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BETA FAMILIES ARISING FROM A v} SELF MAP ON 5/(3,0%)

EVA BELMONT AND KATSUMI SHIMOMURA

ABSTRACT. We show that v3 is a permanent cycle in the 3-primary Adams-Novikov spectral
sequence computing 7. (S/(3,v¥)), and use this to conclude that the families Bg;15/; for
i =1,2, Boryeyi for i =1,2,3, Boryoss fori =1,...,8, a1B943/3, and ai1Bos47 are permanent
cycles in the 3-primary Adams-Novikov spectral sequence for the sphere for all ¢ > 0. We use
a computer program by Wang to determine the additive and partial multiplicative structure
of the Adams-Novikov Es page for the sphere in relevant degrees. The i = 1 cases recover
previously known results of Behrens-Pemmaraju [BP04] and the second author [Shil0a]. The
results about Bg¢1s/3, Borre/s and Bosis/9 were previously claimed by the second author
[Shi06]; the computer calculations allow us to give a more direct proof. As an application,
we determine the image of the Hurewicz map .S — m«tmf at p = 3.

1. INTRODUCTION

Miller, Ravenel, and Wilson showed that the 2-line of the Adams-Novikov Ey page for the
sphere is generated by classes f3;/; . for i, j, k satisfying certain conditions [MRW77, Theorem
2.6]. At the prime 3, the § elements with i < 9 are:

Bi for 1 =1,2,4,5,7,8;

B35 and B, for j =1,2,3;

Bgsj for j=1,...,9;

Bay3,2;
where we write f5;/; := fB;/;1 and 5; := ;1. They have order 3 except for Sy/3 5, which
satisfies 309,39 = By/3. Of these, the permanent cycles are the following:

(11) Bh 1627 /83/2) 637 ﬂ57 /86/37 B6/27 B67 /37+Cﬂ9/9 fOI' some ¢ € {il}) 69/3 fOI' 1 SJ S 8

For i <7 and 7 + ¢fy/9, these assertions can be read off the exhaustive calculation [Rav86,
Table A3.4] of 7,54 in stems n < 108; see also [Okag&1] for many of the survival results and
[Shi97] for the non-survival results. The element 37 + cB/9 is an Arf invariant class (an
odd-primary analogue of the p = 2 Kervaire invariant classes), discussed in [Rav78, p.439];
the survival of the Arf invariant classes is not known in general at p = 3. The survival of fy;
for j < 8 is a consequence of Theorem 5.1, which does not depend on prior knowledge about
this element, but we do not claim originality for this result.

These results arise from exhaustive calculations in tractable stems, but it is possible to prove
results about 3 elements outside the range of feasible computation. One strategy is as follows.
Suppose 3;/; is a permanent cycle. It is v1-power-torsion; that is, there exists a type 2 complex

V such that j;/; factors as S f# Vv fi S (we omit degree shifts for clarity of notation). If v is
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a vg self map on V, then we may construct elements of 7, (.S) as follows:

t
sluy 2oy 2ig 4>

For this family to be of interest, one must also show that the elements are nonzero, for example
by identifying their Adams-Novikov representatives.

Let S/3 denote the mod 3 Moore space, and for m > 1 let S/(3,v]") denote the cofiber of
the m-fold iterate of Adams’ v; self map S/3 2 S/3 [Tod71]. Behrens and Pemmaraju
[BP04] show there is a v self map on S/(3,v;) and use this to prove the existence of nonzero
homotopy classes represented by Boits for s = 1,2,5,6,9 and ¢ > 0. The second author
[ShilOa] proves the existence of fg;+3. By comparison to Lo-local homotopy [Shi97], he shows
that the elements
Bot+a, Boi+7, Bot+s, Borysszs Botyzzs Paiszi

are not permanent cycles for t > 1, s # 0 (mod 3), and i > 1. The main goal of this paper
is to construct a v§ self map on S/(3,v§) and show the remaining 3 elements in 74(S) for
s < |v| = 144 also give rise to infinite families.

Theorem 5.1. For all t > 0, the classes
Botts/y for j =1,2
Bot+e/5 for j=1,2,3
Botyg/; for j=1,...,8
a1 B9143/3
a1 Bot+7
are permanent cycles in the Adams-Novikov spectral sequence for the sphere.

These families are interesting in part because the Hurewicz map m,(S) — 7. (tmf) detects
Bot+1, 18914373, Bott6/3, and a1 fBoti7, as we show in Theorem 6.5. Together with the well-
known behavior in the 0- and 1-lines, this completely determines the Hurewicz image of tmf
at p = 3. Behrens, Mahowald, and Quigley [BMQ20] calculate the Hurewicz image of tmf at
p = 2. Since 7. (tmf[1/6]) = Z[1/6, a4, ag] is concentrated on the Adams-Novikov 0-line, our
work together with the p = 2 case forms the complete determination of the Hurewicz image of
tmf at all primes.

Following the strategy outlined above, much of the work involves showing that v) is a
permanent cycle in the Adams-Novikov spectral sequence computing 7 (S/(3,v%)) (Theorem
4.6). All of our explicit calculations are in the Adams-Novikov spectral sequence for S/3.
To relate this to S/(3,v%) we use a lemma due to the second author (see Lemma 4.1) that
relates v]"-extensions in the Adams-Novikov spectral sequence for S/3 to differentials in the
Adams-Novikov spectral sequence for S/(3,v]"). Combined with Oka’s result [Oka79] that
S/(3,v) is a ring spectrum for m > 2, this implies the existence of a v3-self-map.

Corollary 4.7. For 2 < m < 8, there is a nonzero self-map vj : 21445/(3,0™) — S/(3,v).

The reader might be surprised by the appearance of the exponent 8, which we now explain.
Since ngr(v2) = vo+v1t; —vit; (mod 3) in the Hopf algebroid (BP;, BP,BP) (see e.g. [Ravs6,
(6.4.16)]), we have that v3 is an element of F(S/(3,v]")) for m < 3, and vJ is an element
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of Es(S/(3,v]")) for m < 9. On the other hand, we would like to work with m > 8, since
those are the values of m for which f3y/g is in the image of the composition of Adams-Novikov
E5 page boundary maps E»(S/(3,v]")) — E2(S/3) — E2(S). Trivial modifications to the
work in Section 4 show that v + v§vJ is a self-map on S/(3,v}); see Remark 4.8. However,
this slight strengthening is not necessary for our purposes, and we write down our results for
v9 € m(S/(3,v})) essentially for cosmetic reasons, avoiding the correction term. We also note
that for the families other than fg;, it suffices to work with S/(3, v}).

Our proof that v§ is a permanent cycle relies on analysis of the 143-stem in the Adams-Novikov
spectral sequence. This is greatly aided by software written by Wang [Wan; Wan21], which
computes the Es page of the Adams-Novikov spectral sequence using the algebraic Novikov
spectral sequence. In addition, the software computes multiplication by p, a1, and arbitrary
Bi/; elements. Wang’s software was originally written for use at p = 2; the minor modifications
we used to change the prime are available at [BWb] and data, charts, and more documentation
are available at [BWa]. The calculations that make use of computer data occur solely in
Section 3.

