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Infinity-operads and Day convolution in Goodwillie calculus

Michael Ching

ABSTRACT

We prove two theorems about Goodwillie calculus and use those theorems to describe new models
for Goodwillie derivatives of functors between pointed compactly generated oco-categories. The
first theorem says that the construction of higher derivatives for spectrum-valued functors is a
Day convolution of copies of the first derivative construction. The second theorem says that the
derivatives of any functor can be realized as natural transformation objects for derivatives of
spectrum-valued functors. Together these results allow us to construct an co-operad that models
the derivatives of the identity functor on any pointed compactly generated co-category. Our main
example is the oco-category of algebras over a stable co-operad, in which case we show that the
derivatives of the identity essentially recover the same co-operad, making precise a well-known
slogan in Goodwillie calculus. We also describe a bimodule structure on the derivatives of an
arbitrary functor, over the co-operads given by the derivatives of the identity on the source and
target, and we conjecture a chain rule that generalizes previous work of Arone and the author
in the case of functors of pointed spaces and spectra.

The fundamental construction of Goodwillie calculus is, for a functor F : C — D, a tower of
approximations to F' that mimics the Taylor series in ordinary calculus. One of the basic
principles of this theory is that the fibres of the maps in that tower can be described relatively
simply in terms of stable homotopy theory. Goodwillie showed that when C and D are either
the categories of pointed spaces or spectra, the nth homogeneous piece of a functor F' : C — D
is determined by a single spectrum 9, F' together with an action of the nth symmetric group
DI

A central question in calculus is how to reconstruct the Taylor tower of the functor F (and
hence, in cases where the tower converges, the functor F itself) from these homogeneous pieces,
that is, from the symmetric sequence 0,F = (9, F)p>1. In the cases where C and D are each
either pointed spaces or spectra, this question was answered in a pair of papers by Arone and
the author [1, 2]. We first showed that, for F': C — D, the symmetric sequence 0, F has the
structure of a bimodule over the two operads 0,I¢ and 0,Ip formed by the derivatives of the
identity functor on the categories C and D. We then showed that the resulting adjunction,
between the categories of (n-excisive) functors F': C — D and (n-truncated) bimodules, is
comonadic, so that the Taylor tower of F' can be recovered from the action of a certain comonad
on the bimodule 0, F'.

In this paper, we extend the first part of that previous work to a broad class of co-categories.
In particular, we show that the derivatives of the identity functor on any pointed compactly
generated oo-category form a stable co-operad in a natural way, and that the derivatives of
any functor form a bimodule over the appropriate oo-operads.
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Note that the approach taken in this paper is significantly different from that of [1], and
even in the cases of pointed spaces and spectra it gives a new perspective on how the operad
structures arise. In particular, this paper provides a new construction of the spectral Lie operad,
as an oo-operad, distinct from the cobar construction described in [7].

One of the differences we encounter in the general case is that the nth layer of the Taylor
tower is no longer determined by a single spectrum with 3,,-action. Our definition of derivatives
(given in Section 1) is therefore necessarily more involved. For us the nth derivative of a functor
F :C — D is a diagram of spectra of the form

9, F : Sp(C)" x Sp(D)*? — Sp,

that is, symmetric in the n copies of Sp(C), and is linear in each variable. Here Sp(C) denotes
the stabilization of the co-category C as described by Lurie in [21, 1.4].

When C and D are each the co-category of pointed spaces or spectra, these stabilizations are
both Sp, the co-category of spectra. If F' preserves filtered colimits, the resulting symmetric
multilinear functor Sp™ x Sp°? — Sp is determined by its value on the sphere spectrum in each
variable. This value recovers the spectrum with ¥,,-action that is usually referred to as the nth
derivative of the functor F. To simplify this introduction we suppress the dependence of the
derivative on other variables in what follows. More explicit statements in the case of general C
and D can be found in the main body of the paper.

Our philosophy is to start by focusing on functors F' : C — Sp. Let F¢ denote the co-category
of those functors of this type that are reduced (that is, F'(x) ~ %) and finitary (preserve filtered
colimits). The construction of the nth derivative can then be viewed as a functor

On : Fe — Sp.

Now the oo-category F¢ has a (non-unital) symmetric monoidal product given by the objectwise
smash product of functors, and therefore the category Fun(F¢, Sp) of functors Fz — Sp has a
symmetric monoidal product ® given by the Day convolution of the objectwise smash product
on F¢ and the ordinary smash product on A.

Our first main theorem (proved in Section 2) gives a relationship between the functors 9,
for different n, in terms of this Day convolution structure.

THEOREM 0.1. Let C be a pointed compactly generated oo-category. Then there is a X,,-
equivariant equivalence, in the oo-category Fun(F¢,Sp), of the form

0, ~ OF™.
Next we turn to (reduced, finitary) functors F': C — D between two arbitrary pointed
compactly generated co-categories. Our second main theorem (proved in Section 3) allows
us to identify the derivatives of such a functor F' in terms of the derivatives of spectrum-valued

functors on C and D.

THEOREM 0.2. Let F' : C — D be a reduced functor that preserves filtered colimits. Then
there is a natural equivalence

O F ~ Nat(al(_)van(_ © F))a

where the right-hand side is the spectrum of natural transformations between two functors of
type Fp — Sp.
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Combining Theorems 0.1 and 0.2, we get new models for 9, F' that can be defined entirely in
terms of the first derivative construction for spectrum-valued functors, and Day convolution:

OnF ~ Nat(0;(—), 0" (— o F)). (0.3)

One unanswered question of [1] was whether such models can admit (unital and associative)
composition maps of the form

9.(G) 0 0. (F) — 8.(GF) (0.4)

which, in particular, provide the derivatives of the identity functor (or, indeed, any monad)
with an operad structure. The models given in (0.3) permit the construction of composition
maps of the form (0.4) for a wide range of co-categories. (In the case of pointed spaces and
spectra a simpler approach is due to Yeakel [24].)

When F is the identity functor I on a pointed compactly generated co-category C, equation
(0.3) takes the form

Onlc ~ Nat(dy,09™).

The symmetric sequence O0.Ic has an operad structure given by composition of natural
transformations, a so-called ‘coendomorphism operad’ for the object d; with respect to Day
convolution. In a similar way, for F': C — D, the derivatives of F' form a bimodule over the
operads 0,1c and O.Ip.

To be more precise, what we get are co-operads (in the sense of Lurie [21, 2.1]) and bimodules
over those oo-operads. We give explicit constructions of these objects in Sections 4 and 6.
Those constructions rely heavily on some technical constructions with symmetric monoidal
oo-categories: work of Lurie [21, 2.2.6] (on Day convolution) and of Barwick—Glasman—Nardin
[4] (on opposite symmetric monoidal structures). Combining these two pieces of work, we get
a (non-unital) symmetric monoidal co-category

Fun(fC1 Sp)op,®

whose underlying co-category is the opposite of the co-category of functors F¢ — Sp. (In fact,
we have to take care over size issues at this point, and replace F¢ with a small symmetric
monoidal subcategory, but we ignore that issue for the remainder of this introduction.)

Taking the suboperad of Fun(F¢,Sp)°?"® generated by d; then produces an oco-operad H?
that encodes the coendomorphism operad structure on 0,I¢ described above.

In Section 5, we focus on one principal example of our general theory: the case where C is the
oo-category of (non-unital) stable algebras over a stable co-operad O®. This example includes
oo-categories of structured ring spectra, such as E,,-ring spectra and spectral Lie algebras. Our
general result is a calculation of the cc-operad ]I? in this case:

THEOREM 0.5. Let O% be a stable co-operad and let Alge be the oo-category of non-unital
stable O®-algebras. Then H%lg(w is (Morita-)equivalent to O% itself.

By a Morita equivalence of stable cc-operads, we mean an equivalence between the oco-
categories of stable algebras over those oo-operads. We actually show a stronger result: that
]Ifilgo® contains O as a full suboperad, and it is the inclusion of that suboperad that induces
an equivalence between oco-categories of algebras.

Theorem 0.5 verifies a long-standing principle in Goodwillie calculus: that the derivatives
of the identity functor on a category of operadic algebras recovers the original operad. For
example, this principle can be seen on an arity-wise basis in the work of Harper and Hess
[18, 1.14]. Here we promote that principle to a full equivalence of (co-)operads. An alternative
approach to this calculation was recently introduced by Clark [10].
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In Section 6 we turn back to the derivatives of an arbitrary (reduced, finitary) functor F' :
C — D between pointed compactly generated oo-categories, and provide a precise construction
of the derivatives of F' as a bimodule over the co-operads 0. Ic and 0.Ip. By a bimodule over
two oo-operads, we mean a A'-family of co-operads (in the sense of Lurie [21, 2.3.2.10]) that
restricts to the given oo-operads over the endpoints of Al

For a pair of functors F' : C — D and G : D — &, our construction gives rise to a ‘composition’
map

® ® &
]D)G OI[% ]D)F — DGF'

We conjecture a chain rule, generalizing that of [1], which says that the above map is an
equivalence of (I, I¢)-bimodules.

Technical background

We use oco-categories, or quasi-categories, as our basic model for (oo, 1)-categories, yet very
little technical knowledge of this theory is required in Sections 1— 3 of the paper. Our two main
results about Goodwillie calculus depend only on basic homotopy theory such as properties
of homotopy limits and colimits. These results could be stated, and proved, in more or less
exactly the same way in the context of simplicial model categories instead.

In later sections, the theory of oco-categories, and in particular that of occ-operads, as
developed by Lurie, plays a much more concerted role. We rely heavily on [20, 21] as
references, though we do recall the basic principles of the theory of co-operads in Section 4.
We require two particularly technical constructions on symmetric monoidal oco-categories: the
Day convolution structure of [21, 2.2.6]; and the opposite monoidal oo-category construction
due to Barwick—Glasman-Nardin [4].

For the initial development of Goodwillie calculus in the context of co-categories, we rely on
[21, Chapter 6], though the reader will not need any of the technical details of that work.

Notation

We use letters such as C,D to stand for pointed compactly generated oo-categories, and the
symbol * to denote a null object in such. In particular, we have Top,, the oco-category of
pointed (small) Kan complexes, and Sp, the oo-category of spectra from [21, 1.4.3]. We also
use the standard adjunction

¥ Top, = Sp: Q.

For a pointed co-category C, we write Home (—, —) for (some model of) the pointed simplicial
set of maps between two objects of C. If C is stable, it admits mapping spectra which we denote
Map.(—, —), so that Home(—, —) ~ Q> Mape(—, —).

A pointed compactly generated co-category C admits tensors by pointed simplicial sets, which
we write with a smash product symbol. In particular, we have suspensions Z7z ~ S¥ A z for
x € C. Note that we then have natural equivalences of pointed simplicial sets

QL Home (z, —) ~ Home (2, —).

We often consider the oo-category of functors between two other oo-categories, which we
denote in the form Fun(C, D). When D = Sp, the co-category Fun(C, D) is stable in which case
we write

Natc(fv 7) = MapFun(C,Sp)(fa 7)'

This plays the role of a spectrum of natural transformations between two such functors.
We omit notation for the nerve construction: for example, Surj, is the nerve of the category
of finite pointed sets and pointed surjections.
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When we say limit or colimit, we almost always mean homotopy limit or colimit (and we
denote these as holim or hocolim). The exception is when constructing an oo-category, for
example as a pullback of other co-categories, in which case we intend a strict pullback in the
category of simplicial sets.

1. Goodwillie derivatives in co-categories

Let F': C — D be a reduced functor between pointed compactly generated oco-categories. Such
F has a Taylor tower constructed in this generality by Lurie [21, 6.1] following Goodwillie’s
original approach [16]. This tower is a sequence of functors of the form

F—---—PF—-P, \F— - — P F— PjF ~x,

where F' — P, F is initial (up to homotopy) among natural transformations from F to an
n-excisive functor. The nth layer in the Taylor tower is the fibre

D, F := hofib(P,F — P,_,F)

and D, F : C — D is an n-homogenous functor.

One of Goodwillie’s main results provides a classification of homogeneous functors, which
shows that the nth layer D, F' can be recovered from a symmetric multilinear functor A, F' :
Sp(C)™ — Sp(D) by the formula

D, F(X)~QF[AFEFX, ..., 55X )y, ],
where
X C=28pC): 0
is the stabilization adjunction for C; see [21, 6.1.4.7 and 6.2.3.22].
DEFINITION 1.1. Let F': C — D be a reduced functor between pointed compactly generated

oo-categories, and let A, F': Sp(C)™ — Sp(D) be the symmetric multilinear functor described
above. The nth derivative of F' is the functor

OnF : Sp(C)" x Sp(D)°? — Sp
defined by
0uF (X1, Xn3Y) i= Mapg,p) (Y, A F (X1, ..., X)),

where Mapsp(m(f, —) denotes a mapping spectrum construction for the stable co-category
Sp(D). In other words, we can think of 9, F' as the composite of A, F' with the stable Yoneda
embedding for the stable co-category Sp(D).

Note that 9, F is symmetric multilinear in the Sp(C) variables, and preserves all limits in
Sp(D)°P (that is, takes colimits in Sp(D) to limits in Sp).

EXAMPLE 1.2. When C and D are both either Top, or Sp, and F preserves filtered colimits,
the functor 0, F of Definition 1.1 is determined by the single spectrum (with ¥,,-action)
0, F(S°,...,8%8%,
where S° is the sphere spectrum. We write 0, F also for this individual spectrum, which is the
object typically referred to as the nth derivative of F' in this case.
ExXAMPLE 1.3. When D is Top, or Sp, there is an equivalence
OnF(X1,..., X0;8%) ~ AL F(Xy,...,X,).
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We also write this object as 9, F(X1,...,X,). More generally, whenever either C or D is T op.
or Sp, we may omit the corresponding arguments of the functor 0, F, in which case those
arguments are assumed to be the sphere spectrum S°.

2. Derivatives of spectrum-valued functors

We now turn to our first main result, which concerns the derivatives of spectrum-valued
functors.

DEFINITION 2.1. Fix a pointed compactly generated oo-category C and let F¢ be the full
subcategory of Fun(C, Sp) whose objects are the reduced functors C — Sp that preserve filtered
colimits. For objects X1, ..., X, € Sp(C), Example 1.3 says that we have a functor

On(—)(X1,...,X,) : Fc — Sp.
The goal of this section is to understand how these functors are related to one another for

varying n.

The relationship we are looking for is via a version of Day convolution (see [11]) for functors
Fc — Sp with respect to the following symmetric monoidal structures: on F¢ the objectwise
smash product of functors; and on Sp the ordinary smash product. Later in the paper, we work
with a symmetric monoidal co-category that represents this Day convolution, but for now it is
sufficient to describe convolution by its universal property.

