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The circle action on topological Hochschild homology
of complex cobordism and the Brown—Peterson spectrum

John Rognes

ABSTRACT

We specify exterior generators in m, THH(MU) = 7,(MU) ® E(\;, |[n > 1) and m, THH(BP) =
7«(BP) ® E(MA. | n > 1), and calculate the action of the o-operator on these graded rings.
In particular, o(\;,) =0 and o(\,) =0, while the actions on m.(MU) and w.(BP) are
expressed in terms of the right units ngr in the Hopf algebroids (m.(MU), m.(MU A MU)) and
(7« (BP), 7 (BP A BP)), respectively.

1. Introduction

Let S be the sphere spectrum. For any (associative) S-algebra R, the topological Hochschild
homology spectrum THH(R) is the geometric realization of a cyclic spectrum [¢q] —
THH(R), = RN R, see [9, 19]. The skeleton filtration of THH(R) leads to a spectral
sequence

B, = mgps(skyTHH(R), sky 1 THH(R)) = 7y, THH(R),

q,*

whose (E*, d')-term is the normalized chain complex associated to the simplicial graded abelian
group

lq] = m.THH(R), = m.(R A R?).

The cyclic structure specifies a natural circle action on THH(R), which we shall treat as
a right action. The cofiber sequence 1, — Si — St is split by a retraction Si — 14 and a
stable section S — S . We write o for the composite map THH (R) A S* — THH(R) A SL —
THH(R) and call the induced homomorphism o: m,THH(R) — 7.1 THH(R) the (right) o-
operator. It satisfies 02 = no, where n € 71(5) is the complex Hopf map, so if multiplication
by n acts trivially on 7, THH(R) then o is a differential.

There is a spectral sequence

E?, = H*(S',m.THH(R)) = Z[t,t ‘| @ m.THH(R) = m.THH(R)">' (1.1)

converging to the homotopy of the circle Tate construction on T'H H(R), see [20], more recently
known [23] as the periodic topological cyclic homology 7. T P(R). Its initial differential is given
by

P ) = tntl . o() for n even
t"t . (o(z) + nz) for n odd.
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Knowledge of the o-operator therefore leads to knowledge of the E? = E*-term of this spectral
sequence. When 7 acts trivially on 7,7 HH (R) we can write

E!,=Z[t,t""® HmTHH(R),0).

In this paper, we determine the o-operator on m,THH(MU) and «,THH (BP), where MU
is the complex cobordism E, ring spectrum [33, 37, 40] and BP is the Brown—Peterson Fy
ring spectrum [5, 12]. In these cases THH(R) is an E., respectively, E3, ring spectrum by
[13], o is a (right) derivation by [2], and the skeleton and Tate spectral sequences are algebra
spectral sequences [22].

In Sections 2 and 3, we review the connection between complex cobordism and formal group
laws, and their p-typical variants, including some explicit formulae in the Hopf algebroids

(me(MU), 7 (MU A MU)) = (L, LB) = (L, LC)
and
(m.(BP),m.(BP AN BP)) = (V,VT).

We follow the expositions by Adams [1] and Landweber [27, 28] of Quillen’s theory [42], adding
some less familiar details about the parametrization of strict isomorphisms of formal group laws
by ‘moving coordinates’ using (L, LC), in place of ‘absolute coordinates’ using (L, LB).

In Section 4, we obtain isomorphisms of simplicial commutative rings

T THH(MU)e 27, (MU) ® 8(B)e = m(MU) ® B(C).,

in the spirit of the equivalence THH(MU)~ MU A BBU, of Blumberg, Cohen and
Schlichtkrull [6]. Here, 3(B)e denotes the simplicial bar construction [q] — 8(B), = B®?, and
similarly for 8(C)e. We also obtain analogous information for 7,7 HH (BP),.

In Section 5, we recognize the circle action on the O-simplices in THH (MU) and TH H (BP)
as being given by the right units nr: L - LB = LC and ngr: V — VT, respectively, and
use this to determine the action of the o-operator on m,THH(MU) and «,THH(BP).
More precisely, in Proposition 5.1 we prove that for a € m.(R) the homotopy class o(x) €
Tep1THH(R) is detected in ET°, of the skeleton spectral sequence by the class of (1 A m)ngr(z) €
m.(RAR/S)=E}, Here,ng: RZSAR— RARand 7: R — R/S are the evident maps.

According to McClure and Staffeld [34], who credit Andy Baker and Larry Smith, there are
isomorphisms

n THH(MU) = 7.(MU) © EN, | n > 1)
with A/, in degree 2n + 1, and
7 THH(BP) = 7.(BP)® E(\, | n > 1)

with A, in degree 2p™ — 1, at each prime p. We strengthen these results, in Theorems 5.3
and 5.6, to show that the exterior generators A/, and A,, can be chosen so that o(\/,) = 0 and
o(An) =0, for all n > 1. These choices are naturally connected to the moving coordinates on
strict isomorphisms between formal group laws, or p-typical formal group laws, as made precise
in Propositions 4.4 and 4.6. On the other hand, we show in Theorem 5.4 that o(e3) and o(ey)
are nonzero for the alternative sequence of exterior generators e,, of m,THH (MU) associated,
as in Proposition 4.5, to absolute coordinates.
We can summarize Proposition 4.6, Theorem 5.6 and equations (3.1) and (5.1) as follows.

THEOREM 1.1. Let m.(BP) = Z,)[vn | n > 1] where the v,, are the Hazewinkel generators.
The o-operator o: m,THH(BP) — m.,.1THH(BP) is a (right) derivation acting on

. THH(BP) = n,(BP) @ E(\, | n > 1).
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It satisfies o(\,) = 0 for all n > 1, while o(vy,) is recursively determined by the equation

n—1 ) ;
pA, = o(v,) + Z (vili/\i + (plé,;)vz:ila(vn_i)).
i=1
Here, pl; € m.(BP) is recursively determined by

-1

n—1 .
by, = Z&-Uﬁ_i =v, + 008 4 0]
i=0

In Section 6, we evaluate the d-differential in the circle Tate spectral sequences for MU
and BP, in a finite range of degrees, and use this to calculate the resulting E? = E*-term. For
example

E*=7[t,t"'|® H(xr,THH(BP),0) = m,THH(BP)"S'

where

Zpy{1} for x =0,

Z/p{vi N} for x =i(2p—2)+1,1<i<p—1,
Z/p*{o} ™ M} for « = 2p® —2p + 1,

H(r,THH(BP),0) = { Z/p*{ 2} for = 2p% — 1,

Ly /P?(p + 2){v2 A1 +v1X2}  for x =2p® +2p — 3,

Z/p{ A2} for * = 2p% +2p — 2,

0 for the remaining * < 2p? + 4p — 6.

This appears as Theorem 6.6 in the body of the paper. In particular, we see that while
H(n,THH(BP),o) is concentrated in odd degrees for 0 < x < 2p* + 2p — 2, this ceases to
be true in degree |\ \o| = 2p? + 2p — 2.

The cyclic structure on THH(R) suffices to define the circle homotopy fixed points
THH(R)"S" and the circle Tate construction THH(R)'S'. When enriched to a cyclotomic
structure [9, 39], these data suffice to define the topological cyclic homology T'C'(R), which is a
powerful invariant [17] of the algebraic K-theory K (R), especially for connective S-algebras R.
The graded rings m,.THH(F,) and 7, THH(Z) were calculated by Bokstedt, and formed the
basis for calculations of TC(F,) and TC(Z), see [24] for the case of the prime field F,,, [10, 11]
for the integers localized at an odd prime p, and [45-48] for the integers localized at p = 2. The
topological Hochschild homology of R = ¢ (the Adams summand in p-local connective complex
K-theory) was worked out for p > 5 in [34] and promoted to a calculation of TC(¢) in [4]. In
all of these cases, the o-operator acts trivially on =, THH (R).