We now comment on the overlap between this work and the preprint [Shi06] by the second
author: both works construct v§ and the families Bg;, 3 /35 Bor+6/3, and Bg;1g/8, but we find
the methods here to be more straightforward. The earlier preprint uses the machinery of
infinite descent to control the complexity of the Adams-Novikov spectral sequence, while
we opt to work directly with the Adams-Novikov Fsy page, controlling the complexity using
Wang’s program. In particular, our analysis in Section 3, which is the crucial input for
the construction of v, follows from the Bj-multiplication structure given by the computer
calculations, as most of the elements in play are highly g;-divisible.

We conclude this section by giving an outline of the rest of the paper. In Section 2 we state
notational conventions for the rest of the paper and write down some easy facts about the
Adams-Novikov spectral sequence that will be used extensively in the remaining sections.
Most of the work for proving Theorem 4.6 occurs in Section 3, which makes use of computer
calculations to determine the Adams-Novikov spectral sequence for S/3 near the 143 stem.
Theorem 4.6, which constructs vg, is proved in Section 4. In Section 5 we prove Theorem 5.1,
which constructs the promised § families. This involves explicit calculations in a tractable range
of stems to prove that v3v3, v1v§, and ayv1v3 in Fa(S/(3,v7)) and ayvivs in Eo(S/(3,v%)) are
permanent cycles. In Section 6 we determine the 3-primary Hurewicz image of ¢tmf (Theorem
6.5). The appendix gives a list of classical Adams-Novikov differentials used in the text.

Acknowledgements: The first author would like to thank Paul Goerss for suggesting this
project, and for many helpful conversations along the way. She would also like to thank
Guozhen Wang for explaining some aspects of his program, and for some code changes.

2. NOTATION AND PRELIMINARIES

Throughout everything will be implicitly localized at the prime 3. For a finite spectrum X let
E;f’f (X) denote the E, page of the 3-primary Adams-Novikov spectral sequence computing
m. X, restricted to stem s and Adams-Novikov filtration f. That is, an element in 7,X is
detected in E,‘f’f (X) for some f. Throughout, any equality of homotopy or Es page elements

should be understood to be true up to units (that is, up to signs).
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We will make frequent use of the cofiber sequence
S35 sh 5358
(recall degree shifts are not shown). We will also consider the cofiber sequences

/3 s §/3 I 5/(3,07) 2 5/3
for m > 1, eventually focusing primarily on m = 8. The maps ¢, j, ¢y, and j,, induce maps of
Adams-Novikov spectral sequences, which we will denote with the same letters. We note the
effect on degrees: given x € E;’f(S/ZS), we have j(z) € E;fl’fH(S); given x € E;’f(S/(?), vi)),
we have jp,(z) € E§_4m_1’f+1(5/3). The maps 7 and i, preserve degrees. Sometimes we omit

applications of i or i,, in the notation for brevity; for example, we write 3, € E210’2(S /3) to
refer to i(f1). This is justified by regarding E2(S/3) as a module over F(S).

By the Geometric Boundary Theorem (see [Rav86, Theorem 2.3.4]), the maps induced by
7 and j,, on Ey pages coincide with the boundary maps in the long exact sequences of Ext
groups

Extpp pp(BP., BP./3) — Exty; iy p(BPy, BP,)

Extyp pp(BPi, BP./(3,01")) — ExtEE’EP(BP*, BP,/3).

Definition 2.1. We will say that an element € E5™(S/3) is a bottom cell element if it is in
the image of i : E;™(S) — E5"(S/3). Such an element is described as a top cell element if its

*—1,%

image under the boundary map j : Ey"(S/3) — E5~ *(S) is nonzero.

Notation 2.2.

(1) If = € ES7(S) is 3-torsion, we will let T € E5T/71(5/3) denote a class such that
j(Z) = x. Note that T may not always be uniquely determined.

(2) If z € E9(X) is a permanent cycle converging to y € m(X), write y = {z}.

In the rest of this section we present some preliminaries that are important for working
with the Adams-Novikov spectral sequences for S, S/3, and S/(3,v7"). All of these facts
are well-known, and the rest of this section can be skipped by a knowledgable reader. First
we recall some frequently-encountered permanent cycles in the 3-primary Adams-Novikov
spectral sequence for the sphere:

e o € Eg’ ’1(5 ) is represented by [t1] in the cobar complex, and is called hg in the Adams
spectral sequence;

e 3 € E;OQ(S) equals the Massey product (o, a1, 1) and is called by = byg in the Adams
spectral sequence;

e By € ESG’Q(S) is called k = kg = (hg, h1, h1) in the Adams spectral sequence. (This does
not correspond to an Adams-Novikov Massey product since h; does not exist in the
Adams-Novikov Fj page.)
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The 0-line (generated by just 1 € Ej 0(9)) and the 1-line E;’l(S ) consist of the image of the
J homomorphism. These classes are all permanent cycles; the image of the 1-line under i is
apv]* for m > 0. The 0-line of E5(S/3) is the polynomial algebra on v;.

Fact 2.3. Let X = S, S/3, or S/(3,v}") for m > 1.
(1) By7(X)=0if s+ f#0 (mod 4);
(2) B! (X) = B37(X).

Proof. The second statement follows from the first, and the first is true by observing degrees
in the E; page. U

Most of our calculations in the Adams-Novikov spectral sequence for S/(3,v7") for m > 2
implicitly use the following fact.

Theorem 2.4 ([Oka79]). Form > 2, S/(3,v]") is a ring spectrum.

It is also well-known that S/3 is a ring spectrum.

Lemma 2.5.

(1) If v € E10(S), then Sz is zero in E19(S). If x € E19(S/3), then Bz is zero in
Eo(S5/3).

(2) If x € Eg(S), then a1z is zero in Eg(S). If x € Eg(S/3), then a1B3z is zero in
E6(S/3).

(3) We have v} - 31 =0 in F(S/3).

Proof. For (1), the classical differential dg(a84) = 3% (see Table 6) implies that 8¢ = 0 in
FE10(S), and hence 8¢ = 0 in E10(S/3). Part (2) is an analogous consequence of the Toda
differential ds(85/3) = a1 7. Part (3) is [ShilOb, Lemma 2.13]. O

Next, we record some basic facts about transferring differentials by naturality across various
Adams-Novikov spectral sequences.

Lemma 2.6. Let m > 1.
(1) If there is a nontrivial differential ds(x) =y in E5(S) where y is not 3-divisible, then
there is a nontrivial differential ds(i(z)) = i(y) in E5(S/3).

(2) If there is a nontrivial differential d5(j(x)) = j(y) in E5(S) for x,y € E5(S/3), then
ds(z) # 0, and ds(z) =y (mod Im(i)).