DEFINITION 2.2. The Day convolution of A, B : F¢ — Sp, if it exists, consists of a functor
A® B: Fc— Sp
and a natural transformation of functors F¢ x Fe¢ — Sp of the form
a:A(-)AB(-) = (A®B)(— A —)
that induces equivalences of mapping spaces
Hompyy,(7e,sp) (A ® B, C) = Hompun(re x 7e,5p) (A=) A B(=),C(= A —))

for an arbitrary functor C' : F¢ — Sp. Note that we use the symbol A on the right-hand side to
denote both the smash product of spectra and the objectwise smash product on F¢. We define
convolution of more than two functors in a similar way.

REMARK 2.3. Definition 2.2 says that Day convolution is a left Kan extension and implies
that it is unique up to equivalence. In the cases we care about, we will prove existence directly,
primarily via Lemma 2.18.

The main result of this section is the following relationship between the nth and first
derivative constructions for functors from C to Sp.

THEOREM 2.4. Let C be a pointed compactly generated oo-category, and consider objects
X1,..., X, € Sp(C). Then there is a natural equivalence

where 0,, denotes the nth derivative construction for functors C — Sp, and ® denotes the Day
convolution of Definition 2.2.

85U8017 SUOWWOD SAIERID 3deat|dde au Aq peusenob a2 sajolie YO ‘8sn J0 el 1oy Akeld1TauljuQ AB|IM UO (SUOIPUOD-PUR-SLLIBY WD A8 | 1M AReiq U |Uo//Sdy) SUORIPUOD PUe Swis | 841 88S *[r202/20/yT] Uo Akiqi]auliuo A8|iM ‘ieiseyooy 10 A1sieAlun Ag 8SyZT SWIl/ZTTT 0T/I0p/Wo A8 | im Ake.d 1 |BulU0™20SyTewpuo|//:sdny woij pepeojumod ‘€ ‘120z ‘05..69T



1210 MICHAEL CHING

COROLLARY 2.5. When C = Top, or Sp, taking X, = --- = X,, = S° in Theorem 2.4 gives
the formula

~ A®
0, ~ 02"

REMARK 2.6. The Day convolution cannot be calculated objectwise. In particular, The-
orem 2.4 does not imply that the nth derivative of a particular functor F' : C — Sp can be
calculated from the first derivative of F' (which would clearly be false). Rather it says that 9, F’
can be calculated as a homotopy colimit of the form

87LF >~ hocolim 81G1 VARERIVAN 61Gn

GiN---NG,—F

calculated over the co-category of n-tuples of functors Gy, ...,G, withamap Gy A--- NG, —
F.

REMARK 2.7. Since Day convolution is, in fact, a symmetric monoidal structure, Theo-
rem 2.4 allows us to see that the collection of functors (9, ),>1 possesses additional structure.
Suppose we define a coloured operad I¢, enriched in Sp, with colours given by the objects of
Sp(C) and terms

Ie(X1,..., Xn;Y) =Natz, (01(=)(YV),01(—=)(X1) @ - - @ 01 (—)(Xn)), (2.8)

where Natr,(—,—) denotes a mapping spectrum construction for the stable oo-category
Fun(Fc, Sp). The operad structure is given by composition of natural transformations. It is
an easy consequence of Theorem 2.4 that the derivatives of any functor C — Sp form a right
module over the operad Iz. As stated, these operad and module structures are only associative
up to homotopy; a more precise definition of Iz as an co-operad is given in Section 4.

The remainder of this section consists of the proof of Theorem 2.4. This proof relies largely
on Goodwillie’s identification of the derivative as a multilinearized cross-effect. That is, we
have, for z1,...,z, € C and F :C — Sp:

A F (3w, ..., 55 T,) = h(zcolim QLer, F(ZJLacl7 ey Ean), (2.9)
—00
where A, F' is the symmetric multilinear functor that classifies the homogeneous functor D, F'.
(An oo-categorical version of this result follows from [21, 6.1.3.23 and 6.1.1.28].)
We also use the fact, extending [3, 3.13], that cross-effects of spectrum-valued functors can

be represented as natural transformation objects. To see this fact we first need a version of the
Yoneda Lemma in this context.

LEMMA 2.10. Let C be a pointed co-category, x an object of C, and F' : C — Sp a reduced
functor. Then there is a natural equivalence of spectra

Nate (X*° Home (2, —), F(—)) ~ F(x),

where Nate(—, —) denotes a mapping spectrum for the stable co-category Fun(C, Sp).

Proof. Any functor F': C — Sp admits a natural map
Home(z, —) — Homs, (F(z), F(—)) ~ Q% Mapg,(F(z), F(-))

which is basepoint-preserving when F is reduced and which corresponds by adjunction to the
desired map

F(z) — Nate(X*° Home (z, —), F(—)).
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To prove this map is an equivalence of spectra, it is sufficient to show that the induced map
QON " F(z) — Q%% Nate (2 Home (2, —), F(—))
is an equivalence of simplicial sets for all k € Z. We can identify the right-hand side with
Hompyy(c,sp) (Home (z, —), Q©RFF(-)),
and the claim follows from the ordinary Yoneda Lemma. O

We then have the following description of the cross-effects of a functor F': C — Sp.

LEMMA 2.11. Let C be a pointed oco-category. For any F' : C — Sp and objects z1,...,x, €
C, we have a natural equivalence

cry F(xq, ..., 2,) =~ Nate(X2°° Home (21, —) A - - - A X Home (2, —), F(—)).
Proof. The first cross-effect is the fibre
cry F(z) := hofib(F(z) — F(x)).
When G : C — Sp is reduced, the map
Nate (G, cry F) — Nate (G, F)
has inverse given by
Nat¢ (G, F) — Nate(cry G, cry F') ~ Nate (G, cry F).

Since we also have an equivalence cr,(cr; F) = cr, F, we can replace F' with cry F' in the
lemma, that is, we may assume that F' is reduced.

The case n = 1 now follows from Lemma 2.10. We describe the case n = 2. The general case
is virtually identical.

The nth cross-effect is defined as the total fibre of an n-cube (see [15]); for n = 2, this cube
takes the form

F(x1Vxe) —— F(x1)

crg F'(z1, 29) ~ thofib l J{

Using Lemma 2.10 we can write this square as
Nate (X% Home (21 V 22, —), F(=)) —— Nate(X*° Home (21, —), F(—))
Nate (X% Home (22, —), F(—)) —— Nate (2 Home (x, —), F/(—)).

Since Nate(X°°—, F') takes colimits (of Top.-valued functors on C) to limits (of spectra), we
therefore have

cry F(21,x9) ~ Nate (3 A(-), F(-)), (2.12)
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1212 MICHAEL CHING

where A(—) is the total cofibre of the 2-cube of spaces of the form

Home(*,—) ——— Home(z1, —)

| !

Home (2, —) — Home(z1 V 22, —).

That square can be written in the form

I Home(z1, —)
Home (23, —) — Home(z1, —) X Home (22, —).
(

But then the total cofibre A(—) is equivalent to the smash product
Home(z1, —) A Home (22, —)

which, together with (2.12), provides the desired equivalence. For the case of general n, the
key observation is that the total cofibre of an n-cube of pointed spaces of the form

)
i€s SC{1,...,n}

is equivalent to the smash product A; A--- A A,,. ([

It follows from Lemma 2.11 that the terms appearing in the homotopy colimit of (2.9) can
also be expressed in terms of natural transformation objects:

Q"er, (F)(Shay, ..., 2 z,) ~ Q" Nate (/\ ¥ Home (X2, —), F)
i=1

(2.13)

~ Natc (/\ 2 n 0 Home (2, —), F) ,

i=1
where the first equivalence is that of Lemma 2.11, and the second is built from several instances
of the adjunction (31, QF).

It remains to identify how these equivalences interact with the maps in the colimit in (2.9).

LEMMA 2.14. For reduced F :C — Sp and objects x1,...,x,, the following diagram of
spectra commutes up to equivalence:

Q“ber, F(SFay,..., %0, QUEAD o, (I g, 2 )
n N n
Nate </\ »onl Ol Home (2, —),F> £, Nate (/\ »oon Ol Home (2, —), F) ,

i=1 i=1
where the vertical maps are the equivalences of (2.13), the top horizontal map is (the
multivariable version of) the stabilization map t; appearing in Goodwillie’s construction of
the linearization of a functor (see [14, 1.10; 21, 6.1.1.27]), and the bottom horizontal map is
that induced by the counit

e : R — wEzo)f - »Eak.
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INFINITY-OPERADS AND DAY CONVOLUTION 1213

Proof. We illustrate with the case n = 1. The general case is similar. Since cr; F' ~ F for F
reduced, our diagram takes the form

LW F

QFFnlyy QI pnlitiy,

~ ~

L
*

OF Nate(2%° Home(2Ez;, —), F) ——— QF Nate(2°2Q Home (XF 2, —), F) (2.15)

~ ~

Nate (%20 Home (21, —), F(—)) ~— Nate(SFSEH10L Home (a1, ), F(—)),

where the bottom square commutes by naturality of €, and the top square is (2 applied to)
the L = 0 case of the lemma, with x; replaced by Z'x;. It thus is sufficient to consider the
case L = 0.

To do this, first recall how the map ¢ F' is constructed. Let D denote the diagram

1

!

I — St

where [ is a closed interval with one of its endpoints as the basepoint, and the two maps are
the inclusions into the two halves of the circle S*.

Two copies of the inclusion S° — I form a cone over D and induce the horizontal (and
diagonal) maps in the following commutative diagram:

F(x1) N hé)éilrjnF(A/\xl)
NJ(YII Nlholim Yanz,
Nate(Z“ HOIne(l‘l, —), F) — hgé%rl Nat@(zoo Home (A N1, _)7 F) (2_16)

\ [

Nate (X hnglljim Home(z1, —)*, F),

where Y, denotes the stable Yoneda embedding from Lemma 2.10 applied with object x, and the
right-hand bottom vertical map is a canonical equivalence involving the tensoring adjunction
for objects in C.

We now argue that the right-hand column of (2.16) can be identified with the right-hand
column in (2.15) by observing that since I is contractible, each homotopy limit/colimit is
a loop-space/suspension. That is, we have the following commutative diagram in which the
horizontal maps are induced by the equivalences * — I:

QFYa, - holim F'(A A 21)

Nj/QYle NJ/hOlim YA/\zl

Q) Nate (X Home(Xxq, —), F) — hfé%n Nate (X Home (A A 21, —), F)

- :

Nate (S50 Home (1, ), F) - Nate (3 hogolim Home (a1, -)*, F).
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1214 MICHAEL CHING

The top map of (2.16) is precisely ¢1 F', and it is easy to identify the bottom map with ¢* when
combined with the bottom map in the diagram above. O

Taking homotopy colimits as L — oo over the diagrams in Lemma 2.14, and applying (2.9),
we get the following result.

ProroSITION 2.17. For reduced F :C — Sp and objects xz1,...,x, € C, there is an
equivalence

AL F(ECx, ..., 50m,) ~ h%colim Natc (/\ »oulol Home (z;, —), F) ,
—00

i=1

where the maps in the homotopy colimit are induced by the counit map € : X0 — I.
We also require the following result about Day convolution of representable functors.

LeEMMA 2.18. For Fy,...,F, € F¢, we have an equivalence:

Nate(Fy A+ A Fp,—) ~ Nate(Fy,—) ® - - - @ Nate (Fp,, —).

Proof. We describe the case n = 2. The general case is virtually identical. According to
Definition 2.2, we have to produce a natural transformation

o Natc(Fh —) A Natc(F27 —) — NatC(F1 NFy, — A —)

which is given by taking the smash product of natural transformations.
We then have to show that a induces equivalences

HomF‘un(?g,Sp) (Nat@(Fl A Fy, —), A)
a*i

HomFun(?@ xFe,8p) (NatC(Fla _) A Nat@(FQa _)’ A(_ A _))

for arbitrary A : Fe¢ — Sp.

First note that since Nate(Fy A Fa, —) and Nate(Fy, —) A Nate(Fy, —) are reduced, it is
sufficient to prove a* is an equivalence when A is reduced. (This is because any natural trans-
formation out of a reduced functor between pointed oo-categories factors, up to equivalence,
via the universal reduction of its target.)

Now note that a functor of the form Nate(G,—) is linear and hence is equivalent to the
linearization of

220 Nate (G, —) ~ X Hompg, (G, —).
We therefore have an equivalence

Nate(G, —) ~ h%colim YFY® Hom g, (G, F(-))
—00

~ h%colim Y FY* Homg, (277G, -).

— 00

Similarly, the natural transformation « can be identified with the map
hocolim X 7*%%° Homg, (8" Fy A Fy, — A —)
k—o0

T

hocolim X =¥ =%253°° Homg, (X% Fy, —) A Homg, (X" Fy, —)

kl,k24)00
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INFINITY-OPERADS AND DAY CONVOLUTION 1215

given by inclusion into the term with k = k; + ko, and therefore, by the Yoneda Lemma (2.10),
the map a* is equivalent to

holim Q°SF AR F A Fy)
— 00

1
holim Q®ykitk g(x=F A Bk Ry)
k],kg-}OO

induced by projecting onto the term k = k1 + ko. This map is an equivalence since the diagonal
map N — N x N is final. O

REMARK 2.19. One way to interpret the proof of Lemma 2.18 is that the ordinary
Day convolution, as in Definition 2.2, is equivalent to a spectrally enriched version of Day
convolution, where the universal property is satisfied only with respect to spectrally enriched
(or, by [6, 4.22], exact) functors F¢ — Sp.

Theorem 2.4 is now a fairly simple consequence of Proposition 2.17 and Lemma 2.18, though
we have to be careful about how we extend to X,..., X, € Sp(C).

Proof of Theorem 2.4. We have to prove that for Xi,...,X, € Sp(C), the functor
On(—)(X1,...,X,) is a Day convolution of the form

01 (=)(X1) ® -+ @ 01 (=) (Xn)-

First suppose that X; = ¥2°z; where z1,...,x, are compact objects in C. In this case, we can
apply Lemma 2.18 with the functors F; = X*°%*Q" Home(z;, —) (which are in F¢ since each
x; is compact).

It follows easily from Definition 2.2 that the Day convolution commutes with colimits in
each variable, so we can take the homotopy colimit as L — oo of the result of Lemma 2.18 and,
using Proposition 2.17, we get

Ap(=) (X1, X)) 2 A (=)(X1) @ - @ Ag(=)(Xp). (2.20)

Recalling that 9, F (X1, ..., X,) ~ A, F(X4,...,X,) for spectrum-valued functors, we see that
(2.20) is precisely the desired equivalence in this case.

Next, note that arbitrary objects x1,...,x, in the compactly generated oco-category C can
be written as filtered colimits of compact objects. We can therefore recover the case of general
X1, ..., %, from (2.20)) since again the Day convolution commutes with filtered colimits.

