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2 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

Introduction

This paper is a continuation of [11]. Since so much time has elapsed since
its publication, a recasting of the context is in order.

In [19] Ravenel described a series of conjectures getting at the structure of
stable homotopy theory in the large. The theory was organized around a family
of “higher periodicities” generalizing Bott periodicity, and it depended on being
able to determine the nilpotent and non-nilpotent maps in the category of
spectra. There are three senses in which a map of spectra can be nilpotent:

" Definition 1. i) A map of spectra f: F — X is smash nilpotent if for
n > 0 the map f: F — X jg nyll.
ii) A self-map f: ©*¥F — F is nilpotent if for n >> 0 the map f™ LF"F —
F is null.
iii) A map f: S™ — R from the sphere spectrum to a ring spectrum is
nilpotent if it is nilpotent when regarded as an element of the ring m, R.

The following is the main result of [11].

THEOREM 2 ([11, Th. 1]). In each of the above situations, the map f is
nilpotent if the spectrum F' is finite and the map 1y A f is null. In cases ii)
and iii) it suffices to assume that MU, f = 0.

In case the range of f is p-local, the condition can be replaced with the
condition 1gp A f (resp. BP.f = 0).

The purpose of this paper is to refine this criterion and to produce some
interesting nonnilpotent maps. Many of the results of this paper were conjec-
tured by Ravenel in [19].

Let K(n) be the n'" Morava K-theory at the prime p (see §1).

THEOREM 3. i) Let R be a (p-local) ring spectrum. An element o € meR
is nilpotent if and only if for all 0 < n < 0o, K(n)«(a) is nilpotent.

ii) A self-map f: Y*¥F — F, of the p-localization of a finite spectrum, is
nilpotent if and only if K(n)«f is nilpotent for all 0 < n < oco.

iii) A map f: F — X from a finite spectrum to a p-local spectrum is smash
nilpotent if and only if K(n).f =0 for all 0 < n < oco.

Of course, the hypothesis “p-local” can be dropped if the condition on the

Morava K theory is checked at all primes.
Theorem 3 can be used to determine which cohomology theories detect

the non-nilpotent maps in the category of spectra.
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 3

Definition 4. A ring spectrum E is said to detect nilpotence if, equivalently,

i) for any ring spectrum R, the kernel of the Hurewicz homomorphism
E,: m«R — E.R consists of nilpotent elements;

ii) amap f: F — X from a finite spectrum F' to any spectrum X is smash
nilpotent if 1g A f: EAF — E A X is null homotopic.

To see that the parts of this definition are equivalent, replace MU by E
in the remark on page 209 of [11] and in the proof on page 211 of [11] that
Theorem 2 implies part ii) of Theorem 1.

COROLLARY 5. A ring spectrum E detects nilpotence if and only if

K(n)«E #0
for all 0 < n < oo and for all primes p.

Now let Cy be the homotopy category of p-local finite spectra, let C,, C Co
be the full subcategory of K(n — 1)-acyclics, and let Coo be the full subcategory
consisting of contractible spectra. The C, fit into a sequence

Co C--CCry1 CCpC---CC.

This is a nontrivial fact. That there are inclusions C, 1 C C, is essentially the
Invariant Prime Ideal Theorem (see [19]). That the inclusions are proper is a
result of Steve Mitchell [17].

Definition 6. A full subcategory C of the category of spectra is said to be
thick if it is closed under weak equivalences, cofiber sequences and retracts;
ie.,

i) An object weakly equivalent to an object of C is in C.

ii) If X - Y — Z is a cofiber sequence, and two of {X,Y,Z } are in C
then so is the third.

iii) A retract of an object of C is in C.

THEOREM 7. IfC C Cy is a thick subcategory, then C = C, for some n.

Theorem 7 is in fact equivalent to Theorem 2 (the proof is sketched at the
end of Section 4). It is often used in the following manner.

Call a property P of p-local finite spectra generic if the full subcategory
of Cy consisting of the objects satisfying P is thick. To show that X € C, has
a generic property P it suffices (by Theorem 7) to show that any object of
Cn \ Cny1 has P. The proofs of the next few results use this technique.

Theorem 3 limits the non-nilpotent maps in Co—they must be detected
by some Morava K-theory. The simplest type is a vy, self-map.
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4 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

Definition 8. Let X be a p-local finite spectrum, and n > 0. A self-map
v: ¥¥X — X is said to be a vy,-self-map if
multiplication by a
rational number
an isomorphism if m=mn #0;
nilpotent if m # n.

if m=mn=0;
K(m),v is

It turns out that the property of admitting a v, self-map is generic.

THEOREM 9. A p-local finite spectrum X admits a vy, self-map if and
only if X € C,. If X admits a v, self-map, then for N > 0, X admits a v,

self-map
v: YPN20"-Dx ., x

satisfying

N .
v ifm=mn;

* —JUn
) K(m).v {0 otherwise.

The v, self-maps turn out to be distinguished by another property.

Definition 10. A ring homomorphism

f: A—- B

is an F-isomorphism if
i) the kernel of f consists of nilpotent elements, and
ii) given b € B, bP" is in the image of f for some n.

Two rings A and B are F'-isomorphic (A ~p B) if there is an F-isomorphisi

between them.

THEOREM 11. Let X € Cp \ Cpy1. The K(n)-Hurewicz homomorphism
gives rise to an F-isomorphism

(12) center [X, X« =p {f‘:’[)vn] gz ; 8;

Put another way, this result shows that the v, maps essentially constitute
the center of the endomorphism rings of finite spectra.

The description of spectra as cell complexes encourages the intuition that
the endomorphism rings of finite spectra approximate matrix algebras over the
ring 7,.S°. This would suggest that the centers of these rings are generated by
the maps obtained by smashing the identity map with a map between spheres—
an impossibility by Theorem 11. A more accurate description might be that
the ‘Morita’ equivalence classes of these rings are determined by the integer n
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 5

of Theorem 11. This integer invariant can also be thought of as determining
the ‘birational’ equivalence classes of finite spectra. For more on this analogy
see [13].

There is a less metaphorical interpretation of the integer which occurs in
Theorems 9 and 11. It turns out to correspond to the Bousfield class ([19,
1.19],[9]) of the spectrum X.

Definition 13. Two spectra X and Y are Bousfield equivalent if they have
the same acyclic spectra:

Forall Z, XANZ~xSY ANZ ~ x,

The Bousfield class of X (denoted (X)) is the collection of spectra Y which
are Bousfield equivalent to X '

There is a natural partial ordering on Bousfield classes of spectra. One
writes (X)) > (V) if for all Z,

XNZ~x=>Y ANZ ~ x,

Thus the class sphere spectrum is maximal with respect to this ordering, and
the class of contractible spectra is minimal. There are also two binary opera-
tions (V and A). They are defined by

(X)v({y) =(XVvY),
(X)NY) =(XAY).
The operation A distributes over V.
Let N be the set of nonnegative integers and P the set of primes. For a

finite spectrum X, let Cl(X) C N x P denote the set of pairs (n,p) for which
K(n)«X # 0 at p.

THEOREM 14. If X andY are finite spectra, then (X) < (Y') if. and only
if Cl(X) C CI(Y).
Theorem 14 affirms Ravenel’s class invariance conjecture ([19]).

Proof of Theorem 14. It is immediate from the definition that if (X) < (Y")
then CI(X) C CI(Y'). Suppose then that Cl(X) € CI(Y). Since (X) < (Y)
if and only if (X)) < (Y(p)) for all prime p, we may localize everything at a
prime p. Having done that, suppose that Y € C, \ C+1. By assumption, X is
also in Cy,. For a fixed Y, the property (of X)

(X) <({¥)
is a generic property. It follows that the class
{X[{(X)<{¥)}
This content downloaded from
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6 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

is equal to Cy, for some m. Since (Y) =(Y), m < n (in fact m = n), and so
X € Cp,. This completes the proof. O

The organization of this paper is as follows. In Section 1 the Morava
K-theories and related spectra are introduced, and their basic properties are
established. Section 2 contains the proofs of Theorems 3 and 7. The section
ends with a simple argument reducing Corollary 5 to Theorem 3. In Section 3,
vy, self-maps are introduced and their basic properties are established. The
main result of the section is that the property of admitting a v, self-map is
generic. This reduces the existence of v, self-maps to the task of constructing
a single example of each type. These examples are constructed in Section 4.
The construction makes use of the Adams spectral sequence. Section 5 is con-
cerned with the classification of the endomorphisms, up to nilpotent elements,
of full subcategories which are stable under suspension, of the homotopy cat-
egory of finite spectra. The proof of Theorem 11 is given after Corollary 5.4.
The appendix to the paper contains some results on the cohomology of Hopf
algebras which are needed in Section 4.

Acknowledgments. Most of the results of this paper date from 1985, and
many people have helped shape their course. Special thanks are due to Em-
manuel Dror-Farjoun whose prodding eventually led to the formulation of The-
orem 7, and to Clarence Wilkerson for helpful conversations concerning the
proof of Theorem 4.13. Even deeper debts are owed to Doug Ravenel for for-
mulating such a beautiful body of conjectures, and to Mark Mahowald for
placing in the hands of the authors the tools for proving results like these.
Finally, the first author would like to dedicate his contributions to this paper
to Ruth, Randi and Rose.