Proof. For (1), by naturality of , there is a differential d5(i(x)) = i(y). We just need to check
that i(y) is nonzero in E5(S/3). This follows from the fact that E(S/3) = E5(S/3) and the
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assumption that i(y) is nonzero in E»(S/3). For (2), since j commutes with the differential
and F2(S/3) = E5(5/3), we have that ds(z) =y (mod ker(j)). The long exact sequence

B EN(S) D Ea(S/3) D Ey(S) S .
implies that ker(j) = Im(7). O

We use the following lemma without further mention when working with 5 elements, applying
it to the case x = vj.

Lemma 2.7. Let m > 1. For any x € Fy(S/(3,v]")) we have ju () = jmir(viz).

Proof. There is a diagram of spectra

5731, 5/3 S/(3,0) —I" s 5/3
et e ]
1 1
vm+k .
S/3-—5/3 S/(3,v ) I g3

since the square on the left induces a map between the cofibers of the rows. Thus we have
Jm = Jm=+k © v’f on spectra, hence on Adams-Novikov Fs pages. [l

3. COMPUTER-ASSISTED CALCULATIONS IN THE 143-STEM

In this section we study the Adams-Novikov spectral sequence for S/3 in the 143-stem and
nearby stems; this is the main technical input needed for Theorem 4.6. We make use of
computer calculations of the Adams-Novikov Ey page for the sphere; the specific facts from
the computer data we use are given in Lemma 3.1. The results from this section that are used
later are Lemma 3.2 and Proposition 3.7. The former follows immediately from the F3-vector
space structure of FE;(S). The rest of the section is devoted to proving the latter, which
says that every permanent cycle in m143(S/3) is detected in filtration < 5. This requires more
careful analysis using the multiplicative structure of the Fy page. Lemmas 3.5 and 3.6 give
the differentials responsible for killing higher filtration elements in E2143’*(5’ /3).

Lemma 3.1 ([BWa; BWh]).
(1) dim(ES“3(S)) = 2, E5Y(S) = F3{an 8264}, and dim(ES"/(S)) = 0 if f # 3,7.

(2) E§5’9(S) = F3{B3x75} where x75 is the generator of E275’5(S) and a18%x75 # 0. The
only other generator in Ey=°(S) is a1 8262 € ES(S).

(3) dim(E39’5(S)) = 2, dim(alEgg’S) = 1, and one of the generators of E39’5(S) is
a1xg9s where xog is the generator of E§6’4(S). Moreover, Egg’”(S) = F3{a18782}
and B3 (8) =0 for f #5,17.

(4) E¥¥3(5) = 0 = EI¥5(5),
(5) E541’15(S) = ?EQSI’S(S) and this group has dimension 2.

6
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(6) Figure 3 displays the vector space structure of E;’f(S) for 140 < s < 144, as well as
selected multiplicative structure.

In Figure 3, the names in E3*"'?(S) follow from the proof of Lemma 3.3; other names are

multiplications computed using Wang’s program.
Lemma 3.2. Ifz € E543’5(S/3) is v3-divisible, then x = 0.
Proof. Lemma 3.1(4) implies E,°*°(S/3) = 0. O

Lemma 3.3. We have that ESL?’(S) 1s 2-dimensional, and both generators are permanent
cycles.

Proof. By [Rav86, Table A3.4], mg1(S)5 is 2-dimensional, generated by 2 and (a1, aq, Bs).

Lemma 3.1(1) gives the structure of Egl’*(S). It suffices to show that ;373 supports a
nontrivial differential; Table 6 implies do(c13254) = 35. O

Lemma 3.4. There is a differential ds(wos) = B?x75. The F3-vector space a1E§9’5(S) 18
1-dimensional and is generated by a class a1xgg where xgg is a permanent cycle.

See Lemma 3.1 for element definitions. The second sentence is used implicitly when identifying

one of the generators of E;42’14(S) as a1 B{rgg (as seen in Figure 3): Wang’s program only
shows that there is a nonzero element in E'2142’14(S) that is oy 8f times an element of E39’5(S).
10 o0
,3?1'75 A
[ ]
A
8 \ )
(1]
6 ( 1 ]
® | o0
\ 99
4 [ °
96

96 98 100 102

FIGURE 1. E‘;’f(S) in degrees 95 < s <102, 4 < f < 10. Brown lines represent
ap-multiplication. Each dot represents a copy of F3. The information in this
chart used in the proof of Lemma 3.4 is summarized in Lemma 3.1(2)(3).

Proof. By [Rav86, Table A3.4], m6(S)5 = 0, and the generator xgs € E§6’4(S ) must support
a nontrivial differential as it cannot be a target for degree reasons. We claim this implies
a differential ds(x9s) = B2x75: by Lemma 3.1(2) the only other possible target is o332 €
E35’13(S) (a possibility for dg(xgg)), but this is zero in Eg by Lemma 2.5(2) as it is a3}
times the permanent cycle 3;/33.
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From Lemma 3.1(2), we have ayds(wes) = ds(a1m96) = a1 8775 is nonzero. By [Rav86, Table
A3.4], we have mgg(S)%/Im J = F3. We claim this permanent cycle is detected in filtration
5. By Lemma 3.1(3), the only other possibility is a1 3732 € E299’17(S), which is the target of
a ds differential by Lemma 2.5(2). Let x99 denote the permanent cycle in E§9’5(S). Since
a? =0 and dim(a1E39’5(S)) =1 by Lemma 3.1(3), we have that a1E§9’5(S’) is generated by
a1T99. ]

Lemma 3.5. The generator of E'2142’10(S) supports a nontrivial Adams-Novikov ds differential.

The generator of E;Q’G(S) supports a nontrivial Adams-Novikov dy differential.

Proof. Combining Lemma 3.1(5) with Lemma 3.3, we have that the 2-dimensional vector
space E2141’15(S ) is generated by B9-divisible permanent cycles. By Lemma 2.5(1), both classes
in E2141’15(S ) are hit by some differential. By the vector space structure of E2142’*(S ) displayed

in Figure 3, the only possibilities are the indicated ds and dy. ]

Lemma 3.6. The generator of E%43’9(S) supports a nontrivial Adams-Novikov ds differential

hitting alﬁill’gg, where xgog 1S the permanent cycle introduced in Lemma 5.4. One of the two

generators of E2143’5(S) supports a nontrivial Adams-Novikov dy differential hitting ,B?ﬁG/g.

Proof. This proof relies on Figure 3, in particular the fact that the elements mentioned are
all nonzero. For the first statement, we have d5(/3 /3" Bigg) = 13} - Pragg since zgg (and

hence B1799) is a permanent cycle. Since 353 € E§2’2(S) is a permanent cycle by [Rav80,

Table A3.4], we may apply Lemma 2.5(1) to show that 5?56/3 € E2142’14(S) is the target of a

differential d, for r < 9. Since the group E;43’9(5’ ) is one-dimensional and we proved above

that the generator supported a nontrivial ds, 5934 s3 must be hit by a dy. ]

Proposition 3.7. Every element in m143(S/3) is detected in Adams-Novikov filtration < 5.