Finally, consider the case of general X;,...,X,, € Sp(C). The linearization of the functor
YO is equivalent to the identity functor on Sp(C), that is,

X; = P1(3FOE)(X;) ~ hocolim QFerorehX;.
—00

In other words, an arbitrary object of Sp(C) can be built from suspension spectrum objects by
filtered colimit and desuspension, both of which commute with the Day convolution. We thus
obtain the case of general X, ..., X,, from that of suspension spectrum objects. O

3. Derivatives of arbitrary functors

In this section we describe models for the derivatives of an arbitrary (reduced) functor F': C —
D between pointed compactly generated co-categories. In particular, we deduce that the terms
in the coloured operad I described in Remark 2.7 are given by the derivatives of the identity
functor on C. This claim is a consequence of the following theorem.
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1216 MICHAEL CHING

THEOREM 3.1. For reduced F : C — D, X1,...,X,, € Sp(C) and Y € Sp(D), we have
OnF(X1,...,X;Y) ~Natr, (01(=)(Y),00(— 0 F)(X4,..., X,)).

COROLLARY 3.2. For any pointed compactly generated oco-category C, we have

Onle(X1,. .., Xn:Y) = Natr, (91 (=)(Y), 0n(=)(X1, ..., Xn)).

ExXAMPLE 3.3. When C =D = T op.., we have
OnF ~ Nat(01,0,(— o F))
and, in particular,
Onlc =~ Nat(dy,0,) ~ Nat(01,07").

In other words, the derivatives of the identity functor on T op, form the coendomorphism operad
of the functor 9 : Fun(T op.,Sp) — Sp with respect to Day convolution. In [7] an operad
structure on these derivatives was constructed by taking the Koszul dual of the commutative
operad in spectra. It is not obvious that these two operad structures on 0,I71,,. are equivalent,
though, as we will see in the proof of Theorem 3.1, both depend on the cosimplicial resolution
of the identity functor via the adjunction (3°°,Q°°), making a connection plausible.

Before giving the proof of 3.1, let us construct the map that realizes the desired equivalence.
That map is based on a natural transformation

¢ AMG(ALF(X, ..., X)) = An(GF)(X1,..., X,) (3.4)

which we now define for F': C — D reduced and G : D — Sp reduced and preserving filtered
colimits.

DEFINITION 3.5. With F' and G as above, there is a natural transformation of symmetric
functors C" — Sp

d":Gerp, F — cr,(GF)

coming from the definition of the cross-effect as a total homotopy fibre. Taking multilineariza-
tion of ¢”, we get a map of symmetric multilinear functors C" — Sp:

1(cr, (GF))

.....

.....

which corresponds to a map of symmetric multilinear functors Sp(C)™ — Sp which we can
write

c: Ay 1(cr, (GF)).

..........

The target of ¢ is equivalent to A, (GF') by [16, 6.1] (or [21, 6.1.3.23] in the oco-categorical
setting). To identify the source of ¢ with A1G(A,F) we apply [21, 6.2.1.22], that is, the
multivariable version of the Klein—-Rognes [19] chain rule for first derivatives.

DEFINITION 3.6. For any reduced G : D — Sp, the functor A1G = 0,G : Sp(D) — Sp is,
by definition, linear, and hence enriched over Sp, at least up to homotopy. In other words we
have natural maps

Mapg,p) (Y, AnF (X1, .., X)) = Natr, (A1 (=)(Y), A1 (=) (AnF (X1, ..., Xn)))-
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INFINITY-OPERADS AND DAY CONVOLUTION 1217

Composing with our map ¢ from (3.4) we get
Mapg, ) (Y, AnF (X1, ..., X)) = Natz, (A (=) (Y), Ap(= 0 F)(X1,...,Xy)) (3.7)

which is the form of the equivalence required by Theorem 3.1.

Proof of Theorem 3.1. First note that each side of the desired equivalence commutes with
desuspension and filtered colimits in the variable Y. The argument in the proof of 2.4 implies
that it is sufficient to consider the case Y = X%y for some compact object y in the compactly
generated oco-category D.

Using Proposition 2.17, the right-hand side of the desired equivalence can be written in the
form

holim Nat r, (Natp (2210 Homp (y, e), =), 0n(— 0 F)(X1,..., X))
—00

which, by a stable version of the Yoneda Lemma [22, 6.4], is equivalent to

holim D, (22O Homp (y, F)) (X1, ..., X,).
—00

On the other hand, for the left-hand side of the desired result, we have an equivalence
O F(X1,...,X0;55y) ~ 0,(Homp(y, F))(X1,...,Xp)
which follows from the fact that
Homp(y, A, F) ~ A, (Homp(y, F))

for a compact object y € D.
It is now sufficient to show that, for reduced G : C — Top., there is a natural equivalence

a:0,G = liolim&L(Z“ELQLG), (3.8)
—00
where the map a has components given by
AL (G) = A(ZFEEFANAL(G) 5 AL (222l0RG)

with ¢ as in (3.4). This claim contains the real substance of the result we are trying to prove,
and it occupies the majority of our effort here.

We first show that « is an equivalence when G = Q°°G for some G : C — Sp (in which case
note that 9,,G ~ 9,,G). Then there is a map

B+ holim O (Z°2EQEO0*G) — 0,6
—00

given by projection onto the L = 0 term followed by the counit of the adjunction (3°°, Q).
It is easy to check from the definitions that Sa is equivalent to the identity. It is therefore
sufficient to show that 3 is an equivalence.

For this task, we need an instance of the chain rule for spectrum-valued functors which tells
us that there is an equivalence

0 (B°BFP07G) ~ [ 06(E*EQ"Q®) A 0, G A -+ A D, G,
P(n)
where P(n) is the set of unordered partitions of the set {1,...,n}, where ny,...,n; denote the
sizes of the pieces of a partition, and where we have suppressed the dependence on variables
X1,..., X, € Sp(C) for the sake of readability. This result is a generalization of the main

theorem of [8] with a similar proof. Details are provided in Appendix A.
The source of the map S thus splits as

[] holim [0k(Z°2LQEQ°) A D, G A - A D, G (3.9)
—00
P(n)
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1218 MICHAEL CHING

and S is given by projection onto the term corresponding to the indiscrete partition, that is,
with k£ = 1. (Note that in this term all the maps in the inverse system are equivalences and the
homotopy limit is just 9,G.)

A standard calculation shows that 0y (Z°XL0L0®) ~ §—L(E=1) 4 negative-dimensional
sphere spectrum. The maps in the inverse systems in (3.9) are induced by the counit XQ — T
via maps

6k(EooEL+1QL+IQoo) N 8k(EocZLQLQoo)

and hence are trivial when k > 1 for dimension reasons. It follows that the homotopy limits
appearing in (3.9) are trivial when k& > 1, and hence that the projection map $ is an equivalence.
This completes the proof that the map « is an equivalence when G = Q>°G.

Now consider arbitrary reduced G : C — Top,. There is a commutative diagram

9.G Tot 8, (2 (E°0Q®)*T°G)

c{ JTM

holim 8, (Z*°SFQYG) 5 Tot holim 9, (2°SLQFQ® (2°0>)* 2>q),
L—oco L—oco

where Tot denotes the totalization of cosimplicial spectra which are built from the (X, Q)
adjunction. The horizontal maps are equivalences by induction on the Taylor tower of G (by
the argument of [1, 4.1.1] and using the fact that Tot commutes with holim), and the right-
hand vertical map is an equivalence by the case already considered. Therefore the map « is an
equivalence for arbitrary G. This completes the proof of Theorem 3.1. O

REMARK 3.10. A key part of the proof of Theorem 3.1 was the construction of the
equivalence

a: 9,G = holim 9, (2°2L0E@)
L—oo

for a functor G : C — Tops. In particular, when G = I7,,,, we get
DuI70p. = holim 9, (X°XFQF).
L—oo

The terms in the homotopy limit on the right-hand side turn out to be equivalent to the operads
K(EL) given by the Koszul duals of the stable little L-discs operad, themselves equivalent to
desuspensions of those little disc operads by [9], and this formula expresses 0.I7,p, as the
inverse limit of a ‘pro-operad’. Similarly, we have an equivalence

D.1s, =~ 0.0 ~ holim 8, (X XFQFQ) ~ holim S~F
p L—oo L—oo

which expresses 0, s, as the inverse limit of a pro-operad whose components are certain operads
S—L formed by desuspensions of the sphere operad.

In [3], Arone and the author showed that these two pro-operads classify the Taylor towers of
functors Top. — Sp and Sp — Sp, respectively. We believe that an analogous pro-operad can
be constructed for any pointed, compactly generated oco-category C. The inverse limit of this
pro-operad is equivalent to the operad 0,Ic and modules over the pro-operad should classify
the Taylor towers of functors C — Sp.

REMARK 3.11. Theorem 3.1 provides models of the derivatives of a functor F' : C — D that
admit natural composition maps in the following sense. Define a collection Dy of spectra by

Dp(Xy,. . X03 V) i= Natzp, (91 (=)(Y), (01(=)(X1) © -+ @ 01(=)(Xn)) (= 0 F))
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INFINITY-OPERADS AND DAY CONVOLUTION 1219

for X1,...,X,, € Sp(C) and Y € Sp(D). By Theorem 3.1, these spectra are the derivatives of
F. Note that Dy, is the same collection of spectra as in the coloured operad I¢ in Remark 2.7.

Now suppose we have reduced functors F':C — D and G : D — £ that preserve filtered
colimits. Then we can build maps of the form

Dg(Yl, e, Y Z) /\]D)F(XI;Yl) N... /\DF(X,C;Y]C)

|

DGF(XU"')XIC;Z)?

where Z € Sp(€), Y1,...,Y, € Sp(D) and each X, is a sequence of objects in Sp(C). In
particular, the derivatives Dr form a bimodule over the operads I and Ip described in
Remark 2.7, at least up to homotopy. This structure is made precise, in the context of
oo-operads, in Section 6.

4. Stable co-operads and derivatives of the identity

In this section we provide a formal definition of the operad Iz of Remark 2.7 in the context of
Lurie’s theory of oo-operads. Here is an outline of our main construction.

We start by describing a symmetric monoidal oco-category that represents the objectwise
smash product of functors C — Sp, and hence the desired monoidal product on F¢. Then we
turn to the Day convolution, using a construction of Lurie to describe a symmetric monoidal
oo-category that represents the convolution of functors F¢ — Sp.

Some care is needed here because the co-category F¢ is not small. However, it is generated
under filtered colimits by a small symmetric monoidal subcategory F¢. We construct a
symmetric monoidal oco-category Fun(Fg, Sp)® that represents the Day convolution of functors
F¢ — Sp, and note that the proof of Theorem 2.4 carries over to this context.

As Remark 2.7 shows, we are interested in morphisms into the Day convolution rather
than out of it, so we next apply work of Barwick, Glasman and Nardin [4] to construct a
symmetric monoidal co-category Fun(Fg,Sp)°?® with the same monoidal product, that is,
Day convolution, but with the opposite underlying co-category.

Finally, in Definition 4.19, we restrict to the full subcategory of Fun(Fg, Sp)°”® generated
by those objects of the form 8;(—)(X) for X € Sp(C). The resulting co-operad I$ is a precise
version of the operad described informally in Remark 2.7.

We should also note that all the co-operads appearing in our work, including the symmetric
monoidal structures, are non-unital in the sense that they do not encode unit objects. We start
our description of these constructions by recalling the basic theory of co-operads from [21] with
some slight adjustment to take into account our focus on the non-unital case. The language
of (co)cartesian edges and fibrations from [20, 2.4] features heavily in the remainder of this

paper.

DEFINITION 4.1. Let Surj, be the category whose objects are pointed finite sets and
whose morphisms are surjections which preserve the basepoint. We write (n) := {*,1,...,n}.
A morphism in Surj, is inert if the inverse image of every non-basepoint contains exactly
one element. For example, let p; : (n) — (1) denote the inert morphism with p;(7) = 1 and
pi(j) = = for j # i. A morphism is active if the inverse image of the basepoint consists only of
the basepoint.

A non-unital co-operad is a map of co-categories of the form

p: 0% = Surj,

that satisfies the following conditions:
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(i) for every object X € O%, every inert morphism « in Surj, with source p(X) has a
p-cocartesian lift @ in O% with source X;
(ii) for every m > 0, the p-cocartesian lifts p; determine an equivalence of co-categories
=90 o (R \n
p:0 y = (O(1>)n

(n

where OZ‘% denotes the fibre p~1((n));
(iii) for every morphism « : (m) — (n) in Surj, and every pair of objects X, Y € O® with
p(Y) = (n), the p-cocartesian lifts p; : ¥ — Y; determine an equivalence

H0m0® (X7 X)oc — H HOm(/)® (Ka Yti)p,i «
=1

between spaces of morphisms for the co-category O%; we use a subscript to denote the
subspace consisting of those morphisms that map by p to the given map in Surj,.

Since all oco-operads appearing in this paper are non-unital, we drop that adjective. We also
commonly leave the map p implied and refer to the oo-operad O®. We write O = (9‘<®1> and

refer to this as the underlying oo-category for the oo-operad O%.

REMARK 4.2. An object X € O% with p(X) =S can be identified with a collection of
objects of @ indexed by S: a bijection « : S 2 (n) induces a sequence of equivalences

® @ [N I
0§ S 05, ~or=]Jo.
S

Based on this observation, we typically use a finite sequence of objects in O as a representative
for an arbitrary object of O®. For example, in part (iii) of Definition 4.1 we identify the object
Y with the sequence (Y1,...,Y,).

REMARK 4.3. An ooc-operad OF is an oo-categorical version of a simplicial coloured operad
whose colours are the objects of the underlying oo-category O. Given objects X1,...,X,,Y €
O, for n > 1, we write

HOHl(g@ (Xl, e ,Xn; Y) = Hom@®((X1, . 7X")’Y)<7L>—><1>

for the fibre of the morphism space in O% over the unique active morphism (n) — (1) in Surj,.
We call these spaces the multimorphism spaces of the co-operad O%. They admit composition
maps that are associative up to homotopy and through which we can view O% as the analogue
of a coloured operad (or symmetric multicategory) enriched in simplicial sets. The definition
of oco-operad ensures that all mapping spaces for O%® are determined by the multimorphism
spaces described here.

DEFINITION 4.4. Given co-operads p; : OY — Surj, and py : OF — Surj,, a map of oo-
operads g : (9f9 — (’)S9 is a functor g such that ps o g = p1, and that sends pj-cocartesian lifts
in (9? of inert maps in Surj, to ps-cocartesian lifts in (’)%Z’. An equivalence of oo-operads is a
map of co-operads that is an equivalence on the underlying co-categories.

