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Abstract

This paper interprets Hesselholt and Madsen’s real topological Hochschild homology functor
THR in terms of the multiplicative norm construction. We show that THR satisfies cofinality
and Morita invariance, and that it is suitably multiplicative. We then calculate its geometric
fixed points and its Mackey functor of components, and show a decomposition result for group-
algebras. Using these structural results we determine the homotopy type of THR(F,) and show
that its bigraded homotopy groups are polynomial on one generator over the bigraded homotopy
groups of HF,. We then calculate the homotopy type of THR(Z) away from the prime 2, and
the homotopy ring of the geometric fixed-points spectrum ®%/2 THR(Z).
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Introduction

The topological Hochschild homology spectrum THH of a ring spectrum was introduced in
[Bok86] and [BHM93] as a tool to study the algebraic K-theory of rings and connective ring
spectra by means of the trace map. The trace induces an equivalence between a stabilized
version of K-theory and THH [DM94], and an equivalence between the relative K-theory and
the relative topological cyclic homology of a nilpotent extension [McC97], [Dun97], [DGM13]. It
was later discovered that THH itself carries arithmetic information, having important relations
to Witt vectors [HM97], to the deRham-Witt complex [HMO03], [HMO04], and to the Hasse-Weil
zeta function [Hesl6].

The real topological Hochschild homology spectrum THR is a genuine Z /2-equivariant spec-
trum associated to a genuine Z /2-spectrum with a compatible multiplicative structure, intro-
duced in [HM15], [Dot12] and [Hegl6]. It is a genuine equivariant refinement of the antipodal
map of the Hopf algebra structure on THH of commutative ring spectra defined by Angeltveit
and Rognes [AR05], of the involution on THH defined in [Kro05], and of the involution on
the Hochschild complex of a ring with anti-involution of [Lod98]. It receives a trace map
tr: KR — THR from the real K-theory spectrum KR of [HM15], and therefore its derived fixed
points spectrum THR?/? is the target of a trace map from the Hermitian K-theory spectrum
or Grothendieck-Witt spectrum GW of [Sch10, HM15]. The trace map induces an equivalence
of equivariant spectra after a suitable stabilization of KR, at least when 2 is invertible [Dot12],
[Dot16], showing that THR carries information about Hermitian K-theory of rings with anti-
involution.

The current definition of the THR spectrum uses a construction based on the original model
of [Bok86]. Although this construction is homotopy invariant (Theorem 2.20) and receives a
trace map from KR, it is not suitable for calculations. The main purpose of this paper is to give
an alternative construction of the THR spectrum in terms of the multiplicative norm construc-
tion of [HHR16] and [Stoll], and use this description to carry out calculations.

The input for THR is a ring spectrum with anti-involution (A,w). A point-set model for
their homotopy theory is the category of orthogonal Z /2-spectra A which are equipped with
the structure of a ring spectrum, such that the involution w defines a map of ring spectra
w: A°? > A (see §A.1). Alternatively, these can be described as algebras in genuine Z /2-spectra
over a certain Ey-operad, where o is the sign representation of Z /2 (see Remark 2.3). Let
NZ /2 A be the norm construction of the underlying ring spectrum of A. Then the Z /2-spectrum

A is a module over the Z /2-ring spectrum NGZ/QA via the map

1nwAal 1AT

NEPANA=ANANA LS ANAPAALS AnANA? B A

where 7 € 3o is the flip permutation and p is the multiplication of A. This also provides an
A-module structure on the geometric fixed points of A

ANDE2A S 92I2(NE2A N A) — 02124
under suitable cofibrancy assumptions. Similar module structures are defined for an (A, w)-
bimodule M. The following theorem is the main outcome of §2.

Theorem. Let (A,w) be a flat ring spectrum with anti-involution, and let M be a flat (A, w)-
bimodule. There is a stable equivalence of genwine Z |2-spectra

THR(A; M) ~ MA;Z/QA A,

where THR(A; M) is the Bdkstedt model of real topological Hochschild homology defined in
[HM15], [Dot12] and [Hpgl6] (see also §2.3). In particular, on geometric fixed points there



s a natural stable equivalence of spectra
®LI2 THR(A; M) =~ 22 0M AL 9212 4.

From this geometric fixed points formula one can recover the calculation of mo®%*/2 THR(A)
of [Hegl7]. We prove this theorem first by comparing THR(A; M) to the dihedral Bar con-
struction B¥(A; M) in a way analogous to [Shi00] and [PS16] in Theorem 2.23, and then by
showing that B (A; M) computes the derived smash product. We wish to emphasize that our
equivalence is implemented by a zig-zag of only two simplicial equivalences, of the form

M A AN s hocolim Qi (sh™ M Ash™ AA--- Ash™ A) <— THRy(A; M).
The proof that these maps are Z /2-equivariant equivalences uses the same techniques than the
description of the Bokstedt smash product in terms of the norm of [ABG*16].

The real algebraic K-theory functor admits as input Wall antistructures, or more generally
exact categories with duality. It is therefore desirable to define THR on these more general
objects. This is addressed in §3, where we extend the THR functor to a set-up of spectrally
enriched categories with duality which include Wall antistructures, their category of modules,
as well as a spectral version of Wall antistructures. We also extend the comparison between
THR and the dihedral Bar construction and the calculation of its geometric fixed points spectra
to this categorical context.

In §4 we discuss multiplicativity, cofinality, and Morita invariance for the functor THR. If
the underlying ring spectrum A is commutative, the ring spectrum with anti-involution (A, w)
is nothing but a genuine Z /2-equivariant commutative ring spectrum. The following results are
proved in §4.1.

Theorem. Let (A,w) be a commutative Z [2-equivariant ring spectrum. Then THR(A) :=
THR(A; A) is an associative Z |2-equivariant ring spectrum, and the dihedral Bar construction
B¥ A is a 7 [2-equivariant augmented commutative A-algebra. If (A,w) is flat there is a stable
equivalence of associative genuine Z |2-equivariant ring spectra

THR(A) = BY' A= AL, A,

and a stable equivalence of associative ring spectra ®*/? THR(A) ~ Br12 A AL PLI2A.

When A is commutative THH(A) and the cyclic Bar construction ByY A have natural struc-
tures of F.-ring spectra. We are however not aware of a comparison of these objects as Foo-
algebras. In our situation, B A is strictly commutative and therefore has an action of the
genuine Z [2-equivariant F-operad. It is plausible that THR(A) also has an action of this
operad which is compatible with the one on BﬁliA. We leave this as an open question. In our
calculations we will only use the comparison as associative rings.

Given a ring spectrum with anti-involution (A4, w) we let M A := \/,,x,, A be the non-unital
matrix ring. This has an anti-involution w” obtained by applying w to the wedge summands
and by transposing, that is by applying the involution of nxn that flips the factors. Now suppose
that R is a discrete ring with anti-involution. The category of finitely generated projective right
R-modules inherits a duality D(P) := homg(P, R), where the left R-module homg(P, R) is
regarded as a right R-module via the anti-involution. The following is proved in §4.2 and §4.3.

Theorem (Morita Invariance). If (A,w) is flat, the inclusion (A,w) — (MYA,w™T) of the
(1,1)-wedge summand induces a stable equivalence of genuine Z [2-spectra

THR(A) — THR(M,' A)



for every integer n > 1. Moreover THR satisfies cofinality, and it follows that there is a stable
equivalence of genuine Z [2-spectra

THR(HR) — THR(HPg),

where H denotes the Filenberg-MacLane construction, with fized-points spectrum (HR)Z/2 =
H(RZ/Q), This equivalence in fact holds for every Wall antistructure (R,w,¢€), in the sense of
[Wal70].

The construction of the trace map from KR(R,w,e) of [HM15] and [Dot12] lands most
naturally in the spectrum THR(HPgr). Thus the previous theorem is instrumental for describing
a trace map to the spectrum THR(HR).

Remark. If (R,w) is a discrete ring with anti-involution, our geometric fixed points formula
shows that, after inverting 2, the geometric fixed points of THR vanish:

(/2 THR(H R; M))[4] = (8720 A 82 HR)[] = 9720 Ay &72(HR[L]) = »
since @Z/Q(HR[%]) is contractible (see Corollary 2.28). As a consequence the trace map

L(R)®Q =~ 3**KR(R) ® Q — ®*/> THR(HR) ® Q ~ *

cannot detect elements in rational L-theory. The first equivalence follows from [Lod76] and
[BF84]. This result is consistent with Cortifias’ vanishing result for the Chern Character to
dihedral homology on the L-theory summand of [Cn93]. For non-discrete ring spectra the
geometric fixed points of THR need not vanish, even after inverting 2. In fact, Dotto and Ogle
[DO17] have shown that the trace for the spherical group-ring S[G] is non-trivial on rational
geometric fixed points.

We now turn our attention to some calculations. From the description of THR as a derived
smash product we obtain a strongly convergent spectral sequence of Z /2-Mackey functors

x 7/2
Torg ™ (x, A,w, A) = 7, THR(A),
where Tor is the left derived functor of the O-product of Mackey functors, and 7, is the Z /2-

Mackey functor of homotopy groups. From this spectral sequence and a calculation of EONeZ /2 4
similar to [HM19] we obtain the following in §5.1.

Theorem. Let (A,w) be a ring spectrum with anti-involution whose underlying orthogonal Z [2-
spectrum is flat and connective. Then the Mackey functor o THR(A) is naturally isomorphic
to the Mackey functor

7TOA/[7TOA, 7TOA] (L} (71'0Z

U res

w

PAerl?A)T ,

where [mgA, moA] is the commutator subgroup, and T is the subgroup generated by the relations:

i) r®@a-y-w(a) xz®y, for z,y ¢ 71'?/214 and a € Ty A, where - is a multiplicative action of
ToA on 77(%/214 induced by the module structure over ﬂoNeZ/zA,

ii) x @ tran(ares(y)w(b)) — tran(w(b) res(x)a) @ y, for x,y € ﬂ§/2A and a,b € mpA.



The transfer and the restriction are defined respectively by
res(z ® y) = res(x) res(y) and tran(a) = tran(a) ® 1,

where 1 € 77(%/214 is defined by the unit S - A.

If A is moreover commutative these relations generate an ideal, (F§/2A®7T§/2A)/T s a com-
mutative ring, and my THR(A) is a Tambara functor. The multiplicative norm of my THR(A)
is given by a — N(a) ® 1, where N is the multiplicative norm of myA.

A ring with anti-involution with particular geometric relevance is the group-ring Z[G] where
G is a discrete group, and the anti-involution is given on generators by g ~ g~*. In general if M
is a monoid with anti-involution ¢: M°? - M and (A, w) is a ring spectrum with anti-involution,
one can form the monoid-ring A[M ] := AA M, with anti-involution wAe. In [Hpgl6] Hggenhaven
shows that there is an equivalence

THR(S[G]) ~ =BG,

where the dihedral Bar construction BYG is a model for the free loop space Map(S°, B°G)
with respect to the sign-representation o. We generalize this result to arbitrary coefficients in
85.2.

Theorem. Let (A,w) be a flat ring spectrum with anti-involution, and M a well-pointed topo-
logical monoid with anti-involution. Then the assembly map

THR(A) A (B¥ M), — THR(A[M])

is a stable equivalence of genuine Z [2-spectra. If G is a discrete group and v is inversion, there
is an isomorphism of Mackey functors

tran

7o THR(Z[G]) = ( Z[G conj] = (ZGeonslzp ® Z[G%? xq G?]) /D ),

)

_)-1

—~

where Geonj 5 the set of conjugacy classes of elements of G, and D 1is the subgroup generated
by the elements 2[g,g'] - [g9'], for all [g,9'] € GZ/? xg GZI2. The transfer and restriction maps
are defined in Corollary 5.12.

In Examples 5.13 and 5.14 we give explicit calculations for the cases G = Z and G = Z /2
based on these formulas.

We recall that the homotopy groups of a Z [2-equivariant ring spectrum A form a bigraded
ring
Wn,kA . [Sn’k,A]Z/Z
where S™F = §"7% A S and o denotes the sign representation of Z /2. We write ™" for the
corresponding suspension functor. Let p be a prime and let F,, have the trivial involution. We
let Ty, (S*!) = Voo B2 HF, denote the free H F)-algebra generated by S*!. The following
is proved in §5.3.

Theorem. There is a stable equivalence of genuine Z [2-equivariant ring spectra T, (S*1) 5
THR(F,) for every prime p, and therefore an isomorphism of bigraded rings

.« THR(F,) 2 HF,  [Z],



where T has bidegree (2,1). We deduce that there are isomorphisms of graded rings

zi2 . )] Folyl  , lyl=4 , forp odd
m. THR(F) -{w,yJ l=Llz=2 , forp=2.

Under the restriction map THR(]FP)Z/2 - 7. THH(F,) = F,[z], the generator y maps to z*
for p odd, and for p =2 the element T maps to x and y maps to 0.

To prove the theorem we lift the equivalence V2 ¥*" HF, > THH(F,) of Bokstedt [Boks6)|
and Breen [Bre78] to a map of Z /2-spectra, and test that it induces an equivalence on geometric
fixed points. If p is odd the source has trivial geometric fixed points, and so does the target
by the geometric fixed points formula for THR of §2.5. When p = 2 we use the calculation of
[HKO1] of ®*/2H Fy and the same formula to show that the map is an equivalence on geometric
fixed points.

Let Z have the trivial involution. Using a similar strategy we calculate THR(Z) localized at
an odd prime p, or equivalently THR(Z,)), in §5.4.

Theorem. Let p be an odd prime. There is a stable equivalence of genuine Z [2-spectra

THR(Z)p) = THR(Z(p)) = H Zp) v k\/ SPRURH(Z fpr ™),
>1

where v, (k) is the p-adic valuation of k.

If one could show that a similar equivalence holds at the prime 2, we would get an equivalence

THR(Z) = HZv \/ S**Y*H 7 [k,
k>1

In Theorem 5.20 we calculate the homotopy ring 7, ®%/2 THR(Z), showing in particular that
the geometric fixed-points on both sides of this expression have isomorphic homotopy groups.

Theorem. There is an isomorphism of graded rings
T, ®22 THR(Z) = Fy[by, by, €] /e,

where |by| = |ba| =2 and |e| = 1. The element by + by lifts to an element of mo(THR(Z)%/?) = 7 /2
of infinite multiplicative order.

This theorem shows in particular that the multiplication on THR(Z) is non-trivial already
at the level of homotopy groups, as opposed to the multiplication on THH(Z) which is trivial
on the homotopy groups of positive degree. The remaining piece in the computation of THR(Z)
at the prime 2 is to show that the isomorphism between the homotopy groups of the geometric
fixed points can be realized by a map of Z /2-spectra. The techniques used for the calculation
at odd primes do not allow us to construct such a map. This will be the subject of future work.
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Notation and conventions

By a space, we will always mean a compactly generated weak Hausdorff topological space. We
denote by Top the category of spaces, by Top® the category of G-spaces for a finite group G,
and by Top, and Topf the associated categories of pointed objects.

The category of orthogonal spectra will be denoted by Sp and the category of G-equivariant
orthogonal spectra will be denoted by Sp®. We will mostly work with the flat stable (positive)
model structure on the category SpG based on a complete G-universe, which we will call genuine
G-spectra. This model structure is constructed in [Stoll, BDS16] and is referred to as the
S-model structure. We prefer the terminology flat since the cofibrant objects in this model
structure behave like flat modules in algebra. The cofibrations in the flat model structure on
Sp“ are called flat cofibrations and the cofibrant ob jects are just called flat. We will occasionally
use the stable model structure on Sp® from [HHR16| which is Quillen equivalent to the flat model
structure and has fewer cofibrant objects. An equivalence of G-spectra will always be understood
as a stable equivalence with respect to a complete G-universe. We will mostly be concerned
with the case G =7 /2.

1 Background

1.1 Equivariant diagrams and real simplicial objects

In this section we recall some of the constructions from [DM16], [HM15].

Definition 1.1. Let J be a small category with an involution w:J — J, and % a category. A
Z/2-diagram in € is a functor X:J — € together with a natural transformation w: X — X ow

such that the composite
wle

XS Xow—Xow?=X
is the identity natural transformation. A morphism of Z/2-diagram is a natural transformation
of underlying functors f: X — Y such that wy o f = f|, o wx.

Example 1.2. Let A be the standard skeleton for the category of non-empty finite totally
ordered sets and order-preserving maps. This category has an involution w that is constant on
objects, and that sends a morphism «:[n] — [k] to

w(a)(@) =k-a(n-1).

This induces a similar involution on the opposite category A°P. A Z/2-diagram X: A% — € is
called a real simplicial object of ¥. Explicitly, this consists of a simplicial object X together
with a map w: X°? - X of order two, that is, involutions wy: X — X such that for every
a:[n] > [k]

o wy = wy(w(a))”.

A morphism of real simplicial objects is a morphism of Z/2-diagrams. The datum of a real
simplicial object can equivalently be encoded as a functor X: A% — %, where Ay is the category
obtained from A by adding maps w,,:[n] - [n] for all n > 0 which satisfy the relations (w,)? =
idpn,) and wy o @ o Wy, = w(a) for all a:[m] - [n]. Both of these ways to think about real
simplicial objects will be useful in this paper.



The cosimplicial object A*: A — Top that sends [n] to the topological n-simplex A™ has a
canonical structure of Z/2-diagram, defined by the map w: A™ - A"

w(t(),tl,...,tn) = (tn7-~-;t17t0)-

Definition 1.3. Let X: A% — ¢ be a real simplicial object in a category ¢ which is tensored
over Top. The geometric realization of X is the Z/2-object of € defined as the coend of the
underlying (non-real) diagrams

|X| =X ®a A

with the diagonal Z/2-action defined in [DM16, §1.2].

Remark 1.4. Let sd.: A°? - A°P denote the functor that sends [n] to the join [n]*[n] = [2n+1],
and a morphism « to a *w(«a). Precomposition with this functor defines an endofunctor on the
category of simplicial objects in €, which is called the Segal edgewise subdivision and it is still
denoted sd.. This construction was introduced by Segal in [Seg73|. It satisfies sd. (X °?) = sd. X,
and thus a Z/2-structure w: X — X°P on a simplicial object X induces a simplicial involution

sde X 20 od, (X°P) = sd. X

on the Segal edgewise subdivision. The geometric realization |sd. X| inherits an involution, and
it is readily verified that the canonical isomorphism |sd. X| 2 |X| is equivariant with respect to
the Z/2-action on |X| of Definition 1.3.

We recall that the homotopy colimit of a Z /2-diagram X:J — Top inherits a Z /2-action.
This can be explicitly defined by expressing the homotopy colimit as the realization of the
simplicial space

hocolim X :=| [] Xl
J l'eN.J
as in [BK72]. The involution is then the geometric realization of the simplicial involution that
sends (j,z) to (w(j),w(z)). The homotopical properties of this involution have been studied
in [DM16]. B

For a finite dimensional Z /2-representation V, let evy: SpZ LN Top

level V' functor.

7/2

*

be the evaluation at

Definition 1.5. A real simplicial spectrum X: A% — Sp is good if for each Z /2-representation
V the simplicial Z /2-space (evy ). sde X is good, that is, if for all n > 0 the map of Z/2-spaces
(s2n+2-i5:)vi (Xons1)v — (Xons3)v

is an h-cofibration of (unpointed) Z /2-spaces.

The following result follows immediately from Remark 1.4, and the fact that fixed points of
finite groups commute with geometric realizations.

Lemma 1.6. Let f: X =Y be a map of good real simplicial orthogonal spectra, such that the
map fn: X, =Y, is a stable equivalence of orthogonal Z[2-spectra. Then |f|:|X]| — |Y] is a stable
equivalence of orthogonal Z]2-spectra.

1.2 Real [-spaces

Let I be the category whose objects are the non-negative integers, and whose morphisms ¢ — j
are the injective maps a:{1,...,i} — {1,...,5}. This category has a Z/2-action w:I — I which
is trivial on objects and that sends a map a:i — j to

wla)(s)=j-a(i-s+1)+1.



Definition 1.7. A real I-space is a Z/2-diagram X:I — Top.

The class of examples of real I-spaces we are the most concerned with comes from 7Z/2-
spectra.

Example 1.8. Let E be an orthogonal Z/2-spectrum. There is an associated [-space QrFE: [ —
Top, which is defined by '
(QE)(i) = VE;

on objects, and as in [Sch04, §2.3] on morphisms. The I-space Qs E has a Z/2-diagram structure

defined by the maps
where w denotes the Z/2-action on E. Here 7; € ¥; is the permutation _that reverses the order on
{1,...,4}, which is applied first to the smash factors of the sphere S*, and then to F; through
the orthogonal structure of E. We let Q7°E be the pointed Z/2-space defined as the homotopy
colimit of this Z/2-diagram

QFFE = hoc?hm QL

(where the homotopy colimit is computed in the category of unpointed spaces). The involution
is the one defined in the previous section, and by abuse of notation we still denote it by w.

Remark 1.9. Since the Z /2-action on [ is trivial on objects, it is the same as an enrichment
of I in Z [2-sets. A real I-space is then a functor X:I — Topy,, enriched in Z /2-spaces, where
Topyz,, is the category of pointed Z/2-spaces and not necessarily equivariant maps, with the
standard enrichment in Z /2-spaces.

One may alternatively define orthogonal Z /2-spectra as enriched functors E: 73 j» - Topy, /2>
where J7/; is a certain category enriched in Z/2-spaces whose objects are finite dimensional
orthogonal Z /2-representations. Under this description the real I-space Q;E is the enriched
functor

QrE:I - Jz/0 N Topgo

where the first map takes i to R? with the involution which reverses the order of the elements
of the standard basis.

We recall that the functor Q7°:Sp — Top, on non-equivariant spectra is lax-monoidal with
respect to the smash product of orthogonal spectra and the cartesian product of pointed spaces,
and therefore it preserves associative monoids. The equivariant lift QT:SpZ/ 2, Top%/ 2 fails to
be lax symmetric monoidal. This is because the natural transformation

¢ (AT E)x (QTF) > hog;o}im QM (E; A Fy) - hogo}im QH(EAF)iy i hOC(I)hm Q(EAF);

uses the disjoint union functor +:1 x I — I , which is not strictly equivariant. This functor does
however satisfy a compatibility condition with the Z/2-action on I, namely

wla+P) =w(f) +w(a)

for every pair of morphisms «, 8 in I, and this allows us describe its monoidal properties. Given
a monoid (M, u) in a symmetric monoidal category (¢,®), we let M°P denote the object M
equipped with the multiplication

MeM-sMeoM- M

where 7 is the symmetry isomorphism of the symmetric monoidal structure. The following
definition is classical.



Definition 1.10. A monoid with anti-involution in a symmetric monoidal category (¢, ®) is a
monoid M in % equipped with a morphism of monoids w: M — M which satisfies w? = id.

Homotopy coherent versions of this definition have been considered before (e.g. [Lurl3],
[Spil6], [HS19]). We will however only consider this strict pointset definition, which we will
apply in the context of genuine equivariant spectra.

Proposition 1.11. Let E and F be orthogonal Z/2-spectra with Z |2-action maps w and w’,
respectively. The diagram of spaces

(QFE) x (Q°F) —2— Q= (E A F)

wxw'l l’w/\w'

(QFE) x (QF F) QF(EAF)

| Joro

(OF F) x (97 E) —— O (F A B)

commutes, where w, w' and wAw' denote the induced Z [2-action maps on the Q3 construction.

7/2 7/2

In particular, the functor Q7:Sp™~ — Top,’” preserves monoids with anti-involution.

Proof. We use the Bousfield-Kan formula to express the homotopy colimits as geometric realiza-
tions of simplicial spaces, and we show that the diagram of the statement commutes simplicially.
An n-simplex in the simplicial space realizing to Q°E is a pair (¢,z) where i = (ig = -+ = iy,)
is an n-simplex of the nerve of I, and x € Q" E; . The map ¢ is then defined by

¢((bx)v (iay)) = (1+2,L(1’Ay))

where x Ay: SP0t0 - B, AFj, is the smash of the maps = and y, i+ is the value of the simplicial
map +: NI x NI - NT induced by the disjoint union functor + (where N stands for the nerve),
and 1:E; A Fj - (E A F);,j is the canonical map. The upper composite of the diagram is then

(To(waw)od)((i,2),(4,y) = (w(i+j),u(w'(y) Aw(x))).

This follows from the definitions using the properties of the canonical map v: E; AF; - (EAF ).
and from the fact that the identity

Xi,jTivj = Ti + Tj
holds, where 75, € ¥, is the permutation that reverses the order on {1,...,k} and x; ; is the
block permutation in 3;,; that swaps the first block of size ¢ with the last block of size j. The
lower composite is

(¢oro(wxw))((i,2),(4,y)) = ¢((w(f), w'(¥)), (w(D), w(2))) = (w(f) +w(@), s(w'(y) Aw(x))).

These agree because w(a + ) = w(B) + w(a). Now suppose that E is a monoid with anti-
involution, and consider the diagram

(QFE) x (WFE) —2— Q®(EAE) L O

wwa/ lw/\w

(QFE) x (A7 E) O (EAE) w

(QFE) x (U E) —— QF (EAE) —— OFE

10



The left square commutes by the previous argument, and the right square commutes because E
is a monoid with anti-involution. More precisely, the right hand diagram commutes by applying
the (non-equivariant) functor Q3° to the diagram which exhibits E as a ring spectrum with anti-
involution and by observing that the conjugation by 7; is compatible with the map u: EAE — E|
by naturality of the conjugation by 7;. Thus the outer rectangle also commutes, showing that the
space {17° E with its involution w and the monoid structure po¢ is a monoid with anti-involution
in the category of spaces. O

Remark 1.12. There is another, more conceptual explanation of why Q7° preserves monoids
with anti-involution. The functor 2; from orthogonal spectra to I-spaces is lax symmetric
monoidal, where the category of I-spaces is equipped with the Day convolution product [SS12].
Thus a ring spectrum E with an anti-involution w gives an I-space monoid ; E with an anti-
involution ;(w). After passing to homotopy colimits this gives a map

hoc?lim Qr(w): hoc?lim((QIE)‘)p) - hoc?lim(QIE).

