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1 An introduction to adic spaces

This year’s AWS topic is perfectoid spaces, a difficult topic to treat in one week
if there ever was one. But given the interest in the topic, and the huge amount
of important work awaiting young mathematicians who want to work on this
field, it is certainly a worthy effort. The lecture notes here are meant to be a
motivated introduction to adic spaces, perfectoid spaces and diamonds, for the
reader who knows some algebraic geometry.

1.1 What is a “space”?

Consider the different kinds of geometric “spaces” you know about. First you
learned about topological spaces. Then came various sorts of manifolds, which
are topological spaces which locally look like a model space (an open subset of
R"™). Then you learned that manifolds could carry different structures (differ-
entiable, smooth, complex, ...). You could express these structures in terms of
the transition functions between charts on your manifold. But this is a little
awkward, thinking of everything in terms of charts. Later you learned a more
efficient definition: a manifold with one of these structures is a ringed space
(X, Ox), where X is a topological space and Ox is a sheaf of rings on X, such
that locally on X the pair (X, Ox) is isomorphic to one of the model spaces,
together with its sheaf of (differentiable, smooth, complex) functions. An ad-
vantage of this point of view is that it becomes simple to define a morphism
f: X — Y between such objects: it is a continuous map of topological spaces
together with a homomorphism Oy — f.Ox (in other words, functions pull
back).

This formulation of spaces in terms of pairs (X, Ox) was good preparation
for learning about schemes, the modern language of algebraic geometry. This
time the model spaces are affine schemes, which are spectra of rings. For a ring
A, the topological space Spec A may have initially seemed strange—in particular
it is not generally Hausdorff. But then you learn some advantages of working
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with schemes. For instance, an integral scheme X has a generic point n. It
is enormously useful to take an object associated with X (a morphism to X,
an Ox-module, an étale sheaf on X, ...) and pass to its generic fiber, which
is associated with the function field of X. Usually if some property is true on
the generic fiber, then it is also true “generically” on X (that is, on a dense
open subset). Number theorists use this language all the time in the setting
of SpecZ: if a property holds over the generic point Spec Q, then it holds at
almost all special points Spec F,.

The language of formal schemes is useful for studying what happens in an
infinitesimal neighborhood of a closed subset of a scheme. Thus formal schemes
often arise in deformation theory. This time, the model spaces are formal spectra
Spf A, where A is an admissible topological ring. (Examples of such A include
Z, and Z[T].) The notation Spf stands for “formal spectrum”, and refers to
the collection of open prime ideals of A. This can be given the structure of a
topological space X, which is equipped with a sheaf Ox of topological rings.

In the theory of complex-analytic spaces, the model space is the vanishing
locus of a collection of holomorphic functions on an open subset of C™. Thus
it is like the theory of complex manifolds, except that some singularities are
allowed. The theory of complex-analytic spaces has many nice interactions with
the theory of schemes. If X is a finite-type scheme over Spec C, then there is a
complex-analytic space X2", the analytification of X, which is universal for the
property of admitting a morphism of ringed spaces (X", Oxan) — (X, Ox).
Conversely, if X is a complex-analytic space admitting a closed immerson into
projective space, then X is the analytification of a projective complex variety
X, and then X and & have equivalent categories of coherent sheaves, and the
equivalence respects cohomology groups (Serre’s GAGA theorem). In this situ-
ation there are comparison isomorphisms between the étale cohomology groups
of X and X. There are further relations known as uniformizations; most well-
known of these is the phenomenon that if F is an elliptic curve over Spec C,
then there exists a lattice L C C such that E*® = C/L as complex-analytic
spaces.

1.2 Rigid-analytic spaces

Let us turn our attention from archimedean fields (R and C) to non-archimedean
fields (Q,, C,, k((t)) for any field k). Both are kinds of complete metric fields,
S0 it is natural to expect a good theory of manifolds or analytic spaces for a non-
archimedean field K. Which ringed spaces (X, Ox) should serve as our model
spaces? The naive answer is that (to define a manifold) X should be an open
subset of K", and Ox should be its sheaf of continuous K-valued functions.
The problem with this approach is that X is totally-disconnected, which makes
it too easy to glue functions together. This problem will ruin an attempt to
emulate the complex theory: if X = P! defined this way, then HY(X,0x) # K
(violating GAGA) and HY, (X, A) # A (violating the comparison isomorphism).

Nonetheless, Tate observed that some elliptic curves over K (those with
multiplicative reduction) admit an explicit uniformization by K*, which hints



that there should be a good theory of analytic varieties. Tate’s uniformization
involved power series which converged on certain sorts of domains in K *. Tate’s
theory of rigid-analytic spaces is a language which satisfies most of the desiderata
of an analytic space, including GAGA and the comparison isomorphisms. A
brief summary of the theory: we define the Tate algebra K(T4,...,T,) to be
the K-algebra of power series in K[T1,...,T,] whose coefficients tend to zero.
(Alternately, this is the completion of the polynomial ring K|[T1,...,T,] with
respect to the “Gauss norm”.) The Tate algebra has various nice properties: it
is Noetherian, all ideals are closed, and there is a bijection between the maximal
spectrum Spm K (T7,...,T,) and the closed unit disc in Fn, modulo the action
of Gal(K/K). An affinoid K -algebra is a quotient of a Tate algebra.

The model spaces in the theory of rigid-analytic spaces are Spm A, where
A is an affinoid K-algebra, and Spm means the set of maximal ideals. But
the topology Tate puts on Spm A is not the one coming from K", and in fact
is not a topology at all, but rather a Grothendieck topology, with a collection
of “admissible opens” and a notion of “admissible open covering”. With this
topology, Spm A carries a sheaf of rigid-analytic functions, whose global sections
recover A. Then a rigid-analytic space over K is a pair (X, Ox), where X is a
set carrying a Grothendieck topology and Oy is a sheaf of K-algebras, which is
locally isomorphic to a model space Spm A.

Despite this quirk about Grothendieck topologies, the theory of rigid-analytic
spaces has had spectacular successes as a non-archimedean analogue to complex-
analytic spaces: there is a rigid-analytic GAGA theorem, comparison theorems,
fascinating theorems about uniformization of curves and of Shimura varieties,
new moduli spaces which are local analogues of Shimura varieties (implicated
in the proof of the local Langlands correspondence for GL,, over a p-adic field).

1.3 A motivation for adic spaces

Despite these successes, the theory of rigid-analytic spaces has a few shortcom-
ings, which are addressed by the more general theory of adic spaces. One is the
problem with topologies, illustrated in the following examples:

Example 1.3.1. Let X = Spm K(T) be the rigid-analytic closed unit disk,
and let Y be the disjoint union of the open unit disc U with the circle S =
Spm K(T,T~1). There is an open immersion ¥ — X, which is a bijection
on the level of points. But it is not an isomorphism, because the two spaces
have different Grothendieck topologies. (The trouble is that {U, S} is not an
admissible cover of X, because U is not a finite union of affinoid subdomains.)

Another example: let X = Spm K(T'), let a be an element of the completion
of K which is transcendental over K, and let Y C X be the union of all affinoid
subdomains U which do not “contain” «, in the sense that a does not satisfy
the collection of inequalities among power series which define U. Then the open
immersion ¥ — X is once again a bijection on points. Indeed, a point x € X
is a Galois orbit of roots of an irreducible polynomial f(7') € K[T]. Since
f(a) # 0, we have |f(«)| > |t| for some nonzero ¢ € K, and then x belongs to



the rational subdomain defined by |f| < [¢|, hence it belongs to Y. However,
Y — X cannot be an isomorphism: the collection of affinoid subdomains U used
to define Y does not admit a finite subcover of Y, whereas (since X is affinoid),
any admissible cover of X by affinoid subdomains admits a finite subcover.

In both examples there was an open immersion Y — X which is a bijection
on points but which is not an isomorphism. This suggests that there are certain
hidden “points” in X which Y is missing. In fact in the world of adic spaces, Y
is simply the complement in X of a single point.

Another shortcoming, if we may be so greedy as to point it out, is that
rigid-analytic spaces are too narrowly tailored to the class of K-affinoid algebras
studied by Tate. Whereas the category of adic spaces encompasses the categories
of rigid-analytic spaces, formal schemes, and even ordinary schemes. This allows
to pass between these categories very easily. For instance, if X is a formal scheme
over SpfZ,, (satisfying certain finiteness assumptions), then there should be a
corresponding rigid space X8, its rigid generic fiber. This was worked out by
Berthelot [Ber91], but is rather subtle: if X = Spf Z,[T], then X" is the rigid-
analytic open unit disc, which is not even affinoid. Whereas in the adic world,
there is a formal unit disc fibered over a two-point space Spa Z,, and its generic
fiber is simply the open subset lying over the generic point Spa Q,.

1.4 Huber rings

The model spaces in the theory of adic spaces are associated to certain topo-
logical rings A. In light of our desiderata, A should be allowed to be Z,[T7], or
Q,(T), or even any ring whatsoever with its discrete topology. In the first and
third case, the topology of A is generated by a finitely-generated ideal. In the
second case, the topology of Q,(T") certainly isn’t generated by p (since this is
invertible in A), but rather there is an open subring Z,(T") whose topology is
generated by p.

Definition 1.4.1. A Huber rz’nﬂ is a topological ring A containing an open
subring Aq carrying the linear topology induced by a finitely generated ideal
I C Ap. The ring Ap and the ideal I are called a ring of definition and an ideal
of definition, respectively. (The data of Ay and I are part of the data of a Huber
ring; only their existence is.)

A Huber ring A is Tate if it contains a topologically nilpotent unit. Such an
element is called a pseudo-uniformizer.

Example 1.4.2.

1. Any ring A can be given the discrete topology; then A is a Huber ring
with Ag = A and I = 0.

2. Let K be a nonarchimedean field: this means a topological field which is
complete with respect to a nontrivial nonarchimedean real-valued metric

2called an f-adic ring by Huber [Hub94].



| | Since || is nontrivial, K contains an element w with 0 < |w| < 1,
which is then a pseudo-uniformizer of K. Then K is a Huber ring, K° =
{]z| < 1} is a ring of definition, and (w) is an ideal of definition.

3. Continuing with the previous example, we have the Tate K-algebra A =
K({Ty,...,T,). This is a Tate Huber ring. The subring K°(T},...,T,) is
a ring of definition, and () is an ideal of definition.

4. Let R be any ring with its discrete topology. Then the power series ring
A = R[Ty,...,T,] is a Huber ring which is not Tate. Then A itself is a
ring of definition, and (T1,...,T,) is an ideal of definition.

5. Similarly, if K is a nonarchimedean field with pseudouniformizer w, then
A= K°[Ty,...,T,] is a Huber ring. Then A itself is a ring of definition,
and (w,Ty,...,T,) is an ideal of definition.

6. Let K be a nonarchimedean field which is perfect of characteristic p. The
ring of Witt vectors A = W(K?°) is a Huber ring, A itself is a ring of
definition, and (p, [w]) is an ideal of definition.

7. Let A = Qp[T]. It is tempting to say that A is a Huber ring, with a
ring of definition Ay = Z,[T] and an ideal of definition (p,7T"). But in
fact one cannot put a topology on A which makes this work. Indeed, in
such a topology T™ — 0, and since multiplication by p~! is continuous,
p~'T™ — 0 as well. But this sequence never enters Ay, and therefore
Ay C Aisnot open. (It is fine to say that Q,[T"] is a Huber ring with ring
of definition Q,[7"] and ideal of definition ("), but then you are artificially
suppressing the topology of Q,, so that the sequence p" does not approach
0.) There is a similar obstruction to Z,[T][1/p] being a Huber ring.

We need a few more basic definitions.

Definition 1.4.3. A subset S of a topological ring A is bounded if for all open
neighborhoods U of 0, there exists an open neighborhood V' of 0 such that
VS C U. An element f € A is power-bounded if {f™} C A is bounded. Let
A° be the subset of power-bounded elements. If A is linearly topologized (for
instance if A is Huber) then A° C A is a subring.

A Huber ring A is uniform if A° C A is bounded.

All of the Huber rings in Example are uniform. A non-uniform Huber
ring is A = Q,[T]/T?, because A° = Z, + Q,T is unbounded.

Remark 1.4.4. In a uniform Huber ring A, the power-bounded subring Ag C A
serves as a ring of definition. Complete uniform Huber rings which are Tate are
especially convenient because they are Banach rings. Indeed, suppose A is a
uniform Tate Huber ring, and let w € A be a pseudo-uniformizer. Then the
topology on A is induced from the norm

|(l| _ 2inf{n: w"aer}'



1.5 Continuous valuations

The idea now is to associate to a Huber ring A a ringed space Spa A = (X, Ox),
which will serve as the model space for the theory of adic spaces. The points of
X are quite interesting: they correspond to continuous valuations on the ring
A.

Recall that an ordered abelian group is an abelian group I' endowed with
a translation-invariant total order <. These will be written multiplicatively.
Examples include R~ and any subgroup thereof. Another example is T' =
R.o x Ry under its lexicographical ordering: (a,b) < (c¢,d) means that either
a < corelsea=candb < d. A feature of this I' is that it contains R~q
(embedded along the first coordinate) together with, for each a € R, elements
(such as (a, 1/2), respectively (a,2)) which are between a and every real number
less than (respectively, greater than) a. This concept easily generalizes to finite
products RZ, or even infinite products of R+ indexed by an ordinal.

Definition 1.5.1. For an ordered abelian group I', a subgroup IV C I is convez
if any element of I" lying between two elements of I itself lies in I".

It is a nice exercise to show that if IV, T C T are two convex subgroups then
either IV C T” or I C I. Therefore the set of nontrivial convex subgroups
forms a totally ordered set with respect to inclusion. The cardinality of this set
is called the rank of I'. Thus the rank of RZ, is n.

The condition for I' to be rank 1 is equivalent to the following archimedean
property: given a,b € I' with a > 1, then there exists n € Z with b < a™. We
remark that a rank 1 ordered abelian group can always be embedded into R~g.

Definition 1.5.2. Let A be a topological ring. A continuous valuation on A is

a map
|]: A—=TuU{0},

where T is a totally ordered abelian group, and I' U {0} is the ordered monoid
with least element 0. It is required that

o |abl = [a][b],

la + b| < max(}al, [b]),

=1,

|0| =0,

(Continuity) For all v € T, {a €A

la| < 7} is open in A.

Two continuous valuations | |: A — T'U {0} and ||": A — T" U {0} are
equivalent if for all a,b € A we have |a| > |b] if and only if |a|" > [b|". In
that case, after replacing I by the subgroup generated by the image of A, and
similarly for T, there exists an isomorphism ¢: T' 2 T such that ¢(|a|) = |a| for
all a € A.



