ON THE JAMES AND HILTON-MILNOR SPLITTINGS, & THE METASTABLE EHP
SEQUENCE

SANATH DEVALAPURKAR AND PETER HAINE

ABSTRACT. This note provides modern proofs of some classical results in algebraic topology, such as the James
Splitting, the Hilton-Milnor Splitting, and the metastable EHP sequence. We prove fundamental splitting results

TOEX ~IX V(X AZQZX) and QX VYY)~ QX X QY X QZ(QX A QY)

in the maximal generality of an co-category with finite limits and pushouts in which pushouts squares remain
pushouts after basechange along an arbitrary morphism (i.e., Mather’s Second Cube Lemma holds). For con-
nected objects, these imply the classical James and Hilton-Milnor Splittings. Moreover, working in this gener-
ality shows that the James and Hilton-Milnor splittings hold in many new contexts, for example in: elementary
oo-topoi, profinite spaces, and motivic spaces over arbitrary base schemes. The splitting result in this last context
extend Wickelgren and Williams’ splitting result for motivic spaces over a perfect field. We also give two proofs
of the metastable EHP sequence in the setting of co-topoi: the first is a new, non-computational proof that only
utilizes basic connectedness estimates involving the James filtration and the Blakers-Massey Theorem, while
the second reduces to the classical computational proof.
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1. INTRODUCTION

A classical result of James shows that given a pointed connected space X, the homotopy type QXX
given by suspending the loopspace on the suspension of X splits as a wedge sum

(1.1) TOTX ~ \/ XN

i>1
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of suspensions of smash powers of X [7; 19]. Hilton and Milnor proved a related splitting result [15; 16; 24,
Theorem 3]: given pointed connected spaces X and Y, they showed that there is a homotopy equivalence

(1.2) QXX VY) ~ QXX x QTY X Q% \/ XN AYN

i,j21
In the classical setting, these splitting results follow from combining a connectedness argument using the
hypothesis that X and Y are connected with the following more fundamental splittings: given any pointed
spaces X and Y, there are natural equivalences

(1.3) TOEX ~IX V(X AZQEX)  and QX VY)~ QX X QY X QZ(QX A QY).

The first objective of this note is to provide clear, modern, and non-computational proofs of these funda-
mental splittings (1.3). The only property particular to the co-category of spaces that our proofs utilize is
Mather’s Second Cube Lemma [22]; this asserts that pushout squares remain pushouts after basechange
along an arbitrary morphism (see §2.1). Hence these ‘fundamental’ James and Hilton-Milnor Splittings
hold in any co-category where we can make sense of suspensions, loops, wedge sums, and smash products,
and have access to Mather’s Second Cube Lemma:

Theorem 1.4 (Fundamental James Splitting; Theorem 2.10). Let X be an co-category with finite limits and
pushouts, and assume that Mather’s Second Cube Lemma holds in X. Then for every pointed object X € X,
there is a natural equivalence

TOZX ~ IX V (X A ZQEX).

Moreover, for each integer n > 1 then there is a natural equivalence

TOTX ~ \/ SXN [ v (XM A ZQEX).

1<i<n

In general, the infinite splitting ZQXX ~ \/l.>1 X" need not hold; roughly speaking, the problem is
that if X is not connected, then (X A A ZQXX) need not vanish as n — co. However, there is always a
natural map \/,_, ZX" — ZQZX.

Theorem 1.5 (Fundamental Hilton-Milnor Splitting; Theorem 3.1). Let XX be an oo-category with finite
limits and pushouts, and assume that Mather’s Second Cube Lemma holds in XC. Then for every pair of pointed
objects X,Y € X, there is an natural equivalence

QX VY) ~ QX X QY X QZ(QX A QY).

In §4.2 we explain in what generality the the infinite James Splitting (1.1) and Hilton-Milnor Splitting (1.2)
hold, and how to deduce them from Theorems 1.4 and 1.5.

It might seem that knowing that the James and Hilton-Milnor Splittings in this level of generality is
of dubious advantage; the settings in which one is most likely to want to apply these splittings are the
oo-category Spc of spaces (where the results are already known), or an co-topos (where the results follows
immediately from the results for Spc; see §4.2). However, algebraic geometry provides an example that does
not immediately follow from the result for spaces: motivic spaces. The obstruction is that the co-category
of motivic spaces over a scheme is not an co-topos; since motivic localization almost never commutes with
taking loops, knowing the James and Hilton-Milnor Splittings in the co-topos of Nisnevich sheaves does
not allow one to deduce that they hold in motivic spaces.

Wickelgren and Williams used the James filtration to prove that the infinite James Splitting (1.1) holds
for A'-connected motivic spaces over a perfect field [35, Theorem 1.5]. The reason for the restriction on
the base is because their proof relies on Morel’s unstable A!-connectivity Theorem [25, Theorems 5.46 and
6.1], which implies that motivic localization commutes with loops [3, Theorem 2.4.1; 25, Theorem 6.46].
However, the unstable Al-connectivity property does not hold for higher-dimensional bases [3, Remark
3.3.5; 4], so a different method is needed if one wants to prove James and Hilton-Milnor Splittings for
motivic spaces over more general bases. This is where our generalization pays off: work of Hoyois [18,

2



Proposition 3.15] shows that, in particular, Mather’s Second Cube Lemma holds in motivic spaces over an
arbitrary base scheme. Therefore, Theorems 1.4 and 1.5 apply in this setting. We use these splittings to
give a description of the motivic space ZQP! in terms of wedges of motivic spheres S+ (Example 2.14),
and also give a new description of QZ(P! « {0, 1, co}) (Example 3.3). Over a perfect field, we give a new
decomposition of QZ2(P! « {0, 1, 00}) in terms of motivic spheres of the form S?"+1.™ (Example 4.25).

The second goal of this note is to give a modern construction of the metastable EHP sequence in an
oo-topos XX. For every pointed connected object X e X, the James Splitting provides Hopf maps

h,: QEX — QE(X"").

There is also a James filtration {J,,,(X)},,>0 on QXX, and, moreover, the composite
hy
(1.6) J_1(X) — Q5X =5 QX

is trivial. The sequence (1.6) is not a fiber sequence in general', but is in the metastable range:

Theorem 1.7 (metastable EHP sequence; Theorem 5.19). Let X be an co-topos, k > 0 an integer, and
X € X, a pointed k-connected object. Then for each integer n > 1, the morphism J,_1(X) — fib(h,) is
((n + 1)(k + 1) — 3)-connected.

We note here that a morphism is m-connected in our terminology if and only if it is (m + 1)-connected in
the classical terminology (see Warning 4.9).

We provide two proofs of Theorem 1.7. The first proof is new and non-computational; it only makes use
of some basic connectedness estimates involving the James filtration and the Blakers-Massey Theorem. In
the second proof we simply note that Theorem 1.7 for a general co-topos follows immediately from the claim
for the co-topos of spaces. In the case of spaces, we provide a computational proof; we include this second
proof because we were unable to find the computational proof we were familiar with in the literature.

1.1. Linear overview. We have written this note with two audiences in mind: the student interested in
seeing proofs of Theorems 1.4, 1.5 and 1.7 in the classical setting of spaces, and the expert homotopy theorist
interested in applying these results to more general contexts such as motivic spaces or profinite spaces. The
student can always take XX to be the co-category of spaces, and the expert can safely skip the background
sections provided for the student. We also note that this text should still be accessible to the reader familiar
with homotopy (co)limits but unfamiliar with higher categories, since all we use in our proofs are basic
manipulations of homotopy (co)limits.

Section 2 is dedicated to proving Theorem 1.4. In §2.1, we provide background on Mather’s Second Cube
Lemma and the universality of pushouts. In §2.2, we provide a proof of the James Splitting. Our proof is
roughly the same as proofs presented elsewhere [17; 32, §17.2; 36], but it seems that the generality of the
argument we present here is not very well-known.

Section 3 provides a quick proof of Theorem 1.5. Again, shadows of the proof we provide appear in the
literature [11; 12, §2 & 3; 32, §17.8], but it seems that the generality of the proof has not been completely
internalized by the community. As an application, we use work of Wickelgren [34, Corollary 3.2] to give a
new description of the motivic space QX(P! « {0, 1, co}) (Example 3.2).

Section 4 explains how to use a connectedness argument to show prove the infinite James Splitting
(1.1) and Hilton-Milnor Splitting (1.2) for pointed connected objects of an co-topos, and for pointed A!-
connected motivic spaces over a perfect field. In §4.1, we begin by recalling the basics of connectedness
and the Blakers-Massey Theorem in an co-topos; this material is also instrumental in our proof of Theo-
rem 1.7. Subsection 4.2 presents the connectedness argument to deduce the infinite splittings and defines
the Hopf maps appearing in Theorem 1.7. As an application we give a new description of the motivic space
QZ2(P' ~ {0, 1, co}) over a perfect field (Example 4.25).

Section 5is dedicated to proving Theorem 1.7. In §5.1, we provide the background on the James filtration
needed to understand the statement of Theorem 1.7, as well as some connectedness estimates we need to
prove Theorem 1.7. In § 5.2, we give a refinement of the James Splitting in terms of the James filtration.

LWhen 2 is the oo-category of spaces and X is a sphere, James and Toda proved that, roughly, the sequence (1.6) becomes a fiber
sequence after p-localization. See [20; 21; 33] for a precise statement.
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In § 5.3, we first provide a proof of Theorem 1.7 using the Blakers—-Massey Theorem (which we have not
seen elsewhere), and then record for posterity what we imagine is the standard computational proof of
Theorem 1.7.
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some subtitles around Lemma 2.17. We thank Elden Elmanto, Marc Hoyois, and Dylan Wilson for help-
ful conversations. The second-named author gratefully acknowledges support from both the MIT Dean
of Science Fellowship and the National Science Foundation Graduate Research Fellowship under Grant
#112237.

1.2. Notation & background. In this subsection we set the basic notational conventions that we use
throughout this note as well as recall a bit of relevant background.