The homotopy colimit functor from I-spaces to spaces is not lax symmetric monoidal but just
lax monoidal. Thus, given an I-space monoid X, there is no immediate relation between
hocolim; (X°P) and (hocolim; X)°P. However, the involution w:I — I provides such an identifi-
cation. We recall that this involution satisfies w(a + 8) = w(f) + w(a), or in other words it is a
strictly monoidal isomorphism of monoidal categories w: (I,+)° — (I,+), where (I,+)°? is the
category I with the monoidal structure n +°? m := m +n. Moreover the (I, +)-space monoid X
defines an (I, +)°P-space monoid X, which is X as a functor and with the monoid structure

Xn x Xm =Xy xXm 2 Xy x Xy = Xopan = Xn+°”m~
It follows from the definitions that there are isomorphisms of monoids
(hocolim X )°P = (hocolim X )°? = hocolim(X )" < hocolim((X)° o w) = hocolim X7,
I (I,+) (I,+)°r (I,+) (I,+)

where the monoidal products in the indexing refer to the induced monoid structures on the
Bousfield-Kan construction over I. The last isomorphism is induced by the isomorphism of
I-space monoids (X)% ow = X given by the isomorphisms X(1):X; - X;. It is worth
remarking that the morphism X (7;): X; - X; defines a Z /2-diagram structure on any I-space
X (not necessarily a monoid). By inspection, one sees that the action coming from this canonical
Z [2-diagram structure combined with the involution of E is exactly the involution of Q{° E.

The aim of the remainder of this section is to prove that {27° has the equivariant homotopy
type of the genuine infinite loop space functor.

Theorem 1.13. Let E be an orthogonal Z[2-spectrum. There is a natural equivalence of 7,/2-
spaces
Q*PE := hocolim Q" E,,, — QF E
neN
where p denotes the reqular representation of Z/2. In particular if A is a ring spectrum with
anti-involution, then Q7 A is a monoid with anti-involution model for QP A.

As in the classical theory of I-spaces (see e.g. [Shi00, 2.2.9]) Theorem 1.13 will follow from a
comparison of the homotopy colimit of a real I-space with the homotopy colimit of its restriction
to the subcategory of natural numbers N. The difference between these homotopy colimits is
measured by an equivariant version of the injection monoid.

Given a natural number n, we write [-n,n] = {-n,...,-1,0,1,...n} for the symmetric
interval with 2n +1 elements. We will also write n for the set {1,--,n}. For convenience, we will
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systematically identify 2n + 1 in the order preserving way with [-n,n] so that the involution on
the morphisms of I becomes conjugation by —1. We let 1:N — I be the functor that sends n to
2n + 1, and the unique morphism n < m to the canonical inclusion [-n,n] c [-m,m]. Clearly ¢
is Z [2-equivariant with respect to the trivial involution on N, thus providing a Z /2-equivariant
map

Lyt hocglim X — hoc?limX

for every real I-space X:I — Top. Now let MR =1Inj(Z,Z) be the monoid of self injections of
the integers, and MR” /2 the submonoid of Z/2-equivariant maps with respect to the involution
on Z given by multiplication by —1. For every element f of MR we define

f-n=max|f([-n,n])|,

which is a map of posets f:(N, <) - (N, <). The injection f:[-n,n] - [-(f-n), f-n] induces a
map

f-(=):hocolim ¢* X X0, hocolim f*1* X 2 hocolim X,
N N N
which is equivariant if f lies in MRZ/2.

Proposition 1.14. Let X:1 — Top be a real I-space whose underlying I-space is semi-stable
(see e.g. [SS13, §2.5]). Suppose that for every injection f in MR“/? the map f- (=) is an
equivalence on Z [2-fized points. Then the canonical map

Ly h0c§lim X s hOC(I)liIn X

is an equivalence of Z [2-spaces.

Proof. We start by showing that ¢, is an equivalence on fixed points, by adapting the argument
of [Shi00, 2.2.9]. The idea of the proof is to replace N by a category I°/w with an action of
MR?/? and the fixed points category I%/? with the Grothendieck construction MR%/?: (I°/w).

We let I°/w be the category whose objects are the pairs (n,a), where n is a non-negative
integer and «:[-n,n] = Z is an equivariant injective map. A morphism (n,«) - (n',a’) in I°/w
is an injective equivariant map S:[-n,n] = [-n/,n’] such that a = o’ o 8. The category I°/w has
a strict left action of MR%/? which is given on objects by f(n,a) = (n, foa) and on morphisms
by f(8) = 8. The functor 1:N — I%/? factors as

N . 122
"/l Tﬂ'
I°fw —————— MR (I°[w) .

Here « sends an object n to the inclusion [-n,n] c Z, and the morphism n < m to the inclusion
[-n,n] c [-m,m]. The functor ¢ is the canonical inclusion of the fiber over the unique object of
MR?/? and 7 sends an object (n,a) to 2n+1. A morphism (n,a) — (n’,a’) in the Grothendieck
construction is a pair (f,3) where f e MR%/? and :[-n,n] > [-n/,n'] is equivariant and such
that foa =a’o . This is sent to 8 by .

We prove in Lemma 1.16 below that v and 7 are homotopy right cofinal. Thus the vertical
maps in the commutative diagram

hocglim SXEE hoch;Iim X222 (hocolim; X)%/?
TZ/2

hocolim 6*7* X%/> —  hocolim 7% X*? —— BMRZI? ~ %
Iofw S MRZ2(I°w)
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are weak equivalences. The classifying space of the injection monoid BMRZ/? is contractible
by Lemma 1.15. The bottom sequence is equivalent to the sequence

hocolim 6*7* X%/ — hocolim(hocolim 6*7* X#/2) — BMR?/? = «.
I°/w MRZI2 I°/w
We now show that MR%/? acts by equivalences on hocolimjo w0 *x T X ZI2 " The action of an
element f of MR%/? is by definition the bottom horizontal composite of the diagram
(=)

X(f)

hocglim’y”é*ﬂ"’XZ/2 hocglim ot X2 . hoc&)lim’y’“é”ﬂ’“XZ/2

‘ X (76(£))
X(m(f,id)) y

Y hoclglim'y*f*d*w*XZ/Q

12

e

(F1)«
hocolim &*7* X /2 - hocolim f*6*7* X%/? — 5 hocolim §* 7 * X /2
I°/w X(m(f,id)) I°jw I+ I°/w

and the composite of the top row is an equivalence by assumption. Here the bottom left
horizontal map is induced by the morphism (f,id): o - fa of MR%/?2(1°/w). The upward map
in the middle column is induced by the natural transformation

fl[—n,n]

gn:f"}/(n):f'(n’ [—n,n] CZ) = (n’f|[fn,n]) - (fﬂ, [—fn,fn] CZ) :’}/(f"fl)

in I°/w. Thus (vf). o X(7d(&)) is homotopic to (f7)«. The rest of the diagram commutes
strictly. A version of Quillen’s theorem B [Qui73, page 98] then applies to show that the
sequence above is a fiber sequence, showing that ¢, is an equivalence on fixed points.

We must show that ¢, is a non-equivariant equivalence. Let ¢:N — I be the standard inclusion
that sends n < m to the inclusion n c m. Since the I-space X is semi-stable, the map

Cxt hocglim X — hoc?lim X

is a non-equivariant equivalence by [SS13, Prop. 2.10]. Thus it remains to compare the maps
¢, and t,. Let ¢:N — Z be the bijection that sends 2i + 1 to —¢ and 2¢ to ¢. The restriction of ¢
to the subset n defines a natural transformation

An = Plnie(n) =n— 2n+1=(n),

and this gives rise to a homotopy commutative diagram
hocolimy ¢* X C—:> hocolim; X
)\J/ /
Ly
hocolimy ¢* X .

We now show that ) is an equivalence on homotopy colimits. The restriction ¢! of ¢™%:Z - N
to the interval [-n,n] defines a commutative diagram

C C C C
Xn Xn+1 s X2n+1
)\nl l/\ZnJrl
— Xopa Xon+s KXan+s

’ e B ’
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The upper triangle commutes by definition, and it is not hard to see that the lower triangle
commutes as well. Thus ¢~! provides an ind-inverse for \, which is therefore a homeomorphism.
O

Lemma 1.15. Let MRy c MR be the Z/2-submonoid of injections that send zero to zero. Both
BMRy and BMR are weakly 7/2-contractible.

Proof. Our argument is an adaptation of [Sch08, 5.2]. We first consider the monoid MR of all
injections Z — Z, and we construct a functor F: MR - MR defined on each injection f:Z — Z
by

2f(%t) if ¢ is even,

F@) = {t if ¢ is odd.

The injective map 6(t) := 2t then defines a natural transformation 6: Idaqr, = F. At the same
time, the injective map ¢ (¢) := 2t +1 defines a natural transformation t: Ciq, = F to F' from the
constant functor that sends every f to the identity map on Z. The two natural transformations
and 1 together give a zigzag that contracts BM R non-equivariantly. We still need to argue that
the fixed points (BMR)?? ~ B(MR?/?) are contractible as well. Note however that MR*/? is
the monoid of Z/2-equivariant injections Z — Z, and any equivariant map has to send zero to
zero, hence MR%/? = MR? 2. We will study the fixed points MR{Z)/ % below.

Next we consider the submonoid MRy of injections that send zero to zero. The func-
tor F restricts to an endofunctor on MRy, and 6 € MRy still gives a natural transformation
0:1dpmp, = F. However, the map 1 does not send zero to zero, so we need a different transfor-
mation. We define p € MR, by

2t-1 ift>0,
p(t):=140 ift=0,
2t+1 if ¢t <O.

Because we are working in MRy where all maps send zero to zero, ¢ defines a natural transfor-
mation ¢:Ciq, = F in MRy. As above, the two natural transformations § and ¢ give a zigzag
that contracts BMRy. Since F, 6 and ¢ are Z/2-equivariant, BMRy is even equivariantly
contractible, and therefore the fixed point space BMR? % is contractible as well by the same
natural transformations 6 and ¢. O

Lemma 1.16. The functors v:N - I°/w and m MR??: (I°Jw) - I*/? from the proof of
Proposition 1.14 are homotopy right cofinal.

Proof. For each object (n,«) of I°/w, the under-category (n,«)/v is isomorphic to the poset of
non-negative integers m such that a([-n,n]) c [-m,m]. This has an initial object max[_,, ,,|a,
and it is therefore contractible.

The under category n/m has objects the triples (k, v, y) where a: [k, k] » Z and y:n »> 2k + 1
are equivariant injections. A morphism (k,a,v) - (k',a’,~") is pair (f,3) where f € MR%/?
and fB:[-k, k] = [-k', k'] is equivariant and such that foa =a'of and 7' = 7.

First let us suppose that n = 2j+1 is odd. We show that the inclusion of the endomorphisms of
the object (4,[-J,7] c Z,id,) into n/m is a homotopy retract. The endomorphisms of (j,[-7,j] c
Z,id,) form the submonoid of MRZI2 of those injections that restrict to the identity on the
interval [-7, j]. There is a retraction

Rin/m — End(j [-j j1cz,id,.)
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defined as follows. For every equivariant injection a:[-j,j] » Z we choose an equivariant
bijection f,:Z — Z which extends «. If « is the canonical inclusion [-7,j] ¢ Z, then we choose
fa =id. Now we define R by sending a morphism (f,5): (k,a,v) — (k',a’,~") to
R(f) = f(;’lfy’ffa'w

This is a well-defined endomorphism since on the interval [-7, j] we have that

f;}vlffa7|[_j7j] = f;,ly,fa'y = f;,lv,o/ﬁ’v = fg,ly,o/y' =id.
It is easy to verify that R is a functor and a retraction for the inclusion of the endomorphisms.
Moreover, the morphism

(foz'ya')/): (]» [_]7J] c Z’idn) - (k7av'7)

defines a natural transformation from R to the identity. Thus the inclusion of the endomorphisms
induces a homotopy equivalence on classifying spaces

+~ BMR®? = BEnd ;[ jjezia,) — B(n/7)

where the isomorphism between the endomorphisms and MR%/? collapses the interval [-7,4]
to zero.

If n = 25 is even, we consider the object (j,[—J,7] ¢ Z,¢) where ¢:25 = [-5,7]\0 c [-4,7] =
2j + 1 is the equivariant inclusion which restricts to the standard inclusion j — j + 1. Similarly
to the odd case, the inclusion End; —; jlcz,.c) = n/7 admits a homotopy retraction. The endo-

morphisms of (j,[~j,7] c Z,¢) are again the submonoid of MR%/? of the injections that restrict
to the identity on [—j,j]. The retraction is defined in a similar matter, by choosing to extend
each equivariant map a:[—j,7]\0 = Z to an equivariant bijection on Z. The key observation is
that the map c¢ can be extended to the identity of Z. Thus there is an equivariant homotopy
equivalence

+ ~ BMRP? = BEnd(;[_j jjez.c) — B(n/r). O

Proof of 1.13. Let E be an orthogonal Z/2-spectrum with associated real I-space Q7 FE: I — Top.
Let us start by identifying the restriction ¢*Q; E along the equivariant inclusion ¢:N — I. The
involution on the spaces

(L*QIE)TL = QZ“+1E2n+1
is defined by conjugating the levelwise involution of F with the flip permutations on and
Es,+1. These are precisely the Z /2-spaces Q"’”lEanrl7 where p is the regular representation of
Z/2. Therefore suspension by the trivial representation defines a weak equivalence

QP E - hocolim Q"p+1Enp+1 = hocolim (*Qr E.
neN N

S2n+1

It remains to show that ¢,:hocolimy¢t*Q;F — hocolim; Q;F is an equivariant equivalence. We
will prove this using Proposition 1.14. The underlying I-space is equivalent to the I-space
associated to the orthogonal spectrum F, and it is therefore semi-stable. An equivariant injection
f € MRZ/? acts trivially on the homotopy groups of (hocolim,,ey Q”p+1Enp+1 )Z/ 2 at the canonical
basepoint. This is because every orthogonal Z/2-spectrum is semi-stable, see [Sch13, 3.4] for a
proof. To show that f acts by equivalences it therefore suffices to show that it acts by a loop
map. Let us recall that f-n is the smallest integer such that f([-n,n]) c [-f-n, f-n]. The
action of f is then the top row of the commutative diagram

X 8 .
hocol\llim an+1Enp+1 L hocoﬁl{im Q(f'")’”lE(f.n)pH f—> hocoélm Q”’”lEan
ne ne ne

J/ QX (fo) l Q(fo)« J’

Q hogg\l{im Q" Eppi Q hogg%im Q(f'")pE(f,n)pH — 0 hogg&{im Q"Enpi
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where fo:[-n,n]-0 - [-f-n, f-n]-0 is the restriction of f (we observe that since f is equivariant
it sends zero to zero). O

Remark 1.17. A statement similar to 1.13 holds for symmetric Z/2-spectra if one assumes
suitable semi-stability conditions.

2 Real topological Hochschild homology

2.1 Ring spectra with anti-involution

A ring spectrum with anti-involution is a genuine Z /2-equivariant spectrum with a compatible
multiplicative structure. It is a direct generalization of the notions of discrete and simplicial
rings with anti-involution [BF84], and a spectral version of “Hermitian Mackey functors” (see
5.6).

Definition 2.1. A ring spectrum with anti-involution is a monoid with anti-involution in the
symmetric monoidal category of orthogonal spectra and smash product (see Definition 1.10).
Explicitly, this is a pair (A, w) consisting of an orthogonal ring spectrum A and a morphism of
orthogonal ring spectra w: A°? - A such that w? = id.

We remark that since the involution on A is strict, the map w defines a Z /2-action on the
underlying orthogonal spectrum of A, and thus it determines a genuine Z /2-equivariant homo-
topy type. The constructions of this paper will take this underlying genuine Z /2-equivariant
homotopy type into account.

Definition 2.2. A morphism of ring spectra with anti-involution f:(A,w) — (B,0) is a mor-
phism of orthogonal ring spectra f: A - B which commutes strictly with the involutions. We
say that f is a stable Z /2-equivalence if the underlying map of Z /2-spectra is an equivalence in
the stable model structure of orthogonal Z /2-spectra induced by a complete Z /2-universe.

Remark 2.3. The resulting category of ring spectra with anti-involution can be described as
a category of algebras over a certain equivariant version of the associative operad Assoc. Let
Assoc? be the symmetric operad in the category of Z /2-sets whose underlying operad of sets
is Assoc, and with the involution on Assoc, = X%, defined by sending o to 7, o o, where 7, is
the permutation of {1,...,n} that reverses the order. This is a discrete model for the operad
E, of little discs in the sign representation of Z /2. Then the category of Assoc”-algebras in
Z [2-spectra is isomorphic to the category of ring spectra with anti-involution.

We further observe that there is a map of symmetric operads of Z/2-spaces Assoc” — EOZO/Q,

where EZ/? is the model for the Z/2-genuine E..-operad of [GMM15|. The n-th space of B2
is the classifying space of the functor category Fun(€Z/[2,EX,), where EG = GG is the
translation groupoid of the left G-action on the finite group G. The map

Assoct — Fun(EZ[2,E%,,)

sends an element o € X, to the functor £Z /2 - £X,, that sends the unit 1 to o and -1 to 7, 0 0.
Thus genuinely commutative Z /2-equivariant orthogonal ring spectra give rise to ring spectra
with anti-involution by forgetting structure.

Example 2.4. i) Let R be a discrete or simplicial ring with an anti-involution w: R°? - R.
The Dold-Thom construction (see e.g.[Schl3, Example 2.13]) of the Eilenberg-MacLane
spectrum H:Ab — Sp is lax symmetric monoidal, and hence HR is a ring spectrum with
anti-involution. By work of [dS03] the underlying Z /2-spectrum is the Eilenberg-MacLane
spectrum of the Z /2-Mackey functor with underlying abelian group R and fixed points group
RZ12_ Throughout the paper, we will always consider the Eilenberg-MacLane spectrum HR
as a ring spectrum with anti-involution in this manner.
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ii) Any Z /2-equivariant commutative orthogonal ring spectrum is a ring spectrum with anti-
involution, for example the Eilenberg-MacLane spectrum of a Tambara functor as con-
structed by Ullman in [Ull13b].

iii) The suspension spectrum S[G] := S A G4 of a topological group G is an orthogonal ring
spectrum, where the multiplication is defined from the multiplication on G. The inversion
map ¢: G? - G defines anti-involution on S[G].

Let (A, w) be a ring spectrum with anti-involution and M an A-bimodule. We let M°P be
the A-bimodule with left module structure

id Aw

ANM S MAA Y MAaAls m

where 7 is the symmetry isomorphism and u, is the right A-module action, and with right
A-module structure "
WAL

MAAS ANM PSS AnM 2 M.
where p; is the left A-module action.

Definition 2.5. Let (A, w) be a ring spectrum with anti-involution. An (A, w)-bimodule is a
pair (M, 7) of an A-bimodule M and a map of A-bimodules j: M°P — M that satisfies j2 = id.

A morphism from an (A, w)-bimodule (M,j) to a (B,o)-bimodule (N, k) is a pair (f,¢)
where f:(A,w) - (B,0) is a morphism of ring spectra with anti-involution and ¢: M - f*N
is a map of A-bimodules which commutes with the involutions j and k (where f* denotes
restriction of scalars). We say that (f,¢) is a stable Z /2-equivalence if both f and ¢ are stable
Z [2-equivalences of underlying orthogonal Z /2-spectra.

Definition 2.6. We say that a ring spectrum with anti-involution (A, w) is flat if its underlying
orthogonal Z /2-spectrum is flat (see §A). Similarly, an (A4, w)-bimodule (M,j) is flat if its
underlying orthogonal Z /2-spectrum is flat.

Remark 2.7. We will build real topological Hochschild homology out of indexed smash prod-
ucts, and flatness is a convenient condition that makes these constructions homotopically well-
behaved. In Proposition A.2 we construct a model structure on the category of ring spectra
with anti-involution where the equivalences are the stable equivalences of genuine Z /2-spectra.
In particular this will show that any ring spectrum with anti-involution can be replaced by a
flat one, up to stable Z /2-equivalence.

Remark 2.8. In our calculations of THR(Z) and THR(F,) we will need to know that if a ring
spectrum with anti-involution happens to be commutative, then a flat replacement can be carried
out without loosing commutativity. This can be achieved by taking a cofibrant replacement in
the flat positive model structure on Z /2-equivariant commutative orthogonal ring spectra of
[Stoll] and [BDS16].

In particular, any Z /2-equivariant commutative ring R admits a Z /2-equivariant commu-
tative orthogonal ring spectrum model for its Eilenberg-MacLane spectrum HR (even though
the classical construction of the Eilenberg-MacLane spectrum provides a flat Z /2-equivariant
symmetric spectrum, by [Sch07, Example 2.7|, it is unclear to the authors if it is flat as a
7 [2-equivariant orthogonal spectrum).

2.2 The dihedral Bar construction

We use the norm construction of [HHR16] and [Stol1] to show that the cyclic Bar construction

on a ring spectrum A inherits the structure of a Z/2-spectrum from an anti-involution on A.
For every non-negative integer k, we let k = {1,...,k} denote the Z/2-set with the involution

that sends i to k + 1 —i. Given a ring spectrum with anti-involution (A,w), we let A*X be the
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corresponding indexed smash product as defined in [HHR16]. The following is a straightforward
generalization of the involution on the Hochschild complex of a ring with anti-involution of
[Lod98, 5.2.1].

Definition 2.9. Let (M,j) be an (A,w)-bimodule. The dihedral nerve of (A,w) with coeffi-
cients in (M, ) is the real simplicial orthogonal spectrum N&(A; M) with k-simplices

NI (A; M)y, = M A AN,

and the levelwise involution given by the involution j on M and by the involution on the indexed
smash product A"K. The simplicial structure is the standard simplicial structure on the cyclic
nerve (see e.g. [Lod98]). We let B (A; M) be the orthogonal Z/2-spectrum defined by the
geometric realization of N%(A; M). When A = M we write B¥A for BY(A; A), or BY(A,w)
if we want to emphasize the anti-involution.

Remark 2.10. When M = A the simplicial spectrum N;’“A has a dihedral structure, and

therefore its realization B4 A is an S' » Z /2-spectrum. In the present paper we will focus on
the Z [2-action and neglect the cyclic structure.

We note that the dihedral bar construction in orthogonal spectra, together with its naive
Z [2-equivariant homotopy type, has been already considered by Kro in [Kro05]. We will focus
on the genuine Z /2-equivariant homotopy type of the dihedral bar construction Bffi(A; M).

We now give a homotopical interpretation of the dihedral nerve of a ring spectrum with
anti-involution (A,w). Let NeZ 2 A be the multiplicative norm of the underlying orthogonal
spectrum A [HHR16]. We recall that this is the ring spectrum A A A with the componentwise
multiplication, and the Z /2-action defined by the flip permutation 7. We note that NE 2 A does
not depend on the involution w, but that it is isomorphic to the enveloping algebra A® := AA A%
via the map

1Aw:N“2A =5 A°,

Now let (M, j) be an (A, w)-bimodule. The Z /2-spectrum (M, j) has the structures of a left
and a right Z /2-equivariant NeZ / 2A—module, defined respectively by the maps

1ArwAl

NZPANM = ANAAM 2255 AnAPAM 25 ANMAAP 25 M

and
1IAIAw (TALl)o(1AT)
_

MANZPA=MAANA LS M AANAP APAMAALS M.
In particular the (A, w)-bimodule (A, w) becomes a left and a right N2 A-module.

Proposition 2.11. There is a natural isomorphism of simplicial Z |2-equivariant orthogonal
spectra

sd, N¥(A; M) = Ny(M, NP2 A, A),

between the Segal edgewise subdivision of the dihedral bar construction and the two-sided bar
construction in the category of Z |2-spectra.

Proof. Define for every k > 0 an isomorphism

IA(1Aw) AL
-

MAANZKY S MOA(ANAPY A A M A (NE2 A A A,
where the first map is the permutation
ToNTL N ANTky1 /> To N (1‘1 A x2k+1) A (LL'Q A .I'Qk) ARERAN (.’L’k A $k+2) NTlt1-

These maps are Z [2-equivariant isomorphisms and they are compatible with the simplicial
structure. O
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Corollary 2.12. Let (A,w) be a flat ring spectrum with anti-involution and (M,j) a flat
(A, w)-bimodule. Then there is a stable equivalence of Z [2-spectra

BU(A;M) = M AZzp A

where the right-hand term is the derived smash product of left and right NGZ/ZA-modules. In par-
ticular the functor B preserves stable Z [2-equivalences of flat ring spectra with anti-involution.

Proof. Since the unit map S — A is an underlying flat cofibration, it follows from [Stoll,
Theorem 3.4.22-23] and [BDS16, Theorem 3.2.14] that the unit S > N2/ A is a Z /2-equivariant

flat cofibration. In particular, the spectrum Nez/zA is flat. It follows that B, (M, NGZ/2A, A) and
the derived smash product M /\IA‘[Z/QA A are equivalent, see lemma 2.13. O

The following result is classical. In the context of S-modules this is proved in [EKMMO97,
Proposition IX.2.3] and for symmetric spectra in [Shi00, Lemma 4.1.9].

Lemma 2.13. Let (C,A,T) be a cofibrantly generated simplicial monoidal model category. Sup-
pose that R is a monoid object in C such that the unit map I - R is a cofibration and R is
underlying cofibrant in C. Further, let M be a right R-module and N be a left R-module and as-
sume that M and N are cofibrant as underlying objects of C. Then the two-sided bar construction
BA(M, R, N) is weakly equivalent to the derived smash product M AE N.

We will need to ensure that the geometric realization of Nﬁi(A; M) is homotopically well-
behaved.

Lemma 2.14. Suppose (A,w) and (M, j) are flat. Then the real simplicial spectrum N (A; M)
s good.

Proof. Since a flat cofibration of orthogonal Z /2-spectra is a levelwise h-cofibration, it is suffi-
cient to show that the degeneracy maps of the subdivision of N (A; M) are flat cofibrations.
By the isomorphism of 2.11 these are the degeneracies

Si:M/\(NeZ/QA)/\k/\A_)M/\(NeZ/QA)/\kJrl/\A

of the two-sided Bar construction, which insert the unit NeZ / 277:S ~ NeZ / s & NeZ 24 in the
(i + 1)-st component. Since the underlying ring spectrum of A is flat, the unit 7:S - A is

automatically a flat cofibration of orthogonal spectra, and thus NeZ / 277 is a flat cofibration of
orthogonal Z /2-spectra. Finally, since (A, w) and (M, j) are flat, smashing with them preserves
flat cofibrations. U

2.3 Bokstedt’s model of real topological Hochschild homology

Let I be the category of finite sets and injective maps with the Z/Z—actior_l w:I — I defined in
§1.2. The dihedral Bar construction of I is the real simplicial category N#I with k-simplices

N’gll _ ka+1

and the standard faces and degeneracy maps of the cyclic Bar construction for the symmetric
monoidal structure (I, +,0). The real structure on NI is defined by the natural transformation

IxTy

wk,leﬁl i1 @ ka+1 ka+1

where 7,: "% — I* is induced by the permutation in X that reverses the order. We denote
the resulting categories with Z/2-action by I*'*k. We let A° : N%“J be the Grothendieck
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construction of the real simplicial category N&I: AP — Cat (see [Tho79]). This category
inherits an evident Z/2-action from the Z/2-structure of NI (see [DM16, Section 2.5] for the
details). We remark that for every integer k > 0 the inclusion t5: I*'*% — AP N¥T is 7,/2-
equivariant.