Note that the kernel of || is a prime ideal of A which only depends on the
equivalence class of |-|.

Definition 1.5.3. Let Cont(A) denote the set of equivalence classes of con-
tinuous valuations of A. For an element x € Cont(A), we use the notation
f — |f(z)] to denote a continuous valuation representing z. We give Cont(A)

the topology generated by subsets of the form {x ’ |f(z)] < lg(x)] # 0}, with

f,g € A. For z € Cont(A), the rank of z is the rank of the ordered abelian
group generated by the image of a continuous valuation representing x.

Some remarks on the topology of Cont(A): Note that sets of the form
{lg(z)| # 0} are open, as are sets of the form {|f(z)| < 1}. This blends features
of the Zariski topology on schemes and topology on rigid spaces. Furthermore,
Cont(A) is quasi-compact, just as the spectrum of a ring is quasi-compact.

When A is a Huber ring, the set Cont(A) is a good candidate for the model
space we want to build. For instance if A is a discrete ring, then Cont(A)
contains one point x for each prime p € Spec A, namely the valuation pulled
back from the trivial valuation on the residue field of p. The set Cont(Q,) is a
single point, namely the equivalence class of the usual p-adic valuation on Q.

Now consider Cont(Q, (7)), which is our hypothetical “adic closed unit disc”.
For each maximal ideal m € Spm Q,(T), we do get a point in Cont(A) by
pulling back the valuation on the nonarchimedean field Q,(7T")/m (this is a
finite extension of Q). Thus there is a map Spm Q,(T") — Cont Q,(T). But
the latter set contains many more points. For instance, we can let o € C,, be
a transcendental element with |a| < 1, and define a continuous valuation on
Q,(T) by f > |f(a)|]. This is going to address one of the problems in classical
rigid geometry brought up in Example

Addressing the other problem brought up in that example, we can also define
an element 2~ € Cont Q,(T) as follows: let I' = R~ x v%, where the order is
determined by the relations a < v < 1 for all real a < 1. (If you like, I can be
embedded as a subgroup of R~¢ X R~ by ay™ — (a,1/2").) Now define ™~ by

o0
Z apT" — sup |an|vy".
n>0

n=0 =

Thus z~ “thinks” that T is infinitesimally smaller than one: we have |T'(x7)| =
v <1, but |T(z~)| > |a| for all a € Q, with |a] < 1. The point x~ prevents us
from disconnecting Cont Q,(T") by the disjoint open sets U, >1 {|T"(z)| < |p|}
and {|T(x)| = 1}, because neither of these contains x~!

However, this example suggests that we have more points in Cont Q,(7T") than
we bargained for. There is also a point 2 with the same definition, except that
v is now infinitesimally greater than 1. Morally, whatever the closed adic disc
is, it should not contain any points which think that 7' is greater than 1, and
so we need to modify our model spaces a little.



1.6 Integral subrings

Definition 1.6.1. Let A be a Huber ring. A subring AT C A is a ring of
integral elements if it is open and integrally closed and AT C A°. A Huber
paz’ﬂ is a pair (A, AT), where A is Huber and AT C A is a ring of integral
elements. Given a Huber pair, we let Spa(A, AT) C Cont(A) be the subset
(with its induced topology) of continuous valuations = for which |f(x)| < 1 for
all f € AT. We will sometimes write Spa A for Spa(A4, A°).

We remark that Spa(A, AT) is always quasi-compact.
Thus the closed adic disc should be Spa(A, A1), where A = Q,(T) and
At = A° = Z,(T). But one could also define an integral subring

AT = {i a,T" € AT

n=0

lan| < 1 for allnzl}.

We have AT C AT, and so Spa(A, AT) C Spa(A4, ATT). In fact the comple-
ment of Spa(A4, AT) in Spa(4, ATT) is the single point 2T from our discussion
above. Furthermore, if we embed Spa(A, AT) into an adic closed disc of larger
radius, then it will be an open subset of the larger disc, and its closure will be

Spa(A4, ATT).

1.7 The classification of points in the adic unit disc

Suppose C' is a nonarchimedean field which is algebraically closed, and suppose
that a — |a| is an absolute value inducing the topology on C. We review here
the classification of points in X = Spa(C(T),C°(T)) as in [Sch12]. The points
of X are divided into five types; we warn that this division into five types breaks
down for other adic spaces. Generally, one may work with adic spaces without
consciously knowing what each point looks like.

e Points of Type 1 correspond to elements o € C with |o| < 1. The corre-
sponding continuous valuation is f — | f(a)].

e Points of Type 2 and 3, also called Gauss points, correspond to closed
discs D = D(a, 7). Here @ € C has || <1, 0 < r <1 is a real number,

and D = {B € C'| |a—B| <rp. The corresponding valuation is
fsup [f(B)].
peD

Explicitly, if we expand f as a series in T—a, say f(T) = >~ g an(T—)",
then this works out to be sup,, |a,| ™.

If r belongs to |C|, then the point is of Type 2; otherwise it is of Type 3.

3Called an affinoid algebra in [Hub94].



e Points of Type 4 appear because of the strange phenomenon that C' may
not be spherically complete. That is, there may be a descending sequence
of closed discs Dy D Dy D --- with empty intersection. (For instance,
this occurs when C' = C,.) The corresponding continuous valuation is
f > inf; SUPgep, F(B)l.

e Points of Type 5 have rank 2. For each a € C with |a] < 1,each 0 <7 <1,
and each sign 4 (excluding the positive sign if r = 1), we let ' = R+ x 2
be the ordered abelian group generated by R~y and an element vy which
is infinitesimally less than or greater than r, depending on the sign. The
corresponding continuous valuation is

oo
3" 4 (T — )" v sup|an|™
n

n=0

If C' has value group R, then there are no points of Type 3. If C is
spherically complete, then there are no points of Type 4 either: every descending
sequence of closed discs has an intersection which is either itself a closed disc or
a single point.

The only non-closed points in X are the Type 2 points, which correspond
to discs D: the closure of such a point contains all Type 5 labeled with a triple
(a,r, %), where D = D(a, ).

1.8 The structure presheaf, and the definition of an adic
space

In the construction of affine schemes, one starts with a ring A, defines the
topological space X = Spec A, and then defines the structure sheaf Ox this
way: there is a basis of open sets of the form Uy = {x|f(x) % 0} for f € A, and
one puts Ox(Uy) = A[1/f]; it is easy enough to check that there is a unique
sheaf of rings Ox with this property. (Here we use the notational convention
that if  corresponds to a prime ideal p C A, then f(x) is the image of = in the
residue field of p.) The idea behind this definition is that Uy should be an affine
scheme in its own right, namely Spec A[1/f]. The key observation here is that
Spec A[1/f] — Spec A is an open immersion with image Uy, and is universal for
this property in the sense that for any A-algebra B, the map Spec B — Spec A
factors through Uy if and only if A — B factors through A[1/f].

It is somewhat more subtle to define Ox for X = Spa(A4, A1), where (A4, A™)
is a Huber pair. We single out a class of open sets called rational subsets.

Definition 1.8.1. Let s1,...,s, € A and let T}, ...,T,, C A be finite subsets
such that T; A C A is open for all i. We define a subset

U <{T1}> =U (Tl,...,Tn> = {x eX ‘ [t:(z)] < si(x)| # 0, for all t; ETZ}.
S; S1 Sn

This is open because it is an intersection of a finite collection of the sort of
opens which generate the topology on X. Subsets of this form are called rational
subsets.



Note that a finite intersection of rational subsets is again rational, just by
concatenating the data that define the individual rational subsets.

The following theorem shows that rational subsets are themselves adic spec-
tra.

Theorem 1.8.2 ([Hub94l, Proposition 1.3]). Let U C Spa(A, A™) be a rational
subset. Then there exists a complete Huber pair (A, A*) — (Ox(U),0%(U))
such that the map Spa(Ox (U), 0% (U)) — Spa(A, A1) factors over U, and is
final among such maps. Moreover, this map is a homeomorphism onto U. In
particular, U is quasi-compact.

Definition 1.8.3. Define a presheaf Ox of topological rings on Spa(A, AT): If
U C X is rational, Ox(U) is as in the theorem. On a general open W C X, we
define
Ox(W)Z im Ox(U)
UCW rational
We defines OF analogously. If Ox is a sheaf, we call (4, A") a sheafy Huber
pair.

Proposition 1.8.4. For allU C X = Spa(A, AT),
0% (U) = {f € Ox(U) ‘ |f(x)] <1, forallx € U}.

In particular, OF is a sheaf if Ox is. If (A, A") is complete, then Ox(X) = A
and OF (X) = A*.

Let (A, AT) be a sheafy Huber pair, and let X = Spa A. Then (X,Ox) is
a locally ringed topological space, and Ox is a sheaf of topological rings. The
locally ringed space (X, Ox) comes equipped with some extra data: for each
x € Spa A, we have a continuous valuation |-|, on the local ring Ox . (Note
that OF can be recovered from the data of these valuations, by Proposition
1.8.4])

We can now define the category of adic spaces.

Definition 1.8.5. An adic space is a triple (X, Ox, {|'|, },cy ), where (X, Ox)
is locally ringed topological space, Ox is a sheaf of complete topological rings,
and for each z € X, |-|, is a continuous valuation on Ox . We require that
locally on X, this is the triple associated to Spa(A, AT), where (A, AT) is a
sheafy Huber pair. A morphism between adic spaces is a morphism between
locally ringed topological spaces, which is compatible with the topology on Ox
and with the given valuations |-| . v, in the evident manner.

Of course one wants some criteria for determining whether a given Huber
pair is sheafy.

Theorem 1.8.6 ([Hub94]). A Huber pair (A, AT) is sheafy in the following
situations.
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1. The ring A is discrete. Thus, there is a functor from schemes to adic
spaces, which sends Spec A to Spa(A4, A).

2. The ring A is finitely generated (as an algebra) over a noetherian ring of
definition. Thus, there is a functor from noetherian formal schemes to
adic spaces, which sends Spf A to Spa(A, A).

8. The ring A is Tate and strongly noetherian, which means that the rings

A<X1,...,Xn>: Z aiTi CLZEA, a£—>0

i=(i1,0in) 20

are noetherian for all n > 0. Thus there is a functor from rigid spaces
over a nonarchimedean field K to adic spaces over Spa K, which sends
Spm A to Spa(A, A°) for an affinoid K -algebra A.

Example 1.8.7 (The adic closed disc over Q). Let A = Q,(T), and let AT =
A° =Z,(T). Then Spa(A, A") is the adic closed disc over Q,,.

Example 1.8.8 (The adic open disc over Q). Let A = Z,[T]. Since A is
its own ring of definition and is noetherian, (A, A) is sheafy and Spa(A, A4) is
an adic space. We have a morphism Spa(4, A) — Spa(Z,,Z,). The latter is
a two-point space, with generic point n = Spa(Q,,Z,). The generic fiber of
Spa(A, A) is Spa(A, A),,, the preimage of 7. It is worthwhile to study this space
in detail.

Let o € Spa(A, A),,. We have |p(z)| # 0. We also know that since p and T
are topologically nilpotent in A, we have |T'(z)|" — 0 as n — oo. Therefore,
there exists an n > 0 with |T"(x)| < [p(z)|. This means that = lies in the
rational subset U(T™/p). From this we see that the increasing sequence of
rational subsets U(T™/p) covers Spa(A, A),. Since this covering has no finite
subcovering, we can conclude that Spa(A, A), is not quasi-compact.

Example 1.8.9 (The adic affine line over Q). Let D be the adic closed disc
over Q,. We let A}Qp = lim D, where the colimit is taken over the transition

map T +— pT. Put another way, A<112p is the ascending union of closed discs of
unbounded radius. Then A(l;)p is not quasi-compact. As we remarked earlier, the
closure of the unit disc D C A(lgp is Spa(A, ATT) for a strict subring AT C A°.

Example 1.8.10 (The projective line over Q,). Let D be the adic closed disc
over Q,. The projective line P%Qp is obtained by gluing together two copies of

D along the map T'— 7" on the “circle” {|T| = 1}. Then Pg contains Ag
as an open subspace; the complement is a single point.

1.9 Partially proper adic spaces

Given an adic space X, one can consider its functor of points: whenever (R, RT)
is a complete sheafy Huber pair, we define X (R, RT) to be the set of morphisms
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from Spa(R, RT) to X. We also have the relative version of this functor: If X is
fibered over a base space S, then we may consider the relative functor of points
on the category of morphisms Spa(R, RT) — S, which sends such an object to
the set of S-morphisms Spa(R, RT) — X. Since every adic space is covered by
affinoid spaces, an adic space is determined by its functor of points.

Let us compute the functor of points for the examples in the previous section.

Example 1.9.1. Let (R, R") be a complete sheafy Huber pair over (Qy, Z,).

1. Let D be the closed unit disc over Q,. Then
D(R,R") = Hom(Z,(T),R") ¥ R*

(via f +— f(T)). (The Hom here and below is in the category of topological
Z,-algebras.)

2. Let D° be the open unit disc over Q,. Then
D°(R,R") = Hom(Z,[T], R") = R*°

is the set of topologically nilpotent elements of R, again via f — f(T).
Now, a priori the image is R°° N RT. However, the fact that R™ is open
and integrally closed means that if a € R°°, then a™ € R* for n large
enough, and thus a € Rt. Thus, R°° C RT.

3. Let A‘lQp be the adic affine line over Q,. Then
A4, (R, RT) =R

If D is the closure of D in A} L then
D(R,R") = Hom(AT" R") = {a ER ‘ pa™ € R° for all n > 1}.

Again, a priori the condition on a is that pa™ € RT for all n > 1. But
if pa™ € R° for all n > 1, then also (pa™)? = p(pa®") € pR° C R*, so
pa™ € RT as well.

4. Let Pap be the adic projective line over Q,. Then P}Qp(R, R™) is the set
of projective rank 1 quotients of R2.

Definition 1.9.2. Let X be an adic space. We say X is partially proper if it is
quasi—separatedﬁ and if for every sheafy Huber pair (R, RT) and every morphism

4A topological space is quasi-separated if the intersection of any two quasi-compact open
subsets of X is again quasi-compact. If (A4, A1) is a Huber pair, then Spa(A4, A1) is quasi-
separated.

12



Spa(R, R°) — X, there exists a unique morphism Spa(R, RT) — X making the
diagram commute:

Spa(R, R°) — Spa(R, RT)

L

X.

Thus if X is partially proper, X (R, RT) = X (R, R°) only depends on R. Finally,
X is proper if it is quasi-compact and partially proper.