Notation 1.8. Let XX be an co-category. If U has a terminal object, we write = € XX for the terminal object
and XX, for the co-category of pointed objects in . If X', has coproducts and X,Y e X, we write X VY for
the coproduct of X and Y in XX,.. If X', has coproducts and products, note that there is a natural comparison
morphism X VY — X X Y induced by the morphisms

(idy,*): X > X XY and (%,idy): Y > X XY .
We say that a morphism f : X — Y in XX, is null if f factors through the zero object .

Recollection 1.9. Let X' be an oco-category with finite products and pushouts, and X,Y e X, pointed
objects of L. The smash product X A'Y of X and Y is the cofiber

XVY — X XY

|

* — X AY
of the comparison morphismX vY — X X Y.

Recollection 1.10. Let X be an co-category with pushouts and a terminal object. The suspension of an
object X € X is the pushout

—_—

Il

—_—

Recollection 1.11. Let XX be an co-category with finite limits. The loop object of a pointed object X € X,
is the pullback

.

QX —
*

—_—

> e—— %

inX,.

We also make repeated use of the following easy fact. The unfamiliar reader should consult [5, §2; 27].



Lemma 1.12. Let XX be an oo-category with pushouts and

Xl (_X0—>X2

[

L

Y1<—Y0_>Y2

a commutative diagram in X. Then the colimit of the diagram (1.13) exists and is equivalent to both of the
following two iterated pushouts:

(1.12.1) Form the pushout of the rows of (1.13), then take the pushout of the resulting span
Xo Wo Y,
X1|_|X2<_W1|JW2_)Y1UY2.
(1.12.2) Form the pushout of the columns of (1.13), then take the pushout of the resulting span
Wy Wy W,
X1|_|Y1<—X0L]Y0—>X2LJY2.
2. THE JAMES SPLITTING

In this section, we present a proof of the James Splitting which holds in any co-category with finite limits
and pushouts, where pushout squares remain pushouts after basechange along an arbitrary morphism. The
argument we give roughly follows the argument Hopkins gave in his course on stable homotopy theory in
the setting of spaces [17, Lecture 4, §3]; Hopkins attributes this proof to James [19; 20; 21] and Ganea [10].

2.1. Universal pushouts and Mather’s Second Cube Lemma. The key property utilized in the proofs
we present of the James and Hilton-Milnor Splittings is that pushout squares are preserved by arbitrary
basechange. This implies that, in particular, the James and Hilton-Milnor Splittings hold in any co-topos,
but also in other situations (such as motivic spaces). In this subsection, we provide the categorical context
that we work in for the rest of the paper and give a convenient reformulation of the stability of pullbacks
under basechange in terms of Mather’s Second Cube Lemma (Lemma 2.6).

Recollection 2.1. Let J be an co-category and let X' be an co-category with pullbacks and all J-shaped
colimits. We say that J-shaped colimits in X are universal if 7-shaped colimits in XX are stable under pullback
along any morphism. That is, for every diagram F : J — X and pair of morphisms colim;.s F(i) — Z and
Y — Z in XX, the natural morphism

colim(F(i) Xz Y) — (colimF(i)) Xz Y
ieJ ied
is an equivalence.

Example 2.2. Let 0 < n < oo, and let X' be an n-topos. One of the Giraud-Lurie axioms for n-topoi
guarentees that all small colimits in X are universal [HTT, Theorem 6.1.0.6 & Proposition 6.4.1.5]. In
particular, small colimits in the category Set of sets and the co-category Spc of spaces are universal.

Example 2.3. Let X be an elementary co-topos in the sense of [29, Definition 3.5]. Then all colimits that
exist in X are universal [29, Corollary 3.12]. In particular, finite colimits are universal in X.

Example 2.4 (motivic spaces). LetS be a scheme. The co-category H(S) of motivic spaces over S is defined as
the Al-localization of the co-topos Sh,;s(Smy) of sheaves of spaces on the category Smg of smooth schemes
of finite type over S equipped with the Nisnevich topology. Concretely, H(S) is the full subcategory of
Sh,;s(Smy) spanned by those Nisnevich sheaves ¥ on Smg with the property that for every smooth S-
scheme X, the projection pr; : X Xg Aé — X induces an equivalence

pri: F(X) = F(X x5 Al).
5



The inclusion H(S) C Shy;s(Smg) admits a left adjoint L, : Shyis(Smg) — H(S) called motivic local-
ization. Motivic localization preserves finite products, but not all finite limits. Moreover, the co-category
H(S) isnot an co-topos (see [31, Remark 3.5; 28, §4.3]), and it is not immediately clear from the construction
if any colimits are universal in H(S). Nonetheless, Hoyois has shown that all small colimits are universal
in H(S) [18, Proposition 3.15].

Example 2.5 (profinite spaces). We say that a space X is mt-finite if X is truncated, has finitely many con-
nected components, and 7;(X, x) is finite for every integer i > 1 and point x € X. Write Spc_ C Spc for
the full subcategory spanned by the r-finite spaces and Pro(Spc,,) for the co-category of profinite spaces.
Infinite coproducts in Pro(Spc,) are not universal [SAG, Warning E.6.0.9], however, finite colimits and
geometric realizations of simplicial objects are universal in Pro(Spc_) [SAG, Theorem E.6.3.1 & Corollary
E.6.3.2].

The following result gives a reformulation of what it means for pushouts to be universal in terms of
Mather’s Second Cube Lemma, which Mather originally proved in the co-category of spaces [22, Theorem
25]. See [Ker, Tag 011H] for an elegant proof of Mather’s Second Cube Lemma in Spc.

Lemma 2.6. Let X be an co-category with pullbacks and pushouts. The following conditions are equivalent:

(2.6.1) Pushouts in X are universal.
(2.6.2) Mather’s Second Cube Lemma holds in X': Given a commutative cube

By —|— B;

\ N

By, — B3

in X where the bottom horizontal face is a pushout square and all vertical faces are pullback squares,
then the top horizontal square is a pushout square.

Proof. The implication (2.6.1) = (2.6.2) is immediate. To see that (2.6.2) = (2.6.1), suppose that we are
given a pushout square

BO —_— B2

(2.7) l l
,_

Bl —_— B3

in X and morphisms f: B; > Zandg: Y —» Zin X. For each i € {0, 1, 2, 3}, define A; := B; X, Y, so that
all the vertical squares in the diagram

Ay — Ay

NN

A, Ay Y
(2.8) l
By — | — B, g
N N
B, Bs 7z

f

are pullbacks. Since the bottom horizontal square of the cube in (2.8) is a pushout, (2.6.2) implies that the
top horizontal square is also a pushout. Thus the pushout square (2.7) remains a pushout after base change
along an arbitrary morphism, as desired. O


http://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf#theorem.E.6.0.9
http://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf#theorem.E.6.3.1
http://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf#theorem.E.6.3.2
http://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf#theorem.E.6.3.2
http://kerodon.net/tag/011H

Since the main results of this note are about pointed objects, we make the following mildly abusive
convention:

Convention 2.9. We say that an co-category XX has universal pushouts if X has finite limits and pushouts,
and pushouts in XX are universal.

2.2. Statement of the James Splitting & Consequences. The James Splitting, originally proven in [19],
provides a splitting of the space QXX after a single suspension. The goal of this subsection is to provide a
proof of the James Splitting that only relies on the universality of pushouts and a few elementary compu-
tations involving the interaction between forming suspensions, loop objects, and smash products.

Theorem 2.10 (Fundamental James Splitting). Let X be an co-category with universal pushouts. For every
pointed object X € X,, there is a natural equivalence

TOEX ~ IX V I(X A QEX).

Using the fact that Z(X A QZX) ~ X AZQXX (Lemma 2.26) and iterating the equivalence of Theorem 2.10,
we see:

Corollary 2.11 (Fundamental James Splitting, redux). Let X’ be an co-category with universal pushouts. For
each pointed object X € X, and integer n > 1, then there is a natural equivalence

TOFX ~ \/ SXN v (XM A ZQEX).

1<i<n

Notation 2.12. Let X be an co-category with universal pushouts and X € XX, a pointed object. Assume
that X, has countable coproducts. Passing to the colimit as n — o0, the coproduct insertions

n
\/ =xN - zozx
i=1
provided by Corollary 2.11 provide a natural comparison morphism
\/ =xN - 203X,
i=1

which we denote by cy : \/;‘:1 XN S TOYX.

Warning 2.13. The comparison morphism cx need not be an equivalence. For example, if X = Spc and
X = S is the 0-sphere, then the map

[So]
ot \/St - zazs0 >\ /8!
i=1 ieZ
is not an equivalence. Even though both the source and target of cq are both countable wedges of copies
of S!, the map cgo is the summand inclusion induced by the inclusion Z, C Z.
We analyze when the comparison morphism cy is an equivalence in §4.2.

Example 2.14. Let S be a scheme. Since colimits are universal in the co-category H(S) of motivic spaces
over S (Example 2.4), Theorem 2.10 implies that for any pointed motivic space X € H(S),. and integern > 1,
we have S!-James Splittings

TOTX ~ \/ SXN v (XM A ZQEX) .

1<i<n

Write G, for the multiplicative group scheme over S. Since 2G, ~ P}S,, setting X = G, we see that

(2.15) SOPL ~ \/ ZGp [V (G AZQPY).

1<i<n
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Using the grading convention
Sa,b = Gglb A (Sl)/\(a—b)

for motivic spheres, we can rewrite the equivalence (2.15) as

ZOQPL | \/ St v (ST A QPY).

1<i<n

Remark 2.16. There is another suspension in motivic homotopy theory, given by smashing with the
multiplicative group scheme G,,. One would like an analogue of the James Splitting in H(S), for G-
suspensions. For S = Spec(R), Betti realization defines a functor

H(Spec(R)) - Spcc2

to C,-spaces which sends S! to the circle with trivial C,-action, and G, to the sign representation circle
S°. Even though Betti realization is not an equivalence, it closely ties R-motivic homotopy theory with
C,-equivariant homotopy theory. In [14], Hill studies the signed James construction in C,-equivariant un-
stable homotopy theory, and shows that an analogue of the James Splitting holds for Q°X°X after sus-
pending by the regular representation sphere S° = S! A S°. This might lead one to hope that there is an
analogue of Hill’s result in motivic homotopy theory which proves the James Splitting for Qg _Xg_X after
P!-suspension; at the moment, we are not aware of such a result.