When R = S the circle action on THH(R) = S is trivial, so the d*-differential in the circle
Tate spectral sequence alternates between zero and multiplication by n in 7, THH(R) = m.(S5).
The resulting Tate spectral sequence agrees with the Atiyah—Hirzebruch spectral sequence for
StSt ~ ¥2CP>_. Knowledge of the attaching maps in complex projective spaces translates
to substantial knowledge [38] of the differential patterns in this spectral sequence. However,
the limits on our knowledge of m.(S) put bounds on how well we can understand T'C(S)
and K(S) by this approach. Explicit calculations in low degrees were made in [7, 49, 50],
but it would be desirable to place these in a context of systematic patterns, similar to the
chromatic filtration in stable homotopy theory [36, 44]. By the descent results of [18], a good
understanding of 7, TC(MU A --- A MU) (with one or more copies of MU) will also determine
1. TC(S), through a homotopy limit or descent spectral sequence. The problem of determining
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TC(MU) and K(MU) has therefore been frequently considered, for example, by Ausoni and
the author at the time when [4] was completed. In this case the g-operator acts nontrivially
on m, THH(MU), but precise formulae seem not to have been worked out before this paper.

The author has also pursued a homological approach [14] to the calculations of TH H (R)"S’
and THH(R)"® " for S-algebras such as R = MU, working with continuous homology in the
category of completed A.-comodule algebras. This led, in [8, 31, 32], to a proof that there are
p-adic equivalences

THHMUYS' & TR(MU;p) 25 THH(MU)'S,

where TF(MU;p) = holim,, THH(MU)%". This provides the foundation for a calculation
of m,THH(MU)®" by induction on n. We plan to discuss the homological approach to
THH(MU)"/S1 in a future paper.

2. Formal group laws and moving coordinates

2.1. Formal group laws and complex cobordism
The universal (commutative, 1-dimensional) formal group law
Fz,y)=v+y+ Z agz'y’
i,j>1
is defined over the Lazard ring L = Zla,; | ¢, j > 1]/I where
1= (a12 — a21,a13 — A31,0A14 — A41,023 — A32,...,

2
2a11a12 + 3a13 — 2a22, 2a75 + 3a11a13 + 4a14 — 2a23,

2 2
ajia12 + 3ajy + 6ai1a13 — aj1a22 + 6a14 — 3ass, . .. )

is the ideal generated by the coefficients of z'y’ in F(x,y) — F(y,r) and of z'y/z* in
F(F(z,y),z) — F(z, F(y, z)). Each ring homomorphism 6: L — R determines a formal group
law

i,j>1

defined over R, and this specifies a natural bijection between ring homomorphisms L — R and
formal group laws defined over R. We say that L classifies, or corepresents, formal group laws.
We give L the grading where a;; has degree 2(i + j — 1). Lazard [29] proved that L = Z[z,, |
n > 1] where z,, has degree 2n. Following Adams [1, p. 57], augmented with a little computer
algebra, we can take

1 = a1
T2 = 412
T3 = a2z — a3
Ty = Q14

as the first four generators of the Lazard ring. Quillen [42, Theorem 2] showed that the tensor
product formula for the first Chern class in complex cobordism theory specifies a formal group
law over 7, (MU), and that the homomorphism L — 7,.(MU) that classifies this formal group
law is an isomorphism.
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2.2. Strict isomorphisms

Let F and F’ be formal group laws defined over R. A strict isomorphism f: F' — F’ over R is
a formal power series

flz)=a+ Z bt

n=1

with b, € R, such that f(F(z,y)) = F'(f(z), f(y)). If R is torsion-free then there is at most
one strict isomorphism from F' to F’. Let B = Z[b, | n > 1], graded so that b,, has degree 2n.
The tensor product LB = L ® B then classifies diagrams

FLp

where ' and F’ are formal group laws and f is a strict isomorphism. Restriction along the
inclusions ny,: L — LB and ¢: B — LB lets us recover F' and f, respectively, while restriction
along the right unit nr: L — LB classifies F’. Continuing Adams’ calculations [1, p. 63], we
have

nr(ag) = ag + (2a12 + a?,)by 4 a11(6by — 3b7) + (6bs — 6b1by + 2b3)
nr(a1a) = a1s — ai3by + ara(by — b?) + ay1(3bz — 8byby + 5b7)
+ (5by — 14bybg — 6b3 + 25b3by — 10b7)
nr(azs) = ass + aizby + 2a11a12b1 + a12(8by — 6b3) + af; (3by — 2b7)
+ ay1(12b — 16b1by + 6b3) + (10by — 16b1b3 — 3b3 + 14b7by — 4b7),

where we have corrected a (rare) typographical error in Adams’ formula for ng(ag2). It follows
that

nr(z1) = o1 + 2by

nr(w2) = x2 + 21by + (3by — 2b7)

o3 + (220 4+ 23)by + 21 (4by — b3) + (2b3 + 2b1by — 207) (2.1)
x4 + (2x129 — 223)by + 2o(by — b3) + x1(3bs — 8byby + 5b7)

(
nr(xs3)
(4)

NRr(T4

+ (5by — 14byby — 6b3 + 25b3by — 10b7).

2.3. Hopf algebroids

The formal group laws and strict isomorphisms defined over R form the objects and morphisms
of a small groupoid G(R), depending functorially on the commutative ring R. The identity
morphism idp: F — F is the formal power series idp(x) =z, which is classified by an
augmentation e: LB — L. It has the form id ® ¢, where ¢: B — Z maps each b,, to zero. The
composite of two strict isomorphisms f: F — F’ and f': F' — F” is a strict isomorphism
f'f+ F — F”. The composition pairing o is a natural function

G(R)(F', F") x G(R)(F, F') — G(R)(F, F")
o (f'sf) — f'f.
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The opposite pairing e: (f, f') — f’f is classified by a coproduct ¢»: LB — LB ® , LB, where
L acts through nr on the left-hand tensor factor and through 7y on the right-hand tensor
factor. When composed with the obvious isomorphism LB ®; LB = L ® B ® B it takes the
form id ® v, where ¥»: B — B ® B defines the coproduct in a Hopf algebra structure on B. In
low degrees,

Y1) =b®1+1®b
Y(b2) =bo @14 2b; @by + 1@ by
P(bs) = b3 ® 1+ (b] + 2b2) ® by + 3by @ by + 1 @ by

$(bs) = by ® 14 (2b1by + 2b3) @ by + (3b? + 3bs) © by + 4by @ by + 1 ® by,

see [1, p. 91]. The inverse f~': F/ — F of a strict isomorphism f: F — F’ is classified by
a homomorphism x: LB — LB. Its restriction along n: L — LB is nr, while its restriction
along ¢: B — LB is vy, where x: B — B is the conjugation in the Hopf algebra structure on B.
Following [1, p. 65], for f(z) =2+, o, bya™ "' we have

fHz) =2+ Z byx™ T,
n>1
where b, = x(b,,) is given in low degrees by
l_)l = 7b1
by = 207 — by
133 = —5b§ + 5b1by — b3
by = 14b} — 21b3by + 3b3 + 6byby — by.

One might now like to say that L, LB, np, nr and v classify the objects, morphisms, sources,
targets and composition in the groupoid G(R), but due to the reversal of ordering in the pairing
e this is not quite correct. Instead, L and LB classify the objects and morphisms in the opposite
groupoid, G°?(R). A homomorphism LB — R corresponds to a diagram f: F — F’ as above,
which we can view as a morphism in G°?(R) with source F’ and target F'. Then n; and ngr
classify the target and source, respectively, and ¢ classifies the composition (f, ')+~ fe f’
in G°P(R), where f': F/ — F" is as before.

Alternatively, we can focus on the inverse strict isomorphism ¢ = f~!: F/ — F, in place of
f: F — F’'. We think of L as classifying formal group laws in the same way as before, but now
we think of LB as classifying diagrams

F&
where F and F’ are formal group laws and ¢ is the strict isomorphism
oz) =z + Z bt
n>1

with b, € B included by ¢: B — LB. The b, provide a second polynomial basis for LB over L,
so that LB = LB = L[b, | n > 1]. Then L and LB corepresent the objects and morphisms in
G(R), nr. and nr corepresent the target and source of a morphism, in that order, e corepresents
the identity morphism, v corepresents the composition pairing

G(R)(F', F) x G(R)(F", F') — G(R)(F", F)
o: (¢,¢") — &¢/,

and y corepresents passage to the inverse of a morphism.
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Novikov [41] and Landweber [26] studied the cohomology operations in complex cobordism,
which are represented by classes in MU*(MU). Turning instead to homology, Adams
[1, Lemma 4.5(ii)] showed that

7 (MU A MU) 2 7, (MU) by | 0> 1]

for specific classes b,, € m. (MU A MU), so that Quillen’s isomorphism L = 7, (MU) extends
to an isomorphism LB 2w, (MU A MU). By the results of [1, §11], the left and right
units g, nr: L — LB correspond to the homomorphisms induced by the maps MU = MU A
S — MUAMU and MU 2 S ANMU — MU A MU, respectively. Likewise, the augmentation
€: LB — L is induced by the multiplication MU A MU — MU. The coproduct ¢: LB —
LB ®p, LB is induced by the map MU A MU = MUANSANMU — MU ANMU AN MU, via the
isomorphism

7o (MU A MU) @5, a0y 7 (MU A MU) =5 w,(MU A MU A MU).