There is a relative definition of partial properness for a morphism X — S,
which we leave to the reader to work out. Note that the definition of partial
properness is similar to the valuative criteria for properness and separatedness
for schemes. There is also a definition of properness involving universally closed
morphisms, cf. [Hub96].

Intuitively, a space is partially proper when it has no boundary. In the
examples above, D°, D, A}Qp and P}QP are partially proper, but of these only

D and P}QP are proper. Then D is not partially proper, as its functor of points
really depends on R™.

2 Perfectoid fields

We are now going to take a sudden change of direction to talk about perfectoid
fields. The idea is that perfectoid fields are the one-point perfectoid spaces, so
they are rather a prerequisite to study perfectoid spaces in general. Besides, per-
fectoid fields have an interesting history, even if the name and formal definition
did not appear until [Sch12] and [KLI5].

A class of perfectoid fields plays a crucial role in Tate’s study of p-divisible
groups [Tat67]. Let K be the fraction field of a mixed-characteristic discrete
valuation ring with perfect residue field of characteristic p (e.g., a finite extension
of Qp). Tate considered a tower of Galois extensions K, /K satisfying the
conditions (a) Gal(K,/K) = (Z/p"Z)" for some h > 1 and (b) K, /K is totally
ramified. (For Tate, such a tower came by adjoining the torsion in a p-divisible
group.) Let Ko, = U, K,, and let I?OO be its completion.

Let C' be the completion of an algebraic closure of K. Tate proved some
basic facts about the cohomology of C as a Gal(K /K )-module, using K, as an
intermediary. (The ultimate goal was to prove a p-adic Hodge decomposition
for p-divisible groups and abelian varieties.) Along the way he proved a curious
fact: if L/K is a finite extension, then the ideal of K3 generated by traces
of elements of L° contains the maximal ideal mg_ of K3 . (Thus it is either
mg__ or else it is all of K3 .) Now, if L were instead a finite extension of K,
then this ideal of traces is related to the different ideal of L/K, and measures
the ramification: the bigger the ideal, the less ramified L/K is. Tate’s result is
that any finite extension of K, is almost unramified, or put another way, the
corresponding extension of K3 is almost étale.
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The next work along these lines comes from Fontaine and Wintenberger
[FWT9]. They considered a more general infinite algebraic extension K, /K
which is highly ramified, in the technical sense that GGk, C Gk is open
for all w > —1, where G is a higher ramification group. Such extensions are
called arithmetically profinite (APF). For instance, if K, /K is a totally ramified
Galois extension with Gal(K./K) a p-adic Lie group, then K. /K is APF.
To such an extension, Fontaine and Wintenberger attached a nonarchimedean
field X, the field of norms, whose multiplicative monoid is the inverse limit
l'glKn, where the transition maps in the limit are norms. The field X has
characteristic p; in fact it is a Laurent series field over the residue field of K.
Rather surprisingly, we have an isomorphism of Galois groups Gal(X/X) =
Gal(K/K.,). This isomorphism is fundamental to the classification of p-adic
Galois representations via (¢, I')-modules (see [Ked15] for a discussion of these)
and the proof of the p-adic local Langlands correspondence for GL2(Q,) [Coll0].

The themes of almost étale extensions and passage to characteristic p are
the hallmarks of perfectoid fields, which we now define.

Definition 2.0.1. A nonarchimedean field K of residue characteristic p is a per-
fectoid field if (a) its value group is nondiscrete, and (b) the pth power Frobenius
map on K°/p is surjective.

Example 2.0.2.

1. The basic examples of perfectoid fields are the completions of Q,(tp= ) and
Qp(pl/ P™). The completion of any strictly APF extension is perfectoid.

2. One source of APF extensions (and therefore perfectoid fields) comes
from p-divisible formal group laws. Let E be a local field of character-
istic 0 with residue characteristic p and uniformizer 7w. Recall that a
1-dimensional formal group law over Of is a power series F(X,Y) =
X 4+ Y + higher order terms in Og[X,Y] which satisfies the axioms of
an abelian group. Iterating F on itself p times produces a power series
[p]=(T). If [p]#(T) modulo 7 is nonzero, then F is p-divisible; in that
case [p]#(T) mod 7 = g(Tph) for some power series g and some maximal
h, called the height of 7. The set of roots F[p"] of [p"]# is isomorphic
to (Z/p"Z)". Let E,, = E(F[p>]) be the field obtained by adjoining all
p-power torsion points to E. The extension E./E is APF, and therefore
the completion of E, is perfectoid.

3. If a nonarchimedean field has characteristic p, then it is perfectoid if and
only if it is perfect. A basic example is k((t!/?")), where k/F, is a perfect
field: this is defined to be the completion of the perfection of k((¢)). This
example is rather fundamental: if K is a perfectoid field of characteristic
p and residue field k, then K contains k((t'/?”)), where t is any element
of K with 0 < |¢] < 1.

14



2.1 Tilting

Let K be a perfectoid field with absolute value | |. We let K° = {|z| < 1} be
its ring of integers.

We define
where the transition map is « + 2P. Thus, elements of K’ are sequences
(ag,as,...) of elements of K with a? = a,,_1 for all n > 1. (If K has character-

istic p, then trivially K” 2 K; this operation is only interesting in characteristic
0.) A priori K° is a topological multiplicative monoid. We define an addition
law on K’ by the rule (a,) + (b,) = (¢n), where

m

Cp = lim (CLm+n +bm+n)p . (211)
m—roo
Tt it easy to check that the limit exists (here we use the fact that K is complete).
It can be verified directly that K? is a field, but the easiest route is to pass to the
quotient K°/p. The reduction map K° — K°/p induces a map of topological
multiplicative monoids
im K° — lim K°/p.
a}»zp a}gp

Now one observes that this map is an isomorphism; the inverse sends a sequence
(an, mod p) to (by,), where

b, = lim d?
n m— 00 +

(The limit does not depend on the choice of lift of a,,.) Therefore lim K° inherits
the structure of a ring, with addition law as in (2.1.1)); its fraction field is K°. Let
f + f* denote the projection map K’ — K which sends (an) to ag. We define
an absolute value on K” by |f| = ‘ fﬁ|. One checks that this is a nontrivial
nonarchimedean absolute value inducing the topology on K”, and that K” is
complete with respect to it. Finally, the very definition of K” shows that it is
perfect of characteristic p. Therefore K is a perfectoid field of characteristic p;
it is called the tilt of K.

The perfectoid field K contains a pseudo-uniformizer @ with || = |p|. An
important observation is that K”° ganzp K°/p, and that

K Jw = K°/p.

Example 2.1.1.

1. Let K = Q,(p*/?™)". Then K’ contains the element t = (p,p'/?, )
with |[t| = |p|. Thus ¢ is a pseudo-uniformizer of K”, ° and since K b
perfectoid, K contains F,((t'/?™)) (as remarked in Example @ .
fact K” = F,((t'/?™)). To see this, observe that K°/p = Z,[p'/?"|/p
F, [t1/P™]/t, and apply 1&1 along x — 2P to both sides.

In
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2. If K = Q,(pp=)", then K” (considered as the fraction field of @K°/p)
contains the element ¢t = (1 — (,,1 — (p2,...), and then once again K’ =
F,((t'/?™). In fact if K is the completion of any APF extension of a p-
adic field (see Example, then K = k((t'/P™), where k is the residue
field of K.

2.2 The tilting equivalence for perfectoid fields

For a perfectoid field K of characteristic 0, the structures of K and K” seem quite
different: of course their characteristics are different, and even though there is
a multiplicative map K” — K (f ~ f*), this is far from being surjective in
general. Nonetheless we will encounter a family of theorems known as tilting
equivalences which relate the arithmetic of a perfectoid object and its tilt. The
most basic tilting equivalence concerns the Galois groups of perfectoid fields.

Theorem 2.2.1. Let K be a perfectoid field of characteristic 0. Then for any
finite extension L/K (necessarily separable), L is also a perfectoid field, and
L’ /K" is a finite extension of the same degree as L/K. The categories of finite
extensions of K and K° are equivalent, via L — L°. Consequently there is an

isomorphism Gal(K /K) = Gal(?b/l(b).

Example 2.2.2. Theorem allows us to describe the tilt of the perfectoid
field C, = Q).
perfectoid field K = Q,,(p*/ PEYA, C; is the completion of the algebraic closure
of K? 2 F,((t'/P7)).

Since C, is the completion of the algebraic closure of the

There is an explicit inverse to L — L° which merits discussion. Since we
want to move from characteristic p to characteristic 0, it is not surprising that
Witt vectors appear. Recall that for a perfect ring R of characteristic p, we
have the ring of Witt vectors W(R), which is characterized by the following
properties: W (R) is p-adically complete and p-torsion free, and W (R)/pW (R) =
R. This is a ring which is separated and complete for the p-adic topology;
there is a surjective morphism W(R) — R which admits a multiplicative (not
additive) section R — W (R), written x +— [x]. The ring W (R) has the following
universal property: For a p-adically complete, p-torsion free ring S and a map
of multiplicative monoids R — S for which the composition R — S — S/p
is a ring homomorphism, there exists a unique continuous ring homomorphism

W(R) — S such that the diagram
R
W(R) —— 8

commutes. Elements of W (R) may be written uniquely as formal power series
[zo] + [z1]p + [walp® + ...



In the context of Theorem we have the perfect ring K”°, the p-adically
complete p-torsion free ring K°, and the ring homomorphism K’° — K° /D,
which factors through a map of multiplicative monoids K”° — K°, namely
f +— f% Therefore by the universal property of Witt vectors, there exists a
unique continuous ring homomorphism 6: W (K"°) — K° satisfying 8([f]) = f*.
Since p is invertible in K, the map 6 extends to a homomorphism of Q,-algebras
W(K"°)[1/p] — K, which we continue to call 6.

Lemma 2.2.3. The homomorphism 0: W(K*°)[1/p] — K is surjective. Its
kernel is a principal ideal, generated by an element of the form [w]+ ap, where
w € K’ is a pseudo-uniformizer and o € W (K°°) is a unit.

We can now describe the inverse to the tilting functor L — L° in Theorem
Suppose that M/K” is a finite extension. Then M? is perfect, and W (M°®)
is an algebra over W (K°°). We put

j\4ti - W(Mo) ®W(Kb°),9 K

Then M¥ is a perfectoid field, and there is a multiplicative map M — M?
given by f +— f# = [f] ® 1. There is an isomorphism M = M?® given by
fe (P (FYP)E ).

2.3 Untilts of a perfectoid field of characteristic p

Let K be a perfectoid field of characteristic p. Does there always exists a
characteristic 0 perfectoid field whose tilt is K, and if so, can one describe the
set of such “untilts”? Certainly an untilt is not unique in general: In Example
2.1.1] we saw that there at least two distinct perfectoid fields whose tilts are
isomorphic to F,((t}/?™)).

Definition 2.3.1. An untilt of K is a pair (K% ), where K* is a perfectoid
field and ¢: K = K* is an isomorphism.

We remark that our definition includes K as an untilt of itself, since after
all K> = K.

Given an untilt (K*,.), the multiplicative map K° % K#° A Kt induces
a surjective ring homomorphism

O:: W(K°) — K

Sl = D
n=0 n=0

Then ker 8y is an ideal which is primitive of degree 1: this means that I is
generated by an element of the form ) . [f.]p", where fy is topologically
nilpotent and f; € K° is a unit. B

Theorem 2.3.2. The map I — (W(K°)/I)[1/p] is a bijection between the set
of primitive ideals of W(K?°) of degree 1, and the set of isomorphism classes of
untilts of K.
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Note that I = (p) is the unique ideal which produces the trivial untilt K.

Theorem [2.3.2]suggests that untilts of K of characteristic 0 are parametrized
by some kind of geometric object which is related to W(K°). An approxima-
tion to this object might be MaxSpec W (K°)[1/p[w]], where w is a pseudo-
uniformizer of K. After all, every characteristic 0 untilt K* of K induces a sur-
jective ring homomorphism 0 : W (K°)[1/p] — K* for which 0: ([w]) = w? is
a pseudo-uniformizer of K* (and is therefore nonzero); thus ker fx: determines
a maximal ideal of W (K°)[1/p[w]]. However, MaxSpec W (K°)[1/p[w]] isn’t a
rigid-analytic space, as W(K°)[1/p[w]] isn’t an affinoid algebra.

The approach of Fargues and Fontaine requires looking at W (K?°) as a ring
equipped with its ([@], p)-adic topology. (This is called the weak topology in
[FET1].) This makes W(K?°) into a Huber ring (with itself as ring of definition),
and so we may make the following definition.

Definition 2.3.3 (The adic Fargues—Fontaine curves Vi and X ). Let
Vi = Spa W (K°)\ {|p[e]| = 0},

where w is a pseudo-uniformizer of K. The Frobenius automorphism on K°
induces a properly discontinuous automorphism ¢: Vg — Vi ; we let

K = Vi 2.

We claim that Vg is covered by rational subsets of the form

{pv } {p’ }
U( ] )—{H I < Ipl < 1l="][} € Spa W (K°)
as a and b (with a < b) range through Z[1/p]s¢. Indeed, suppose that z €
Spa W (K?°) satisfies |p[w](z)| # 0. Since [cw] is topologically nilpotent and
lp(x)| # 0, there exists a b > 0 with |[w]’(z)| < |p(z)|. Similarly, there exists
an a > 0 with |p(x)| < |[w®](x)].

For an interval I = [a, b] C (0, 00) with endpoints lying in Z[1/p]so, let Vi 1
be the rational subset defined above, and let Bg ; = HO(yK,I, Oy, ). Finally,
let

Bg = H°(Vk,0y,) ]{_BKI

These rings can be defined in terms of a family of norms on the ring W (K°)[1/p[w]].

For r > 0, let
Z[mn]p"
nez

=max {p~" |zn|"}.
For the interval I = [a,b], the ring B, is the completion of W (K°)[1/p[w]]
with respect to the norm max{| |,,||,}, and Bg is the Fréchet completion of
W (K°)[1/p[w]] with respect to the family of norms | |,.

Theorem 2.3.4 ([Ked16]). The Huber ring By, is strongly noetherian. Thus
Yk and Xk are adic spaces.
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Theorem 2.3.5 ([FFT11], Corollary 2.5.4). Suppose that K = C is algebraically
closed. There is a bijection between the set of isomorphism classes of closed
mazximal ideals of Bo and the set of isomorphism classes of characteristic 0
untilts of C, given by I — Bg/1.

This means that there is an embedding of the set of isomorphism classes of
characteristic 0 untilts of C' into the set of closed points of Yo (although this
is far from being surjective). For a characteristic 0 untilt C* with correspond-
ing ideal I, the homomorphism fc:: W(C°) — C*° extends to a surjection
¢t : Bo — C* with kernel I.