2.3. Proof of the James Splitting. Before we prove Theorem 2.10, we need a few preliminary results.
First, we give a convenient expression for ZQZX as the cofiber of the projection pr, : X X QZX — QXX.

This expression for ZQXX is an immediate consequence of the following:

Lemma 2.17. Let XX be an co-category with universal pushouts. For every pointed object X € X, there exists
a natural morphism ay : X X Q¥X — QXX and a pushout square

pr,
XX QXX — QXX

| j

QXX —— *.

Proof. Write

|

for the pushout square defining the suspension £X. The definition of ZX provides an equivalence between
the points iy, i, : * — XX, hence there are natural pullback squares

XxO5X =25, X — «
. |
l [

X % - X




The claim now follows from Mather’s Second Cube Lemma applied to the cube

XXQZX—)QZX

R I

QZX—>>1<

*

i O

Warning 2.18. The morphlsm ay @ X X QXX — QXX in Lemma 2.17 cannot generally be identified with
the second projection pr, : X X QXX — QXX. Indeed, since X' is assumed to have universal pushouts,
there is a natural pushout square

XX QEX —2, Q¥x

| |

QXX — ZX X QXX .

Moreover, the object ZX x QXX is not generally terminal in XX'.

Corollary 2.19. Let X be an co-category with universal pushouts. For every pointed object X € X, thereis a
natural equivalence

cofib(pr, : X X QXX — QXX) ~ ZQXX .

Next, we give a convenient expression for the term (X A QXX) in the James Splitting as the pushout of
the span

x &L xxonx 2% orx.
Our proof of this appeals to the following fact, which follows immediately from the definitions.

Lemma 2.20. Let X be an co-category with pushouts and a terminal object, and let X,Y € X, be pointed
objects of X. Then the square

y &4y
(idx, *)l l
—_— %
is a pushout square.

Proposition 2.21. Let X' be an co-category with finite limits and pushouts. Then for every pair of pointed
objects X, Y e X, there is a pushout square

pr
XXY —25Y

SN

X — X AY),

where the morphisms X - (X AY)andY — Z(X A Y) are null.
9



Proof. Let C denote the pushout X LiX*Y Y; we desire to show that C ~ (X A Y). We apply Lemma 1.12 to
the commutative diagram

[ ]
(2.22) X — XVY — Y

I

X e— XXY —Y.
Appealing to Lemma 2.20, taking pushouts of the rows of (2.22) results in the span
C — % — %,

which has pushout C. Alternatively, since the smash product X A Y is the cofiber of the comparison mor-
phism X VY — X x Y, taking pushouts of the columns of (2.22) results in the span

(2.23) * — XAY — x.
By definition, the pushout of the span (2.23) is the suspension (X A Y), so Lemma 1.12 shows that
C~Z(XAY).
To conclude the proof, note that it follows from the definitions that the induced morphisms
X ->X(XAY) and Y 52X AY)
factor through the zero object * € X,,. g

Proposition 2.21 also provides a general formula for the cofiber cofib(pr, : X XY — Y) that allows us to
relate the expressions for ZQXX and (X A QZX) from Corollary 2.19 and Proposition 2.21, respectively.

Corollary 2.24. Let X be an co-category with finite limits and pushouts. Then, for every pair of pointed objects
X, YeX,:

(2.24.1) Thereis a natural equivalence cofib(pr, : X XY = Y) XX VI(X AY).

(2.24.2) There a natural equivalence Z(X XY) ~EZ(X AY)VZEX VZIY.

Proof. Consider the diagram

XXY Y *
| o |
(2.25) X — 5 3(XAY) —— S IYVIXAY)

1 | |

$# ———————— > FIXVIEXAY) — ZXVIYVIXAY),

where the top-left square is the pushout square of Proposition 2.21 and all of the morphisms in the bottom-
right square are coproduct insertions. Since the maps X — Z(X AY)andY — Z(X AY) are null, the
diagram (2.25) commutes and the bottom-left and top-right squares of (2.25) are pushout squares. This
proves (2.24.1). To prove (2.24.2), note that the bottom-right square in the diagram (2.25) is a pushout. [J

Corollaries 2.19 and 2.24 now combine to give the James Splitting.

Proof of Theorem 2.10. Combining Corollary 2.19 with Corollary 2.24 in the case that Y = QXX we see that
there are natural equivalences

ZQIX ~ cofib(pr, : X x QXX — QZX)

~IX VIEX AQZX). O
10



The splitting
TOIX ~ \/ XN v (XA A 2QEX)
1<i<n

of Corollary 2.11 is immediate from Theorem 2.10 combined with the following elementary fact:

Lemma 2.26. Let X' be an oo-category with universal pushouts. For every pair of pointed objects X,Y € X,
there is a natural equivalence
SXAY)~XAZY.

Proof. Since pushouts in X are universal and colimits commute, the squares

idy X% idy v
XxXY =255 X xx* XVY =5 Xvx
idy x*J lidx Xk and idy v*J lidx Vi
XX*% —— X X2ZY XV —— XV2XY
1dX><* ldXV*

are both pushouts in X,.. By the definition of the smash product and the facts that colimits commute and
X A * ~ %, we see that

X AZY = cofib(X VIY — X XZY)

Xvy XXY
zcoﬁb((XV*) UHXVs)—>Xx=*) U (Xx*))

XAY
~(XA%) U XA%)
~T(XAY). O

2.4. Ganea’s Lemma. Since the method of proof is similar to the arguments in this section, we close with
the following lemma of Ganea [9, Theorem 1.1]. This will not be used in the sequel.

Lemma 2.27. Let XX be an co-category with universal pushouts. Let f : X — Y be a morphism in X, and
writei: fib(f) — X for the induced morphism from the fiber of f. Then there is a natural equivalence

fib(cofib(i) —» Y) ~ Z(QY A fib(f)).
Proof. By Proposition 2.21, it suffices to show that the square

QY X fib(f) —2 fib(f)

| |

QY ——— fib(cofib(i) - Y)

is a pushout. Consider the diagram
QY x fib(f) ——2— fib(f)

N
p1y \
N

pr, QY —— > fib(cofib(i) » Y) ——— =

(2.28)

fib(f) —— | —— X

NN

* cofib(il) — 'Y,

11



and note that each vertical square is a pullback square. The bottom horizontal square in (2.28) is a pushout
square by definition, so the assumption that pushouts in X' are universal implies that the top horizontal
square is a pushout as well. O

3. THE HILTON-MILNOR SPLITTING

The main result of this section is the following:

Theorem 3.1 (Fundamental Hilton-Milnor Splitting). Let X be an co-category with universal pushouts and
X,Y € X,. Then there is a natural equivalence

QX VY)~ QX X QY X QZ(QX A QY).
Before giving the proof of Theorem 3.1, we discuss some applications.

Example 3.2. Let S be a scheme. Since colimits are universal in the co-category H(S) of motivic spaces
over S (Example 2.4), Theorem 3.1 implies that for any pointed motivic spaces X,Y € H(S), we have an
equivalence

QX VY) 2 QX X QY X QZ(QX A QY).

The Hilton-Milnor Splitting allows us to give a new description of the motivic space QX(P' ~ {0, 1, co}):

Example 3.3. Let S be a quasicompact quasiseparated scheme. Write {0, 1, oo} C P; for the closed sub-
scheme given by the union of the images of the closed embeddings S < Pé at 0, 1, and oo, respectively.
Using the Morel-Voevodsky motivic purity Theorem [2; 18, §7.5; 26, §3, Theorem 2.23; | Wickelgren [34,
Corollary 3.2] showed that there is an equivalence

Z(Pg~{0,1,00}) = (G V Gpy)

in the co-category H(S),. Since G, ~ PL, setting X = Y = ZG,, in Example 3.2 we see that there are
equivalences

QZ(P; ~{0,1, 00}) ~ QZ(Gyy, V Gyy)
~ QZG,, X QZG, X QL(QZG, A QZG,,)
~ QP¢ X QPg X QZ(QPg A QPy) .

Applying the James Splitting of Example 2.14 we see that for each integer n > 1, we can also express
QE(P{ ~ {0,1, 00}) as

QZ(P{{0,1, 00}) ~ QP X QP X Q \/ QP A ST v (8™ A (QPLM2) |

1<i<n
We now turn to the proof of the Hilton—Milnor Splitting. We first show that there is a fiber sequence
(3.4) TQYAQX) — XVY — X XY.
We then show that the sequence (3.4) splits after taking loops. To do this, we construct a section
QX XY)—-> QX VY),

and use the fact that a fiber sequence of group objects with a section splits on the level of underlying objects.
After proving that (3.4) is a fiber sequence we give a quick review of group objects and deduce Theorem 3.1
from the Splitting Lemma (Lemma 3.11).

We start with the following observation:

Lemma 3.5. Let XX be an co-category with finite limits and X,Y € X. Then there is a natural equivalence
fib((idy,*): X > X XY)~ QY.

Next, we prove the existence of the fiber sequence (3.4).
12



Lemma 3.6. Let X be an co-category with universal pushouts and X,Y € X,. Then there is a natural equiv-
alence

fib(X VY - X XY) ~ Z(QY A QX).
Proof. Write F := fib(XVY — X XY). By Proposition 2.21, it suffices to show that there is a pushout square

pr;
QY x QX — QX

S

QY — F.

Consider the diagram
pr,
QY x QX ——— QX

AN
pry
N
F

QY
(3.7) J

—s 'Y

NN

X — XVY — X XY.