Proposition 2.15. Let X: AP N%[ — Sp be a Z/2-diagram of orthogonal spectra. Then the
collection of Z/2-spectra
THR(X) = hocolim X,
I +

together with the simplicial structure induced by N&I, define a real simplicial orthogonal spec-
trum THR.(X). A natural transformation f: X — Y of Z/2-diagrams AP : N“T — Sp induces
a natural map of real simplicial orthogonal spectra

£.: THR4(X) — THR.(Y).

Proof. The spectra THR4(X) admit a simplicial structure by [PS16]. The map induced by a
morphism «:[k] - [I] in A is

. Ao . « .
a*:hocolim ¢ X = hocolim a* ¢, X — hocolim 1, X
Il+1 11+l Il+k

where «, is the pushforward along the functor a:I'*!' - I'*% from the simplicial structure
of N¥I. The first map is the natural transformation Ao:X ot - X o) o a induced by the
morphisms («,id):i — ai in AP 2 N9, for i e I'*!. The levelwise involutions are the maps

. w . (Wi ) .
wg:hocolim ¢, X — hocolim wy,t; X —— hocolim ¢} X
Jl+k Jl+k Ji+k

where the first map is induced by the natural transformation w: X - X ow from the Z/2-structure
of X, and the second map is the pushforward along the involution wy: I'*K — I1+k,
We verify that wia* = w(a)*w;, that is that the outer rectangle in the diagram

Ao

Qx

hocolim ¢} X hocolim a1} X hocolim ¢}, X
Ji+1 Ji+1 Jl+k
wJ/ w|al Jw
. . e/ .
hocolim w; 1] X —————— hocolim w; (w(a))* 1, X —————— hocolimwj ;X
71+l w(cx)lwl 71+l Jl+k

l(wl)* (wl)*l l(wk)*

hocolim ¢t X ————— hocolimw(a)*t; X —————— hocolim 1}, X
J1+1 Aw(a) J1+1 w(a)« Jl+k
commutes. The vertical map w|, and the horizontal map a,, respectively in and out of the
central term, are well-defined since w; (w(a))* = a*wj,. The upper right and bottom left squares
commute because of the interaction between the push forward maps on homotopy colimits and
the maps induced by natural transformations. The bottom right square commutes because
wrar = w(a)w; as functors I'*! — I'*%. The upper left square commutes because X is a Z /2-
diagram, and the involution of A°? 2 N¥T sends the morphism («,id) to (w(a),id). O

Remark 2.16. The homotopy colimit of Proposition 2.15 is taken in the category of orthogonal
spectra, and this is computed levelwise as a homotopy colimit of pointed spaces. In order to use
the results of §1.2, which are about the homotopy type of the homotopy colimit taken in the
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category of unpointed spaces, we need to observe that if X:T — Top, is a Z /2-diagram where
X; is a well-pointed Z /2-space for every i € I, then the comparison map

| L[ Xi0|—)| \/ Xi0|

1€NgI 1€NgI

from the unpointed homotopy colimit to the pointed homotopy colimit is an equivariant equiv-
alence. Indeed, this map is the cofiber of the h-cofibration |[NoI| < | ;e Xi,|, and the source
is equivariantly contractible since I has a 7Z /2-fixed initial object. We will implicitly use the
results of §1.2 for the pointed homotopy colimit, under this well-pointedness assumption.

Example 2.17. Let (A,w) be an orthogonal spectrum with anti-involution and (M,j) an
(A, w)-bimodule. There is a Z/2-diagram Q3(A4; M;S): A°? : N¥] — Sp defined on objects by
sending ([k],1) to

Q3 (A; M;S); 1= QP4 (SA M A Aiy Ao A Ay,

see [PS16]. The associated simplicial spectrum is Bokstedt’s model for topological Hochschild
homology [B6k86]. This diagram has a Z/2-structure Qj(A; M;S); — Q3(A4; M;S),,; which
postcomposes a loop with the map

1IATE

ik ]\4@0/\141;]6/\“‘/\141'1

T - J/TiOAT’k/\mAT"l

jAw™NE
Mg NAj Ao NAy ———— Mg AA AN A

-
.Zw-io/\fhk/\--~/\_/4Z'1

and precomposes it with

lATk TiO/\T,;k /\---/\7',;1

S0 NS A A S S0 A S A A ST S0 A S A ST

where 7; is the permutation of {1,...,j} that reverses the order. The associated real simplicial
spectrum was introduced by Hesselholt and Madsen in [HM15, §10].

Definition 2.18. Let (M, j) be an (A4, w)-bimodule. The Bokstedt model of the real topological
Hochschild homology of A with coefficients in M is the geometric realization of the real simplicial
spectrum

THR.(A; M) := THR. Q3(A; M;S),

which we denote by THR(A; M). When A = M we write THR(A) for THR(A; A), or THR(A, w)
if we want to emphasize the anti-involution.

Example 2.19. Let (A, w) be an orthogonal ring spectrum with anti-involution and (M, j) an
(A, w)-bimodule. Consider the Z/2-diagram Q%(A; M;sh): A% : N%T — Sp defined by sending

([k],1) to o . .
Q7 (A; M;sh); := QO (sh" M Ash™ AA---Ash'™ A),

where sh’ X denotes the shifted spectrum, given by the sequence of Z/2-spaces (shi X)n = Xitn-
This diagram has a Z/2-structure given by postcomposing a loop with the map

. . . ‘w/\k . . .
shi® M Ash™ An---ashi* A 2" s shi® M Ash® AA---Ash™ A

~
=~ ~ IATE
~
~
~ i i i1
~. sh""MAash™ An---Ash™ A
~ ~
~
TigNTip, N AT
~ g 7/0 Yrk 1’1

Nt
sh® M Ash™ AAn---Ash™ A
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and precomposing it with

1IATE ‘f'io/\T,;k/\-"/\7'7;1

SWOASH A ASHE 8 5 G0 A G AL A SR Si0 A Stk Ao A ST

We will show in Theorem 2.23 that the THR spectrum associated to Q3 (A; M;sh) is equivalent
to THR(A; M).

The Bokstedt model THR(A; M) is homotopically better behaved than the dihedral Bar
construction B (A; M), essentially because it incorporates the derived indexed smash product
of Z [2-spectra. We will spend the rest of the section proving the homotopy invariance of this
model, as stated in Theorem 2.20 below. Let (M,j) be an (A, w)-module. We say that the
Z [2-spectrum (M, 7) is levelwise well-pointed if for every finite dimensional Z /2-representation
V' the pointed Z /2-space My obtained by evaluating M at V is well-pointed. We say that
(A, w) is levelwise very well-pointed if it is levelwise well-pointed, and if the unit map S° - Ag
is an h-cofibration of Z /2-spaces.

Theorem 2.20. Let f: (A,w) > (B,0) be a stable Z |2-equivalence of levelwise very well-pointed
ring spectra with anti-involution, and ¢: (M, j) — f*(N,1) a stable Z [2-equivalence of levelwise
well-pointed (A, w)-modules. Then the induced map

(f,).: THR(A; M) — THR(B; N)
is a stable equivalence of Z/2-spectra.

In order to prove this theorem we need to understand the levelwise homotopy type of the
real simplicial spectrum THR,(A; M).

Lemma 2.21. Let (M,j) be a levelwise well-pointed (A, w)-bimodule, and suppose that (A, w)
is levelwise very well-pointed. Then THR4(A; M) is a good real simplicial spectrum. Moreover,
if (M,j) and (A,w) are flat, then THR, Q5(A; M;sh) is a good real simplicial spectrum.

Proof. We prove that the composition of degeneracies sosg: THR1(A; M) — THR3(A; M) is a
levelwise h-cofibration of Z/2-spectra, the argument for the other degeneracies is similar. This
map can be written, at a Z /2-representation V', as the composite

hocolim Q0*2 (SY A M;, A Ayy)) ——— hogg}im Qio*iz(SY A M, A Ag A Ay A Ag)

IxI
lF*

hocolim Qi0+il+i2+i3 (SV A Mio A A'Ll AN Ai2 A A“)
IxIxIxI
where the second map is the pushforward by the functor F:I xI — I x I x I x I given by
F(ig,i2) = (i0,0,42,0), and the first map is induced by smashing with the unit map S° — Aj.
Since S° — Ay is an h-cofibration, the A; and M; are well-pointed Z /2-spaces, and loop spaces
preserve h-cofibrations, the map

Qr2(SV A My NSO A Agy ASY) — Q0F2(SY A M A Ag A Agy A Ap)

is a pointwise h-cofibration of Z/2-diagrams. That is, it is an equivariant h-cofibration with
respect to the action of the stabilizer group of the object (ig,i2) € I x I. We show more generally
that if F: A — B is an equivariant functor which is faithful and injective on objects, Y: B — Top,
and X: A - Top, are Z [2-diagrams, and f: X — F*Y is a pointwise h-cofibration of pointwise
well-pointed Z /2-diagrams, then the maps

F,

Vfa, *
V Xog = V Yr@y — V Yy
aeNp A aeNp A beNLB
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are Reedy cofibration of simplicial Z /2-spaces. The composite will then induce an h-cofibration
on geometric realizations between the homotopy colimits, concluding the proof. The Reedy
conditions for these maps amount to showing that the maps

idvV fa
\/ YF(GO) v \/ Xao : \/ YF(GO) ’ \/ Ybo \/ YE?O
ae(NyA)4 ae(NpA)nd aeN A be(NkB)"4UN FF(A) beN, B

are h-cofibrations of Z /2-spaces, where (-)"¢ and (-)¢ denote respectively the subsets of non-
degenerate and degenerate simplices. It is easy to verify that the indexed wedge V, f4, of
pointwise h-cofibrations is an h-cofibration of pointed 7 [2-spaces. Thus the first map is a
pointed h-cofibration. The second map the inclusion of a wedge summand, and therefore it is
also a pointed h-cofibration. Since all the Z /2-spaces involved are well-pointed, these are also
unpointed h-cofibrations.

An analogous argument shows that THR, Q27(A; M;sh) is a good real simplicial spectrum.
One will need to observe that the shift functor sh® preserves flat Z /2-spectra. This is done in
Appendix A.2. O

The following result describes the levelwise homotopy type of THRG(A; M). It is at the
hearth of the proof of the comparison Theorem 2.23 and it is very similar to [ABG*16, Theorems
3.6 and 4.3]. As we are currently not able to reduce it to these results we include a proof, where
we use semi-stability techniques as opposed to Bokstedt’s approximation lemma.

Lemma 2.22. Let (M,j) be a levelwise well-pointed (A, w)-bimodule, and suppose that (A, w)
is levelwise very well-pointed. The functor v:N — I that sends n to 2n + 1, composed with the
diagonal A:T — I induces a natural stable equivalence of Z,/2-spectra

hocolim QU (S A M, A ANK) —> THRy,(A; M),

where the involution on k = {1,... k} reverses the order, and p is the reqular representation of
Z]2.

If (A,w) and (M,7) are moreover flat, the functors ¢ and A also induce a natural stable
equivalence of Z/2-spectra

hocolim Qe+ (sh™ M A (sh™ A) ) = THRy, Q5 (A; M;sh).

Proof. The argument is analogous to the one of 1.13. The first map is the composite of the
stabilization with the trivial representation and the map

(AL)*:hocI(\T)limQ("P“)(“k)(S A My pin A AQL‘;H) — THR(4; M).

We show that (Av), is an equivalence of Z /2-spectra in each simplicial level. Non-equivariantly
it is equivalent to the map
¥ hocolim QI (S A M,, & ARK) — THH),(4; M)
Nx1+

induced by the functor ¢:N — I of 1.14, which is a level-equivalence of spectra because A and
M are orthogonal spectra, and hence semi-stable. We show that the evaluation of (Al), at
any Z [2-representation V is an equivalence on fixed points. We treat the case where k = 2¢ + 1
is odd, the even case is analogous. The fixed points category of I*1*29*1 is isomorphic to
I%12 5 %9 x [/ and there is a homotopy commutative diagram

(X12adt z)2

hocolimypees2 (£¥9+2)* X212 : THRags1 (A; M4/

id xA\*Ixid | =
(exc*Tx1)

hocolimpqs2 (1 x ¢4 x 1)* X%/?
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where X; = QU+ *i2a1 (SVAM; AA; A---A Ay, ). Here Aic — ¢ is the natural transformation
of 1.14, which induces an ind-equivalence on the homotopy colimit systems.

We need to show that (v x ¢*? x 1), is an equivalence. We recall from 1.16 that there are
cofinal functors m: MR%/? 2 (I°Jw) - I*/? and :N - I°/w. Similarly, there are cofinal functors
pMy(Ijw) - I and d:N - I'/Jw where I /w has objects the injections a:n » N and M = Inj(N,N)
acts by postcomposition. The maps p and d send « to n and n to n c N, respectively, and they
are right homotopy cofinal essentially by [Shi00, 2.2.9] (or by an argument completely analogous
to 1.16). Therefore we obtain a right homotopy cofinal functor

(7T prq % 7T):G _ IZ/2 x X9 x IZ/2 o~ (Ix1+2q+1)Z/2

where G = (MRZP2x M*Ix MR%/?)2((I°)w)x (I ]w)*?x(I°/w)) is the Grothendieck construction
with respect to the componentwise action of the product monoid bqZ/ M = (MRZ 12 x M*4 x
MRZ/?). This gives a commutative diagram

. (exc*9xe) .
hocolim (s x ¢*9 x )* X2/? —— — 4 hocolim XZ/?
Nxq+2 IZ/2x[*ax]%/2

('yxdxqw)*l= :T(ﬂwxqm)*

hocolim 7 x p*x 1) X212 5 hocolim (7 x p*9 x m)* X212 — B(b2P M) ~ » .
(IO/W)X(I/w)qu([o/w)( p ) e ( p ) ( q )

If we can show that bg/QM acts by equivalences on hocolimpxg+z (¢ x ¢*9 x L)*XZ/Q, Lemma
[Qui73, page 98] will show that the bottom sequence is a fiber sequence, which concludes the
proof.

We recall that hocolimpwas2 (¢ x ¢4 x 1)* X%/ is the space

. nop+1+p®(ni+-+ng)+ngr1p+l gV AZ[2 AZ[2 Z]2
h%cxggm(Q a)+ng+ (S A Mpgpir NALTE A /\Anq ANApgipi1))™5,

and that the monoid b% 2 M acts componentwise. By a simple induction argument we can reduce
our claim to showing that MR%/? and M act trivially on the homotopy groups of spaces of the
form

hocglim(Q"p”Ean Y2 and hoclt\l)lim(Q"pEQZ/Q)Zm,

respectively, where E is an orthogonal Z/2-spectrum. The action on MRZ1? on the first space is
trivial on homotopy groups by semi-stability of E (see [Sch13, 3.4]), and it acts by loop maps by
the argument of Theorem 1.13. We are not quite able to reduce the triviality of the M-action
on the second space to a statement about semi-stability, so we adapt the argument of [Sch13,
3.4] to our situation.

The action of an injection f:N — N on the homotopy groups of the second homotopy colimit
is defined as follows. Let

o St+np N E;:Z/Q

be a continuous equivariant map. The restriction of f to the subset n = {1,...,n} defines an
inclusion f:n > m for some integer m > n, and thus an equivariant isometric embedding

(f ® p):np —> mp.

This further determines an isomorphism ™ = §("=)¢ A §7? The action of f on the homotopy
class of « is the homotopy class of the map f,« defined as the composite

f*Oé: Qu+mp ;) S(m—n)p A St M) S(m—n)p A EWT/;Z/2 ~ (S(m—n) A En)/\Z/Z ‘7_/\0'> E;?\FLZ/2
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where the map o is the structure map of the orthogonal Z/2-spectrum E. Thus we need to show
that f.a and « are stably homotopic. Let i1:m — m + m be the standard inclusion, so that

(i1 ® p):mp —> (M +m)p=mp®mp

is the first summand inclusion, and (i1). is suspension by S™”. By [Sch13, 3.4] we can choose
an automorphism ~ of R™ such that o f:R™ - R™ is the standard inclusion j, and 71 oy and
i1 are homotopic isometric embeddings. Then ([-] denotes the stable homotopy class)

[fea] = [(i1)sfea] = [(ix o fea] = [(ir oy o f)sa] = [(i1 0 j).a] =[]

where the third equality holds since if H; is a one parameter family of isometric embeddings
from i1 to iy oy, then (H;). defines an equivariant homotopy. Thus f acts trivially on the
homotopy groups based at the canonical basepoint. Moreover it acts by loop maps, since the
diagram

f(=)

hocol\llim QP (BN hocog]im Qe (BN

o) T:

o hocolim Q"”(E,ALZ/Q)
nxf(1)
o |
Q hocoéim Q“(”’l)P(ErALZ/?) fl—()> Q hOC})(llign Qa+(n—1)p(Eﬁz/2) ’
ne n>

commutes, where ¢ c p is the sign representation, the left vertical map is induced by the splitting
8P = 81 A 89 of the first copy of p in np, and the lower right vertical map by the same splitting
for the copy of p in np indexed by f(1) e n. The map fi:n—-1— f-n— f(1) is the restriction
of f,and fi-(-) is defined in a manner completely analogous to f - (-).

The proof for the spectrum THRy, Q5(A; M;sh) is analogous. One uses the argument above
to reduce the proof to the triviality of the action of f € MR%/? on the fixed points space of
hocolim,,qy Q™ ((sh™ E) %/?)y,, for some flat orthogonal Z /2-spectrum E. Since E is flat, the
canonical map

hocolim Q™ ((sh™ E)"%/2) = hocolim Q™ sh™ (E"%/?)
neN neN

is an equivalence. Under this equivalence the action of f sends a map a: S™ — sh™” (EAZ/ Dy =
(EAZ/Q)WHV to the composite

f*OéI gme = S(m—n)p A ST id ra S(m—n)p A (EAZ/Q)np+V (E/\Z/2)mp+v

where the last map is the structure map of the orthogonal spectrum E*%/2. This is trivial on
homotopy groups by a similar argument. O

Proof of 2.20. The real simplicial spectra THR.(A; M) and THR.(B; N) are good by 2.21, and
it is thus sufficient to show that the map

hocolim Q"2+ (SANM; A Aj, A+ N Ay, ) —> hocolim Q0T 2641 (SAN; AB;, A---ABjy, 1)
jelx1+2k+1 jeIx1+2k+1

is an equivalence for every integer k > 0. This map is naturally equivalent to the map

hocolim Q"*®*P*2) (S A M, A ANZ*) — hocolim Q"2 FP2) (S A N,,, A B2+t
N N

by 2.22, where the action on 2k + 1 reverses the order. This is a non-equivariant weak equivalence
by [Shi00, 3.1.2]. We verify that it also induces a weak equivalence on geometric fixed points.
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The natural transformation ®%/2QV - QV**$%/2 is a stable equivalence of spectra. Moreover,
the fixed points of the representation np ® (kp +2) is

(np® (kp+2))2% = (nkp® p)?'? + (2np)%/? 2 2nk + 2n = 2n(k + 1).
Thus on geometric fixed points the map above is equivalent to

hocglim Q22 (S A pr/z A ALK A A,Zlf) — hoclg]lim Q22 (S A pr/Q A BYF A Brzm/Q).
The diagonal map N - N*¥*2 induces an equivalence between this map and

. no+2(n1+"'+nk)+nk+1 Z/2 Z/Q
nglocrc:grlriNQ (SAMLIS A Aspy Avee A Agy N AT )

l

. no+2(n1+-+ng)+ng1 Z[2 . 72
nglocgglrlNQ (SANLLS A Bany A+ A Bay, AByI” ).

A simple inductive argument shows that this map is an equivalence, provided we can prove that
for every well-pointed space X and equivalence of levelwise well-pointed Z /2-spectra A — B,
the maps
hocolim Q%" (X A As,,) —> hocolim Q**(X A By,)
neN neN

hocolim Q" (X A A%/?) — hocolim Q" (X A BZ/?)
neN neN

are equivalences of spaces. The first map is an equivalence because smashing with a well-pointed
space preserves stable equivalences of spectra. The second map is the infinite loop space of the
map of the geometric fixed points of the map of Z /2-spectra X A A — X A B, and smashing with
a well-pointed space preserves stable equivalences of Z /2-spectra. O

2.4 The comparison of the Bokstedt model and the dihedral Bar con-
struction

In this section we will show that the models for real topological Hochschild homology previously
defined in §2 give rise to equivalent Z/2-spectra, under suitable flatness conditions.

Theorem 2.23. Let (A,w) be a flat ring spectrum with an anti-involution and (M,j) a flat
(A, w)-bimodule (see Definition 2.6). Then there is a natural zig-zag of stable equivalences of
Z [2-spectra

THR(A; M) =~ BY¥(A; M),

Remark 2.24. Given any ring spectrum with anti-involution (A,w) which is levelwise well-
pointed, Theorem 2.23 together with the homotopy invariance of THR, of Theorem 2.20 give a
stable equivalence of Z /2-spectra

THR(A) ~ THR(A") ~ B¥(A"),
where A* 5 A is a flat ring spectrum with anti-involution replacement of (A,w), from A.3.

Proof of 2.23. In order to simplify the notation we assume that (M,j) = (A,w), the proof
of the general case is formally identical. For an object i = (ig,...,ix) of I*** we denote by
QF := Q'+ the associated loop space. For any integer k > 0, we consider the zig-zag

ANMTR (hOC(I)hIn Qfsh® A)M+E hocolim Qi(sh™ AA---Ash™ A) « hocolim QEE=( Ay A+~ Ay
Ix1+ X1+
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where the first map is the (1 + k)-fold smash power of the map ¢: A 5 hocolim; Q¥sh A. We
observe that even though ¢ is an equivalence by 1.13, the target of ¢ is in general not flat, and
therefore the map t"**! is not necessarily a weak equivalence. The second map is the canonical
map that commutes the smash product with the homotopy colimits and the loops. The left-
pointing map is induced by the map X (A;, A--- A A;,) — sh™ A A--- Ash™ A which is adjoint
to the identity map

Ajg A~ A = (sh™ A)g A=~ A (sh™ A)g = (sh™ AA--- Ash™ A).

The right-most spectrum is the k-simplices of the Bokstedt model of THR(A; A) from Ex-
ample 2.18. The middle right hand spectrum is the k-simplices of the real simplicial spectrum
associated to the functor Q3(A; A;sh): N“T — Sp of Example 2.19. The leftward pointing map
is induced by a morphism of Z/2-diagrams, and it is therefore a map of real simplicial spectra.
It is immediate to see that the composite of the rightward pointing maps is also a map of real
simplicial spectra. Moreover under our flatness assumptions these real simplicial spectra are
good (2.14 and 2.21), and therefore our theorem follows if we can show that the two maps in
the zig-zag above are equivariant weak equivalences for every fixed simplicial degree k.

The right pointing map of the zig-zag factors as

AN hocolim QE(ShiO AA--- Agh'® A)

Ix1+k
zl :T2.22

hocolim QeI (A A greynttk = hocolim Qe+l (gpne g)rivk

where the left vertical map is the canonical equivalence of the loop-suspension adjunction, and
the lower horizontal map is induced by the equivalence of orthogonal spectra c: AAS™” — sh™” A
(see [Sch13]). Since both suspensions and shifts preserve flatness (see Appendix A.2) the (1+k)-
fold smash power ¢"*¥ is also an equivalence, the right vertical map is an equivalence by 2.22.
Thus the top horizontal map is an equivalence.

The proof that that the leftward pointing map of the zig-zag is an equivalence is more
involved. Our strategy consists of replacing the loop spaces ¢ with the equivalent free spectra
F;. The advantage of doing this is that F; commutes strictly with the smash product and that it
preserves flatness. This follows from [Stol1, Section 2.3.3]. The trade-off is that the combination
of F; and sh' is not fully functorial in N, and we need to work in the triangulated homotopy
category Ho(SpZ/ ). We recall that for any Z /2-representation V, the free spectrum functor
Fy is the left adjoint of the shift functor sh''. The functors Q™ (-) and F,,(=) = Fn, A -
are homotopical, i.e. they preserve Z/2-equivariant stable equivalences. For Q"?(-) this follows
from [Sch13, 5.4] and for F},,(-) from the fact that F},, is flat and smashing with flat equivariant
spectra is homotopical ([Sch17, Section III.V] and [BDS16, Proposition 2.10.1]). Hence these
functors descend to the homotopy category

Q" (=), F,,,(-): Ho(Sp”/?) — Ho(Sp”?).

The shift sh™ is also homotopical, it descends to an equivalence of categories on the homotopy
category sh™: Ho(Sp%/?) - Ho(Sp%/?). These observations can be now used to define a natural
transformation &,: F,,,(—) - Q"(-) in the homotopy category Ho(Sp%/?). We point out that
this natural transformation is not the canonical one which is adjoint to F,, A S™ A A — A, but
it is defined in the following way. We consider the map in SpZ/ 2 defined as the composite of
stable equivalences of Z/2-spectra

F,(sh” A) = A - QPsh” A.
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Since sh” :Ho(SpZ/ %) - Ho(SpZ/ %) is an equivalence of categories, by precomposing this map
with the inverse (sh”)™!, we get a natural isomorphism ¢ = &1: F,(-) > Q?(-) in the homotopy

7/2

category Ho(Sp™~). By iterating this process we obtain a natural isomorphism

En:an(_) = an(_)

of endofunctors of Ho(SpZ/ 2). We will use this isomorphism to replace Q™" by F,, in the
homotopy colimits of our zig-zag.

Next, we recall a way of computing the sequential homotopy colimit in the triangulated
homotopy category, from [BN93|. The homotopy colimit of a sequence of maps

&o al

Xo X, X,

in Ho(SpZ/ 2) is defined by the mapping cone sequence

Vet X =25 Ve X — hocolimd X —— S V,en Xin

where « sends the wedge summand X,, to the summand X, 1 via a,. The symbol A in the
notation hocolim§ X suggests that we are using the triangulated structure to define this object.
We note that hocolimI% X comes with canonical maps ¢, X,, > hocolirnNA X for every n > 0, such

that the diagrams
Xn tn
x %
X

n+1

hocolim§ X

commute. We also note that the construction hocolim@ X is a generalization of the classical
Bousfield-Kan construction of the homotopy colimit. If the maps «,, are honest maps in SpZ/ 2
there is an isomorphism

X, — hocglimAX = hocglim X,

where the composite is the canonical map.
Now we go back to the proof of the desired result. We define a commutative diagram in the
homotopy category

hocolim Q%(sh™ A A--- Ash™ A) +—— h(}c%lli(m QEN®(Ajg AN Ayy)

Ix1l+k

2.22| = 2.22

hOCOI\l]im Qne(l+k) (Shnp A)/\1+k - hOCOIlIiIn an(1+k)zooA;\Lz+k

hocolimAQnP(Hk)(shnp A)Ahk - hocol\llimAan(lJrk)EooA;\Li:k

neN

I II

hogg)ﬁl]imAan(Hk) (sh™ A)M** hoyclg)éimAan(Hk)ZwAgyk

hocolim® (F,, sh™ A)"** «— hocolim®™ (F,,, 5% A,,,)" ¥k |
neN r 11 el P p
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where the top row is the map of our zig-zag, and the maps labeled I, IT and III are isomorphisms.
The horizontal map in the second row is induced by the canonical map from suspension spectra to
shifts, and therefore the upper square commutes. The middle horizontal arrow is then uniquely
defined in the homotopy category Ho(SpZ/ %). For convenience let us write [ = 1 +k. The source
of the map I is defined as the homotopy colimit of the bottom row of the commutative diagram

AN e AN ———— QP! (sh? A)N === QF!(sh” A)N —— Q%! (sh¥ A)N ...