2.4 Explicit parametrization of untilts by a formal Q,-
vector space

Theorems [2.3.2] and 2:3.5] do not give particularly explicit parametrizations for
the set of untilts of a perfectoid field K. The problem is that, even though it is
easy to exhibit elements of W(K*°) which generate primitive ideals of degree 1,
it is not easy to decide whether two such elements generate the same ideal.

We offer now a different perspective. Assume that K = C' is an algebraically
closed perfectoid field of characteristic p; we want to classify untilts of C. Sup-
pose that (C* 1: C — C®) is an untilt of C of characteristic 0. By The-
orem the field C* is also algebraically closed. Therefore it contains a
compatible system of primitive pth power roots of unity: 1,(,,(p2,.... Let
e =1"1,¢p.(p2,...) € C. The idea is that the element ¢ € C is an invariant
of the untilt C¥. Now, this element isn’t quite well-defined, because there is an
ambiguity in the choice of system of roots of unity. R

Before resolving this ambiguity, we introduce some notation. Let H = G,
be the formal multiplicative group over Z,. This is the completion of Gy, z,
along the origin of G, r,. It is perhaps easiest to think of H as a functor from
complete adic Z,-algebras to Z,-modules, which sends R to the abelian group
1+ R°° under multiplication. This group gets its Z,-module structure this way:
for a € Z,, the action of a sends z to z® (defined using power series). The
underlying formal scheme of H is isomorphic to Spf Z,[T]. We also define the
untversal cover B

H= lim H,
zhp
so that if R is an adic Z,-algebra, H(R) is the Qp-vector spacelim (1+R°°).
There is a reduction map B _
H(R) — H(R/p), (2.4.1)

which one checks is an isomorphism, rather along the lines of the proof that
K" = lim K°/p for a perfectoid field K. Consequently,

TP

H(R)= H(R/p) = lim R*°/p= lim R*°,

TP TP

so that H is representable by the formal scheme Spf Z,, [[Tl/poo]]. Thus H is a Q,-
vector space object in the category of formal schemes, which is to say, a formal
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Q,-vector space. Whenever K is a perfectoid field, H(K°) = H(K°) =~ H(K")
(the last isomorphism holds because K” is perfect).

_ Given a characteristic 0 untilt Ct of C, we obtain_a nonzero element € €
H(C®) defined as the image of (1,(p,(pe,...) under H(C*) = H(C®°). This
element is well-defined up to translation by an element of Z;. Note that
Ot ([eY/P"]) = (pn for all n > 0; therefore the element

e]-1 _ [1] 4 [eYP] 4 - - + [P~ 1/7] (2.4.2)

TR

lies in the kernel of 1. One checks that the ideal (&) is primitive of degree 1,
and therefore C* corresponds to the ideal (¢) under the bijection in Theorem
2.5.2) ~

On the other hand, we could start with a nonzero element ¢ € H(C?), form
¢ as above, and from this construct the untilt C* = W(C°)[1/p]/(£). In fact:

Theorem 2.4.1 (see [FF11l Proposition 3.4] and [FF11, Remarque 3.6]). The
map C* + ¢ gives a bijection between equivalence classes (respectively, Frobenius-
equivalence classes) of characteristic 0 untilts of C and (H(C°)\{0})/Z (re-

spectively, (H(C°)\ {0})/Q).

The Q,-vector space fI(C’O) is rather interesting. On the one hand it is
huge: it certainly has uncountable dimension. To get a handle on it, we first
choose a characteristic 0 untilt C* of C, so that H(C°) = H(C*®). We have a
logarithm map log: H(C*) — C*¥, defined by the usual formula

oo

logz = Z(fl)”*lﬁ.

The logarithm map is a Z,-module homomorphism, which sits in an exact se-
quence
0 — iy (C*) — H(C*) — C* — 0, (2.4.3)

where 1,0 (C*) = H[p>](C*) is the group of pth power roots of 1 in C¥. Let
us check that the logarithm map is surjective. If x € C¥, there exists an n large
enough so that p™x is in the region of convergence of the exponential map; then
z = exp(p"x) € H(C%) satisfies log(z) = p"x, so that log(z'/?") = x for any
p"th root z'/P" of z in C*°.

Taking inverse limits along multiplication by p in gives an exact
sequence of Q,-vector spaces:

0— VH(CY) — H(C*) - C* =0, (2.4.4)

where VH = 1&1}) H[p>=](C*); note that V H is a Q,-vector space of dimension
1, spanned by a compatible system of primitive pth power roots of 1.

The exact sequence in sheds some light onto the structure of the Q,-
vector space H (C°). Once a characteristic 0 untilt C* is chosen, together with
a system of pth power roots of 1 in C*, there is a “presentation” of ﬁ(C") as
an extension of C* by Q,,.
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2.5 The schematic Fargues-Fontaine curve

We give here another interpretation of the exact sequence (2.4.4). Given an
element £ € H(C*), we define its logarithm

o] _ 1)

t =logle] = Z<—1>”’1<[E]T) € Bo = H'(Vo, Oye). (25.1)
n=1

One has to check here that the sum converges in the Fréchet topology on B¢,

but this is just a matter of checking that |[e] — 1|, < 1 for all 0 < 7 < co. Then

formally we have

¢(t) = log #([e]) = log[e?] = plog[e] = pt,

and so ¢ lies in the Q,-vector space Bg:p consisting of elements that exhibit
this behavior. The element ¢ also has the property that 0-:(t) = 0, since
Oc:([e]) = 1. ~

In general we can take any element o € H(C®) and produce loga] € B .
We have the following commutative diagram, in which the first row is ([2.4.4):

0 — VH(CY) — H(C*) —= C' ——0

A

0 Q,t B&P - ct 0.

ct

Theorem 2.5.1 ([EF11]). The map e — log[e| defines an isomorphism of Q-
vector spaces H(C®) = Bg:p. Furthermore, for each t € Bg:p\ {0}, there
is a unique Frobenius-equivalence class of characteristic 0 untilts C* such that
Oc:(t) = 0. Therefore there is a bijection between the set of Frobenius-equivalence
classes of characteristic 0 untilts of C* and the set (Bg:p\ {0}1)/Q,-

Recall that V¢ is the adic space which is (informally) supposed to parametrize
equivalence classes of characteristic 0 untilts of C', and Xo = Yo /¢Z parametrizes
Frobenius-equivalence classes of such untilts. A key insight of [FF11] is that X¢
resembles a proper smooth analytic curve, and so should be the analytification
of an algebraic curve, just as the Tate curve G, /q? is the analytification of an
elliptic curve over a p-adic field K. In this context, the usual thing to do is to
find an ample line bundle £ on X, and then define

Xc = Proj@P HO(Xc, L)
n>0

In the case of Gy, /g%, the line bundle is O(P), where P is the origin of Gy, /q%;
the graded ring in the above construction is K|x,y, z|/f(z,y, z), where f is a
cubic whose coefficients depend on g according to the usual formulas.
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For the Fargues-Fontaine curve, the requisite line bundle £ on X should
pull back to a line bundle on Y& which is ¢-equivariant. And so we define a free
line bundle Oy, e, with the ¢-equivariance defined by ¢(e) = p~te. This Oy e
descends to a line bundle on X, which we call Oy, (1). For n € Z we define
Ox.(n) = O;%Z (with the usual convention regarding negative n).

The algebraic Fargues-Fontaine curve is defined by declaring Oy (1) to be
very ample. Note that

HY(Xe, e (n)) 2 HO(Ve, Oy, e®)¢=t = po=r"

Definition 2.5.2 (The schematic Fargues-Fontaine curve). Define X¢ = Proj P,
where .
P =P Py, where Py =B
d>0

Theorem 2.5.3. 1. The “ring of constants” H*(X¢,Ox.) = Py = Bgzl 18
exactly Q.

2. The graded ring P is factorial: the irreducible homogenous elements are
exactly the nonzero elements of Py, and for every d > 1, a nonzero element
of Py admits a factorization into irreducibles in Py, unique up to units.

8. As a result, X¢ is an integral Noetherian scheme of dimension 1, which
admits a cover by spectra of Dedekind rings (in fact PIDs).

In these respects X¢ resembles nothing so much as the projective line P} =
Proj C[S, T, where C[S, T is graded by total degree. But unlike P, the scheme
X is not finitely generated over any field.

Since X¢ is an integral Noetherian scheme of dimension 1, it is the union
of its generic point together with its set of closed points |X¢|. In light of
Theorem [2.5.3] it is easy to describe the closed points: they correspond to
nonzero homogenous prime ideals of P (other than the irrelevant ideal); since
every homogenous element of P factors as a product of elements of Py, every
such ideal is generated by a nonzero element of P;. Since P* = Q,, we find
that [ X¢| is in bijection with (P1\ {0})/Q,’. Summing up our investigations of
untilts of C* gives the following theorem.

Theorem 2.5.4. Let C be an algebraically closed perfectoid field of character-
istic p. The following sets are in bijection:

o Frobenius-equivalence classes of characteristic 0 untilts of C,

o (H(C)\{0})/Q;,

e closed points of the scheme X .
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2.6 Universal covers of other p-divisible groups

_d
What are the Qp-vector spaces Py = Bg_p for d > 27 It is easy enough to
exhibit elements of P;; for x € C°° the element

Z [xdn]

nez p

belongs to Py. However, it is probably not the case that all elements of P; admit
such a presentation, nor is it clear that such a presentation is unique.

h__
The situation is better for the Q,-vector space Bg P where h > 1. As in
the case h = 1, this is isomorphic to the universal cover of a p-divisible formal
group. Let H,p,/Z, be the 1-dimensional formal group whose logarithm is

e hn n
IOng/h(T) = ZTP /p".
n=1

This means that the underlying formal scheme of Hy, is Spf Z,[T], and the
addition law +p, , is determined by the relation

logg, (X +n,,,Y) =logy, , (X) +logy, , (V)

as power series in Q,[X, Y]. Then H,/;,®z,F, has height h; in fact [p|x, , (T) =

" (mod p) (See [Haz12] for proofs of these assertions. The formal group Hy
is an example of a p-typical formal group.) We remark that if Q,»/Q, is the
unramified extension of degree h, and if Z,. is the ring of integers in Qyn,
then H,,;, ®z, Z,» admits endomorphisms by Z,». In fact H,/, ®z, Z
Lubin-Tate formal Z,»-module in the sense of [LT65].

Let

ph 15 a

Hyyp = Hm  Hypp,

s [plr, , (@)

a priori as a functor from adic Z,-algebras to Q,-vector spaces. Just as with
Hj, one uses the congruence between [p|, ,» and a power of Frobenius to show
that for any adic Z,-algebra R, we have isomorphisms

ﬁl/h(R) = ﬁl/h(R/p) = lim R°°.

x—xP
Applied to R = W(C®), the first isomorphism has inverse
Hyjn(C°) = Hyp(W(C)
(xn) = (Yn),
where
_ : m
Yo = lim p"[zmin].

This isomorphism respects the action of Frobenius ¢ on either side, and therefore
the identity ¢" = p holds in End Hy /5, (W (C®)), since it holds in End Hy /5 (C°).

Given an element (x,,) € ﬁl/h(W(Co)), its logarithm IOgHH/h (z0) lies in th:p.
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Theorem 2.6.1 ([FFI1I, Proposition 3.4.5]). The map (z,) — IOgﬁl/h([%D
gives an isomorphism f[l/h(CO) = th:p.

We can be quite explicit about this isomorphism. There is a commutative
diagram

(wn)=10g s, , (0)

~ ~ ~ h,:
Hyn(C®) Hyn(W(C)) B
COO
in which all maps are isomorphisms; the diagonal map is
hn
. m 1/p™1 _ [zP ]
arl—>n%£noop long/h[x P }—Zipn .

nez

h_
Note that the latter expression visibly lies in Bg P,

Theorem [2.6.1] generalizes to p-divisible groups of arbitrary height 2 > 1 and
dimension d > 0, whenever 0 < d/h < 1. The universal cover of such a formal

. (z)h: d
group parametrizes B&, 7 .

2.7 Interpretation in terms of vector bundles on X

A major theorem in [FF11] is the classification of vector bundles on the Fargues-
Fontaine curve X. This classification is in terms of isocrystals.

Definition 2.7.1. Let k be a perfect field of characteristic p > 0, and let
K =W(k)[1/p]. Let ¢: K — K be the Frobenius automorphism. An isocrystal
over k is a finite-dimensional K-vector space N together with an isomorphism
oN: O*N — N.

These form an abelian tensor category. When k is algebraically closed, the
category of isocrystals over k is well understood. It is a semisimple category,
with one irreducible object N = Ng;, for each pair (d,h), where d € Z and
h > 1 are relatively prime. The underlying K-vector space of N has basis
e, on(e),. .., }Jﬁfl(e), and ¢% (e) = p?e. Morphisms between the simple objects
go as follows: There are no nonzero morphisms between distinct Ng/p,8, and the
endomorphism algebra of Ny, is a central division algebra over K of rank h2,
with invariant d/h € Q/Z.

Given an isocrystal N over k, and an algebraically closed perfectoid field C
of characteristic p with residue field k£, we can define the graded P-module

~ _.d
N = @(BC ®W(k) N)¢_p .
d>0

Let £(N) be the corresponding Ox-module. Then £(N) is a vector bundle of
rank dim N. For a relatively prime pair (d,h) with d > 0 and h > 1, we let

Oxc(d/h) = E(N_41). Then H(X¢, Ox(d/h)) = th:pd'
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Theorem 2.7.2 ([FET1I]). Let C be an algebraically closed perfectoid field of
characteristic p > 0. Every vector bundle on X¢ is isomorphic to E(N) for an
isocrystal N, which is unique up to isomorphism.

It must be emphasized that the functor N — E(N) is far from being an
equivalence of categories, as it is not full. Each nonzero element of B*=P gives
a morphism Ox — Ox(1) which does not arise from a map of isocrystals.
However if N = Ngy/j, as above, then End N — End £(V) is an isomorphism.