The right-most vertical square in (3.7) is a pullback by definition, and the front and right vertical squares
in the cube appearing in (3.7) are pullback squares by Lemma 3.5. The back and left vertical squares in
the cube appearing in (3.7) are pullback squares by the Gluing Lemma for pullback squares. The bottom
horizontal square in (3.7) is a pushout square by definition, so the assumption that pushouts in X are
universal implies that the top horizontal square is a pushout as well. O

3.1. Reminder on group objects & the Splitting Lemma. In order to split the fiber sequence (3.4) after
taking loops, we need a few basic facts about group objects, which we now review.

Definition 3.8. Let X be an co-category. A group object in XX is a simplicial object G, : A°? — X such that:
(3.8.1) For each integer n > 0 and partition [n] = SU S’ such that SNS’ = {s} consists of a single element,
the induced square

G, — G.(S)

L]

G.(S) — G.(s)

is a pullback square in XX.
(3.8.2) The object G, is a terminal object of XX.

In this case, we call G; € X the underlying object of G,. The face map d; : G; X G; ~ G, — G, provides a
multiplication on G; with unit given by the degeneracy map s, : * ~ Gy — Gj.
We write Grp(XX) C Fun(A°P, X) for the full subcategory spanned by the group objects.

The key example of a group object is loops on a pointed object. As a simplicial object, QX can be written
as the Cech nerve of the basepoint % — X; since we use Cech nerves in §4.1, we recall the definition here.

Recollection 3.9. Let XX be an oo-category with pullbacks, and lete : W — X be a morphism in X'. The
Cech nerve C,(e) of e is the simplicial object
—
S WXWXW w
(:) X X

11

Wxw
X

i

—
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in X', where C,(e) is the (n+1)-fold fiber product of W over X, each degeneracy map is a diagonal morphism,
and each face map is a projection. Note that the morphism e: W — X defines a natural augmentation
C.(e) - X.

Lemma 3.10. Let X be an co-category with finite limits and X € X,.. Then QX naturally admits the structure
of a group object of X.

Proof. Let U,(X) denote the Cech nerve of the basepoint * — X. Since Uy(X) =~ *, [HTT, Proposition
6.1.2.11] shows that the Cech nerve U,(X) is a group object of X. Since U;(X) ~ QX, it follows that the
loop functor Q : X, — X, factors as the composite

u.
Xy — Grp(x) — Xy
of the functor given by the assignment X — U,(X) followed by the forgetful functor Grp(X) — X,. d

We leave the following Splitting Lemma as an amusing exercise for the reader.

Lemma 3.11 (Splitting Lemma). Let X be an co-category with finite limits, let

A-LBLC
be a fiber sequence of group objects in X, and write m . BX B — B for the multiplication on B. For any section
s: C — B of p on the level of underlying pointed objects of 2, the composite

ixs

AXC =5 BxB -5 B
is an equivalence in ..

We can now prove Theorem 3.1.
Proof of Theorem 3.1. By Lemmas 3.6 and 3.10, there is a fiber sequence
(3.12) QfibXVY - XXY) — QXVY) — QX x QY

of group objects of X'. Note that the map Q(X VY) - QX X QY has a section defined by the composite

Qiy xQi
QXX QY —2 QX VY) X QX VY) —2 QX VY),
wherei;: X - XvYandi,: Y - X VY are the coproduct insertions, and m is the multiplication
coming from the group structure on Q(X v Y). By Lemma 3.11 the fiber sequence (3.12) splits, so applying
Lemma 3.6 we see that there are equivalences

QX VY) 2 QXX QY x Qfib(X VY —» X XY)
~ QX X QY X QZ(QX A QY). O

4. CONNECTEDNESS & THE JAMES SPLITTING

The purpose of this section is explain how to use a connectedness argument to show that if X is a pointed
connected object of an co-topos, then the comparison morphism

[ee]
cx: \/ZXM - zOzX

i=1
is an equivalence. To do this, we start by reviewing the basics of connectedness in an co-topos (§4.1). We
also prove some basic connectedness results that we need in our proof of the metastable EHP sequence
in Section 5. Subsection 4.2 proves the infinite James and Hilton-Milnor Splittings for connected objects
and explains how to deduce Wickelgren and William’s James Splitting in motivic spaces over a perfect field
from these results.
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4.1. Connectedness and the Blakers—Massey Theorem. In this subsection, we review the basic prop-
erties of k-truncated and k-connected morphisms in an co-topos. We also recall the Blakers-Massey Theo-
rem (Theorem 4.15) and Freudenthal Suspension Theorem (Corollary 4.16) in an co-topos, since our proof
of the metastable EHP sequence in §5 relies on these results.

The reader interested in the details of the results reviewed here should consult [HTT, §6.5.1; 1, §3.3] for
connectedness results, and [1] for the Blakers—-Massey Theorem.

Definition 4.1. Let XX’ be an co-topos. For each integer k > —2, define k-truncatedness for morphisms in
X recursively as follows.

(4.1.1) A morphism f is (—2)-truncated if f is an equivalence.
(4.1.2) For k > —1, amorphism f: X — Y is k-truncated if the diagonal Ay : X — X Xy X is (k — 1)-
truncated.
An object X € X is k-truncated if the unique morphism X — = is k-truncated.
Write X, C X for the full subcategory spanned by the k-truncated objects. The inclusion X, C X
admits a left adjoint which we denote by T : X — X .

Example 4.2. Let C be a small co-category equipped with a Grothendieck topology 7, and let k > —2 be
an integer. Then a sheaf ¥ € Sh.(C) of spaces on € with respect to 7 is k-truncated if and only if F(c) is a
k-truncated space for every c € €. Thatis, F is k-truncated if and only if & is a sheaf of k-truncated spaces.

Remark 4.3. If X is an co-topos, then the full subcategory X, spanned by the O-truncated objects is an
ordinary topos, i.e., a category of sheaves of sets on a Grothendieck site.

Recollection 4.4. Let X be an oco-topos. A morphism f: X — Y in X is an effective epimorphism if the
augmentation C,(f) — Y exhibits Y as the colimit of the Cech nerve of f (see Recollection 3.9). Equiva-
lently, f is an effective epimorphism if and only if To(f) : T<o(X) = 1< (Y) is an effective epimorphism
in the ordinary topos X' o of O-truncated objects of X [HTT, Proposition 7.2.1.14].

Example 4.5. A morphism f: X — Y in the co-topos Spc of spaces is an effective epimorphism if and
only if my(f) : me(X) — m(Y) is a surjection of sets.

Definition 4.6. Let X be an oo-topos. For each integer k > —2, define k-connectedness for morphisms in
X recursively as follows.

(4.6.1) Every morphism is (—2)-connected.
(4.6.2) Fork > —1,amorphism f : X — Y is k-connected if f is an effective epimorphism and the diagonal
Ap: X = X Xy X is (k — 1)-connected.
A morphism f is co-connected if f is k-connected for all k > —2.
An object X € X is k-connected if the unique morphism X — = is k-connected.

Remark 4.7. A morphism f is (—1)-connected if and only if f is an effective epimorphism.
Definition 4.8. An oco-topos XX is hypercomplete if every co-connected morphism in XX is an equivalence.

Warning 4.9. Our conventions for connectedness follow those of Anel, Biedermann, Finster, and Joyal
[1, §3.3]. For k > 0, a homotopy type X is k-connected in our sense if and only if X is k-connected in the
classical terminology [8, §6.7; 13, p. 346; 23, Chapter 10, §4]. In particular, X is 0-connected if and only if
X is path-connected. This convention differs from the classical one for maps: an n-connected map in our
sense is an (n + 1)-connected map in the classical sense.

Comparing to Lurie’s terminology [HTT, §6.5.1], an object or morphism is n-connected in our sense if
and only if it is (n+1)-connective in Lurie’s sense. One of the benefits of our terminological choice is that the
constant factors in many connectedness estimates are eliminated (see Theorem 4.15 and Corollary 4.16).

The following basic properties of k-connected morphisms are proven in [HTT, §6.5.1].

Proposition 4.10. Let XX be an oco-topos and k > —2 be an integer. Then:

(4.10.1) The class of k-connected morphisms in X is stable under composition.
(4.10.2) The class of k-connected morphisms in X is stable under pushout along any morphism.
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(4.10.3) The class of k-connected morphisms in X is stable under pullback along any morphism.

(4.10.4) The class of k-connected objects in X is stable under finite products.

(4.10.5) Given morphisms f: X - Yandg: Y — Z in X where f is k-connected, the morphism g is k-
connected if and only if gf is k-connected.

(4.10.6) Given a morphism f: X — Y in X with a section s: Y — X, the morphism f is (k + 1)-connected
if and only if the section s is k-connected.

(4.10.7) Anobject X € X is k-connected if and only if the k-truncation 1 (X) of X is terminal in XX

Since the k-truncation functor t; : X — X preserves filtered colimits, from (4.10.7) we deduce:

Corollary 4.11. Let X be an co-topos and k > —2 be an integer. Then the class of k-connected objects of X is
stable under filtered colimits.

In the co-topos of spaces, the following connectedness estimates are usually done by appealing to cell
structures. Such arguments are unavailable in an arbitrary co-topos, so we deduce these connectedness
estimates from Proposition 4.10.

Proposition 4.12. Let X be an co-topos, X, Y € X, pointed objects, and k, ¢ > 0 integers. If X is k-connected
and Y is ¢-connected, then:

(4.12.1) The suspension ZX is (k + 1)-connected.

(4.12.2) The coproduct insertion X — X V'Y is (€ — 1)-connected.

(4.12.3) The natural morphism X VY — X XY is (k + €)-connected.

(4.12.4) The smash product X AY is (k + ¢ + 1)-connected.

(4.12.5) For each postive integer n, the n-fold smash product X" is (n(k + 1) — 1)-connected.

Proof. For (4.12.1) note that since k-connected morphisms are stable under pushout (4.10.2), the definition
of the suspension XX as a pushout shows that the basepoint * — XX is k-connected. Hence XX is (k + 1)-
connected (4.10.6).