Notation and conventions. We will work for the most part in the homo-
topy category of spectra as defined in [2], [14], or [10], and not in some model
category of spectra. This is in part because the main results of this paper con-
cern the homotopy category. It also allows us to avoid choosing a particular

model.
This expository decision comes at a mild cost. For instance, in order to

form the mapping cone of a map f: X — Y in the homotopy category, one
must represent it by a map 3

i X->Y
in some model of the category of spectra, and then define Y Uy CX to be the
image in the homotopy category of the mapping cone

FUreX = V[[X x 1/ ~
of f. The isomorphism (weak equivalence) class of Y Uy CX depends only on
the original map f, but its dependence on f is not functorial. Nevertheless,
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 7

this object will be referred to as the mapping cone of f, or as the cofiber of f,
and will be denoted CY.

Having chosen a lift of f of f, one has a natural identification of the
mapping cone of Y — YUX with X AS?, and this latter map is used to define
the connecting homomorphism in the long exact sequence of a cofibration.
Because if this, we will take the assertion that a sequence

xLyoz

is a cofiber sequence to mean that it comes equipped with a map Z — X A S,
and that there is a map f: X — Y of cofibrant objects in some model of the
category of spectra, with the property that the image of

XY ->YUX—>XAS!
becomes isomorphic to
X—>Y—>Z->XAS!

in the homotopy category. With this convention, enough structure has been
specified to give all of the usual long exact sequences associated to a cofiber
sequence.

A map of cofiber sequences

(X1 —=Y1— Z1) = (X2 — Yo — Z3)
consists of maps
X1i>X2, Y1 =Y, and Z; — Z

for which the following diagram commutes:

X1 Y: > Z1 X1 A St
R R [
Xa Y, > Zy Xo A St.

A map of cofiber sequences gives rise to maps between all of the usual long
exact sequences. :

As described above, any map X — Y can be extended to a cofiber se-
quence. Given cofiber sequences

X1 %y, 52 and X, BYy o 2o,

and commutative square
i1
X1 — N

L]

i2
X1 — 1,
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8 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

there always exists a map Z; — Z2 extending the square to a map of cofiber

sequences. This map, however, is not unique.
All of this basically amounts to saying that the homotopy category of
spectra is a triangulated category with the cofiber sequences as triangles.

A square
W — X

|

Y — 7

is homotopy cocartesian if any of the following equivalent conditions holds:

(1) There is a lift of the square to some model of the category of spectra of

the form
- %
]

Y — 7

%
—_—

with W, X, Y, and Z cofibrant, the maps 7 and j cofibrations, and the map

XUY -7
w

a weak equivalence.

(2) There is an extension of the square to a map of cofiber sequences

|1

in which the map A — B is a weak equivalence.

(3) In any extension of the square to a map of cofiber sequences

]

the map A — B is a weak equivalence.

A homotopy cocartesian square gives rise to a family of Meyer-Vietoris se-
quences.
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 9

The reader may have noticed that we have chosen to form the cofiber of a
map f: X — Y of spectra with the “cone coordinate” on the right.. With this
convention the canonical weak equivalence of the cofiber of

ZNX = ZANY

with Z A (Y Uy CX) involves only the associativity of the smash product,
and not the process of moving the cone coordinate past Z. Also with this
convention, the cofiber of Y — Y Uy CX is naturally identified with X A St
(and not S' A X). This avoids the troublesome sign that can crop up when
one tries to relate the connecting homomorphism in a cofiber sequence with
the connecting homomorphism in some suspension of the cofiber sequence.
A sequence
Xo— X1 — -+

in the homotopy category of spectra can always be lifted to a sequence -of
cofibrations between cofibrant objects ’

(15) Xo— X1 — -+

in some model for the category of spectra. The image of

Koo =lim X;

in the homotopy category is independent of the choice of lift, and depends
functorially on the sequence (15). We will write lim X; for the image of Xoo in
the homotopy category of spectra, and refer to it as the homotopy colimit of
the sequence (15). The homotopy colimit is rarely the colimit because of the
Ln_nl-term in the Milnor sequence.

The assumption that a spectrum is finite is made several times. In contexts
when the category in mind is the category of p-local spectra, this term is used
to refer to a spectrum which is weakly equivalent to the p-localization of a finite
spectrum. The only property of finite spectra used is that the set of homotopy
classes of maps from a finite spectrum to a sequential homotopy colimit is the
colimit of the maps

[X, lim Y] = lim[X, Y.

In general, an object of a category with this property is said to be small. It
can be shown that the small objects of the category of p-local spectra are
precisely the objects which are weakly equivalent to the p-localizations of a
finite spectrum.

A spectrum X is connective if mX = 0 for £ < 0. It is connected if
X = 0 for £ < 0. Thus “connected” and “(—1)-connected” are synony-
mous. Similarly, a graded abelian group is connective if the homogeneous part
of degree k is zero for k < 0. A graded abelian group is connected if the
homogeneous component of degree k is zero for k < 0.

This content downloaded from
128.151.150.9 on Mon, 02 Oct 2023 17:25:37 +00:00
All use subject to https://about.jstor.org/terms



10 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

The Eilenberg-MacLane spectrum with coefficients in an abelian group A
will be denoted HA. To be consistent with this, the homology of a spectrum
X with coefficients in A will be denoted HA,.X.

Finally, the suspension of a map will always be labeled with the same

symbol as the map.

1. Morava K-theories

1.1. Construction. The study of a ring is often simplified by passage
to its quotients and localizations. The same is true of ring spectra, though
constructing quotients and localizations can be difficult. In good cases the
following constructions can be made:

Quotients. Suppose that F is a ring spectrum and that m,F = R is com-
mutative. Given z € R, define the spectrum E/(z) by the cofiber sequence

slE % B B(z).

If z is not a zero divisor then m,E/(z) is isomorphic to the ring R/(z). In
good cases F/(x) will still be a ring spectrum, and the map

E — E/(z)
will be a map of ring spectra. Given a regular sequence
{z1,...,Zn,...} CR,
one can hope to iterate the above construction and form a ring spectrum
E/(z1,...,Zn,...)

with
TE/(X1, .. Ty ..) R R/(T1,...,Tp,...),

and such that the natural map
E—E/(z1,...,Zn,...)
is a map of ring spectra.

Localizations. Let E and R be as above, and suppose that S C R is a
multiplicatively closed subset. Since S ﬂR is a flat R-module, the functor

STE( )& “IR%E*(_)
is a homology theory. In good cases it is 'represented by a ring spectrum, and

the localization map by a map of ring spectra

E— S71E.
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 11

1.2. Spectra related to BP. When the ring spectrum in question is BP,
the above constructions can always be made, using the Baas-Sullivan theory
of bordism with singularities. See [5], [18], [22] for the details.

Recall that BP, = Z,)[v1, . .. Un .. .| with |v,| = 2p™ — 2. To fix notation,
take the set {vn} to be the Hazewinkel generators [12]. For 0 < n < oo the
ring spectra K (n) and P(n) are defined by the isomorphisms

K(n)e ~ Fplvn,vy'],
Pn)x = Fplvp,vnt1...],

with the understanding that they are constructed from B P using a combination
of the above methods. It is also useful to set

K(0) = HQ,
K(c0) = HF,.
There are maps P(n) — P(n + 1), and the colimit
lim P(n)
n

is the Eilenberg-MacLane spectrum HFp,.

Q

PROPOSITION 1.1 ([19, Th. 2.1(c)]). The Bousfield classes of K(n) and
P(n) are related by

(P(n)) = (K(n)) vV (P(n+1)).
Consequently, |
(BP) = (K(0)) V- V(K(n)) V(P(n+1)).
Proof. The proposition follows from the next two results of Ravenel
[19]. 0

PROPOSITION 1.2 ([19, Lemma 1.34]). Letv: £¥X — X be a self-map of
a spectrum X. Let X/vX and v~'X denote the cofiber of v and the homotopy
colimit of the sequence

U Sl U QRN 3l G R ] LI R
respectively. Then there is an equality of Bousfield classes
(X) = (X/vX)V (v 1X). 0
PROPOSITION 1.3 ([19, Th. 2.1(a)]). There is an equality of Bousfield
classes

(' P(n)) = (K(n)). O
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12 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

1.3. Fields in the category of spectra. The coeflicient ring K(n). is a
graded field in the sense that all of its graded modules are free. This begets a
host of special properties of the Morava K-theories.

PROPOSITION 1.4.  For any spectrum X, K(n) A X has the homotopy
type of a wedge of suspensions of K(n).

Proof. Choose a basis {ez}ze 1 of the free K(n)«-module K(n),X, and rep-
resent it as a map

\/ sl - K(n) A X.
el

The composition

K(n) A\ 84l 5 K(n) AK(n) A X —» K(n) A X
i€l
is then a weak equivalence.

PROPOSITION 1.5. For any two spectra X and Y, the natural map
(1.6) K(n).X K (n). K(n)Y - Kn),XAY

18 an equivalence.

Proof. Consider the map (1.6) as a transformation of functors of Y. The
left side satisfies the Eilenberg-Steenrod axioms since K(n),Y is a flat (in fact
free) K(n).-module. The right side satisfies the Eilenberg-Steenrod axioms by
definition. The transformation is an isomorphism when Y is the sphere, hence

for all Y. 0

Propositions 1.4 and 1.5 portray the Morava K-theories as being a lot like
fields. One formulation of Theorem 3 is that they are the prime fields of the
category of spectra.

A (skew) field is a ring, all of whose modules are free.

Definition 1.7. A non-contractible ring spectrum F is a field if E,X is a
free Ex-module for all spectra X.

This property also admits a geometric expression.

LEMMA 1.8. If E is a field, then EAX has the homotopy type of a wedge
of suspensions of E.