Finally, the conjugation x: LB — LB is induced by the twist map 7: MU A MU = MU A MU.
In all cases, the unlabeled map S — MU is the unit map in the ring spectrum structure. Using
the terminology introduced by Haynes Miller [35], (L, LB) and (7. (MU), m.(MU A MU)) are
isomorphic as Hopf algebroids.

2.4. Moving coordinates

So far we have classified strict isomorphisms f(z) =2+, 5, bz or ¢(z) =z +
anll}nx”“ in a way that is independent of the source and target of f and ¢. Such
‘absolute coordinates’ exist, because the Hopf algebroid (L,LB) is split. Following Araki
[3, Proposition 2.10] and Landweber [28], we can instead classify strict isomorphisms in terms
of ‘moving coordinates’. This will lead to nicer formulae for the o-operator in m,THH(MU).

The strict isomorphism
P& F
can be uniquely written as a formal sum
o) =z+p ZFcnxn-H’
n>1

with respect to the target formal group law, for a sequence of elements ¢, € LB with ¢, in
degree 2n. (In spite of the notation, these are essentially unrelated to the Chern classes.) In
low degrees,

c1 = 61
Cy = —anl_n + l_)g
c3 = —ajaby + 0%151 — ay1by + b3

cs = (af), — a12)b? — (a¥), — 2a11a12 + a13)by + (a1, — a11by — a12)by — a11bs + by
so that
c1 = —b
¢y = ayiby + (207 — by)
s = a1aby — a2 by + a1y (by — 20%) + (=5b% + 5b1by — bs)
cq = 14b] + (af, — a12)b] — 21b3bs + (a7, + a11by — a12)(267 — bo)

+ (111(517? — 5b1b2 + bd) + (a:fl — 2@11&12 —+ alg)bl + 3b§ + 6b1b3 — b4.
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Hence,
c1 = —b
ey = x1by + (207 — by)
cg = xoby — 2y + x1(by — 2b7) + (—5b3 + 5b1by — bs) (2.2)
cy = 14b] + (23 — 22)b? — 21b%by + (22 + 21by — 22) (207 — by)
+ 21 (503 — 5b1by + bs) + (2 — 4x1xo + 223)by + 3b3 + 6b1bs — by.

The moving coordinates ¢, form yet another polynomial basis for LB over L, so that
LB = LC = L[c, | n = 1]. This specifies an isomorphism of Hopf algebroids (L, LB) = (L, LC).
The left unit n;,: L — LC is given by the evident inclusion, and the augmentation e: LC — L
sends each ¢, to zero, for n > 1. The right unit nz: L — LC corepresents the source F’ of
the strict isomorphism ¢: F' — F defined as above. In the next subsection, we shall obtain a
useful formula for this right unit homomorphism.

2.5. Logarithms

The additive formal group law F, is defined by F,(z,y)=x +y. Working over L ® Q =
. (MU) ® Q there is a unique strict isomorphism

F, &8 F

from the universal formal group law to the additive one, which we can write as

log(z) =z + Z muz" !

n=1

for unique elements m,, € L ® Q, with m,, in degree 2n. See [1, Corollary 7.15] or [43, The-
orem A2.1.6]. Let exp(z) =z + >, -, m,x"" be the inverse strict isomorphism, from F,
to F. Then log F(z,y) = log(z) + log(y) and

F(z,y) = exp(log(z) + log(y))

over L ® Q. We can express the m,,, the a;; and the x,, as integer polynomials in the logarithmic
coefficients m,,. In low degrees,

mp = —m
My = 2m% — Mo
ms = —5m§’ + 5mims — mg
my = 14m‘11 — 21m§m2 + 3m§ + 6mims — my
and
a1 = —2my
a2 = 4m% — 3mo
a3 = —Sm? + 12mymsg — 4mg
A9o = —20m:1g + 24mimsy — 6ms
ar4 = 16m7 — 36mimy + 9m3 + 16myms — 5my

ag3 = T2m7 — 132mims + 27m3 + 44mymz — 10my.
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Hence,
z1 = —2my
Ty = 4m? — 3msy
w3 = —12m7 + 12mymy — 2my -

x4 = 16m] — 36mims + 9m3 + 16mims — 5ma.

The resulting homomorphism L — Z[m,, | n > 1] then induces an isomorphism L ® Q
Q[my, | n > 1], so after rationalization the classes m, serve as another set of polynomial
generators for L 2 Z[z,, | n > 1]. The rational classes m,, are canonically defined, as opposed
to the integral classes x,.

The right unit nr: L — LB can be calculated using the identity

i+1

Z nr(mn) = Zmz ZBJ (2.4)

n>0 =0 720

in LB ® Q, where mg = 1, by = 1 and nz(m,,) is equal to the degree 2n part of either side of
the formula. See [1, Proposition 9.4] or [43, Theorem A2.1.16]. Working instead with moving
coordinates we obtain the following formula, which does not seem to appear in the standard
references.

PropoSITION 2.1. The right unit ng: L — LC' is determined by the formula
ne(ma) = > mc!
(i+1)(j+1)=n+1

in LC®Q, where mo=1 and co=1. The sum runs over the indices i,7>0 with
(+1)(G+1)=n+1.

Proof. The proofs of [1, Theorem 16.1(i); 28, Theorem 3(i)] readily carry over from the
p-typical situation to the general one. The formal sum

F
o(z) = 3 cpznt!
n=0

defines a strict isomorphism

(1)« (F) <%= (ng).(F)

of formal group laws over LC. The strict isomorphism log: F' — F;, over L ® QQ induces strict
isomorphisms

(n)«(log): (L)« (F) — (nr)«(Fa) = Fu
(nr)«(log): (nr)«(F) — (1r)«(Fa) = Fa

over LC ® Q. By their uniqueness we must have

(nr)«(log) = (nL)«(log) © ¢.
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Hence,

ZnR(mn)x’H-l = log Z cjxj-‘rl _ Zlog(cja?j'H) — Z mi(Cj$j+1)l+1,

n>0 720 720 §,5>0

n+1

Concentrating on the coefficients of z yields the formula. O

3. The p-typical case

Let p be any prime. A (1-dimensional, commutative) formal group law F' over a torsion-free
Zy)-algebra R is p-typical [15, 16; 43, Definition A2.1.17] if its logarithmic coefficients satisfy
m, = 0 unless n + 1 is a power of p. In other words,

log(z) = x + Z lox?”
n=1
for a sequence of coefficients ¢, € R® Q, with ¢,, in degree 2(p™ — 1). There is a universal
p-typical formal group law F, defined over the Z,)-subalgebra V' C Q[{,, | n > 1] generated by
the coefficients of the formal power series

F(z,y) = log ™" (log() + log(y))-

By the universal property of the Lazard ring, there is a ring homomorphism a: L ® Z,) — V
classifying the underlying formal group law of F. Conversely, each formal group law over a
Zp)-algebra is strictly isomorphic to a unique p-typical one. Hence, there is a ring homomor-
phism 3: V — L ® Z,) classifying the p-typification of the universal formal group law. The
composite af: V — L ® Z,) — V is the identity, and the composite e = Ba: L® Z,y =V —
L ® Zp is (the Quillen) idempotent. After rationalization, e(m,,) = m,, if n 41 is a power
of p, and e(m,,) = 0 otherwise. It follows that

V = Z(p) [U” | n > 1],

with v, in degree 2(p" — 1), and V@ Q — Q[¢,, | n > 1] is an isomorphism. One choice of
generators vy, due to Hazewinkel [21, (4.3.1)], is recursively defined by

n—1
1—1

pln = Z giv?z:i =vn + glvﬁ_l + -+ én—l’U;{ . (31)
i=0
Here, ¢y = 1. In low degrees,

ply =1
Py = pvo + 0} (3.2)
2 2
P*ls = p*us + p(v1vf + o} va) +of L
These formulae exhibit one advantage of the p-typical context over the general one. We do not

have similar formulae characterizing polynomial generators z,, € L in terms of the logarithmic
coefficients m,, € L ® Q.