Second, (4.12.2) follows from the fact that the basepoint + — Y is (£ — 1)-connected (4.10.6), combined
with the fact that (¢ — 1)-connected morphisms are stable under pushout (4.10.2). Third, (4.12.3) follows
from the fact that the basepoints * — X and * — Y are (k — 1)-connected and (¢ — 1)-connected (4.10.6),
respectively, and a general fact about pushout-products of connected morphisms [1, Corollary 3.3.7(4)].

Now we prove (4.12.4). Since (k +¢)-connected morphisms are stable under pushout (4.10.2), by (4.12.1)
and the pushout square

XVY — X XY
[
¥ ——> XAY

defining the smash product X A'Y, we see that the basepoint = — X AY is (k + ¢)-connected. Hence X AY
is (k + ¢ + 1)-connected (4.10.6).
Finally, (4.12.5) follows from (4.12.4) by induction. O

Now we record a convenient fact about the interaction between connectedness and pullbacks that we
need in out proof of the metastable EHP sequence.

Proposition 4.13. Let X' be an co-topos, ¢ > —2 be an integer, and
A-Ll.c -t p
|
a c lb
12
A/ f, C/ - !
g
be a commutative diagram in X. If a and b are €-connected and c is (¢ + 1)-connected, then the induced

morphism on pullbacks a X, b : AXc B — A’ X B is €-connected.
16



Proof. Since ¢-connected morphisms are stable under composition, by factoring the induced morphism
AXc B — A’ Xqr B’ as a composite of induced morphisms

axXx

cid ’ id xjqb
Axc B -2 Al xo B <292,

Al Xcr B’ ,

it suffices to prove the claim in the special case B = B’ and the morphism b : B — B’ is the identity. To
prove the claim when b is the identity, first write (idy4, f) : A = A X C for the section of the projection
A Xcr C — A induced by the commutative square

ALC

|l

A— C'.
fla

Consider the following commutative diagram of pullback squares
AXcB — AXxoB — A'XoB —— B

- . )
l l .
A—— AXp C — A'Xe C — C

(ida,f) l , 1 y l
c
/ !
.A a A f, C 9
and notice that the composite middle horizontal map A — C is f. Since ¢: C — C’ is (¢ + 1)-connected,
the projection A Xor C — A is (¢ + 1)-connected (4.10.3). Hence the section (id4, f): A - A X C is
¢-connected (4.10.6). Consequently, the induced morphism A X B — A X B is €-connected. Now note

that since a: A — A’ is £-connected, the induced morphism A X B — A’ X B is £-connected. Hence
the composite morphism A X B — A’ X B is £-connected, as desired. O

In particular, Proposition 4.13 shows that the class of £-connected morphisms in an co-topos is closed under
finite products. Setting B = B’ = x in Proposition 4.13 we deduce:

Corollary 4.14. Let X be an co-topos, ¢ > —2 be an integer, and

ALC

al lc
A — !
fl

be a commutative square in X. If a is € -connected and c is (€ + 1)-connected, then for every point x . * — C,
the induced morphism fib,(f) — fib.,(f") on fibers is € -connected.

We conclude this subsection by recalling the Blakers-Massey and Freudenthal Suspension Theorems in
the setting of co-topoi.

Theorem 4.15 (Blakers—Massey [1, Corollary 4.3.1]). Let X be an co-topos and let

A-Lt,cC

]

B—— D

be a pushout square in X. If f is k-connected and g is € -connected, then the induced morphism A — B Xp C
is (k + ¢)-connected.
17



As in the classical setting, applying the Blakers—-Massey Theorem to the pushout defining the suspension
immediately implies the Freudenthal Suspension Theorem.

Corollary 4.16 (Freudenthal Suspension Theorem). Let X be an oo-topos, and X € X, a pointed k-connected
object. Then the unit morphism X — QXX is 2k-connected.

4.2. The infinite James and Hilton-Milnor Splittings. We now explain how to use a connectedness
argument to show that if X is a pointed 0-connected object of an co-topos, then the comparison morphism

oo
cx: \/ZXN - zOzX

i=1
introduced in Notation 2.12 is an equivalence (Proposition 4.18). The James Splitting gives us access to
generalized Hopf invariants in this very general setting, and implies the stable Snaith splitting for QXX [30].
We also prove the infinite version of the Hilton-Milnor Splitting (Example 4.22). Using Morel’s unstable
A'-connectivity Theorem, we explain why these infinite splittings hold in motivic spaces over a perfect
field (Corollary 4.24). As an application, we give a new description of QZ?(P! ~ {0, 1, co}) (Example 4.25).

The key tool to prove all of these results is the following lemma about how infinite James Splittings

interact with localizations.

Lemma 4.17. Let Y be an co-category, j : X < Y a full subcategory, and assume that the inclusion j admits

aleft adjoint L : 'Y — X. Assume that:

(4.17.1) The co-categories X and Y have universal pushouts and the co-category Y., has countable coproducts.

(4.17.2) The functor L : Y — X commutes with finite products and the formation of loop objects (e.g. L is left
exact).

If X € X, is a pointed object with the property that the comparison morphism
i>1
is an equivalence in Y,, then the comparison morphism
Cx . \/ZxXAi Ed ZxszxX
i>1
is an equivalence in XX,.

Proof. Since the localization L : ¥ — X preserves the terminal object, the functor L descends to the level
of pointed objects. Moreover, since L preserves finite products, the functor L : Y, — X, commutes with
smash products. Since the functor L : Y, — X, also commutes with the formation of loop objects, we see
that the morphism cy is equivalent to L(cj(x)). The assumption that the morphism c;x) is an equivalence
completes the proof. O

Proposition 4.18 (James Splitting). Let XL be an oo-topos. Then for each 0-connected pointed object X € X,
the natural comparison morphism
cx: \/ZXM - zOzX
i>1

is an equivalence in ..

Proof. Since every oco-topos is a left exact localization of a presheaf co-topos and presheaf co-topoi are hy-
percomplete (see Definition 4.8), by Lemma 4.17 we are reduced to the case that XX is hypercomplete. That
is, it suffices to show that the morphism cx is co-connected.

To see this, notice that for each integer n > 1, the summand inclusions of \/l.n=1 XM into \/z1 XM and

TQIX ~ \/ XN [V (XA A 2Q5X)
1<i<n
18



(Corollary 2.11) fit into a commutative triangle

n . 00 .
vi:l ZXN - vi:l ZX/\I

(4.19) \ ch

Since X is 0-connected, combining (4.12.1), (4.12.4), (4.12.5) and Corollary 4.16 we see that X" AZQXX is
n-connected. Hence (4.12.2) shows that the summand inclusion
n
\/ ZxA - 205X
i=1
is (n — 1)-connected. Similarly, since X is 0-connected, combining (4.12.1), (4.12.5), and Corollary 4.11 we
see that the object \/ XM is (n + 1)-connected. Again applying (4.12.2), we see that the summand

inclusion
n (]
\/ ZxN -\ [ zxA
i=1 i=1
is n-connected. The commutativity of the triangle (4.19) combined with (4.10.5) show that the morphism

cx: \/ZXN - zOzX

i>1

(o)
i>n+1

is (n — 1)-connected. Since this is true for each integer n > 1, we have shown that morphism cy is oco-
connected, as desired. O

Remark 4.20. Of course, in the proof of Proposition 4.18 we can further reduce to the case X = Spc and the
claim follows from the classical James Splitting. The purpose of our proof is to provide an explaination that
does not appeal to the classical result but, rather, only uses basic manipulations available in an co-topos.

Proposition 4.21 (Hilton-Milnor Splitting, general version). Let X be an co-category with universal pushouts
and countable coproducts, and let X, Y € XX, be pointed objects.

(4.21.1) Ifthe comparison morphism cy is an equivalence, then there is a natural equivalence of pointed objects

QX X Q3Y x Q| 20X A \/ YV | = QX VEY).
j21

(4.21.2) If the comparison morphisms cx and cy are equivalences, then there is a natural equivalence of
pointed objects

QX X QY X QF \/XAi/\Y’\j = QSXVY).
i,j=1
Proof. For (4.21.1), first note that the Hilton—Milnor Splitting of Theorem 3.1 provides an equivalence.
QX VIY) ~ QX X QZY X QZ(QX A QY)

The claim now follows from the natural natural equivalences

o|zax A \/ YV |~ alax A\/zy (Lemma 2.26)
j=1 j=1
= Q(QX AZQZY) (cy is an equivalence)
~ Q¥(QX A QZY) (Lemma 2.26)
Similarly, (4.21.2) follows from Lemma 2.26, (4.21.1), and the assumption that cy : \/l.>1 XN S TOFXX

is an equivalence O
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Example 4.22 (Hilton-Milnor Splitting). Let X be an co-topos and let X, Y e X, be pointed objects. By
Proposition 4.18, the hypotheses of (4.21.1) are satisfied if Y is 0-connected, and the hypotheses of (4.21.2)
are satisfied if both X and Y are 0-connected.

The next application is that the infinite James and Hilton-Milnor Splittings hold for A!-0-connected
motivic spaces over a perfect field. The infinite James Splitting was first proven by Wickelgren and Williams
using the James filtration [35, Theorem 1.5]; the infintie Hilton-Milnor Splittings in this context is new.