\ 4 !

AN (F, (8P A AN =5 (F,sh? AN <= (F,(SP Ash? AN =5 (Fy,sh? AN = .

and the map I is induced by the vertical maps, which are the composite of the isomorphism
& Frp(=) > Q"P(-) and of the map that commutes the loops and the smash products. It is an
isomorphism since the composite

(anX)/\l i (anX)/\Ll N (anX)/\Ll N (anX)/\l N anl(X/\l)

is an isomorphism in the homotopy category for any flat X, where Arl denotes the derived
indexed smash product. Here we are using that shifts preserve flatness (see Proposition A.4).
Similarly, map II is induced by the commutative diagram

TR AN = T AY s QIR AN e TR AN s I

\ ] ]

Y2 AN - (F,SP AR AN — (F,R®° A )N &= (Fo, 87 A BP A )N — (F, X% Ag )N < ...

and it is an isomorphism on homotopy colimits. This diagram commutes because in the homo-
topy category
Y2 Xy —— P sh” B2 Xy —— QPE< X,

T I §
F,(5? A¥%Xy) —— F,sh’ 2 Xy —— F, XX,
commutes by construction of £. Finally, the two lower horizontal arrows are uniquely determined

by the fact that the vertical maps are equivalences. It remains to show that map III is an
isomorphism. We treat the case [ =1 first. By construction the diagram

hocoﬁl{imAanE“AnP _m . hocoRIIimAan sh™ A = A
FopS% Anp = F,,sh" A

commutes in the homotopy category for all n > 0, where c¢ is the canonical map from the
suspension to the shift, and the diagonal morphism is induced by the canonical equivalence of
flat equivariant spectra F,,sh"™” A - A. We recall that on equivariant homotopy groups there

is an isomorphism 7r5,_) (hocolimI@ X) = colimy 7r£_)X . Under this isomorphism the composite

. 111 . =
hocohmAanE“’Anp — hocohmAan sh"”A-— A
neN neN
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is the canonical homotopy presentation of A (see [HHR16, B.4.3]), which is an isomorphism.
For [ > 1, the composite

(hocoﬁllimAanEmAnp)M ; hocol%imA(anE""Anp)/\l LN hocoplfimA(F”P sh? AN 5 AN
ne ne ne

is the [-fold smash power of the canonical presentation. Since A and F;,,3*° A,,, are flat, this is
an equivalence. O

2.5 The geometric fixed points of THR

The main tool used in the calculations of §5 is a formula for the geometric fixed points of THR.
Given a Z [2-spectrum X, we let ®ZI2X denote its derived geometric fixed-points spectrum. If
(A,w) is a flat ring spectrum with an anti-involution and (M, 7) is a flat (A, w)-bimodule, we
want a model for ®2/2M which has the structure of an A-module. For concreteness, we define

LM = 77 (M),

where M€ is a cofibrant replacement of M as a right NZ /2 A-module for the module structure of
§2.2, and @%2 denotes the Mandell-May monoidal geometric fixed points [MMO02, Section V 4]
(see also [HHR16, Appendix B]). Then the spectrum ®Z/2 ) is a right A-module via the map

L2 (M) A A= B2 (ME) A BYIP(NEIPA) — 0517 (M° A NEI2A) — o712 (M),

where the isomorphism is given by the diagonal map A — @%Q(Nez / 2A) of [HHR16, Proposition
B.209] (see [BDS16, Theorem 3.2.16], [Stoll, Proposition 3.4.28] for this result for flat objects).
The last map is the geometric fixed points of the module structure. Similarly, @%2(145) is a left
A-module, where A€ is a cofibrant replacement in the category of left NZ /2 A-modules.

Remark 2.25. The spectrum QQQ(M ) is a model for the derived geometric fixed-points
spectrum of M. It is therefore fully homotopical and agrees up to equivalence with the geometric
fixed-points spectra of [LMSMS86| and [Sch13]. To see this, let C NZ2 A be a cofibrant

replacement of NeZ /24 in the model category of Z [2-equivariant associative algebras [MMO02,
II1.7]. Then C is cofibrant as a Z /2-spectrum, and the induced map

Py’ (C) = U (N2 4)

is a weak equivalence of associative ring spectra. This uses the fact that NeZ /2 A is built out of
induced regular cells in the sense of [BDS16, Theorem 3.2.14] and [Stoll, Proposition 3.4.25].

It follows from this equivalence and [BM15, A.1 Lemma| that @%%M ) is equivalent to the
derived geometric fixed-points of M, by considering M€ as a retract of a cellular NeZ /2 A-module.
Similarly, @%2(146) computes the derived geometric fixed-points of A.

Theorem 2.26. Let (A,w) be a flat ring spectrum with an anti-involution and (M,j) a flat
(A, w)-bimodule. Then there is a natural zig-zag of stable equivalences

®L2 THR(A; M) =~ 22 M AL o272 A.
Proof. By Theorem 2.23 and Corollary 2.12 we need to compute the geometric fixed points

OLA(M AYzpa , A).
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Let M€ and A° denote cofibrant replacements of M and A, as right and left NeZ / 2A—modules,
respectively. Then the derived smash product M /\?‘VZ/QA A is modeled by

M€ /\NEZ/ZA A°.
Now we consider M ¢ and A€ as right and left C-modules respectively, via the cofibrant replace-
ment map C' > NeZ 2 A. Let M¢ and A¢ denote the cofibrant replacements of M¢ and A€ as
C-modules. Then Lemma 2.13 implies that there is a natural stable equivalence of Z /2-spectra

M¢€ /\Nez/zA A° ﬁm/\cﬁ.
Since M¢ Ac A€ is cofibrant as a Z /2-spectrum we have equivalences
Z/2 55 . he
%12 (M Nyor g A) = o512 (M A A°).

For the right-hand term we have an equivalence

2257« he 712 5 72 7ay = xZ[2 0 rc Z]2, se
%2 (Me no A°) = @/ (MC)A¢%2(0)<I>N/[ (A°) =5 @52 (M) n g BYIP(A°) = BF/2M n 4 @724,
where the isomorphism is from the proof of [HHR16, Proposition B.203]. Indeed, the maps
@%\//12 (M¢) - @%\//12(M ) and @%2 (Ac) - @%Q(AC) are equivalences by Remark 2.25. Now the
map above can be seen to be an equivalence by comparing the bar constructions for the smash
products, and by using Lemma 2.13 since all the Z /2-spectra involved are flat. [

Remark 2.27. The proof above shows that the spectrum @%%M “ANE2
homotopy type. More precisely, there is a commutative diagram

4 A°) has the correct

o512 (M) Agir2 oy 712 (Ac) —= B2 (Me) n g D2 (A)

O (M A A7) —————— DRIP(MC A yzpa , A7)

where the vertical maps are isomorphisms by [HHR16, Proposition B.203] and [BDS16, Theorem

3.2.16]. It follows that the bottom horizontal map is an equivalence. Since Mg A° is a cofibrant
replacement of M,z , A® as a Z [2-spectrum, this shows that @%%MC Anziz 4 A°) computes

the derived geometriceﬁxed-points of M Ay, A

Corollary 2.28. Let (A,w) be a flat ring spectrum with an anti-involution and (M,j) a flat
(A, w)-bimodule. Suppose that the underlying Z [2-spectrum of (A,w) is a module over H Z[3],

where Z[%] has the trivial involution. Then the geometric fized points spectrum ®%/> THR(A; M)
1s contractible. This is for example the case when A = HR is the Eilenberg-MacLane spectrum
of a discrete ring with anti-involution, with 1/2 € R.

Proof. Since (A,w) is a module over HZ[1], the geometric fixed points %12 A are a module
over ®X2H Z[%], which is contractible. It follows that ®%2 A is also contractible. Now the
geometric fixed point formula 2.26 gives a stable equivalence

L2 THR(A; M) = ®212M AL 92124,

and the smash factor on the right hand side is contractible. O
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3 THR of Wall antistructures and categories with duality

A more general input for real K-theory than a ring with anti-involution is a Wall antistructure
[Wal70]. This structure allows one to “twist” Hermitian forms by a unit in the underlying ring.
We present a variation of our construction of THR which accepts this more general input.

3.1 Categories with duality

Let € be a category enriched in orthogonal spectra. We recall that a duality on % is an enriched
functor D:4°P - € together with a natural isomorphism 7:id - D? such that D(n.)np. = id.
We say that the duality is strict if 1 is the identity natural transformation.

Definition 3.1. Let (¢, D,n) be a spectral category with duality. A (¢, D,n)-bimodule is a
functor #:€°? A6 — Sp with an enriched natural transformation J:.#(c,d) — .#(Dd, Dc)
such that

M(c,d) ——L— .#(Dd, Dc)

| |-

%(C, D2d) ﬁ <%(D2C, D2d)
~)on

commutes. We observe that if the duality on ¢ is strict, then J? = id.

We remark that the mapping spectra of the form €' (Dc, ¢), as well as the spectra # (¢, Dc),
inherit strict Z/2-actions defined by the maps

€ (Dc,c) -2, € (Dc, D?c) 7o) € (Dc,c)

M (c, Dc) 7 M (D?*c,Dc) n—> A (c,Dc) .

The construction of THR we will propose depends on the genuine equivariant homotopy types
of these spectra.

Example 3.2. i) A spectral category with duality with one object is a triple (A4, w,€) con-

sisting of an orthogonal ring spectrum A, a unit € € Aj, and a morphism of orthogonal
ring spectra w: A°? - A such that w?(a) = eae™! and w(e) = e7!. The Eilenberg MacLane
construction of a Wall antistructure as defined in [Wal70], or of a simplicial ring with in-
volution as in [BF84], provides such an object. We will therefore call a spectral category
with duality with one object a spectral antistructure.
An example of interest of a spectral anti-structure that does not arise as an Eilenberg-
MacLane construction is the spherical group-ring. If G is a well-pointed topological group
and e an element in the center of G, the triple (S A G,,w,€) is a spectral antistructure,
where w is induced by inversion in G.

ii) Let R be a discrete ring. A wall antistructure (R, w,¢€) defines a duality on the category
Pr of finitely generated projective right R-modules. It is defined on objects by the abelian
group of morphisms of R-module maps

DP :=hompg(P,R),

where R is a right R-module by ar = w(r)ea, and R acts on DP by pointwise right multi-
plication on R. There is an isomorphism 7: P - D?P that sends p to the map that sends
AP - R to w(A\(p))e. This is a linear category with duality in the sense of [Sch10], and
applying the Eilenberg-MacLane construction on the abelian groups of morphisms gives rise
to a spectral category with duality.
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Remark 3.3. One may wish to consider a framework where the spectral category % has a
notion of weak equivalences as in [BM12], and where the map 7 is required only to be a weak
equivalence. The construction of this section require 7 to be invertible, but an extension of our
constructions to an appropriate context with weak equivalences is suggested in Remark 3.15.

There is a variation of the Segal edgewise subdivision of the spectrally enriched cyclic nerve
N¥(€; #) which supports a strict Z/2-action. Namely, we define a simplicial spectrum with
k-simplices

\/ A (co,Dcags1) NC(c1,00) A+ AE(ChyCl1)A

(cos--rC2k+1)

€ (Dcgsr,cx) ANC(Dega, Deger) A+ AE(Degprr, Dear)

and the standard simplicial structure of the Segal edgewise subdivision of N ¥(%; .#'). Since the
wedge summands are reindexed from the usual summands of the cyclic nerve via an equivalence
of categories, it easy to see that this simplicial spectrum is equivalent to the Segal edgewise
subdivision of NY(¢;.#). By abuse of notation we represent an element of the cyclic nerve as
a string of composable arrows

m f1 fr+1 frt2 far+1
(m, f) = Deggyr <—co <—c1 «— ... «— ¢ <— Dcpyy <= Degyg <— - ¢ Deggyr. (1)

The simplicial spectrum above has a simplicial involution, which is defined by sending the

(co,---,Coxs1)-summand to the (cagi1,...,co)-summand via the map which sends (m, f) to
J(m)n 0" D(fare1)n 0 D(fre2)n
Dcy Cokt1 Cak . Cht1
T"]_lD(fk-*-l)
D D
Dcy il Dcyq L e Dcy_1 T) Dcy,
k

Definition 3.4. The resulting Z /2-spectrum is called the dihedral Bar construction of (¢, D,n)
with coefficients in (M,J). Tt is denoted B¥(%;.#,n), or by B¥(%,n) when (#,J) =
(Home (-, -), D). We will write B¥(A,w,e) for the dihedral Bar construction of a spectral
antistructure (A4, w,e).

Similarly, the variation of the diagram I*?*2 - Sp that defines the Bokstedt model

B0+
Qo 2k+1 \/ SA%(COaDCQk+1)iQ /\(g(cl,CQ)il Avee /\<5(D02/.H.1,l)(jgk)i%+1
Co,...,CQkJrléOb(g

from [DM96| admits an analogous Z/2-structure. It is defined by replacing the map M;, A A;, A
oA A - M;, nA A---nA;, of Example 2.17 with the map

2k +1 12k+1

M (co, Deager)ig ANE(c1,¢0)iy A NC(Deager, Dear)

l

M (Cok41, DC0 ) igyyr NEC(Caky Coka )igy A+ ANE (Deg, Dey )y

i2k+1

that sends m A f1 A--- A fop+1 to

J(m)n A D(fars1)n A AT D(frs2)n AT D(fre1) AD(f) A+ AD(f1).

Definition 3.5. The resulting Z/2-spectrum is denoted by THR(¥,n;.#), or THR(%,n) if
(A ,J) = (Homg(—,-),D). We will write THR(A, w,¢) in the case of a spectral antistructure
(A, w,e).
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Definition 3.6. We say that a spectral category with duality (%, D,n) is flat if the mapping
spectra are flat, and if the mapping spectra of the form %(c, Dc) are flat as orthogonal Z/2-
spectra for every object ¢ in ¥, with respect to the involutions defined after Definition 3.1.
Similarly, a (¢, D,n)-bimodule (.#,J) is flat if it takes values in flat orthogonal spectra and if
the orthogonal Z/2-spectra .# (c, Dc) are flat.

The proof of Theorem 2.23 can be adapted to the categorical framework, giving the following.

Theorem 3.7. Let (#,J) be a flat bimodule over a flat spectral category with duality (¢,D,n).
Then there is a zig-zag of stable equivalences of Z[2-spectra

THR(C,15;.4 ) = B (€1 M ).
O
Corollary 3.8. Under the assumptions of 3.7, the spectrum ®*/> THR(E,n; A) is equivalent

to the geometric realization of the simplicial spectrum
V% (co, Do) N (er,co) A AC (s cio1) A BHP(E (Do, er)).
Co,---,CLEODE
The first and last face maps are induced by maps ®*% (. (¢, Dc)) A€ (d, c) - O (. (d, Dd))
and € (c,d) A D22 (€ (De, c)) - *%(€(Dd,d)) defined in a manner analogous to 2.26.

Proof. By Theorem 3.7 the geometric fixed-point spectrum of THR(%; #) is equivalent to the
geometric fixed points of the realization of the Segal edgewise subdivision of N%(%’;.#). Since
the geometric fixed points functor commutes with realizations this is the geometric realization
of a simplicial spectrum with k-simplices

‘I’Z/Q( \Vi M (co, Can1) ANC(c1,¢0) A+ ANC(Canet, Cox) )
Coy---,C2k+1€0bE

The geometric fixed points commute with indexed coproducts, in the sense that ®F(V,e; X;) ~

Viere ®(X;) for every finite G-set I and I-indexed family of spectra {X;}. Thus the spectrum
above is equivalent to

\V L2 (///(cm Dcg)AE (c1,c0)A - AE (Cky 1 )ANE (Deg, e )AEC (Deg—1, Deg ) A+ -AE (Deg, Dey )),

where the wedge runs through the collections of objects cy,...,cr € Ob%. The action on the
smash product is indexed over the involution on {1,...,2k + 1} which reverses the order, which
has a unique fixed-point k + 1. Thus the spectrum above is equivalent to

\V (I>Z/2(///(CO,DCO)) AN (c1,c0) A NE(CryCro1) A @Z/Q(%(Dck,ck)).
Coy...,CLEOLE

3.2 Functoriality of THR

We will explain the functoriality of the THR construction for categories with duality, and de-
termine which natural transformations induce equivariant homotopies on THR.

Definition 3.9. [Sch10, 3.2] A morphisms of spectral categories with non-strict duality is a
pair (F,£):(¢,D,n) - (¢',D’,n') of a spectrally enriched functor F: % — ¢’ and a natural
isomorphism &: F'D — D’F such that

Fle) —"), pp2(e)

n%(c)l lfoc

(D) (¢) 5 D'FD(c)
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commutes for every object ¢ of €.

A morphism (F,£):(¢,D,n) - (¢',D’,n) induces a map of Z/2-spectra on THR and on
the dihedral nerves. It sends a string of arrows (m, f) as in (1) to

EF(m) F(f1) F(fx) F(fee1)€" EF(fre2)€" EF (fonse1)E"
Fcy . Feg ..

D'Feopin D'Fegn D'Feopr.
Definition 3.10. Let (F,&), (G, x):(¢,D,n) —» (¢’',D’,n") be two morphisms of spectral cat-

egories with non-strict duality. Given a natural transformation U: F — G we let U:G — F be
the natural transformation defined as the composite

:G(e) 292 q(D2e) 225 D'aD(e) 2925 D FD(e) <25 FD2 () 22 F(e) .

We say that a natural isomorphism U: F - G is equivariant if U = U~*.

Proposition 3.11. Let (F.€),(G,x):(¢,D,n) - (¢',D',n') be two morphisms of spectral
categories with non-strict duality, and U: F — G an equivariant natural isomorphism. Then the
induced morphisms
F,,G.:THR(%,n) — THR(¢",7")
and
F.,G.: B (¢,n) — B(¢",n)
are equivariantly homotopic.

Proof. We prove the proposition for the dihedral nerve, the argument for THR is analogous. We
show that the Segal edgewise subdivisions of Fy and G, are simplicially equivariantly homotopic.
We define a simplicial homotopy in degree k by sending ((m, f),o € AL) to Fi(m, f) if o =0,
to G(m, f) if o =1, and to the string of morphisms B B

§F(m) F(f1) F(f2) F(fno-1)

D'Feapn Fey Fey ... Fey, 1
TUG(fng)
Geyg, & Geg-1 .. > Gen, 41 M Gen,
G(fku)xlT
D'Gepan D'Gejo ... D'Geogy1-n,

XG(Fre2)x ™"
TXG(f2k+2—ng )X71 D,U

XF (fars1)x 7" XF(forssony )X "

D'Feopia

! A
D'Feagizon, D'Feappon,

otherwise, where 0 < n, <k + 1 is the cardinality of the preimage of 0 of o:[k] - [1]. O

Remark 3.12. It is possible to have homotopies on THR induced by natural transformations
which are not isomorphisms, if one is willing to work with non-unital functors. Namely, a functor
(F,€):(¢,D,n) - (¢',D',n") which does not preserve the identities still induces a morphism
of semisimplicial objects on the dihedral nerve and THR,, and therefore a map of Z /2-spectra
on thick realizations. If the categories are flat this is equivalent to the thin realization. Given a
natural transformation U: F - G, one requires that the diagrams

Fe) =2 G(e) ae) 29 qa)
F(f)l an G(f)l J{Ud
F(d) 22 Fe) a(d) <2 F(a)
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commute for every morphism f:c — d in ¥. Then a formula similar to the one of the proof of
3.11 defines a semisimplicial homotopy between the maps induced by F' and G. We will find
ourselves in a similar situation in the proof of the cofinality Theorem 4.6.

3.3 Strictification of the duality

A spectral category with non-strict duality (¢, D,7n) can be replaced with an equivalent spec-
tral category with strict duality (D%, D). We finish the section with a comparison of the
corresponding real topological Hochschild homologies.

The spectral category D% has objects the triples (¢, d,¢) where ¢ and d are objects of €
and ¢:d - Dc is an isomorphism in the underlying morphism set ¢ (d, Dc)g. The spectrum of
morphisms from (¢, d, @) to (¢/,d’,¢") is defined as the pullback

D€ ((c,d,¢),(d,d',¢")) —— € (c,c)

lD()fmﬁ'

Cg(d,, d) ¢—*)> (g(d,, DC)

The strict duality is the enriched functor that sends an object (¢,d, ®) to (d,¢, Dpon.), and a
morphism (f,g) to (g, f). The projection onto the first coordinate defines an enriched equiv-
alence D€ — €. In particular the corresponding topological Hochschild homologies and cyclic
nerves are equivalent.

Corollary 3.13. Let (¢, D,n) be a spectral category with non-strict duality. There are natural
stable equivalences of Z/2-spectra

THR(%,7) ~ THR(DY? ,id) and B¥(%,n) ~ B¥(D%,id).

Proof. We prove the claim for the dihedral Bar construction. The functor p: D% — % can be
lifted to a morphism of categories with duality, by the natural isomorphism

§=¢:pD(c,d,¢)=d~ Dc.

The functor p has an inverse s:¢ — D% that sends ¢ to (¢, De,idp.) and a morphism f to
(f,Df). Moreover s admits a natural isomorphism

x = (idpe,n): sDc = (D¢, D?¢,idp2.) - Dsc = (De, ¢, n)

which defines a morphism of categories with duality. Clearly ps is the identity, and there is a
natural isomorphism

U = (id¢, ¢): sp(c, d, @) = (¢, De,idp.) — (¢, d, @).

By 3.11 it suffices to verify that U is equivariant. The natural transformation U:id — sp is the
composite

DUp=(Dgon,id Dgon)~t,¢7t
p=(D¢on,idqa) (Dd,d,nd) ((Dgon)™",¢77) (c,inch)

U:(c,d, ¢)
and therefore U = UL, O

Remark 3.14. Let (R, w,¢) be a Wall antistructure and ¢ = HPgr the Eilenberg-MacLane
construction of the linear category Ppg of finitely generated projective R-modules, with the
duality discussed in Example 3.2. The spectrum THR(DHPg,id) is the natural recipient of
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a trace map from the real K-theory spectrum KR(R,w,e) ([Dot12], [HM15]). On the other
hand by Morita invariance the Z/2-spectra THR(HPg,n) and THR(HR,w,€) are equivalent
(see Theorem 4.9). Thus combined with 3.13 this produces a natural map

tr: KR(R,w,e) — THR(HR,w,¢€)

in the homotopy category of Z /2-spectra.

Remark 3.15. The construction D% makes sense also when the map n:id - D? is required
only to be a weak equivalence instead of an isomorphism. The cyclic nerve N Y% and THH(%)
themselves do not support a strict involution in this case, since our definition of the involution
requires inverting 7). In this case one should take N (D%,id), or the equivalent THR(D%,id),
as models for real topological Hochschild homology.

4 Fundamental properties of THR

4.1 Multiplicative structures

Let (A,w) and (B,o) be two ring spectra with anti-involution. The smash product A A B
is canonically a ring spectrum, and the map w A o defines an anti-involution on A A B. This
makes the category of ring spectra with anti-involution into a symmetric monoidal category. We
observe that there is a natural isomorphism

BY¥(AAB,wnc)zBY%(A,w)AB¥(B,o),
induced by the levelwise shuffling of the smash factors

(A/\B)AHk o AA1+k/\B/\1+k

and by commuting the smash product with the geometric realizations. This isomorphism makes
B% into a symmetric monoidal functor from the category of orthogonal ring spectra with anti-
involution to the category of orthogonal Z/2-spectra.

If the underlying ring spectrum A is commutative, the map w is simply a multiplicative
involution on A, and (A, w) is a commutative orthogonal Z/2-ring spectrum.

Proposition 4.1. Let (A,w) be a commutative orthogonal 7./2-ring spectrum. Then B¥ (A, w)
is a commutative augmented A-algebra in the category of orthogonal Z/2-spectra.

Proof. A commutative orthogonal Z/2-ring spectrum (A,w) defines a commutative monoid
object in the category of ring spectra with anti-involution. Since B¥ is a symmetric monoidal
functor it follows that B%(A,w) is a commutative orthogonal Z/2-ring spectrum.

The algebra structure is induced by the inclusion of the zero-simplices A - B% (A, w) which
is a monoidal natural transformation. The augmentation map B%(A,w) — A is the geometric
realization of the map of real simplicial spectra defined levelwise by the iterated multiplication
L A/\1+k —5 A. ]

There is a similar lax monoidal structure on the Bokstedt model THR defined in [HM97,
1.7.1], which we recall below. We prove in 4.4 that the comparison of Theorem 2.23 is in fact
lax monoidal (see 4.3 below for a remark about the commutative structures). The natural
transformation THR(A,w) A THR(B,0) -» THR(A A B,w A ¢) is obtained by geometrically

37



realizing the maps of Z/2-spectra

(hocolim QXS A Ajy A=A A, ) A (hc}(nglli(m QL(SABj, A---ABj,)) (2)

Ix1+k

Il}gi(illiglk(ﬂi(S ANAg A A A )) A QLS ABj, A+~ Bj))

I}j?ﬁ‘gljigley—l((S/\Aio /\"'/\Aik) A (S/\Bjo /\'“/\Bj ))

I}xlgigljllr?k QBZ(S N Aio A Bjo A A Aik A Bjk)

1}38(13«21}{?1( QFZ(S A (A N B)io+jo A A (A A B)ik+jk)
s

holclgLimQL(S ANAAB) AN (AAB),)

where the isomorphisms are the canonical ones. The first non-isomorphism commutes smash
products and loops and the second is the canonical bimorphism of the smash product of or-
thogonal spectra. The map labeled +, is the pushforward on homotopy colimits induced by
the addition functor +:I x I — I. It is immediate to verify that this natural transformation is
equivariant for the Z/2-action on THR (cf. the proof of 1.11). Thus this natural transformation
makes THR into a lax monoidal functor from orthogonal ring spectra with anti-involution to
orthogonal Z/2-spectra.

Corollary 4.2. Let (A,w) be a commutative orthogonal Z/2-ring spectrum. Then THR(A,w)
is an associative Z|2-equivariant ring spectrum.