Proof. This is very similar to the proof of 1.4. O

PROPOSITION 1.9. Let E be a field. Then E has the homotopy type of a
wedge of suspensions of K(n) for some n.
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 13

Proof. Since 1 € m.E is non-nilpotent, Theorem 3 implies that for some
prime p and for some n < oo,

K(n).E #0.

Since K(n) and E are both fields, it follows from Lemma 1.8 that K(n) A E
is both a wedge of suspensions of K(n) and a wedge of suspensions of E.
In particular, E is a retract of a wedge of suspensions of K(n). The result
therefore follows from the next proposition. a

PROPOSITION 1.10. Let M have the homotopy type of a wedge of suspen-
sions of K(n) (fized n). If E is a retract of M, then E itself has the homotopy
type of a wedge of suspensions of K(n).

LEMMA 1.11. The homotopy homomorphism induced by the Hurewicz
map
LAy M~ SOAM — K(n) AM

is a homomorphism of K (n).-modules.

Proof. The map in question is a wedge of suspensions of the map
nr: K(n) = S° AK(n) — K(n) AK(n),
so it suffices to prove the claim when M is K(n). In this case the result is a

consequence of the formula [20, A.2.2.5 or 6.1.13],

nr(vn) = vp. |

LEMMA 1.12. Let f: M — N be a map of wedges of suspensions of
K(n). The homotopy homomorphism

‘T f: M — N
is a map of K(n)«-modules.

Proof. Consider the following commutative diagram:

M —f—> N

J l

IAf
K(n) AM —— K(n)AN.

The right vertical arrow is the inclusion of a wedge summand since N admits
the structure of a K(n)-module spectrum. It therefore suffices to prove that
the composition induces a map of K(n).-modules. The left vertical arrow does
by Lemma 1.11 and the bottom horizontal arrow is a map of K(n)-module
spectra. O

This content downloaded from
128.151.150.9 on Mon, 02 Oct 2023 17:25:37 +00:00
All use subject to https://about.jstor.org/terms



14 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

Proof of Proposition 1.10. Since M has the homotopy type of a wedge of
suspensions of K (n)’s, it can be given the structure of a K(n)-module spec-
trum. Let i: £ — M, and p: M — E be the inclusion and retraction mappings
respectively. By Lemma 1.12, the composite ¢ o p induces a homomorphism of

K(n),-modules
M — T M.

Choose a basis {e;} of the image of this map, and represent it by
\/ sl — .
The map
N =K(n)A (\/Sleil) - Kn)AM—> M
then gives rise to an isomorphism
m«IN = image of (i o p),
since it sends the obvious basis of 7,V to the basis {e;}. The composite
N-MLE

is the desired homotopy equivalence. O

1.4. Morava K-theories and duality. We will often use the device of re-
placing a self map of a finite spectrum

12X -5 X
with its Spanier-Whitehead dual
Df: S" - X ANDX,
a map from the n-sphere to the ring spectrum X A DX. If V is the finite-

dimensional K (n).-vector space K (n),X, then the ring K(n)«(X A DX) is
naturally isomorphic to the ring

V ®V* ~ End(V).

The effect in Morava K-theory of the duality map
‘ flip duality 0
XADX —— DXANX —— S

is to send an endomorphism to its trace (in the graded sense). Let {e;} C V
be a basis of V, and {e}} C V* the corresponding dual basis. The effect of the

other duality map
S$° - X ADX
is to send 1 € K(n), to Y e; ® ef € V ® V*. In particular,

LEMMA 1.13. The duality map S° — X A DX induces a nonzero homo-
morphism in K(n)-homology if and only if K(n),X # 0.
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NILPOTENCE AND STABLE HOMOTOPY THEORY II . 15
1.5. Proof of Corollary 5, assuming Theorem 3. Let R be a ring spec-
trum, and a € T, R. By Proposition 1.4, if K(n).E # 0, then

It follows that if for all n, K(n).E # 0, then for all n, K(n).a = 0, so that
o is nilpotent by Theorem 3. On the other hand, if K(n).E = 0 for some n,
then E does not detect the non-nilpotent map

v 8% — K(n),

so F does not detect nilpotence. This completes the proof.

2. Proofs of Theorems 3 and 7

2.1. Proof of Theorem 3. Some of the conditions in Theorem 3 require
the case n = o0, and some of them do not. When the target spectrum is finite,
the case n = oo is superfluous.

LEMMA 2.1. Let X and Y be finite spectra. For m > 0,
i) K(m)«X =~ HF, X @ K(m)s;
ii) K(m):Y ~ HF,,Y ® K(m)s;
i) K(m)«f = HFp, f ® 1g(m), for every f: X =Y.

Proof. This follows from the Atiyah-Hirzebruch spectral sequence, when
we use the fact that |vp,| — oo as m — oo. O

COROLLARY 2.2. If f is either a self-map of a finite spectrum or an
element in the homotopy of a finite ring spectrum, the following are equivalent:

i) K(m)«f is nilpotent for m > 0;
ii) HFp, f is nilpotent.
If |f| # O then both of these conditions hold.
Proof. If |f| # 0 then, from dimensional considerations,
HF, f*=0 fori> 0.

It then follows from 2.1 that K(m).f* = 0 for i,m > 0. When |f| = 0, part
(3) of 2.1 applies to every power of f. The result follows easily from this. O

Let f: S — X be a map of spectra. Consider the homotopy direct limit
T of the sequence

(2.3) SO X 5 XAX S5 XAXAX - -,
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16 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

in which the map X — X+ ig given by
FALxe: XM g0 A x(») _, x(ntD)

The n-fold composition
S0 ... 5 x(

is the iterated smash product
f) = fA-A T

The map
Fe 80 T

can be thought of as the infinite smash product of f.
LEMMA 2.4. Let E be a ring spectrum with unit v: S° — E. The
following are equivalent:
i) E AT is contractible;
ii) e A f): 8O = EAT is null;
iii) ¢ A f™: 80 EAX®M s null for n > 0;

iv) 1IgAf™: Ex EASO — EAX® is null for n>> 0.

Proof. 1)=>ii) and iv)=>i) are immediate. Since
ImEAX™ ~ EAT,
__>

and since homotopy groups commute with direct limits, a null homotopy of
S0 — E AT must occur at some S® — E A X™ for n > 0. This gives ii)=>iii).
The implication iii)=-iv) is the only one requiring F to be a ring spectrum. If
5% — E A X®™ is null then so is the first map in the following factorization of
1g A f(n) :

ENS® S EANEAX™ o EAX™,

This completes the proof. O

Proof of Theorem 3. Part i) follows from part iii), since the iterated multi-
plication factors through iterated smashing. Part ii) follows from part i) since
multiplication in the rings

X ADX and K(n),X ADX
corresponds, under Spanier-Whitehead duality, to composition in
[X, X]« and Endg, (K(n).X).
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 17
Replacing
fi F—-X

with
Df: S > DFAX

in part iii) if necessary, we may assume that F' = S°. The result reduces to
Theorem 2 once it is shown that

1BP/\f(m)‘

is null for m > 0. From Lemma 2.4 (with the obvious notation) this is equiva-
lent to showing that BPAT is contractible. In view of the Bousfield equivalence

(BP) = (K(0)) V---V(K(n)) V(P(n+1)),

it is enough to show that P(n) A T is contractible for n > 0. Again from 2.4
this is equivalent to showing that '

SO — P(n)AT
is null for n > 0. Now let n grow to infinity. Since
h_r)nP(n) ~ HTFy,

the map
§% = lim P(n) AT

is null by assumption. Since homotopy commutes with direct limits, the null
homotopy arises at some
SO — P(n)AT

This completes the proof -of Theorem 3. O

2.2. Proof of Theorem 7. The proof of Theorem 7 requires a slight mod-
ification of the third assertion of Theorem 3, and a useful cofiber sequence
(2.7).

COROLLARY 2.5. Let F and Z be finite spectra, E a ring spectrum, and
X an arbitrary spectrum.

i) If amap f: F — X A\ E satisfies
K(n)«(f) =0 for all0 <n < oo,

then for m > 0, the composite

(m)
Fom 7 (x A )™~ x ) A glm) P xm) A g
s null.
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18 MICHAEL J. HOPKINS AND JEFFREY H. SMITH
ii) A map
fi F—X
has the property that
f(m) Alg: F(m) N7 — X(m) ANZ

is null for m > 0 if and only if
Kn)«(fAlz)=0

for all 0 < n < oo.

Proof. In part i), the map f (m) is already null for m > 0 by part iii) of
Theorem 3. The only if part of ii) is clear. Letting E be the ring spectrum
Z N\ DZ and replacing

fAlg: FAZ—XAZ

with its Spanier-Whitehead dual

F—-XNZANDZ

reduce the if part to i). O

f
LEMMA 2.6. Let X Y J Z be a sequence of maps. The map
Cr — Cgoy induced by g gives rise to a cofiber sequence

Cr— Cyor — Cy.

Proof. Consider the following diagram in which the rows and columns are

cofiber sequences:

Cy —— 7

The upper right square is a pushout. It follows that the bottom arrow is a
homotopy equivalence. This completes the proof. O

COROLLARY 2.7. Let f: X =Y and g: Z — W be two maps. There is

a cofiber sequence
X/\Cg—>Cng—>Cf/\Y.
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 19

Proof. Apply the lemma to the factorization
fAg = FfAlyolxAg. 0

Proof of Theorem 7. It suffices to establish the following:
(2.8) if X €C and X € Cy, then C, CC,
for then C = C,;,, where
m=min{n|C, CC}.
Since everything has been localized at p, set
Cl(X)={neN| K(n).(X) # 0}.
With this notation, (2.8) becomes:
(2.9) if X € C and C1(Y) C CI(X), then Y €C.