Proof. We list the elements in E2143’f(S/3) for f > 5.

Filtration f | # bottom cell generators | # top cell generators
9 1 1
13 0 2
17 1 0
21 0 1
29 1 0

TABLE 2. Classes in E3*7(S/3) for f > 2

We encourage the reader to refer to Figure 4, which is derived from Figure 3, alongside the

rest of the proof.
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Filtration 9: We claim that both classes E543’9(S /3) support ds differentials. The bottom cell

class does so because of Lemmas 3.6 and 2.6(1), and the top cell class does so because of
Lemma 3.5 and Lemma 2.6(2).

Filtration 13: We may take the two generators of E543’13(S/3) to be classes a1 Bfzg9 and
B85 /3 defined such that their image under j is o Bizee and Y54 /3, respectively. By Lemma

2.6(2), the ds in Lemma 3.6 induces a d5 differential hitting ay S{wg9; note that Im(i) = 0 in
this degree.

By Lemma 3.6 we have a class to € E2143’5(S) such that dg(tz) = 7f/3. Let T2 be the top

cell class in E§44’4(S /3) associated to the 3-torsion element t5. We wish to show that there

is a differential dg(t2) = B3 /3. First we check that to survives to the Eg page. The only

possible targets for such a shorter differential are in E2143’9(S /3), and we showed above that
these both support nontrivial ds differentials. The map induced by j on Es pages shows that

dy(t2) = 963 modulo ker(j). We have Ey™1(5/3) = F3{8%0Bs/3}, and j(5¢B6/3) = B9 Be/3
which is nonzero in F9(S). Thus there is a nonzero dy differential as claimed.

Filtration 17: The generator of E;43’17(S) is 39 Bax57, where z57 is the generator of E257’3(S).

Using a differential in Table 6, we have a differential ds(3¢B2257) = 8{82. By Lemma 2.6(1)
we have a differential ds(i(5$B2x57)) = i(8]53).

Filtration 21: By Lemma 2.6(2), the ds differential on 892257 discussed in the filtration 17
case above gives rise to a differential ds(3%Bax57) = 8752 over S/3.

Filtration 29: The generator of E2143’29(S/3) is i(a1814); this class is zero in Eg(S/3) by
Lemma 2.5(2). O

Remark 3.8. The dependence of Proposition 3.7 on computer calculations would be reduced
if we could make precise the observation that much of the Adams-Novikov Es-page is [1-
periodic, and classes in high filtrations are highly (;-divisible. Using [Pal01, Theorem 2.3.1,
Remark 2.3.5(c)], one can prove that multiplication by /31 is an isomorphism on the Adams
E5 page restricted to Adams filtration f4, stem s, and filtration v in the algebraic Novikov
spectral sequence Ext’y*(F3,Fs3) = EJ"(S) if
fa> gzs+ v+ 12

By keeping track of the effect on the algebraic Novikov spectral sequence, one can derive that
B1 acts injectively (up to higher algebraic Novikov filtration) on the subspace of E‘;’f (S) in
algebraic Novikov filtration v if

(3.1) f> 555+ 5v+ 12

Surjectivity is harder to prove. Even if we knew that 3; acted isomorphically on the region
(3.1) (which is often true), this is not enough to prove the S;-divisibility results we need. For
example, in Proposition 3.7 we use the fact that the generator x of E§43’17(S’) is divisible
by 89. This element has v = 0, and Bl_la: and /6’1_233 lie in the region (3.1) but 51_335 does
not. Improving this bound would also be of use more generally to the study of the 3-primary
Adams and Adams-Novikov spectral sequences.
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FIGURE 3. E5/(S) in degrees
140 < s < 144, along with some
Adams-Novikov differentials. A
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copy of Z/27. Multiplications
by a; are not shown.
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4. SURVIVAL OF v

In this section, we prove Theorem 4.6, which says that v§ is a permanent cycle in E(S/(3,v%)).
The main ingredients are Lemma 3.2 and Proposition 3.7 from the previous section, and the
following lemma (below, specialized to our setting) due to the second author. It draws a
connection between hidden v§-extensions in 7.(S/3), and differentials of the minimum length
(i.e., d5 differentials) in the Adams-Novikov spectral sequence for S/(3,v%).

Lemma 4.1 ([Shi97, Lemma 1.4]). Let m > 1. Suppose we have y € E5(S/(3,v]")) such that

Jm(y) is a nontrivial permanent cycle in Eg’f(S’/?)), and let w denote an element in E5(S/3)
detecting the product v{" - {jm(y)} € m(S/3). Then there is a differential

ds(y) = im(w)
in E5(S/(3,v")).

In the next lemma we separate out the general strategy used to prove that v and other
elements in Section 5 are permanent cycles.

Lemma 4.2.

(1) Let x € E;’f(S/S) for f < 3 be an element such that j(x) € ES_I’fH(S) is a permanent
cycle and {j(x)} € w5(S) is an essential element of order 3. Furthermore, suppose that
Im(i : E;’f(S) — E;’f(5/3)) consists of permanent cycles. Then x € E;’f(S/?)) is a
permanent cycle.

(2) Letx € ES7(S/(3,0™)) for f <3 be an element such that jy,(z) € B3 ™ 1111 (5/3) is
a permanent cycle and {jm,(x)} is an essential element with v} - {jm(x)} = 0 € 7. (S/3).
Furthermore, suppose that Im(i,, : E‘;’f(S/3) — ES’f(S/(Z%, v]"))) consists of permanent
cycles. Then x € E;’f(S/(B,vT)) is a permanent cycle.

Proof. We just prove (1), as (2) is analogous. Consider the exact sequences
(4.1) E31(8) % B3 () 5 B (5/3) & ESTMT(S)
75(S) > ms(S) % ws(S/3) L me1(S) > ms_1(S)

associated to the cofiber sequence S = S S/3 24 S. Suppose that = € E‘;’f(S/?)) is
an element such that j(z) is a permanent cycle with 3 - {j(z)} = 0. Then there exists an
element £ € 74(S/3) such that j(&) = {j(z)}. Since j : m.(S/3) = m(XS) = m—1(S) respects
Adams-Novikov filtration, ¢ is detected in filtration < f. The assumption f < 3 combined
with Fact 2.3 implies that £ is detected in filtration f. We may write the detecting element
as x + y for some y € Eé’f (S/3). By the Geometric Boundary Theorem, j(z + y) converges
to j(§), and we also have that j(z) converges to j(£). So j(y) is a boundary. But j(y) has
filtration < 4, so Fact 2.3 implies j(y) = 0 in E2(S). By (4.1), we have that y is in the image
of i. By the assumption about Im(i), y is a permanent cycle, and we have from above that
r + y is a permanent cycle. Therefore, x is a permanent cycle. (]

Lemma 4.3. The element By/5 = js(v3) € E;ll’l(S/S) is a permanent cycle.
11
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Proof. By [Rav86, Table A3.4], there exists ¢ € {1} such that x106 = By/9 + cf7 € E%%(9)
is a 3-torsion permanent cycle. Lemma 4.2(1) applies since E;’l(S ) consists of permanent
cycles; it implies that g9 4 c¢f7 = jo(v3) + ¢ (v3) € E2107’1(5’/3) is a permanent cycle. Hence
v1 - (o(v9) + cj1(vd)) = v1 - jo(v)) = js(v)) is a permanent cycle. O

Lemma 4.4. We have d5(v)) = 0 in Eé4375(S/(3, v¥)).

