3.1], particularly [Clal7, Remark 3.23], whereas the second part along with the uniqueness statement
in Proposition A.3.15 below was first observed by the eighth author in [Nik20], which also discusses a
monoidal version.

Combined they imply that the functor cof : Latt(C) — Tate(C) is the universal Verdier projection with
fibre C though it does not run between small categories. One also readily checks, that a Verdier projection
D — £ is right or left split if and only if the functor € — Tate(C) takes values in Pro(C) or Ind(C),
respectively, so that the pullbacks to these categories give the universal right or left split Verdier sequences.
For consistency note also that Ind(€) N Pro(C) = Cf: Write X € Ind(C) N Pro(C) both as the limit of a
projective system P; and as the colimit of an inductive system I; in C. Then by the computation of mapping
spaces in Ind- and Pro-categories in [Lur09a, Section 5.3] the identity of X factors as

X->P->I->X

1

for some i and j, making X a retract of either object. Thus Proposition A.3.14 specialises back to the
split case Proposition A.2.11 (under the additional assumption that € be idempotent complete). Similarly,
Latt(€) — Tate(C)? is the universal Karoubi projection with fibre €%, and one readily checks that Verdier
projections are characterised among Karoubi projections by the property that the classifying functor factors
through Tate(C) C Tate(C)".
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Proof. We start with the first claim: Evidently the kernel of the functor cof consists exactly of the equiv-
alences from an inductive to a projective object in C. This forces both to be constant (by the argument we
gave before the proof), whence the kernel is the full subcategory of Ar(C) spanned by the equivalences,
which is equivalent to @Y itself. Consider then the natural functor

Latt(€)/C" - Tate(€)

which we have to show is an equivalence. We start with full faithfulness. On the one hand, using Q cof =~ fib
the space Hompy @) (cof (i — p), cof(i’ = p)) can be described as Q®~! of the total fibre of the square

homTate(G)(p’ l/) E— homTate(@)(i’ l/)

l l

homrye(@) (P, p') —— homqyee (i, p')
using the evident maps. On the other hand using [NS18, Theorem 1.3.3 (ii)] we have

homLatt(G)/Gﬂ(i - D, i/ g pl) = COliuIn homLatt(G)(i - D, COf(C - i/) - COf(C - p/))

cee/'_,

= colim homigye(e) (7 €OF(¢ = ) Xnompy e (icof e—p')) NOMTare(e) (P cOf(e = p))

ce(?/'_,

Now the total fibre above is invariant under replacing i’ and p’ by cof (¢ — i’) and cof(c — p’), respectively,
so straight from the definition of total fibres we find the fibre of

homLan(e)/en(i - D, i’ = P,) — homTate(e)(COf(i - p), COf(i, - P,))-
given by

colinm homy, @) (p, cof(c = i)).

ce(‘?/i,

We claim that this term vanishes. For writing p = lim; cg p; for some K — C, we find from the computation
of mapping spaces in categories of projective systems in [Lur(09a, Section 5.3], that

colinm homyy @) (p, cof(¢ — i) = colim colim homyyy e, (pg cof (c — i)
€

cee/‘_/ Cee/,-/

~ . -/
~ Cl?élll(n homye)/ea (P 1)

and the last term clearly vanishes.

Finally, we note that the image of the functor Latt(C)/ % in Tate(C) is a stable subcategory containing
both Ind(C) and Pro(C) so is essentially surjective by definition of Tate(C).

We thus turn to the cartesianness of the square involving the Verdier projection D — €. We will reduce
the statement to the split case by means of the embedding into (72), see [Nik20] for a more direct argument.
Let P denote the pullback of £ — Tate(C) « Latt(C). Then the induced functor D — P is fully faithful,
since the square in question fully faithfully embeds into the right hand square before the proposition, which
is cartesian. It remains to check that D — P is essentially surjective. But by Proposition A.2.11 any e € £,
together with i — p € Latt(C) and an equivalence cof(i — p) ~ c(e), determines an essentially unique
object d € ProInd(D), namely ¢’(e) Xc(e) P- This object lies in DI = Pro(D) N Ind(D) C ProInd(D), since
by construction there are fibre sequences

gle)>d—-p and i—d—g(e)

as c(e) ~ cof(g(e) — ¢'(e)) and the outer terms on the left are projective systems, whereas those on the
right are inductive ones. We claim that

D —— Df

[

& —— &l
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is cartesian, whence d actually defines an object of D, which one readily checks to be a preimage of the
desired sort. For this final claim it is clearly necessary that € be idempotent complete, but this also suffices:
The functor from the pullback P of the remaining diagram (with D removed) to D is clearly fully faithful,
thus so is D — P. It remains to show that this functor is essentially surjective. Pick then an d € Df with
ph(d) € € and a witnessing retract diagram

d—d —d

with d’ € D. By yet another application of [NS18, Theorem 1.3.3 (ii)] we can find an x € D together with
amap d’ — x covering the projection p(d’) — p%(d). But then the fibre of the composite d — d’ — x lies
inCl=¢cc D, and thus so does d € D as desired. O