Suppose, then, that X € C. Then so is Z A X for any Z € Cy. Let
f: F — S° be the fiber of the duality map S — X A DX. Then Y A Cf € C.
Setting g = (™1 in Corollary 2.7 and smashing with the identity map of ¥
gives a cofiber sequence

It follows that Y A Cpm) € C for all m.
By 1.13, K(n).f # 0 if and only if n ¢ CI(X), so that

K(n)«(ly A f) =0 for all n,

since C1(Y') C CI(X). Part ii) of Corollary 2.5 then gives that 1y A (™ is null
for m > 0. This means that

Y ACim RY V(EY AFM™)  for m> 0,
so that Y € C. This completes the proof of Theorem 7. O

3. v, Self-maps

The purpose of the next two sections is to establish Theorem 9. The “only
if” part, that X ¢ C,, implies that X does not admit a v, self-map is easy: if
for some j < n, K(7)«X # 0, and if v is a v, self-map, then the cofiber Y of v
is a finite spectrum satisfying

contradicting the fact that C, C C;. The proof of the “if” part falls into two
steps. In this section it is shown that the property of admitting a v, self-map
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20 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

is generic. It then remains to construct for each n, a spectrum X, with a v,
self-map. This is done in Section 4.

For any spectrum X, the element p € [X, X« is a vy self-map satisfying
condition (%) of Theorem 9. We therefore need only consider v, self-maps
when n > 1. Because of this, unless otherwise mentioned, in this and the next
section, we will work entirely in the category Cy.

As mentioned in subsection 1.4, a self-map

YEE L F

of a finite spectrum corresponds, under Spanier-Whitehead duality, to a map
from the k-sphere to the ring spectrum

R=FADF.

Definition 3.1. Let R be a finite ring spectrum, n > 0. An element
a € m R

is a v, -element if

K(m)ua is a unit ifm=n
* nilpotent otherwise.

LEMMA 3.2. Let R be a finite ring spectrum, and a € m«R a v, -element.
There exist integers i and j such that

K(m)at = {0 ifm#n

vl ifm=n.

Proof. Tt follows from Corollary 2.2 that HF, « is nilpotent. Raising «
to a power, if necessary, we may suppose that HF, o = 0. It then follows from
Corollary 2.2 that K(m).a = 0 for all but finitely many m. Raising o to a
further power, if necessary, it can be arranged that K(m).a = 0 for m # n.

The assertion K (n).a! = vJ is equivalent to the assertion that o’ = 1 €
K(n)«R/(vp, — 1). The ring K(n)«R/(v, — 1) has a finite group of units, so ¢
can be taken to be the order of this group. O

COROLLARY 3.3. If f: ¥¥F — F is a v, self-map, then there exist
integers 1,7 with the property that

K(m).fi = {0 fm#mn

maltiplication by v}, if m = n.

LEMMA 3.4. Supposé that x and y are commuting elements of a Z)-
algebra. If x — y is both torsion and nilpotent, then for N > 0,

N N
P =yP .
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 21
Proof. Since we are working over a Z)-algebra it follows that
PHe—y)=0
for some k. The result now follows by expansion of
. N N
=+ @-y)
using the binomial theorem. ' O

LEMMA 3.5. Let R be a finite ring spectrum, and o € 7R a v,-element.
For some 1 > 0, o' is in the center of mR.

Proof. Raising a to a power, if necessary, we may assume that K(m).«a
is in the center of K(m).R for all m. Let l(a) and r(a) be the elements
of End(m,R) given by left and right multiplication by «. Since R € C; the
difference I(a) — r() has finite order. Since

K(m)« (l(a) —r(a)) =0 for all m,

l(a) —r(a) is nilpotenf by Theorem 3. The result now follows from 3.4 (with
z=l(a), y =r(a)). O
LEMMA 3.6. Let a,8 € myR be v,-elements. There exist integers i and j
with of = 7.
Proof. Raising o and 8 to powers if necessary, we may assume that for

all m, K(m), (o — 8) = 0. The result follows, as above, from 3.4. O

COROLLARY 3.7. If f and g are two v, self-maps of F, then f* is
homotopic to g7 for some i and j.

COROLLARY 3.8. Suppose X andY have v, self-maps vx and vy. There
are integers i and j so that for every Z and every

fr ZAX Y

the following diagram commutes:

f
ZANX —— Y

1/\1))(1:1 l’uyj

‘Z/\X—f+Y.

Proof. The spectrum DX AY has two v, self-maps: Dvx Aly and 1px A
vy. By Corollary 3.7 there are integers 7 and j for which Dvx*Aly is homotopic
to 1px A vy?. The result now follows from Spanier-Whitehead duality. O
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22 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

COROLLARY 3.9. The full subcategory of C1 consisting of spectra admit-
ting a vy, self-map is thick.

Proof. Call the subcategory in question C. Note that X € C if and only if
Y. X € C. To check that C is closed under cofiber sequences it therefore suffices
to show that if '

(3.10) X —-Y -7

is a cofiber sequence with X and Y in C, then Z is in C. Using Corollary 3.8
choose the v, self-maps vx and vy of X and Y so that

X — 2y — 5 2kZ

commutes. It is easy to check that any map vz: ¥¥Z — Z making the above

diagram a map of cofiber sequences is a vy, self-map.
Now suppose that Y is a retract of X, and leti: ¥ - X and p: X - Y

be the inclusion and retraction mappings respectively. Choose a vy, self-map v
of X which commutes with 7 o p. The map

povoi
is easily checked to be a v, self-map of Y. O

COROLLARY 3.11. The full subcategory of C1 consisting of spectra ad-
mitting a vy, self-map satisfying condition (x) of Theorem 9 is thick.

Proof. This is similar to 3.9, and involves checking that the integers which
arise in 3.6-3.8 are powers of p. In fact, the only place where an integer which
is not a power of p comes up is in using 3.7 to arrange that K(m).v is in
the center of Endy(m,), (K(m)«X). But this is guaranteed at the outset by

condition (x). O
4. Construction of v, self-maps

4.1. Preliminaries. The examples of self-maps needed for the proof of
Theorem 9 are constructed using the Adams spectral sequence

Ext5 (H*Y, H*X) = [X,Y):_,

which relates the mod p cohomology of X and Y as modules over the Steenrod
algebra to [X,Y].. The spectral sequence is usually displayed in the (¢ — s, s)-
plane, so that the groups lying in a given vertical line assemble to a single
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 23

homotopy group. With this convention the “filtration jumps” are vertical in
the sense that the difference between two maps representing the same class in
Ext%' (H'Y, H*X)
represents a class in
Ext’" (H*Y, H*X),

with 8’ > s, and t —s=1t'— .
There are many criteria for convergence of the Adams spectral sequence.
A simple one, which is enough for the present purpose is in [1].

LeMMA 4.1. If X a finite spectrum and Y is a connective spectrum with
the property that each miY s a finite abelian p-group, then the Adams spectral
sequence converges strongly to

[X,Y)..
If B C C are Hopf algebras over a field k, the forgetful functor
C-modules — B-modules

has both a left and a right adjoint. The left adjoint
M—CM
B

carries projectives to projectives, and so prolongs to a change of rings isomor-
phism

(4.2) ExtB(C’%)M, N) ~ Extz(M,N).
When M is a C-module this can be combined with the “shearing isomorphism”
C%)M — C//BM (C’//BzC’%)k),
c®m Zc; ® ci/'m,
Pe) = Y ded,
to give another “change of rings” isomorphism
Ext&;(C//B® M, N) ~ Extz(M, N).

The difference between Exto and Extpg can therefore be measured by the
augmentation ideal

C//B =ker{e: C//B — k},
with the long exact sequence coming from
C//B®M — C//B®M - M.
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24 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

Recall that for p = 2, the dual Steenrod algebra is
Ay =TFolé1,6a,..], |&G|=2"—1
and for p odd
Ay = ANro,11,.. ] QFplé1,&2,...), || = ' —1, & =2("—1).
The subalgebra of the Steenrod algebra generated by
Sqt,..., Sq2h when p = 2,
g8,PL, ..., prt when p is odd, and n # 1,
B ‘ when p is odd and n =0
is denoted A,. It is the finite sub-Hopf algebra which is annihilated by the
ideal
€2t a2 p=2,
€. s ntt, Tnst, - - ) p#2

The augmentation ideal of A//A, is 2p™(p — 1)-connected. The fact that the
connectivity goes to infinity with n plays an important role in the Approxima-

tion Lemma 4.6.
It is customary to give the dual Steenrod algebra the basis of monomials

in the &’s and 7’s. With this convention, the Adams-Margolis elements are
P dual to & (s<t),

Tn p odd

én+1 P=2.

Each @, is primitive, and together they generate an exterior sub-Hopf
algebra of the Steenrod algebra. The P/ all satisfy

(F)P =0,
but are primitive only when s = 0. The Adams-Margolis elements are naturally
ordered by degree '

'@n dual to {

1P7] = 2p°(" — 1),
|Qn| = 2p"—1.
4.2. Vanishing lines. Given an A-module M, and an Adams-Margolis

element d, the Margolis homology of M, H(M,d), is the homology of the
complex (M, d), with

M, = M, necZz,
d2n = da
g [t ifd=Pf
I+l = V4 ifd=Q,.
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 25

When X is a spectrum the symbol H (X, d) will be used to denote H(H*X, d).
The Margolis homology groups are periodic of period 1 if p is even or if d = @,
and they are periodic of period 2 otherwise.