Proof. Let x = d5(v3). We first consider the image of this differential along the natural map
induced by i4 : S/(3,v%) — S/(3,v}). Since v3 is an element of E48 0(S/(3,v3)), by the Leibniz
rule and Theorem 2.4, we have i5(z) = i5(ds(v)) = d5((v3)3) = 3v2d5(v§‘) =0.

Using Lemma 4.3, we have
Js(@) = js(ds(v3)) = ds(js(v3)) = 0
in F5(S/3) = E2(S/3). Thus the exact sequence
EYS5(5/3) % BY2(5/(3,08)) B B (573
gives © = ig(y) for some y € E2143’5(S/3).

Consider the commutative diagram of cofiber sequences obtained using Verdier’s axiom:

3

(4.2) S/3—1 4 5/3— " 5 5/(3,03)

3 i/

S/(3,07) — 5/(3,v%) —— S/(3,v3)

;T

S/3 — /33— x.

This implies that i3 = 5 o ig; in particular, i3(y) = #4(ig(y)) = i5(z) = 0. By the long exact
sequence corresponding to the top row of (4.2), we have that y is v3-divisible. By Lemma 3.2,
y=0. ([l

Lemma 4.5. The product v$ - {js(v3)} is zero in m.(S/3).

Proof. Let w € E;A‘?”f(S/?)) be a representative of v - {js(v3)} € m143(5/3). By Proposition
3.7, we have f <5, and by Fact 2.3, the only possibilities are f = 1,5. The product v§ - js(v3)
is zero on the Fy page, so we must have f = 5.

By Lemma 4.3, Lemma 4.1 applies to vg; combining this with Lemma 4.4, we have
0 = ds(vy) = ig(w)
in EM*2(5/(3,08)) = Ey*?(5/(3,1%)). Thus w is divisible by v in Ey***(5/3). By Lemma

3.2, we must have w = 0 in E5143’5(S/3). Since w was defined to be an element detecting
v$ - {js(v9)}, this product is zero in homotopy. O

12



FEva Belmont and Katsumi Shimomura

Theorem 4.6. The element v € Ey*°(S/(3,0%)) is a permanent cycle in the Adams-Novikou
spectral sequence computing m.(S/(3,v%)).

Proof. This will follow from applying Lemma 4.2(2) to v9. The first two hypotheses of that
lemma are satisfied due to Lemma 4.3 and Lemma 4.5. For the last hypothesis, note that
E2144’0(S/3) is generated by v$®, which is a permanent cycle. O

Corollary 4.7. For 2 < m < 8, the class v € w144(S/(3,v7)) lifts to a class v§ €
[S/(37U71n)a S/(3av{n)]144'

Proof. Naturality of the map S/(3,v%) — S/(3,v7*) for m < 8 means that Theorem 4.6 directly
implies v§ € E2144’0(S/(3,v’1”)) is a permanent cycle. By [Oka79, Theorem 6.1], R = S/(3,v]")
is a (homotopy) ring spectrum for m > 2. Thus the desired self map may be obtained as

vINT
R—SAR"S RARY R. 0

Remark 4.8. Essentially the same argument shows that v§ + v$v7 is a permanent cycle in
E2144’0(S/(3,vsf)). In the proof of Lemma 4.3 we show jg(v3) & 71(v3) = jo(v) & vivs) is a
permanent cycle. The proofs of Lemmas 4.4 and 4.5 go through without modification to
show that djz(v + vfvl) = 0 in E5143’5(S/(3,v%)) and v} - {jo(v§ £ v§vI)} = 0. In the proof
of Theorem 4.6, we have z = c¢1(v§ £ v§v]) + covd + 306, This time, vJ and v§v] are not
permanent cycles since Bg/9 = j(jo(v3)) and B7 = j(jo(viv])) are not permanent cycles, and

v30 is a permanent cycle. Thus v§ & v$v3 is a permanent cycle for some choice of sign.

5. SURVIVAL OF BETA ELEMENTS

Our goal in this section is to prove that several infinite families of /3, elements are permanent
cycles in the Adams-Novikov spectral sequence for the sphere. For indices a, b satisfying the
conditions in [MRW77, Theorem 2.6}, Miller, Ravenel, and Wilson define cycles /3, in E; ’2(5)

as the image of certain classes in E;’O(S /(3,%)) under the composition j o j,. In this section
we will only consider classes B,yn/, (with p{s) such that b < p", which enables us to use the
equivalent, but simpler, definition

L. 16a—4b—2,2
Bapp = J(Gp(v)) € By~ 777(S)
(at p = 3). These elements are defined using the boundary maps j and j, on Ext associated
b
to the short exact sequences BP, 3, BP, — BP,/3 and BP,/3 A BP,/3 — BP*/(?),U?); by
the Geometric Boundary Theorem these coincide with the maps induced on Adams-Novikov

spectral sequences by the maps j and j, of spectra that we have been considering in this
paper. Recall the convention that S, := f4/1.

Suppose 3, is a permanent cycle with b < 8, and in addition, suppose that the corresponding
element in homotopy 3" 1 € m«(S) factors as

Ba/b

(5.1) Bly S =4 5/(3,08) 24 s

13
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for some B, € m.(S/(3, v?)). In this case, for t > 1, Corollary 4.7 allows us to define elements
in m,(S):
Bayp by (02! by Jdb
59t+a/b S —=8/(3,v7) — §/(3,v]) == S.
We warn that existence of a factorization (5.1) is not automatic, even if 3, is a permanent
cycle and such a factorization exists on the level of Adams-Novikov Fy pages. Our goal is to
show the following, proved at the end of the section.

Theorem 5.1. For allt > 0, the classes
Boty3/5 for j =1,2
Botyey; for 3 =1,2,3
Botvo/j for j=1,...,8
1891 +3/3
a1Bot+7

are permanent cycles in the Adams-Novikov spectral sequence for the sphere. More precisely,
there are permanent cycles

vivg € B;20(S/(3,01)),

10§ € B,"0(5/(3,01)),
ajvvs € E5N(S/(3,01))
arvivg € By N(S/(3,02))

arv103)) = 1Bz, and j(ja(arvivg)) =

BN

(
such that j(js(vivy)) = Bs2, j(ja(v1v8)) = Be/s, j(ja(
a1 7.

Since 33,3 and 7 support Adams-Novikov differentials, none of the families in Theorem 5.1
are trivially multiplicative consequences of a different family. Instead, we have a183/3 €
<a1,a1,ﬁ%> and a187 € <a1, a1,5%56/3>. As we will see in Section 6, the families a8y, 3/3,
Bot+6/3, and aq Bgr47 have nontrivial image in .¢mf, along with the family fg;41 constructed
in [BP04, Corollary 1.2].