O

Remark 4.3. The transformation THR(A, w)ATHR(B, o) - THR(AAB, wAc) is lax monoidal,
but it is not symmetric. The problem can be traced back to the fact that the monoidal structure
+:I x I — T is not strictly symmetric. Nevertheless, THH(A) has an E.-structure when A is
commutative (see [HM97, 1.7.1]). A comparison of the E.-structures on THH(A) and of an
infinity-categorical version of the cyclic Bar construction B A is carried out in [NS17].

In our equivariant context, the dihedral Bar construction B (A, w) is strictly commutative,
hence it admits an action of the Z/2-equivariant E..-operad. We believe that THR(A, w) also
admits such an action, and we leave the comparison of these two structures as an open question.
In the following result we prove that the comparison of 2.23 holds as associative monoids. We
see this result as allowing a transition from the Bokstedt model to the more manageable dihedral
Bar construction, and we will only make use of the commutative structure on the latter.

Theorem 4.4. The equivalence of Theorem 2.28 is lax monoidal. In particular if (A,w) is a
commutative flat orthogonal Z/2-ring spectrum, then THR(A,w) and BY(A,w) are equivalent
as associative orthogonal Z]2-ring spectra.

Proof. We need to show that the middle functor of the zig-zag

AMTE s hocolim QE(sh™ A A--- Ash™ A) «— h(?c(l)lli‘m QS A Ay A A Ay

Ix1+k
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from 2.23 admits a lax monoidal structure, and that the maps are monoidal. The lax monoidal
structure is defined by a sequence of maps analogous to the one of THR from diagram (2),
except that the fourth map is replaced with the one induced by the maps

(sh” A) A (sh’ B) — sh™/ (A A B).
These are the maps which correspond to the bimorphism
(Shi A)n A (Shj B)m = Ain A Bj+m - (A A B)i+n+j+m = (A A B)i+j+n+m = (Shi+j (A A B))n+m7

where the isomorphism is induced by the block permutation that shuffles j and n.
The multiplicativity of the left-pointing map can be easily reduced to the commutativity of
the square

(sh’ A) A (sh? B) «———SA A; A B;
sh"™/(AAB) «——SA(AAB)i; .

The horizontal maps are adjoint to the maps A; A Bj = (sh’ A)g A (sh? A)g = (sh’ A A sh? B)o,
and therefore this square commutes because the square

(bhlA/\th B)O (bhl A)O A (bhj A)o —Az /\Bj

l |

(Shi+j(A/\B))0 (A/\B)H_j .

commutes.
The right-pointing map is the canonical map induced by the inclusion of the object i =
(0,...,0) into I*'*%. To show that this map is multiplicative we need to show that the diagram

ANFE A BMFR  hocolim Q7 (sh™® A A--- Ash™ A Ash?® BA--- ash’* B)

l X1tk J1+k

(AAB)MK — hocolim QI (sh™ A Ash’ B A---Ash™ A Ash?* B)
IxX1+kx J1+

hocolim Q¥4 (sh*° (A A B) A--- Ash** % (A A B))
IX1+kx11+k
[

hocolim QL(sh™(AAB) A---Ash' (A A B))
I+
commutes. This is clear since all the non-vertical maps are the inclusion of the objects i = j

(0,...,0) and the two lowest vertical maps are the identity on these objects. O

Let (A,w) be a commutative orthogonal Z/2-ring spectrum. Then A is an algebra over
the norm NZ/?A in orthogonal Z /2-spectra (see §2.2), and it can be replaced by a cofibrant
associative N / 2A—algebra A€. Thus the derived smash product

L .— AC c
AAN?”A A=A Aoz A
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has the structure of an associative Z [2-equivariant ring spectrum. Similarly, the geometric
fixed-points spectrum @%ZAC is a @%2N§/2A—algebra, and if A is flat @%2NEZ/2A ~ A. Thus
the derived smash product

LA PR A = @A py 2T A
is an associative ring spectrum.

Corollary 4.5. Let (A,w) be a commutative orthogonal Z[2-ring spectrum, whose underlying
Z [2-spectrum is flat. There is a stable equivalence of associative Z [2-equivariant ring spectra

THR(A) = AAYp , A,

A
and a stable equivalence of associative ring spectra between the corresponding geometric fixed
points

L2 THR(A) ~ 22 A AL 9212 4.

Proof. Theorem 4.4 identifies THR(A) and B%A multiplicatively, and the same argument
of Corollary 2.12 shows that B¥A computes the derived smash product as associative rings.
Next, the proof of Theorem 2.26 and Remark 2.27 show that the derived geometric fixed points
®”/2 THR(A) is equivalent as an algebra to @%\//[2(/10 S A¢) by making sure that all the
cofibrant replacements take place in the category of associative algebras. But the latter is
isomorphic to the derived smash @%V/[QAC AA @%QAC by [HHR16, Proposition B.203| O

4.2 Cofinality

We recall that a full subcategory B c C'is cofinal if every object in C is a retract of an object in
B. Given a spectral category %, we say that a full subcategory % c € is cofinal if the inclusion
of the underlying categories B c C', obtained by taking the 0-th space of the mapping spectra,
is cofinal.

Theorem 4.6. Let (¢,D,n) be a flat spectral category with duality, and B c € a cofinal
subcategory which is invariant under the duality. Then the inclusion 1: % - € induces a stable
equivalence of Z [2-spectra

1 THR(%,n) — THR(%,n).

Proof. For every object ¢ in C let us chose an object r(¢) in B and maps i.:¢c > 7(c), peir(c) = ¢
such that p.oi. = id.. We make this choice in such a way that if ¢ is an object of £ then r(c) = ¢
and i. = p. = id.. We define a map r:sd, N,‘\“(g — sd, N;“.@ as follows. By abuse of notation we
represent an element of sd, N®% as a string of arrows

fo f1 fr fr1 2 fak+1
f=(Dcopy1 <—co <—c1 «— - <—cp = Dcpyg <— - <— Dcogar).

For simplicity let us denote p; := p.; and i; :=i.,. Then r sends f to

D(p2k+1) fopo iof1p1 i1 fap2 ik-1fkPk
Dresgaq rCo rcy e g
Tik Fre1D(ig+1)
Dresgia Dresyy, ... Drega
D(par) for+1 D (i2k+1) D(pr+1) frr2D(ik+2)

The compositions by the maps in the underlying category are defined by the maps of spectra
€(d,c)onE(c,d) — € (,c)
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obtained by restricting the composition maps, and similarly for the left compositions. It is easy
to verify that this map commutes with the anti-involution regardless of the choices of 7(c), 4.
and p., and that it commutes with the face maps. This map does not preserve degeneracies,
but since (¢, D,n) is flat we can just as well work with thick realizations, by 2.14. Since we
chose r(c) = ¢ when ¢ lies in & the map r is a retraction for ¢.

We recall that a homotopy of semisimplicial objects is a collection of maps hgy1,: X —
Yi+1, for 0 < 1 < k that satisfies the compatibility conditions with the face maps of [May92,
5.1]. In the presence of degeneracies this is the same datum of a simplicial map X x Al —
Y, but for semisimplicial objects this is generally more structure. Such a collection of maps
induces a homotopy from the thick realization of dphgi1,0: X — Yi to the thick realization of
dir1his1 i X = Yy (see e.g. [ERW1T]).

Our goal is to construct a homotopy between the identity functor of ¥ and the composite
tor. We define a semisimplicial homotopy on the subdivided dihedral nerve

his1t (NY G )op i1 — (NYC)gns3

by a formula similar to the homotopy of 3.11. We send f to

D(pak+1) fopo i0fip1 i1fap2 i1 fim
Dreogan rco rcy . re
fr fr-1 fr+2 fi+1
Ck Ck-1 . Ci+1 C

fk+1T

fr+2 fr+s for+1-1
Depy1 —— Dcgya e Dcaprig
TD(ide-l—l)
D’I‘Cgk 1 DT02k+2_l D’I“Cgk 1-1 -
" D(p2k) far+1 D (i2k+1) D(pak+1-1) far+2-1D(4214+2-1) *

A direct calculation shows that the maps hy.1, are equivariant and that they define a simplicial
homotopy. The map dohg+1,0 sends f to

Sfor+1 D(iz2x+1)

D(p2k+1) fopo i0 f1
< TCp<—Cy<—C1 < ...<— D02k+1 D — DT'CQk+1) = f

do(Drcag

The map hy1 % sends f to

D(p2r+1) fopo iof1p1 ip-1frDk ik
Dreggiq rCo rcy . rCk Ck
Tfk+1
Dreogaq .. Dregy1 — Degiq
D(p2r) far+1D(i2k+1)  D(Pr+1) fre2D(igk+2) D(ig+1) ’

and dgi1hg1,k is therefore equal to cor. O

Let (R,w,€) be a Wall antistructure. We recall from Example 3.2 that the category Pr
of finitely generated projective R-modules inherits a non-strict duality. We let Fr be the
full subcategory of Pr of free R-modules. This is clearly a cofinal subcategory, and therefore
Theorem 4.6 gives the following.

Corollary 4.7. The inclusion Fr c Pg induces a stable equivalence of Z |2-spectra

THR(HFg,n) — THR(HPg,n).
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4.3 Morita Invariance

We prove that the dihedral Bar construction satisfies a real version of Morita invariance, and we
deduce that the dihedral Bar construction of a discrete ring is equivalent to the the dihedral Bar
construction of its category of finitely generated projective modules. The analogous statements
for the Bokstedt model of THR have been proven in the first author’s thesis [Dot12].

Let (A,w) be an orthogonal ring spectrum with anti-involution, and n > 1 an integer. We
consider the non-unital ring spectrum M,/ A := V/,,,,, A as a model for the matrix ring of A. We
recall that its multiplication is defined by the map

(VAAA(V Az /) ArA—\/ A

nxn nxXn NXNXNXnN nxn

which sends the (4,7, k,{)-summand to the (7,!)-summand via the multiplication map of A if
j =k, and to the basepoint otherwise. This ring spectrum has an anti-involution

w:\/ A8\ AL\ A

nxn nxn nxn
where 7 is the automorphism of n x n that swaps the product factors.

Remark 4.8. Let (R,w) be a discrete ring with anti-involution. The matrix ring M, R =
@D.,.xn R has an anti-involution defined by applying w to the entries and by transposing the
matrix. The inclusion of indexed wedges into indexed products defines an equivalence of ring
spectra with anti-involution
MYHR -~ [ HR= HM,R.
nxn

Now suppose that (A,w,€) is a spectral antistructure. Since M A does not contain the
diagonal matrices, ¢ does not define a unit in (MY A)g and M,/ A cannot be considered as a
spectral antistructure in the sense of Example 3.2. However, € acts on M)A by entrywise
left and right multiplication, and the definition of the involution on N% of §3.1 makes sense for
M) A. Moreover since M A is not unital the dihedral nerve N% MY A does not have degeneracies.
We define the dihedral Bar construction B¥MyY A to be the thick geometric realization of the
semisimplicial spectrum defined by the Segal edgewise subdivision of N¥MYA. The same
considerations apply to Bokstedt’s model.

Theorem 4.9. Let (A,w,€) be a flat spectral antistructure. Then the inclusion A — MY A of
the (1,1)-wedge summand induces a homotopy equivalence of Z|2-spectra

THR(A,w,e) — THR(M) A, w™ ¢)

for every n > 1.

Remark 4.10. A statement analogous to 4.9 holds for THR with coefficients in an (A, w,€)-
bimodule (M, j), as well as for categories with duality (see [Dot12]).

Remark 4.11. Even though M) A is not unital, the geometric fixed points of B (MY A, wT  €)
are equivalent to the realization of a simplicial spectrum. We recall that there is an isomorphism
of semisimplicial orthogonal spectra between the geometric fixed points of B4 (MY A, w7, ¢) and
the thick realization of the two-sided Bar construction

L2 sd NEMY A= N(DZ2MY A, MY A, 22 MY A).
Since geometric fixed points commute with indexed coproducts there is an isomorphism

LMY A=dL2\) Ax\/BLI2A.

nxn n
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Under this isomorphism the left action of M) A on ®*/2MY A of 2.26 corresponds to the action

MYAANN ®LPAz \) An®212A —\/0L2A

nXNXn n

which sends the summands (i, j,7) to the i-summand via the action map A ®%/2A - &%/2 A of
2.26 , and it is trivial on the components (4,7, k) with k # j. The right action admits a similar
description. This gives an isomorphism of semisimplicial spectra

/2 sd, NIMYA= N (V 0524, MY\ 07124),

Now we observe that the left action of M)A on V,, ®Z/2 A above extends to an action of the
unital matrix ring M, A =T1,, V., A, by the composite

(TTV A A (V2 2A) — VTV (Ar72A) — \/ 9724

n n n n

of the canonical map and the map that sends the (k,71,...,j,)-summand to the jr-summand
via the action map A A ®2/2A — ®%/2A. A similar extension exists for the right action. Thus

the equivalence MY A 5 M, A induces a levelwise equivalence of spectra

<I>Z/2BgiM7fA;BA(\/q>Z/2A’MTVLA7v(I)Z/2A) = BA(\/(I)Z/QA7MnA7\/(I)Z/2A).

where the target admits degeneracies.

Proof of 4.9. We drop the anti-involution w and the unit € from the notation. By 2.14 the thick
and the standard realizations of the Segal edgewise subdivision of N¥A are equivalent. It is
therefore sufficient to show that the map

vsde NP A — sd, NE MY A

induces an equivalence on thick geometric realizations. The k-simplices of the dihedral nerve
N3 MY A are isomorphic to

(NEMY A = ((nxn)y A AT (nxn) P A ANRHL

We define a “trace” map trisd, N¥MYA - sd. N¥A by sending the summand indexed by
(i,7) = (i2k+2,J0); (i1, 51); - - - (12641, J2k+1) tO

(i, j,x) = x if jo =1, 01 =2, ..., Jok = Toki1s Joke1 = G2ke2,
L %+ otherwise.

This is analogous to the trace map for Hochschild homology, defined for example in [Lod98,
1.2.1]. A similar map is defined in [DM96, 1.6.18] for THH but it is unfortunately not semisim-
plicial. The map tr is clearly an equivariant retraction for ¢.

We define a semisimplicial homotopy A1, (NEMY A)opir = (NEMY Aoy, on the subdi-
vided dihedral nerve. We define Cy = (nxn)*?**2 and for every 1 <1 < k we let C; be the subset

of Cy of the sequences (i2x+2,70), (¢1,71),-- -, (i2k+1, Jok+1) € 1 x 1 that satisfy
Jo =11 J1 =12 cen i1 =
12k+2 = J2k+1  12k+1 = J2k -+ 12k+3-1 = J2k+2-1-

We define hgy1, by sending (4, j, ) = ((i2r+2,70), (i1,41); - - -, (i2k+1, Jor+1), ) tO
! !

—_——~ —_——~
((17 1)7 (17 1)a EERE) (17 1)7 (17jl)7 (il+lajl+1)7 ) (7:2k+1—la.j2k+1—l)7 (i2k+2—l7 1)7 (la 1)a EERE) (17 1)7Sl'r)
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ANRHL o ANZE+3 g the [-degeneracy map

if (4,7) € Ci, and to the basepoint otherwise. Here s;:
of the subdivision of N¥ A. Tt is straightforward to verify that these maps define a semisimplicial

homotopy, and that dohgs1,0 = id. The map dp41hg41,k sends (4,7, 7) to

k+1 k 2k+2
—_— —_— —_—

dk+1dk+2((17 1)7 sy (17 1)3 (ij)v (ik-#lajk-f-l)) (ik+27 1)7 (L 1)) A (1’ 1)78161“):((17 1)7 R (17 1),1‘)

if (4, l) € Cy and Jjg = ig41, Jk+1 = txr2, and to the basepoint otherwise. This is precisely the map
totr O]

Now let (R, w,€) be a Wall antistructure, considered as an Ab-enriched category with duality
with one object. Let (Pr, D,n) be the category of finitely generated projective right R-modules
with the duality that sends an R-module P to the R-module

D(P) :=hompg(P,R)

of Example 3.2. There is a morphism of categories with duality ¢: R - Pr whose underlying
functor sends the unique object to R with right multiplication, and a morphism r € R to
r-(=):R — R. The compatibility between the dualities is given by the canonical isomorphism
R = hompg(R, R) that sends 1 to w.

Corollary 4.12. The functor v: R - Pg induces a stable equivalence of Z [2-spectra
THR(R,w,¢) — THR(HPg, D, n).

Proof. Let Fg be the category of free modules, and F5" its full subcategory of modules of rank
less than or equal to n. The duality of Pg restricts to both Fr and F5" and the map ¢ factors
as

BY%(R,w, ) ———— hocolim,, B¥(MY(HR),w, ) —— hocolim,, B¥(H M, R,w, ¢)

| |

BY(HPg,D,n) «————— BY(HFg, D,n) +— hocolim,, B¥(HF5", D,n)

where the homotopy colimits are taken with respect to the maps MY HR - M) HR, M, R —
MR and F5" — F5'"*! that increase the size of a matrix by adding a row and a column of
zeros. These operations are not unital, and therefore the spectra of the diagrams are all obtained
by taking thick realizations. The top row of the diagram consists of equivalences by 4.9 and 4.8.
The inclusion M, R — F3" is clearly cofinal, and therefore the vertical map is an equivalence
by 4.6. Similarly, the last map is an equivalence by 4.7. The remaining map is the thick
realization of the equivalence
hocolim V (HMyy ap RN AN(HMyy 0, ,R) —  \/ (HMgyy 0, R)A--A(HMq, o ,R)

n 0<ag,...,ax<n 0<ag,...,ak

where M,y R := @,x; R is the abelian group of a x b-matrices. O

5 Calculations

5.1 The Mackey functor of components of THR

Let (A,w) be a flat ring spectrum with anti-involution, whose underlying Z /2-spectrum is
connective. The aim of this section is to compute the Mackey functor of components

o THR(A) 7———— 7> THR(A)

)

w
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based on the description of THR(A) as the derived smash product A /\;ZDA A.

We start by describing the multiplicative structure on 7,4 induced be the multiplication of
A. The abelian group mpA has a ring structure, and mo(w) = w is an anti-involution. There is
also a multiplicative action

N®id
—

roAeni?A T (NP2AY @ 722 A L 7ZP(NEPA A A) — 7224,

where N is the external norm and the last map is the left NeZ /2 A-module structure on A of §2.2.
We will denote the value of this map at an element (a,x) by a-z. Although 77(%/ ? A is a priori not

a ring, it still has a preferred unit element 1 € wg/ % A which restricts to 1 € mgA. This element
is given by the homotopy class of the Z /2-equivariant unit map S - A. Combining the action

above with the unit 1 € wg / 2A, we get a multiplicative transfer
N:mgA — 7% 2 A

by sending a to its multiplicative action on the unit a-1. When (A, w) is a commutative Z /2-
equivariant ring spectrum this multiplicative transfer coincides with the multiplicative norm
defined in [Bru07].

Theorem 5.1. Let (A, w) be a flat ring spectrum with anti-involution whose underlying orthog-
onal Z [2-spectrum is connective. Then the Mackey functor mo THR(A) is naturally isomorphic
to the Mackey functor

tran

moA/[mo A, mpA] <r—T> (wOZ/QA ® Wg/QA)/T ,

O

where [moA, moA] is the commutator subgroup, and T is the subgroup generated by the following
elements:

i) x@a-y-w(a) 0y, forx,yewgpA and a € T A;

ii) z ®tran(ares(y)w(d)) — tran(w(b) res(x)a) ® y, for x,y € wg/QA and a,bemyA.

The restriction and the transfer are given respectively by
res(z ® y) = res(x) res(y) and tran(a) = tran(a) ® 1,

where 1 € WOZ/QA is the above mentioned unit.

Corollary 5.2. Let (A,w) be a connective Z [2-equivariant commutative ring spectrum with
flat underlying 7 |2-spectrum. Then [moA,m9A] =0, and the relations in Theorem 5.1 simplify
as follows:

i) x® N(a)y —xN(a) ®y, where N:mgA — wg/QA is the multiplicative norm;

it) x @ tran(a)y — xtran(a) ® y.
Moreover the additive relations i) and i) generate an ideal, and (ﬂ§/2A ® ﬂg/QA)/T is a com-
mutative ring. The Tambara structure on m, THR(A) from Proposition 4.1 is given by the
multiplicative transfer a » N(a) ® 1.

The rest of the subsection is devoted to the proof of these two results. We will make use
of the box product O of Mackey functors (see e.g., [Lew81]| and [Bou97]), and the fact that the
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monoids for O are the Green functors. We recall that the structure of a Z /2-Green functor on
a Mackey functor

M= ( M(Z)2) = M(») )

O

T

is the datum of ring structures on M (*) and M(Z/2) such that the restriction res: M(*) —
M(Z /2) and involution 7: M (Z [2) - M(Z /2) are ring homomorphisms, and where the Frobe-
nius reciprocity relations

tran(ares(z)) = tran(a)x  and  tran(res(z)a) = z tran(a)

hold for all a € M(Z/2) and x € M(*). It follows from [LMO6| that the graded homotopy
Mackey functor m, is a lax symmetric monoidal functor with respect to the smash and the
box product. In particular m, sends equivariant ring spectra to Green functors and equivariant
module spectra to Mackey modules over Green functors.

Let (A,w) be a flat ring spectrum with anti-involution whose underlying Z /2-spectrum is
connective. We know from [LMO6] that there is a strongly convergent Kiinneth spectral sequence

of Mackey functors

m, (N2

2A
mp7q )(E*A’E*A) = lp+q(A /\EE/ZA A);

where Tor is the left derived functor of the O-product of Mackey functors. It follows immediately
from this spectral sequence that we get an isomorphism of Mackey functors

my THR(A) = 7y (A /\IJ\JT,%/QA A)z=my(A) O m,(A).

m, (N2 A)
In order to make the latter expression more computable we have to understand the Green

functor EO(NBZ/QA) and the left and right EO(Nez/zA)—module structures on myA. The Mackey
functor of components of the norm construction has already been computed in several places in
the literature in terms of the norm of Mackey functors, see for example [Hoy14, HM19, Ull13a].

For the purpose of our computation it is convenient to give an explicit description of gO(NeZ / 2A)
in terms of generators and relations, which is similar to a ring of 2-truncated Witt vectors. This
is essentially contained in [HM19, BGHL19|, but we spell out the details since these calculations
become very explicit in the special case of the cyclic group of order two.

Definition 5.3. Let S be a ring. We let (S ® S)z/, denote the coinvariants with respect to
the flip automorphism 7(a®b) =b®a of S® S. The 2-truncated non-commutative ring of Witt
vectors W (S) is the set S x (S ® S)z /o with the ring structure defined by the operations

i) (a,¢)+(a/,d)=(a+d,c+c-a®a)
ii) (a,c)(a’,c) =(ad’,(a®a)c +c(a’ ®a’) +ccd +cr(c)),

for every a,a’ € S and ¢,c’ € (S ® S)z /2. We note the expression ii) is symmetric, since 7(c)c’ =
er(c’) in (S® S)z)2.

It is easy to check that these formulas give an associative ring with zero (0,0) and unit (1,0).
We also note that the expressions

(a®a)d, c(a’®a’) and e +cr(c)

are well defined in (S ® S)z /2 (here we use the ring structure on S ® S) although (S® S)z/; is
not a ring itself.
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Remark 5.4. If the ring R is a commutative and solid ring, i.e. the multiplication R®z R - R
is an isomorphism, then W (R) is isomorphic to the ring of 2-truncated Witt vectors Wa(R).
For example, we see that W (F) = Z /4 and W(F,) = F, x F,, for every odd prime p. There
are also lifts of the ghost coordinates and of the Verschiebung to the non-commutative case.
These are given by the ring homomorphisms

WE(S) 2, gy (S @ 5)E12
defined by wo(a,c) = a and wy(a,c) =a®a+c+7(c), for every a € S and ce (S® S)z 2, and by

v:ses U g g0 5 — WE(S),

respectively, where the second map is the product of the identity and the projection map S®S —
(S ® S)Z/Q'

The ring W(S) is in fact part of a Z /2-Green functor W (.S), which is defined by

WE(S) = (505 T——=W(S) ).

Checking the Frobenius reciprocity laws is straightforward. The Mackey functor 7y A is naturally
a left and right module over the Green functor W8 (mgA), where moA here is just considered as
a ring (without an anti-involution). The action maps of the left module structure are

L L
(moA® mgA) ®7TOA;)7TOA W3 (moA) ®7T§/2A+>7T§/2A
a®a’ ®b——— abw(a’) (a,¢) ® x —— a-x +tran(p! (c ® res(x)))

where a € mgA, c € (mgA ® m9A)z /2. We show that this is a well-defined module structure at
the end of the section by using that myA has a natural “Hermitian structure” (see 5.7). We
also remark that since the transfer is constant on orbits, the expression tran(u!(c ® res(z))) is
independent on the representative of ¢. The right W (79 A)-module structure on 7, A is defined
similarly by the formulas

pibea®a)=w(a)ba  and  ph(z® (a,c)) =w(a)- z+tran(u](res(z) ® c)).

Proposition 5.5. Let A be a flat connective orthogonal ring spectrum. Then the Green functor
EO(NGZ/QA) is naturally isomorphic to the Green functor WS (mpA).

Proof. Isotropy separation gives a short exact sequence

PLI2
0 (mo(A) 8 mo(A))z )2 — 72 P (NP2 A) == 7(A) - 0

and the external norm
Nimo(A) - mo (NP2 4)
splits /2. Hence any element z of w? / 2(NeZ / 2A) can be uniquely written as
x=N(a)+t(c),

where a = ®%/?z € myA and t(c) =  — N®%/?z. This determines a bijection Wg/z(NeZﬂA) =
W$ (moA) which is additive since

N(a)+t(c)+ N(a')+t(c')=N(a+a")+t(c+ —a®a').
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To compare the multiplications we use Frobenius reciprocity and that N is multiplicative:

(N(a) +t(c))(N(a") +t(c")) = N(aa') + t(cres(tran(c’)) + cres(N(a')) + res(N(a))c')
=N(aa') +t(cc +cr(c) +c(d' ®a’) + (a®a)c).

This shows that the bijection above is a ring isomorphism wOZ/Z(NGZ/QA) = W2(mpA).
Now we compare the Mackey structures. The underlying ring of the Green functor EO(NGZ / 2A)
is mo(A) ® mo(A), with the involution 7. The pair of ring isomorphisms

W (moA) —> nZ/?(NZ?A) 70(A) ® 70(A) -5 70 (A) @ mo(A)

is clearly compatible with the involution and with the transfers. The compatibility with the
restrictions follows from
res(N(a) +t(c)) =a®a+c+7(c)

for ce (mo(A) ® m(A))z/2 and a € T A. O
Now let (A, w) be a ring spectrum with an anti-involution such that A is flat and connective

as a Z [2-spectrum. It remains to show that the W (7 A)-module structures on 7y A are well-

defined, and that they agree with the EO(NeZ / 2A)—rnodule structures under the isomorphism of
Proposition 5.5. It is convenient to isolate the structure on m,A that is used to define the actions
of W? (ﬂ'oA) .

