Homotopy opsrations and homotony Frouns.

M. . Barratt

The basic secuences.

The homotony grouns cf { {+ base point) with coefficients 4

are the track rroups [s"a,x]= ﬁﬁ( Z). & cofibration Q = i/B

yields the exact track group sequence*

veu ~ [8%0, 2]~ (574,51~ £S”‘B 1]~ (87715, 23~ ...

which, with a suitable filtration of A, €.8- DY skeletons, nrovides

nﬁ;X3 from the cohomology

a spectral sequence for determining {s
of X.

of A with coefficients in the ordinary homotopy groups
This exact sequence was generalised to relative and stable {orms by
Spanier and J. H. C. whiteheadf the inventors of the stable groups.

Any of the ordinary homotopy groups, including those of rairs,
triads, n-ads, can be converted to coefficients A by smashing the
argument space with Aj; exact séquences become exact secusnces. A

caveat has to be entered for a conditionally exact seocuence like

the imvportant SHP sequence of G. W. Whitehead

As; S A e H.,_ A P P A
"“‘&ﬂn(ﬂ) ,} +1 ) ——>ﬂn+l{0.k%X) —-}ﬁﬁ'—},{X) A

where the range of exactness (the meta-stable range) has to be,‘

e

reduced by the dimension ¢f A. This leads at once to the 5H

™

P
lattice of a mair (¥,Y), of creat use in finding the structure of

the homotopy groups of certain comnlexes in metastable range.

Barratt [1952], Spanier and Mitehead [1955]. The spectral
seguence was also 3uaenendently discovered by Federer [1956],
Berstein [1957], and in other language by S. T. Hu [1949]. The
exact secuence has also been Called the Fuppe sequence.



T . i ; qarkable
There are two Generalizations: the first is James! remarka

theorem that when X ig a smhere, the 5HP secuence exists and iS

exact on the 2«60ﬁgonent for ali n. This is an adequate instrumenv

for computing the 2-component of t

he homotopy groups of svheres,
with

the aid of enough homotopy operations. The p-components for

odd »rimes can be found from the other generalisation, the spectral
Sequence of a Suspension, a marticular case of the smectral segquence
. % s

of an inclusion, and too complex to exnlain briefly here. This is

a generalisation in the sense that it reduces to the SHP seguence

in meta-stable range. Strictly this is the spectral sequence for
& desusvension, but spectral sequences are frequently used to compute
some of the

£ d

E1 terms from the others andg the Eco

Operations.

In order to compute with these sequences, it is important that

the operations used be natural. The natural operations in a

category are derived from the orimary operation of composition:
the dual forms are

$
A ~——> B L e

4,:«(& ‘iu | cb*(u)\ Tu .

The natural operations {with values in sets) can be represented

generically by

$ i _ ¢ i
A > B< By LS %, —— &
. |
fﬁ‘xb" £~ n‘:
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3
the value of the operation ¢ on u being the set of muns fod
or &< f for all £ through which u factors. In wractice i
may be convenient to increase the astipuities for sach of caleulstis

and handling: the operation & is replzced by the union of & set

of operations sharing some commson =ronerty, €.f. &

; %ﬁfm B %W‘p%ﬁg . o

ol & dasired

common value under 3 dusl oserzticsn., The descrim

srructing ehjects Lal naps

then becomes & recize for com

nature. The imrortant Tods brackets sre of this kind.
In arclicaticns the pperstions are ¢lsssilied sccording to the

s met in sttes-ting to 1ift the map uw inte

1ly sthe results of other prerations os 4.
whe advantage of this is that when suitsble groun structures ar

sbout, the ambiruities of the onerstions siy be exvressible in terms

of other operations.

mhe immortsnce of the noturality of the cnerations i thet Lhelr

velues under the homomorvhisns used 16 Comnuling can be determined.
gf Eﬁﬁ; i %Q g&*i@@ kol £%§§%§§ m% W%Mﬁ §y ﬁi‘iﬁa o %

| in rerms of orerstions derived from & when Hiu) O,




nelations.
Homotopy onerations are built up from relations. Thus, if the

comnosition

A —>8255 *

is zero, there is a secondary oneration

SA —> B, U CB <= B

where ¢ 1is allowed to be any element such that po¢ = Sa, whers
p pinches B; to a point. This is an operation defined on the
kernel of the operation 8% and defines of course the Toda bracket
{y, 3, :1)( for any ve Ker 5"‘;

The relations can be more complex: thus from an equation
,#

T o B L ¥
ao03 +a'of' «0: A=B AT 2B X
1 N..Wh::? ggi 3

where a, a' map a suspension 4 to B, B' respectively, may be

derived a secondary operation
$ ; |
ShA —>»B; UC(B v B ) &= By

b is allowed to be any element such that wo ¢ = Sa + Sa'.
This is defined on the intersection of the kernels of 8*, ;3'*

J a o )
defines a generalised Toda bracket { Y 31 u’}’ Little ingenuity

vhere
, and

is required to vroliferate methods of constructing secondary and

higher operations of increasing comnlexity, and there seems little

point in classifying the methods.