Lemma 5.2. The class jy(viv3) € Egg’l(S/IS) is a permanent cycle such that j(ji(v3v3)) =
Basy € E3*(S) and vi - {ja(v3)} = 0 in m.(S/3).

Proof. We have j(js(viv3)) = j(j2(v3)) = B3/2 in E2(S) by the definition of the 8 elements
along with Lemma 2.7. By classical computations of the Adams-Novikov Es page (see e.g.
[Rav&6, Figure 1.2.19)), Es>7(S) = 0 = E3/T(S) for f > 3, so B3 (5/3) = 0 for f > 3.
Thus j4(v?v3) € E39 1(5/3) cannot support a differential of any length.

As v% - j4 = 0 as a map of Fs pages, it remains to rule out hidden U%-extensions on Bg 2=

{j4(1)1'l)2>} € m39(S5/3). Using [Rav806, Table A3.4] we have m51(5/3) = F3{a13, 57} and so
U1 53 jo = c/Bl = cﬁl ,6’1 for some ¢ € F3. (If there were an o3 component, then the extension

would not be hidden.) We have v; - Bl = 0 for degree reasons, as Ravenel’s table implies
mo5(5/3) = 0. Thus Ul-v:f-ﬁgﬂ:()_ -

14
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Lemma 5.3. The class ji(v108) € Ey*(S/3) is a permanent cycle such that j(ji(v105)) =
Bz € By () and vf - {ja(v1v§)} = 0 in m.(S/3).

Proof. By Ravenel’s table [Rav806, Table A3.4], 85,3 and g are 3-torsion permanent cycles.
Since j(js(v1v9)) = B3 and j(ja(vivs)) = Bs, we apply Lemma 4.2(1) to j(v1v§) € E31(S/3)
and j4(v3v§) € E§1’1(5/3), noting that E;’I(S) consists of permanent cycles. This shows that
Ja(v105) and js(viv§) are permanent cycles.

To determine v{ - {j4(v1vS)}, we first consider the possibilities for v - {j4(v1v$)} € mo1(S/3):
from Ravenel’s tables, we have

m91(S/3) = Fa{ass, B17v2, Biasi, B}
where j(35) = B6. Since v} - 31 = 0 in homotopy by Lemma 2.5(3), we have v? - {js(v10§)} =
crans + coffp for ¢; € Fs. If ¢4 # 0 then vf - {j4(v1v§)} would be detected in filtration
1, contradicting the fact that vf - jy(vi0§) = 0 in F2(S/3). So it suffices to show that
v? - B = 0. From above, we may write 85 = {js(viv3)} = {j2(v10$)}. By [Oka81, Lemma 3],
0§ € EQIOO’O(S/(37 v?)) is a permanent cycle, and hence so is ja(v10S). We have {ja(v103)} =
j2({v1v§}) by the Geometric Boundary theorem, and v - jo({v1v$}) = 0 by definition of j, as
a map on homotopy groups. ]

Lemma 5.4. The classes v?v3 € ESG’O(S/(S, v})) and v1v§ € EQIOO’O(S/(?), v})) are permanent
cycles in the Adams-Novikov spectral sequence computing m.(S/(3,v7)).

Proof. Use Lemma 4.2(2), with Lemmas 5.2 and 5.3 as input. To check the condition about
the image of iy : F2(S/3) — E2(S/(3,v})) in these degrees, note that E;’I(S/?)) is generated
by the image of i : E;’l(S) — E;’l(S /3), which consists of permanent cycles, along with
elements that map to 8 elements under j. Standard theory about the 5 elements ([MRW77])
implies that @ and @ are the only such elements in the relevant degrees; these are both

permanent cycles by Lemmas 5.2 and 5.3. U

Lemma 5.5. The class ayv1v3 € ES™(S/(3,0%)) is a permanent cycle in the Adams-Novikov
spectral sequence.

Proof. There is a Toda bracket (ai,ai,57) € m37(S) detected by a1f35 in filtration 3,
and this class is 3-torsion (see [Rav86, Table A3.4]). In order to apply Lemma 4.2(1) to
Ja(aqvvd) € Egg’Q(S /3), we must check that E§8’2(S ) consists of permanent cycles. It follows
from standard facts about the Adams-Novikov 2-line ([MRW77]) that ESB’Q(S) = F3{B3/2}-
So we may conclude that js(ayv1v3) is a permanent cycle.

Moreover, v - {js(a1v1v3)} is zero in homotopy: since m53(S) = 0 = m54(S) by [Rav86, Table
A3.4], we have m54(S/3) = 0. In order to apply Lemma 4.2(2) to aqviv3 € E5(S/(3,0v%)),
we must check that E§5’1(S /3) consists of permanent cycles. This is true because the image of
E; ’1(5 ) consists of permanent cycles, and analysis of the 2-line reveals that there cannot be a

class with nontrivial image in E§4’2(S). Thus we have that ajv1v3 is a permanent cycle. [J

15
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Lemma 5.6. The class ayv1v) € By (S/(3,v2)) is a permanent cycle in the Adams-Novikov
spectral sequence.

Proof. Since S/(3,v?) is a ring spectrum (Theorem 2.4), we may consider this element as
a product viv3 - ajvs. Oka [Oka81, Lemma 2] showed that v3 is a permanent cycle in
E5*°(S/(3,v1)). This implies that v1v] is a permanent cycle in E5*°(S/(3,02)).

Next we consider possible differentials on ajv3 € E§5’1 (S/(3,v%)). An element in E§4’f(S/(3, v?))
either has nonzero image under j3 in E225’f *1(5/3) or is the image under iy of an element, of
Eg’4’f (S/3). From classically known computations of the Adams-Novikov Ey page (e.g. see
[Rav806, Figure 1.2.19]), we deduce that E225’*(S/3) =0 and E§5’23(S/3) = F3{a133}. This
implies Eg4’23(S/(3, v?)) is generated by is(c1/37). Observe that Tﬁf’ =B} = v1-B5. Thus
the only possible nonzero differential on vlvg’ . alv% is a ds with target vlvg . vlﬁf’. But the
target is divisible by vf, hence zero in E5(S/(3,v?)). O

Proof of Theorem 5.1. We show that g3/, is a permanent cycle for ¢ > 0. Since vd is a

permanent cycle in Fy(S/(3,v)) by Theorem 4.6, its image in E2(S/3,v}) is a permanent
cycle. Lemma 5.4 says that v?v3 is a permanent cycle in Eo(S/(3,v})), so the product
vfvs - 3t € E»(S/(3,01)) is a permanent cycle. Recall that Bg 32 € E2(S) is defined
as 7(j2(v3)) = §(ja(vvT?)) in Fa(S/3). Since js(vivy' ™) is a permanent cycle, so is

7 (G2(v3"F?)).