Recollection 4.23. Let S be a scheme and n > 0 an integer. A motivic space X € H(S) C Sh,;(S) is
Al-n-connected if X is an n-connected object of the Nisnevich co-topos Shy;s(S).
Corollary 4.24. Let k be a perfect field and let X and Y be pointed motivic spaces over k.
(4.24.1) IfX is A'-0-connected, then the natural comparison morphism
cx: |/ ZXN - zOzX
i>1
is an equivalence in H(Spec(k))..
(4.24.2) IfY is A'-0-connected, then there is a natural equivalence of pointed motivic spaces

QX X QTY X Q ZQXA\/YM' = QX VIY).
jz1

(4.24.3) If X and Y are A'-0-connected, then there is a natural equivalence of pointed motivic spaces

QZX X QTY X QF \/XM/\YAJ‘ = QS(XVY).
i,j>1
Proof. First note that (4.24.2) and (4.24.3) follow from Proposition 4.21 and (4.24.1). To verify (4.24.1), note
that since pushouts are universal in the co-category H(Spec(k)) of motivic spaces over k (Example 2.4) and
H(Spec(k)) is a localization of the co-topos Shy;s(Spec(k)) of Nisnevich sheaves on Spec(k), it suffices to
check that the motivic localization functor
Lot : Shyis(Spec(k)) — H(Spec(k))

satisfies the hypotheses of Lemma 4.17. To see this, first note that over any base scheme the motivic lo-
calization commutes with finite products [18, Corollary 3.5]. Second, since the field k is perfect, Morel’s
unstable A'-connectivity Theorem [25, Theorems 5.46 and 6.1] implies that motivic localization commutes
with the formation of loop objects [3, Theorem 2.4.1; 25, Theorem 6.46]. O

Example 4.25. Let k be a perfect field. Corollary 4.24 gives the following variant on Example 3.3. Since
G, ~ P! is Al-0-connected, (4.24.3) provides equivalences of pointed motivic spaces over k

Q32(P} ~{0,1,00}) ~ QZ(P} VP,)

AG+j)
~ Q3P x QzP} x Oz| \/ (P})

ij21

~ QS3’1 X QS3’1 X Q \/ S2(i+j)+1,i+j

i,j>1
We complete this section by constructing the Hopf maps that appear in the metastable EHP sequence.

Construction 4.26 (Hopf maps). Let X be an co-topos and X a pointed 0-connected object of X'. For each
integer n > 1, we define the Hopf map h,, : QXX — QXX as the adjoint to the collapse map

ZQEX = \ [/ ZXA - TxA
i>1
induced by the James Splitting of Proposition 4.18.
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5. THE JAMES FILTRATION & METASTABLE EHP SEQUENCE

In classical algebraic topology, the metastable EHP sequence is the statement that the composite

X — Q¥X 2, orxn?

is a fiber sequence in a range depending on the connectedness of X, known as the metastable range. Here
the first map X — QZXX is the unit and h, is the Hopf map (Construction 4.26). For the higher Hopf maps
h, : QX — Q¥X"", there is an analogous fiber sequence in a range

hp
J1(X) — QZX — QXA

where J,,_;(X) is the (n — 1) piece of the James filtration on QXX.

This section is dedicated to a non-computational proof of the metastable EHP sequence in an co-topos
that only makes use of the Blakers-Massey Theorem and some basic connectedness results (see Theo-
rem 5.19). In §5.1 we review the James filtration. In §5.2 we refine the James Splitting to a splitting

n
2T,(X) ~ \/ XN
i=1
In §5.3, we give our non-computational proof of the metastable EHP sequence via the Blakers-Massey
Theorem, and also record a computational proof for posterity.

5.1. The James filtration. Classically, the James filtration {J,,(X)},>o provides a multiplicative filtration
on the free monoid J(X) on a pointed space X, in the homotopical sense. At the point-set level, J(X) can
be presented as the free topological monoid on X, and J,,(X) can be identified the subspace of words of
length at most n in J(X). Concatenation of words then supplies {J,,(X)},>o with the structure of a filtered
monoid. Since the trivial monoid and trivial group coincide, if X is connected, then the free monoid J(X)
on X coincides with the free group Q>X on X.

In a general co-category, we can define the James filtration as follows. This definition is provided in [6,
Section 3] in the context of homotopy type theory; the arguments made in [6, Section 3] are formal and
valid in any co-topos.

Construction 5.1 (James filtration). Let X be an co-category with finite products and pushouts, and let
X e X, be a pointed object. For each integer n > 0 we define a pointed object J,(X) € X, as well as
morphisms
ip 1y (X) = I (X) and oy 0 X XJp(X) = T (X)

in X, recursively as follows.
(5.1.1) We define Jo(X) := *, J;(X) := X, the morphism i, : * — X is the basepoint, and the morphism

o . X X * — X is the projection pr, : X X * = X.
(5.1.2) For n > 2, we define J,,(X), i,,_;, and a,,_; by the pushout square

Jn—Z(X)
XxI,,X) U JX) — J,1(X)

(5.2) l r lin-l

XX Tpa(X) ——F—— Ju(X),

where: the top horizontal morphism is induced by the universal property of the pushout by the
commutative square

ip—
T (X) — J,1(X)

ia)| |

X XJpo(X) 2= Jpa (X)),
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and the left vertical morphism is induced by the universal property of the pushout by the commu-
tative square

i
Jn—Z(X) = Jn—l(X)

(*,id)l J(*,id)

XXJn_Z(X) ldX—l_; XXJn_l(X) .

For each positive integer n, define a morphism a,, : X*" — J,(X) as the composite

id Xag

XN o XM x (X)) —= X2 x 1L(X)

id Xay

X XTI (X) =25 1,(X).

Finally, define J(X) := colim,,>q J,,(X).

Definition 5.3. Let XX be an co-category with finite products and pushouts, and let X € X, be a pointed
object. For each integer n > 0 define a morphism u,, : J,(X) — QXX recursively as follows. The morphism
U is the basepoint, and the morphism u; : X — QZXX is the unit. For n > 2, the morphism u,, is induced
by the commutative square

Tn—2(X)
XXJp X)) U (X)) — 1 (X)

XxJ, (X)) ——— Q5X

mo(uy X, _1)

where m : QXX x Q¥X — QXX is the group multiplication.
The morphisms u,, induce a morphism u : J(X) - QXX.

Theorem 5.4 ([6, Section 6]). Let X' be an co-topos and X € X, a pointed object. If X is 0-connected, then
the morphism u : J(X) — QXX is an equivalence.

Brunerie [6] gives an elementary proof of the following connectedness estimate.

Lemma 5.5 ([6, Proposition 4]). Let X be an co-topos, k > 0 an integer, and X € X,, a pointed k-connected
object. Then the morphismi,_, : J,_1(X) — J,(X) is (n(k + 1) — 2)-connected.
Corollary 5.6. Let X be an co-topos, k > 0 an integer, and X € X, a pointed k-connected object. Then for
each integer n > 0, the object J,,(X) is k-connected.
Proof. If n = 0, then the claim is clear since Jy(X) = *. If n > 0, then by Lemma 5.5 the morphisms
iy, .- i are all (k — 1)-connected. Hence the basepoint

in—l io Lk —> Jn(X)
is (k — 1)-connected; equivalently, J,,(X) is k-connected (4.10.6). O

Lemma 5.7 ([6, Proposition 6]). Let X be an co-topos, k > 0 an integer, and X € X, a pointed k-connected
object. Then the morphism u,, : J,(X) - QEX is ((n + 1)(k + 1) — 2)-connected.

5.2. Splitting the James filtration. The purpose of this subsection is to prove the following splitting of
the James filtration, which we use in our proof of the metastable EHP sequence (Theorem 5.19).

Proposition 5.8. Let X' be an co-category with universal pushouts, and let X € X . Then there is a splitting
(5.9) I,(X) ~ \/ XN

1<i<n
If X is an oco-topos and X is 0-connected, then under the map Zu,, : 2J,(X) —» ZQXX, the splitting (5.9) is an
equivalence onto the first n factors of the splitting ZQXX ~ \/l.>1 ZX" of Proposition 4.18.

The proof of Proposition 5.8 requires some preliminaries. We need to relate the cofiber of i,, to smash
powers of X; before doing so we need some preparatory lemmas.
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Lemma 5.10. Let X' be an oo-category with finite products and pushouts, and let X,Y € X,. Then there is a
cofiber sequence

Y — cofib((idy,%): X > X XY) — X AY.
Proof. There is a map of cofiber sequences
Xe=e=—X —— %
(5.11) | Jaen |
XVY — XXY — X AY,

where the leftmost vertical map is the coproduct insertion. The cofiber of the coproduct insertion X — XVvY
is Y, and the cofiber of the basepoint * — X AY is X A Y. To conclude, note that taking vertical cofibers in
(5.11) results in a cofiber sequence. O

The following is a straightforward application of Lemma 1.12.
Lemma 5.12. Let XX be an co-category with pushouts and a terminal object and let
A — B
L
¢ — D
be a commutative square in X . Then there is a natural equivalence
cofib(B LA C — D) = cofib(cofib(4 — C) — cofib(B — D)).
We are now ready to show that cofib(i,) ~ X" \"*1,

Proposition 5.13. Let X' be an co-category with universal pushouts, and let X € X,.. Then for each integer
n > 0, there is a natural equivalence

cofib(iy, : J,(X) = Jpq1 (X)) =~ XA+
Moreover, the composite
XXn+1 i Jn+1(X) SN X/\n+1
is equivalent to the canonical map X>"+1 — xX/\+1,

Proof. We prove the claim by induction on n. For the base case, note that since the morphism i, is the
basepoint * — X, the cofiber of i, is X. For the inductive step we assume that cofib(i,) ~ X""**! and show
that cofib(i,,;) =~ X"\"*2. From the defining pushout square (5.2), we see that

cofib(in41) = cofib (X x J,(X) L' J, 1 (X) = X X J,11(X)) .
Applying Lemma 5.12 shows that
cofib(iy, ;) =~ coﬁb(coﬁb(Jn(X) = X xJ,(X)) = cofib(J,4;(X) = X X Jn+1(X))) ,

where the map of cofibers is induced by the map i, : J,(X) — J,;1(X). By Lemma 5.10, there is a cofiber
sequence
X — cofib(J,(X) » X X J,(X)) » X AJ,(X);

moreovet, the map iy, : J,(X) — J,41(X) induces a map of cofiber sequences
X —— cofib(J,(X) » X xJ,(X)) — X AL, (X)
(5.14) H l lidx A
X — cofib(Jp1 1 (X) = X X T 11 (X)) — X AT (X)) .
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Since the leftmost vertical map is the identity, taking vertical cofibers in the map of cofiber sequences
(5.14) produces an equivalence between the vertical cofibers of the middle and right vertical maps. Since
the cofiber of the middle vertical map is cofib(i,, ; ), we find that

cofib(iy41) = cofib(idy Ay, : X AJ,(X) = X AT, (X))
Since pushouts in XX are universal we have a natural equivalence
cofib(idy Ai,, : X AT, (X) = X AJ,11(X)) = X Acofib(iy, : J,(X) = T, 11 (X))
By the inductive hypothesis, cofib(i,,) ~ X", so cofib(i,,;) =~ X"\"*2, as desired. O

Next we split the term

Z(X X T, 1(X) ) Jn(X))

in the pushout square (5.2) defining XJ,,,; (X) and prove Proposition 5.8.