Regarding the uniqueness of the classifying map in Proposition A.3.14, we extend the notion of ad-
jointability to commutative squares

DLy

bk

e Ly e
with vertical Verdier projections by requiring their inductive and projective completions to be right and left
adjointable, respectively. Then we find:

A.3.15. Proposition. Given a Verdier sequence © — D — & and another stable co-category €', the full
subcategory of Fun®(D, Ar(C")) spanned by the functors ¢ that give rise to adjointable squares

D —2 Latt(€)

| e

& i) Tate(C)

in the sense just described is equivalent to Fun®*(C, ') via restriction to vertical fibres. Furthermore, any
cartesian square whose vertical maps are Verdier projections is adjointable.

Proof. The first part follows from Proposition A.2.13 by unwinding definitions. The argument that induc-
tive completions of cartesian squares are adjointable is, however, more subtle (the case of the projective
completion is dual): To see that

Ind(D) —2- Ind(D’)

p*T (p’)*T

Ind(€) —2— Ind(&’)
commutes, note first that by the universal property of inductive completions it suffices to check this af-
ter restriction to € C Ind(€). Next note that the statement becomes true after postcomposition with
p\: Ind(D’) - Ind(€&’), since

Plop” =@ pp* =~ p(p)
via the canonical maps, since p* and (p’)* are fully faithful by assumption. It therefore only remains to
check that the composite ¢,p* takes values in the image of (p’)*, since p] restricts to an equivalence on
this part on account of being a localisation. Using the standard embedding Ind(D’) € Fun®*((D’)°P, §p),
this image unwinds to exactly those functors (D')°P — 8p that vanish on €', the kernel of p’. Under this
embedding ¢, p*(e) unwinds to the left Kan extension of homg (p—, e) : DP — Sp along P : DP — E°P.
Evaluating at some ¢’ € €’ using the pointwise formula yields
[@,p*()](c") =~ colim homg (p(d), e).
deﬂ/c/

But since we started with a cartesian square, picking a preimage ¢ € C = ker(p) of ¢’ yields an equivalence
D/C - D/C,, which shows that (c, @(c) — ¢) is a terminal object in CD/C/, SO

(@10 (e)](c") = homg (p(c), e) ~ O

as desired. O
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A.3.16. Example. Let C and € be stable co-categories, with € idempotent complete, andlet B : CPXE — Sp
be a bilinear functor. Interpreting B as a functor &€ — Fun®*(C°P, §p) ~ Ind(C) C Tate(C), we can pull back
the universal Verdier sequence with fibre C along B as to obtain a Verdier sequence ¢ - D — & (which
automatically has a left adjoint, since the restriction of the universal Verdier sequence to Ind(C) C Tate(C)
does). Then, this Verdier sequence is the sequence

el paire, £.B)> €

obtained from the pairings construction from § [I].7, where the first map includes € as objects of the form
(c,0,0) and the second map projects (c, e, ) to e.
Indeed, the classifying map of the latter sequence is given by the suspension of the composite

¢ Pair(@, &, B)- Ind(C) C Tate(®)
where q is the left adjoint of p (given by the inclusion as objects of the form (0, e, 0)), and g’ is the right
adjoint of Ind(f). Identifying Ind(C) with Fun®*(C°P, Sp), this right adjoint is given by the formula

X Hompy; e ¢ g)(f (—), X),

so the above composite corresponds to the bilinear functor

eop X 8 d SP, (C7 e) g HomPair(e’SgB)(f(C% ‘I(e)),

whose suspension agrees with B(c, e) by the formula for mapping spaces in pairing categories, [1].(174).

A.4. Verdier and Karoubi sequences among module categories. Let ¢ : A — B be a map of E,-ring
spectra. Extension of scalars induces an exact induction functor

¢!: MOdA—>MOdB, M|—>B®AM

on the categories of (left) modules, which is left adjoint to the restriction of scalars functor ¢* : Mod(B) —
Mod(A). Induction restricts to functors

¢,: Mod% — Modj and ¢, : ModS, — Mod%,

where ¢ C K((A) is a subgroup and Mod’, the full subcategory of Mod’, spanned by those A-modules X
with [X] € ¢ C K((A). The most important special case of the latter construction is the case where c is the
image of the canonical map Z — K((A), 1 ~ A, in which case Mod’, = Modi is the stable subcategory of
Mod’, generated by A. In this section we analyse when these functors are Verdier or Karoubi projections.

Remark. We remind the reader mainly interested in the classical case of discrete rings of the following
dictionary: The Eilenberg-Mac Lane spectrum of a discrete ring A is an E|-ring spectrum, which we denote
by HA. The category Mod(HA) of HA-module spectra is then equivalent to the (unbounded) derived oco-
category of A, that is, the co-categorical localisation of the category of A-chain complexes at the class of
homology equivalences, see [Lurl7, Remark 7.1.1.16].