DEFINITION 4.5. Let p: O® — Surj, be an oo-operad, and let O be a full subcategory of
the underlying co-category ©O. Then we let O'® be the full subcategory of O® whose objects
are those equivalent (via the identifications of Remark 4.2) to sequences (X1,...,X,) where
X1,...,X, € O The restriction of p to O'® is also an oco-operad, and the inclusion O’'® — O%
is a map of oco-operads. We refer to O'® as the suboperad of O® generated by O'.
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DEFINITION 4.6. A non-unital symmetric monoidal oo-category is a mnon-unital oo-
operad p : C® — Surj, such that p is a cocartesian fibration. This condition implies that for
Xq,...,X,, Y €C, we have

Homes (X1,...,X,;Y) ~Home (X7 ® -+ - ® X,,,Y)

for some object X; ® --- ® X,, that depends functorially on X1i,...,X,, and such that the
operation ® is associative and commutative up to higher coherent homotopies. This definition
mimics the way in which a symmetric monoidal category can be expressed as a coloured operad.

A map of co-operads g : C{ — C5’ between non-unital symmetric monoidal co-categories is
symmetric monoidal if it takes all cocartesian morphisms in C? to cocartesian morphisms in

cs.
The oc-operads we study in this paper are stable in the following sense.

DEFINITION 4.7. An oc-operad OF is stable if the underlying oo-category O is stable (in
the sense of [21, 1.1.1.9]) and, for each n > 1, the functor

(0P x O = Top; (X1,...,X,,Y)—~ Hompe (X1,...,X,;Y)

preserves finite limits in each variable. In that case, those functors are linear in each variable
and so factor via corresponding spectrum-valued functors which we denote

Mappe (X1,..., X Y).

We refer to these objects as the multimorphism spectra of the stable co-operad O%.

EXAMPLE 4.8. A symmetric monoidal co-category C® is stable if and only if C is stable
and the monoidal product ® is exact (that is, preserves finite limits and finite colimits) in each
variable. In that case we have

Mapee (X1, ..., Xpn, Y) @ Map,(X: ® --- ® X,,,Y).

EXAMPLE 4.9. There is a non-unital symmetric monoidal co-category Sp” — Surj, whose
underlying co-category is Sp and whose monoidal structure represents the ordinary smash
product of spectra. See [21, 4.8.2] for the unital version which is a cocartesian fibration Sp), —
Fin,. The corresponding non-unital co-operad is given by pulling back this fibration along the
inclusion Surj, — Fin,.

EXAMPLE 4.10. Let O be a stable co-operad with O equivalent to the co-category of finite
spectra. Then the multimorphism spectra for O% are determined by their values on the sphere
spectrum. In particular, the data of O® are determined by the symmetric sequence of spectra

O(n) := Mappe (SY,. .., 5% S%)
N——

together with appropriate composition maps (that are associative up to higher coherent
homotopies). In this way, O® can be viewed as the oo-categorical version of an ordinary
monochromatic operad of spectra.

We now turn to the main subject of this section, and we start with the construction of a
symmetric monoidal co-category that represents the objectwise smash product on F¢.
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Construction 4.11. Consider the pullback of simplicial sets of the form

Fun(C, 8p)" — Fun(C, 8p™)

o

Surj, —— Fun(C, Surj,)

where the right-hand map is induced by the cocartesian fibration Sp™ — Surj, and the bottom
map sends a finite pointed set to the constant functor with that value. The induced map p¢ is
then also a cocartesian fibration of co-operads, with fibres

Fun(C,Sp)?m ~ Fun(C,Sp?m).
Thus pc is a (non-unital) symmetric monoidal oo-category with underlying oo-category
Fun(C, Sp) and monoidal product given by the objectwise smash product of functors; see [21,
2.1.3.4].

DEFINITION 4.12. Let F5 — Surj, denote the restriction of the symmetric monoidal oco-
category pe of Construction 4.11 to the full subcategory generated by those functors C — Sp
that are reduced and preserve filtered colimits. Since this collection of functors is closed under
the objectwise smash product, F{' is also a non-unital symmetric monoidal co-category. (Note
that we are forced to deal with a non-unital symmetric monoidal structure because the unit
object for the objectwise smash product is not a reduced functor.)

Our next goal is to describe a non-unital symmetric monoidal co-category that represents the
Day convolution of functors introduced in Definition 2.2. We use a construction of Lurie from
[21, 2.2.6]. Glasman [13] describes a similar construction for ordinary (that is, not non-unital)
symmetric monoidal co-categories.

Construction 4.13. Let C® and D® be non-unital symmetric monoidal oco-categories such
that C is small, D admits all small colimits, and the monoidal structure on D preserves colimits
in each variable. Applying [21, 2.2.6.7] with O%® = Surj,, we get a non-unital symmetric
monoidal oo-category Fun(C,D)® with the following universal property: for any oo-operad
A® there is an equivalence between the oo-categories of co-operad maps A% — Fun(C,D)®
and oo-operad maps A® Xguj C¥ — D%,

We would like to apply 4.13 to functors F¢ — Sp, but since F¢ is not small, we cannot do
this directly. However, F¢ is a compactly generated co-category, that is, is generated under
filtered colimits by the small subcategory F¢ of compact objects.

LEMMA 4.14. Let C be a pointed compactly generated oo-category. Then the oo-category
Fc is compactly generated and the subcategory Fg of compact objects is closed under the
objectwise smash product of functors.

Proof. Let R C F¢ be the full subcategory generated by the representable functors, that is,
those of the form R, := £*° Home¢(z, —) for some compact object « € C. It is a standard conse-
quence of the Yoneda Lemma 2.10, and the fact that equivalences in F¢ are detected objectwise
on compact objects in C, that an arbitrary F' € F¢ is the colimit of the canonical diagram

F ~ colim R,,
R,—F
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indexed by the overcategory R . It follows, by the argument of [20, 5.3.4.17], that an arbitrary
F' is a filtered colimit of finite colimits of diagrams in R, and therefore that the compact
objects in F¢ are the retracts of those finite colimits. In particular, F¢ is compactly generated.

Finally, from Lemma 2.11 it follows that the objectwise smash product of two representable
functors is compact, since the cross-effect construction commutes with filtered colimits. Thus,
the objectwise smash product of any two compact functors is compact. O

DEFINITION 4.15. Let (Fg)" — Surj, be the suboperad of the symmetric monoidal oco-
category pc of Definition 4.12 generated by the compact objects in F¢. By [21, 2.2.1.1], this
suboperad is an essentially small stable symmetric monoidal co-category.

DEFINITION 4.16. Applying Construction 4.13 to the symmetric monoidal co-category of
the previous paragraph, we get a new stable non-unital symmetric monoidal oco-category

qe : Fun(Fg, Sp)® — Surj,.
To proceed to the definition of the oco-operad ]Ié@, we need one more general construction.

Construction 4.17. Let g : £® — Surj, be a non-unital symmetric monoidal co-category.
Then Barwick, Glasman and Nardin [4, 3.6] define another non-unital symmetric monoidal
oo-category qV:°P : £°P€ s Surj, that represents the induced symmetric monoidal structure
on the opposite co-category of £. Note that when £% is stable, so is £P®.

DEFINITION 4.18. Applying 4.17 to the non-unital symmetric monoidal co-category g¢ of
Definition 4.16, there is a stable non-unital symmetric monoidal co-category
g2 " : Fun(Fg, Sp)P® — Surj,

that represents the monoidal structure corresponding to Day convolution on the opposite
oo-category of the category of functors F¢ — Sp. Note that the multimorphism spectra in
Fun(Fg,Sp)°P:® are given by the mapping spectra

Nat]:g(A, Bl ®---R Bn)7
where ® denotes the Day convolution of functors F¢ — Sp. Comparing with Remark 2.7, this

observation motivates the following definition, which is the central construction of this paper.

DEFINITION 4.19. Let C be a pointed compactly generated oo-category. Then let ]I? be
the suboperad of the symmetric monoidal co-category Fun(Fg, Sp)°P® generated, in the sense
of 4.5, by those objects essentially of the form

A (=)(X): F¢ — Sp
for X € Sp(C). We usually denote the object 91 (—)(X) of the underlying co-category Ic simply
by X.
PropPOSITION 4.20. The co-operad ]I? is stable and has multimorphism spectra
Mapﬂ? (X1,.., X, Y) =0, 1c(Xy,..., X Y).

In particular, the underlying co-category of ]I? is equivalent to Sp(C)°P.

Proof. Since H? is a full subcategory of a stable symmetric monoidal oco-category, it has
multimorphism spectra given by

Mapﬂ? ()(17 ce ,Xn;Y> ~ Nat]:g (81(—)(Y), 81(—>(X1) (SR 81(—)(Xn))
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Note that the tensor symbol on the right-hand side here denotes Day convolution for functors
F¢ — Sp, rather than F¢ — Sp, so we cannot directly apply Theorem 2.4. However, the
functors 01 (—)(X;) and 9,(—)(X1,...,X,) all preserve filtered colimits, so are equivalent to
the left Kan extensions of their restrictions to F¢ C F¢ (by [20, 5.3.5.8(2)]). It follows that
the Day convolution calculated in the subcategory F¢ is equivalent to that calculated over F¢.
We thus have, by Theorem 2.4,

Maplg@ (Xl, . 7Xn; Y) >~ Nat]:g (81(—)(Y),8n(—)(X1, . ,Xn))
Since 01(—)(Y) also preserves filtered colimits, a similar argument implies that in fact

Mapﬂgg (X1,...,Xn;Y) = Natr, (01(=)(Y), 0n(—)(X1, ..., X3))

which yields the desired formula by Corollary 3.2.
In particular, the underlying oco-category of Hé@ has mapping spectra

Mapy, (X, Y) = 8, (Ic)(X;Y) =~ Mapg, ¢ (Y, X)

so is equivalent to Sp(C)°P. It also now follows that the oo-operad ]I? is stable. |

REMARK 4.21. It is sometimes convenient to restrict H? to the small co-operad ]T? C H?
whose underlying objects are the functors 9;(—)(X) for compact objects X in Sp(C). Since
Sp(C) is compactly generated by [21, 1.4.3.7], those compact objects generate Sp(C) under
filtered colimits. Moreover, the functor 9, I¢ preserves filtered colimits in each of its variables,
and so the previous proposition shows that the co-operad ]I? is determined by its restriction
to these compact objects in a canonical way.

REMARK 4.22. The oc-operad Hé@’ satisfies the additional property of being corepresentable
in the sense of [21, 6.2.4.3], that is, the structure map I$ — Surj, is a locally cocartesian
fibration. In other language, we can think of ]I? as encoding an oplax normal symmetric
monoidal structure on the underlying oco-category Sp(C)°P or, equivalently, a lax normal
symmetric monoidal structure on Sp(C) in the sense of [12].

More explicitly, this lax monoidal structure consists of the functors

A, (Ie) : Sp(C)" — Sp(C)

associated to the layers in the Taylor tower of Ic, together with suitably compatible natural
transformations

A"(Ic)(Xl, .. '7AT‘(IC)(Y1; .. .,YT), Ce ,Xn) — A77,+r—1(IC)(X17 R 7Y1, A ,Yr, .. ,Xn)

Such a structure is also referred to sometimes as a functor-operad [24, 2.7].
LEMMA 4.23. The oo-operad map ]I? — Surj, is a locally cocartesian fibration.
Proof. This follows from [21, Remark 6.2.4.5] and the natural equivalences

Mapﬂgg (X1, s X3 YY) = 0 (Ie) (X, -, Xy V) = Mapg, o) (Y, An (o) (X1, -0 Xn))
of 4.20 and 1.1. g

We have therefore proved the following result, which verifies [21, Conjecture 6.3.0.13].

PROPOSITION 4.24. Let C be a pointed compactly generated co-category. Then there is a
stable corepresentable co-operad H? with underlying co-category Sp(C)°? whose corresponding
lax monoidal structure consists of the symmetric multilinear functors

An(Ie) : Sp(C)" — Sp(C)

associated to the Taylor tower of I¢.
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REMARK 4.25. One would expect there to be a close relationship between the co-operad H?
constructed here and Lurie’s co-operad Sp(C)® of [21, 6.3.0.14]. As described in [21, 6.3.0.17],
we expect these two oo-operads to be Koszul dual, but as far as we know a theory of Koszul
duality for (stable) co-operads has not yet been sufficiently developed to allow this conjecture
to be verified.

5. Stable algebras over co-operads

We now turn to our main example: the case where C is an oo-category of algebras over a
(non-unital) stable co-operad. In particular, this covers the ‘classical’ case of algebras over a
(reduced) operad of spectra: for example, the reader may have in mind (non-unital) A..- or
FE-ring spectra.

Let O% be a stable non-unital co-operad, and let Algs be the category of stable O®-algebras
defined in 5.1. It is a well-known slogan in Goodwillie calculus that the derivatives of the identity
functor on Algne should be equivalent to O itself. For example, in the monochromatic case a
model for the Taylor tower for the identity on Algne is constructed by Pereira in [23], where
the derivatives can be read off directly as the terms of the operad O%. This tower was also
studied by Harper and Hess in [18]. The goal of this section is to improve that slogan to a
version that takes the operad structures into account.

We are therefore interested in comparing the oo-operad H%l fon’ given by applying Defini-
tion 4.19 to Algpe, with the co-operad OF itself. We will see, however, that the underlying
oo-categories of these two oo-operads are not equivalent, thus precluding an actual equivalence
of oo-operads. Instead, we can identify Hﬁlg@@ with an oc-operad Pro(0)®”" whose underlying
oo-category is that of pro-objects in (0. There is a fully faithful embedding of O into
Pro(0)®”, so we can identify O% with a full suboperad of H%go@’

Moreover, we show that the inclusion of this suboperad induces an equivalence

Algﬂéé — Algo®
Alg g
which we take to mean that H%lgo@’ is Morita-equivalent to O®. This is our most precise version
of the slogan mentioned at the beginning of this section.

DEFINITION 5.1. Let O® be a small stable non-unital co-operad. A stable O%-algebra is a
map of (non-unital) co-operads

X:0% = Sph

such that the underlying functor X : O — Sp is exact. Let Alg,e denote the oco-category of
stable O®-algebras, a full subcategory of Fun(O%, Sp™).

EXAMPLE 5.2. Let O be an ordinary reduced monochromatic operad in the symmetric
monoidal model category of spectra. As described in Example 4.10, O corresponds to a stable
oc-operad O® whose underlying co-category is equivalent to Sp“, the oo-category of finite
spectra. The oco-category Alg,s is then equivalent to that of fibrant—cofibrant objects in the
projective model structure on the category of (non-unital) O-algebras. For example, if O is
the ordinary commutative operad, then Alg,s is equivalent to the oo-category of (non-unital)
E-ring spectra.

LEMMA 5.3. For a small stable non-unital co-operad O® the co-category Algqe is pointed
and compactly generated.
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Proof. Let Algghs be the co-category of all O%-algebras in Sp (that is, the oo-operad maps
0% — Sp” with no restriction on exactness of the underlying functor). Then we have a pullback
of co-categories:

Algoe ———— Algoe

| I

Fun®(0, 8p) = Fun(0O, 8Sp),

where Fun® (0, Sp) C Fun(O, Sp) is the subcategory of exact functors.