LemMmA 3.1. p"l, € V for eachn > 1.
Proof. This follows from (3.1) by induction on n. O

Quillen [42, Theorem 4] constructed the Brown—Peterson spectrum BP with maps
a: MUy — BP and : BP — MU, such that af is homotopic to the identity and Sa
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induces the idempotent e on homotopy. The resulting formal group law over 7.(BP) is then
p-typical, and the homomorphism V — 7, (BP) that classifies this p-typical formal group law
is an isomorphism.

Consider a strict isomorphism

P
given in moving coordinates by

o(z) = ZFcnx”+1.

n=0

By Araki [3, Theorem 3.6] and Landweber [28, Lemma 1], F is p-typical if and only if ¢, =0
unless n + 1 is a power of p. In other words,

o)=Y taa?”

n=0
for a sequence of coefficients t,,, with ¢ty = 1. Let
T = Zp)[tn | n > 1]

and VI =V ® T, with t,, in degree 2(p"™ — 1). Then V and VT corepresent the objects and
morphisms in the full subgroupoid T(R) C G(R) of p-typical formal group laws and their
strict isomorphisms. The inclusion nz,: V' — VT and a right unit homomorphism ng: V — VT
classify the target F' and the source F’. The augmentation e¢: VT — V mapping each t,, to zero
classifies the identity morphism. A coproduct ¢: VI — VT ®y VT classifies the composition

or T(R)(F', F) x T(R)(F", F') — T(R)(F", F),

and a conjugation y: VT — VT classifies the function sending ¢ to ¢~ ': F — F’'. The
pair (V,VT), equipped with these structure maps, is then a Hopf algebroid, corepresenting
T(R) as a functor of commutative Z,)-algebras. The full inclusion 7(R) C G(R) and the
p-typification functor G(R) — T (R) are classified by morphisms «: (L, LC) ® Z,) — (V,VT)
and f: (V,VT) — (L, LC) ® Z, of Hopf algebroids. Here, ac: L ® Z(,,) — V' is given rationally
by a(m,) =0 if n+1 is not a power of p and a(m,,) = ¢; if n+ 1 = p’. Similarly, a(c,) =0
if n+1 is not a power of p and a(c,) =t; if n+1=p'. Conversely, B(¢;) = m,_; and
B(ti) = Cpi—1-
Adams [1, Theorem 16.1(ii)] showed that

7.(BP ABP) 2 7, (BP)[t, | n > 1]

for specific classes t,, € m.(BP A BP), so that Quillen’s isomorphism V =, (BP) extends
to an isomorphism VT = 7, (BP A BP). Adams showed that the formulae for the flat Hopf
algebroid (m,(BP),m.(BP A BP)), associated to the (homotopy commutative or better) ring
spectrum BP, agree with those specified by Quillen. Landweber [28, §3] then verified that
these agree with the structure maps of (V,VT), corepresenting 7 (R).

In particular, [1, Theorem 16.1(i); 42, Theorem 5(iii)] gave a formula for the right
unit nr: V — VT after rationalization, which in our notation reads

7 n—1
nr(l,) = E Eitf =l + bty Ot 41, (3.3)
i+j=n

for n > 1. When combined with (3.1), this will give us good formulae for the o-operator in
m.THH(BP).
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4. Topological Hochschild homology and the bar construction

4.1. Chains of composable strict isomorphisms

Recall that THH(MU), is a simplicial (E ring) spectrum [¢] — THH(MU),. We shall
analyze the simplicial graded commutative ring [¢] — m,THH(MU), in terms of the Hopf
algebroids (L, LB) and (L, LC). We emphasize the latter case, since it is closer to the Hopf
algebroid (V,VT') that we need to consider in the p-typical case. However, we shall also state
some of the results for (L, LB), in part to illustrate the advantage of using moving coordinates
for these calculations.

The product map

L& L% = 7. (MU) @ 7. (MU)® — 7. (MU A MUM) = m, THH(MU),

is not an isomorphism (for ¢ > 1), but becomes one after rationalization. Since LB = LC' is
flat over L, we can rewrite its target as

W*((MU/\MU) ApU - Ao (MUAMU))gLC®L®LLC7

with g copies of MU A MU and LC. Here, LC ®;, ---®; LC =2 L ® C®? by iterated use of
standard isomorphisms of the form X ®; L®Y =2 X ® Y, for suitable X and Y. The tensor
product m,THH(MU), = L ® C®? classifies chains

1 Pq
(F0;¢1,---7¢q):(Fo<¢—F1<—...<—Fq)

of ¢ composable strict isomorphisms between formal group laws, with L classifying the formal
group law Fy and the ith copy of C classifying the strict isomorphism ¢;: F; — F;_1, presented
in moving coordinates with respect to its target. The composite homomorphism L ® L®4 —
L ® C®1 classifies the function taking (Fy; @1, ..., ¢4) to the (1 + g)-tuple of formal group laws
(Fo, F1, ..., Fy).

The ith face map d;: m. THH(MU),+1 — THH(MU), is a homomorphism L ® C®t! —
L ® C®. When 0 < i < ¢ it is induced by the multiplication MU A MU — MU of the ith and
(i 4+ 1)th copies of MU (counting from zero), and is compatible with the multiplication L ® L —
L of the ith and (i + 1)th copies of L in L ® L®9"!. Hence, it corepresents the function taking
(Fo; 1, ..., ¢q) to achain where F; has been duplicated in the ith and (¢ 4+ 1)th positions. Since
the only strict automorphism of a formal group law over a torsion-free ring is the identity, the
chain of composable strict isomorphisms must be of the form

(FO;lea"'7¢i7ida¢i+1;"'a¢q)a

where id: F; — F; denotes the identity isomorphism of the repeated formal group law. The
last face map, with ¢ = ¢ + 1, is induced by multiplying the final and initial copies of MU. It is
compatible with the multiplication of the final and initial copies of L, and therefore corepresents
the function taking (Fo; ¢1,...,¢q) to a chain where a copy of Fj has been added at the end.
This chain must have the form

(FO; ¢13 .. -’¢>q7 (¢1 o '¢q)_1)7

where (¢1 -+ ¢g) "'t Fy — F,.

The jth degeneracy map s;: m THH(MU)y—1 - THH(MU), is a homomorphism L ®
C®1~! 5 L®C%1. Tt is induced by inserting the unit map S — MU between the jth
and (j + 1)th copies of MU (counting from zero), and is compatible with the unit map
Z — L to the (§+ 1)th copy of L in L ® L®9. Tt therefore corepresents the function taking
(Fo; 1, ..., 0q) to a chain where F;; has been omitted. For 0 < j < ¢ — 2 this is the chain

(Fo; 015+, @jr10j42, .., dq), while for j = ¢ —1 we obtain (Fy; ¢1,...,¢4-1).
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4.2. Strict isomorphisms with common target

Let 8(C)e be the simplicial bar construction
lq] = B(C)y = C¥1
on the augmented algebra C. The homology of its normalized chain complex NS(C), calculates
TorC (Z,Z) = Elea] | n > 1),

since C' is flat over Z. Here, [c,] is the class in Tor( (Z,Z) = I(C)/I(C)? of the bar 1-cycle
cn, € I(C), where I(C) = ker(C — Z) = cok(Z — C) is the positive-degree part of C, and E(—)
denotes the exterior algebra on the indicated generators.

Then L ® B(C), is a simplicial graded commutative ring with

[q » L®B(C)y=LoC%,

and the homology of L ® N(C). calculates L ® Tor® (Z,Z). We think of L ® 8(C), = L ® C®1
as classifying a g-tuple

(Fosvis---7q) = (Fo = Fy)1,

of strict isomorphisms ~;: F; — Fj in moving coordinates, all with the same target.

The ith face map d;: L @ C®1T1 — L ® C®1 is given for i = 0 by the augmentation C — Z
of the first copy of C, for 1 < i < ¢ by the multiplication C ® C' — C' of the ith and (i + 1)th
copy of C' (counting from one), and for i = ¢ + 1 by the augmentation of the last copy of C.
This corepresents the function that takes (Fo;vi,...,7q) to (Fo;id,71,...,7) for ¢ =0, to
(F0; 715+ Yis Yis - - -2 7q) for 1 <4 < g, and to (Fo;71, ... ,7g,%d) for i = g + 1. In the first and
last cases, id: Fy — Fy refers to the identity isomorphism for Fj.