The reader should be aware that under this equivalence, HM @4 HN corresponds to the derived tensor
product M ®HA N of M and N which may be non-discrete, even if M and N are discrete; in this case the
derived tensor product is connective and we have

7,(HM @y, HN) = Tor (M, N), (i > 0).
Now let Mod(A)p € Mod(A) denote the kernel of the induction functor ¢, : Mod(A) — Mod(B).

A4.1. Lemma. Let ¢ : A — B be a map of E-ring spectra and denote by I the fibre of ¢, considered as
an A-bimodule. Then the following are equivalent:
i) The multiplication B ® 4 B — B is an equivalence.
ii) We have B 4 I ~ 0.
iii) The diagram

o] inc
(J_\ KI\
Mod(B) —— Mod(A) ——— Mod(A)p
L L~
b, hom 4 (1,-)

with the right pointing arrows given by ¢* and I @ 4 —, respectively, is a stable recollement .
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Note that iii) in particular contains the statement that I ® 4 —: Mod(A) — Mod(A) has image in
Mod(A)p as indicated. Of course, one may as well replace Mod(A) ; in the statement by the kernel of ¢,,
and extrapolating from the example B = A[s~!] one might call such modules ¢-complete: In this case the
lower adjoint becomes the inclusion, the right pointing map hom 4 (I, —) and the top adjoint I @ 4 —.

Proof. For the equivalence between the first two items simply note that

d®

is always a right inverse to the multiplication map of B. So the latter is an equivalence if the fibre of the
former vanishes. The statement of iii) contains ii), since I = I @ 4 A € Mod(A) . Finally, assuming the
first two items, we first find find that
BR,I®,X=~0

so that I ® 4 X € Mod(A)p for all X € Mod(A) and the diagram in iii) is well-defined. Furthermore, it
follows that ¢* is fully faithful: For this one needs to check that the counit transformation B® , Y — Y is
an equivalence for every B-module Y. But as both sides preserve colimits and B generates Mod(B) under
colimits, it suffices to check this for Y = B where we have assumed it. It then follows from the discussion
after Proposition A.2.10 that the diagram

¢
nEERN
Mod(B) —— Mod(A)
&J_-/
b
can be completed to a stable recollement and the fibre sequences connecting the various adjoints are easily
checked to give the formulae from the statement. (]

A.4.2. Definition. We will call amap ¢ : A — B of E,-ring spectra satisfying the equivalent conditions of
the previous lemma a localisation.

A map R — § between discrete rings, will be called a derived localisation if the associated map HR —
H.S is a localisation in the sense above.

A.4.3.Remark. i) We warn the reader that it is not true, that a localisation of discrete rings A — B is
generally a derived localisation in the sense of Definition A.4.2. The latter condition additionally en-
tails that Torlf“(B, B) = 0foralli > 0. This is automatic if A and B are commutative or more generally
if the localisation satisfies an Ore condition, see Corollary A.4.5 below, but can fail in general.

ii) The discrete counterpart of Definition A.4.2 for ordinary rings and ordinary tensor products was stud-
ied by Bousfield and Kan in [BK72], where they have classified all commutative rings R whose mul-
tiplication R @ R — R is an isomorphism, a property which is called solid in [BK72]. We note that
for a map of connective E|-rings A — B being a localisation implies the solidity of 7yA — 7y B but
even for discrete A and B the converse is not true.

iii) Besides localisations, there is another common source of solid ring maps, namely quotients. Even
among commutative rings these are, however, rarely derived localisations: For example, if A is com-
mutative then Tor‘l“(A/I, AJT) = I ®, A/I =~ I/I?. 1If I is finitely generated and I/I*> = 0,
Nakayama’s lemma implies that I is principal on an idempotent element in A. Thus, if A has no
non-trivial idempotents, either I = 0 or I = A. For an example of a quotient map that is a derived
localisation, see Example A.4.6 below.

iv) Finally, let us mention that any for any open embedding of affine schemes X — Y the restriction map
O(Y) - O(X) is a derived localisation and under mild finiteness assumption this in fact characterises
open embeddings among affines by [TV07, Lemma 2.1.4].

Now, to state the main result of this section we need a bit of terminology. By Lemma A.4.1 a map
¢: A — B is alocalisation if and only if I/ = fib(A — B) € Mod(A)g. Given a full subcategory
C € Mod(A) let us write Cg = C N Mod(A)p and say that ¢ has perfectly generated fibre, if I lies in the
smallest subcategory of Mod(A) g containing (Modﬁ) p and closed under colimits.

A.4.4. Proposition. Let ¢ : A — B be a localisation of E-rings with perfectly generated fibre. Then

¢
(Mod?) p — Mod’ — Mod}
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is a Karoubi sequence and
b
(Mod’,) g — Mod,— Modg(c)
is a Verdier sequence for every c C Ky(A).