The oo-category Algphs is compactly generated by [21, 5.3.1.17], and the forgetful functor U
has a left adjoint by the adjoint functor theorem [20, 5.5.2.9], since limits and filtered colimits
of O-algebras are calculated objectwise by [21, 3.2]. The oco-category Fun® (O, Sp) is closed
under all limits and colimits in Fun(O, Sp) and the inclusion admits a left adjoint Dy given
by the Goodwillie excisive approximation (applied to the reduction of a functor O — Sp). It
follows from [20, 5.5.7.3] that Fun®* (O, Sp) is compactly generated.

By [20, 5.5.3.18], the pullback diagram above is also a pullback in the oo-category of
presentable co-categories and right adjoint functors. It follows that the inclusion Algns —
Alghs has a left adjoint, and so, by [20, 5.5.7.3] again, Algne is compactly generated. Finally,
Alg e is pointed with the constant trivial functor as a null object. O

REMARK 5.4. The proof of Lemma 5.3 also shows that the forgetful functor
U: Algpe — Fun®™ (0O, Sp)
has a left adjoint F, the free (stable) O®-algebra functor.
We now wish to calculate the derivatives of the identity functor on Algye, and the first

step is to identify the stabilization of this co-category of algebras. The following result is a
generalization of a theorem of Basterra and Mandell [5].

PROPOSITION 5.5. Let O® be a small stable non-unital oo-operad. Then there is an
equivalence of co-categories
Sp(Algps) = Fun™(0, Sp),
where O is the underlying co-category of O, and the right-hand side is the oo-category of
exact functors O — Sp.
Proof. We apply a version of [21, 7.3.4.7] to the stable O-monoidal co-category
0% Xguj. Sp’* — O%.

That result is stated by Lurie for unital co-operads, but a similar proof applies in the non-unital
case. In particular, we apply [21, 6.2.2.17] to the free-forgetful adjunction between Algys and
Fun™ (0, Sp). O

Proposition 5.5 implies that Hﬁlgo@ is an oc-operad whose underlying oo-category is
equivalent to Fun® (0, Sp)°P. That oo-category, however, has another interpretation.

DEFINITION 5.6. Let C be a small co-category that admits finite limits. Then the oo-category
of pro-objects on C is the full subcategory

Pro(C) € Fun(C, Top)??
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consisting of those functors C — Top that preserve finite limits (see [20, 5.3.5.4] for a dual
description of ind-objects).

LEMMA 5.7. IfC is a small stable co-category, then composition with 1°° determines an
equivalence

Fun®*(C, Sp)°? — Pro(C).
In particular, for a small stable co-operad O, there is an equivalence

Sp(Algne )P ~ Pro(0).

Proof. A functor C — Top that preserves finite limits is excisive and linear (since C is stable)
and hence by [21, 6.1.2.9] factors via 2°° and an exact functor C — Sp. Conversely, any functor
that factors in this way preserves finite limits. O

EXAMPLE 5.8. Let O® be a stable non-unital oc-operad whose underlying co-category is
that of finite spectra, corresponding to an ordinary operad O of spectra as in Example 4.10.
Then Sp(Algps) ~ Sp, and H%lgog) is a corepresentable stable non-unital oo-operad whose
underlying oco-category is equivalent to Pro(Sp®) ~ Sp°?. Such an object can also be identified
with an ordinary operad O.

The goal of the rest of this section is to identify the oo-operad structure on Pro(Q) that
corresponds to the derivatives of the identity on Algye. To describe that structure we use the
monoidal envelope construction.

DEFINITION 5.9 [21, 2.2.4.1]. Let O% — Surj, be a small non-unital oo-operad. The
symmetric monoidal envelope of O® is the non-unital symmetric monoidal co-category

0%, — Surj,,

act

where 02, := 0% X gy, Act(Surj,) and Act(Surj,) is the category of active morphisms in
Surj, (where objects are active morphisms and morphisms are commutative squares).

The objects of the underlying oo-category Og.; can be identified with the objects of O%,
that is, finite sequences of objects in O. For each n > 0, we can identify O™ with a subcategory
of O,.t, whose objects are the sequences of length n and whose morphisms are those that cover
the identity map on (n). Note that the empty sequence (the case n = 0) is disjoint from the
rest of the co-category O,.+ because there are no active surjections between (0) and any other
object of Surj,.

REMARK 5.10. The symmetric monoidal oco-category OF., has the following universal
property: for any symmetric monoidal oco-category D®, there is an equivalence between the
oo-category of co-operad maps O — D® and that of symmetric monoidal functors O%,, — D®.

The oo-operad structure on Pro(Q) is based on a version of Day convolution for functors
Ouct — Sp that are exact in the following sense.

DEFINITION 5.11. We say that F: O, — Sp is exact if, for each n > 1, the restriction
F|on : O™ — Sp is exact in each variable, and F() ~ . (That is, on the empty sequence in
Ouct, F is null.) Let Fun®(O,t, Sp) denote the full subcategory of Fun(O,., Sp) consisting
of the exact functors.

LEMMA 5.12. The inclusion Fun®(Qget, Sp) — Fun(Oget, Sp) admits a left adjoint Dey.
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Proof. We show that Fun®(O,., Sp) is a strongly reflective subcategory of Fun(OQg.t, Sp)
in the sense of [20, 5.5.4.17]. Now Fun® (O, Sp) is the intersection of a (small) collection of
subcategories of Fun(O,.t, Sp), each determined by the condition that a particular restriction
to O is exact. To be precise, there is such a restriction for each n > 1, each 1 < i < n, and each
sequence of objects Jy,...,Ji—1,Ji+1,...,J, € O. The corresponding restriction is along the
inclusion

O‘—)Oact; I’—)(Jl,...,Jifl,I,Jile,...,Jn).

The subcategory of functors that restrict to an exact functor along this inclusion is given by a
pullback (of co-categories) of the form

Fung*(Oget, 8p) —— Fun(Oget, Sp)

Fun® (0, 8p) —— Fun(0, 8p),

where 7, is restriction along the relevant inclusion O < Q,.;. By the adjoint functor theorem,
the map 7, has a left adjoint, as does the bottom inclusion; see the proof of Lemma 5.3.
Thus, by [20, 5.5.3.18], the above pullback can be done in the co-category of presentable co-
categories and right adjoints. In particular, Funi* (O, Sp) is a strongly reflective subcategory
of Fun(Q,.t, Sp). Therefore, by [20, 5.5.4.18],

Fun™(Oger, Sp) = (| Fung (Oacr, Sp)
«
is also strongly reflective. (Il

DEFINITION 5.13. Applying Construction 4.13 to O, we obtain a (non-unital) stable
symmetric monoidal co-category

Fun(Oger, Sp)©
with symmetric monoidal structure given by Day convolution. Let
Funex(oacta Sp)@“ g Fun(oach Sp)®

be the suboperad generated by the exact functors.

LEMMA 5.14. There is a symmetric monoidal functor
Dex : Fun((?act, Sp)® — Funex(oactv Sp)®cx

whose underlying functor is the left adjoint to the inclusion.

Proof. The existence of the left adjoint D., was demonstrated in Lemma 5.12. We now
apply [21, 2.2.1.9] to show that Dy extends to a symmetric monoidal functor as shown. It is
sufficient to show that the Day convolution of functors O,. — Sp preserves Dey-equivalences.
That is, suppose F; — F; and G; — G5 each become equivalences after applying Dqx. We have
to show that F} ® Fy, — G1 ® G2 has the same property.

It is sufficient to show that for any exact H : Oyt — Sp, the induced map

Natom (DeX(F2 X Gg), H) — Natow (Dex(Fl ® Gl), H)

is an equivalence. Using the universal properties of D¢y and the Day convolution, this map can
be written in the form

Nato, ., x0ue (F2(=) A Ga(=), H(=, =) = Nato,,,x0,., (F1(=) AGi(=), H(=, —)),
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or equivalently
Nato,., (F2(-),Nato,,, (G2(=), H(—, —))) = Nato,., (Fi(-),Nato,., (G1 (=), H(—, —-))),

where H(—,—) denotes H applied to the concatenation of its two variables (that is, the
monoidal product on O, ). Since H is exact, it is exact in each of those variables. The
hypotheses on the maps F} — F» and G; — G2 therefore imply that the above map is an
equivalence. O

REMARK 5.15. Lemma 5.14 tells us that the exact functors O, — Sp have a symmetric
monoidal structure ®* which we call the exact Day convolution. This structure satisfies the
same universal property as ordinary Day convolution (Definition 2.2) but with respect only to
exact functors. It follows from 5.14 that ®°* is given by taking the ordinary Day convolution
and then applying Dey. In fact, we believe that the ordinary convolution of exact functors
is already exact, so that this last step is unnecessary, and the inclusion of the suboperad in
Lemma 5.14 is a symmetric monoidal functor. However, we do not need this fact here, so we
do not include a proof.

We now use the exact Day convolution to define an oo-operad structure on Pro(O).

LEMMA 5.16. There is a fully faithful embedding of stable co-categories
Pro(0) ~ Fun® (0, 8p)°? = Fun®(O4et, Sp)°7,

where £ is left Kan extension along the inclusion i : O < O,.;. The essential image of £ consists
of those functors F : O, — Sp such that

(i) F(L,...,I,) ~x forany I,...,I, € O where n # 1;
(ii) the restriction of F' to O C Qg is an exact functor O — Sp.

Proof. Since the embedding i : O < O, is fully faithful, the Kan extension ¢ is too, and
since there are no morphisms in Qg of the form I — (Jy,...,J,) for n # 1, the functor £(F)
satisfies condition (i) and its restriction to O is given by F itself. O

DEFINITION 5.17. Let Fun® (s, Sp)°”®” be the symmetric monoidal co-category given
by applying Construction 4.17 to the symmetric monoidal co-category Fun®(Oges, Sp)®” of
Definition 5.13.

Let Pro(0)®” be the full suboperad of Fun®(0,.;, Sp)°»®"" generated by those functors
F : Ouet — Sp that satisfy conditions (i) and (ii) of Lemma 5.16. This suboperad has underlying
oo-category equivalent (via the map ¢°7 of 5.16) to Pro(O).

REMARK 5.18. We can describe the oo-operad structure on Pro(Q) in the following way.
Suppose we have exact functors Xq,...,X,,Y : O — Sp. Then the multimorphism spectrum

Hompm(o)@ex (Xl, e ,Xn; Y)
is equivalent to the spectrum of natural transformations (of functors O, — Sp) of the form
Y = £X] @ % IX,,

where ®°* denotes the exact Day convolution. Equivalently, this is the spectrum of natural
transformations (of functors O — Sp) of the form

Y = r(0X) @ - @ 1X,),
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where 7 is restriction along i : O < Og. In other words, the co-operad structure on Pro(O)
is corepresented by the construction

(Xl, . ,Xn) — ’I"(gXl ®ex cee ®ex KXH)
which we can write, using coend notation for the Day convolution, as the functor

J = Mapoe (I, ..., Ln; J) Ay, 1,eo Xi(I) A - A X (1y).

The main result of this section is that the co-operad Hﬁlgw is equivalent to Pro(0)®". In
order to make the comparison, we require the following construction.

DEFINITION 5.19. Let O® be a small stable non-unital co-operad. Using Construction 4.11
we can produce a map of co-operads

ev:0% — fﬁlgo@g C Fun(Algne,Sp)”
given, on underlying co-categories, by
I— evy,
where evy : Algpe — Sp is the functor that evaluates an O®-algebra X at the object I € O.
By the universal property of the monoidal envelope, the map ev extends canonically to a
symmetric monoidal functor
eve : 02, — fﬁlgo@
given by
(Ih...,Ik) —evy A ANevy, .
Note that the proof of [21, 2.2.4.9] demonstrates that ev, is a (relative over Surj,) left Kan

extension of ev along the inclusion of cc-operads O% — OZ,,.

Finally, restriction along ev, determines a map of oc-operads (or lax symmetric monoidal
functor)

evy : Fun(Fay, ., Sp)® = Fun(Oger, Sp)®
by [22, 3.8].

REMARK 5.20. There is one technical wrinkle in the previous definition that we have to
be careful with. Recall that the oo-category Fuig, . is not small, and so in the construction
of Tag,, we replaced it with the small subcategory Fjlgo@ of compact objects. Since it is
unclear whether the functors ev; are compact, we can simply add them in the following way.

Let fjlgo® be the (essentially) small full subcategory of Faig,, obtained from f;{lgo@l
by adjoining the objects ev; for all I € O, and then taking closure under the objectwise
smash product. The functor ev, takes values in this (essentially small) symmetric monoidal
oo-category, and we get an associated restriction functor

evy : Fun(ﬁjlgo®,8p)® — Fun(Oget, Sp)®. (5.21)

Since fj{lgo® generates F 41g ., under filtered colimits, the arguments of Proposition 4.20 imply
that H%lg(ﬂ@ can be identified with the suboperad of Fun(]::‘*jugO® ,Sp)°P® generated by objects
of the form 0, (—)(X) for X € Sp(Algpe ).

Our goal now is to show that ev} determines an equivalence of co-operads between Hﬁlg@@

and Pr0(0)®ex by taking opposites and restricting to the relevant suboperads. The following
result contains the main calculation that establishes this equivalence.
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PROPOSITION 5.22. Let J® C Fun(]:'fjugo@,Sp)@ be the monoidal subcategory consisting
of those objects of the form

On(—)(X1,..., Xn)

for X1,..., X, € Sp(Algne ) ~ Fun® (O, Sp). (This subcategory is closed under Day convolu-
tion by Theorem 2.4.) Then the map of co-operads (5.21) restricts to a symmetric monoidal
functor

evi:J® — Funex((’)act,Sp)Q@ex.

Proof. First note that
eve(On(=)(X1,..., Xpn)) = On(eve)(Xy,..., X5)

is an exact functor Q4. — Sp because the underlying functor of a stable O%-algebra is
exact, the smash product preserves colimits in each variable, and 9,,(—)(X,. .., X,,) preserves
colimits. So ev} takes values in the co-operad Fun® (O, Sp)@’cx as claimed.