The jth degeneracy map s;: L® C®1~!1 — L ® C®, for 0 < j < ¢—1, is induced by the
unit Z — C to the (j 4+ 1)th copy of C (counting from one). It corepresents the function
that omits vjy1: Fj41 — Fp from the g-tuple of strict isomorphisms with target Fp, leaving

(F03 Y15+ -5 Y5> Vjt2s - -5 Va)-

4.3. A shearing isomorphism
To each chain of ¢ composable strict isomorphisms

JoNRaRy PR IRY O}

we can associate a g-tuple of strict isomorphisms
i
(FO — F i)?:l?

having the same underlying sequence Fy, F1,...,F, of formal group laws. This one-to-one
correspondence is classified by the following isomorphism.

PROPOSITION 4.1. There is an isomorphism of simplicial graded commutative rings
L®B(C)e — m,THH(MU),

that, in degree q, classifies the bijection

o

(FO;¢17"'?¢(]) — (F0§’Y17--~7’Yq)a

where v; = ¢1 -+ - ¢; for 1 < i < q. Its inverse is given by ¢1 = vy, and ¢; = 'y;_llfyi for2 <i<gq.
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Proof. The stated bijection is natural (in the ring over which the formal group laws and
the strict isomorphisms are defined), hence is corepresented by an isomorphism

L®B(C)y=L®C% = LeC% =g, THH(MU),.

This is the identity for ¢ = 0 and ¢ = 1, but has a more complex expression for ¢ > 2, which
we do not need to make explicit.

It remains to verify that these isomorphisms L ® 5(C), = m,THH(MU), are compatible
with the simplicial structure maps. This follows from the explicit descriptions given in the
previous two subsections: On both sides of the isomorphism the ith face map, except for the
last one, classifies the function that repeats F; in the underlying sequence of formal group
laws. Similarly, on both sides the last face map classifies the function that appends Fy to the
underlying sequence. This ensures that all face maps are compatible under these isomorphisms.
Finally, on both sides the jth degeneracy map classifies the function that omits £, from the
underlying sequence. This ensures that all degeneracy maps are compatible. [

Turning to the split case, we have an isomorphism

mTHH(MU), 2 LB®, - ®, LB~ L ® B
and L ® B®1 classifies chains
/ i
(Fo;fl,...,fq) = (FO —I)Fl —_— ... —q>Fq)

of ¢ composable strict isomorphisms. On the other hand, L ® 8(B), = L ® B®? classifies g¢-
tuples

(Fo?gl7""gq) = (FO i>}?i)gzl

of strict isomorphisms, all with the same source.

PROPOSITION 4.2. There is an isomorphism of simplicial graded commutative rings
L® B(B)e — m,THH(MU),
that, in degree q, classifies the bijection

(Fo; fis -+ fo) /= (Foi g1, -+, 94)
where g; = f;--- f1 for 1 < i < q. Its inverse is given by f1 = g1 and f; = gigi:ll for2 <i<q.
Proof. The proof follows the same lines in the split case as for moving coordinates. One
difference is that in the split case the isomorphism
L®B(B),=L®B* = LgB% =x,THH(MU),

can easily be made explicit as the tensor product of the identity on L and an isomorphism
B®1 =~ B®4_ given by the (¢ + 1 — i)-fold coproduct

B — B®ati-i
from the ith copy of B, followed by a permutation and the i-fold product
B® — B

to the ith copy of B. O

In the p-typical case, the product map
V®V® =x,(BP)®n.(BP)* — n,(BP A BP") = n, THH(BP),
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becomes an isomorphism after rationalization. Since VT is flat over V we can rewrite the target
as

7.((BP NBP) Agp - Agp (BPANBP)) = VT @y --- @y VT.
There is an evident isomorphism
VI®y - @y VI 2V T,
and V ® T®9 classifies chains
@
(Fo;é1,--.,04) = (Fo hal Fi«— ...<~F)

of ¢ composable strict isomorphisms between p-typical formal group laws. On the other hand,
V®pB(T), =V ®T? classifies g-tuples

(Fo,’}’h cee »’Yq) = (FO — Fi)?:l

of strict isomorphisms between p-typical formal group laws, all with the same target.

PROPOSITION 4.3. There is an isomorphism of simplicial graded commutative rings
V & B(T)e — 7, THH(BP),
that, in degree q, classifies the bijection
(F0; @1, 5 Bg) = (Fo; 715+ -+, 7g)
where v; = ¢1 -+ - ¢; for 1 < i < q. Its inverse is given by ¢1 = 1 and ¢; = fy;llfyi for2 <i<gq.
Proof. The proof is the same as for m,THH(MU), with moving coordinates, except that
all formal group laws in sight are p-typical. O
4.4. 'The skeleton spectral sequence
We return to MU with moving coordinates.
PROPOSITION 4.4. The skeleton spectral sequence for 7. THH (MU) collapses at the E*-
term
E?=E> = [ ® T (Z,7).
For each n > 1 there is a unique class \), € mo, 11 THH(MU) detected by [c,] in ET%,,, and
mTHH(MU) 2 r,(MU)® E(X, |n>1).

Proof. The isomorphism of simplicial commutative rings
T THH(MU)s 2 L® B(C),
induces an isomorphism
E'= Nn,THH(MU), = L ® NB(C).
of normalized differential graded algebras, hence also of homology algebras
E? = [ @TorC(Z,Z) = L& E([cn] | n > 1).

The skeleton spectral sequence is a multiplicative first quadrant spectral sequence. It
follows that it collapses at the E2-term, since the algebra generators are concentrated in
filtrations 0 and 1.
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The class [c,] € Ef 5, = E7%, detects a class \], in the image of
Toni1 (sky THH(MU)) — o THH(MU)
and is well-defined modulo the image of
Toni1 (skoTHH(MU)) —s mon  THH(MU).

Since mop11(skoTHH(MU)) = mo,11(MU) =0, the class X, € mo, 1 THH(MU) is in fact
well defined by this condition. (We could also have used the fact that MU splits off from
THH(MU), using the augmentation THH(MU) — MU, to arrange that A/, maps to zero
under the augmentation, but this method of normalization is irrelevant for the current
investigation.)

Since each X/, is in an odd degree, and 7, THH (MU) is graded-commutative, it follows that
the X/, for n > 1 freely generate n,THH (MU) over L = m,(MU), concluding the proof. [

Here is the split analogue.

PROPOSITION 4.5. The skeleton spectral sequence for m, THH(MU) collapses at the E*-
term

E?=E* =L ®To?(2,7).
For each n > 1 there is a unique class e, € w1 THH(MU) detected by [b,] in E%,,, and
mTHH(MU)=L® E(e, | n>1).
The expressions (2.2) for the ¢, in terms of the absolute coordinates in LB lead to relations

in L ® Tor?(Z,7) which detect the following identities in m, THH(MU):

A= —e;

Ay =mz1e1 — e

Ny = (12 — 27)er + z1e2 — €3

L= (223 — 4zyx0 + 2 )ey + (w2 — 27 )es + 103 — €4.

Here is the p-typical statement.

PROPOSITION 4.6. The skeleton spectral sequence for w,THH(BP) collapses at the E*-
term

E?’=E*>=2V® TOIZ(Z(p),Z(p)).

For each n > 1 there is a unique class A\, € mopn_1THH(BP) detected by [t,] in ET%pn o,
and

mTHH(BP) 2 m,(BP)® E(\, | n>1).
The proof is the same as for MU.

REMARK 4.7. Following Andy Baker and Larry Smith, Jim McClure and Ross Staffeldt
[34, Remark 4.3] calculated m,THH(MU) 2 7,(MU)® E(X\,, |n > 1) and m,THH(BP) =
T«(BP)® E(A, | n > 1) as graded rings, where the classes X/, in degree 2n+1 and A, in
degree 2p™ — 1 were only specified in terms of their mod p Hurewicz images. Our choices of
generators A/, and A, are uniquely defined, and have the feature that (X)) = 0 and o(A,,) = 0.
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5. The circle action and the right unit

For any S-algebra R, the cyclic structure on T'"H H (R), induces a circle action on its realization.
Its restriction

RAS, — THH(R)AS, — THH(R)

to the O-skeleton R = skoTHH (R) C THH(R) factors through the 1-skeleton sk;THH(R) C
THH(R) as the map induced by the right unit np: R~ SA R — RA R, from the pushout
RASL = RA(A'JOAY), of the maps

R+— RAOAL — RAAL
to the pushout sk1THH(R) of the maps
R+— (RARANIAL)U(RANSAAL) — RARAAL.