Proof. Combining Theorem A.3.11 and Lemma A.4.1 it only remains to show that Ind((Mod‘X) p) =~ Mod(A)p)
to obtain the first claim. But by [Lur09a, Proposition 5.3.5.11] the former term is equivalent to the smallest
subcategory of Mod(A) g containing (Mod?) 5 closed under colimits, so by assumption it contains I. But
the smallest stable subcategory of Mod(A) containing I and closed under colimits is Mod(A) 5 as follows
immediately from the stable recollement of iii) (since A generates Mod(A) under colimits).

Since the inclusion Mod), — Mod¢ is a Karoubi equivalence and similarly for B, it follows that also

¢, : Mod}, — Modﬁ(c) is a Karoubi projection. But the essential image of this functor is then the Verdier
quotient by its kernel, see Corollary A.3.8, and therefore a dense stable subcategory of Mod}. The second
claim follows from the classification of dense subcategories A.3.2 and Proposition A.3.9. O

A.4.5. Corollary. Given an E-ring A and a subset S € n,.(A) of homogeneous elements satisfying the left
Ore condition, for example n,(A) could be (skew-)commutative, then
® 10} 157" 10}
(Mod%) g — Mod}} —— ModA[S_l]
is a Karoubi sequence and for every ¢ C Ky(A)

—[S‘l] .
c c im(c)
(Mods,) g — Mod, ——— Mod '

is a Verdier sequence.

| Here we have abbreviated (Mod?) 4/5-1) to (Mod?) ¢ and similarly in the case of finitely presented mod-
ule spectra.

Proof. Under the Ore condition the Mod(A)g is generated under colimits by the perfect modules A/s =
cof[A—s> Al for s € S, see [Lurl7, Lemma 7.2.3.13]. Thus Proposition A.4.4 applies. (I

While the theorem of Thomason-Trobaugh for example implies that for an open embedding X — Y
of affine schemes the map O(Y) — O(X) has perfectly generated fibre, this condition is unfortunately not
automatic for a general localisation, and we do not know of a reformulation in purely ring theoretic terms,
even when all constituents rings are discrete. The following counter-example is due to Keller [Kel94], we
thank Akhil Mathew for pointing it out to us:

A.4.6. Example. Let k be a field and A := k¢, tl/z, t1/4, ...] the commutative k-algebra obtained from the
polynomial algebra k[f] by adding a formal 2‘-order root 1!/ 2" of t for everyi > 1. Let I C A be the
ideal generated by the 7'/ ? fori > 0 and ¢: A — A/I = k the quotient map. We then claim that ¢ is a
localisation. To see this, note first that by Lemma A.4.1 it will suffice to show that I ® 4 k ~ 0. Now the
ascending filtration of I by the free cyclic submodules 7'/ YACT gives a presentation of I as a filtered
colimit

/2 (/4 (/8

1 = colim[A A A ...]

andso I @4 k ~ colim[k—0> k—0> ...] = 0, cf. Wodzicki [Wod89, Example 4.7(3)].

But the fibre of ¢ is not perfectly generated. To see this, let S C A be the multiplicative set of all
elements which are not in I and let A[.S~!] be the localisation of A at .S, so that A[.S~!] is a local k-algebra
with maximal ideal I[S~!]. By (a derived version of) Nakayama’s lemma every perfect A-module M such
that M ® 4 k ~ 0 will also satisfy M[S~!] ~ 0. It then follows that also the colimit closure of (DP(A))A/I
is contained in D(A)g. But I # 0 and so these do not contain /.

A.4.7. Example. In the situation of Proposition A.4.4 Mod’, — Mod{, can easily fail to be a Verdier projec-
tion. For example, suppose that & is a field and A = k[x, y] is the (ordinary) commutative polynomial ring
in two variables over k. Let p € A be an element such that spec(A/p) C spec(A) = Ai is a reduced and
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geometrically irreducible affine curve with a unique a singular point which is a node (e.g., p = y?> — x> —x2).
Set B = A[}J]. Then the fibre of the inclusion A — B is generated by B/p and so

(73) DP(A) — DP(B)

is a Karoubi projection. However, since spec(A) is smooth one has that K_;(A) = 0 while by [WeiOl,
Lemma 2.3] one has K_;(4/p) = Z. By the localisation sequence in algebraic K-theory it then follows
that coker(Kq(A) — Kq(B)) = Z. In particular, the functor (73) is not essentially surjective and hence not
a Verdier projection, see Corollary A.1.7.

APPENDIX B. COMPARISONS TO PREVIOUS WORK

In this appendix we compare our construction of Grothendieck-Witt spectra to two constructions in the
literature: Schlichting’s definition of Grothendieck-Witt spectra of rings with 2 invertible [Sch10a], and
Spitzweck’s definition of Grothendieck-Witt spaces for stable co-categories with duality [Spil6]. In our
language both cases pertain solely to symmetric Poincaré structures: In the case of Spitzweck’s work,
this largely consists of unfolding the definitions, whereas for exact categories, this is enforced by 2 being
invertible, which makes the quadratic and symmetric Poincaré structures, and also their variants such as
the genuine ones, agree. Spitzweck already gave a comparison between his definition and Schlichting’s
when applied to categories of chain complexes over a ring in which 2 is invertible, and our proof is a
straightforward generalisation of his.