We then have to show that the lax symmetric monoidal functor ev} is, in fact, symmetric
monoidal. The lax monoidal structure determines maps

d1(eve) (Y1) @7 - @ D1 (eve) (Vi) = (O1(=) (Y1) @ -+ @ O1(=) (Vi) (eve),

where ®°* is the exact Day convolution of Lemma 5.14. By Theorem 2.4 we can write this map
as

O1(eve) (Y1) @ --- @ 01 (eve) (Vi) = Ok(eve) (Y1, ..., %), (5.23)

and it is sufficient to show that each such map is an equivalence.
Changing perspective slightly, consider the functor

eVﬁ. : Algo® — Funex(oactasp); X = ev'(i)(X)'

Since limits in the oco-category Fun®(QO,.t, Sp) are calculated objectwise, the Taylor tower
of evh is the Ogct-indexed diagram consisting of the Taylor towers of each of the functors
evy, N---Nevy Algpe — Sp. In other words we have a natural equivalence, of functors
Oact — Sp

Ap(evi)(Y,..., Vi) = Ap(eve) (Y1, ..., Y3) ~ Op(eve) (Y1, .., V).

Recall from Definition 5.19 that ev, is given by an operadic left Kan extension along the
inclusion of co-operads O® — OZ,,. In other words, we can write evh as the composite

® ’
Algos 5 Algye t Y Fun®™ (O et Sp)

of that Kan extension £® with the forgetful functor U’.
We can interpret the middle oo-category in the above composite as follows. By the universal
property of Day convolution [21, 2.2.6.9], there is an equivalence

Algpe = CAlg(Fun™(Ouer, Sp)®), (5.24)

where the right-hand side is the oo-category of (non-unital) commutative algebras in the
symmetric monoidal oo-category Fun®(Qges, Sp)®~ . (To be precise, that universal property
gives an equivalence at the level of all O-algebras, not just those that are stable, and for
the ordinary, not exact, Day convolution. However, the monoidal adjunction of Lemma 5.14
determines an equivalence between the co-categories of (i) those commutative algebras whose
underlying functor is exact, and (ii) the commutative algebras for the exact Day convolution.)
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Now consider the following diagram of adjunctions:

®

RN N o
Algoe =" CAlg(Fun™(Oger, 8p)* )
r®
T ol (5.25)
I N
Fun® (0, 8p) - L Fun™(Oqct, 8p),

where

(i) £% is the (relative over Surj,) left Kan extension along i : O® < 0%, combined with
the equivalence (5.24), and r® is its right adjoint, the corresponding restriction;
(ii) (F,U) is the free-forgetful adjunction of Remark 5.4;
(iii) (F’,U’) is the free-forgetful adjunction for commutative algebras in the symmetric
monoidal co-category Fun®™(Qyr, Sp)®”
(iv) the map [ is as in Lemma 5.16 with right adjoint r the restriction along O < Og.

Noting that the diagram of right adjoints commutes, it follows that the diagram of left adjoints
also commutes. Also, recall that we have identified the functor evh with the composite U'(%.

Our goal is therefore to calculate Ag(U'4%), or equivalently Ay (U'¢® F) since the derivatives
of a functor on O-algebras can be identified on free O-algebras. We thus have

A(eve)(Yi,..., V) = Ap(U'F'O)(Yi,...,Y3) ~ Ap(U'F) (Y4, ..., 0Y),

where the last equivalence follows from the fact that ¢ is a left adjoint and [21, 6.1.1.30].

We have now related the derivatives of evﬂ. to the derivatives of the free commutative
algebra functor in the symmetric monoidal stable co-category Fun® (O, Sp)®~ which can
be calculated directly. That free algebra functor is given by

UF(X)~\/ X5
n>1
so has Taylor tower layers
Dy(U'F')(X) =~ X§,™*
and derivatives
A(U'F) (X1, .. Xi) = X1 @ - @ X
Taking X; = ¢Y;, we therefore have
Ap(eve)(Yi,...,Yy) ~ (£Y7) @ - - @ (¢Yy)
from which the desired equivalence (5.23) follows. O
REMARK 5.26. An informal, but perhaps more intuitive, proof of Proposition 5.22 can

be given by providing coend formulas for the various Kan extensions and Day convolutions
involved. In particular, we can calculate the derivatives

O(evy)(Yr,...,Yy) = Mapoe (I1, ..., Iks ) Aryreeo Yi(I) A A Yi(Ig).

A standard computation for the derivatives of a smash product of spectrum-valued functors
such as O (evy, A---Aevy )(Y1,...,Y)) then gives

\ A Mapos Ly, L s J) | Arseeo Yallo) A A Yi(I)

k—-ni=1

85U8017 SUOWWOD SAIERID 3deat|dde au Aq peusenob a2 sajolie YO ‘8sn J0 el 1oy Akeld1TauljuQ AB|IM UO (SUOIPUOD-PUR-SLLIBY WD A8 | 1M AReiq U |Uo//Sdy) SUORIPUOD PUe Swis | 841 88S *[r202/20/yT] Uo Akiqi]auliuo A8|iM ‘ieiseyooy 10 A1sieAlun Ag 8SyZT SWIl/ZTTT 0T/I0p/Wo A8 | im Ake.d 1 |BulU0™20SyTewpuo|//:sdny woij pepeojumod ‘€ ‘120z ‘05..69T



INFINITY-OPERADS AND DAY CONVOLUTION 1233

from which the equivalence (5.23) can be recovered by directly calculating the relevant (exact)
Day convolution.

We can now prove the main result of this section.

THEOREM 5.27. There is a fully faithful embedding of co-operads

Teoo < P (Ouer, )7

whose essential image is Pro(0)®".

Proof. Applying the opposite symmetric monoidal construction to the map of Propo-
sition 5.22, we get a symmetric monoidal functor (eve)* : J°”® — Fun® (O, Sp)°P® .
Restricting to the suboperad H%goea C Jor®  we obtain the required map of oo-operads.
Identification of the essential image of that map with Pro(O) follows from Lemma 5.16 and
the calculation of 91 (eve)(Y) in the proof of Proposition 5.22.

It remains to show that ev} induces equivalences on multimapping spectra. By Theorem 2.4,
it is enough to show that restriction along ev, induces equivalences

Natf?’“’ (81(7)(Y)aan(7)(X1aaXn)>

:J (5.28)
)

Natg (81(6V.)(Y), n(evo)(X1;~"aXn))

act

for all Xq,...,X,,Y € Sp(Algps).

Recall from the proof of Proposition 5.22 that 0;(eve)(Y) ~ £(Y"), so we can write the target
of the map ev} as a natural transformation object over O. Precomposing with the equivalence
of Theorem 3.1, we are reduced to showing that evaluation determines an equivalence

Mapsz>(A1go®)(Yv Aplaig, s (X, .., Xn)) = Nato (Y, 0n(ev) (X1, ..., Xy)),
that is, the canonical maps
eviAnlag, s — Ay (evy) = 0n(evy)

are equivalences, which follows from the fact that ev; preserves limits. O

Having identified the oo-operad I3, oo With Pro(0)®"", we now wish to relate this calculation

to O% itself and justify the slogan mentioned at the beginning of this section. To do this, we
show that O® embeds fully faithfully, via a stable Yoneda map, into Pro(©)®", and hence is
equivalent to a full suboperad of H%g(ﬂ .

DEFINITION 5.29. Glasman shows in [13, Section 3] that a symmetric monoidal co-category
such as O%%% admits a multiplicative Yoneda embedding, that is, a fully faithful symmetric
monoidal map

Yoot 1 O Fun(O,et, Top)®.

act

By [22, 3.7], the suspension spectrum functor £%° : Top — Sp induces a symmetric monoidal
functor

DY Fun(Oyet, Top)® — Fun(Oger, Sp)®.
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Composing Y,.; with ¥£5°, and with the symmetric monoidal functor D,y of Lemma 5.14, and
then taking opposites, we get a symmetric monoidal functor, the stable Yoneda embedding

Y:0%, > F‘unex((’)act,Sp)"”@ex.

act

LEMMA 5.30. The restriction of Y to O® C OF,, determines a fully faithful embedding of
oo-operads

Y : 0% = Pro(O)®”; I+ Mapy(I,—).

Proof. By construction, the value of Y on an object I € O is given by
Dex(zf Homoact (Iv _))

Since there are no maps in Oy from I to (Ji,...,J,) with n # 1, we have
Y0 M I ifn=1:
X Homo,,, (I, (J1,. .., Jn)) =~ + apo(l,J1) ifn X
* otherwise.

Since Dex (X502 Mapy (I, —)) ~ Mapy (I, —), we deduce the desired formula for ¥ and see
that it takes values in Pro(O).
It remains to show that Y induces equivalences of multimorphism spaces

Hompe (11, .., In; J) = Homp,o0yeex (Mape (11, =), - . ., Mapo (I, —); Mapo (J, —)).

This claim follows from the calculation of the operad structure on Pro(0)®” given in
Remark 5.18. 0

In combination with Theorem 5.27, Lemma 5.30 allows us to identify O® with a suboperad
of 1% .
Algoe

THEOREM 5.31. Let O%® be a small stable non-unital co-operad. The suboperad of Hﬁlg(g@
generated by the representable pro-objects Mapa (I, —) € Sp(Algps ) is equivalent to OF.

~In Remark 4.21 we noted that sometimes it makes sense to restrict to the small co-operad
[Z CIY generated by the compact objects of Sp(C). If we do that with C = Algys then we
get the small stable co-operad with underlying oo-category

TIAlgO® ~ (Ind(O°P)~)P
which, by [20, 5.4.2.4], is an idempotent completion of O. In particular, we have the following.

COROLLARY 5.32. Let O% be a small stable co-operad with O idempotent-complete. Then
there is an equivalence of co-operads

T®
]I.Algo(g,

~ 0%,

More generally, we can see that ]Vlfﬁlgo® is Morita-equivalent to O%, that is, that the inclusion
induces an equivalence between the corresponding co-category of (stable) algebras.

LEMMA 5.33. Let i: A® — B® be a fully faithful map of stable co-operads. Then the
corresponding restriction map
’I:* : A1g3® — Alg_A®
has a fully faithful left adjoint.
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Proof. Limits and filtered colimits of (stable) algebras are calculate objectwise (by [21,
3.2.2.4, 3.2.3.1]), and so i* preserves those (co)limits. Thus, by the adjoint functor theorem
[20, 5.5.2.9], the desired left adjoint 4 exists. This left adjoint must be given by the same
formula as for not necessarily stable algebras, described in [21, 3.1.3.1]: for an A®-algebra X,
and object J € B, we have

wX)(J) = colim XTI )N NX(L,).
Ly L )E(ATL) /o
Since A%, is a full subcategory of B.,, it follows that the counit is an equivalence
(X)) — X
and so ¢, is fully faithful. |

THEOREM 5.34. Precomposition with the inclusion of stable co-operads
vV . O® T®
Y:09 =1 Alg s
induces an equivalence of co-categories

Y* Algﬁe@ — .Algo@.
Algo®
In other words, 1%, is Morita-equivalent to O%.
.Algo(g)

Proof. Given that Y is fully faithful, Lemma 5.33 tells us that Y* has a fully faithful left
adjoint Y;. It is then sufficient to show that Y* is conservative. Since equivalences of algebras
are detected on the underlying oo-categories, this follows from the fact that I Alg,e 1S an
idempotent completion of O and [20, 5.1.4.9].

We conclude this section by noting that there is a natural comparison map between a pointed
compactly generated oco-category C and the oo-category of stable algebras over H?.

DEFINITION 5.35. Let ev : C — Fun((F¢)",Sp”) be adjoint to the evaluation functor
Cx (FON = Sp"y (X, (Fiy...,F) = (Fi(X),...,F.(X)).
It is evident that ev takes values in symmetric monoidal functors F§ — Sp. Using an
equivalence similar to that of (5.24), ev can be viewed as a map
ev: C — CAlg(Fun(F¢,Sp)®).
The Yoneda embedding for the stable symmetric monoidal oo-category Fun(Fg,Sp)® of
Nikolaus [22, Section 6] determines a functor, there denoted jf,, from these commutative

algebra objects to the co-category of stable algebras over Fun(Fg,Sp)®°P. Composing and
restricting to H? we obtain the desired functor

n:C— Algﬂ?.
For an object x € C, the [7-algebra n(z) has underlying functor
Sp(C)? — Sp; Y = Natz, (01(—)(Y), ev(x)).

Note that when C = Algne for a stable oo-operad O®, we do not necessarily expect the map
7 to be an inverse to the equivalence of Theorem 5.34.

REMARK 5.36. We conjecture that 7 is the unit of a ‘quasi-adjunction’ [17, Section 7], or
‘lax 2-adjunction’ between the functors

C— 17
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and
O® — Algo®

which, we conjecture, can be interpreted as relating certain (oo, 2)-categories of pointed
compactly generated oo-categories (and reduced finitary functors) and small stable non-unital
oo-operads (and bimodules between them). That quasi-adjunction would consist of adjunctions
of oco-categories

9. : Fun(C, Algpe ) = Bimod(0%®,1%) : ®

of the form examined by the author and Arone in [2] in the classification of Taylor towers of
functors of based spaces and spectra. To try to develop this theory any further is beyond the
scope of this paper, though we introduce bimodules between oo-operads in the next section.

6. Bimodules over oco-operads

Consider a functor F' : C — D between pointed compactly generated oo-categories. We wish
to show that the derivatives of F' have the structure of a bimodule over the oco-operads H?
and H%. Bimodules are studied by Lurie in [21, 3.1.2.1] under the guise of correspondences,
or A'-families, of co-operads. In order to state our conjectured chain rule, we need families of
oo-operads indexed by an arbitrary co-category, not just by Al. The following is a non-unital
version of [21, 2.3.2.10].

DEFINITION 6.1. Let S be an oco-category. An S-family of non-unital co-operads consists of
a categorical fibration

p: M® = S x Surj,
with the following properties:

(i) the restriction ps : M% — Surj, of p to each object s € S is an oc-operad;
(ii) for each object (X1,...,X,,) € M%, each inert morphism « : (m) — (n) in Surj, has
a lift

a:(Xy,..., Xm) = (X7,...,X))

? n
in M® such that @ is p-cocartesian (and not merely ps-cocartesian);
(iii) for each morphism f:s— s in S, morphism « : (m) — (n) in Surj,, and each pair of
objects (X1,...,Xm) € Mg, and (Y1,...,Y,) € My, the inert maps p; : (Y1,...,Y,) —
(Y;) in M% induce equivalences

n
Hom/\/l® ((Xla R 7X'm)7 (Y17 o 7)/71,))]”,04 = H HOIHM® ((Xh .. 7Xm,)7 (Yi))f,pia
i=1
between the spaces of morphisms in M® that project via p to f and the given morphisms
in Surj,.