Lemma 5.15. Let XX be an co-category with universal pushouts, X € X, and n > 1 an integer. Then there is
a natural equivalence.

T (X)
E(X xJ, (X)L Jn(X)) & X AT, (X)) VIX VELX).

Proof. Since suspension preserves pushouts, we have a pushout square

2Jp1(X) 21,(X)

(5.16) l ] 1

X % T, (X)) — Z(X x T, (X) L'-1 0 Jn(X)> .

Under the equivalence
S(X X T, (X)) = (X AT 1 (X)) VEX V =T, 1(X)

of Corollary 2.24, the left vertical map in (5.16) is the coproduct insertion. Hence on pushouts we see that
Jn—l(X)
E(X xJ, (X)L Jn(X)) ~ X AT, (X)) VIX VELX). O

Proof of Proposition 5.8. We prove the claim by induction on n. The base case where n = 1 is obvious. For
the inductive step, assume that n > 1 and 2J,(X) =~ \/l.n=1 2X\". By Proposition 5.13 we have a cofiber
sequence
In(X) =5 Ty (X) — XML
so the inductive hypothesis and the duals of Lemmas 3.10 and 3.11, it suffices to define a retraction
It 2 (X) = ZI,(X)

of the map Xi,.

We construct the retractions r,, : 2J,,1(X) — ZJ,(X) inductively. For the base case, the retraction
ro: XX — = of Ziy is the unique morphism. For the inductive step, assume that n > 1 and we have
constructed a retraction r,,_; : 2J,(X) — 2J,_1(X) of Zi,,_;; we use this to construct a retraction r,, of Xi,,.
Since suspension preserves pushouts, suspending the defining pushout square (5.2) yields a pushout square

z:(X X J,_1(X) e J,,(X)) — s 31, (X)

(5.17) 1 Jzin
ZX X J,(X)) — LI (X).
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In order to define a retraction of Xi,, it suffices to define a retraction of the left vertical map in (5.17), i.e.,
it suffices to define a retraction

Jn—l(X)
(X x J,(X)) — Z(X X T, (X)) "L Jn(X)) .

By Corollary 2.24 and Lemma 5.15, we have equivalences
(X % T,(X) 2 Z(X AT, (X)) VEX v 2I,(X)

and

Jn—l(X)
Z(X xJ,_1(X) U Jn(X)) ~ X AT, (X)) VEX VEILX).

Moreover, the left vertical map in (5.17) is induced by the suspensions of the identity on X, identity on
J,(X), and the map i,, : J,,_1(X) = J,(X). Under the identifications

SX AT X)) 2 X AZT,1(X) and EZX AT,X)) =X AZI,(X)
of Lemma 2.26, we see that the map
idy Arp_1: Z2X AT X)) 2 X AZT, (X)) — X AZ],X) 22X AT(X)
is a retraction of X(idy Ai,,_;). Hence the map
(idx Ar,—p) vidvid: ZX AT,(X)VEX VE],(X) — Z(X AT,1(X) VEX VvV ZI,(X)
supplies the desired retraction of the left vertical map in (5.17). O

5.3. Proofs of the metastable EHP sequence. In thissubsection, we present two proofs of the metastable
EHP sequence in the setting of co-topoi. Before making a precise statement of the main result, we need the
following easy lemma.

Lemma 5.18. Let XX be an co-topos, X € X, be a pointed 0-connected object, and n > 1 an integer. Then the
composite

n h'n
J,1(X) 25 Q5X % QExAn
is null. Here h,, is the Hopf map of Construction 4.26.

Proof. 1t suffices to prove the corresponding statement on adjoints: in other words, we need to show that
the composite

Z n
2T, (X) 25 $QEX — ZXA
is null. This is an immediate consequence of Proposition 5.8. O

We can now state the metastable EHP sequence.

Theorem 5.19 (metastable EHP sequence). Let X be an co-topos, k > 0 an integer, and X € X, a pointed
k-connected object. Then for every integer n > 1, the morphism J,_(X) — fib(h,,) induced by Lemma 5.18 is
((n + 1)(k + 1) — 3)-connected.

Remark 5.20. Theorem 5.19 implies the metastable EHP sequence of Asok-Wickelgren-Williams for co-
topoi of hypersheaves on an ordinary site with enough points [3, Proposition 3.1.4].

The first proof of Theorem 5.19 we present is internal to co-topoi, and only uses basic facts about con-
nectedness and the James construction, as well as the Blakers—-Massey Theorem. The second reduces to the
oo-topos Spc of spaces, then uses the homology Whitehead Theorem and Serre spectral sequence to give a
calculational proof of the metastable EHP sequence in the classical setting. Both perspectives are valuable,
and we present the second here in part because the calculational proof of the metastable EHP sequence
does not seem to be easy to locate in the literature.

25



Internal proof of Theorem 5.19. First we show that it suffices to prove the claim where we replace fib(h,,)
by the fiber of the natural morphism J,,(X) — X"". Observe that we have a commutative square

I,X) —— XA

(5.21) u"l l

QXX h—) QZXAn N

where the right vertical morphism is the unit. Since X is k-connected, the morphism
u, : 1,(X) > Q=X
is((n+1)(k+1)—2)-connected (Lemma 5.7) and X" is (n(k+1)—1)-connected (4.12.5). By the Freudenthal
Suspension Theorem (Corollary 4.16) the unit morphism X" — QXX is 2(n(k+1)—1)-connected. Since
n > 1, we have that
2nk+1) -1 >m+1)k+1)-2,
so that both of the vertical morphisms in (5.21) are ((n + 1)(k + 1) — 2)-connected. Applying Corollary 4.14
to the square (5.21), we see that the induced morphism on horizontal fibers
fib(J,(X) — X"") — fib(hy,)
is ((n + 1)(k + 1) — 3)-connected. Therefore, to prove that the morphism J,,_;(X) — fib(h,) is ((n + 1)(k +
1) — 3)-connected, it suffices to show that the induced morphism
(5.22) Tpa(X) = fib(T,(X) = XA
is ((n + 1)(k + 1) — 3)-connected.
Since X is k-connected, J,,_;(X) is k-connected (Corollary 5.6) and the morphism
in-1: Ipo1(X) = J,(X)
is (n(k + 1) — 2)-connected (Lemma 5.5). Applying the Blakers—Massey Theorem (Theorem 4.15) to the
cofiber sequence

T (0 25 3,00)

|

*—)X/\n

provided by Proposition 5.13, we see that morphism (5.22) is ((n + 1)(k + 1) — 3)-connected. O

Computational proof of Theorem 5.19. Let m := (n + 1)(k + 1) — 3; we need to show that the map
Jn1(X) — fib(hy,)
is m-connected. The following two facts allow us to reduce to proving the claim in the case that X = Spc.

(1) If the conclusion of Theorem 5.19 holds for the co-topos Spc, then it holds for any presheaf co-topos.
(2) IL: Y - X is aleft exact left adjoint between co-topoi, then L preserves: suspensions, loops, smash
products, fibers, the James filtration, and m-connectedness (this last fact is [HTT, Proposition 6.5.1.16]).
Now we prove the claim for X = Spc. The claim is trivial if n = 1, so assume that n > 2. Since X

is k-connected by assumption, the smash power X" is (nk + n — 1)-connected (4.12.5). Since QEZX"\" is
simply-connected, the Serre spectral sequence for (integral) homology has Ez-page

E2 , = H,(QEX"; Hy(fib(h,))) = H,(QZX"") ® H,(fib(hy,)) -
Since
H,(Qzx ) = @5 H,(x e,
i20
and H,(X"")®' becomes nontrivial in degree i(nk + n + 2), we find that

H,(QIZX"") = Hp(X"") for p<2nk+n+2).
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In particular, EIZJ’0 = Hp(X"") for p < 2(nk + n + 2). Consequently, the Serre spectral sequence has no
nontrivial differentials off bidegrees (p, 0) with p < 2(nk + n + 2).
The E*-page of this spectral sequence is very simple if p+q < (n+1)(k + 1): in this range, Ef,,q vanishes
unless one of p or q is zero, in which case
E}o=H,(X"") and  Ej, = Hy(fib(h,))

(note that (n+1)(k + 1) < 2(nk + n+ 2)). Recall that for p < 2(nk + n + 2), the Serre spectral sequence has
no nontrivial differentials off bidegrees (p, 0). Moreover, for ¢ < (n + 1)(k + 1) — 1, are also no nontrivial
differentials with target in bidegree (0, q). Consequently, for

ptg<m+1)(k+1)-2,
we find that the Serre spectral sequence collapses at the Ez-page, and therefore that
H,(QzX) ~ H,(fib(h,)) ® H.(QZX")  for s<m+1)(k+1)-2.

The map J,_1(X) — fib(h,,) then induces a homology equivalence in degrees < (n + 1)(k + 1) — 2. We
conclude by the homology Whitehead Theorem. O

Remark 5.23. In the case that n = 2 and X = Spc, the computational proof of the metastable EHP
sequence given here reduces to the proof presented in [3, Proposition 3.1.2].

REFERENCES

HTT . Lurie, Higher topos theory, Annals of Mathematics Studies. Princeton, NJ: Princeton University Press, 2009,
vol. 170, pp. xviii+925, ISBN: 978-0-691-14049-0; 0-691-14049-9.

SAG , Spectral algebraic geometry, Preprint available atmath.ias.edu/~lurie/papers/SAG-rootfile.pdf,
Feb. 2018.
Ker , Kerodon, kerodon . net, 2020.