From Schlichting’s work we then also obtain, that for a ring with involution R, in which 2 is invertible,
and an invertible R-module M the canonical map

Unimod(R, M)&"P — GW(DP(R), )

is an equivalence; here, Unimod(R, M) denotes the groupoid of unimodular, M -valued symmetric bilinear
forms on finitely generated projective R-modules, symmetric monoidal under orthogonal sum. As explained
in the introduction, this statement is no longer true if 2 is not invertible in R: The target has to be replaced
by the Grothendieck-Witt space associated to the genuine Poincaré structure, and furthermore, one needs
to distinguish between symmetric and quadratic forms. A proof of this more general statement, entirely
independent from the discussion here, will be given in [HS21] by adapting the parametrised surgery methods
of Galatius and Randal-Williams from [GRW 14] to the present setting.

Remark. We do not attempt here a comparison of our work to the recent definitions in [HSV19, Sch19a].
For the latter, it requires a more detailed discussion of the genuine quadratic functors and the result is a
consequence of [HS21]; for the former we note that Poincaré co-categories provide examples of Waldhausen
categories with genuine duality and that we expect our definition of the KR-functor to coincide with the
restriction of that from [HSV 19, Corollary 5.18].

B.1. Spitzweck’s Grothendieck-Witt space of a stable co-category with duality. We start by comparing
our definition to Spitzweck’s from [Spil6]. To this end recall from Section [I].7.2 the forgetful functor

CatP. — CatPs,
o0 [s]

where an object in the target consists of a stable co-category equipped with a perfect biliear functor C°P x
C°P — 8p. Informally, the functor is given by taking a Poincaré oco-category (C, ?) to (C, Bo). This functor
has fully faithful left and a right adjoints informally given by taking (€, B) to (C, QqB) and (C, ¥}), respectively,
see Proposition [I].7.2.17. Extracting the duality from a perfect symmetric bilinear functor results in an
equivalence

Cat?®* — (Cat®)PC2,
[e6] o0

where C, acts on Cat? by taking opposites, see Corollary [I].7.2.15. We will use this equivalence and the
right adjoint above to regard a stable co-category with duality as a Poincaré co-category throughout this
section.

Let us denote by $W(C, D) Spitzweck’s Grothendieck-Witt space from [Spil6, Definition 3.4], we recall
the definition below. We purpose of this section is to show:
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B.1.1. Proposition. For any perfect symmetric bilinear functor B on a small stable co-category there is a
canonical equivalence

SW(C, Dy) = GW(E, 23,)

of E.-groups natural in the input.

For the definition of $W(C, D) Spitzweck employs the edgewise subdivision of Segal’s S-construction:
Recall the usual S-construction Cat?, — sCat?, given degreewise as the full subcategory of Fun(Ar(A"), €)
spanned by those diagrams ¢ with @(i < i) ~ 0 and having the squares

(i <k) — (i L)

l l

o(j<k) — @i <)
bicartesian for every set of numbers i < j < k < [. The edgewise subdivision S¢(C) of S(C) is then given
by precomposing this simplicial category with the functor A°? — A°P_ sending [n] to [n] * [n]°P. Now
Spitzweck equips the categories Fun(Ar(A” « (A")°P), C) with the duality D,, induced by conjugation with
respect to flipping the join factors in the source and the given duality D on C; more formally, let us denote

the internal mapping objects of the cartesian closed category Cat};oC2 by Fun"C2. Then the arrow categories
inherit dualities via

Ar(C,D) = Funhcz((Al, f1), (G, D))
and S¢(C, D) is defined as the full subcategory of
n gory

FunhC2 ((Ar(A" x (A"°P), 1), (C, D))

spanned by the diagrams in S?(C) = S,,,{(C), which is meaningful since the duality carries this subcategory
into itself. Naturality in n then assembles S°(C, D) into a simplicial category with duality, i.e. a functor
A% — (Cat®)"C2. Spitzweck sets

GW(C, D) = fib(|CrS¢(Q)"C2| - |CrSe(@))).

To start the comparison, we also recall that S¢(C) is canonically equivalent to Q(C): There is a canonical
map TwAr(A") — Ar(A" = (A")°P) natural in n, taking (i < j) to (ip < j;), where the subscript indicates
the join factor. Pullback along this map is easily checked to give an equivalence

S4(€) — Q(O).
In degree 1 for example it takes

00— (0 <1y) — ¢(0) < 1)) —— (0, <0))

l l l

00— ¢(1y< 1) — @15 <0))

l l

0 —— o1, <0y
%
to
@0y £0p) —— d(0y < 1;) &— P(1y < 1)).
Now we claim that the duality described above associated to Dy corresponds exactly to that induced by
(), 1 Qu(©)°P — 8p. To see this recall that Q,(C, ?) is a full subcategory of the cotensoring (€, 2)TWATAY,

and thus to refine the equivalence between the Q- and S-constructions to a hermitian functor it suffices to
give a functor

q,: TWAr(A") — Fun" ((S4(@), 25 ). (€, 9}))
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refining the one on underlying categories described above. To this end, we note that assigning to (i < j) €
TwAr(A") the arrow (iy < j;) = (jo < i) in Ar(A" * (A")°P) gives a functor

p,: TWAr(A") —> Ar(Ar(A" s (AMP, f1))2,

natural for n € A; here the superscript indicates functors strictly commuting the with identifications of the
input categories with their opposites. Pullback along this equivariant functor produces a map

TwAr(A") — Fun"® ((S%(@), D,), Fun"“2((A', flip), (€, D))).