This follows from the definition of the circle action, which for a 0-simplex z traces out the loop
given by the 1-simplex ¢1s0(x). Hence, we have a map of horizontal cofiber sequences

R RASL SR

| |

R—— skyTHH(R) — S(R A R/S)

where the right-hand vertical map is the suspension of the composite

IAT

R2SARX RARZ5 RAR/S.

Using the splitting of the upper row, we see that the right-hand vertical map is also the
composite

SR -Zs skyTHH(R) — S(R A R/S).

This proves the following result.

PROPOSITION 5.1. For = € m.(R) the homotopy class o(x) € w1 THH(R) is detected in
EY%, of the skeleton spectral sequence by the class of the infinite cycle

(LAT)nr(z) € m(RAR/S) = E] ,.

We now specialize to R = MU. In terms of moving coordinates, the maps nr and 7 induce
the homomorphisms

LM Ic=LeC 5 LeIC),

where 7 is the right unit and 7: C — I(C) is the projection away from Z — C. We can also
view LC' — L ® I(C) as the cokernel of the left unit ny,: L — LC. The split case is practically
the same.

PRrOPOSITION 5.2.  The rationalized o-operator
T.(MU)®Q — me 1 THH(MU) @ Q
is the (right) derivation given by

a(m,) = \,.
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Proof. By Propositions 2.1 and 5.1, o(m,,) is detected in E7S, ® Q by the image of
nr(ma) = Y md™!
(i+1)(G+1)=n+1
under the projections
LoCR®Q —LeI(C)®Q — Lo I(C)/I(C)?®Q=LcTal(2,2) 2 Q.

The term with j = 0 maps to zero in L ® I(C) ® Q, and the terms with ¢ > 1 map to zero
in L I(C)/I(C)>®Q, so only the term with i =0 and j = n remains. Hence, o(m,) is
detected by [c,] in ES, ® Q = L ® Torlc (Z,Z) ® Q, and this characterizes the homotopy class
N € To 1 THH(MU) C 70, W THH(MU) @ Q. O

THEOREM 5.3. The o-operator
o: M THH(MU) — o THH(MU)
is the (right) Z-linear derivation acting on
. THH(MU) 2 m,(MU)® E(X, |n>1)

by taking x € L 2 7,(MU) C n,THH(MU) to the homotopy class o(z) € m, 1\ THH(MU)
detected by the image of ng(z) € LC in L ® Tor$ (Z,7) = EY<,, while

a(\)=0
for all n > 1. In low degrees,
o(z) = —2)\]
o(z2) = —4x N] — 3)\,
o(x3) = —(4xy 4 522)N) — 621\, — 205
o(r4) = —4(225 — 122)N] — 3(2z2 + 2T)Ns — 821 N5 — 5N

Proof. The general statements summarize Propositions 4.4, 5.1 and 5.2. We know that

o(\,) =oc%*(m,) =0in m,THH(MU) ® Q, since o acts as a differential. Hence, o(\,) = 0 in
m.THH (M U), since these groups are torsion-free.

For the explicit formulae, we first calculate in M, THH(MU) Q=L@ E\, |n>1)®Q,
using the expressions (2.3) for the z,, in terms of the m,,, and applying the derivation o:

o(z1) = —2)\]

o(xa) = 8mi ] — 3\,

o(z3) = 12(ma — 3mI)N| + 12my Ny — 2\

o(x4) = 8(8m? — 9mymy + 2mz)\; + 18(ma — 2m3) Ny + 16my Ny — 5N,

The asserted formulae in m,THH(MU) = L® E(X, |n > 1) then follow, by rewriting the
polynomials in the m,, as elements of L. O

Here is the analogous result in the split case. We do not have a closed formula for o(e,,).

THEOREM 5.4. The o-operator o: m,THH(MU) — 7, 1 THH(MU) is the (right) Z-linear
derivation acting on

mnTHH(MU) = 7, (MU) ® E(e, | n > 1)
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by taking x € L = 7, (MU) C m,THH(MU) to the homotopy class o(z) € m, 1 THH(MU)
detected by the image of np(z) € LB in L ® Tor?(Z,7) = EYS.. The classes o(e,) are
inductively determined by the relation o*(z,,) = 0. In low degrees,

o(x1) = 2e4

o(x2) = x1€1 + ey

o(z3) = 2z + x1)61 +4zieq + 2e3
(24) =

(2z1x9 — 2w3)e1 + xoea + 3x1e3 + Hey

and
ole1) =0
o(es) =0
o(es) =ejes
o(eq) = 2ee3

Proof. For x,, we use (2.1) to calculate

(1@ m)nr(z:) =

(1 ® m)nr(rs) = x1by + (3by — 2b7)

(1@ mnr(xs) = (229 4+ 27)by + 21 (4by — b3) + (2b3 + 2b1by — 2b3)
(1@ m)nr(zs) = (22129 — 223)b1 + 22(by — b3) + 21(3b3 — 8b1ba + 5b7)

+ (5by — 14bybz — 6b3 + 25b2by — 10b7)

in B} , = L® I(B). Hence, o(x,) is detected by

[ 1®m Nr(ZTa ] = (21’1.%2 — 21[:3)[b1] + I’Q[bg] + 3$1[b3] + 5[b4]

in BYS, =L® Tor?(Z,7). Since e, € Ty, 1 THH(MU) is characterized by being detected
by [bn] € El 5, the stated formulae for o(z,) hold. Furthermore, 0 =0 when acting on
mTHH(MU), and the e, generate an exterior algebra, so it follows that

0=0((2z2 + xl)el +4x1e5 + 2e3) = —2e1es + 20(e3)

0 =0((2z122 — 2x3)€1 + x2€2 + 31635 + Hey) = —10e1e3 + 5o (eq).
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Here, we have used the form of the Leibniz rule that is appropriate for right actions, that
is, o(zy) = zo(y) + (=)o (2)y. Since m,THH(MU) is torsion-free, this implies the stated
formulae for o(e,,). O

We now turn to the p-typical case.

PROPOSITION 5.5.  The rationalized o-operator m,(BP) @ Q — w1« THH(BP) ® Q is the
(right) derivation given by

o(ln) = Ap.

Proof. By (3.3) and Proposition 5.1, ¢(£,,) is detected in E7°, ® Q by the image of
nR(gn) = Z Zit";z
i+j=n
under the projections
VRTeQ—VeI(T)©Q— Ve IT)/I(T)?®Q=V T (Zy),Ly) ®Q.

The term with j = 0 maps to zero in V ® I(T) ® Q, and the terms with ¢ > 1 map to zero in
V@ I(T)/I(T)?> ® Q, so only the term with i = 0 and j = n remains. Hence, o(¢,,) is detected
by [t,] in B, ®@Q=V® Tor{ (Z(py, Zpy) ® Q, and this characterizes the homotopy class
A € Tope A\ THH(BP) C mypn _THH(BP) @ Q. O

THEOREM 5.6. The o-operator

o: 1, THH(BP) — 7.1 THH(BP)
is the (right) Z(y)-linear derivation acting on
mTHH(BP) = 1, (BP)® E(A\, |n>1)

by taking x € V =2 7, (BP) C m,THH(BP) to the class o(z) € m,;: W THH(BP) detected by
the image of nr(z) € VT in V & Tor{ (Z(,), Zy)) = EY<., while

o(An) =0

for all n > 1. In low degrees,

o(v1) = ph
o(v2) = pra — (p+ 1)oP N
o(vs)

2

_ _ 27 2
(v3) = pAs — (pr1vd '+ o0 )Ae — (05 — (p+ DV ob " + p?ol oy + ol TP AL

Proof. The general results are proved as for MU with moving coordinates. For the explicit
formulae, we apply the derivation o to (3.1), to obtain

n—1

P =o(vn)+ > (vﬁi_i)\i + (pi&)vz:la(vn,i)) (5.1)
=1

Here, p'/; lies in V by Lemma 3.1, and is listed in low degrees in (3.2). This leads to
pA1 = o(v1)
Pha = o (v9) + (VYA + 010} o(v1))
Pha = o(vg) + (A1 +01d o)) + (o Az + (prz + 07 el (o))

which we can rewrite as stated. O
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6. The circle Tate construction

We can now calculate the d>-differential and E® = E*-term of the circle Tate spectral sequence
B2, = Z[t,t | @ . THH(MU) — =, THH(MU)'S",

in the first few degrees. Since n acts trivially on 7.THH (MU), the d*-differential is given by
the o-operator, and

E}, =E!, =7[tt '@ Hx.THH(MU),0).