The other families of permanent cycles follow analogously, using Lemma 5.4 again as the
input for fgsy6/3, Lemma 5.5 as the input for a1fg;43/3, and Lemma 5.6 as the input for

189t 47- O
6. 3-PRIMARY HUREWICZ IMAGE OF tmf

In this section we determine the image of the Hurewicz map h : 7,5 — m.tmf induced by the
unit map S — tmf. The target m,.tmf has been computed via the elliptic spectral sequence
(see [Bau08, §3]); this is the Y (4)-based Adams spectral sequence for ¢mf, where Y (4) is the
Thom spectrum of QU(4) — Z x BU. We will denote this spectral sequence by E!(tmf).

Theorem 6.1 (Hopkins-Mahowald, Bauer [Bau08, §6]). The Es page of the elliptic spectral
sequence computing m.tmf at p = 3 is generated by cy4, cg, A, o, B, and b, subject to the
relation ¢ — c% = 1728A and the relations on the other generators displayed in Figure 5. It is

72-periodic, with periodicity element A3.
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FIGURE 5. The F page of the elliptic spectral sequence computing 7stmf
for 0 < s < 71. Dashed brown lines represent hidden a-multiples. Squares
indicate copies of Z3) and dots indicate copies of Fj.

We will show (Theorem 6.5) that all classes in filtration > 2 are in the Hurewicz image, and
the only classes in filtrations 0 and 1 in the image are the summands generated by 1 and a.
Instead of directly mapping to the elliptic spectral sequence, we use the K(2)-local E-based
Adams spectral sequence

EE(TMF) = H*(Gos; E,) = 7 (Lgc(2) TMF)

where F = F» is height 2 Morava E-theory and TMF is the periodic version of tmf. There
is a map of spectral sequences E,.(S) — EF(TMF) induced by the natural maps BP — E
and S — TMF. Henn-Karamanov-Mahowald [HKM13, Theorem 1.1] completely determine
EF(TMF /3) and provide formulas that we use to compute the map on Fy pages Ea(S) —
EF(TMF) in cases of interest (see Lemmas 6.2 and 6.3). For each class in E¥(TMF) in
filtration > 2, we identify a preimage in F5(S) that is among the classes proved to be
permanent cycles in Theorem 5.1 or [BP04] (see Proposition 6.4). As we explain in the proof
of Theorem 6.5, it suffices to understand the Hurewicz image in 7. (L g ) TMF) because there
is an injection 7. (tmf) — me(Lg o) TMF) (see Lemma 6.6).

First we review some notation and basic facts. We have E,/3 = Fg[[u1]][u*!], and there is a
natural map BP, — F, that sends v; — uju™2, vy — u~°, and v; — 0 for i > 2. Abusing
notation, we will let v; denote its image in E, /3.

Recall j : S/3 — XS denotes the boundary map in the cofiber sequence S Ay /3. We
will also use j to refer to the map j A TMF : TMF /3 — X TMF. Similarly, j,, will denote
both boundary maps S/(3,v7*) — S/3 and TMF/(3,v") — TMF /3 depending on context.

Lemma 6.2. In F, we have
vy = —A? — vl A (mod (3,09))
vS = A — 0?0 A% (mod (3,03))

08 = AT 23T TIAYTT (mod (3,07°7)).

Proof. The formula A = (1 —w?u? +u})w?u='? (mod (3,uf)) from [HKM13, Proposition 5.1]
implies
A% = (1 - 2w%u? +uj)(—v3)  (mod (3,v%))

v2ve A = v3(w?ud +uj)  (mod (3,09)).
17
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where w denotes an 8" root of unity in Fg. Combining these facts, we obtain the formula for v3;
the formulas for v§ and v3 " follow from it by squaring and successive cubing, respectively. [J

Let
H : Fy(S) — E¥(TMF)
H': Ey(S/3) — EE(TMF/3)
H;, : Eo(S/(3,v")) = B3 (TMF /(3,07"))

denote the natural maps of spectral sequences.

Lemma 6.3. We have

H(m) =a H'(j3(v3)) = Aa H'(j3(vivd)) = A*a

H(p1)=p H(B33) = AB H(fr) = A3
H'(j3(viva)) = & H'(j3(8)) = A&
H(Bs/3) = A*B

where j(&) = . (Here = denotes equality up to multiplication by a unit.)

Proof. Following Bauer [Bau08, §6], we have H(a;) = « since they both come from the cobar
class [t1], and H(f1) = (B because of the Massey products 51 = (a1, a1, 1) and 8 = (o, a, a).
We have j(a) = 8 and j(j3(viva)) = b1, so j(H'(js(vive))) = H(j(j3(v3v2))) = B. This
specifies H'(j3(v?v2)) up to the image of E¥(TMF), but EF¥(TMF /3) is 1-dimensional in the
degree of «, so there is no ambiguity.
For the next column, we have in E¥(TMF/(3,v})) that

H'(j3(v3)) = ja(H5(03)) = ja(=A% = vfv2) = —Aja(vive) = A - @

using Lemma 6.2 and the earlier fact about H’(j3(vivs)). Note that j3(A™) = 0 since A" is in
the image of E¥(TMF/3). Now apply j to get the statement about H (33 /3). The remaining
facts in this column are analogous, using the fact that fg/3 = j(j3 (v5)). The last column is
also proved similarly, using the fact that 87 = j(j3(viv])). O

By our convention about naming elements in the image of the map BP, — FE,, we have
Hj(vg) = va.

Proposition 6.4. Fort >0 the map H : E5(S) — EY(TMF) satisfies:
(1) H(Bor+1) = A%p
(2) H(Bory33) = A%H1p

(3) H(Borte/3) = A%H3p
(4) H(Boryr) = ASH3.

18
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Proof. These statements are all proved the same way; we show (2). First observe that Lemma
6.2 implies v§ = —A® (mod (3,v)). Using Lemma 6.2 and Lemma 6.3 we have:

H(Byrrsy3) = H(j(j3(vy ")) = 5 (s (Hj (v %))
— s (Hy(0d) - H(3))) = J(js (A% — v3uA) - (—1)'A%)
= j(As((=1)"AF2) + i (ja((—1) TofrA®Hh)
=0+ (=)AMH (s (vie)) = (~1)TATHS,
In the last line we are using the fact that j3(v?ve) = & in EF(TMF/3) from Lemma 6.3. [

In the next theorem, we show that every element in m,tmf detected in filtration > 2 is in the
Hurewicz image.

Theorem 6.5. The image of the map h : .S — m.mf at p = 3 consists of the Z3y summand
generated by 1 and the Fs summands generated by

a, A¥B for 1 <i <4, A¥aB, A*Sb
fort > 0. More precisely, we have

h(an) = a
h(B] " Borr1) = AYB for 1 <i <4
(04159t+3/3) = A%Bb
h(B7 Borreys) = A%HPB for 1< i <4
h(on Bory7) = A%+ b,

Proof. Let E§%(tmf) denote the elliptic spectral sequence for tmf (see [Bau08, §6]); recall this
is the Y (4)-based Adams spectral sequence for tmf. There is a map of spectral sequences
L : E¢%tmf) — EF(TMF) that comes from the map on Adams towers induced by the maps
Y(4) - MUp — E (where MUp denotes periodic MU) and tmf — TMF. These maps
assemble into a diagram of spectral sequences as follows.