Definition 4.3. Let M be an A-module. A line
y=mzr+b

is a vanishing line of
Ext’*(M,Fp)

if
Ext%(M,F,) =0 for s> m(t—s)+b.

The following result, due to Anderson-Davis [3] and to Miller-Wilkerson [15]
relates vanishing lines to Margolis homology groups.

THEOREM 4.4. If M is a connective A-module with
H(M,) =0 for |d <n,

then
Ext’* (M ,Fp)

has a vanishing line of slope 1/n.

In general, there is no easy way to predict the intercept of the vanishing
line, but there is the following:

PROPOSITION 4.5. Suppose that M is a connective A-module, and that
y=mzx—+b

is a vanishing line for Ext}*(MFp). If N is a (c — 1)-connected A-module,
then
y=m(z—c)+b

is a vanishing line for
Exty"(M ® N,Fp).

Proof. Let N* be the quotient of N by the elements of degree greater
than k, and Nf C N* the submodule consisting of elements of degree > j.
There is an exact sequence

NF — N*¥ — N7

Since M is connective,
M ®N =limM ® N*
%
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26 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

and
Ext}y'(M @ N, ) = lim Ext};'(M @ N*,Fyp),
k

so it suffices to prove the result for each N*. This is trivial for k£ < ¢, so
suppose k > ¢, and by induction, that the result is true for ¥’ < k. Suppose

that (s,t) satisfies
s>m(t—s—c)+b

and consider the exact sequence

MQ®NF ; - M®N* - Mo N1

By induction,
Ext% (M ® N¥=1.F,) = 0.

The module N¥_, is just a sum of copies of S¥F,—the A-module which consists
of Fy, in degree k, and zero elsewhere. It follows that

Ext% (M ® Nf_|,Fp)
is a product of copies of
Ext$'(M ® SFF,, F,) ~ Ext5 ™% (M, F,),
which is zero since |

s>m(t—s—c)+b
>m((t—k)—s)+b. O

LEMMA 4.6 (approximation lemma). Let M be a connective A-module,
and suppose that Ext:{*( M Fp) has a vanishing line of slope m. Given b, for
n > 0 the restriction map

Ext’ (M Fp) — Ext}’ (M F,)
is an isomorphism when
s>m(t—s)+b.
Proof. The result follows from the exact sequence
AJJAn @M — AJ/A, @ M - M,

Proposition 4.5, and the fact that the connectivity of A//A, can be made
arbitrarily large by taking n to be large. O
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 27

4.3. Morava K-theories and the Adams spectral sequence. We need to be
able to examine the K (n)-Hurewicz homomorphism from the point of view of
the Adams spectral sequence. This can be done, but it is a little easier to work
with the connected cover k(n) of K(n). The spectrum k(n) is a ring spectrum,
with '

k(n)« = Fplun) C K(n)s = ]Fp[pn,vgl].
LEMMA 4.7. The transformation k(n)«X — K(n).X extends to a natu-

ral isomorphism :
v tk(n)o X = K(n).X.

Proof. Since localization is exact, both sides satisfy the exactness prop-
erties of a homology theory. They agree when X is the sphere, hence for
all X. O

COROLLARY 4.8. If k(n).«X is finite then K(n).X = 0.

Proof. If k(n).X is finite, then for j > 0, k(n);X = 0. This means that
for each z € k(n).X, vl'x = 0 for m > 0. The result then follows from
Lemma 4.7. a

Since k(n) is a ring spectrum, the mod p cohomology H*k(n) is a coalgebra
over the Steenrod algebra. It has been calculated by Baas and Madsen [6].

PROPOSITION 4.9. As a coalgebra over the Steenrod algebra,
H*k(n) = A//E[Qy).

It follows that the Ea-term of the Adams spectral sequence for mik(n) A X is
isomorphic-to
St *
Ext%[Qn](H X Fp),

and that the map of Ea-terms induced by the Hurewicz homomorphism is the
natural restriction.

COROLLARY 4.10. If X is a finite spectrum and H(X,Q,) = 0, then
K(n)«X =0.

Proof. The group
Extho (H*(X),Fp)

E(Qn]
is the cohomology of the complex
Qn Qn Qn
H*X H*X HX —— ..

This means that for s > 0, the graded abelian group

Extyro, (H" X, Fp)
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28 ’ MICHAEL J. HOPKINS AND JEFFREY H. SMITH

'is isomorphic to the Margolis homology group H(X,Q,). The vanishing of
these groups implies that

Extigry (H*X,Fy) ~ Extyl, | (H*X,F,) C H'X

is finite, and hence that k(n).X is finite. The result then follows from Corol-
lary 4.8. ' a

4.4. Ezamples of self maps. The key to constructing self-maps is the
following result of the second author [24]. An account appears in [21].

THEOREM 4.11. For eachn =1,2,... there is a finite spectrum X, with
the properties:
i) All differentials in the Adams spectral sequence

Extyio |(H* Xn A DXp,Fp) = k(n)sXn A DX,

are zero;
ii) The Margolis homology groups H(X, A DX,,d) are zero if
ld] < |Qnl-

THEOREM 4.12. The spectrum X, is in Cp \ Cp—1 and has a v, self-map
satisfying (x) of Theorem 9.

The proof of Theorem 4.12 uses the Adams spectral sequence and the
following consequence of the results of Wilkerson [25].

THEOREM 4.13. Suppose that B C C are finite, connected, graded, co-
commutative Hopf algebras over a field k of characteristic p > 0. If

b € Extg"(k,k),
then for N > 0, " s in the image of the restriction map

Exty” (k,k) — Exty (k,k).

Proof. See Appendix A. O

Proof of Theorem 4.12. That X, is in Cp, \Cp—1 follows from Corollary 4.10.
For the construction of the self-map, it is slightly cleaner to work from
the point of view of finite ring spectra. Thus let R be the finite ring spectrum
Xn A DX,. The ring 7R is an algebra over 7,S°, and the image of 7,S° in
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7« R is in the center (in the graded sense). Similarly, if B C A is a sub-Hopf
algebra, the ring
Exty"(H*R,Fp)

is a central algebra over Extp" (Fp, Fp).
To show that X,, admits a v, self-map satisfying condition (*) of Theo-
rem 9 it suffices to exhibit an element

v € MR
satisfying
(4.14) k(n)*v”M = vﬁN -1, for some M, N > 0;
(4.15) the map k(m),v is nilpotent when m # n.

Step 1. The first step is to find an approximation to a vy, self-map in the
Es-term of the Adams spectral sequence. Let

Up € Extgfs:]—l (Fp, Fp)

be the element representing v, € k(n).. We need to find a
wE ExtiN’pN(an—l)(H*R, Fp)
restricting to vﬁN -1, for N > 0. By 4.4, the bigraded group
Ext;*(H*R,Fp)

has a vanishing line of slope 1/2(p" — 1). Using the approximation lemma, an
integer n can be chosen for which the restriction map
(4.16) Ext%'(H*R,F,) — Ext’ (H*R,Fp)
is an isomorphism if
1
(£ — 8).
s> 3 = 1)( s)

By Theorem 4.13 there is an element
W € Extl (Fp, Fp)
restricting to v?" € ExtEFQn] (Fp,Fp). The class w can be taken to be the image

of 1 - 1 under the isomorphism (4.16). O

Step 2. This construction of the class w actually gives something more.
Since
EXt;{: (Fp, Fp)

is in the center (in the graded sense) of
Exty" (H*R,Fp),
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30 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

the class w commutes with every
o € Ext (H*R, Fp)
with

(4.17) )(t—s).

Step 3. Now we choose a power of w which survives the Adams spectral
sequence. The differentials in the Adams spectral sequence are derivations,
and the values of d,w lie in the region (4.17). This means that

d:,~_1’w = 0 = drwp = 0-

Since diw = 0 it follows that dbwpb = 0. The possible values of drwpb forr>b
lie in the region

s>2—(]—9;1—_——1—5(t—s),

which is above the vanishing line. This means that the class w?’ is a permanent
cycle.

Step 4. For simplicity, replace w with wpb, and adjust the integer N so
that w restricts to 'vﬁN 1. Let

v E MR

be a representative of w. We will see that this is the desired class.
The difference k(n)«(v — vT’N) is represented by a class in

Ext3ito, (H* R, Fp)

with s > 1/2(p™ — 1) (¢t — s). Some power of k(n).(v — v,’{Nb) is therefore
represented by a class above the vanishing line of

Extyf, | (H* R, Fp)

(which has slope 1/2(p™ — 1)), and hence is zero. Lemma 3.4 then gives that
MN

M .
kE(n),wP =27 M > 0.

This proves property (4.14).
Property (x) is trivial when m < n, since R € C,. When m > n, it is a

consequence of Lemma 2.1 and the fact that the Adams spectral sequence for
k(m)«R has a vanishing line of slope 1/2(p™ — 1), and that the powers of v are
represented by classes lying on the line

1
2 -D " "

which has a larger slope. This completes the proof. O

S =

This content downloaded from
128.151.150.9 on Mon, 02 Oct 2023 17:25:37 +00:00
All use subject to https://about.jstor.org/terms



NILPOTENCE AND STABLE HOMOTOPY THEORY II 31

4.5. Proof that Theorem 7 implies Theorem 2. This subsection is in-
cluded to satiate any curiosity aroused by the claim made after the statement
of Theorem 7. Since the argument is not necessary for establishing any of the
results of this paper, it is included only as a sketch.