Let us first note that after rationalization the spectral sequence collapses after the
d?-differential.

PRrOPOSITION 6.1. Rationally,
T (MU) ® Q= Q[my, | n > 1]
mTHHMU)Q2Qm, |n>1®@ EWN, |n>1)
H(m,THH(MU),0) ® Q= Q.

Proof. We know that 7.(MU)® Q= L®Q = Q[m, |n > 1] and
mTHHMU)Q2m,(MU)QEWN, [ n>21)Q2Q[m, |n=>1]0 EWN,|n>1),

with o(m,) = X,. Here, H(Q[m,] ® E(\,,),0) = Q, for each n > 1, so the near-vanishing of
H(m,THH(MU) ® Q, o) follows by the Kiinneth theorem. d

Integrally, the situation is more complicated.

THEOREM 6.2.

Z{1} for x =0,
0 for x =1,2,4,6,8,
Z/2{\}} for x = 3,
Z] 4z N} @ Z/3{ )] for x =5,
H(r,THH(MU),0) = /4 , 1} {22} _
Z]A{ N} @ Z/3{227)\) } for * =7,
Z/16{(£C3 - 2%11’2))\/1 + 1'1)\3}
®Z/6{(x7 — x2)Ns} B Z/5{\,} forx =09,
Z/2{ N\ N5} for * = 10.

Proof. Additively,
mTHH(MU) = (Z{1},0,Z{x1 }, Z{\, }, Z{x3, x2 }, Z{x1 N}, Ny},
Z{aS wxo, 23}, Z{x AN, 2o N, 21 Mo, A5}, ZANA,, . )L,

As a cochain complex with differential given by the o-operator, this breaks up as a direct sum
of the shorter complexes

Z{1}
(-2)

Z{w:} — Z{\}
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3
Z{x?, xo} — Z{x1 N}, N5}

-6 -4 -5
0 -2 -4
0 -3 -6
3 0 0 —2 2/ / ARV (0 -3 2 0) V]
Z{x], x129,23} — Z{xI A}, T2}, T1A5, A } — YARNPYY
and
-8 —4 -5 0 0
0 —4 -4 =8 4
0 0 -2 0 -8
0 -3 -6 0 -3
0 0 0 -6 -6
0 0 -2 0 -8
0 0 0 0 -5
2{14117333552,951963,%%,964} —
(0 -3 —6 4 4 0 0)
0 0 -2 0 0 2 0
TNy, 2120 N], 23N, oINS, wa N, 21 Mg, Ay} —

1 \/ 1 \/
Z{x1 N1 A, AT A5}
By rational considerations, ¢ acts injectively on the remaining summand
5.3
Z{x},x 22, ..., Tox3, T5}

of moTHH(MU). The result then follows by comparing images and kernels in these
complexes. O

Here is the same calculation in absolute coordinates.

THEOREM 6.3.

Z{1} for x = 0,

0 for x =1,2,4,6,8,

Z]2{e1} for x = 3,
H(m,THH(MU),0) =< Z/12{e>} for x =5,

Z/12{es} for x =7,

Z/240{e}} ® Z/2{e)} for x =9,

Z/2{e1e3} for x = 10,

where
/
€3 = e3 + 2x1e3 + 1261
I 2
€4 = €4 — Tz — T3€]

1"
€4 = T1T2€1 + 3%262.
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Proof. Additively,
. THH(MU) = (Z{1},0,Z{z1},Z{e1 }, Z{x3, x2}, Z{x1e1, €2},

Z{x‘i’,xlxg, 1‘3},Z{.’E%el,$2€1,.’B162,€3}7Z{6162, el

The cochain complex (m,THH(MU), o) breaks up as the direct sum of the complexes

Z{1}

2
Z{(El} Q Z{el}

o3

Z{at, a2} ~ — ' Z{wie, e}
6 1 1
0o 2 2
0 3 4
0 0 2 ) (0 3 -2
Z{x3 219, 23} — Z{xie1,x2e1,T1€2, €3} — Z{eies}
and
8 1 1 0 0
0 4 2 2 2
0O 0 2 0 -2
0 3 4 0 0
0 0 0 6 1
0 0 2 0 3
4 o ) 0 0 0 O 5
Z{x], w122, 2123, T3, Ta } -
0 3 4 -4 -1 1 0
. 0 0 2 0 0 -2 2
Z{xfel,xlI'Qel,"E361,$%62,$262,l’163,64} —
Z{xleleg,eleg}.
The result then follows by comparing images and kernels. O

REMARK 6.4. Ignoring decomposables, one might have expected that the o-operator acts
on m,THH(MU) by o(z,) = d,e,, where d,, = p if n + 1 is a power of a prime p and d,, = 1
otherwise, and that o(e,) = 0. This would alter the group structure of H(m,THH(MU), o)
in degree 7 to Z/2{e3} ® Z/6{x%e1}, and in degree 9 to Z/120 ® (Z/2)?, and is therefore not
a permissible simplification. Any expectation that H(m,THH(MU), o) might be trivial in all
positive even degrees, or cyclic in all positive odd degrees, is also dispelled by these calculations.

We can also calculate the d?-differential and E? = E*-term of the circle Tate spectral
sequence

E?, =1Z[t,t " |® n.THH(BP) = n.THH(BP)'S',

in the first few degrees. Since n acts trivially on 7, THH (BP), the d>-differential is given by
the o-operator, and

E},=E!, =7t "o Hx.THH(BP),0).
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Rationally, this spectral sequence collapses after the d?-differential.
PROPOSITION 6.5.

7. (BP)® Q2 Qlt, | n > 1]
7 THH(BP)®Q=Q[l, |n>1®E\ |n>1)
H(x,THH(BP),0) ® Q= Q.

The proof is the same as for Proposition 6.1.

THEOREM 6.6.

Zpy{1} for + = 0,

Z/p{vi A} forx=i(2p—2)+1,1<i<p—1,

Z/p*{v' "'\ } for x = 2p%> — 2p + 1,
H(m,THH(BP),0) = { Z/p*{ X2} for = 2p* — 1,

Zpy /P> (p 4 2){vad1 + v1Xo}  for x = 2p* 4+ 2p — 3,

Z/p{ A2} for * = 2p* +2p — 2,

0 for the remaining * < 2p? + 4p — 6.

The group in degree * = 2p* + 2p — 3 is Z/p? for p odd, and Z/16 for p = 2.

Proof. The cochain complex (7. THH(BP), o) is the direct sum of a sequence of smaller
complexes, which begin with

Z(p){l}
Zp){v1} @ Zp)iri}

2
p) {’U%} @ Z(p) {U1>\1}

2
Zpy{vi} @ Zpy{v? ™ A}
<p(p +1) —(p+ 1))

Zpy (Pt 02} ! - P Zipy {01, Ao}
and
plp+2) —(p+ 1))
0 p
Zpy {02, 100} 0 7 Zipy {07 A1, oo, v A0} (0 r, ) Zipy{Aira}

It is elementary to calculate the cohomology of these complexes. (I
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7. Algebraic de Rham cohomology

For any ring R there is a linearization map 7. THH (R) — HH,(R) to Hochschild homology,
which is a rational isomorphism. If R is commutative, then there is also a multiplicative
homomorphism Qf, — HH,(R) from the algebra of de Rham forms to Hochschild homology,
which by the Hochschild-Kostant—Rosenberg theorem [25] is an isomorphism when R is
smooth. The o-operator on 7, THH(R) is compatible with the Connes B-operator acting
on HH.(R) and the exterior differential d acting on Q},, as proved by Loday—Quillen
[30, Proposition 2.2]. Hence, the linearization map from the Tate spectral sequence (1.1) for
THH(R) to the corresponding spectral sequence

E?, =7]t,t"')® HH.(R) = HP.(R), (7.1)

converging to the periodic cyclic homology H P, (R), becomes an isomorphism after rational-
ization. In particular, the map of E3-terms

Zt,t'|® H(x,THH(R),0) — Z[t,t ‘| ® H(HH,(R), B)
is a rational isomorphism. Furthermore, the induced homomorphism
Hir(R) = H(QR,d) — H(HH.(R), B)

from the algebraic de Rham cohomology of R is an isomorphism for R smooth. It is known
[30, Theorem 2.9] that after rationalization the spectral sequence (7.1) collapses after the
d?-differentials, so that E° @ Q = E* ® Q.