1. M. Anel, G. Biedermann, E. Finster, and A. Joyal, A generalized Blakers-Massey Theorem, Preprint available
at arXiv:1703.09050, Mar. 2017.
2. B.Antieau and E. Elmanto, A primer for unstable motivic homotopy theory, in Surveys on recent developments
in algebraic geometry, Proc. Sympos. Pure Math. Vol. 95, Amer. Math. Soc., Providence, RI, 2017, pp. 305-370.
3. A. Asok, K. Wickelgren, and B. Williams, The simplicial suspension sequence in A'-homotopy, Geom. Topol.,
vol. 21, no. 4, pp. 2093-2160, 2017. DOL: 10.2140/gt.2017.21.2093.
4. 1. Ayoub, Un contre-exemple a la conjecture de A'-connexité de F. Morel, C. R. Math. Acad. Sci. Paris, vol. 342,
no. 12, pp. 943-948, 2006. DOI: 10.1016/j.crma.2006.04.017.
5. T.Barthel and O. Antolin-Camarena, Chromatic fracture cubes, Preprint arXiv:1410.7271, Oct. 2014.
6. G. Brunerie, The James Construction and 7,(S*) in Homotopy Type Theory, Journal of Automated Reasoning,
vol. 63, no. 2, pp. 255-284, Aug. 2019. DOI: 10.1007/s10817-018-9468-2.
7. F.R. Cohen, J. P. May, and L. R. Taylor, Splitting of certain spaces CX, Math. Proc. Cambridge Philos. Soc.,
vol. 84, no. 3, pp. 465-496, 1978. DOI: 10.1017/50305004100055298.
8. T. tom Dieck, Algebraic topology, EMS Textbooks in Mathematics. European Mathematical Society (EMS),
Ziirich, 2008, pp. xii+567, ISBN: 978-3-03719-048-7. DOL: 10.4171/048.
9. T. Ganea, A generalization of the homology and homotopy suspension, Comment. Math. Helv., vol. 39, pp. 295-
322,1965. DOI: 10.1007/BF02566956.
10. , On the homotopy suspension, Comment. Math. Helv., vol. 43, pp. 225-234, 1968. DOI: 10 . 1007 /
BF02564393.
11. B. Gray, A note on the Hilton-Milnor theorem, Topology, vol. 10, pp. 199-201, 1971. DOL: 10 . 1016 /0040 -
9383(71)90004-8.
12. J. Grbi¢, Homotopy theory and the complement of a coordinate subspace arrangement, in Toric topology, Con-
temp. Math. Vol. 460, Amer. Math. Soc., Providence, RI, 2008, pp. 111-130. DOI: 10.1090/conm/460/09014.
13. A.Hatcher, Algebraic topology. Cambridge University Press, Cambridge, 2002, pp. xii+544, ISBN: 0-521-79160-
X; 0-521-79540-0.
14. M. A. Hill, On the algebras over equivariant little disks, Preprint available at arXiv:1709.02005, Sep. 2017.
15. P.J. Hilton, On the homotopy groups of the union of spheres, J. London Math. Soc., vol. 30, pp. 154-172, 1955.
DOI: 10.1112/j1lms/s1-30.2.154.

27


http://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf
https://kerodon.net
kerodon.net
https://arxiv.org/abs/1703.09050
https://doi.org/10.2140/gt.2017.21.2093
https://doi.org/10.1016/j.crma.2006.04.017
https://arxiv.org/abs/1410.7271
https://doi.org/10.1007/s10817-018-9468-2
https://doi.org/10.1017/S0305004100055298
https://doi.org/10.4171/048
https://doi.org/10.1007/BF02566956
https://doi.org/10.1007/BF02564393
https://doi.org/10.1007/BF02564393
https://doi.org/10.1016/0040-9383(71)90004-8
https://doi.org/10.1016/0040-9383(71)90004-8
https://doi.org/10.1090/conm/460/09014
https://arxiv.org/abs/1709.02005
https://doi.org/10.1112/jlms/s1-30.2.154

16.
17.
18.
19.
20.
21.
22.
23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

, On the homotopy groups of unions of spaces, Comment. Math. Helv., vol. 29, pp. 59-92, 1955. DOI:
10.1007/BF02564271.
M. Hopkins, Course notes for Spectra and stable homotopy theory taken by Akhil Mathew. Available at math.
uchicago.edu/~amathew/256y.pdf, Fall 2012.
M. Hoyois, The six operations in equivariant motivic homotopy theory, Adv. Math., vol. 305, pp. 197-279, 2017.
DOI: 10.1016/j.aim.2016.09.031.
1. M. James, Reduced product spaces, Ann. of Math. (2), vol. 62, pp. 170-197, 1955. DOIL: 10.2307/2007107.

, On the suspension triad, Ann. of Math. (2), vol. 63, pp. 191-247, 1956. DOI: 10.2307/1969607.

, The suspension triad of a sphere, Ann. of Math. (2), vol. 63, pp. 407-429, 1956. DOI: 10.2307/1970011.
M. Mather, Pull-backs in homotopy theory, Canadian J. Math., vol. 28, no. 2, pp. 225-263, 1976. DOL: 10.4153/
CIM-1976-029-0.
J. P. May, A concise course in algebraic topology, Chicago Lectures in Mathematics. University of Chicago
Press, Chicago, IL, 1999, pp. x+243, ISBN: 0-226-51182-0; 0-226-51183-9.
J. W. Milnor, On the construction FK, in Algebraic Topology: A Student’s Guide, J. W. Milnor, J. F. Adams, and
G. C. Shepherd, Eds., London Mathematical Society Lecture Note Series. Cambridge University Press, 1972,
pp.- 118-136. DOI: 10.1017/CB09780511662584.011.
F. Morel, Al-algebraic topology over a field, Lecture Notes in Mathematics. Springer, Heidelberg, 2012, vol. 2052,
pp. X+259, ISBN: 978-3-642-29513-3. DOI: 10.1007/978-3-642-29514-0.
F. Morel and V. Voevodsky, A!-homotopy theory of schemes, Inst. Hautes Etudes Sci. Publ. Math., no. 90, 45-
143 (2001), 1999.
D. Nardin, Answer to math overflow question 333239: Describing fiber products in stable co-categories, MO :
333239, Jun. 2019.
G. Raptis and F. Strunk, Model topoi and motivic homotopy theory, Doc. Math., vol. 23, pp. 1757-1797, 2018.
N. Rasekh, Truncations and blakers-massey in an elementary higher topos, Preprint available at arXiv:1812.
10527, Dec. 2018.
V. P. Snaith, A stable decomposition of Q"S"X, J. London Math. Soc. (2), vol. 7, pp. 577-583, 1974. DOL: 10.
1112/j1lms/s2-7.4.577.
M. Spitzweck and P. A. @stvaer, Motivic twisted K-theory, Algebr. Geom. Topol., vol. 12, no. 1, pp. 565-599,
2012. DOI: 10.2140/agt.2012.12.565.
J. Strom, Modern classical homotopy theory, Graduate Studies in Mathematics. American Mathematical Soci-
ety, Providence, RI, 2011, vol. 127, pp. xxii+835, ISBN: 978-0-8218-5286-6. DOIL: 10.1090/gsm/127.
H. Toda, Composition methods in homotopy groups of spheres, Annals of Mathematics Studies, No. 49. Prince-
ton University Press, Princeton, N.J., 1962, pp. v+193.
K. Wickelgren, Desuspensions of S* A (P%2 ~ {0, 1, o0}), Internat. J. Math., vol. 27, no. 7, pp. 1640010, 18, 2016.
DOI: 10.1142/S0129167X16400103.
K. Wickelgren and B. Williams, The simplicial EHP sequence in A'-algebraic topology, Geom. Topol., vol. 23,
no. 4, pp. 1691-1777, 2019. DOI: 10.2140/gt.2019.23.1691.
D. Wilson, James construction, Notes available at www . math . uchicago . edu/~dwilson/pretalbot2017/
james-construction.pdf, Feb. 2017.

28


https://doi.org/10.1007/BF02564271
http://math.uchicago.edu/~amathew/256y.pdf
http://math.uchicago.edu/~amathew/256y.pdf
https://doi.org/10.1016/j.aim.2016.09.031
https://doi.org/10.2307/2007107
https://doi.org/10.2307/1969607
https://doi.org/10.2307/1970011
https://doi.org/10.4153/CJM-1976-029-0
https://doi.org/10.4153/CJM-1976-029-0
https://doi.org/10.1017/CBO9780511662584.011
https://doi.org/10.1007/978-3-642-29514-0
https://mathoverflow.net/questions/333239/
https://mathoverflow.net/questions/333239/
https://arxiv.org/abs/1812.10527
https://arxiv.org/abs/1812.10527
https://doi.org/10.1112/jlms/s2-7.4.577
https://doi.org/10.1112/jlms/s2-7.4.577
https://doi.org/10.2140/agt.2012.12.565
https://doi.org/10.1090/gsm/127
https://doi.org/10.1142/S0129167X16400103
https://doi.org/10.2140/gt.2019.23.1691
https://www.math.uchicago.edu/~dwilson/pretalbot2017/james-construction.pdf
https://www.math.uchicago.edu/~dwilson/pretalbot2017/james-construction.pdf

	1. Introduction
	1.1. Linear overview
	1.2. Notation & background

	2. The James Splitting
	2.1. Universal pushouts and Mather's Second Cube Lemma
	2.2. Statement of the James Splitting & Consequences
	2.3. Proof of the James Splitting
	2.4. Ganea's Lemma

	3. The Hilton–Milnor Splitting
	3.1. Reminder on group objects & the Splitting Lemma

	4. Connectedness & the James Splitting
	4.1. Connectedness and the Blakers–Massey Theorem
	4.2. The infinite James and Hilton–Milnor Splittings

	5. The James filtration & metastable EHP sequence
	5.1. The James filtration
	5.2. Splitting the James filtration
	5.3. Proofs of the metastable EHP sequence

	References