Now, by Remark [I].7.3.4 Ar(C, D) is the underlying co-category with duality of the Poincaré co-category
Ar(C, 2}) and since the functor (Catf;‘)h% ~ Cat?> — CatP . (C,D) = (C, ?p) is fully faithful by Proposi-
tion [1].7.2.17 and preserves products (as a right adjoint), we get a canonical equivalence

Fun"((S(€), D,)), Ar(C, D)) =~ FunP((S%(C), 25, ), Ar(C, 2})).

But by construction of the Poincaré structure on Ar(C, ?) evaluation at the source defines a hermitian functor
(that is not usually Poincaré) Ar(C, ?) — (C, ?). In total, we obtain the desired functor g,, by composing the
three steps just described. To see that its adjoint (S¢(C), 9153 ) = Q,(C, 9153) is Poincaré (and thus in fact an
equivalence of Poincaré co-categories) it suffices to check this after postcomposition with the Segal maps
Q,(C,2) — Q(C,?) by Lemma 2.2.5, where it is a simple application of the formula for the duality in
cotensor categories Proposition [1].6.3.2.

The proof of Proposition B.1.1 is now simple:

Proof. The natural equivalence
(SE(0), 2 ) = Qu(C, %)
constructed above implies that
(CrSe(€)" = (CrQ,(€)" = PnQ(C, %)
by Proposition [I].2.2.11 and therefore one obtains
GW(E, D) = fib(|Pn Q(C, 2p)| = |Cr Q(E))).
The proposition then follows from the metabolic fibre sequence Corollary 4.1.5. ]

B.2. Schlichting’s Grothendieck-Witt-spectrum of a ring with 2 invertible. We now turn to the more
delicate comparison to the classical set-up of exact categories with duality from [Sch10a] and [Sch10b]. It
consists of an additive (ordinary) category &, equipped with three special types of arrows, namely, inflations,
deflations and weak equivalences, satisfying suitable properties, as well as a duality D: € — £°P, which
switches between the inflations and deflations and preserves weak equivalences. A symmetric object in
€ is then an object X € & equipped with a self-dual map ¢ : X — DX. Such a symmetric object is
said to be Poincaré ¢ is a weak equivalence. Let us denote by Poi(E, W, D) the category whose objects
are the Poincaré objects (X, ¢) in & and the morphisms are the weak equivalences f : X —X’ such that
D(f)¢' f = ¢. Similarly, let cor(€, W) denote the subcategory of & containing only the weak equivalences
as morphisms. In both cases we may suppress W and D to declutter the notation.

To define a Grothendieck-Witt space in this context one again uses the edgewise subdivision S?¢& of
the S-construction (see the previous section for a recollection), which in the case at hand inherits an exact
structure with pointwise weak equivalences, and a duality which is defined on objects by sending a diagram
X to

(DX, < j5) = DX (y_5 < i1_)).
One then defines the associated Grothendieck-Witt space W(E, W, D) as the fiber of the map

| Poi(S¢E)| — |cor(S¢E)].

For aring R and a (discrete) invertible R-module with involution M one can consider the category Proj(R)
of finitely generated projective R-modules as an exact category (with inflations the split injections and con-
flations the split surjections), with the duality D, : Proj(R) — Proj(R)°P given by X — Hompg(X, M) and
weak equivalences the isomorphisms. Under the assumption that 2 is invertible in R Schlichting then proves
that GW(Proj(R), Iso, D,,) is naturally equivalent to the group completion of the symmetric monoidal E -
space |Unimod(R, M)| = | Poi(Proj(R), Iso,D,,)|, see [Sch17, Appendix A].
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On the other hand, one may also consider the exact category Ch’(R) of bounded chain complexes in
Proj(R) with weak equivalences being the quasi-isomorphisms and with the exact structure and dual-
ity induced by those of Proj(R). Schlichting then shows that the natural map GW(Proj(R), Iso,D;;) —
GW(ChP(R), qlso, D,,) is an equivalence, see [Sch10b, Proposition 6]; this does not require 2 being invert-
ible in R.