In the last subsection we saw that if 0 < d/h < 1, then there is a p-divisible
group H = H;p,/F), of height h and dimension d, and a natural isomorphism

H(C°) = H(Xc,0x.(d/h)). Let C* be a characteristic 0 untilt of C, and let
H be a lift of H to C*°. (The question of the existence of such lifts is addressed
in [Mes72, Chapter IV]. As a special case, p-divisible groups can always be lifted
from C°/p to C°.) Then there is an exact sequence of Z,-modules

0 — H[p=)(CF) — H(C*) % Lie H @010 CF — 0,

Taking an inverse limit along multiplication by p (this is right-exact because
H[p>=](C*) is p-divisible) gives an exact sequence of Q,-vector spaces

0 — VH(C!) — H(C*) 4 Lie H ®cs0 CF — 0. (2.7.1)

Note that the middle term, which is naturally isomorphic to H(C®), does not
depend on the lift H. Also note that this exact sequence presents a very large
Q,-vector space as an extension of a finite-dimensional C*-vector space by a
finite-dimensional Q,-vector space; this is an instance of the theory of Banach—
Colmez spaces, which we will investigate systematically in the last lecture.

Let z € | X¢| be the closed point corresponding to the Frobenius equivalence
class of C* under Theorem The exact sequence in can be reinter-
preted as the global sections of the following exact sequence of Ox,-modules:

0 — Ox. ®q, VH — Ox,(d/h) — i, LieH ® C* — 0,

where i is the inclusion of = Spec C* into X¢.
We mention in passing that [FF11] deduces the following theorem from The-
orem [2.7.2)

Theorem 2.7.3. The curve Xc is geometrically simply connected over Q.
That is, any finite étale cover of Xc is isomorphic to X¢ Xspecq, Spec A for
an étale Qp-algebra A. Thus, the étale fundamental group of the scheme X¢ 1is
Gal(Q,/Qp).-

There are versions of Theorems [2.7.2] and 2.7.3] for the adic curve X¢, owing
to the equivalence of categories between coherent sheaves on X and X¢ [Farls].
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3 Perfectoid spaces and diamonds

3.1 Definitions

Definition 3.1.1. Let A be a Huber ring. A Huber ring A is perfectoid if the
following conditions hold:

1. Ais Tate, meaning it contains a pseudo-uniformizer (a topologically nilpo-
tent unit),

2. A is uniform, meaning that A° C A is bounded,

3. A contains a pseudo-uniformizer ww such that @w?|p in A°, and such that
the pth power map A°/w — A°/wP? is an isomorphism.

Remark 3.1.2. In the definition above it is always possible to choose a pseudo-
uniformizer w which contains a compatible system of pth power roots.

Theorem 3.1.3. Let (A, A") be a Huber pair, with A perfectoid. Then (A, A™)
is sheafy, so that X = Spa(A, AT) is an adic space. Furthermore, Ox(U) is a
perfectoid ring for every rational subset U C X.

Theorem shows that adic spaces Spa(R, RT) with R perfectoid can
serve as model spaces for the category of perfectoid spaces:

Definition 3.1.4. A perfectoid space is an adic space that may be covered by
affinoids of the form Spa(A, A™), where A is perfectoid.

Example 3.1.5.

e If K is a perfectoid field and K+ C K is a ring of integral elements, then
Spa(K, K™) is a perfectoid space.

e (The perfectoid closed disc.) Let K be a perfectoid field. Let A =
K(T'/P™); this is the completion of the polynomial algebra K[T/P™].
Then A is a perfectoid ring, and Spa(A4, A°) is a perfectoid space.

e (The perfectoid open disc.) This time let A = K°[T"/?™], the completion
of K°[T/P™] with respect to the (cw, T')-adic topology (here w is a pseudo-
uniformizer of K). Then A is not a perfectoid ring, because it is not Tate.
It is not even clear that (A, A) is sheafy (although this is probably true).
Nonetheless, the generic fiber of Spa A over Spa K° is perfectoid: it is
covered by the affinoids Spa(A,,, A%), where A, = K{((T/w'/?P")1/P™).

e Let k£ be a perfect field of characteristic p with its discrete topology. Let
A=Kk[TV?” ... TA/P"]; this is defined as the (7%, . .., T},)-adic comple-
tion of k[Tll/poo, . ,Tﬁ/pm]. Then A is not a perfectoid ring (it is not
Tate), but the analytic locus in Spa A is perfectoid. This is the com-
plement in Spa A of the single non-analytic point satisfying |T;| = 0 for
i =1,...,n. Note that if n > 1, this perfectoid space does not live over
any particular perfectoid field.
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e (Some totally disconnected perfectoid spaces.) Let K be a perfectoid field
and let S be a profinite set. Let A = Cont(S, K) be the ring of continuous
maps S — K. Give A the structure of a Banach K-algebra under the sup
norm; we have A° = Cont(S, K°). Then Spa(A4, A°) is a perfectoid space
whose underlying topological space is S. The construction globalizes to
the case that S is only locally profinite. If K is understood, we write S
for the resulting perfectoid space.

The tilting operation we discussed in extends to perfectoid spaces. For a
perfectoid ring A with pseudo-uniformizer w as in Remark we define its
tilt by

A = (@ Ao/w> [1/w"],

=P

where @ = (w,w!/P,...). Then A" is a perfectoid ring of characteristic p.
We gather here some results from [Schi2] (which assumes a fixed perfectoid
field of scalars, but the proofs carry over in general).

Theorem 3.1.6. Let A be a perfectoid ring.

1. There is a homeomorphism of topological monoids:

AP~ ]

im
H
—axP

A.

If f € A’ corresponds to the sequence (f,) with f, € A, define f* = fo.

2. There is a bijection AT — A"+ =i

fm AT /@ between rings of integral
elements of A and A”.

3. Given a ring of integral elements AT C A, there is a homeomorphism

Spa(A4,AT) 5 Spa(A4’, A°T)
ey P

T x

where x° is defined by ’f(acb)’ = |fu(a:)‘ for f € A’. This homeomorphism
identifies rational subsets on either side.

4. The categories of perfectoid algebras over A and A’ are equivalent, via
B~ B

5. Let B be a finite étale A-algebra, so that B becomes a topological ring.
Then B is also perfectoid. The categories of finite étale algebras over A
and A® are equivalent, via B — B’.

One way to construct perfectoid spaces comes from universal covers of p-
divisible groups, which we discussed in . Let k& be a perfect field of charac-
teristic p, and let H be a p-divisible group over k. We have the universal cover
H= @p H, which we may consider as a functor from k-algebras to Q,-vector
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spaces. For now let us assume that H is connected, so that H is representable
by Spfk[Ti,...,T,], where d = dim H; then H is representable by a formal
scheme Spf k[T/7" ... ,T;/pm]]. (This follows from two facts: multplication
by p in H factors through Frobenius, and a sufficiently high power of Frobenius
on H factors through multiplication by p.)

Let H?d be the corresponding adic space. Then H ai isn’t quite a perfectoid
space (it isn't analytic), but the punctured version H2d\ {0} is a perfectoid
space, as in Example If we want to create a perfectoid space version of
H without puncturing it, we can introduce a separate perfectoid field K/k, and
define ﬁK as the adic generic fiber of H X gpec k Spf K°. Then fIK is a Qp-vector
space object in the category of perfectoid spaces over K.

A similar object exists in characteristic 0. Suppose now that K is a per-
fectoid field of characteristic 0 whose residue field contains k. Then the ring
homomorphism K°/p — k admits a canonical section, namely k¥ — K bo
Kbo/p >~ K°/p. We may define EIK as the perfectoid space over K whose tilt
is Hy» /K", Then if G is any lift of H @5 K°/p to K°, then we have the fol-
lowing functorial interpretation of Hp: it is the sheafification of the functor
R — G(R°) on perfectoid K-algebras R. Note that this does not depend on the
choice of lift G.

In fact, the requirement that H be formal is just a red herring; there is a
functor H — Hp from the whole category of p-divisible groups over k to the
category of perfectoid spaces with Qp-vector space structure. For instance if
H = Q,/Z, is the constant p-divisible group, then H = gp is the constant
Q,-vector space.

Finally, if we allow K to be any nonarchimedean field with residue field
containing k, then Hg will be a pre-perfectoid space, meaning that it becomes
perfectoid after extending scalars from K to any perfectoid field.

3.2 Untilts of perfectoid spaces in characteristic p, and a
motivation for diamonds

Let X be a perfectoid space lying over SpaF,. As we did with perfectoid fields,
we can investigate the set of equivalence classes of untilts of X. What we would
like is a moduli space M lying over Spa Fy,, for which there is a natural bijection
between the following sets:

e Morphisms X — M, and
e Equivalence classes of characteristic 0 untilts X* — Spa Q,.

This object M will ultimately be called Spd Q,,, where the “d” stands for dia-
mond, it lives in a category of diamonds, which contains the category of perfec-
toid spaces as a full subcategory.

In the special case X = Spa C for a perfectoid field C' of characteristic p,
Theorem [2.5.4] gave the following parametrizations:
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1. Equivalence classes of untilts correspond to primitive ideals I C W(C®)
of degree 1, via C* — ker 0.

2. Frobenius-equivalence classes of characteristic 0 untilts correspond to closed
points on the Fargues-Fontaine curve X constructed from C as in (2.5);
the inverse map sends a point to its residue field.

3. Frobenius-equivalence classes of characteristic 0 untilts correspond to ele-
ments of the quotient (H(C°)\{0})/Q,’, where H is the universal cover
of the formal multiplicative group as in (2.4]).

The parametrization described in (1) relativizes quite easily. Suppose R is a
perfectoid F,-algebra with pseudo-uniformizer zo. Then we have the Witt ring
W (R®), equipped with its (p, [w])-adic topology. A primitive ideal of degree 1 in
W (R®) is a principal ideal generated by an element of the form & = Y7 [z,]p",
where zg € R is topologically nilpotent and x; € R° is a unit.

Theorem 3.2.1 ([Fonl3|). Ideals I C W(R®) which are primitive of degree 1
are in bijection with isomorphism classes of untilts of R, via I — (W(R°)/I)[1/p].

As in the case with perfectoid fields, however, this does not give us much in
the way of defining the object Spd Q,; it is not easy to tell whether two such
ideals are the same, given their generators.

We turn now to (2). It is easy to define a relative Fargues—Fontaine curve:
given a perfectoid ring R/F,, first define the relative adic curve

Yr = Spa W(R°)\ {|p[=]| = 0}

and the ring Bg = H°(Vg,Oy,). Then Bg has an action of Frobenius ¢, and
we define the relative schematic Fargues-Fontaine curve as

XR = PI'Oj @B}é:pd.
d>0

However, when R is not a field, we cannot expect X to have any nice properties
(e.g. it may not be Noetherian). Nor should we expect that closed points of
Xpg parametrize Frobenius-equivalence classes of characteristic 0 untilts; after
all, the residue field of such a point is a field, whereas an untilt R* very well
may not be.

Perhaps (3) has more promise. In the case that R = C' is an algebraically
closed field of characteristic p, Theorem says that isomorphism classes
of characteristic 0 untilts of C' are in bijection with (H(C°)\{0})/Z,, where
H is the formal multiplicative group over F,. Recall the construction: if C*
is a characteristic 0 untilt, we choose a compatible system (1,(p,(p2,...) of
primitive pth power roots of 1 in C*, which determines a nonzero element of
H(C*) = H(C®), well-defined up to multiplication by an element of Z).

Let Q5! be the completion of Qp(up~). Then Gal(Qy(up=)/Qp) = ZX
acts continuously on Q;yd. Finally, let H ad\ f0} be the punctured adic space
attached to the formal scheme H.
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Lemma 3.2.2. There is an isomorphism H*3\ {0} = Spa QU? which is Z) -
equivariant.

Proof. Since H = Spf F,[t'/?™], we have H*¥\ {0} = SpaF,((t'/?™)). we have
already identified the latter with QY cLb in Example , so one only needs to
check that the Z-action is preserved.

(There is a generalization of this lemma to Lubin—Tate extensions of any
local field [Weil7l, Proposition 3.5.3].)
Therefore, we can restate our parametrization of untilts of C' as follows:

{Char. 0 untilts of C} & Homcont(ngCl’b, C)/Z,; = Hom(SpaC, Spa Q;)Y(C;b;/l?;.
We could also have derived this directly: if C* is a characteristic 0 untilt of
C, then there exists an embedding Q;yd — C* which is well-defined up to the
action of Z; tilting this gives ngd’b — C.

The bijections in (3.2.1) suggest that Spd Q, should be the quotient

“(Spa Q;yd’b)/Z; ”

But this quotient doesn’t exist in the category of adic spaces. The subfield of
QU fixed by Z) is just F,.

We would like to formulate a generalization of for general perfectoid
rings R/F,. We begin with the case that R = K is a perfectoid field which is
not algebraically closed. Let K*/ Q, be an untilt. Then K f might not contain
all pth power roots of unity. For each n > 1, the field K} := Kﬁ(upn) is
a perfectoid field, whose tilt K, is a finite Galois extension of K. Let Kgo
be the completion of U,>1K%; then K% is perfectoid. Let Ko, = K. Let
G = Gal(K*(up=)/K*); then G acts continuously on K. If we choose a
compatible sequence of pth power roots of 1in K% , we obtain a nonzero element
e e H(KY) = H(KP°) = H(K2). Since G acts on & through the cyclotomic
character, the class of ¢ in H(KS,)/ Z; is G-invariant.

Thus, given an untilt K'ﬁ/Qp7 there exists a perfectoid field K, /K, equal
to the completion of a Galois extension with group G, together with a class
¢ € Hom(Spa K, Spa Q;YC17b)/Z; which is G-invariant. Conversely, if we are
given such data, the class ¢ determines a characteristic 0 untilt K% of K.
together with a continuous action of G; then K* := (K!_)“ is a characteristic 0
untilt of K.

It may happen that two data of the form (K, €) give rise to the same untilt.
The proper way to sort this out is in the language of sheaves on the pro-étale
site, in which Spa K., — Spa K is considered a covering.

3.3 The pro-étale topology

The extension of fields K,/K appearing in the previous section was the com-
pletion of the union of a tower of finite separable (that is, étale) extensions of
K. Such an extension K., /K is said to be pro-étale. The definition works in
families as follows.
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Definition 3.3.1. A morphism f: X — Y of perfectoid spaces is pro-étale if
locally on X it is of the form Spa(A., AL) — Spa(A4, A1), where A and A,
are perfectoid rings, and

(Ase, AL) = [ty 41)]

is a filtered colimit of pairs (A;, A]), such that Spa(4;, A7) — Spa(4, A*) is
étale.

(The notion of an étale morphism between analytic affinoid adic spaces ap-
pears in [Sch12 Definition 7.1].)

Example 3.3.2. Let K be a perfectoid field, and let S be a profinite set; we
have the perfectoid space S as in Example [3.1.5] Then S — Spa K is pro-étale.
If K = C is algebraically closed and X — SpaC' is pro-étale, then X = S for a
locally profinite set S.