In view of these classical results, it would be interesting to obtain a more intrin-
sic algebraic description of the E3-terms Z[t,t '|® H(r, THH(MU),0) and Z[t,t '] ®
H(m,THH(BP),o) of the Tate spectral sequences (1.1) converging to m,THH(MU)'S'

and 7, THH(BP)"* ", respectively, than those offered in Theorems 6.2 and 6.6. As first
approximations to such descriptions we observe below that there are natural homomorphisms

Hjp(r (MU)) — H(mn . THH(MU),0) — Hjp(H.(MU))
and
Hjp(n.(BP)) — H(r,THH(BP),0) — H;p(H.(BP)),

relating the de Rham cohomology of the graded commutative rings 7,(MU) = L, H.(MU) =
C,7.(BP) 2V and H,(BP) = T to the E3-terms of interest. These are rational isomorphisms,
in a trivial way, but fail to be integral isomorphisms. Finally, we observe that the Tate spectral
sequences (1.1) for MU and BP do not collapse after the d?-differential, due to the presence
of nonzero d*-differentials for THH(MU)* " and nonzero d?-differentials for THH (BP)® "

7.1. The Hurewicz homomorphism

Let HR denote the Eilenberg—Mac Lane ring spectrum of a ring R. There is a unique map
MU — HZ of E ring spectra, and a unique map BP — HZ, of E, ring spectra. The
following two lemmas are well known.
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LEMMA 7.1. There is a commutative diagram of graded commutative rings

B
L— > LB H,(MU)
=
L®Q———— H,(MU)® Q.

o

where LB — H,(MU) is the surjective homomorphism
(MU ANMU) — 7. (HZNMU) = H,(MU)

induced by MU — HZ. The composition h: 7,(MU) = L — H,(MU) is the Hurewicz homo-
morphism, and h ® Q sends m,, € L ® Q to the image of b, € B in H.(MU) ® Q. There is a
similar commutative diagram with C and LC in place of B and LB, where h ® Q sends m,, to
the image of ¢, € C.

Proof. The Hurewicz homomorphism h: 7, (MU) — H,(MU) is induced by the composi-
tion

MU=SANMU — MUANMU — HZ AN MU.

The first map induces the right unit ngr: L — LB. The second map induces the surjective
homomorphism

LB —7Z®y LB~ 7, (HZ Ay (MU A MU)) = 7, (HZ A MU),

where we use that LB 2, (MU A MU) is flat as a (left) module over L 2 7, (MU). The
composition B — LB — Z ®, LB is evidently an isomorphism, and similarly for C — LC' —
Z Q5 LC.

Using (2.4) and Proposition 2.1, we see that the image of nr(my,) in H,(MU) ® Q is equal
to the images of b, € B and ¢, € C, since the remaining terms in each sum are sent to zero
under 7,(MU AMU) — w.(HZ N MU). O

LEMMA 7.2. There is a commutative diagram of graded commutative Z,)-algebras

|
v yT H,(BP)
l\\‘ﬁ‘/i
h®Q

V®Q

H.(BP)® Q,

o~

where VT — H,.(BP) is the surjective homomorphism

7.(BP A BP) —» m,(HZ,) A BP) = H,(BP)
induced by BP — HZ,. The composition h: m.(BP) =V — H.(BP) is the Hurewicz
homomorphism, and h ® Q sends ¢, € V ® Q to the image of t,, € T in H,(BP) ® Q.

Proof. The proof is similar to that of Lemma 7.1, using (3.3) to calculate the image of h(¢,,)
in Z(p) Ry VI®Q=H,(BP)®Q. O
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7.2. Algebraic de Rham complexes
The Hurewicz homomorphism h: m,(MU) — H.(MU) maps m(MU) = L =7Z[z, |n > 1]
injectively to H,(MU) 2 C = Z[c,, | n > 1]. Let

O = L{dx, |n>1} = L ® Tor(Z,7)
be the module of Kéhler differentials of L over Z, and let {2} be the algebraic de Rham complex,
with Qf 2 L ® Toré(Z,Z) in codegree g. The exterior differential d: Q% — QI*" is given by
d(Tn, dzy, - - - dxy,,) = dry,day,, - - - de,, . Let us view

. THH(MU) = L ® Tor$(Z,7)

as a cohomologically graded object (in addition to the internal, homotopical grading), with
L® Toqu(Z7 7) in codegree q. Let o'(x) = (—1)*lo(z) denote the left derivation associated
to 0. We then have inclusions

(Q;,d) — (m.THH(MU),0") — (QF,d)
of cocomplexes, given in codegree g by
L®Torl(Z,Z) C L® Tor{(Z,Z) C C ® Tor{ (Z,Z).

The first inclusion maps dz,, € Q} to o’(z,,) € . THH(MU), while the second inclusion maps
N € m,THH(MU) to dec, € Qf, which corresponds to [c,] € Tor{ (Z,Z).

Similarly, 7.(BP) 2V = Z,[v, | n > 1] maps injectively by the Hurewicz homomorphism
to H,(BP) =T = Z,)[t, | n > 1]. We view

m.THH(BP) =V @ Torl (Z,), Z))

as a cohomologically graded object, with V ® Torz;(Z(p),Z(p)) in codegree g. We then have
inclusions

(Q},d) — (r, THH(BP),0") — (Q},d)
of cocomplexes, given in codegree g by
V& Tor (Zy), L)) C V & Torg (Zy), Ziy)) € T @ Torg (Ziy), Zy))-

The first inclusion sends dv,, € O, to o’(v,) € 7. THH(BP), while the second inclusion sends
\n € M THH(BP) to dt,, € Qk, which corresponds to [t,] € Torf(Z(p),Z(p)).

Hence, (m,THH(MU),0') is bracketed between the de Rham complexes (2} ,d) and
(Q%,d), while (m,THH(BP),0') is bracketed between (Qj,,d) and (Q%,d). The induced
homomorphisms in cohomology

Hjp(L) =P HYQ;,d) — H(m.THH(MU),0) — @ H) (2%, d) = Hjz(C)
q q
and
Hjp(V) = P H(2,d) — H(n.THH(BP),0) — D H* (. d) = Hjp(T)
q q

are, however, far from isomorphisms.

7.3. Further differentials

The E., ring spectrum map MU — HZ induces a homomorphism (7. THH(MU), o) —
(m. THH(Z),0) of differential graded algebras, sending A} € msTHH(MU) = Z to a generator
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g3 € m3THH(Z) = Z/2. In the circle Tate spectral sequence for TH H(Z) there is a nonzero
differential

d*(t™) = tgs,

see [45, Theorem 1.3; 47, Theorem 1.9(2)]. By naturality, it follows that there is a nonzero
differential

At =\

in the circle Tate spectral sequence for THH(MU). It also follows that there are nonzero
differentials

AN = PN,

for all i of one parity.

Similarly, the Fj ring spectrum map BP — HZ,) induces a differential graded algebra
homomorphism (7. THH(BP),0) — (m.THH(Z,)),o) sending \; € mop, THH(BP) = Z,
to a generator gop 1 € Mo \THH(Z)) = Z/p. In the circle Tate spectral sequence for
THH(Z,)) there is a nonzero differential

d2p<t1_p) - t92p71
(see [10, p. 100] in the odd case), hence there is a nonzero differential
d?P(t1P) =t

in the circle Tate spectral sequence for THH (BP). It follows that there are also nonzero
differentials

d?P(t'No) = tTP A\,

for 4 in all but one congruence class of integers modulo p.

These observations show that after the d?-differentials given by the o-operator there will also
be later differentials in these Tate spectral sequences, originating not only on the horizontal
axis. To determine the precise differential structure will require other methods than those of
the present paper. A good beginning would be given by determining the differentials in the
Cp-Tate spectral sequence

E?, =H *(Cp,m,THH(MU)) = m.THH(MU)"“",
where we know by [31] that the target is p-adically equivalent to THH(MU).
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