Definition 5.6 ([DO17|). A Hermitian Mackey functor is a Z /2-Mackey functor M with a
multiplicative monoid structure on M (Z /2) which makes it into a ring, and a left action of this
monoid on the abelian group M (*), denoted by «a - x, satisfying the following properties:

i) w(ab) = w(b)w(a) for a,be M(Z/2) and w(1)=1, where w is the involution on M(Z /2).
In other words, M(Z /2) is a ring with the anti-involution w;
ii) res(a-x) =ares(x)w(a) for a € M(Z[2) and x € M(*);
iii) tran(abw(a)) = a-tran(b) for a,b € M(Z[2);
iv) (a+b)-z=a-x+b-x+tran(ares(x)w(b)) for a,be M(Z[2) and x € M(*).
Proposition 5.7. Let (A,w) be a flat ring spectrum with anti-involution whose underlying

orthogonal Z [2-spectrum is connective. Then m,(A) has a natural Hermitian Mackey functor
structure.

Proof. As we saw above, the Z [2-equivariant left module structure (NeZ / 2A) AN A — A gives the
multiplicative action
mo(A) ®7T§/2(A) — 7%/2(14).

defined by a-x := N(a)x, where a € my(A) and x € wg/Q(A). The first axiom is clear since w is
an anti-involution on A. The second and third axioms

res(N(a)x) =ares(z)w(a) and N(a)tran(b) = tran(abw(a))

hold because m,(A) is a mo (N / % A)-module. Finally, the fourth axiom follows from the formula
N(a+b)=N(a)+N(b)+t(a®b). O

A Hermitian Mackey functor M is a left module over the Green functor W (M (Z /2)), where
M(Z [2) is just considered as a ring (without an anti-involution). The action maps are

M(Z[2)® M(Z[2) @ M(Z2) 25 M(ZJ2)  WE(M(Z[2)) ® M(x) —— M (x)

a®a ®br———  abw(a) (a,¢) ® x —a-x +tran(p (c ® res(x))).
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Axioms i7) and ii) ensure that the action is compatible with the transfers and the restrictions of
the Mackey structures, and axiom 7v) implies that the action is compatible with the addition in
WE2(M(Z[2)). We also see that when M = m, A this is precisely the W$ (7, A)-module structure
defined at the beginning of the section. Using the anti-involution w one can also define a right
WE(M(Z [2))-module structure on M. This generalizes the right module structure described
above for M = myA. Hence for any Hermitian Mackey functor M we can define the canonical
box product M Owe (M (z/2)) M.

Proof of Theorem 5.1. Using Proposition 5.5 and the above mentioned Kiinneth spectral se-
quence argument, one gets a natural isomorphism of Mackey functors:

7y THR(A) 2 7y (A) Owe (,1) To(A)-
Frobenius reciprocity implies that
(N(a) +t(c))x=N(a)x +tran(cres(z)),

which is equivalent to the statement that the left W8 (7, A)-module and @(NeZ / 2A)—module

structures on mp A are compatible under the isomorphism W$ (7, A) 5 o (NZ / ®A) of Proposition
5.5.

An analogous argument holds for the right actions as well. This can be deduced from
the relation N(a)x = N (w(a)), which follows from the following observation: There is a Z /2-

equivariant map (in fact an anti-homomorphism) 2 NIPR 5 NEPR sending aAb to w(b) Aw(a)
such that the diagram

NPRAR—— R

lﬂ/\l T
NEPR AR 25 R ANEPR

commutes. The essential extra structure which allows us to further simplify the box product
mo(A) Oy (moA) mo(A)

is the unit 1 € ﬂ§/2A, with the property that res(1) =1 in mgA. The value of the Box product
at the Z [2-set Z [2]/Z |2 = % (see e.g. [Bou97, Proposition 1.5.1]) is

[(moA®mA) @ (r2* A @ n2? A)R,
where the subgroup R is generated by the relations:
i) w(a)@w(b) —a®b, for a,bemA,;
il) z®tran(a) —res(z) ® a and tran(a) ® z — a @ res(x), for a € mgA and x € wg/zA;
iil) z®@a-y-w(a) - z®y, for x,y € 71'?/2/1 and a € mpA;
iv) z ®tran(ares(y)w(b)) — tran(w(b) res(x)a) ® y, for =,y € w§/2A and a,b e moA.
v) a®ba'b’ -b'ab®d’, for a,a’,b,b" € myA.

These relations can be substantially simplified using the unit 1 € W? 24, Indeed, we see that

any element a ® b € 1A ® mp A is getting identified to some element in 7%/ ‘A 71% /2 A via the
chain of equivalences
a®b~ab®1=ab®res(l) ~tran(ab) ® 1.
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Hence (my(A) Owse (x,4) To(A))(*) is in fact a quotient of 7T§/2A ® wg/QA. We claim that after
this identification all the relations follow from iii) and iv). This follows from the equivalences

res(z) ® a ~ tr(res(z)a) ® 1 = tran(w(1) res(z)a) ® 1 ~ z ® tran(ares(1)w(1)) = z ® tran(a),

tran(ab) ® 1 = tran(w(w(a)) res(1)b) ® 1 ~ 1 @ tran(bres(1)w(w(a))) = 1 ® tran(ba).

This completes the additive identification of the Box product at Z/2/Z /2 = *. The value at
Z /2 is simply the quotient of moA ® Ty A by the relation v). This gives the usual formula for the
zero-th Hochschild homology group

7r01‘1/[770147 WOA]~

Finally the structure maps are readily identified using the formulas in [Bou97, Proposition
1.5.1]. O

We note that the previous argument applies to any Hermitian Mackey functor with a unit,
i.e. with an element 1 € M(*) such that res(1) =1 in M(Z/2). That is, the relations in the
canonical box product M Owe ns(z/2)) M can be simplified as in the proof of Theorem 5.1 in
the presence of this extra unit.

Proof of Corollary 5.2. The simplification of the relations follows from the definition of the norm

and from Frobenius reciprocity. The claim about the ring structure of (7%/ ’A® ﬂg/ AT is
clear. The formula for the norm follows from [Str12, Proposition 9.1]. O

5.2 Group-rings

Let M be a topological monoid with an anti-involution ¢: M°? — M. The case we will be
most interested in is when M is a topological group and ¢ is the inversion map. Given a ring
spectrum with anti-involution (A, w) we can form the monoid-ring A[M]:= AA M,. This is a
ring spectrum with the multiplication

AIMIANAM) 2 ANAANM x M), — AAM,

where the last map is the smash product of the multiplications of A and M. The ring spectrum
A[M] acquires an anti-involution

A[M]% = AP A MPP 225 A A M, = A[M].

Example 5.8. Let (R,w) be a discrete ring with anti-involution, and (M, ¢) a discrete monoid
with anti-involution. The Eilenberg-MacLane functor H from Z /2-abelian groups to orthogonal
Z [2-spectra commutes up to homotopy with indexed coproducts, so we get a stable equivalence
of ring spectra with anti-involution

(HR)[M] = \JéHR = H(QIE R) = H(R[M])

where R[M] = @/ R is the monoid ring, with the anti-involution induced by sending 7 - m to
w(r)-u(m).

The following result was originally proved in [Hpgl6] when A =S, by working directly on the
Boékstedt model.
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Proposition 5.9. Let (A, w) be a flat ring spectrum with anti-involution and (M, 1) a topological
monoid with anti-involution which is well-pointed at the identity as a Z [2-space. Then the
assembly map

THR(A) A (B¥ M), — THR(A[M])

is a stable equivalence. In particular we recover the equivalence THR(S[M]) = X°(B¥ M),
from [Hog16].

Remark 5.10. When the monoid M is group-like, the dihedral Bar construction B¥M is a
model for the free loop space Map(S?, B M), where S is the sign-representation sphere and
B? M is the realization of the real simplicial space N M with levelwise involution

ka

M7F s MR T ek

Here 7, is the permutation of k = {1, ..., k} that reverses the order. This is proved as in [Goo85]
by comparing the sequences

M BliM B°M

l |

07 B° M —— Map(S7, B°M) —— B°M

where the middle vertical map is induced by the S'-action on B¥M. The lower sequence is a
fiber sequence. When M is group-like the upper one is also a fiber sequence and the map on
fibers is a Z [2-equivalence by [Dot12, §6.2] and [Stil3].

Proof of 5.9. The assembly map of the statement is defined as the composite

id Ay

THR(A) A (B¥ M), — THR(A) A THR(S[M]) — THR(A[M])
where y: X (B% M), - THR(S[M]) is adjoint to the geometric realization of the map

(M%), — hocolim Q0+ (S A M) A--- A (S™ A M,))

Ix1+k

induced by the inclusion of (0,...,0) in I****. The second map is the lax monoidal structure
of §4.1. A similar assembly map can be constructed for the middle spectrum in the zig-zag
of the comparison Theorem 2.23, using the lax monoidal structure of 4.4 and the equivalence
Y (BYEM), = BYY>*°M, - THR(Q}(A; M;sh)) of the proof of Theorem 2.23. Finally the
dihedral Bar construction also has an assembly, defined by the shuffle isomorphism

(NEAY A (NEM), = (NP A) AN (M) => NP (AAM,) = NPA[M].

By construction the maps 7 agree under the equivalence of Theorem 2.23, and the lax monoidal
structures agree by 4.4. Thus the assembly maps of THR and B% agree and the latter is an
isomorphism. O

From now on we will denote B¥M by B¥M keeping in mind that the dihedral bar con-
struction is taken with respect to the cartesian product.

We will now analyze the Mackey functor =, THR(A[M]), the fundamental case is when A =
S. Assume from now on that M is cofibrant as a Z /2-space. The space of fixed points of M under
the Z/2-action m — «(m) = m has a left M-action given by m-n = mnm and a right action given
by n-m = mnm. There is a natural homeomorphism (B*M)%/? = B(M?%/?, M, M%/?), obtained
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by subdividing the dihedral bar construction on M and taking Z/2-fixed points levelwise before
geometric realization. We write (moM )eon; for moB¥ M. When moM is a group, this is just the
set of conjugacy classes of elements of mo M. Proposition 5.9 and the tom-Dieck splitting give a
sequence of stable equivalences

THR(S[M])*? = (8% B M,)*? = 5% (B M)zy2) v S* B(M*? M, MP1?) .
It follows that the Mackey functor m, THR(S[M]) can be presented as
tran

7o (S BYM.) 2 (Z[ (710 M ) conj] T=—= Z[(moM ) conjlzs2 ® Z[mo(MZ/?) x5y ar mo(ME/?)]),

U res

7o (L)

where Z[-] denotes the free abelian group functor. The involution is well defined on con-
jugacy classes and gives the action () of Z /2 on Z[(moM )conj]- The transfer is just the
projection map to the coinvariants, and the restriction map is given by the additive norm on
Z[(moM )conjlz 2 and by [m,m’] = [mm'] on the basis elements [m,m'] of the free abelian

group Z[moM%/? x ap moME12].

Corollary 5.11. Let (A,w) be a flat ring spectrum with anti-involution whose underlying or-
thogonal Z [2-spectrum is connective and let (M, 1) be a topological monoid with anti-involution
which is cofibrant as a Z [2-space. Then there is an isomorphism of Mackey functors

7, THR(A[M]) =, THR(A) Oz, (X% BYM.,),
where m, THR(A) is calculated in Theorem 5.1 and 7,(X*°BYM.,) is calculated above.

Proof. This follows immediately from Proposition 5.9 and the Kiinneth spectral sequence for a
smash product of Z /2-spectra. O

When M is discrete, we denote by Z[ M ] the associated monoid ring with the anti-involution
of 5.8. We write THR(Z[M]) := THR(H Z[M]) for the THR spectrum of the associated
Eilenberg-MacLane ring spectrum with anti-involution of Example 2.4.

Corollary 5.12. Let G be a discrete group with the inversion involution. Then there is a natural
isomorphism

tran

7o THR(Z[G)) 2 ( Z[Geonj] =—= (Z[Geonjlz 2 ® Z[G*/? xg GZI?])|D ),

U res

)

where D is the subgroup generated by the elements 2[g,g'] - [gg'], for all [g,9'] € GZ/? xq G712,
The Mackey structure maps are the same as in Corollary 5.11.

Proof. The identification of the groups follows from Corollary 5.11 and the explicit formula for
the box-product [Bou97, 1.5.1]. To see that the restriction map vanishes on D, note that for
[9,9'] € G*/? xg G%1? we have res([g-g']) = [99'] + [(99") "] = 2[99'] and res([g,9']) = [g-']-

O

We end this section with two instructive examples.

Example 5.13. Let G = Z = (t) be the cyclic group of infinite order with the inversion involution.
We write S[t,t7!] := S[Z] for the corresponding spherical group-ring, where the involution sends
t to t™!. By Remark 5.10 there is a weak equivalence B Z ~ Map(S®, B° Z). We claim there
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is a weak equivalence B’ Z ~ S', where S' denotes the usual circle with trivial Z /2-action. To
see this note that there are homeomorphisms

(B 2)"1? = B(»,2.,72?) = BZ,

where the right hand homeomorphism comes from ZE? = {0}. The inclusion of fixed points
gives an equivariant map S' ~ BZ — B° Z which induces an equivalence on Z /2-fixed points.
We must see that it also induces an equivalence on underlying spaces. For this we consider the
fiber sequence of pointed Z /2-spaces

O°B°Z - B°Z - Map.(Z[2,,B° Z).

Since there is an equivalence Q7B Z ~ Z we see from the induced fiber sequence on Z /2-fixed
points that the inclusion (B” Z)Z/ 2 & B? Z induces an equivalence on underlying spaces, which
proves the claim. There is also an equivalence Map(S°, S!) ~ Z xS!, where Z has the inversion
action. Combining these equivalences gives a sequence of equivalences of Z /2-spectra

THR(S[t,t7']) ~ 2®°BY Z, ~ ©*° Map(57,S"), ~ ©*(ZxS"),.
There is an isomorphism of Mackey functors

mo(THR(S[t, t7'])) 2 ( Z[t, 7] <t—i> Z(t,t " zp ),

Z[et)
where the transfer maps trivially into the second summand. With integral coefficients, we get
the formula
tran
7o (THR(Z[t,t '])) 2 ( Z[t,t | m—=tZ[t]® Z ),
res

O

Z[t" et "]
where the transfer sends ¢t and ¢ to t" in the first summand for n > 0, and it sends 1 to 2 in
the second summand.
Example 5.14. Let G = C5, the cyclic group of order 2. Note that every involution on this
group is trivial. There is a weak equivalence
lgdi(jz o (72 X lgd(jQ,

since (3 is abelian and has the trivial involution. By Corollary 5.11 we get a stable equivalence
of Z [2-spectra THR(S[C3]) ~ £ (Cy x B°Cy),. With sphere coeflicients we get

tran

7o (THR(S[C2])) = ( Z[C2] m——=Z[C>] ® Z[C2 x Cs] ),

U res

id
and with integer coefficients

t

mo(THR(Z[C2))) 2 ( Z[C2] =———=Z[C2] © (Z/2)*),
id
where the transfer is the multiplication by 2 map into the first summand and the 0 map to the
second summand, and res is projection on the first summand.
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5.3 The homotopy type of THR(F,)

Let p be a prime number. Since HF, is a commutative ring spectrum, THH(F,) is a ring
spectrum. Bokstedt [Bok] and Breen [Bre78] showed that there is an isomorphism of graded
rings 7, THH(F,) = F,[x], where x is a generator in mo THH(F,) = F,,. The purpose of this
section is to carry out an analogous calculation for THR(F,) := THR(HF,), where HF, is
the Z [2-equivariant commutative Eilenberg-MacLane ring spectrum of F,, with the trivial anti-
involution, as in Example 2.4. Our calculations will rely on the knowledge of the results of
Bokstedt and Breen.

We recall that the homotopy groups of a Z/2-equivariant ring spectrum A naturally form a
Z x Z-graded ring, whose (n, k)-graded piece is the group of equivariant stable homotopy classes
of maps

TnpA = [S™F A2

where S™F = §"% A S*? and o denotes the sign representation of Z /2. We write £™F for the
corresponding suspension functor. We let

TH]FP (52,1) _ \/ Z27L,YLHIFP
n=0
denote the free associative H F,-algebra on S*!.

Theorem 5.15. There is a stable equivalence of 7 [2-equivariant ring spectra

Ty, (S*') — THR(F,).
In particular, there is an isomorphism of bigraded rings HF,, _[&] = 7. THR(F,), where &
has bidegree (2,1).

Before giving a proof of this theorem we deduce the associative ring structures on the fixed
point spectrum of THR(F)).

Corollary 5.16. For p odd there is an isomorphism of graded rings
W*(THR(FP)Z/2) = Fp[y],

where y is a generator in degree 4 which maps to x* in F,[z] = 7. THH(F,) under the restriction
map.

Proof. Since p is odd there is an isomorphism (H F), . = F,[u*!] with u in bidegree (0, -2) (see

[Dug05, Theorem 2.8 b)]). Therefore Theorem 5.15 gives an isomorphism 7, o THR(F,) = F,[y],
O

where y = u - 72.

Corollary 5.17. There is an isomorphism of graded rings
7T*(’TH]‘:{(FZ)Z/Q) = FQ [jv y])

where y is of degree 1 and T is of degree 2. Under the restriction map the element T maps to
the multiplicative generator x of Fo[x] = m, THH(F2) and y maps to 0.

Proof. The bi-negative part of (HFs). . is a polynomial ring on the Euler class a, which has
bidegree (-1,-1), and a generator u of bidegree (0,-1) (see [HKO01, Proposition 6.2]). From
this and Theorem 5.15 we see that

70 THR(F2) = Fo[Z,y],

where z = Zu and y = Za.
From the proof of 5.15 we will see that the map w3 o THR(F3) — mo THH(F2) sends Z = Zu
to x. Since the restriction of the Euler class a is 0 it follows that y = Za also maps to 0. O
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The strategy of the proof of Theorem 5.15 is to construct a map Ty, (S*1) - THR(F,)
exploiting the fact that T, (S 21} is a free H IFp-algebra, and then show that this map induces
an equivalence on geometric fixed points by means of Theorem 2.26. The following key lemma
will allow us to construct the map.

Lemma 5.18. i) m 1 THR(F,) =0.
it) The restriction map mo 1 THR(F,) - mo THH(F,) is surjective.

Proof. To see that part ) holds, consider the exact sequence of homotopy groups
m1 THH(F,) - 711 THR(F,) - mo o THR(F,) - mo THH(F},).

The left hand group is trivial and the right hand map is an isomorphism, by Theorem 5.1 and
Corollary 5.2. Hence the claim follows. To prove part ii) we note that the O-simplices of the
dihedral bar construction of HF, are HF,, so that there is an induced map of Z /2-spectra
HF, - THR(F,). Since the Z /2-action on the target extends to an action of the semi-direct
product Z /2 x S1, there is an induced map of Z /2 x S'-objects

(22 81) ng o HF, » THR(F,),
which after restricting to Z /2 < Z /2 x S' gives a map of Z [2-spectra S;"' A HF, — THR(F,).

The left hand side splits stably as Si’l AHF, ~HF, \/Zl’lHIFp and we are interested in the
map out of the suspended part. Moding out p gives a map

(SMHE,)/p — (THR(F,))/p,
where the source again splits as ("1 HF,)/p~ XM HF, vE2HF,. We consider the resulting
map o: X' HF, - THR(F,)/p. On homotopy groups there is an induced diagram

T NP HF, —— 15 1 THR(F,)/p

| l

moX2H F, ——— y THH(F,)/p .

The left hand vertical map is an isomorphism since it is equivalent to the restriction of the con-
stant Mackey functor IF,. The lower horizontal map is an isomorphism by Békstedt’s calculation
[Bok] (see also [HM97, Section 5.2]), and hence the right hand vertical map is surjective. The
natural map THR(F,) - THR(F,)/p induces a diagram of homotopy groups

2,1 THR(FP) — M21 THR(FP)/p

| l

mo THH(F,) —— w2 THH(F,)/p ,

where the lower horizontal map is an isomorphism. We have just seen that the right hand
vertical map is surjective. The top horizontal map is surjective, since its cokernel injects into
72,120 THR(F,) 2 m 1 THR(F,), which is zero by part ). The result follows. O

By the previous lemma we can choose alift Z € mo 1 THR(F,,) of the generator x € mo THH(F,,).
Since THR(F,) is an H F,-algebra by 4.2, the map i: 5% - THR(F,) induces an algebra map
from the free associative H F),-algebra

T5: Ty, (S*') - THR(F,).

In order to show that this map induces an equivalence on geometric fixed points, we start by
computing the homotopy groups of the geometric fixed points of THR(F,) abstractly.
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Proposition 5.19. For p an odd prime, the spectrum ®*/? THR(F,) is contractible. For p =2
there is an isomorphism of graded rings

F*@Z/Z THR(FQ) = Fg[wl,wﬂ,
where |wy| = |we| = 1.

Proof. By Theorem 2.26 and Corollary 4.5 there is a natural equivalence of associative ring

spectra
o THR(F,) = ®**HF, Afyz ®*/*HF,

for every prime, where HF, is a flat model for the Eilenberg-MacLane spectrum of [F,, as a
commutative 7Z /2-orthogonal ring spectrum (see 2.8). If p is odd ®%/2H F, is contractible and
thus so is ®*/2 THR(F,). For p = 2 the Kiinneth formula gives an isomorphism

T (BLPH By Ny, ®PPH ) 2 (1, %2 HFy) @, (7. /2 HFy)

and it follows from [HKO1] (see also [Will7]) that ®%/2H Fy = Fy[w], where |w| = 1. The result
follows. O

Proof of 5.15. The map induces a stable equivalence of underlying non-equivariant spectra by
Bokstedt’s calculations. It therefore suffices to show that it also induces a stable equivalence on
Z [2-geometric fixed points.

When p is odd this holds because the geometric fixed points of both source and target are
contractible. For p = 2 by identifying ®%/2(Tyr,(S%')) ~ Tyzr2 1w,y (S"), we get an isomor-
phism

T ®L 2 (T w, (S21)) 2 7, (L2 H Fy)[v] 2 Falv, w].

To see that the map 7, ®%/2(Ty g, (S*')) - 7, ®%/2 THR(Fy) is an isomorphism, it suffices to
show that it is an isomorphism in degree 1, since the source and the target are both polynomial
rings over Fy on two generators in that degree. By considering the long exact sequences of
homotopy groups associated to the isotropy separation sequence we see that it suffices to prove
that the map 71 0T r,(S*') — 71,0 THR(F2) is an isomorphism. Since the canonical map
Y21 HFy - Tyr,(S*!) induces an isomorphism on 71,0 we are left with showing that the map
#YX2IHF, - THR(F2) induces an isomorphism on 7y g. There is a commutative diagram with
exact rows

ToX2HFy 2 1y \S2 HF, —= 5y 0 X2 HFy — m HFy =0

|- | | H

) THH(FQ) l} 2,1 THR(]FQ) %) 71,0 THR(]FQ) — M THH(FQ) =0.

The upper middle horizontal map is an isomorphism since the transfer map tran is equal to 2
and hence to 0, and the map f is surjective, since 71 THH(F3) = 0. The left hand vertical map
is an isomorphism, hence the lower left hand horizontal map is zero. It follows that f is an
isomorphism. From the commutative square

T 1 D2 HFy ——=—— mo X2 H Ty

E lm

2,1 THR(FQ) —> T THH(FQ)
we see that the map 7 is injective in 7o ;. Therefore the map m ¢X*'H Fy — 71 o THR(F2) is

an injective map with the source isomorphic to Fo. Thus it remains to show that w1 o THR(F2)
is isomorphic to Fs.
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We argue by considering the isotropy separation sequence of THR(FF2) and the equivariant
map HFy > THR(F3). In low degrees this is the sequence

T THR(Fg)hz/Q — 71,0 THR(FQ) — 7T1(I)Z/2 THR(]FQ) —r o THR(FQ)]«LZ/2 — 70,0 THR(FQ)
I I Il I I
Fy ? Fy @ Fy Fy Fy

0

The description of the first and fourth term in this sequence follows from the homotopy orbit
spectral sequence. The third group is identified using Proposition 5.19 and the last term is
computed using Theorem 5.1. We claim that the first map in this sequence is zero. Indeed, the
map HFy - THR(F3) induces a commutative diagram

T ((HF2)pz /) ——— moHF2=0

T

T THR(Fg)hz/Q —T1,0 THR(FQ)

The left hand vertical map is an isomorphism by the homotopy orbit spectral sequence. Thus
the lower horizontal map is zero, and we get a short exact sequence

0—— 71,0 THR(]F2)>—> FooFy —» Fy, —— 0.

This shows that w1 o THR(F2) is isomorphic to Fy, which concludes the proof. O

5.4 Towards THR(Z)

This section describes parts of the homotopy type and multiplicative structure of THR(Z) :=
THR(H Z), where H Z is the Z /2-equivariant commutative Eilenberg-MacLane ring spectrum of
Z with the trivial anti-involution, as in Example 2.4. We begin by computing its Z /2-geometric
fixed points and go on to describe the Z /2-equivariant homotopy type of THR(Z)[%].

Theorem 5.20. There is an isomorphism of graded rings
7. ®22 THR(Z) = Fy[by, by, €] /e,
where |by| = |ba| = 2 and |e| = 1.
Proof. The formula from Theorem 2.26 gives an equivalence of orthogonal ring spectra
®L/2 THR(Z) ~ 8P H 7 AY, , 0" P H 7.

We compute the homotopy ring ﬂ*(tI)Z/ZHZ /\II;Z@Z/QH Z) by means of the multiplicative Kiin-
neth spectral sequence of [EKMM97, IV.4.1] (see [Til16] for the multiplicative statement)

B} =Tors (m.(®"PHZ), 7 (9" PH L)) = mpeg(PPPHZ AL, @7 PH 7).
This spectral sequence collapses at the E2-term since the ring Z has global dimension 1, and
the E2-page has only two potentially non-trivial columns p = 0 and p = 1. By the computations

of [HKO01] the graded ring 7, (®%/2H Z) is a polynomial algebra over 5 on one generator b of
degree 2. It follows that there is an isomorphism of bigraded rings

EZ, 2 Tory , (Fo[b], Fa[b]) = Fa[by, by,e]/(e?)
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where |b;| = |ba| = (0,2) and |e| = (1,0). The only non-trivial terms are thus concentrated at
the entries (0,2k) and (1,2k), for k > 0, and there are no additive extensions. Let b; denote
the element in 7o (®%/2H ZAY Z<I>Z/ 2H 7)) which is detected by b; and e denote the element in
(O H 7 AY ,®%/2 H 7)) which is detected by . The multiplicativity of the spectral sequence
implies that the polynomial algebra Fy[b, by] is a subalgebra of m, (®%/2H Z /\II‘{Z@Z/QH Z) (this
also follows from the Kiinneth Theorem). The multiplicativity of the filtration tells us that the
composition

Falbr, bo] € 1 (S22 H Z AL 07 2 H 7) S 7 (922 H 7 AL, 0%/ H 7)
is injective and that
T (OLPH ZAY 0% H 7) = Fy[by, by] ® e Fa[by, bs].