Example 3.3.3. Somewhat counterintuitively, the inclusion of a Zariski-closed
subset is pro-étale. For instance, let K be a perfectoid field, let @ be a pseudo-
uniformizer of K, and let Y = SpaK(Tl/pw>. Forn = 1,2,..., let Y,, C
Y be the rational subset i IT| < |w|"}. Then “evaluation at 07 induces an

isomorphism {hén Oy (Yn)} — K, so that the inclusion-at-0 map Spa K — Y

is pro-étale.

Definition 3.3.4. Consider the category Pfd of perfectoid spaces of characteris-
tic p. We endow this with the structure of a site by declaring that a collection of
morphisms {f;: X; — X} is a covering (a pro-étale cover) if the f; are pro-étale,
and if for all quasi-compact open U C X, there exists a finite subset Iy C I,
and a quasi-compact open U; C X, for i € Iy, such that U = Usey,, fi(U;).

If K is eitehr a discrete perfect field (such as F,) or a perfectoid field of
characteristic p, we write Pfdx for the category of perfectoid spaces lying over
Spa K, endowed with the topology obtained by restriction from Pfd.

Remark 3.3.5. The finiteness condition in Definition [3.3.4] excludes certain
“pointwise” morphisms from being pro-étale covers. For instance if Y is the
perfectoid unit disc, we can consider the inclusion f,: Spa(K,, K;) — Y for
each point z € |Y|; this is pro-étale by similar reasoning as in Example

but we don’t want {fs},¢ )y to be a pro-étale covering.

Remark 3.3.6. The notions of a pro-étale morphism of schemes and of a pro-
étale site appear in [BS15], where they were used to define a pro-étale funda-
mental group of a scheme, and also to give the “morally correct” definition of
the f-adic cohomology group H*(X,Qy) for a scheme X.

It now makes sense to talk about a sheaf on Pfd: this is a presheaf on Pfd
(that is, a contravariant set-valued functor) which satisfies the sheaf axioms with
respect to the pro-étale topology. If X is a perfectoid space of characteristic p,
we have the representable presheaf hx defined by hx(Y) = Hom(Y, X).
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Proposition 3.3.7 ([SW], Proposition 8.2.7]). The presheaf hx is a sheaf.

If F is a sheaf on Pfd, and if X is an object of Pfd, then a morphism hx — F
is the same thing as a section of F(X). Note that the functor X — hx exhibits
Pfd as a full subcategory of the category of sheaves on Pfd.

Definition 3.3.8.

1. A morphism F — G of sheaves on Pfd is pro-étale if for all perfectoid
spaces X and maps hx — G, the pullback hx xg F is representable
by a perfectoid space Y, and the morphism ¥ — X (corresponding to
hy = hx xg F — hx) is pro-étale.

2. Let F be a sheaf on Pfd. A pro-étale equivalence relation is a monomor-
phism of sheaves R — F x F, such that each projection R — F is
pro-étale, and such that for all objects S of Pfd, the image of the map
R(S) — F(S) x F(S) is an equivalence relation on F(.S).

3. A diamond is a sheaf F on Pfd which is the quotient of a perfectoid space
by a pro-étale equivalence relation. That is, there exists a perfectoid space
X and a pro-étale equivalence relation R — hx X hx such that

R=hx =+ F
is a coequalizer diagram in the category of sheaves on Pfd.

4. If X is a perfectoid space (of whatever characteristic), let X< be the
representable sheaf hy»; this is a diamond. In the case X = Spa(4, A™)
is affinoid perfectoid, we also write Spd(4, A*) for X©.

5. A diamond X is partially proper if it satisfies the criterion appearing in
Definition for a perfectoid Huber pair (R, R*), we have X (R, R°) =
X(R,R™) only depends on R. If X is partially proper we write X (R) =
X(R,R°).

Remark 3.3.9. The definition of diamonds given above is meant to mimic
the notion of an algebraic space, which is the quotient of a scheme by an étale
equivalence relation. The category of algebraic spaces is a mild generalization
of the category of schemes. Some algebraic spaces arise as quotients of schemes
by finite groups. Suppose that X is a scheme and G is a finite group acting on
X. Assume that the action is free in the sense that for all nontrivial g € G and
all x € X fixed by g, the action of g on the residue field of z is nontrivial. Then
the quotient X/G is an algebraic space [Staldl Tag 0272]; it is the quotient
of X by the étale equivalence relation G x X — X x X, (g,z) — (x,g(z)).
(The freeness condition is necessary for this morphism to be a monomorphism.)
Algebraic spaces are not to be confused with the larger category of algebraic
stacks, which include stacky quotients [X/G] for arbitrary actions of G on X.
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3.4 The diamond Spd Q,

Recall that we seek an object like “(Spa ngd’b) /Z;” which parametrizes char-
acteristic 0 untilts of a perfectoid space of characteristic p. Now that we have
the category of diamonds, we may make the following ad hoc definition.

Definition 3.4.1. We define Spd Q, = (Spd ngd’b)/Z;. That is, Spd Q,, is
the coequalizer of
ZX x Spd Q¥ = Spd QY (3.4.1)

where one map is the projection and the other is the action.

Thus Spd Q,, is the sheafification of the presheaf on Pfd which assigns to an
object S the set Hom(S, Spa Q5¥"”)/ZX.

Lemma 3.4.2. Spd Q,, is a partially proper diamond.

Proof. Each of the maps Z; x Spd Q% — Spd QY is pro-étale (see Ex-
ample . One must show that Z; X Spd ngd — Spd Q;yd X Spd Q;yd
is a monomorphism, which ultimately boils down to the fact that the map
Z) — Aut QY is injective. From there it is formal that is a pro-étale
equivalence relation, and thus that Spd Q,, is a diamond. The partial properness
of Spd Q,, follows from that of Spa ngd"’. O

If S is an object of Pfd, then to give an element of (Spd Q,)(S) is to give a

pro-étale cover S — S and an element of the set Hom(S, Spa Q;yd"’) /2. which

comes equipped with a descent datum along S — S. In the case S = Spa K for
a perfectoid field K/F,, one way to do this would be to give a perfectoid field
K /K, equal to the completion of a Galois extension of K with group G, and
an element of Homcom(ngd’bJ? )/ Z; which is G-invariant. We have already
seen that such data gives an untilt of K. More generally, we have the following
theorem.

Theorem 3.4.3 ([SW|, Theorem 3.4.5]). Let X be a perfectoid space of char-
acteristic p. Then the set of isomorphism classes of untilts of X to character-
istic 0 is naturally in bijection with (Spd Qp)(X). In other words, there is an
equivalence of categories between perfectoid spaces over Qp, and the category

of perfectoid spaces X of characteristic p together with a “structure morphism”
X¢ — Spd Q,.

3.5 The functor X — X

The construction of Spd Q, from SpaQ, is a special case of a general phe-
nomenon.

Definition 3.5.1. Let X be an analytic adic space on which p is topologically
nilpotent (that is, X is fibered over SpaZ,). Let X© be the functor on Pfd
which sends an object S to the set of isomorphism classes of pairs (S* — X 1),
where S is a perfectoid space and ¢: S* 5 S is an isomorphism.
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Thus X classifies “untilts to X”. If X itself is a perfectoid space and S
is a test object in Perf, then the tilting equivalence in Theorem (3) shows
that morphisms S — X” are in bijection with untilts S* — X. Thus X< agrees
with the notation introduced in Definition namely X¢ = hy,. Finally,
Theorem shows that Spd Q, = (SpaQ,)°.

If X = Spa(R, R") is affinoid, we may write Spd(R, R") (or just Spd R, if
RT = R°) to mean X°.

Theorem 3.5.2 ([SW|, Theorem 10.1.3]). The functor X< is a diamond.

The idea behind this, which appears in [Fal02] and [Col02], is that if X =
Spa R for a Tate Huber Z,-algebra R, then there exists a tower of finite étale
R-algebras R;, such that R = [@ R;]" is a perfectoid ring. Let X = Spa E;
then

X0 xxo X0 3 X0 55 X°©

presents X< as a quotient of a perfectoid space by a pro-étale equivalence rela-
tion.

Example 3.5.3. Let K be a perfectoid field of characteristic 0, and let R =
K(T*"). Then R = K(T*'/?7) is pro-étale over R. If K contains all pth power

roots of 1, then E/R is even a Z,-torsor.

Example 3.5.4. Let K be a perfectoid field of characteristic 0, and let @ be a
pseudo-uniformizer which divides p in K°. Let R = K(T'). This time, adjoining
pth roots of T produces ramification at the origin in Spa R (and everywhere if
K has characteristic p!), so that K (T''/P) will not be finite étale over R. Instead
one can adjoin a root of an Artin—Schreier polynomial, such as UP — wU =T,
to produce a finite étale R-algebra R; for which T is a pth power in R} /w.
Iteration of this process produces the desired R.

Thus we have a well-defined functor X — X ¢ from analytic adic spaces over
SpaZ, to diamonds. One might wonder whether this functor is fully faithful,
which would allow us to view analytic adic spaces over Z, as a subcategory of
the category of diamonnds. This cannot be true as stated, since Spa ngd and
Spa Q;yd’b are non-isomorphic adic spaces, while (Spd ng‘:l)<> =~ (Spd Q;yd’b)o.
But if we fix a nonarchimedean scalar field K, we may instead consider the
functor X — X from analytic adic spaces over Spa K to diamonds over Spd K.
This also fails to be fully faithful, as shown by the following example.

Example 3.5.5. Let X be the cuspidal cubic y? = 23, considered as an adic
space over Q,. Let X’ — X be the usual desingularization of X. That is,
X’ is the affine line in one variable ¢, and X’ — X is t — (t2,#3). We claim
that (X’)® — X is an isomorphism. This is equivalent to the claim that
X'(R) — X(R) is a bijection for every perfectoid Q,-algebra R. We leave
injectivity as an exercise to the reader (hint: R is reduced). Surjectivity is a
little subtle; we refer to the reader to [KL| Theorem 3.7.4] for details.
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A ring is R seminormalt — (t2,3) is a bijection from R onto the set of pairs
(x,y) € R? satisfying y? = 2. A rigid-analytic space X over a nonarchimedean
field K is seminormal if locally it is Spa(A4, AT), where A is a seminormal
ring. The following theorem states that Example [3.5.5 is essentially the only
obstruction to X — X< being fully faithful.

Theorem 3.5.6 ([SW|, Proposition 10.2.4]). For a nonarchimedean field K of
characteristic 0, the functor X + X< from seminormal rigid-analytic spaces
over K onto diamonds over Spd K is fully faithful.

3.6 A diamond version of the Fargues-Fontaine curve

Let C be an algebraically closed perfectoid field of characteristic p > 0, and let
w be a pseudo-uniformizer of C'. Recall the adic space

Yo = Spa W(C°)\{|p[=]| = 0}.
Since V¢ is a analytic adic space over Spa Q,, Theorem indicates that yg

makes sense and is a diamond.
Proposition 3.6.1 (The diamond formula). yg = SpdC x Spd Q,,

Proof. (Sketch.) The isomorphism says that for a perfectoid ring R in charar-
acteristic p, the following categories are equivalent:

1. Pairs consisting of an untilt R/ Q, of R and a continuous homomorphism
C — R, and

2. Pairs consisting of an untilt R* of R and a morphism Spa R* — V¢ (whose
existence means that R*/Q,).

(Both sides are partially proper, so there is no need to discuss rings of integral
elements.) We now describe the equivalence assuming an untilt R*/ Qy: A
continuous homomorphism C' — R induces a homomorphism 0¢c: W(C°) — RF,
in which the images of p and [w] are invertible; then 6c induces a morphism
SpaRY — Yo. Conversely if Spa Rf — ) is given, we get a homomorphism
W(C°) — R, in which the images of p and [w] are invertible in R*. This
induces C° — R /p. Take the inverse limit under Frobenius to get C° — R°,
and then invert w to get C' — R. O

As for the adic Fargues—Fontaine curve X, we have the diamond formula
X8 = (Spd C x Spd Q,) /(¢ x id),

where ¢ is the Frobenius automorphism of C. Recall from Theorem [2.7.3] (or
rather the adic version of this theorem) that the étale fundamental group of Xc

is Gal(Q,,/Q,). The notion of an étale morphism exists for diamonds, and for

an analytic adic space Y, there is an equivalence of sites Yz — Ye?, via the
diamond functor. Therefore:

m1((SpaC x Spd Qy)/ (¢ x id)) = Gal(Q,/Q,). (3.6.1)
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Scholze observed that this formula resembles a theorem of Drinfeld [Dri80].
Suppose U and V are two algebraic curves (not necessarily projective) over a
common algebraically closed field of characteristic p. The Kiinneth formula
(U x V) 2 7 (U) x m (V) fails (the left side is much larger), but it can be
salvaged by means of a “partial Frobenius”. There is a group m (U x V) /(¢ x
id)) classifying finite étale covers of U x V equipped with an automorphism
lying over ¢ x id. Drinfeld’s theorem is that m ((U x V) /(¢ x id)) = 7 (U) x
w1 (V). The goal of [Dri80] (and its successor [Laf02]) was to establish the
Langlands correspondence for GL,, over a function field, using moduli spaces
of shtukas. Scholze’s goal as laid out in [SW] is to define a moduli space of
mized-characteristic local shtukas to establish a local Langlands correspondence
for p-adic groups.

There are yet other versions of the diamond formula. Let H/C° be the
multiplicative formal group. We have seen that the universal cover H is a formal
Q,-vector space, whose adic generic fiber H¢ is a Q)-vector space object in the
category of perfectoid spaces. The underlying perfectoid space of He is the
perfectoid open unit disc. Let H, = H¢\ {0}. Then Hf admits an action of

Q.

Proposition 3.6.2 ([Weil7]). There is an isomorphism of diamonds
H:®/QY = (Spd C x Spd Q,)/(id x ¢).
The étale fundamental group of ﬁéO/Q; is isomorphic to Gal(QP/Qp)_

Proof. By Lemma ﬁé is isomorphic to SpaC' x Spa ngd’b, where the Z
action on H becomes the Galois action on Spa QYY'’. Therefore HL/ VAT
isomorphic to Spd C x (Spd Q;yCI*b/ZIf) 2 Spd C' x Spd Q. One can also check

that the action of p on H{ corresponds to the action of Frobenius on Spa Q;yd’b,
which gives the claimed isomorphism.

The statement about the étale fundamental group looks like , but the
partial Frobenius is on the wrong side. No matter: the composition of two
partial Frobenii is the absolute Frobenius, which is an equivalence on the étale
site of any diamond. O

Remark 3.6.3. There is a generalization of the above proposition which con-
cerns a finite extension E/Q,. One has to replace H with the Lubin-Tate

formal Og-module Hg. Then the diamond Zg = ITIEOC /E* classifies untilts of
a perfectoid C-algebra to a perfectoid E-algebra, up to Frobenius.