4 variety of technicues are available for determining relations:

apart from peneral theorems concernins commutation of comoosition,

and Toda bracket {dentities, ad hoc methods can be used when the

elements involved are given by cperations. 3Some of the more subtle



relations can only be discovered by subsequent calculations; some
relations in the 8-stem, for examnle, can only be found by computing in
the next 3 svems. Su£ usually it is necessary to find most of the
relations in a given stem to provide the operations needed tC comoute

higher stems. .

Constructions.

The cruciai question in computing the 2-comvnonents of homotopy
- groups of srheres with the SHP sequence is that of determining
the homomorrhism P and constructing elements with assigned Hopf
invariants. The method is inductive on the dimensions of the spheres,
for since the image of P is the kernel of E, there is usually a
relation on the next higher svhere which cannot be desuspended. This
can be used to construct maps with a known Hopf invariant, and a
suitable stable operation may be found to yield a construction of

elements with other Hopf invariants.

Example 1. The Hopf class¥\ on 82 has the property that
2q = P{t}, the Whitehead product. Therefore 2q = Q on 83, and

a map ,
#
s rp? = gk I L

can be constructed wvhich is not a susvwension element. The Hopf
invariant of Tf* is therefore the nonzero element of [83392,35] = 7.
(r{f has Hopf invariant 1). Thus H{q,Z&, @} = 5. It was by

contemplating this example that Toda invented Toda brackets.

Example 2. The Hon{ class y on S& has the property that VQ

suspends to the "‘hitehead product P{( } on s°, Therefore there



-
s7cp? = 9 & Jd1 Y 6

whose Hopf invariant ig 1 in some sense. Thus H{;V,? ’ G} = 50Q.
The nrinciple involved here can be formalised. Toda first
proved in general that |
P(N) = qo 3 ‘:}H{a, p’, y}} = Ao S..

' This can be generalised, but the nresent formulation is mesSy.

Periodicities.

One of the objects of caleulating a lot of homotopy groups oF
spheres is to vrovide material for conjecture about regularities of
}behaviour.' Two types of regularity can be’identified, or looked for.
One is the nresence of veriodic families, on which stringent require-
ments are imposed that the elements should be defined on the same
spheres, in similar ways, with similar invariants. Another is ﬁhe

presence of recursive elements, defined on periodic spheres with
the same invariants, and possessinz the same nroperties. s an

examnle of the latter we have

Proposition. 3'[kx], 8[k] in the Lk-stem generating Z, summands

én‘ Shk such that
fa) 8'[x] has nonzerc Henf invariant on ghk=1 and musoer e
nontrivially to the inuge of P
{(b) B3[k] has nonsero Hopf invariant on sk g suspends
nontrivially to the image of F.
Thus the last unstable groups in the Lk-stem are G @ 22, G 8 22‘@ 22}
| Gf@*22’ where G 1is the stable group. I‘ore recursive elements can

be found Whenevér periodicity of P can be established.
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The periodic families known are largely but not exclusively“ip
the image of J. The simplest case is the stable family @, in
the p-comnonent on 53 s defined from a4 recursively by
Ty z{al, P, ar-l}: here a; 1is the first element of order p,
in “2p{§3). They have the nroperty d o, = Q. 3 in the spectral
Sequence, and in stable range are related to the generator of the

p-component of the image of J, by

(k+ 1) ial, Qs p} =yt
In the 2 component the following stable families are linked:
let r\ sV O’ be the Hopf classes in the 1, 3 and 7 stems
respectively. These are exceptional elements in the families, and

occur earlier than they should.

b
Stem 8n + 1. pf0l =y\ on 32; }A [n] = h,z:, a[n-—l’]j on 83, with
Huln] = a[n-1], 2uln] = 0. These are not in the

image of J.

Stem 8n + 3. faln] = {y] 22 , uln]} on s°, with Huln] = p[nl.

2i[n] = uinﬁhﬂ # 0.
j:[O} =  on S}*; \
Enl = ;Va 8, c{n}} on 3% with ’g‘?[ﬂ] = z[n-1],
Qc;{w} = ind Trin rernarates th Z!q; T

+ ~ o+ 7 [c) =1, 2 yi 2Ing ={alll, 2, aln-11/, =11 on 5

: [Cd =4, 2 epry alnd =y oo aln=1l0, wld
with Hala] =Ju£n}vlpt , 2aln] = 0 |
b[0] ={y ¥ f“'} , b{n] = {b[1], & , bln-13}, a1l en §°
with Hb[r?} xmun}q , 2b[n] = a[n].

c[0] = <¢,1>, cfn] ={cl1], & , c{n»l}}, all on S
with Heln] = uln], 2¢[n] = bln) ‘



alol =g on 5% atni = far1, 26, aln-13) on 57

with Hd[n] = a[n-13, 2d[n] = c[n]. This generates
the 2y Cln .o

Other menbers can be defined depending on the composition of n.