It remains to prove that e? = 0. This is the only multiplicative extension problem of the Kiinneth
spectral sequence, and it needs an extra input.

We solve the multiplicative extension problem by exploiting our knowledge of /2 THR(F>).
The mod 2 reduction map red: HZ — HF5 induces a multiplicative map of orthogonal ring
spectra

(@%% red) Areq (942 red): @12 H ZAY , @2 P H 7 —> %P HFy Nfyp ®“/2HT, .

On homotopy groups the morphism ®%/2 red: ®%/?H 7, - ®%/> H Fy induces the homomorphism
of graded rings Fy[b] - Fy[w] which sends b to w?. It follows that the map

T (DR H LAY @ PH Z) — 7, (9P H Fy Afyp, @ P HFy) 2 Fo[wy, ws]

sends by to w? and by to w3 (see Proposition 5.19 for the computation of the geometric fixed
points of THR(Fz)). If we can show that the map

(DL HZAY 0 PHZY) — 7y (X2 H Fy Al ®F /2 H )

is zero, we would have that e = 0. Indeed, if e? is nonzero it must be either by, by or by + bs.
But all these elements map to nontrivial elements in , (®%/2H F, /\I}L‘”F2 ®Z/I2HFy) which will
contradict to the fact that e maps to zero.
In order to show the vanishing statement for the induced homomorphism on 77, we need to
analyze the map
% red: ®2PHZ — ®%1PHTF, .

The multiplication maps define maps of Z /2-equivariant commutative orthogonal ring spectra
fZ:NeZpHZ — H7 and fFQ:NeZmH Fy — HTF5 which we call the “Frobenius maps”, following
the terminology of [NS17|. These Frobenius maps induce maps of algebras on geometric fixed
points

" f,HZ - ®*?HZ  and %2 fp: HFy — L2 H s,

which induce H Z and H Fy-module structures on ®%/2H 7Z and ®%“/2HF,, respectively. These
are the module structures of Theorem 2.26, and we refer to them as the Frobenius module struc-
tures. Since any H Fs-module splits uniquely up to homotopy, the Frobenius module structure
of ®Z/2 [ F, determines a unique isomorphism 6: ®Z/2 [ F, = Vnso 2" H Fy in the homotopy cat-
egory of H Fo-modules. It follows from the universal coefficient theorem that any H Z-module
with homotopy groups concentrated in even degrees splits uniquely, up to automorphisms of
the summands. Thus the Frobenius module structure on ®%/2H Z determines a unique iso-
morphism (: &% PHZ ~ V0 22" H Fy in the homotopy category of H Z-modules. Under these
decompositions, the map

(PP HZAY 0 PHZY) — 7y (X2 H Fy NGy, @2/ HFy)
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corresponds to the map

m(\ S HF AL HE) > m( ) S HF AL HFo) » (/) S HF AL HF,),
m,n>0 k,1>0 k,1>0

where the first map is induced by 8(®%/2red)(™" A §(®%/?red)¢™" and the second map is the
change of base. The only summands which can affect 71 are m =n =0 and k,l € {0,1}. In other
words, we need to show that the map

T (HFs Nz HFs) - mi (HFo ALy, HF2) @ m (SH Fo Ay, HF2) & 11 (H Fo Ay, SHF5)

is zero. The first component of this map is zero because 71 (H Fa /\% ]FZH]FQ) =m(HFs) = 0.
The other two components are zero by Lemma 5.21 below. O

Lemma 5.21. The composite

incly=0 Proj,_q

HFy, —"2 \/ S*"HT, \/ S"HFy —"5 S HTF,

n>0 n>0

0®%/2 (red) ¢t
—_—

is equal to zero.

Proof. We begin by choosing exact triangles respectively in the homotopy category of NeZ Pz
72
and N '”H Fo-modules

;
Fp>NPHZ % HZ - 2P, and Fe, > NYPPHE, 2% HF, - SH,.

By pulling back the second triangle with respect to the mod 2 reduction map we can regard it
as a triangle in the homotopy category of NeZ 2H Z-modules. We get a morphism of triangles
in the homotopy category of NZ 2 H Z-modules

P,y NEhg 2 . mz NF,
lr le/ 2 (red) Jred lm
fi
Fy, —— N'I?HF, 2 HF, SFy, |

where 7 is the map induced on homotopy fibers. From here we obtain a commutative diagram
of H Z-modules on geometric fixed-points

z/2
L2, HZ —2 ety 5elRR,
lqﬂ‘/%‘ J{red lqﬁ/z(red) lE@Z/ZT
o2/
P12 HF, 2 QLPHF, — 5 YOLI2 R

where the rows are exact triangles. We want to identify this diagram under the splittings
provided by 6 and (. Since the bottom row is pulled back from a triangle in the homotopy
category of H Fy-modules, it splits as

/%
OLI2 HT, = QLPHF, — N2,

9l ) l 0 l zepl;

\/nzl Zn_lHFQ H]F2 \/nzo ZTLH}FQ _— Vnzl > H]F2

incl,-o
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where the homotopy type of the fiber ®%/ 2 F, is determined by the fact that ®Z /2 fr, corresponds
to a summand inclusion. Similarly, the top row splits in the homotopy category of H Z-modules

z/2
o2, Hz— 2" L grirgy, NOL2E,

| | i |

re id
HZVN, g S HFy —20 5 7,20 g, vy, S22 HFy — 2 SHZ VY, S2"HF, |

where [ is the Bockstein and the isomorphisms here are easily seen to be unique by the universal
coefficient theorem. Now combining the latter three diagrams we get a morphism of exact
triangles of H Z-modules

2v0 red vO

HZVV,oy 52 HT, HZ HFy vV, S HFy 22 SHZ VY, 52 H T,

9F(<1>Z/2r)g;l J{red le@z/g(red)(_l lzeF(q%/?r)g;
Vo1 S" H T, HFy 2 HFy v Vo SPHF, — 22 v, STHE,

From the commutativity of the right most square it follows that the composite

incl 2 9<I>Z/2(red)§wl Proj,-q
HFy —2 s HFy vV, B2 HF, HFov Vo S"HFy — S HT,

is equal to zero if and only if 7 (20F®%/2(r)¢z!) = 0 and hence mo(8p®/%(r)¢7') = 0, or
equivalently if 7r0(<I>Z/ 2r) = 0. Since the Frobenius maps fz and fr, are isomorphisms on 7
of underlying spectra, we must have that mo(Fz) = 0 and 7(FF,) = 0. This implies that the
horizontal maps in the commutative diagram

w(%/?(FZ) — (PP Fy)

w%“(r)l Jm«bwr)

7r(%/2(F‘IF2) —;> 7TO((DZ/QFV]F’Z)

are isomorphisms, and therefore we can equivalently show that wg / 2(7”) = 0. From Proposition

5.5 we see that TI'(Z) / 2(r) coincides up to isomorphism with the map induced on the kernels in the
diagram

0— 7 — 3 Wy(Z) —257 —0
|
| lred lred
¥ J w1

00— Fy —L s Wy (Fo) —2 3 Fy —— 0,

where w; denotes the first ghost map, given by wj(a,b) = a® + 2b. It is easy to calculate that
i(m) = (2m,-2m?) and j(I) = (0,1). It follows that the dashed arrow is equal to zero, and hence

71'%/2(7“) =0. O
Proposition 5.22. There are isomorphisms of abelian groups

mo(THR(Z)?/?) 27

T (THR(Z)21?) 2 7. /2

mo(THR(Z)%1?) 2 2. )2.
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The generator of m (THR(Z)%/?) maps to e ¢ 1 ®*/> THR(Z) and squares to 0. The generator
of mo(THR(Z)%/?) maps to by + by € mp®%/2 THR(Z) and has infinite multiplicative order.

Proof. The mp-statement follows immediately from Theorem 5.1. For the remaining isomor-
phisms we consider the long exact sequence of homotopy groups for the isotropy separation
sequence of THR(Z). In the subsequence

19®%/2 THR(Z) 1 (THR(Z) 7 j2) - m1 (THR(Z)?/?) 57,872 THR(Z) S0 (THR(Z)12,2),

the rightmost map is 0, because the transfer map on 7 is injective, by Theorem 5.2. It follows
that the middle right hand map is surjective. Using the unit map H Z — THR(Z) we see that the
leftmost map is surjective and so, by exactness, the middle right hand map is an isomorphism.
By Theorem 5.20 the target group m;®%/2 THR(Z) is isomorphic to Z /2.

The long exact sequence continues to the left with

0=m(THR(Z)sz2/2) » m2(THR(Z)%/?) o m3®%/2 THR(Z) - m1 (THR(Z)12/2) = Z /2,

and we have already seen that the right hand map is surjective. From the homotopy orbit
spectral sequence for THR(Z) we see that mo(THR(Z)y7/2) = 0 and w1 (THR(Z),z/2) = Z /2.
Since mo®%/2 THR(Z) is isomorphic to Z /2 ® Z /2 it follows by exactness that mo(THR(Z)%/?)
is isomorphic to Z /2.

Using that the canonical map St A H Z - THR(Z) induces an isomorphism on m®%/%(-)
one can check that the kernel of the right hand map is a copy of Z /2 generated by by + ba. The
generator b of 75 (THR(Z)%/?) maps to the element by +by of mo®%/2 THR(Z), which has infinite
multiplicative order. Since THR(Z)%/? - ®%/2 THR(Z) is a map of ring spectra, the element b
must also have infinite order. The generator ¢’of 71 (THR(Z)%/?) maps to e € 7;®*/2 THR(Z).
Since e does not divide by + by it follows that e’ cannot divide b. Hence there is no room for
(e)? in mo(THR(Z)%/?) = 7. /2{b} to be non-zero. O

Remark 5.23. Bokstedt showed in [Bok| that THH(Z) is equivalent to the wedge of Eilenberg-
MacLane spectra
THH(Z)~ HZv \/ ** 'HZ k.
k21

Hence, for parity reasons the multiplication in 7, THH(Z) must be zero in positive degrees.
However, the multiplicative structure on the spectrum THH(Z) is far from trivial, as can be
seen by taking homology with F,, coefficients. Theorem 5.20 and Proposition 5.22 show that in
the Z [2-equivariant case the complexity of the multiplicative structure is apparent already at
the level of homotopy groups. In future work we hope to calculate the full bigraded homotopy
ring 7, . THR(Z) and determine the Z /2-equivariant homotopy type of THR(Z). Based on the
calculations of this section we conjecture that there is a stable equivalence of Z /2-equivariant

spectra
THR(Z)~ HZv \/ X* “*HZ [k.
k>1

We show now that this formula holds after localizing at an odd prime p.

Theorem 5.24. Let p be an odd prime. There is a stable equivalence of Z [2-spectra

THR(Z)(p) ~ THR(Z(p)) ~ HZ(p) \V k\>/1 EQk—l’kH(Z/pr(k))

where v, (k) is the p-adic valuation of k.

Combining the results for the individual primes gives the following.
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Corollary 5.25. There is a stable equivalence of Z [2-spectra

THR(Z)[1] ~ THR(Z[1]) ~ HZ[1]v \/ £ R H(Z [k)[L].
k>1

The proof of this theorem is similar in spirit to the computation of THR(F,). The main
difference is that since the wedge of Eilenberg MacLane spectra in question is not a free algebra,
we need to define a map individually on each summand. We start by identifying the action of
Z /2 on the underlying homotopy type of THR(Z).

Lemma 5.26. Let p be an odd prime. The map w: THH(Z(,)) - THH(Z(,)) is equivalent in
the stable homotopy category to the wedge product

v\ (DM HZyv S THZp ™ > HZgy v\ S* T HZ [pe®,
k>1 k>1 k>1

In other words, w acts by the identity in degree 0 and in degrees 3 mod 4, and by —1 in degrees
1 mod 4 (in the degrees where the p-adic valuation is zero, the groups are trivial and —1=1).

Proof. Since H Z,) is a Z [2-equivariant commutative ring spectrum, it follows from Corollary
4.2 that THR(Z(y)) is an H Z,)-module. The involution on Z,) is trivial, so we see that
w: THH(Z(y) - THH(Zy,y) is H Zp)-linear. According to [Bok| the splitting

THH(Z) ~ HZ gy v\ S HZ [prr ™)
k>1

is H Zp)-linear, i.e. it is an equivalence in the homotopy category of H Z,)-modules. But the
latter is triangulated equivalent to the classical derived category of Z(,) (see [SS03]) and hence
admits universal coefficient exact sequences. Given two H Z,)-modules X and Y, the sequence
looks as follows

0 —— BExty(m. X[1],7.Y) —— [X,Y] —— Homy (7. X, 7.Y) —— 0,

where [X,Y] stands for morphisms in the homotopy category of H Z,)-modules. This implies
that w splits in the homotopy category of H Z,)-modules as a wedge

wov \ wi HZpy v\ ST HZ [pr® > HZy v\ S* T HZ [pr®),
k>1 k>1 k>1

and that each wj; is in fact an integer. Indeed, the potential non-diagonal terms correspond to
elements in Ext-groups, and since there is a shift involved these Ext-terms vanish for k£ > 2 for
degree reasons. Additionally, when X = H Z(,y the Ext-term obviously vanishes.

Now since Zp) has the trivial involution, we see that wo = 1. Moreover the identity w?=1
implies that wﬁ =1 mod p*»®) for any k > 1. From now on we consider only those degrees k
for which v, (k) # 0. We observe that since p is odd, if an integer a satisfies the equation a?=1
mod p! for some [ > 1 we must have a = +1 mod p'. We conclude that wy, = +1 for any k > 1.

To determine the sign of wy we use Bokstedt’s result [Bok], which implies that the map
THH(Zyy) -~ THH(IF,) is a product of Bocksteins. Moreover by Corollary 5.16 the involution

on mor THH(F,) is (-1)*, and we obtain a commutative diagram

Z2k_1HZ/pr(k) B Z2kHIFp

N

_ y B
»HA[R7 [prr®) —— 2RO,
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where 3 is the Bockstein. It follows that (wj — (=1)¥)3 = 0. Since wy = +1 the difference
wy, — (1) can be 0, -2 or 2. But the latter two cases are impossible since p is odd and the
Bockstein is nontrivial. Hence wy, — (~1)* = 0 which proves our claim. O

Proof of Theorem 5.24. The equivalence

THH(Z) () = H Zpy v k\/l S 7, [pre )
>

gives maps incly: 221 H Z [prr () - THH(Z)py for k> 1. By the restriction-induction adjunc-
tion we get maps in the Z /2-equivariant stable homotopy category:

incly

Z (2. ANX*YHZ [prr (D) — THR(Z) ()
for k£ > 1. Composing with the morphisms
S2Lk A g7, e ® L 712, ASPLE 7 fpre®
we obtain maps in the Z /2-equivariant stable homotopy category
incly: SV A HZ [p» ™) - THR(Z) ).
Together with the unit map H Z,) - THR(Z(,)) they assemble into a map

HZyyv \) S* Y H 7 [pr ™ — THR(Z) (.-
k>1

We will now argue that this map is a genuine Z /2-equivariant equivalence. The Z /2-geometric
fixed points of both sides vanish since p is odd. Hence it suffices to show that this map is an
underlying equivalence. We observe that on underlying spectra the map tran: S — Z /2, is the
stable pinch map, and the map S?*~1F — 7 /2, A S?#7! is equivalent as a map on non-equivariant

spectra to the map
(1’ (_1)k’):52k—1 N SQk—l v SQk—l.

Using this and Lemma 5.26, we see that on underlying spectra the map incly, is the composite

) (1,(-1)%) vy (k) (inclg,(-1)* incly)

sty 7, e S* 7 [pr® v SR H 7 p THH(Z(,))
for all k£ > 1, which is equal to 2incl;. By construction the maps incly assemble into an equiva-
lence of spectra. Since p is odd, 2 is invertible and hence so do the maps incly. This completes

the proof. O

A Flatness and ring spectra with anti-involution

In this appendix we prove some technical results on ring spectra with anti-involution and on
flatness of orthogonal G-spectra. We recall some definitions, from [MMO02]|, [MMSSO01] and
[Stoll, Sch17].

Let G be a compact Lie group. Similar to Definition 2.1, we model equivariant spectra by
the category of G-objects in orthogonal spectra, with the model structure induced by a complete
G-universe. Thus for us an orthogonal spectrum is a Top,-enriched functor

X:O—>Topf7
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where O is the category whose objects are the finite dimensional real inner product spaces
and where the space of morphisms O(V, W) is the Thom space of the orthogonal complement
bundle over the Stiefel manifold L(V,W) of linear isometric embeddings of V into W. This
space cousists of the unique point co at infinity and pairs («, x) of a linear isometric embedding
a:V > W and x € W-a(V). The category of orthogonal G-spectra is the Top,-enriched functor
category Sp := Fun(O,Topf). Let O<™"! denote the full subcategory of O spanned by the
vector spaces of dimension < m — 1. The inclusion tpm,—1: O™ ! = O induces an adjunction

m—1 m—
SpY = Fun(O, Top?) Fun(O<™!, Top?) ,
(tm-1 )

where (t,-1)1 is the Top,-enriched left Kan extension. We recall that the (m - 1)-skeleton of a
G-spectrum X is defined by
skp-1 X = (b1 N1t X

The counit of the adjunction is a map of orthogonal G-spectra € x:sk,,—1 X = X, which evaluated
at R this gives as G x O(m)-equivariant map (sk,,—; X)(R™) - X (R™).

Definition A.1. The m-th latching space of an orthogonal G-spectrum Y is defined by
L X = (skyoy X)(R™).

The orthogonal G-spectrum X is called flat (or S-cofibrant) if the latching map L, X - X (R™)
is a G x O(m)-cofibration, for every m > 0.

The notion of S-cofibrant G-spectra was first introduced in [Stol1, Section 2.3.3]. It coincides
with the notion of flat G-spectrum of [Sch17, Proposition 5.9]. We note that this definition does
not depend on a choice of universe. The term “flat” is justified by the fact that the functor
X A - preserves genuine G-equivariant stable equivalences whenever X is a flat G-spectrum (see
[Sch17, Theorem 5.10] and [BDS16, Proposition 2.10.1]).

A.1 A model structure on ring spectra with anti-involution

Let f:(A,w) — (B,0) be a morphism of ring spectra with anti-involution. We say that f is a
stable Z [2-equivalence if the underlying map of orthogonal Z /2-spectra is a stable equivalence
with respect to a complete universe of Z /2-representations.

Proposition A.2. There is a cofibrantly generated model structure on the category of orthogonal
ring spectra with anti-involution, where the weak equivalences are the stable Z [2-equivalences and
the cofibrations are the cofibrations of [HHR16, B.63].

Remark A.3. It follows immediately from Proposition A.2 that any ring spectrum with anti-
involution can be replaced up to equivalence by one whose underlying Z /2-spectrum is cofibrant
in the sense of [HHR16, B.63], and therefore flat.

A similar model structure where the cofibrations are the flat cofibrations would exist, if one
can prove that the flat model structure on orthogonal Z /2-spectra satisfies the indexed version
of the pushout product axiom of [HHR16, B.97-B.102].

The argument is essentially the one of [SS00, 4.1(3)]. Let T7:Sp*/? — Sp*/? be the twisted
tensor algebra functor, which sends X in SpZ/2 to

T7(X)=\/ X"

n>0
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The Z /2-action on T (X ) preserves the summands, and is given on the n-th summand by the
map

an W An Tn AN
XM — X" — X

where w is the involution of X and 7, is the permutation of n = {1,...,n} that reverses the
order. The usual concatenation product pux:T?(T° (X)) - T7(X) is Z /2-equivariant, as is the
rest of the monad structure on 7. It is not hard to see that T7(X) is the free Assoc”-algebra
on X and that ring spectra with anti-involution are precisely the algebras for T (cf. Remark
2.3). We write Mon”(SpZ/Q) for the category of T7-algebras, and

-
Mon” (Sp™/?) s Sp°/2

for the corresponding free-forgetful adjunction.

Proof of A.2. To show that there is such a model structure on MonU(SpZ/ 2) we follow the
argument of [SS00, 4.1(3)] and test the conditions of [SS00, 6.2]. The non-trivial condition to
verify is the analogue of [SS00, 6.2], which is based on the construction of a filtration of the
pushouts of the form X « T7(K) — T°(L) in the category of ring spectra with anti-involution,
where K — L is a map of orthogonal Z /2-spectra. The filtration

X=FP->P->--->P,->--->P

of the pushout P is constructed in [SS00, Section 6] inductively as follows. Let P(n) denote
the poset of subsets of n = {1,...,n} ordered by inclusion. The authors define an n-cube
W,:P(n) — Sp of spectra by sending a subset S of n to the spectrum

Wa(S)=XACIAXACoAX A AXANC,AX
where C; = L if i € S and C; = K otherwise. The spectrum P, is then defined as the pushout

Qn X/\n+1 A L/\n

|

Pn—1—>Pn

where Q,, = colimp, (,,) W, and P;(n) is the subposet of P(n) obtained by removing the terminal
object. The left hand vertical map is defined in the proof of [SS00, 6.2]. The authors show that
the colimit spectrum P = colim,, P, is a monoid, and that it satisfies the universal property for
the pushout of X « T7(K) —» T7(L) in the category or ring spectra.

We show that the spectra P, carry Z /2-actions that induce an anti-involution on P, and
that this defines the pushout of X « T9(K) — T°(L) in the category of ring spectra with
anti-involution. The cubes W,, are naturally Z /2-equivariant cubes, where the poset P(n) has
the involution induced by the involution 7,, of n that reverses the order. The Z /2-structure is
defined by the natural transformation

Wo(S)=X"""ANLANK — XA N\ LA N\ K=W,(7,9)
€S ¢S i€, S 7, S

which is the smash of the following maps. On the X""*!-factor it is the map 7,1 ow”"*!, where

w is the involution of X. On the S-indexed smash it sends the i-factor to the 7,i-factor by the
involution of L. On the smash factor indexed by the complement of S it sends the i-factor to
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the 7,i-factor by the involution of K. The colimit colimp, (,,y W), therefore inherits a 7Z/2-action
and the map to the terminal vertex

colim W,, — X"+ A LA
P1(n)

is equivariant. It is straightforward to show that the left vertical map of the square above is
also equivariant, and therefore the pushout defining P, from P,_; is a pushout of Z /2-spectra.
This defines a filtration of Z /2-spectra

X=P P —»--—>P,—»--— P:=colimP,.

Let us now verify that the resulting involution on the colimit P reverses the order of the multi-
plication. The multiplication on P is defined in the proof of [SS00, 6.2] by maps (i, m: Pp APy, —
Pyim. For n+m =0 we have P, A P,, = X A X and we take pi9,0 to be the multiplication map
of X. For n+m >0 we define p,, ,, by induction on n +m by expressing P, A P, as an iterated
pushout where the building blocks are themselves pushouts of terms that depend only on Py A P,
where k + [ <n+m. In order to verify the compatibility between these maps and the involution
it is convenient to write P, A Py, as the colimit of the diagram of Z /2-spectra

P, APy 1+——QuAPy | ————— X" AL AP,

| T |

Wn m = Pn—l A Q,m —— Qn A Qm N X/\n+1 A LA A Qm

| | l

Pn—l Ax/\m+1 N AL Qn /\X/\m+1 A LA™ X/\n+1 N /\X/\m+1 A LA

The map P, AP, > P+ is then determined by the following maps out of the four outer corners
of Wy m, where py 3 P A P, - Py, has already been inductively defined for [ + k <n +m:

MHn—-1,m-1

Pnfl A Pm—l Pn+m—2 — Pn+m

Hn,m-1

D AN Z DN - TP — - R\ - B LN - S —— - T,

Hn-1,m

P, XAmAbaphm Po1 APy, Pytvm —— Poim

X/\n+1 A LA /\X/\m+1 A LN X/\n+m+1 A LM Pn+m~

The first map in the last composite swaps the L' and X*™*! factors and multiplies the last
factor of X! and the first factor of X*™*!. These maps define a monoid structure on
the colimit P. The compatibility of this multiplication with the involution reduces to the
commutativity of the following diagram

WAW

P, A Py, 2 colim W, p, colim Wy,
7)1(2)><2 7)1(2)><2

| -

Pm A Pn = C()(11§112 Wm,,n H—> Pm+n T> Pn+m,
'Pl 2 X m,n
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where the middle vertical map is the composite of the maps

. . Tx .
colim W,, ,,, — colim 7*W,, , — colim W,, ,
'p1(2)><2 'pl(2)x2 731(2)><2

of the push-forward by the functor 7:P;(2)*? — P;(2)*? that switches the product factors, and
of the natural transformation W, ,, - 7*W,, , that permutes the two smash factors in each
entry of W, ,,,. It is immediate to see that the left hand square commutes. The right hand
square commutes essentially because the order-reversing permutations 7,, € 3, satisfy

Tn X Tm = Tn+m © Xn,m

where X, m € Xpn+m switches the blocks of the first n-elements and the last m-elements.

This shows that the colimit P is a ring spectrum with anti-involution. In order to show that
P is the pushout of X « T7(K) — T°(L) in the category Mon®(Sp*/?), we notice that the
morphisms set in Mon® (Sp%/?) from (A,w) to (B, ) is the fixed-point set of the involution on
the morphism set of underlying ring spectra that sends f: A - B to o fw. Therefore it suffices
to show that the bijection

HomMon(Sp) (X < T(K) - T(L)a A=A= A) = HomMon(Sp) (Pa A)

established in [SS00, 6.2] is equivariant. This is readily verified.

We are now left with verifying the analogue of [SS00, 6.2]. That is, we need to prove that if
K — L is an acyclic cofibration of orthogonal Z /2-spectra with cofibrant source, the map X - P
is an acyclic cofibration of underlying orthogonal Z /2-spectra. The argument is identical to the
one of [SS00, 6.2], by using the equivariant version of the pushout product axiom of [HHR16,
B.102)]. O

A.2 Shifts preserve flatness of orthogonal Z /2-spectra

Let G be a compact Lie group. Recall that an orthogonal G-spectrum Y can be evaluated on a
real n-dimensional G-representation V' by the formula

Y(V) = L(Rn7 V)+ NO(n) YTL)

where L(R",V), is the space of linear isometries from R" to V with a disjoint basepoint, and
the G-action is diagonal. The shift functor sh”:Sp® — Sp® is defined by precomposing with the
functor (V @ -) on O, that is

(shVY), =Y (VeR").