DEFINITION 6.2. We say that an S-family of oo-operads M® — S x Surj, is stable if the
oc-operad M is stable for each s € S and, for each n and each morphism f: s — s’ in S, the
functor

Hom/\/l®(_7 ceey T _)f : (Mgp)n X MS/ — Top

preserves finite limits in each variable, where the multimorphism spaces are defined in the
same manner as in Remark 4.3. In this case, as in Definition 4.7, we have corresponding
multimorphism spectra Map yo (X1,..., X5 Y) .
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INFINITY-OPERADS AND DAY CONVOLUTION 1237

DEFINITION 6.3. Let £ and R® be stable non-unital cc-operads. An (L%, R®)-bimodule is
a stable A'-family of non-unital co-operads p : M® — A! x Surj, together with equivalences
of co-operads

ME ~R®, M® =~ L®,

REMARK 6.4. Let M® be an (L%, R®)-bimodule. Then, for Xi,..., X, € R and Y € L,
the multimorphism spectra

Map 0 (X1,..., X, Y)

have actions, on the left by the multimorphism spectra of £, and on the right by the
multimorphism spectra of R®, that form the structure of a bimodule over the coloured operads
corresponding to £ and R®, up to coherent homotopy.

REMARK 6.5. We can think of a stable S-family of oo-operads M® — S x Surj, as a
diagram of operads and bimodules over them indexed by the co-category S:

(i) for each object s € S we have an oo-operad M%;
(i) for each morphism f : so — s1 in S we have an (M2, M )-bimodule M%;
(iii) for each 2-simplex

h
S0 — 52

N

in S, we have a map of (M2, M )-bimodules

827

® ®.
M 0,0 MG — M3;

where the left-hand side denotes a relative composition product of two bimodules over

the co-operad M.

The last part of this description requires some explanation. Composition in the oo-category
M® determines maps of spectra

Mapye (Y1,...,Yn; Z)g AMapye (X11,. .3 Y1) Ao AMapye (Xnt, - Xk, s Yo ) £

J

Mapjv[@ (Xlla .o 7X1'Lk:n;Z>h

for objects Z € M,,, Y; € M, and X;; € M,,. We can interpret these maps as a map of
(coloured) symmetric sequences from the composition product of two bimodules to the third
bimodule. Associativity of composition in the co-category M® implies that this map factors
through a relative composition product over the ‘middle’ co-operad /\/l(?1

The aim of this section is to construct families of co-operads that capture the Goodwillie
derivatives of a diagram of co-categories, together with all the bimodule structures that those
derivatives possess. More precisely:

Goal 6.6. Let S be an oco-category, and let
p: X — 8P
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be a cartesian fibration that encodes a diagram of pointed compactly generated oco-categories,
X, for each object s € S, and reduced finitary functors, Xy : Xy — Xy for each morphism
f:s— s in S. We wish to construct from p a stable family of oo-operads

po: DY — S x Surj,
with the following properties:
(i) for each object s € S, the fibre
(Po)s : (DY) — Surj,

is equivalent to the stable co-operad H?@S associated to the pointed compactly generated
oo-category X, that is, this fibre encodes the derivatives of the identity functor on Xj;
(ii) for each morphism f:s— s in S, the bimodule

(po)s : (DY) — A' x Surj,
encodes the derivatives of the reduced finitary functor Xy : Xy — X,.

In particular, when the diagram consists of a single functor F' : C — D, the stable family is an
(I3, IZ)-bimodule DY that consists of the derivatives of F.

When the diagram consists of a pair of functors F' : C — D, G : D — £, and their composite
GF :C — &, we obtain the stable family of co-operads that encodes the three bimodules given
by the derivatives of these three functors, together with a map of (H?,H? )-bimodules of the
form

® ® ®
D¢ org D = Dgp.
In 6.27 we conjecture a chain rule which claims that this map of bimodules is an equivalence.
REMARK 6.7. Here is the idea behind our construction of ]D);e} in the case where p: X —

(A1)°P is a cartesian fibration that represents a single reduced finitary functor F : C — D.
The functor F' determines, by precomposition, a functor

F* . Fp = Fe; G— GF

which is symmetric monoidal with respect to the pointwise smash product.
The functor F* in turn induces a lax symmetric monoidal functor (that is, a map of co-
operads) between the Day convolution monoidal structures:

F, : Fun(F¢,Sp)® — Fun(Fp,Sp)®;  A(—) — A(—F).

The functor F, has a left adjoint F" given by left Kan extension along F*, and this left adjoint
is a symmetric monoidal functor

F': Fun(Fp, Sp)® — Fun(Fe, Sp)®.
Taking opposites, we get a symmetric monoidal functor
(F°P : Fun(Fp, Sp)°P® — Fun(Fe, Sp)°P®.

Pulling back the left action of Fun(F¢,Sp)°»® on itself along the map (F')°7, we get a
(Fun(Fp, Sp)°P®, Fun(F¢, Sp)°*®)-bimodule M® whose multimorphism spectra are given by

Map e (A1, ..., A B) = Natz. (F'B, A, @ --- ® A,,).

Restricting to the co-operads ]I% and ]I?, we get a bimodule D% whose multimorphism spectra
are

Mang;é (Xl, e ,Xn,Y) ~ Nat].-c (F|al(—)(Y>,al(—)(X1> X 81(—)(Xn))
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Via the universal property of the left Kan extension F* and Theorems 2.4 and 3.1, these spectra
are equivalent to the derivatives

O F(X1,..., X0 Y).

Now suppose we are given an S-indexed diagram X of pointed compactly generated oo-
categories and reduced finitary functors. Then the above procedure yields an S°P-indexed
diagram of stable symmetric monoidal co-categories Fun(Fx_,Sp)°P® and exact symmetric
monoidal functors (X })OP. Such a diagram can be expressed as an S-family of stable co-operads

Fun(Fx,Sp)?”® — S x Surj, (6.8)
whose fibre over s € S is the symmetric monoidal co-category
Fun(Fy,,Sp)"® — Surj,.

(Note the reversal here: an S°P-indexed diagram of symmetric monoidal functors is encoded as
an S-family of oco-operads.) Finally, the desired S-family of co-operads

DY — S x Surj,
is the restriction of (6.8) to the full subcategory whose fibre over s is the oo-operad ]I% -

Fun(Fx,,Sp)P®.

Let us now carry out the precise construction envisaged in Remark 6.7. For this purpose, we
need functorial versions of the three main tools involved in that construction. We start with
the following fibrewise mapping space construction.

DEFINITION 6.9. Let X — S and Y — S be maps of simplicial sets. We define Fung(X,Y)
to be the simplicial set over S for which an n-simplex consists of

(i) an n-simplex A™ — S;
(ii) amap A" xg X =Y over S;

with simplicial structure given by precomposition with simplex maps A”™ — A" in a standard
way. The construction Fung(—,—) is the internal mapping object in the cartesian closed
category of simplicial sets over S.

Here is our fibrewise version of Construction 4.11.

Construction 6.10. Let p : X — S°P be a cartesian fibration. Define a pullback of simplicial
sets

Funger (X, 8p)" —— Funger (X, S°P x 8p™)

pi J (6.11)

S x Surj, —— Funge» (X, S°? x 8urj,),

where the right-hand map is induced by the cocartesian fibration Sp” — Surj,, and the bottom
map sends an n-simplex A™ — S x Surj, to the composite

A" X gop X — A" — SP x Surj*.

PRrROPOSITION 6.12. Let p: X — S°P be a cartesian fibration. Then the map
p' : Fungor (X, Sp)" — S x Surj,
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of Construction 6.10 is a stable S°P-family of co-operads with the following properties:

(a) the map p' is a cocartesian fibration;

(b) the fibre of p’ over s € S is the symmetric monoidal oo-category Fun(X;s,Sp)" of
Construction 4.11;

(¢) the multimorphism spectra for p’, over f : s’ — s in S°P, are given by

Ma’pFunsop(X,Sp)/\(Fla e P G)f = Nath (Xf*(Fl) JARERRA X;(Fn); G))

where X} denotes precomposition with the functor Xy : Xy — X in the diagram of
oo-categories classified by the cartesian fibration p.

Proof. Firstly, it follows from [20, 3.2.2.12] that the right-hand vertical map in (6.11) is
a cocartesian fibration, hence the pullback p’ is too, giving condition (a). Comparing with
Construction 4.11, the fibres of p" are indeed the symmetric monoidal co-categories Fun(Xs, Sp),
satisfying (b).

To see that p is a stable S°P-family of oc-operads, we check conditions (i)—(iii) of
Definition 6.1, and verify the conditions on Definition 6.2.

We have already seem that the fibres of p’ are stable co-operads, which gives (i). Since
p’ is a cocartesian fibration, the p/-cocartesian lifts of inert morphisms in Surj, are also p'-
cocartesian, which gives (ii). We also know that p’ classifies an S°? x Surj,-indexed diagram
of co-categories of the form

(SV <TL>) = Fun(XMSpé\n)),

where the arrows in this diagram are those induced by pulling back along Xy : Xy — X, for
edges f: s’ — sin S°P, and by the functors

a: Sp?,w — Sp?m

associated to a morphism « : (n') — (n) by the cocartesian fibration Sp” — Surj,.
The mapping space in the co-category Funges (X, Sp)”, over some morphism

(i) (8", () = (s, (n))
in S°P x Surj,, is then given by
I—IornFunsop(X,Sp)A ((Fla ceey Fn/)a (le ceey Gn))(f,o()
~ HOmFun(Xs,Sp?n))(O_Z(Fla ey Fn/)Xf, (Gl, ey GTL))

Since Fun(XS,Sp?m) ~ Fun(X;, Sp)™, this formula yields condition (iii) of Definition 6.1 and
gives us the multimorphism spaces

HomFunSop (X, Sp)» (Fla SRR F’n,’; G)f = HOInFun(/\.’S,Sp)(‘X}k (Fl) ARERRA X; (Fn/); G)

Finally, since X} is an exact functor and Fun(X;, Sp) is a stable co-category, we get the second
part of Definition 6.2, so p’ is a stable S°P-family of oco-operads, and hence also condition
(c). O

Let us introduce the following terminology for the type of oc-operad family described in
Proposition 6.12.

DEFINITION 6.13. Let S be an co-category. A cocartesian S-family of symmetric monoidal
oo-categories is an S-family of co-operads
p:C% — S x Surj,

for which the structure map p is a cocartesian fibration.
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REMARK 6.14. A cocartesian S-family of symmetric monoidal co-categories p corresponds
to an S-indexed diagram of symmetric monoidal oo-categories C€ — Surj, and symmetric
monoidal functors Cy : C; — Cy for each edge f:s — s’ in S. Such a family is stable if and
only if each C; is stable and each Cy is exact. In this case the multimorphism spectra are given
by

Mapes (X1, .+, Xn; Y) p o Mape  (Cp(X1) @ -+ @ Cp(Xn), V).

DEFINITION 6.15. Now suppose that the cartesian fibration p : X — S°P encodes a diagram
of pointed compactly generated oo-categories and reduced finitary functors. Let

p’: Fiy — S x Surj,

be the restriction of the map p’ of Construction 6.10 to the full subcategory F% C
Funger (X, Sp)” generated by the reduced finitary functors Xs — Sp for s € S. Then p” is also
a stable cocartesian S°P-family of symmetric monoidal co-categories because each fibre is the
stable symmetric monoidal co-category Fx,, and the functors X 7 restrict to exact symmetric
monoidal functors Fx , — Fx,.

Recall that since each F, is not small, we have to restrict further to compact objects before
applying the Day convolution. These objects are not necessarily preserved by the pullback
functors X 7 so we have to enlarge the subcategories of compact objects to include all those
functors obtained by pulling back a compact object.

DEFINITION 6.16. Let p: X — S° and p” : Fp — S°P x Surj, be as in Definition 6.15, and
let

P : (]:')“é)/\ — S x Surj,

be the restriction of p” to the symmetric monoidal subcategories generated by those reduced
finitary functors Xy — Sp that are of the form X (G) for some compact object G € F% , and

some f:s— s in S.

PROPOSITION 6.17. The map py : (ﬁ})’\ — S°P x Surj, is a stable cocartesian S°P-family of
symmetric monoidal co-categories for which each fibre (F%)s is essentially small and generates
Fx, under filtered colimits.

We now wish to apply to p; a functorial version of the Day convolution symmetric monoidal
oo-category of Construction 4.13. The following proposition summarizes what we need.

PROPOSITION 6.18. Let p; : C® — S°? x Surj, be a stable cocartesian S°P-family of
symmetric monoidal co-categories such that each fibre C, is essentially small. Let q : D® —
Surj, be a stable symmetric monoidal co-category for which the monoidal product commutes
with colimits in each variable. Then there is a stable cocartesian S°P-family of symmetric
monoidal co-categories

p2 : Funger (C,D)® — S x Surj,
such that
(i) the fibre of py over s € S is the Day convolution symmetric monoidal oco-category
(p2)s : Fun(Cy, D)% — Surj,

of Construction 4.13;
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(ii) the multimorphism spectra over f : s’ — s in S°P are given by
Mapgy oy (c.0ye (A1, - - Ans B) f 2~ Mapgyc, 0y (C;(A1) @ -+ ® Cy(Ay), B)
~ Mapg,u(c, p)(Ci (A1 ® -+ ® Ay), B)
~ Mapp,,c., p)(A1 ® - ® A, BCy)

for Ay,...,A, :Cy — D and B : C; — D. Here C} denotes left Kan extension along the
symmetric monoidal functor Cy : Cs+ — C, associated to f by the family p;.

Proof. There are two parts to this construction: (i) functoriality of the Day convolution in
the variable C; (ii) formation of the left Kan extensions C}.

Let Cat? be the nerve of the simplicial category whose objects are the (non-unital) symmetric
monoidal oo-categories, and whose mapping spaces are the maximal Kan complexes in the oo-
categories of symmetric monoidal functors. Let Cat®:'** be the corresponding construction with
all maps of co-operads, not only the monoidal functors.

Lurie’s explicit construction of Day convolution in [21, 2.2.6.18] is functorial with respect to
oo-operad maps and determines a functor

Fun(_7D)® : (Catg%)op — Cat;@élax.

Nikolaus proves in [22, 3.8] that when F :C{ — CS is symmetric monoidal, and under the
given conditions on D, the induced map

F* : Fun(Cy,D)® — Fun(Cy, D)%

admits a symmetric monoidal left adjoint F'. The functor Fun(—,D)® above therefore takes
values in the subcategory

®,lax,R ®,lax
Caty C Catyy

whose morphisms are the lax monoidal functors that admit a symmetric monoidal left adjoint.

Now let Cat®:l C Cat® be the subcategory whose morphisms are the symmetric monoidal
functors that admit a lax monoidal left adjoint. An argument similar to that of [20, 5.5.3.4]
implies there is an equivalence of co-categories

(Cat@laxRyor ~ Cat® L

that sends a lax monoidal functor to its symmetric monoidal left adjoint. Combining this
construction with the functor Fun(—, D)® above, we therefore have a map

Fun'(—, D)% : Cat® — Cat®

given on objects by Construction 4.13, and which sends a symmetric monoidal functor F' to
the symmetric monoidal left adjoint F".