Remark 3.6.4. The diamond (SpdC x Spd Q,)/(id x ¢) is called the mirror
curve by Fargues, who identifies it as the moduli space of divisors of degree 1
on Xc.
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4 Banach-Colmez spaces

4.1 Definition and first examples

So far we have considered objects belonging to a progression of categories: rigid
spaces over a nonarchimedean field of residue characteristic p, analytic adic
spaces over Spa Z,, perfectoid spaces, and finally diamonds, which (in the lim-
ited sense of Theorem generalize all three. This lecture will introduce some
examples of diamonds which carry the structure of Q,-vector spaces. Through-
out, we fix an algebraically closed perfectoid field C/Q, with residue field k.

Example 4.1.1. The following are two examples of sheaves of Q,-vector spaces
on Pfdc

1. If V is a finite-dimensional Q,-vector space, we have the constant sheaf V.
If (R, R*) is a perfectoid Huber pair over (C,C®), then V (R, RT) is the
Q,-vector space of continuous maps [Spa(R, R*)| — V. If Spa(R, R") is
connected, then V(R,R") = V.

2. The additive group G, may be considered as a sheaf of Q,-vector spaces
on Pfd¢c, by G,(R, RT) = R. For a finite-dimensional C-vector space W,
the sheaf W ®@c G, is (R, RT) — W ®¢ R.

Both sorts of examples are diamonds arising from analytic adic spaces over C.

Definition 4.1.2. The category of Banach-Colmez spaces over C' is the smallest
abelian subcategory of the category of sheaves of Qp-vector spaces on Pfd¢
which contains the objects V. and W ®q, G. from Example and which is
closed under extensions.

An equivalent category was introduced by Colmez [Col02] without reference
to perfectoid spaces; the definition above appears in [Bra], where it shown that
the two definitions are equivalent. The “Banach” half of the name refers to
Colmez’ definition, in which the objects are functors taking values in the cate-
gory of Qp-Banach spaces.

Example 4.1.3. Let Hy be a p-divisible group over k, and let H be a lift of
Hy®y, C°/p to C°. We have seen that the universal cover H = @p H does not

depend on the choice of lift H, and that the generic fiber He is a Q,-vector
space object in the category of perfectoid spaces over C. The logarithm map
on H induces an exact sequence of sheaves of Q,-vector spaces on Pfd¢, as in
(12.7.1)):

0— VH — He — Lie H®co G, — 0.

One has to check exactness on the right. This is a matter of showing that,
for any perfectoid C-algebra R and any v € Lie H ®@co R, that there exists a
pro-étale R'/R and a sequence (zg,x1,---) € H(R®) with logy(z9) = v. After
replacing v with p™v for n > 0, we may assume that expy(v) converges to
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xo € H(R®). The pro-étale extension R’ is then obtained by adjoining all pth
power division points of zy to R.

Since H¢ is an extension of (Lie H)[1/p]®c G, by V. H, it is a Banach-Colmez
space, which happens to be representable by a perfectoid space.

In we saw a connection between H, ¢ and vector bundes on the Fargues-
Fontaine curve Xsv. Let D(H) be the (contravariant) Dieudonné module of
H, so that D(H) is a free finite-rank W (k)-module equipped with actions of
Frobenius and Verschiebung. Then N := Homyy ) (D(H), W(k)[1/p]) is an
isocrystal, all of whose slopes lie in the range [0, 1]. Let £(N) be the associated
vector bundle. For a perfectoid C-algebra R, we have the relative Fargues—
Fontaine curve Xp, constructed in , which lies over X¢».

Proposition 4.1.4. Let R be a perfectoid C-algebra. There is an isomorphism
H(R°) = H°(Xp», E(N)).

Proof. (Sketch.) The left-hand side is H(R®) = H(R') and right-hand side
is (Bp» ®w(x) N)?='. (Thus both sides only depend on the tilt R°.) R is
a perfect ring; by [SW13, Theorem 4.1.4], the covariant crystalline Dieudonné
module functor on p-divisible groups over R’° up to isogeny is fully faithful.
Applied to morphisms (Q,/Z,) o — Hpgso, that result gives an isomorphism
H(R") 5 (Beyis(R™) @w (k) N)?=1, where Bes(R°°) is the crystalline period
ring. A hint as to why (B> Qw () N)?™ 2 (Beyis(R°) @y N)?=1 is [EF1IL
Corollaire 1.10.13], although strictly speaking that result only applies to the
case that R is a field. O

Example 4.1.5. Let C’/Q, be an untilt of C”, not necessarily equal to C itself.
We define a sheaf G/ on Pfdo by sending a perfectoid C-algebra R to the untilt
of R over C'. That is, G4(R) = W(R") @ (cey C'. We claim that G is
a Banach-Colmez space. To see this, let H be the formal multiplicative group
over C°. Theorem Eproduces two nonzero elements t,t' € H(C"®) = H(C°),
well-defined up to multiplication by Q,;, corresponding to the untilts C' and C"

of C”, respectively. There are now two intersecting exact sequences of sheaves

38



of Q,-vector spaces on Pfdc:

0 Qt H G. 0.

0

Thus G/ is the quotient of a Banach—Colmez space, and so must be one itself.

4.2 Banach-Colmez spaces of slope > 1

Now suppose N is a general isocrystal over k, which doesn’t necessarily arise
from a p-divisible group. We may consider the functor H°(£(N)) on Pfdc,
which sends a perfectoid C-algebra R to the Q-vector space H?(X s, E(N)).
It suffices to consider the case £(N) = Ox(A) for A € Q, because a general E(N)
is isomorphic to a direct sum of these. If A < 0 then H°(X,Ox()\)) = 0, and

if A € [0,1], then Proposition shows that HO(Ox(\)) = H, is an absolute
perfectoid space.

What if A > 17 For instance, if A\ = 2, then H°(Xp», Ox(2)) = Bj;?pz. For
brevity’s sake, let B*=F" = H%(Ox(2)). Let C’ be an untilt of C” which is not
Frobenius-equivalent to C. As in Example the two untilts C' and C’ cor-
respond to Q,-linearly independent elements ¢,t" € Bg,,:p ~ Ho( X, Ox(1)).

Proposition 4.2.1. There is an exact sequence of sheaves of Q-vector spaces

on Pfdeg:
0—~Q — BF x B — 2L Q—

t —— (t,t')

(x,2") ——at’ — 2/t

Proof. First we check that the map B?=P x B¥=P — B%=r" ig surjective. Let R

be a perfectoid C-algebra, and let s € Bf;p *. Let R’ be the untilt of R® over
C’. We have two ring homomorphisms 6: Bp, — R and ¢': Bp, — R/, such
that ker N Bf,” = Q,t and ker &’ N BY,” = Qut’. Thus 6(¢') and ¢'(t) are both
nonzero. We have the elements 0(t')710(s) € R and 0'(t)~10'(s) € R'. After
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replacing R with a pro-étale extension, we can find elements x, 2’ € sz:p such
that 0(x) = 0(¢')~10(s) and 0'(2') = —0'(t)~1¢'(s). Then the element

2
a:wt’—x’t—seBﬁfp

has the property that 6(a) = 0 and ¢’(«) = 0. This implies that a = att’ for
some a € H(Xp,Ox) = Qp(R); this shows that s = (x — at)t’ — 2t lies in the

image of B®=P x B®=P as required. O

As a corollary, we find that B#=P* is a Banach-Colmez space, and also a
diamond. Indeed, Proposition m gives a presentation of B*=P" as a quotient
of a perfectoid space by a pro-étale equivalence relation. More generally, if IV is
an isocrystal over k, then H°(E(N)) is a Banach-Colmez space and a diamond.

4.3 The de Rham period ring
We begin with a definition from p-adic Hodge theory.

Definition 4.3.1. Let R be a perfectoid ring. The de Rham period ring BIR(R
is the completion of W (R”°)[1/p] with respect to the kernel of 6 : W (R*°)[1/p] —
R.

If R = C is an algebraically closed perfectoid field, then Bj (C) is a discrete
valuation ring with uniformizer ¢, residue field C' and fraction field Bagr(C).
These objects were constructed by Fontaine. They appear in the context of p-
adic p-adic Galois representations, particularly in the comparison isomorphism
linking étale and de Rham cohomology of a variety over a p-adic field [Fal89).
They also appear in the study of the Fargues-Fontaine curve: the untilt C' of
C” determines a closed point co € X, and B (C) is the completed local ring
Ox ;00
Definition 4.3.2. For n > 1, let BIR/ Fil™ be the sheaf on Pfdc which assigns
to (R, R*) the Q,-vector space B (R)/(kerfr)".

Theorem 4.3.3. B/ Fil" is a Banach—Colmez space and a diamond.

Note that By /Fil' = G, because for a perfectoid C-algebra R, we have
Bar(R)"/(ker ) = R.

Proof. We sketch the proof for Byr/ Fil%; the general case works by induction.
Consider the complex of sheaves of Q,-vector spaces on Pfd¢:

0 — Fil' /Fil*> — BJ,/Fil> — B/ Fil' — 0. (4.3.1)
We already observed that Bd+R/ Fil' = G,. As for Fil! / Fil%?, we claim that
it is Ga(1) = Ga ®q, Qp(1). We construct an isomorphism Fil' /Fil*> = G,

over SpdC. Form the element ¢ as in (2.5.1), and consider it as an element
of BJz(C). Then t generates the kernel of Bi;(R) — R for any perfectoid
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C-algebra R. This shows that Fil' / Fil* 2 G,, and therefore that Bi:/ Fil? is
a Banach-Colmez space.

Given a perfectoid C-algebra R, a section of Fil' / Fil? over R consists of a
pro-étale cover Spaﬁ — Spa R and an element o € thR(E)“‘, together with
a descent datum through Spafi — Spa R for the image of & modulo #2. Our
morphism sends this section to 65z(a/t), which (because of the descent datum)
lies in R. (We leave it to the reader to construct the morphism in the opposite
direction.) Note that Gal(Q}C,-‘VCl /Qp) acts on ¢ via the cyclotomic character; this
is what we need to descend the morphism through ngd /Qp.

Now we claim that the complex in locally splits. Let H be the formal
multiplicative group over C, and let Hc be the generic fiber of its universal
cover. Then Hc is a perfectoid space, and the logarithm map Ho — G, is
a pro-étale cover. Define a morphism He — Big by (w0, 21,...) + log[(z)].
Then the following diagram commutes:

He

|

0 — G, — Bl /Fil’* — G, ——0.

We can now give a presentation of B(J{R / Fil%: it is the quotient of G, x I;'c by
the pro-étale equivalence relation of “having the same image in B;{R / Fil*”. O

In general, BQ'R / Fil’ is a Banach-Colmez space admitting an i-step filtration,
where the quotients are isomorphic to G,.

As with the Banach-Colmez spaces of the previous section, Bj‘R / Fil" is the
space of global sections of a (Zariski) sheaf on the Fargues-Fontaine curve Xes.
The untilt C' of C” determines a closed point co € Xs». The completion of
X¢» at 0o is Spec B (C). Let ine: Spec Biz(C) — X¢» be the corresponding
morphism. Then F := i (Bjg/(ker fc)") is a coherent sheaf on X» supported
at co. Proposition [4.3.3]says that H°(F) (meaning the sheaf R — H%(X s, F))
is a Banach-Colmez space and a diamond.

Our examples show a strong connection between Banach—Colmez spaces and
coherent sheaves on the Fargues—Fontaine curve. Indeed, for any coherent sheaf
F on X¢», the sheaf R — HY(X s, F) is a Banach-Colmez space. The complete
story is a theorem of Le Bras [Bra], which gives an equivalence between the
category BC(C) of Banach—Colmez spaces relative to C' and the core of a certain
t-structure on the derived category of coherent sheaves on X». Every object
of BC(C) is isomorphic to H*(F*) ® H'(F~), where F* and F~ are coherent
Ox_,-modules. (An example of type HY(F~) is discussed in Project 5.5.) As
a corollary, BC(C) only depends on the tilt C*. Finally, every Banach-Colmez
space is a diamond.
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4.4 A survey of the diamond landscape

In these lectures we have introduced a hierarchy of nonarchimedean analytic
spaces: rigid spaces, adic spaces, perfectoid spaces, and diamonds. We have
highlighted the role of Q,-vector space objects in each category. In the last
two sections, we studied Q,-vector space diamonds arising as global sections
of sheaves on the Fargues-Fontaine curve (vector bundles and torsion sheaves,
respectively).

Since we presented these objects without much context, you have a right
to wonder about motivation. Why do we care that certain sheaves on Pfd are
diamonds? And why are these particular objects so important?

Fundamentals of diamond geometry. The device of étale cohomology
allows us to apply our intuitions about algebraic topology to schemes. To wit,
if X is a scheme, there is a notion of an étale site X4, whose objects are
étale morphisms over X; these can be used to define the f-adic cohomology
groups H*(X4, Q). If in addition X is a smooth projective variety over an
algebraically closed field k, and ¢ is invertible in k, then the H'(X¢;, Q) have
some nice properties: they are zero outside of the range ¢ = 0,1,...,2dim X,
they satisfy Poincaré duality, there is a Lefschetz fixed-point formula one can
apply to endomorphisms of X, and so on.

Underpinning these properties is a framework of results concerning different
kinds of morphisms (finite type, étale, proper, smooth, etc.) and their effects
on étale sheaves. For instance, we have a notion of a smooth morphism of
schemes f: X — Y, which is meant to mimic the same notion for manifolds,
and which can be checked using a Jacobian criterion. The Poincaré duality
theorem mentioned above is a special case of a relative version: there is an
isomorphism f'F = f*F[2d](d), valid whenever f is a smooth morphism of
relative dimension d, and F is an étale sheaf of (Z/nZ)-modules on Y, where n
is invertible on Y.

Many of these fundamentals are carried over into the world of rigid and
adic spaces in [Hub96]. Huber defines the important classes of morphisms of
adic spaces (finite type, étale, proper, smooth, etc.), and proves theorems (base
change theorems, Poincaré duality) about how they interact with étale coho-
mology.

Perfectoid spaces seem at first glance to be immune to this sort of treatment.
For instance, let K be a perfectoid field, and let D = Spa K(T/?™) be the
perfectoid closed disc from Example The ring K <T1/ p°°> isn’t finitely
generated over K, nor is it even topologically finitely generated, so already we
run into problems if we wish to think of D as being “finite type” over K. The
situation seems even worse if one tries to define smooth morphisms of perfectoid
spaces using a Jacobian criterion. (If f belongs to A = K(T/?™), then “df /dT”,
naively defined, may fail to lie in A, so this is certainly not the right way to
proceed.)