The goal of this section is to prove the following.

Proposition A.4. Let f be a flat cofibration of orthogonal Z [2-spectra, and V a finite dimen-
sional orthogonal 7 [2-representation. Then the map shY f is a flat cofibration.

Remark A.5. The proof we propose works for any compact Lie group G, up until the descrip-
tion of the coequalizer in the proof of A.9, where we use that the irreducible representations
of Z /2 are one-dimensional. We believe that with more work the argument can be modified to
apply to any compact Lie group.

We begin with a lemma of point-set topology. This is a stable analogue of [SS12, Proposition
3.11] and [Sch17, Proposition 1.3.6].

Lemma A.6. Let Y be an orthogonal spectrum satisfying the following properties:
i) Y(R™) is compact Hausdorff for all n >0,
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ii) For any morphism (a,x):V - W in O the induced map (o, x).:Y (V) - Y(W) is injective,

i11) Suppose we are given morphisms in O

(O/wwl) 7

v L) g L8

where a and o are subspace inclusions, and let :V V' -V and /:V V' - V' the
inclusions. Then there existv e V-V V' and v’ e V' -V V' such that z+a(v) =z’ +a(v’)
and the canonical map into the pullback

(¢,0)x

/\
Y(VAV) - —— 2P —— 3Y(V)

\) l l(a’x)*
o Y (V) = Y (V)

Then the map L,,Y - Y (R™) is a closed inclusion for all m > 0.

18 surjective.

Proof. The latching space L,,Y can be calculated as a coequalizer

V  ORLR™AOR,,RYAY Rz \/ ORLR™)AY(RY) - LY,

0<s<l<m—-1 0<i<m-1

hence L,,Y is compact. Since Y (R™) is Hausdorff it suffices to show that the map L,,Y —
Y (R™) is injective. Let (¢,t) € O(R",R™), y € Y(R") and (¢',t') € O(R?,R™), 3/ € Y(R?) be
such that

(6, 1)«(y) = (¢",1)(y) € Y(R™), 3)

and let us show that the elements ((¢,t),y) and ((¢',t'),y") are identified in the coequalizer.
We set V = ¢(R") and V' = ¢'(R?) and factor ¢ as an isomorphism ¢ onto V followed by an
inclusion j, and similarly ¢’ = j’ o ¢'.

Consider the morphisms in O

v O g G0

By (3) it follows that (j,%)«(¢,0)«(y) = (5',t)«(¢',0)+(y") as elements of Y/ (R™). Condition

141) now gives a commutative diagram

Vay Ly

(L,v)l l(j'»t')

V———————R™,
(4t
and a point z € Y/(V n'V’) mapping to (¢,0).(y) € Y(V) and (¢',0).(y’) € Y (V') respectively
by (1,v)« and (¢/,v").. Set k = dim(V nV’) and let h:R* - R’ be a linear isometry for which
there is a factorization
RF — " R

J )

VoV e——R™.
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pr—1 . — - _
Let i’ be the composite h': R Svaviev 2, R’, and take w = ¢~ 1(v) and w’ = ¢’ 1(v').
Then there are commutative diagrams in O

rF By L0,y and R CO oy )y
(”k‘ l(j ) (hk l(j,t)
Rj m Ri m
@1 @)

Setting u = (3,0);(2) € Y(R"), we get

(6, 1) 5 (hyw)s (u) = (5,1)x (1, 0)4(2) = (4:1)4(6,0)x (¥) = (6, 1)+ (1)-
By condition i) we have (h,w).(u) =y, and similarly (h',w"),(u) =y'. Finally we have

((9:1),y) = ((¢,1), (hyw) o (w)) ~ (¢, t) 0 (hyw),u) = ((§,t) o (1,v) 0 B,u) = ((5,t") o (V/,v") 0 B, )
and by a similar argument ((j',t") o (i',v") o B,u) ~ ((¢',t'),y’). O
The evaluation functor ev,:Sp® — Topfxo(") that sends a G-spectrum Y to Y (R") has a

Top,-enriched left adjoint, which we denote by G,,. Spectra of the form G, (Z), for Z a pointed
G x O(n)-space, are called semi-free. We recall that this left adjoint is described by the formula

Gn(Z2)(V) = OR",V) rowm) Z.

Lemma A.7. Let Z be a finite G x O(n)-CW complex and U a G-representation. Then the
latching maps for shY G,,(Z) are closed inclusions.

Proof. We check that the underlying (non-equivariant) spectrum of sh? Gn(Z) satisfies the
conditions of Lemma A.6. The spaces

(sh” G, (2))(R™) = O(R™, U @ R™) Aoy Z
are all compact Hausdorff, so condition 4) is satisfied. Condition i) is clear. It remains to check
condition 77%).
Suppose we are given maps
V (()/,’E) W (a 1'7") V/’
where o and o' are subspace inclusions, and points [¢,y,2] € O(R",U ® V) Ap(n) Z and
[¢",y',2'] e O(R",U ® V') Ao(n) Z such that
(a,2)[0,y,2] = (&' 2").[¢", 4, 2] e O(R™, U @ W) Ao (n) Z.
This means that there is a g € O(n) such that

(lv@a)od,z+(luea)(y),2) = ((lu@a)og og™ o'+ (ly @a')(y'),92)

in OR",UeW)AZ. -
Since o and o' are subspace inclusions there is a unique map ¢:R™ — V n V' such that the
diagram

UeV
¢ 1®a
R" ¢ Ve(VnV)—— JUew
¢'og™" 1®a’

UsV’'
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commutes. We have decompositions y = e+ v and y' = € +v' where e,e’ e UV nV', v ¢
UeV-Us(VnV')and o' c UsV' ~Ua(VnV'). Note that UsV -Ua(VAV') =V —(VAV)
and similarly for V'. From this we get the equation

z+(loa)(e)+(loa)(v)=a"+(1ead)()+(1ea) ().

Applying the orthogonal projection onto U @ (V nV’) we get (1@ a)(e) = (1@ a’)(e’) which
implies e = ¢’. This shows that the diagram in O

Vv — 0y

(w)l l(a'vr')

Ve—e---—"oWw

(a,)

commutes, and that the point [, e, 2] € O(R”, UeVnV')Aom)Z maps to [¢,y, z] and [¢',y, 2']
respectively by the maps (¢,v), and (/,v"),. O

Lemma A.8. Let ' be a compact Lie group and let i:M — N be a smooth, I'-equivariant
embedding of smooth compact closed I'-manifolds. Then i is a I'-cofibration.

Proof. We will factor i as a composite of two relative I'-CW complexes. The I'-manifold M is a
I'-CW complex by Illman’s equivariant triangulation Theorem [I1183, 7.2]. Choose an equivariant
Riemannian metric on N and an equivariant tubular neighborhood of M, identified with the
normal bundle v of the embedding (see e.g. [Kan07]). The closed unit disc bundle D(v) inherits
an equivariant cell structure from M such that the zero-section M — D(v) is a relative I'-CW
complex (see e.g. [LO01, Lemma 1.1]). The space N can be written as pushout

S(v) —— D(v)

N D (v) —— N,
where S(v) is the unit sphere bundle of v and D (v) is the open disk bundle. The left vertical
map is the inclusion of the boundary in a smooth, compact I'-manifold and is therefore a relative
I'-CW complex by Illman’s Theorem [I1I83, 7.2]. By cobase change it follows that the inclusion
D(v) - N is also a relative I-CW complex. The map i is the composite M - D(v) — N and
is therefore a I'-cofibration. O

Lemma A.9. Let Z be a finite Z [2 x O(n)-CW complex and U a Z [2-representation. Then
the 7 [2-spectrum sh” G,,(Z) is flat.

Proof. Any Z [2-representation U decomposes as a direct sum of one-dimensional representa-
tions. An isomorphism U = U; @---@ U, induces an isomorphism of functors sh” = sh”* o---osh%4,
so we may assume that U is one-dimensional.

Let Y =shY G,,(Z). We must show that for each m > 0 the latching map L,,Y — Y (R™) is
a Z [2 x O(m)-cofibration. The latching space L,,Y is the coequalizer of the diagram

V  ORLR™MAORF RYAOR", UsR ) Aoy Z 3\ ORLR™AOR", UeR Aoy Z,

0<k<l<m-1 0<l<m-1

which is isomorphic to the value of the functor — Ap(,) Z on the coequalizer W, of

V  ORLR™ AORFMRYAOR™,UeR*) =z \/ OR, R™)AOR",UaRY.

0<k<li<m—1 0<i<m-1
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The latching map can be written as the value of the functor — Ap(,) Z on a G x O(n) x O(m)-
equivariant map fp,: Wy, - O(R",U ®R™). Since — Ag(n) Z preserves cofibrations, it suffices to
show that f,, is a G x O(n) x O(m)-cofibration.

If m < n -1, then there are no linear embeddings of R" into U @ R™ and f,, is just * — *
which is a cofibration. If m = n—-1 then W,,, = * and the map f,, is the inclusion of the basepoint
into O(R™, Ue®R™ ') = L(R",U®R""), which is a cofibration, since the space L(R™,U®R™ ')
of linear isometries is a G x O(n) x O(n—1)-manifold, and hence cofibrant, by Illman’s Theorem
[T1183).

On the other hand if m > n, then we claim that f,, is a homeomorphism. To see this, first
note that the map f,, agrees at the point set level with the latching map for the G-spectrum
sh” G, (O(n),), and is therefore a closed embedding by Lemma A.6. Since all the spaces
involved are compact Hausdorff it now suffices to show that f,, is surjective. Take any point

(a,7) e OR", U ®R™)

and let V denote the image of the map R” - UoR™ 23 R™. Let v = dim V, then v <n < m-1.
The map « factors as

R" = UsoR™
x %3'
Ues R ,

where (8 is an isometry with image V. The vector x can be decomposed as a sum = =z’ + 2",
where 2’ eUeV and 2"’ e UoR™ -UaV =R™ -V. Now if ¢’ is a vector in U @ R” which maps
to z’ then the class in W,, of the point

(B,2") n(a,y") e OR",R™) AOR", U ®R")

is mapped to (a,z) by fi..
We are left with the case m =n. The space W,, is homeomorphic to

OR"™™,R™) Ao(n-1) O(R", U@ R" )

and f,, is the map on Thom spaces induced by map of vector bundles which is also a pullback
diagram
E (U ®R™)*

l |

LR R™") xo(n_1y LR", U ® R" ") ———— L(R*, U ®R") ,

where v(U @ R™)* is the orthogonal complement bundle. The lower horizontal map is a smooth
map between smooth manifolds which is G x O(n) x O(n)-equivariant and also a closed embed-
ding. By Lemma A.8 it is therefore an equivariant cofibration and it follows that the induced
map on Thom spaces is a cofibration as well (see e.g. [LOO01, Lemma 1.1]). O

Proof of Proposition A.4. We will now show that shifts preserve flat cofibrations (S-cofibrations)
of orthogonal Z /2-spectra. The functor sh”-commutes with colimits, hence it suffices to show
that sh” sends generating flat cofibrations to flat cofibrations. The generating flat cofibrations
have the form

iNLEANG(Z) — BAGL(Z),

where i:A - B is a (non-equivariant) cofibration of spaces and Z is a finite G x O(n)-CW
complex. The map shU(z' A1) is isomorphic to the map

in1:AnshY(Gn(Z2)) — Bash(G,(2)).
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Lemma A.9 implies that sh (G, (Z)) is flat, and since the S-model structure is topological

[Stol1], the latter map is a flat cofibration. O
References
[ABG*16] Vigleik Angeltveit, Andrew J. Blumberg, Teena Gerhardt, Michael A. Hill, and

[ARO5)
[BDS16]

[BF84]

[BGHL19)
[BHMO93)|

[BK72]

[BM12]

[BM15]
[BNO3]

[Bok]
[Boks6]
[Bou97]

[Bre78§|
[Bru07]
[Cn93|

[DGM13]

[DM94]

Tyler Lawson, Interpreting the Bokstedt smash product as the morm, Proc. Amer.
Math. Soc. 144 (2016), no. 12, 5419-5433. MR 3556283

Vigleik Angeltveit and John Rognes, Hopf algebra structure on topological
Hochschild homology, Algebr. Geom. Topol. 5 (2005), 1223-1290. MR 2171809

Morten Brun, Bjgrn Ian Dundas, and Martin Stolz, Equivariant structure on smash
powers, arXiv:1604.05939, 2016.

D. Burghelea and Z. Fiedorowicz, Hermitian algebraic K-theory of topological
spaces, Algebraic K-theory, number theory, geometry and analysis (Bielefeld, 1982),
Lecture Notes in Math., vol. 1046, Springer, Berlin, 1984, pp. 32-46. MR 750675

Andrew J. Blumberg, Teena Gerhardt, Michael A. Hill, and Tyler Lawson, The
Witt vectors for Green functors, J. Algebra 537 (2019), 197-244. MR 3990042

M. Bokstedt, W. C. Hsiang, and 1. Madsen, The cyclotomic trace and algebraic K-
theory of spaces, Invent. Math. 111 (1993), no. 3, 465-539. MR 1202133 (94g:55011)

A. K. Bousfield and D. M. Kan, Homotopy limits, completions and localizations,
Lecture Notes in Mathematics, Vol. 304, Springer-Verlag, Berlin, 1972. MR 0365573
(51 #1825)

Andrew J. Blumberg and Michael A. Mandell, Localization theorems in topological
Hochschild homology and topological cyclic homology, Geom. Topol. 16 (2012), no. 2,
1053-1120. MR 2928988

, The homotopy theory of cyclotomic spectra, Geom. Topol. 19 (2015), no. 6,
3105-3147. MR 3447100

Marcel Bokstedt and Amnon Neeman, Homotopy limits in triangulated categories,
Compositio Math. 86 (1993), no. 2, 209-234. MR, 1214458

Marcel Bokstedt, The topological Hochschild homology of Z. and Z/p, preprint.

, Topological Hochschild homology, preprint, 1986.

Serge Bouc, Green functors and G-sets, Lecture Notes in Mathematics, vol. 1671,
Springer-Verlag, Berlin, 1997. MR 1483069

Lawrence Breen, Extensions du groupe additif, Inst. Hautes Etudes Sci. Publ. Math.
(1978), no. 48, 39-125. MR 516914

M. Brun, Witt vectors and equivariant ring spectra applied to cobordism, Proc. Lond.
Math. Soc. (3) 94 (2007), no. 2, 351-385. MR 2308231

Guillermo Cortinas, L-theory and dihedral homology. II, Topology Appl. 51 (1993),
no. 1, 53-69. MR 1229500

Bjgrn Ian Dundas, Thomas G. Goodwillie, and Randy McCarthy, The local structure
of algebraic K-theory, Algebra and Applications, vol. 18, Springer-Verlag London
Ltd., London, 2013. MR 3013261

Bjgrn Ian Dundas and Randy McCarthy, Stable K -theory and topological Hochschild
homology, Ann. of Math. (2) 140 (1994), no. 3, 685-701. MR 1307900 (96e:19005a)

72



[DM96]
[DM16]
[DO17]
[Dot12]

[Dot16]

[dS03]
[Dug05|
[Dun97]

[EKMMO97]

[ERW17]
[GMM15]
[Goo85]

[Hes16]

[HHR16]
[HKO1]
[HM97]
[HMO3]
[HMO04]
[HM15]

[HM19]

, Topological Hochschild homology of ring functors and exact categories, J.
Pure Appl. Algebra 109 (1996), no. 3, 231-294. MR 1388700 (97i:19001)

Emanuele Dotto and Kristian Moi, Homotopy theory of G-diagrams and equivariant
excision, Algebr. Geom. Topol. 16 (2016), no. 1, 325-395. MR 3470703

Emanuele Dotto and Crichton Ogle, K -theory of Hermitian Mackey functors and a
reformulation of the Novikov conjecture, Arxiv:1703.09523, 2017.

Emanuele Dotto, Stable Real K-theory and Real topological Hochschild homology,
Ph.D. thesis, University of Copenhagen, 2012, arXiv:1212.4310.

Emanuele Dotto, Equivariant calculus of functors and Z[2-analyticity of Real alge-
braic K-theory, Journal of the Institute of Mathematics of Jussieu 15(4) (2016),
pp. 829-883.

Pedro F. dos Santos, A note on the equivariant Dold-Thom theorem, J. Pure Appl.
Algebra 183 (2003), no. 1-3, 299-312. MR 1992051

Daniel Dugger, An Atiyah-Hirzebruch spectral sequence for K R-theory, K-Theory
35 (2005), no. 3-4, 213-256 (2006). MR 2240234

Bjorn Ian Dundas, Relative K -theory and topological cyclic homology, Acta Math.
179 (1997), no. 2, 223-242. MR 1607556 (99¢:19007)

A. D. Elmendorf, I. Kriz, M. A. Mandell, and J. P. May, Rings, modules, and
algebras in stable homotopy theory, Mathematical Surveys and Monographs, vol. 47,
American Mathematical Society, Providence, RI, 1997, With an appendix by M.
Cole. MR 1417719 (97h:55006)

Johannes Ebert and Oscar Randal-Williams,  Semi-simplicial  spaces,
arXiv:1705.03774, 2017.

B. J. Guillou, J. P. May, and M. Merling, Categorical models for equivariant clas-
sifying spaces, arXiv: 1505.07562v1, 2015.

Thomas G. Goodwillie, Cyclic homology, derivations, and the free loopspace, Topol-
ogy 24 (1985), no. 2, 187-215. MR 793184

Lars Hesselholt, Topological Hochschild homology and the Hasse- Weil zeta function,
Alpine Algebraic and Applied Topology (Saas Almagell, Switzerland), Contemp.
Math., Amer. Math. Soc., Providence, RI, 2016, To appear.

M. A. Hill, M. J. Hopkins, and D. C. Ravenel, On the nonexistence of elements of
Kervaire invariant one, Ann. of Math. (2) 184 (2016), no. 1, 1-262. MR 3505179

Po Hu and Igor Kriz, Real-oriented homotopy theory and an analogue of the Adams-
Novikov spectral sequence, Topology 40 (2001), no. 2, 317-399. MR 1808224

Lars Hesselholt and Ib Madsen, On the K-theory of finite algebras over Witt vectors
of perfect fields, Topology 36 (1997), no. 1, 29-101. MR 1410465 (97i:19002)

, On the K-theory of local fields, Ann. of Math. (2) 158 (2003), no. 1, 1-113.
MR 1998478

, On the De Rham-Witt complex in mized characteristic, Ann. Sci. Ecole
Norm. Sup. (4) 37 (2004), no. 1, 1-43. MR 2050204

, Real algebraic K-theory, http://www.math.ku.dk/ larsh/papers/s05/,

2015.

Michael A. Hill and Kristen Mazur, An equivariant tensor product on Mackey func-
tors, J. Pure Appl. Algebra 223 (2019), no. 12, 5310-5345. MR, 3975068

73



[Hog16]
[Hog17]
[Hoy14]
[HS19]
[1183]
[Kan07]
[Kro05]

[Lew81]
[LMOG6|

[LMSMS6]

[LOO1]
[Lod76]

[Lod9s]

[Lurl3]

[May92]

[McC97]
[MMO02]
[MMSS01]
[NS17]

[PS16]

Amalie Hggenhaven, Real topological cyclic homology of spherical group rings, arXiv:
1611.01204, 2016.

, On the geometric fized points of real topological Hochschild homology, arXiv:
1710.01817, 2017.

Rolf Hoyer, Two topics in stable homotopy theory, Ph.D. thesis, University of
Chicago, 2014.

Jeremy Hahn and Xiaolin Danny Shi, Real orientations of lubin-tate spectra, arXiv:
1707.03413, 2019.

Soren Hlman, The equivariant triangulation theorem for actions of compact Lie

groups, Math. Ann. 262 (1983), no. 4, 487-501. MR 696520

Marja Kankaanrinta, Equivariant collaring, tubular neighbourhood and gluing the-
orems for proper Lie group actions, Algebr. Geom. Topol. 7 (2007), 1-27. MR
2289802

Tore August Kro, Involutions on S[QM], arXiv:math/0510221, 2005.
L. Gaunce Lewis, Jr., The theory of Green functors, 1981.

L. Gaunce Lewis, Jr. and Michael A. Mandell, Fquivariant universal coefficient and
Kiinneth spectral sequences, Proc. London Math. Soc. (3) 92 (2006), no. 2, 505-544.
MR, 2205726

L. G. Lewis, Jr., J. P. May, M. Steinberger, and J. E. McClure, Equivariant stable
homotopy theory, Lecture Notes in Mathematics, vol. 1213, Springer-Verlag, Berlin,
1986, With contributions by J. E. McClure. MR 866482 (88e:55002)

Wolfgang Liick and Bob Oliver, The completion theorem in K-theory for proper
actions of a discrete group, Topology 40 (2001), no. 3, 585-616. MR 1838997

J‘ean-Louis Loday, K-théorie algébrique et représentations de groupes, Ann. Sci.
Ecole Norm. Sup. (4) 9 (1976), no. 3, 309-377. MR, 0447373

, Cyclic homology, second ed., Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences], vol. 301, Springer-
Verlag, Berlin, 1998, Appendix E by Maria O. Ronco, Chapter 13 by the author in
collaboration with Teimuraz Pirashvili. MR 1600246

Jacob Lurie, Course on algebraic L-theory and surgery,
http://www.math.harvard.edu/ lurie/287x.html, 2013.

J. Peter May, Simplicial objects in algebraic topology, Chicago Lectures in Mathe-
matics, University of Chicago Press, Chicago, IL, 1992, Reprint of the 1967 original.
MR 1206474

Randy McCarthy, Relative algebraic K -theory and topological cyclic homology, Acta
Math. 179 (1997), no. 2, 197-222. MR 1607555 (99e:19006)

M. A. Mandell and J. P. May, Equivariant orthogonal spectra and S-modules, Mem.
Amer. Math. Soc. 159 (2002), no. 755, x+108. MR 1922205 (2003i:55012)

M. A. Mandell, J. P. May, S. Schwede, and B. Shipley, Model categories of diagram
spectra, Proc. London Math. Soc. (3) 82 (2001), no. 2, 441-512. MR 1806878

Thomas Nikolaus and Peter Scholze, On topological cyclic homology,
Arxiv:1707.01799, 2017.

Irakli Patchkoria and Steffen Sagave, Topological Hochschild homology and the cyclic
bar construction in symmetric spectra, Proc. Amer. Math. Soc. 144 (2016), no. 9,
4099-4106. MR 3513565

74



[Qui73|

[Sch04]

[Scho07]
[Sch0g]

[Sch10]

[Sch13]
[Sch17]

[SegT3]
[Shi00]
[Spi16]
[SS00]
[SS03]
[SS12]
[SS13]
[Sti13]
[Sto11]

[Str12]
[Tho79]

[Til16]
[Ul113a]

[U1113D)
[Wal70]

[Wil17]

Daniel Quillen, Higher algebraic K-theory. I, Algebraic K-theory, I: Higher K-
theories (Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972), Springer,
Berlin, 1973, pp. 85-147. Lecture Notes in Math., Vol. 341. MR 0338129 (49 #2895)

Christian Schlichtkrull, Units of ring spectra and their traces in algebraic K-theory,
Geom. Topol. 8 (2004), 645-673. MR 2057776

Stefan Schwede, Symmetric spectra, 2007.

, On the homotopy groups of symmetric spectra, Geom. Topol. 12 (2008),
no. 3, 1313-1344. MR 2421129

Marco Schlichting, Hermitian K -theory of exact categories, J. K-Theory 5 (2010),
no. 1, 105-165. MR 2600285 (2011b:19007)

Stefan Schwede, Lectures on equivariant stable homotopy theory, 2013.

, Global homotopy theory, to appear in New Mathematical Monographs,
Cambridge University Press, 2017.

Graeme Segal, Configuration-spaces and iterated loop-spaces, Invent. Math. 21
(1973), 213-221. MR 0331377

Brooke Shipley, Symmetric spectra and topological Hochschild homology, K-Theory
19 (2000), no. 2, 155-183. MR 1740756

Markus Spitzweck, A Grothendieck-Witt space for stable infinity categories with
duality, arXiv: 1610.10044, 2016.

Stefan Schwede and Brooke E. Shipley, Algebras and modules in monoidal model
categories, Proc. London Math. Soc. (3) 80 (2000), no. 2, 491-511. MR 1734325

Stefan Schwede and Brooke Shipley, Stable model categories are categories of mod-
ules, Topology 42 (2003), no. 1, 103-153. MR 1928647

Steffen Sagave and Christian Schlichtkrull, Diagram spaces and symmetric spectra,
Adv. Math. 231 (2012), no. 3-4, 2116-2193. MR 2964635

_, Group completion and units in I-spaces, Algebr. Geom. Topol. 13 (2013),
no. 2, 625-686. MR 3044590

Nisan Stiennon, The moduli space of real curves and a Z]2-equivariant Madsen-
Weiss theorem, Ph.D. thesis, Stanford, 2013.

Martin Stolz, Equivariant structure on smash powers of commutative ring spectra,
Ph.D. thesis, University of Bergen, 2011.

Niel Strickland, Tambara functors, arXiv: 1205.2516, 2012.

R. W. Thomason, Homotopy colimits in the category of small categories, Math.
Proc. Cambridge Philos. Soc. 85 (1979), no. 1, 91-109. MR 510404 (80b:18015)

Sean Tilson, Power operations in the Kinneth spectral sequence and commutative
HTF,-algebras, arXiv:1602.06736, 2016.

John Ullman, Symmetric powers and norms of Mackey functors, arXiv:1304.5648v2,
2013.

, Tambara functors and commutative ring spectra, arXiv:1304.4912, 2013.

C. T. C. Wall, On the aziomatic foundations of the theory of Hermitian forms,
Proc. Cambridge Philos. Soc. 67 (1970), 243-250. MR 0251054 (40 #4285)

Dylan Wilson, Power operations for HF, and a cellular construction of BPR,
arXiv:1611.06958v2, 2017.

75



	Introduction
	Background
	Equivariant diagrams and real simplicial objects
	Real I-spaces

	Real topological Hochschild homology
	Ring spectra with anti-involution
	The dihedral Bar construction
	Bökstedt's model of real topological Hochschild homology
	The comparison of the Bökstedt model and the dihedral Bar construction
	The geometric fixed points of THR

	THR of Wall antistructures and categories with duality
	Categories with duality
	Functoriality of THR
	Strictification of the duality

	Fundamental properties of THR
	Multiplicative structures
	Cofinality
	Morita Invariance

	Calculations
	The Mackey functor of components of THR
	Group-rings
	The homotopy type of THR(Fp)
	Towards THR(Z)

	Flatness and ring spectra with anti-involution
	A model structure on ring spectra with anti-involution
	Shifts preserve flatness of orthogonal Z/2-spectra

	References