The advantage of working with ChP(R) instead of Proj(R) is that it enables one to refine the above def-
inition into a Grothendieck-Witt spectrum. For this one considers the shifted duality DE\’;] : ChP(R) —

ChP(R)°P obtained by post-composing D m With the n’th suspension functor sending C to the shifted com-
plex C[n] defined by C[n]; = C,;_,. Schlichting’s Grothendieck-Witt (pre-)spectrum GW(R, M) is then
defined as the sequence of spaces

GW(R, M) = (| Poi(Ch°(R), qIso, D), | Poi S*(Ch®(R), qlso, DB}))L | Poi ((S%)@(Ch®(R), qlso, Df})), )
with bonding maps induced by the map into the 1-simplices
Poi ( Ch®(R), qIso, D) — Poi (S¢(Ch°(R), qIso, D!"*1))

given by the duality preserving functor Ch®(R) — Sf(Chb(R)) that sends a chain complex C to the diagram

00— C=—=C ——>0

b

00— 0 —— CJ1]

L

0 —— CJ1]

|

0
of §¢ ChP(R) = S; Ch°(R).

B.2.1. Remark. The Grothendieck-Witt spectrum of [Sch17, Section 5] is defined more generally for dg-
categories with duality, in which case the shifted duality requires a more careful construction. When applied
to ChP(R), this construction yields a different, but equivalent model for (Ch®(R), DI"!), see the remarks
immediately following [Sch17, (5.1)].

We refrain from carrying out the necessarily more elaborate comparison at this level of generality, as the
present one suffices for our applications in Paper [III].

Now recall that DP(R) is the co-categorical localisation of ChP(R) with respect to quasi-isomorphisms.
The duality DE\”} then induces the duality on DP(R) associated to (QL)[”], which we will also denote by DE&].

The localisation functor Ch°(R) — DP(R) then determines a compatible collection of duality preserving
functors

(S9)(ChP(R)) — (SO (DP(R)) — Q™ (DP(R)),

see the discussion after Proposition B.1.1. Using Proposition [I].2.2.11 it induces a compatible collection
of maps

(74) | Poi(($9)™(ChP(R), glso, DU)| —— Pn(Q"(DP(R), (23, )1))
which fit together to give a natural map of spectra
75) GW(R, M) —— GW(DP(R), ?5,))-

Our goal in this subsection is to prove:

B.2.2. Proposition. Let M be a (discrete) invertible R-module with involution, such that 2 is invertible in
R. Then the map (75) is an equivalence of spectra.
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We will also show, that Schlichting’s definition of the Grothendieck-Witt space of an exact category in
which 2 is invertible agrees with ours. To this end let € be an exact category with duality D and weak equiv-
alences W. We will say that € is homotopically sound if the collection of deflations and weak equivalences
on € exhibits it as a category of fibrant objects in the sense of [Cis19, Definition 7.5.7]. Since the duality D
preserves weak equivalences and switches between inflations and deflations this is also equivalent to saying
that the collection of inflations and weak equivalences on € exhibits it as a category of cofibrant objects.
In this case we will denote by E[W ~!] the co-categorical localisation of & with respect to the collection of
weak equivalences.

B.2.3. Proposition. Suppose that € is a homotopically sound, exact category with duality D and weak
equivalences W, in which 2 is invertible. Suppose further that E[W ~1] is stable. Then the natural map

| Poi(€, W, D)| — Pn(E[W '], 9})
is an equivalence.

Proof. Put E[W 1] = €, for readibility. Consider then the commutative square

Poi(€, W,D) —— Pn(€,,2)

(76) l l

W ————— Crég,

where the vertical functors are forgetful. By [Cis19, Corollary 7.6.9] the bottom horizontal map becomes
an equivalence upon realisation. By Quillen’s theorem B it will hence suffice to show that for every X € &
the map

77) Poi(&, W, D) Xy Wyx — Pn(€q. 90) X (Créy) x

is an equivalence after realisation. Let Ty € W), x be the full subcategory spanned by the deflations Y » X
that are also weak equivalences. We claim that the map

(78) i Poi(&, W, D)Xy, Ty — Poi(&, W, D) xy, W)y

induces an equivalence on realisations. To see this, let X — X! — X x X be a path object for X, whose
existence is guaranteed by our assumption that € is a category of fibrant objects with respect to deflations.
Construct a functor
g: Poi(&, W,D) Xy, W,x — Poi(E, W,D) Xy, Ty

by sending (¢ : Y — DY, Y —X)to (Dprogopr, Y Xy X! X,)), wherepr : Y Xy X! — Y is the projection
to the first component. The natural map (g,Y—X) — (Dprogopr,Y Xy X') induced by the structure
map X — X! then determines natural transformations id = goi and id = iog, showing that (78) is an
equivalence after realisation. It will hence suffice to show that the map

(79) | Poi(&, W. D) Xy Ty | —— Pn(E€.2%) Xcre (Créy) x

is an equivalence. We now observe that the left vertical map in (76) is a right fibration classified by the
functor X — Homy, (X,DX Y2 o~ Homy, (X,DX €2 recall that Set C 8 is closed under limits. Similarly,
the right vertical map is classified by X — Mapc, gw(X ,DX)"C2; since Cr(€) /x 1s contractible we will
not need the full statement here, but rather only that the fibre of Pn(E, %) — Cr(&€,,) over a point X is
given by Mapc,¢ (X, DX)"2. This follows from the general fact that for a C,-space X € 8" the fibre
of XP©2 — X over some x € X may be computed as Map,(S°, X )"C2 from the fibre sequence

Map (S?, X) — Map(x, X) — Map(C,, X).