In [11, §1] the nilpotence theorem (Theorem 2 in this paper) is reduced
to showing that if R is a connective, associative ring spectrum, and

o € R

is in the kernel of the M U-Hurewicz homomorphism, then « is nilpotent. This
in turn is easily reduced to the case when R is localized at p and MU is replaced
with BP. The case || < 0 is easy, so it may be assumed that || > 0.

Let @ be the map ‘

(4.18) slelg 2, RAR - R.

The map (4.18) induces multiplication by BP.a = 0 in BP homology. This
means that from the point of view of the Adams-Novikov spectral sequence,
composition with @ moves the homotopy groups to the right along a line of
positive slope.

Step 1. The construction used to produce the spectra X, of this section
can be used to construct finite torsion-free spectra Y, with the property that
H*Y,, as a module over A,, is free over A,//E, where E is the sub-Hopf
algebra ’

A[QO) oo ,Qn]-

See [24].

Step 2. Use the spectral sequence of [20, Th. 4.4.3] to show that

Ext}p pp(BPy, BB.RAY,)

has a vanishing line with slope tending to zero as n — oo.

Step 3. It follows from the vanishing line that for n > 0 the spectrum

YoAa 'R

is contractible.

Step 4. Now use Theorem 14 to conclude that Y, is Bousfield equivalent
to the sphere, hence that o 'R is contractible, hence that o is nilpotent.

5. Endomorphisms, up to nilpotents

In this section we will completely classify the endomorphisms (up to nilpo-
tent elements) of full subcategories of finite spectra which are stable under
suspension (Theorem 5.3). This has as a consequence Theorem 11, which is
essentially the special case in which the subcategory consists of one object.
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32 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

5.1. N-endomorphisms. The v, self-maps form an endomorphism (up to
nilpotent elements) of the category C,. It turns out that these are the only
endomorphisms of this kind that can occur in the category of finite spectra.

Definition 5.1. Let C be a full subcategory of Co which is closed under
suspensions. A collection v, of self-maps

vx: IFXX - X, XecC
is said to represent an N-endomorphism of C if

i) The map vxx is the composite
flip
YEEX —— SEXASE

lvx/\lsl

fli
XASt P, TX.

ii) For each f: X — Y in C there are integers 7 and j with sz = jky, such
that the following diagram commutes:

»Mx —f——> »My

vx’l lvyj

X — Y.
!

Two representatives v and v_’ are equivalent if for each X € C there are
integers ¢ and j with vx® = v%’. An N-endomorphism is defined to be an
equivalence class of representatives. The N-endomorphism represented by v
will be denoted [v].

Remark 1. (1) If v represents an N-endomorphism of a category C, and
f: X — Y an isomorphism with X € C, then defining vy to be

Zk -1
sky 29 skx

va

X —Y
f
extends v to the full subcategory obtained from C by adjoining the suspensions
of Y. Because of property ii), the resulting N-endomorphism is independent
of the choice of isomorphism f. In this way an N-endomorphism can always
be extended uniquely to a full subcategory which is closed under suspensions
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and isomorphisms. This procedure will be used without comment, so once an
N-endomorphism has been defined on a subcategory C of finite spectra, it will
be taken to be extended to the smallest full subcategory containing C, which is
closed under suspensions and isomorphisms. Among other things, this means
that if vx is defined, so is vy g1 and, after raising both sides to a power if
necessary, one has

vxast = Vx Algi.

(2) An N-endomorphism is of degree zero if all of the integers kx are zero.
If an N-endomorphism is not of degree zero, then none of the integers kx is
zero, and the maps vx can all be chosen to have finite order. Given two spectra
X,Y € C, the maps vy and vy can be chosen in such a way that the integers
kx and ky coincide. With this arrangement, given a map

f € [Xa Y]*a
if there are integers 4 and j for which
’ng of=7fo v&,

then it must be the case that ¢ = j. This same discussion applies to any finite
collection of elements of C.

Ezample 5.2. (1) Any collection v with each vx nilpotent represents an
N-endomorphism.

(2) Taking each vx to be a multiple of the identity defines an actual
endomorphism.

(3) Suppose C C C,. Taking vx to be a v, self-map defines an N-
endomorphism.

5.2. Classification of N-endomorphisms. The above list of examples turns
out to be complete.

THEOREM 5.3. Let C C Cy be a full subcategory which is closed under

suspensions. If v represents an N-endomorphism of C then one of the following
holds:

i) each vx is nilpotent,
ii) some power of each vx is a multiple of the identity map;
ili) C CC,, for some n, and each vx is a v, self-map.
Of course, these possibilities are not mutually exclusive. If X € C,,+1 C Cp,

any vy, self-map of X is nilpotent.
The proof of Theorem 5.3 will be completed in subsection 5.6..
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34 MICHAEL J. HOPKINS AND JEFFREY H. SMITH

COROLLARY 5.4. Suppose that X € Cp, and that v € [X,X]« is in the
center. Then v is nilpotent, a power of v is a multiple of the identity, or v is
a vy, self-map.

Proof. Let C be.the full subcategory of Cy consisting of the suspensions of
X. The map v represents an N-endomorphism of C, so the result follows from

Theorem 5.3. O

Proof of Theorem 11. Let X € Cp \ Cp+1. By Corollary 5.4 the map
induced by the K (n)-Hurewicz homomorphism

center (X, X« ~p { %‘(:’Evn] EZ ; 8;

has a nilpotent kernel. The result then follows from Theorem 9 and the ob-
servation made in the proof of Corollary 3.11 that some p" power of any vy,
self-map satisfying condition (*) of Theorem 9 is central. O

Remark 2. Tt is natural to consider a representative v of an N-endomor-
phism for which the integers i and j can be taken to be powers of p, and to
define a finer equivalence relation by declaring v and v’ to be equivalent if for
each X € C there are integers ¢ and j with vxP = v&p] . An F-endomorphism
is an equivalence class of such representatives with respect to this finer equiv-
alence relation. Taking vx to be a v, self-map satisfying condition (*) of
Theorem 9 defines an F-endomorphism.

The argument which classifies N-endomorphisms leads to a classification
of F-endomorphisms, provided one keeps track of when certain integers can
be taken to be a power of p. We have kept track of this in the statements of
the results leading to the proof of Theorem 5.3, but since we have no use for
F-endomorphisms in mind, we leave the classification to the interested reader.

The proof of Theorem 5.3 falls into two parts. First it is shown that an
N-endomorphism extends uniquely to a thick subcategory. It then suffices to
construct, for each n, a spectrum X,, € C, \ Ch+1 whose only non-nilpotent
self-map is a v, self-map.

To begin, we dispense with the N-endomorphisms of degree zero.

PROPOSITION 5.5. If X is in Cy, and v: X — X is in the center of
[X,X]« = mX A DX then there are integers m and n for which

"™ = multiplication by m.

Proof. Since
T X ADXQ®Q~ HQ:X AN DX ~ End HQ. X,
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NILPOTENCE AND STABLE HOMOTOPY THEORY II 35

the map HQ,v must be in the center of End HQ.X which consists entirely of
scalar multiplications. Since the Hurewicz map HQ, factors through HZ,, this
constant must be an integer k. The map w = v — k then has finite order.

Since all of the eigenvalues of HIF, *wp_l are equal to 0 or 1, the map
HIFp*w(p“l)PM is an idempotent for M > 0. Replace w with w® 1P", The
map w still has finite order and is in the center of [X, X].. Define connective
spectra A; and As by

A =w X, Ay =(1-w) X,

The map
X — AV A

induces an isomorphism on both mod p and rational homology, hence on ho-
mology with coefficients in Z,). It is therefore a homotopy equivalence, and
in particular A; and As are finite.

The ring of self-maps [X, X]. can be written as a ring of 2 x 2 matrices,
in which the ij-entry is in [4;, A;]. The map w is represented by the matrix

w|a, 0
0 0 )’

whose (1,1) entry is an equivalence. Given a map f: ©*¥A4s — Ay, let f be the

map
0 7
0 0/
ad(w)f = ( wI‘S‘f g ) .

Since w is central, and w|4, is an equivalence this means that f is null. By
Lemma 5.6 below, it follows that one of A; and As is contractible. If Aj is
contractible, then w is nilpotent, and the result follows from Lemma 3.4. If Ag
is contractible, then 1 — w is nilpotent, HQ,X = 0, and we may assume that
the integer k is 0, so that w = v®=DPY Tt then follows from Lemma 3.4 that
v@=DPY — 1 for M >> 0. This completes the proof. O

Then

We have used

LEMMA 5.6. If A and B are non-contractible p-local finite spectra, then
[A,B]« # 0.

Proof. Since
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the spectrum DA A B is not-contractible. It therefore has a nonzero homotopy
group. Now use the isomorphism
m«DA N B = [A, Bl.. O

5.3. Some technical tools. The next few results are a bit technical, but
they come up several times.

LEMMA 5.7.  Suppose that M is a bimodule over the ring Z,)[v], and for
m e M let
ad(v)m = vm — mo.

If there are integers i, j and k, for which

i) kad(v)m =0, and

ii) ad(v?) (ad(v*)m) = 0,
then - -
ad (v”k) m = 0.

Clearly, k£ can be taken to be a power of p, so that if ¢ and j are powers
of p, then so is ijk.