Our given cocartesian fibration p; : C® — S°7 x Surj, corresponds to a functor S — Cat2.
Applying Fun!(f,D)@’, we get another functor S°? — Cat® and hence another cocartesian
family of symmetric monoidal co-categories py : Funges (C, D)® — S°P x Surj,.

Finally, each symmetric monoidal co-category Fun(Cs,D)® is stable, and each left adjoint
C} is exact, so the family py is stable. By construction the multimorphism spectra are given
by the desired formulas. O

DEFINITION 6.19. Let p: X — S be a cartesian fibration as in Definition 6.15, and let
1: FY —= S x Surj, be as in Definition 6.16. Applying Proposition 6.18 with this p; and with
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q: Sp” — Surj, the usual (non-unital) symmetric monoidal co-category of spectra under the
smash product, we obtain a stable cocartesian S°P-family of symmetric monoidal co-categories

Py : Fungop(f;“é,Sp)‘X’ — S x Surj,.

The final step is to apply a fibrewise version of Construction 4.17. The details of this
construction are in Appendix B; here is what we need from it.

PROPOSITION 6.20. Let ps : M® — S° x Surj, be a stable cocartesian S°P-family of
symmetric monoidal co-categories corresponding to a diagram of exact symmetric monoidal
functors My : My — M, between stable symmetric monoidal co-categories, for each f : s —
s in S°P. Then there is a stable S-family of symmetric monoidal co-categories

p3 : MP® — S x Surj,
such that

(i) for each s € S, the fibre M%® — Surj, is equivalent to the opposite symmetric
monoidal co-category of M®, as in Construction 4.17;
(ii) for each f:s— s’ in S, we have multimorphism spectra

Map pqop.0 (Y1, 0005 Yo; X)p MapMs(Mf(X)7Y1 ®---QY,).

DEFINITION 6.21. Let p: X — S be a cartesian fibration as in Definition 6.15, and let
pa : Funger (F%, Sp)® — S x Surj, be as in Definition 6.19. Applying Proposition 6.20, we
obtain a stable S-family of symmetric monoidal co-categories

ps : Funger (F%,Sp)"® — S x Surj,
whose fibre over s € S is the symmetric monoidal co-category
Fun(.ﬁ;"és78p)°p’® — Surj,
and with multimorphism spectra

Mapg, (¥}(4). By ®-+ @ By)

for A: ]:'ﬁé, — Sp and By,..., B, : .7:'5§ — Sp, where X} is the left Kan extension along the
functor X;.

DEFINITION 6.22. With p and p3 as in Definition 6.21, let Dg’; be the full subcategory of
Funger (F, Sp)°P"® whose objects over s € S are those of the oo-operad H?@S. Let

Do : D?} — S x Surj,

be the restriction of ps to this subcategory. Recall that the objects of H% are the functors
O (—)(X): Fx, > Sp

for X € Sp(X;), and that we usually denote this object just by X.

THEOREM 6.23. Letp: X — S°P be a cartesian fibration that encodes a diagram of pointed
compactly generated oo-categories and reduced finitary functors. Then the map

pO:D% — S x Surj,
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is a stable S-family of co-operads whose fibre over s is the stable co-operad Hi’ and for which
the bimodule corresponding to a morphism f : s — s’ in S has multimorphism spectra given

by
Mapmg(Xl, o X V) > 00 (Xp) (X, .., X Y)

for X1,..., X, € Sp(X;) and Y € Sp(Xy/). Here Xy : Xy — Xy is the functor associated to f
by the cartesian fibration p.

Proof. The fact that py is a stable S-family of oo-operads follows from the fact that ps
is, and that each H?}S is a stable oo-operad. It remains to identify the multimorphism spectra.
These are a priori given by

Nat s, (01(Xf (=))(Y), 01(=)(X1) ® -+~ ® 01(=) (X))
which can be written as
Nat g, (91(=2))(V),01(-)(X1) @ - @ D1 (-)(X,).

The argument of Proposition 4.20 tells us that both the Day convolution and the natural
transformation object can be calculated over Fx, instead of Fy . It then follows from
Theorems 2.4 and 3.1 that the multimorphism spectra are given by

On(Xp)(Xq,..., Xn;Y)
as claimed. 0

DEFINITION 6.24. Let F': C — D be a reduced finitary functor between pointed compactly
generated oo-categories. We write

D% — A x Surj,

for the (]I%, H?)—bimodule given by applying Definition 6.22 in the case that p is the cartesian
fibration X — (A!)°P corresponding to the functor F. The multimorphism spectra of the
bimodule ]D% are then simply the derivatives of F.

PROPOSITION 6.25. The stable S-family of co-operads of Definition 6.22 is corepresentable
(that is, a locally cocartesian fibration) via the functors

A, (Xf) : Sp(Xs)"™ — Sp(Xyr)
for f:s— s inS.
Proof. From Theorem 6.23 and Definition 1.1 we have
MapD?é(Xl, o Xy Y > 0 (X)) (X, .., X0 Y)
~ Mapg,x ) (Y, An(Xf) (X1, ..., Xn))
which implies the claim. O

REMARK 6.26. Proposition 6.25 can be interpreted as providing for the existence of maps
of the form

ALG(ALF, . Ay F) = Ap 1o, (GF)
that make the construction A, lax monoidal (up to higher coherent homotopies).

We conclude with a conjectured chain rule that generalizes that of Arone and the author for
the oco-categories of based spaces and spectra [1].
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CONJECTURE 6.27. Let F': C — D and G : D — £ be reduced finitary functors between
pointed compactly generated oo-categories. Let X — (A2%)° be the cartesian fibration that
encodes the diagram consisting of the functors F';, G and GF, and let

DY — A? x Surj,

be the associated AZ-family of oo-operads of Theorem 6.23. Then the corresponding map,
described in Remark 6.5, of (I, 1% )-bimodules,

& & &
DE o;e Df — Dy

is an equivalence.

One of the challenges in proving 6.27 is identifying the underlying property of a stable A2-
family of oco-operads which implies that this associated map of bimodules is an equivalence. This
property should be some version of Lurie’s ‘flatness’ condition [21, B.3]. Note that [21, 3.1.4.2]
describes a consequence of that assumption in the unstable case. This result suggests that
we describe the chain rule in terms of induced functors between co-categories of algebras. In
particular, it seems that any stable S-family of co-operads should determine a locally cartesian
fibration that classifies those induced functors. The chain rule would then follow from showing
that this locally cartesian fibration is in fact cartesian in the case at hand.

We note further, however, that the proof of the chain rule in [1] depends considerably on
Koszul duality between the operad 0.I¢ and the cooperad formed by the derivatives of the
functor 32°°Q°. Since that duality does not play an explicit role in the current constructions,
we might expect to need a new argument here.

Finally, we should note that Lurie proves a version of Conjecture 6.27 in [21, 6.3.2] for
coderivatives instead of derivatives. We expect the operad theory developed here to be Koszul
dual, in a suitable sense, to Lurie’s, in which case we might expect to deduce 6.27 directly from
Lurie’s results.

Appendix A. The chain rule for spectrum-valued functors

In the proof of Theorem 3.1 we needed a chain rule for composites of functors G : C — Sp and
F : Sp — Sp. The purpose of this section is to state and prove the needed result, which is a
mild generalization of [8, 1.15].

THEOREM A.l1. Let C be a pointed compactly generated oco-category and let G : C — Sp
and F : Sp — Sp be reduced functors. Assume that F' preserves filtered homotopy colimits.
Then for Xi,...,X,, € Sp(C) we have

On(FG) (X1, ... Xn)
~
1T 0:(F) A 0n, (G){ XiYiens) A A O () XiYiews),

HEP(n)

where the product is over the set P(n) of unordered partitions p of {1,...,n} into k pieces
Wy i, With mj = |p;].

Proof. We follow the approach of [8] very closely. Indeed, many of the results proved there
carry over to this more general situation with no change. Specifically, we can construct, as in
(8, 2.5], a map

A:FG = ([P, Prer(F) (PG, ..., PG,
A
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where A varies over expressions of the form
n=kily+--+kply,

with k; and ¢; positive integers such that ¢; < --- < £,. We can also prove, as in [8, 4.2], that
A induces an equivalence on D,,, and hence on nth derivatives. Moreover, we can show, as in
the proof of [8, 2.6], that the nth derivative of the functor

[P]ﬁ, ey Pkr] CI‘T(F)(P[lG, ey PZTG)
is equivalent to the nth derivative of the n-homogeneous functor
(8kF N (Del G)/\kl VANREIRAN (DgTG)/\kT)hgkl XX g3 (A2)

where kK =ky +---+ k.. It now remains to calculate this nth derivative at an n-tuple
(X1,...,X,) in Sp(C).

Since all the functors involved here are homogeneous, and thus factor via 33° : C — Sp(C),
we can assume without loss of generality that C is stable. Using the equivalence

DeG(X) ~ 8@G(X, ey X)hZ[;
we can write the functor (A.2) as mapping X to
(OpF N0y G(X, ..., X)W A NO, GX, o X) M Y nm (s

where H(A) denotes the subgroup (3, 13g,) X -+ x (Zg,.13,.) of X, formed from wreath
products. It is convenient to rewrite the formula above as

(OkF A 0p, G(X, .., X) A A0 G(X, ., X)n (s

where nq,...,ny are the numbers /1, ..., ¢, with ¢; repeated k; times.
Now when E :C" — Sp is a multilinear functor, the nth derivative of the functor X —
E(X,...,X)at (Xy,...,X,) can be written as

H E(Xo1)s--s Xo(m)-
oceX,

It follows from all these calculations that 9, (FG)(X1,...,X,) can be expressed as

H ( H OF N aan(X,,(l), . ,Xa(nl)) VANRERAN ankG(Xa(n_nk_._1)7 oo 7Xa(n))> .
hH ()

A oEX,

It remains to identify this expression with the formula stated in the theorem, which we do this
by showing that a choice of A, together with a coset [o] of H()) in X,,, uniquely corresponds
to an unordered partition of {1,...,n}.

In one direction, we map the pair (A,[o]) to the partition whose pieces are the sets
(o(1),...,0(n1)),...,(c(n—nk+1),...,0(n)). On the other hand, given an unordered par-
tition p, let k; be the number of pieces of size ¢; (determining X). If we put the pieces of p
in ascending size order, and concatenate them, we get an element o € ¥,, which determines a
coset of H(A). This is well defined because changing the order of elements within each piece,
or the order of pieces of the same size, only changes ¢ by an element of H()). It is a simple
check that these two constructions are inverse, setting up the desired correspondence. Via this
bijection, the expression given above for 0, (FG)(Xu,...,X,) corresponds with the desired
formula. O
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Appendix B. Fibrewise duals for cocartesian fibrations

The goal of this section is to prove Proposition 6.20. Recall that the opposite of a symmetric
monoidal co-category is built from the following general construction of [4].

DEFINITION B.1. Let ¢:Y — T be a cocartesian fibration. Then there is a cartesian

fibration
g’ YV — TP
that classifies the same diagram of oo-categories as gq.

The construction g — ¢ is functorial in the following way. Let p : Y — Y be a map between
cocartesian fibrations over T' that takes cocartesian edges to cocartesian edges. Then p induces
a map

pY YV Y

between cartesian fibrations over T°P that takes cartesian edges to cartesian edges.

DEFINITION B.2. Let S be an co-category, and let p : Y — S°P x T be a map of simplicial
sets such that

(i) for each s € S, the fibre p, : Yy — T is a cocartesian fibration;
(ii) each ps-cocartesian lift of a morphism in 7" is also p-cocartesian.

It follows that p is a map between cocartesian fibrations over T that takes cocartesian edges
to cocartesian edges. Therefore p induces a map
pY YV — (8P xT)Y =~ S x T
between cartesian fibrations over T°P that takes cartesian edges to cartesian edges.
Taking opposites, we obtain another map

P YV S X T

between cocartesian fibrations over T that takes cocartesian edges to cocartesian edges.

DEFINITION B.3. Now let p: M® — S°P x Surj, be a stable cocartesian S°P-family of
symmetric monoidal oo-categories. Then p satisfies the conditions in Definition B.2, and so
determines a map

p¥ %P MP® 5 S x Surj,

between cocartesian fibrations over Surj, that takes cocartesian edges to cocartesian edges.
By factoring p¥+°? as an acyclic cofibration followed by a fibration in the cocartesian model
structure of (naturally)marked simplicial sets over Surj, (see [20, 3.1.3.9]), we can assume that
pV:°P is a fibration in that model structure.

We now check that p¥:°P satisfies the requirements of Proposition 6.20.

PROPOSITION B.4. The map p¥°P : M°P® — § x Surj, constructed in Definition B.3
is a stable S-family of symmetric monoidal oo-categories. The fibre of p¥-°P over s € S is
equivalent to the opposite symmetric monoidal co-category (ps)"°F : M® — Surj, and the
multimorphism spectra are given, for f : s — s’ in S, by

Map pop.e (X1,..., Xn;Y)p = Mapy (Mp(Y), X1 @+ ® X,,),

where My : My — M, is the symmetric monoidal functor associated to f by the original
cocartesian family p.
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Proof. We check that pY:°P satisfies the conditions of Definition 6.1. Since p“:°P is a
cocartesian fibration, it follows from [20, 3.1.5.1] that it is also a categorical fibration.

In [4, 1.4], it is shown that (—)¥-°P is a self-equivalence of the oo-categories of cocartesian
fibrations over Surj,, so this construction preserves fibre sequences. Therefore the fibre (pV:°P),
is equivalent to (ps)Y°? as claimed. This observation also verifies condition (i) of Definition 6.1.

Since M°P:® — Surj, is a cocartesian fibration, each morphism « : (n) — {m) in Surj, has,
for (X1,...,Xp) € M%“L)’ a cocartesian lift

a: (X, Xn) = (X],....X0),

where X = @), ;)—; Xj-

By construction, p¥>°? maps & to an edge of S X Surj, that is also cocartesian over Surj,. It
follows from (the dual of) [20, 2.4.1.3(3)] that each & is also p:°P-cocartesian, which implies
(ii).

For (iii), consider objects (X1,...,X,) € Msand (Y1,...,Y,) € My, amorphism f : s — 5
in S, and a morphism « : (n) — (m) in Surj,.

We then have

HomMop,®((X1, . ,Xn), (Yl, . 7}/m))f ~ HOIII(M@)\/((Yh e ,Ym)7 (Xl, . ,Xn))fop.

Since the cartesian fibration (M®)Y — Surj? encodes the same diagram of co-categories and
functors as the cocartesian fibration M® — Surj,, the part of the above mapping space over
« is equivalent to

HOHIM%) >((Y17...,Ym)7(X{,...,X;n))fw)

and hence to

m

HHomMs(Mf(Yi), ® X;).

i=1 a(j)=i

Using this decomposition, we verify part (iii) of Definition 6.1, complete the proof that the
family M°P-® is stable, and obtain the desired description of its multimorphism spectra. [
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