Nonetheless, Scholze [Sch17] has defined a notion of cohomological smooth-
ness for a morphism of diamonds (relative to a prime ¢ distinct from the residue
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characteristic), which essentially says that relative Poincaré duality holds. In
this sense, D — Spa K is cohomologically smooth, as are the Banach—Colmez
spaces H and B,/ Fil" (over the base Spd C). Recent work of Fargues-Scholze
[ES] even gives a Jacobian criterion of sorts to determine whether a morphism
of diamonds is cohomologically smooth.

Moduli spaces of mixed-characteristic local shtukas. Let C/Q, be
an algebraically closed perfectoid field with residue field &, and let Hy be a p-
divisible group over k. Recall from the discussion in that we have an exact
sequence of Q,-vector spaces

0— VH(C®) = H(C°) = Lie H ® C — 0,
which can be interpreted as an exact sequence of OXCb—modules:
0— Ox_, ®q, VH — E(Hy) — ix LieH ® C — 0,

where £(Hj) is the vector bundle corresponding to (the isocrystal corresponding
to) Ho, and ¢ is the morphism Spec Bl (C') = X¢».

Define a (partially proper) sheaf My, on Pfd¢ as follows. For a perfectoid
C-algebra R, we define Mg, (R) to be the set of injective morphisms s: (’)é‘(Rb —
E(Hyp) of O Xm—modules7 whose cokernel is a sheaf of the form 7, W, where W is
a projective R-module. (We have used the same letter 7 to denote the morphism
Spec Bix(R) — Xps.)

Results in [SW13] show that My, is a perfectoid space, and that it is iso-
morphic to the moduli space of deformations H of Hj together with a Q,-
basis for VH. The space Mp, admits commuting actions of the groups J =
Aut® Hy (automorphisms up to isogeny; this acts on £(Hy)) and GLj(Q,)
(which acts on Oh _). The cohomology groups H:(Mp, c,, Q,) admit an ac-
tion of GLj,(Q,) X J x Wq,, where Wq, is the Weil group. In the case that Hy
is basic, the Kottwitz conjectures predict that these cohomology groups realize
Langlands functoriality. In the special case that Hy is connected of dimension
1, the space My is called a Lubin-Tate space (at infinite level). The Kottwitz
conjectures are known to be true in for Lubin-Tate space [HT0I].

The introduction of diamonds allows us to generalize the situation consider-
ably. Fix an integer h > 1 and an isocrystal b of rank h. Write &, for the cor-
responding vector bunde on X¢. Fix an h-tuple of integers p = (ay,as,...,ap)
with a; > -+ > ap > 0. Such a p determines a class of modules over a discrete
valuation ring (A4, M), namely those of the form @?:1 A/M%. The set of such
u forms a partially ordered set.

Definition 4.4.1 (The space of infinite-level local shtukas with one leg [SW]).
Let My, be the (partially proper) functor on Pfdc which assigns to R the set
of exact sequences

0— O@Rb — &g — W =0,

where W is a Bji(R)-module quotient of i*&, p» which (at every geometric
point of Spa R) is of type < p.
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One refers to the exact sequence above as a modification of & of type < u
which produces the trivial vector bundle.

When b is an isocrystal with slopes in [0,1] and g is minuscule (meaning
a; < 1 for all i), we recover the moduli space My, as above, so long as a
certain compatibility is satisfied between b and pu.

The name “shtuka” recalls Drinfeld’s constructions for a smooth projective
curve over a finite field [Dri80]. Drinfeld defined a space of rank 2 shtukas and
studied the cohomology of this space, and in doing so proved the Langlands
conjectures for GLg over a function field. This was generalized to GL,, by L.
Lafforgue [Laf02]. (There is a strong but highly non-obvious analogy between
the two sorts of shtukas.)

Theorem 4.4.2 ([SW]). The sheaf My, is a diamond.

The idea is that M, admits a pro-étale morphism to the space of possible
W, which is a kind of flag variety; one wants to show that this latter space
is a diamond. For this it helps to know that Bj;/Fil’ is a diamond, which is
Theorem m (More details are supplied by the lecture notes of Kedlaya in
this series.)

It therefore makes sense to consider the étale cohomology of the M, ,,, and
to pose generalizations of the Kottwitz conjecture for it. The construction of the
My, answers a question of Rapoport—Viehmann about the existence of “local
Shimura varieties” [RV14].

A geometric Langlands program for p-adic fields. Let X be a smooth
projective curve over a finite field k, with function field K. The set

H GLn(K;)\ GLn(AK)/ GLn(K)

z€|X|

has two interpretations: (1) it classifies the set of isomorphism classes of rank n
vector bundles on X, and (2) functions on this set are automorphic forms on K
of level 1. Now, automorphic forms on K of level 1 which are Hecke eigenforms
are supposed to correspond to n-dimensional Galois representations of K which
are unramified everywhere, which is to say, rank n local systems on X.

The idea behind geometric Langlands is to geometrize the above statement,
along the lines of the function-sheaf correspondence of Grothendieck. The set
[Le x| GLn(K2)\ GLn(Ak)/ GLn(K) is the set of k-points of the stack Bun,,
which classifies vector bundles of rank n. Instead of considering functions on
this set, we consider Q,-sheaves on Bun,,.

The Hecke operators from the usual theory get geometrized as well. The

stack Bun,, admits Hecke correspondences indexed by n-tuples u = (a1, ..., an),
with a; > --- > a,. For each such p, there is a diagram of stacks
Hecke,,
% X
Bun, Bun,, xX.

44



Here Hecke,, classifies pairs of rank n vector bundles £; and &5, together with a
modification of & at a point P € X which produces £;; the morphisms h; and
hy take such a datum to & and (&2, P), respectively. The Hecke operator H,
inputs a sheaf on Bun,, and outputs a sheaf on Bun,, x X. In the case that u is
minuscule (meaning all a; are 0 or 1), then H,(F)) = (ho)1h]F.

Theorem 4.4.3 ([EGV02]). For every irreducible and everywhere unramified £-
adic representation ¢: Gal(K*/K) — GL,(Qy), there exists a nonzero perverse
sheaf Fy on Bun,, which is a Hecke eigensheaf with respect to ¢ in the following
sense: for all p, H,(F) = FX (r,o¢), where r, is the algebraic representation
of GL,, with highest weight .

There is a marvelous suite of conjectures due to Fargues [Far] which replaces
X with the Fargues—Fontaine curve in the above discussion. In this context
we define the stack Bun,, as the sheaf on Pfd which assigns to a perfectoid
F,-algebra R the groupoid of rank n vector bundles on Xg.

Theorem 4.4.4 ([FS]). The sheaf Bun,, is a smooth Artin stack in the category
of perfectoid spaces: it admits a smooth surjective morphism from a smooth
diamond.

As before, the stack Bun,, admits Hecke correspondences. For each u, there
is a corresponding Hecke operator H,, which inputs a sheaf on Bun,, and outputs
a sheaf on Bun,, x Spd Q,,. Part of Fargues’ conjecture is the following.

Conjecture 4.4.5. Let ¢: Wq, — GL,(Q,) be an irreducible (-adic represen-

tation. There exists a nonzero perverse sheaf Fy on Bun, such that for all p
we have H, (Fy) = Fy @ (r, 0 ¢).

There is a connection between the Hecke operators H,, and spaces of shtukas
My i, and in fact the full statement Fargues’ conjecture implies the generalized
Kottwitz conjecture for M, ,, in the case that b is basic.

5 Projects

5.1 Basic examples of adic spaces

1. Classify points in Spa Q,,(T'); describe the set-theoretic fibers of Spa C,(T") —
Spa Q,(T).

2. Classify points in Spa W (C®), where C is an algebraically closed perfectoid
field of characteristic p > 0.

5.2 Perfectoid fields

1. Let K = Qo(2/27)". Identify K® with Fy((t'/27)), where t corresponds
to the sequence (2,2'/2,...). Let L = K(v/—1), so that L/K has degree 2.
Thus L is perfectoid. Identify L’ as a separable extension of Fo((t'/77)).
Repeat for all other quadratic field extensions of K.
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2. Let K be a perfectoid field with residue field k. Show that K° = k((t'/?™))
if and only if the following criterion holds: K admits no proper perfectoid
subfields with the same residue field and value group.

5.3 Some commutative algebra

1. Let K be a perfectoid field. Describe the group of units in K (T/P7).

2. Let C be an algebraically closed perfectoid field of characteric p, and let
f € C(T'/?7) be a non-unit. Let D = {|z| < 1} C C. Does there always
exist « € D with f(a) = 07 Is the set of zeros of f finite? Profinite?
Which subsets of D are zero sets of such f7

3. Is there a generalization of the preceding exercise in characteristic 07

4. Continuing this theme, let C' be an algebraically closed perfectoid field
of characteristic p, and let f1,...,fm € A = C(Tll/poow..,Tﬁ/pm) be
elements which do not generate the unit ideal. Does there exist a common
zero of the f; in D™? (This is something like a perfectoid Nullstellensatz
statement.)

5.4 Closed subsets of adic spaces

For a scheme X, a closed subset T C X is (rather by definition) Zariski closed: it
is the zero locus of an ideal sheaf in Ox. There is a scheme, the reduced induced
subscheme Z, and a closed immersion Z — X whose set-theoretic image is 7.
This property is universal: for a reduced scheme Y, a morphism f: Y — X has
f(Y) C T (set-theoretically) if and only if f factors as Y — Z — X.

It is quite different with adic spaces. One difference is that closed subsets
are not necessarily Zariski-closed.

1. Consider Q, as a closed subset of the underlying topological space of Al
considered as an adic space over Q. Show that Q, is not Zariski closed.

2. Nonetheless, show that there exists a reduced adic space Z and a morphism
Z — A', which is a monomorphism and has image Q,, and which satisfies
a universal property.

Let H/F, be a formal p-divisible group of height 2 and dimension 1. Its universal
cover H lifts to a formal Q,-vector space over Zp = W(F,); let Hg  be its
generic fiber. Then PNIQP is a preperfectoid space. Let M(H) be the Dieudonné

module of H; this is a free Zp—module of rank 2. There is a quasi-logarithm
map of adic spaces

qlogy : IAi:Qp — M(H) ®5 Ga= G2

which respects the Q-vector space structure on either side. We describe it as a
natural transformation between functors from Pfde to Qp-vector spaces. Let
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R be a perfectoid Qp—algebra. We have an isomorphism EIQP(R) = ﬁ(R") =
(B(R") ®z, M (H))?=!. Then qlogy(R) is the composition of this map with
0r@1: B(R) @y M(H)— R®; M(H).

3. Prove that qlog is a monomorphism.

4. Let Z be the image of qlogy, considered as a subset of the underlying
topological space of G2. Show that Z is closed and generalizing.

5. Show that the residue fields of nonzero points of Z are never finite exten-
sions of Q. That is, the image of qlog;; contains no “classical points”
other than the origin.

6. Show that if Y is a perfectoid space over Spa Qp and f: Y — G2 has
set-theoretic image contained in Z, then f factors through qlogy.

Thus we have a closed subset of the adic space G2 which (considered as a
subfunctor on the category of perfectoid spaces) is representable by a preperfec-
toid space. In fact, it is a theorem of Scholze [Sch17] that any closed generalizing
subset of a diamond, when considered as a subfunctor on the category of per-
fectoid spaces, is itself a diamond.

5.5 Computations with Banach-Colmez spaces

Recall our discussion of Banach-Colmez spaces, which are sheaves of Q,-algebras
on the category of perfectoid spaces. There are two projects here. The first has
to do with some “ineffective” Banach-Colmez spaces. Fix an algebraically closed
perfectoid fied C' of characteristic 0.

1. We begin with the space H'(Ox(—1)), which inputs a perfectoid C-
algebra R and outputs the Q,-vector space H*(Xg, Ox(—1)). Show that
there is an isomorphism of sheaves of Q,-vector spaces on Pfd¢:

H'(Ox(-1)) = G./Q,.

2. The sheaf H!(Ox(—1)) parametrizes extension classes
0—-0x(-1) =& — 0x =0,
or (after twisting by Ox (1)) extension classes
0—-0x —>&—0x(1)—0.

Show that if this latter extension is nonsplit, then there exists an isomor-
phism £ = Ox(1/2). Recall that global sections of Ox(1/2) are repre-
sentable by a formal scheme H, where H/F,, is a formal p-divisible group
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of dimension 1 and height 2. Let us abbreviate f[é = He\ {0}; this is a
perfectoid space over C'. Show that there is an isomorphism

HY(Ox (—)\ {0} = (7T, x Q,(1)")/D*,

where D = Aut® H is the nonsplit quaternion algebra over Qp, where
Q,(1)* = Q,(1)\ {0}, and where D* acts on Q,(1)* through the reduced
norm map.

3. Let Q = Ga\Qp- Combining the previous two exercises gives an isomor-
phism Q/Q, = (ﬁé X gp(l)*)/DX. This isomorphism means there is
a diamond M carrying an action of Q, x D>, whose quotient by D> is

Q, and whose quotient by Q, is Hf x Q,(1)*. Show that M (with this
action) is isomorphic to the Lubin-Tate tower for GL2(Q,).

4. TIs there a similar story for H'(X,Ox()\)) for other negative values of
AeqQ?

The other project is due to David Hansen. Let M — Spd C be the infinite-
level Lubin-Tate tower for GL3(Q,). Then M can be interpreted as the space of
“mixed-characteristic shtukas” of a certain type. To wit, M is the sheafification
of the presheaf which assigns to a perfectoid C-algebra R, the set of exact
sequences of the form

0— o§<m - Ox,,(1/2) = i.W =0,

where i: Spec Bqr(R) — Xp» is the usual morphism, and W is a rank 1 projec-
tive quotient of i*OXRb (1/2). Then M admits an action of the product group
GL2(Qp) x D*, where D = Autp, Ox(1/2) is the nonsplit quaternion algebra

over Q.

Here is a different space of shtukas, which we’ll call N: it is the sheafifica-
tion of the presheaf which assigns to a perfectoid C-algebra R the set of exact
sequences of the form

0— ngm — 0x,,(1)? =i,V =0,

where this time V' is a projective Bl (R")/(ker 0z)?-module of rank 1. Then N
admits an action of GL2(Q,) x GL2(Q,).

5. Show that NV is a perfectoid space.

6. Show that, in the category of diamonds admitting an action of GL2(Q,) X
GL2(Qp), the sheaf N is isomorphic to the quotient (M x M)/D*, where
the action of D* is the diagonal one.

7. Are there other isomorphisms of these type, for different spaces of shtukas?
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