LEMMA 5.8.  Suppose M is a bimodule over the ring Z[v]. Letad(v): M —
M be the operator ad(v)m = vm — muv. The operators ad(v™) and ad*(v) are
related by the formula:
(5.9) ad(v™)m = Z (n) ad’(v)m - o™

. i<n ¢

Proof. Let I(v) and r(v) be the operators of left and right multiplication

by v respectively. Then
| ad(v) = I(v) — r(v),
and the operators ad(v), I(v), and r(v) all commute. Now take the equation
» l(v) = ad(v) + r(v),

raise both sides to the power n, and use the binomial theorem. O

Proof of 5.7. Replacing j with ij and v with vt, we may suppose that
i = 1. Since the operators ad(v’) and ad(v) commute, it follows from (5.9)
that ‘ ‘

ad(v’) (ad(v/)m) = 0.
Replacing v with v/, we may therefore also assume that j = 1, and hence that
ad?(v)m = 0. But then, again from (5.9), '
ad(v®)m = kad(v)m = 0.
This completes the proof. O
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5.4. N-endomorphisms and thick subcategories.

LEMMA 5.10. Suppose that [v] and [v'] are N-endomorphisms of a thick
subcategory C C Cy. The full subcategory D C C consisting of objects for which
[v] = [V'] is thick.

Proof. The case in which the degree of [v] is zero follows from Proposi-
tion 5.5, so we may assume that the degree of [v] is not zero. In this case
Remark 2 applies.

Suppose that i: Y — X is the inclusion of a retract, with X € D and
Y € C. Choose the representatives vx, vy, v’y and vy, so that

(1) vxi = ivy, vyi = vy, and
(2) vx = v.

Then vy = ivg/, so that vy = 'ug/ since % is a monomorphism.
Now suppose that
X->Y -7

is a cofiber sequence in C with X and Y in D. Choose the maps v to have
finite order, with vx = vy, vy = v}, and so that

)
My _  ,yMz My A QL

Y————»Z—é—»X/\S1

and )
My — s yMz _ , yMx A8t

/ 7 7
vy j vz j Yx st l

Yy — 7 —6—>X/\Sl.

commute. Make [Z, Z]« into a Zp)[v]-bimodule by

(5.11) vm = wvgzom,
(5.12) _ mv = mouy.

The goal is to show that ad(v*)1z is zero, for some k. We know that ad(v*)1z
has finite order, and that it factors through a map ™ X AS! — Z. In general,
if a map f € [Z, Z]« factors through some W € D then ad(v?)f = 0 for some
j. It follows that

ad(v?) (ad(v)1z) =0

for some j. The result then follows from Lemma 5.7. O
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‘ LEMMA 5.13. Let [v] be an N-endomorphism of a full subcategory C of
Co which is closed under suspensions. If D is the largest full subcategory of Co
to which v extends, then D 1is thick.

Proof. If the degree of [v] is zero, then the result follows from 5.5. We
may therefore assume that the maps v all have finite order, and for the finitely
many spectra that come up in the proof, that they all have the same degree.
Suppose that X € D and that

.Y - X,
p: X =Y
satisfy poi = 1y. Choose the map vy so that it commutes with the idempotent
10 p, and set
vy =pouvx 0t.
If it can be shown that this map vy extends [v] to the full subcategory D U
{Z*Y }rez, it will follow that Y € D by maximality.

To check this, let W € DU {Z*Y}xcz and suppose at first that W € D.

Given a map f: W — Y, choose an integer j so that the outer rectangle in

the following diagram commutes:

svw L, sNy _t . sNy

o 4l 4l
f i
w —0 Y — X
The right square commutes by construction, so the left must also, since the
map ¢ is the inclusion of a wedge summand. The argument for dealing with a
map Y — W is similar. Finally, given
f: kY -,
using the above, find an integer k so that
iovf/ofzvi—oiof:iofov{“,.
Then, again, since i: [Y, Y]« — [Y, X]« is a monomorphism,
'Ué“/ of=7fo v{“/.
Now suppose that
X—-Y—>2Z7
is a cofiber sequence with X and Y in D. Choose the maps vx and vy so that
the left square in the following diagram commutes:
SN —— 2Ny —— wNZ
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Let vz be any map of finite order making the above a map of cofiber sequences.
If it can be shown that this map vz extends v to the category

DU{Z*Z}kez,

it will follow that Z € D by maximality.

To check this, suppose that f: Z — W is a map with W an object of
DU {ZkZ }eez. If necessary raise the maps vy, vx, vy, and vz to powers so
that they are all of finite order, and that they all have the same degree.

Case 1. W €D, and f factors through 6: Z — X A S*. Write

f=go4,

and choose an integer i so that the right square in the following diagram

commutes:

SNz % yNx et %,

“zl vxl l”w

ZT) y¥X — W.
g

The left square commutes by definition of vz, so that the whole diagram com-
mutes. ’ a

Case 2. The spectrum W is in D. Make the graded abelian group [Z, W],
into a bimodule over Zy)[v] by

v-m = ovwom,

m-v = moug.
For some i, ad(v') f vanishes on Y and so factors through X A S*. By Case 1,
ad(v?) (ad('ui) f) =0 for some j,

and the result follows from Lemma 5.7.

Case 3. W=XFZ. By Case 2, the maps v can be chosen to commute in
addition with all elements of [Z, %X A S1]. It then follows that ad(v) f factors
through ¥*Y, and so by case 1,

ad(v?) (ad(v)f) =0 for some j.
The result then follows from Lemma, 5.7.
The case of maps W — Z is handled similarly. This completes the

proof. O
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5.5. A spectrum with few non-nilpotent self maps. Now to construct, for
each n a spectrum X,, € C, \ Cp—1 whose only non-nilpotent self-maps are
roots of the identity, or v, self-maps. The spectrum X can be taken to be the

sphere.

. PROPOSITION 5.14. For each n > 0 there erists a sequence
k= (ko,...,kn-1),

and a finite spectrum M (k) € Cp \ Cp—1, éatisfying:
i) BPR,M(k) = BPJ(W£",... 027")  (vo = p);
ii) If
v: M (k) — M(k)
is a non-nilpotent self-map, then some power of v is the identity map, or v is
a vn, self-map.

Proof. Suppose by induction on n that a sequence

k= (kO,"')kn—l)

and a spectrum
M = M(k)

have been found, satisfying condition i). When n =1 the sequence can be
taken to be (1), and the spectrum M, the mod p Moore spectrum

S0 Up el.
Let I(k) C BP; be the ideal
ki kn—1
o, P,

If v is a non-nilpotent self-map of M (k) then the BP-Hurewicz image, BP,v,
must be a non-nilpotent element of the ring

Hompp, (BP,/I(k), BP./I(k)) ~ BP,/I(k).

The map BP,v must also be a map of BP, BP-comodules, and so is an element

of .
Hompgp, gpp(BP./1(k), BP./I(k)) C BP./I(k).

Now the ideal
I, = (p, U1y ,'Un—l) - BP*/I(E)

is nilpotent, and one knows ([20, Th. 4.3.2]) that
Hompgp, pp(BPy/In, BP:/I,) = Fpluy].
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It follows that there are elements A € Fp, k € Z, with the property that
BP,v—\vE is an element of I,, hence nilpotent. It then follows from Lemma, 3.4
that

BP,y®- 1Y — UfL(P—l)PN, N> 0.

Replace v with v®DP"_ If k = 0, then BP,(v—1) = 0, and so v—1 is nilpotent
(by Theorem 2). It then follows from Lemma 3.4 that

'va=1M, N> 0.

Suppose then that k # 0, and let w be a v, self-map of M. By the above
discussion applied to w, there are integers i and j, for which BP,v* = BP,w?.
But this means (again by Theorem 2) that v —w? is nilpotent, so by Lemma 3.4
some power of v is homotopic to some power of w, and v is a v, self~map. This
proves iii). For the rest of the induction step, let

w: X202V pr  Mp

be a vy, self-map satisfying condition (x) of Theorem 9. The integer k, can be
taken to be N, and
M(ko, ... k),

the cofiber of the map w. O

5.6. Proof of Theorem 5.3. Let v be an N-endomorphism of C C Cp.
Then v extends uniquely to the smallest thick subcategory C,, C Cy containing
C. Let :

k= (ko,...,kn-1)

and M = M (k) be as in Lemma 5.14, and let D be the full subcategory of
Cn, consisting of the suspensions of M. Then v is also uniquely determined
by its restriction to D, i.e. by the map vyp;. By Proposition 5.14, there are
three possibilities for vy, and these are the restrictions of the nilpotent, iden-
tity, and v, self-map N-endomorphisms. This completes the proof of Theo-
rem 5.3. O

Appendix A. Proof of Theorem 4.13

The purpose of this appendix is to prove (rather, deduce from [25]) The-
orem 4.13. All of the techniques used here can be found in [25].

Throughout this appendix, all Hopf algebras will be over a field of char-
acteristic p > 0. They will be connected, graded, cocommutative, and finite-
dimensional. The dual of a Hopf algebra will be graded in such a way that
the dual of the homogeneous component of degree k has degree —k. This
convention enables the coaction map (A.2) to preserve degrees.
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The action of a Hopf algebra B on a module M can be expressed as an

“action”

(A.1) BOM— M

or as a “coaction”
(A.2) M — B*® M.

A module M which happens to be an algebra is an algebra over B if the

multiplication map
MM — M

is a map of B-modules. This is equivalent to the requirement that the coaction
map (A.2) be multiplicative. All algebras over Hopf algebras in this appendix

will be graded and connected.
If B C Cisnormal, and M is a C-module, then the sub-module of elements

invariant under B,

MEB = Homp(k, M),
inherits an action of the quotient Hopf algebra C//B. In fact, so do all of the
derived functors '

(A.3) Extg(k, M).