Since total spaces of right fibrations are given as the opposites of the colimits in Cat_, of their classified
functors by [Lur09a, Corollary 3.3.4.6], and thus their realisation as the colimits in 8, we may identify (79)
with the natural map

(80) colim Homy, (Y,DY)"2 — Homc, e (X,DX)"2
[Y—»X]ej(;f ©
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in 8. Now, since 2 is assumed invertible in £, multiplication by 2 acts invertibly on the E_ -groups Hom¢ (Y, DY),
which is of course an ordinary abelian group, and Homg (Y, DY). It follows that the norm map identifies
their homotopy fixed points with their homotopy orbits (in E -groups). In particular, the homotopy fixed
point functor commutes with colimits of € -groups in which 2 is invertible. Now note that the category J y
admits products (given by fibre products in € over X), and so I](;f is sifted in the co-categorical sense. Since

the forgetful functor from & -groups to spaces preserves sifted colimits by [Lurl7, Proposition 1.4.3.9],

we conclude that

hC,

colim HomW(Y,DY)hCz ~ colim Homy, (Y,DY) R
[Y»Xx1€I} [Y»X1€I}

so it suffices to establish that

@81 colim Homy,(Y,DY) —— Hom¢,¢ (X,DX)
[Y—>X]ej‘)’§’ °

is an equivalence. Since I](;(p is sifted the map induced by the diagonal

colim Homy (Y,DY) — colim Homy (Y,DZ)
[Y—»X]eJOXp [Y—»X,Z-»X]ej;’fxi]()’f

is an equivalence. We have thus reduced to showing that the natural map

(82) colim Homy, (Y,DZ) — Hom, ¢ (X,DX)
[Y»X,Z»X1€ITxIF *©

is an equivalence. Since the duality switches inflations and deflations we may rewrite this as

(83) colim Homy, (Y, Z') — Hom¢,¢ (X,DX),
[Y»X.DX<Z'1€ITxdpx ®
where Jpx denotes the subcategory of Wy y, spanned by the inflations. Now this last map is an equiva-

lence on general grounds; it is one formula for derived mapping spaces in categories of fibrant/cofibrant
objects [Cis10, Proposition 3.23]. O

B.2.4. Lemma. Suppose that & is homotopically sound. Then for every n > 0 the exact category with
weak equivalences S, € is homotopically sound and the natural functor S,& — S,(E[W ~'1) exhibits the
oco-category S,(EIW ~1]) as the localisation of S,,€ with respect to the pointwise weak equivalences.

Proof. We note that S, € is equivalent to the category of sequences of inflations
X o X,o ..o X,

with the inflations in S,€ being the Reedy inflations. It is then standard that if € is category of cofi-
brant objects then the collection of Reedy inflations exhibit S, € as a category of cofibrant objects, see
e.g. [Cis19, Theorem 7.4.20 & Example 7.5.8]. On the other hand, Sn(ﬁ[W‘l]) is equivalent to the oo-
category Fun(A”, EW 1)) of sequences of n—1 composable maps in E[W1]. The fact that Fun(A”, E[W 1)
is the co-categorical localisation of the category of Reedy sequences of inflations then follows from [Cis19,
Theorems 7.5.18 & 7.6.17]. O

Proof of Proposition B.2.2. Let us denote the duality induced by M simply by D, and the induced dual-
ity on the r-fold S-construction by D,y. Applying Proposition B.2.3 to the levels of the multisimplicial

exact category with duality (S°)"?(Ch®(R), qlso, DBQ), which is possible by Lemma B.2.4, we obtain an
equivalence of Schlichting’s GW(R, M) to the (pre-)spectrum formed by the sequence
(Pn(DP(R), 23,), [Pn(S(DP(R)), & (,))I, [Pn((S)(DP(R)), & ;). ... )
M @
But the latter agrees with

(Pn(DP(R), 2}). [Pn Q(DP(R). (2", [Pn QP (DP(R), ()], ... ) = GW(DP(R), 2},)

termwise by the discussion following Proposition B.1.1, and one readily checks that also the bonding maps
correspond. O
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B.2.5. Corollary. Let € be a homotopically sound, exact category with duality D and weak equivalences
W, in which 2 is invertible, and such that E[W '] is stable. Then there is a canonical equivalence

GW(E, W,D) = SWEW '], 9).

Proof. From Proposition B.2.3 and Lemma B.2.4 we find that the defining map | Poi(S¢€)| — |cor(S¢E)|
is equivalently given by

IPn(S* (€W "D, 95, DI = [Cr(S*EW D).
But the discussion following Proposition B.1.1 identifies this further with
IPnQEW ™1, 95| — ICr QEW ™)
and so Corollary 4.1.5 gives the claim. (]
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