If M is an algebra over B, then (A.3) becomes an algebra over C//B [23].
In case B C C is normal, the relationship between the cohomologies of B
and C is given by the Lyndon-Hochschild-Serre spectral sequence

Exté//B (k,Extg(k, M)) = Exty(k, M).
The main result of this appendix is

THEOREM A.4. Suppose that R is a Noetherian C-algebra, and that
B C C is normal. Then

i) The algebra Extf (k,R) is Noetherian, hence finitely generated.

ii) The Lyndon-Hochschild-Serre spectral sequence

Exte g (k, Extp(k,R)) = Exto(k,R)

terminates at a finite stage in the sense that there is an integer N with the
property that all of the differentials d, are zero, if r > N.

iii) There is an integer N with the property that dra:pN is zero, for all x
and all r.

iv) The Lyndon-Hochschild-Serre spectral sequence is of finitely generated
modules over some connected, graded, Noetherian ring T'.

The parts of this theorem are closely related.
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LEMMA A.5. In Theorem A.4, parts i), ii), and iii) follow from iv).
Given i), parts i), iil), and iv) are equivalent.

Proof. Suppose first that iv) holds. Then part ii) follows from Lemma A.6
below. Part iii) follows from ii) since the differentials are derivations. That
iv)=-1) follows from the fact that if a ring is complete with respect to an
exhaustive filtration, and if the associated graded ring is Noetherian, then so
is the original ring (see [8, 3.2.9 and Cor. 2 to Prop. 12] or [4, Cor. 10.25]).

Now suppose that part i) holds. Then the the Es-term of the Lyndon-
Hochschild-Serre spectral sequence is Noetherian, hence finitely generated over
k. Given ii), part iii) follows as above. Given part iii), the algebra 7" in part iv)
can be taken to be the algebra of (p¥)**-powers in E,. The implication iv)=>ii)
was established in the preceding paragraph. This completes the proof. O

‘We have used:

LEMMA A.6. Let {E,,d,} be a spectral sequence of finitely generated
modules over a Noetherian ring T'. There is an integer N with the property
that all of the differentials d, are zero, if r > N.

Proof. The modules E. are sub-quotients of Ey. Define
Br+1 CB.C---CZ C Z'r+1"' C E;

with the property that
ET-+1 = ZT/BT.

The graded T-modules Z, and B, can be thought of as the kernel and image of
d, respectively. By the ascending chain condition, there is an integer N with
the property that B, = By if r > N. But this implies, for r > N + 1 that
E, C Eny1, so that the image of d, is zero. a

Wilkerson [25] has proved a special case of Theorem A.4. Recall that a
map R — S of rings is finite if S is finitely generated when regarded as an
R-module. -

THEOREM A.7 (Wilkerson). i) Suppose that B C C is in the center, and
that the action of C on R is trivial. Then i)-iv) of Theorem A.4 hold.
ii) If B C C is normal, the map

Ext(k,k) — Extp(k,k)
is finite.
The requirement that C act trivially on R turns out not to be much of a

restriction.
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LEMMA A.8. Suppose a Hopf algebra A acts on a graded commutative
ring R. Given an element z € R, for N > 0, the element 2P is invariant
under A. In particular, if R is Noetherian, then

R4 R
18 finite. -

Proof. This is easiest to verify from the point of view of the coaction. By
assumption, the coaction is given by

P(z) = 1®x+Zai®xi,

where |z;] # 0. Since A is finite-dimensional, there is an N with the property
that a?" = 0 for all a € A* with la| # 0. But then

$@") = 1@ + 3 al @af
= 10" .
This completes the proof. O

LEMMA A.9. If A is a finite Hopf algebra and R — S is a finite map of
Noetherian A-algebras, then

Ext (k,R) — Ext% (k,S)
18 finite.

COROLLARY A.10. If C is a Hopf algebra, and R is a Noetherian C-
module, then the cohomology algebra

Exté: (k,R)
s Noetherian.
Proof. By Lemma, A.8, the map R® — R is finite. By Lemma A.9,
RC ® Ext¥(k, k) ~ Exts(k, RC) — Exts(k, R)
is finite. The result now follows from A.7. O
COROLLARY A.11. It suffices to prove Theorem A.4 when R = k.

Proof. Tt is enough to deduce part iv) of Lemma A.4 since by Lemma, A.5,
iv) implies i), ii), and iii). Suppose that the Lyndon-Hochschild-Serre spectral
sequence
Extg ) p(k, Extp(k, k) = Extg(k, k)
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consists of finitely generated modules over the Noetherian ring T'. Then the
spectral sequence

Extg,, 5k, Ext(k, RC)) = Ext¥(k, RO)

consists of finitely generated modules over the Noetherian ring R® ® T. By
Lemma A.8, the map R® — R is finite. It follows from Lemma A.9 that the
map

Ext*C)/ (k, Ext}(k, R®)) — Extg) p(k, Ext}(k, R))
is finite, so the specfral sequence
Ext*c//B(k, Extp(k, R)) = Ext&(k, R)
is also a spectral sequence of finite modules over RC QT. O
The proof of A.11 is built out of a few special cases.

LEMMA A.12. Suppose that E is a Hopf algebra of the form E|x], where

(A.13) Elz] = { klz]/z? if || is odd

k[z]/zP if |z| is even,

and R — S is a finite map of Noetherian E-algebras. If the action of E on R
is trivial, then
Exty(k,R) — Ext%(k,S)

is finite.

Proof. Let us take the case in which E = k[z]|/zP with |z| even. The
others are similar. If M is an E-module, the cohomology

Ext’,(k, M)

is the cohomology of the complex

M ® Ala] ® k[b]
with differential
dmebt) = 2P 'mea®bF,
dm®a®b) = zmebFtl

When the action of E on M is trivial, the differential d is zero. The result now
follows since the complex for calculating Ext};(k, S) is already a finite module
over the Exti(k, R). O
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LEMMA A.14. Suppose A is a Hopf algebra and R — S is a finite map
of Noetherian A-algebras. If the action of A on R is trivial, then

Ext} (k,R) — Ext% (k,S)
is finite.

Proof. The proof is by induction on the dimension of A, the case in which
the dimension of A is 1 being a tautology. Suppose that the dimension of A
is greater than 1, and that the result is known to be true for Hopf algebras of

dimension less than that of A.
Let E C A be a central sub-Hopf algebra of the form (A.13), and let

{E;}, and {E,'.}

be the associated Lyndon-Hochschild-Serre spectral sequences with coefficients
in R and S, respectively. The spectral sequence {E,} is just the tensor product
of R with the Lyndon-Hochschild-Serre spectral sequence with coefficients in k.
By Theorem A.7 it is a spectral sequence of finite modules over a Noetherian
ring of the form R ® T'. It follows that the map

Eyx — E{)O
is finite, and so the map
Ext’ (k, R) — Ext} (k, S)
is finite by [4, Prop. 10.24]. O

Proof of Lemma A.9. Since S is finite over R and R is finite over R4 by
Lemma A.8, S is finite over RA. It follows from Lemma A.14 that

Ext (k, RY) — Ext(k, S)
is finite, so a fortiori
Ext% (k, R) — Ext%(k, S)
is finite. This completes the proof. ]

Proof of Theorem A.4. By Corollary A.11 we may assume that R = k.
Choose an integer N with the property that zP" is invariant under the action
of C//B for every = € Extg(k, k), and let

S C Extg(k, k)
be the sub-algebra consisting of the (p™V)*® powers of the elements in the image
of Extc *(k, k). Then the maps
S — Extp(k,k), and
Extg,p(k,S) — Extg,p(k, Extp(k,k))
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are finite by A.8 and A.9. But

is Noetherian, and consists of permanent cycles. Taking T to be this algebra
establishes part iv), and completes the proof. a

To deduce Theorem 4.13 requires

LEMMA A.15. Suppose that B C C is an inclusion of finite Hopf alge-
bras. There is a sequence

B=CyaC1---4C,=C

with each C; 4 Ci11 normal, and with the property that the Hopf algebra
C;+1//C; is of the form (A.13).

Proof. Tt suffices, by induction on dimy C// B, to show that if B # C then
there is a surjective map of Hopf algebras C — E[z]| with the property that
the composite

B — C — E[z]

is trivial (which means that it is the augmentation followed by the inclusion of
the degree zero part). Since B # C the map of dual algebras

C*‘—)B*

is not a monomorphism. It follows from [16, Prop. 3.9] that the map of prim-
itives is not injective. Let D be a primitive in the kernel. The element D can
be thought of as a derivation from A to k with the property that D(b) = 0
when b € B.
Give = the degree —|D|. The map to E[z] is then given by Taylor’s
formula:
P—t D"aZ;  |D| even
D% + D(a) z |D| odd.

The powers of D are taken in the algebra C*. In particular, D°, being the unit
of C*, is the augmentation. O

Proof of Theorem 4.13. It suffices, by Lemma A.15 to deal with the case
in which B C C is normal. Let

b € Extp(k, k)

be a cohomology class. By Lemma, A.8 there is an integer M with the property
that 57" is invariant under C//B. This gives a class in the Ep-term of the
Lyndon-Hochschild-Serre spectral sequence. For convenience, replace " with
b. By Theorem A.4 there is an integer N with the property that d, " =0 for
all 7. The class in Extg(k, k) represented by " is then the desired class. ‘O]
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