(6.1) B (tmf) —E— BE(TMF) «— Ey(S)

ﬂ ﬂ M

Ty tmf L, TaL (o) TMF P TS
\—/

h

No element = € Egéls’o(tmf) for s # 0 is in the image of h: Lemma 6.6(2) implies z would be
detected in filtration 0 of ELZ (TMF), and H : Ex(S) — EZ(TMF) is zero in filtration 0 for
nonzero stems.

Next we turn to elements detected in filtration 1. We have H(«;) = o by Lemma 6.3; since we

have H = Lo h as maps 7.5 — ML (o) TMF and L is injective by Lemma 6.6, this implies

h(a1) = a € m.tmf. The other elements of ES(tmf) in filtration 1 are A%« for t > 1 and

A% for t > 0; we will show that the permanent cycles they represent are not in the Hurewicz

image. By Lemma 6.6(1) they are in the image of h if and only if their images in T L (2) TMF

are in the image of H. By Lemma 6.6(2) they are also detected in filtration 1 in EZ (TMF),
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so if they were in the image of H, they would be the image of a class in F5(S) in filtration
0 or 1. We have E‘;’O(S) = 0 for s > 1, so it suffices to show that the elements in ES’l(S)
except for oy are in the kernel of h. If z € ES’I(S) with s > 3 then i(z) = ajvf for some
k > 1. If i’ denotes the map 7.(S/3) — m.(tmf/3) induced by h, we have h'(ajv1) = 0 since
m7(tmf /3) = 0. Thus i(h(z)) = K'(i(x)) = 0 in 7.(S/3), which implies that h(x) is 3-divisible.
But Figure 5 shows that there are no 3-divisible nonzero targets in Adams-Novikov filtration
1.

We will now show how to use Proposition 6.4 to derive the remaining claims about h; for
multiplicative reasons, it suffices to show ¢ = 1 in those statements. We will illustrate this
with the element ;g 3/3; the other elements are analogous, using Theorem 5.1 for Bg; 63
or [BP04, Corollary 1.2] for Bg41 in place of Theorem 5.1 below as necessary. By Proposition
6.4, H(onByr13/3) = A% af in Ef(TMF). Since AS*1af is a permanent cycle in ES'(tmf)
converging to A%S3b, we have that A%*laf is a permanent cycle in EX(TMF) converging
to A%Bb. Theorem 5.1 shows that aj g3 /3 is a permanent cycle in the Adams-Novikov
spectral sequence; write o 8g;43/3 for the (non-a-divisible) element in homotopy it converges
to. The following diagram summarizes these statements by illustrating (6.1) applied to these
elements.

A6t+1a/8 @ A6t+1a/8 L Q159t+3/3

~

P DI SN NP

-

h
Thus H : m.S — m L) TMF satisfies H(a189143/3) = A% 3b. Since H factors through h
and L : motmf — TuLp ) TMF is injective by Lemma 6.6(1), we have that h(a18g¢43/3) =
A5 3b. a

Lemma 6.6.
(1) The map L : metmf — T Ly (2) TMF is injective on the classes in Theorem 0.5.

(2) The map L : E& tmf) — EL(TMF) is injective in filtration 0 and 1.

In fact, L is injective on E, pages in all filtrations, but we do not need this fact.

Proof. (1) We have

7 (Lic) TMF) = (ma(tmf)[(A%) 1))
where I = (3, ¢4) (see [Henl4, §2]). It is clear from the calculation of m, tmf that the localization
map 7 (tmf) — (A3)"Im.(tmf) is an injection. It suffices to show that completion at I is
injective on the specified classes. This holds because 0 = c4-a = ¢4+ = ¢4-bin (A?*) "I tmf
for degree reasons (and these classes are also all 3-torsion).

(2) Consider an element of ker(L : ESY(tmf) — EE(TMF)) represented by = € E$(tmf)

in filtration 0 or 1. We claim that x is in ker(Ly : E§¥(tmf) — EF(TMF)): since Lo(x)

is in filtration 0 or 1, it cannot be the target of a d, differential for » > 2. By comparing

the calculations of E$!(tmf) and EF(TMF/3) in [Bau08, §5] and [HKM13, Theorem 1.1],

respectively, it is clear that L), : E$!(tmf/3) — EF(TMF/3) is an injection, so the image
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of z in E§%(tmf/3) is zero, which implies (using exactness of the top row in the diagram)
x € ES"(tmf) is 3-divisible.

B (tmf) —>— BSM(tmf) —— E5"(tmf /3)

I

EE(TMF) —— EE(TMF/3)

Since ES"(tmf) has no 3-divisible classes in filtration 1, we now focus on the filtration 0 case.
Let y = /3" € E§"(tmf) be the non-3-divisible generator, which then has nonzero image i(y)
in E5"(tmf/3). Since LY is an injection, L(i(y)) = i(Lz2(y)) # 0. We claim that the (nonzero)
group generated by Ls(y) is torsion-free: if not, then the corresponding top cell class would
be a nonzero class in E¥(TMF/3) in filtration —1, contradicting [HKM13, Theorem 1.1]. So
Loy(z) = 3"La(y) # 0, contradicting the fact above that = € ker(Ls). O

Remark 6.7. Our methods are not sufficient to completely determine the image of the map
B 7.(S/3) = me(tmf/3). The remaining nontrivial part of this question is to determine
which elements A"« are in the image. Arguments similar to those we have given in this
section show that h'(Bos12) = A% o and W' (Borrs) = A% *3a. However, the families A%« for
t > 1 and AS*4q for t > 0 fit into patterns that are not described by our work in this paper.
For example, Ao € mog(tmf/3) is not in the image of A’ for degree reasons. On the other
hand, using the more precise definitions of the /5 elements in [MRW77, (2.4)] and calculating
analogously to Lemma 6.3, we find that the map E5(S/3) — EF(TMF/3) sends Big/11 to
Aq. As we do not know if (g /11 is a permanent cycle, we are unable to conclude whether
A% is in the image of 7.(S/3).

APPENDIX: ADAMS-NOVIKOV DIFFERENTIALS FOR THE SPHERE

source s | source f source d, target reason
34 2 B33 ds 133 Toda differential
57 3 T57 ds 33 B2 forced by [Rav86, Table A3.4]
58 2 B4 ds 13285 /3 forced by [Rav86, Table A3.4]
61 6 a1 By dg B9 forced by [Rav86, Table A3.4]
89 3 nonzero class | ds | nonzero class | forced by [Rav86, Table A3.4]
96 4 Tog ds 5%3075 See Lemma 3.4

TABLE 6. Classical Adams-Novikov differentials

Here x57 is the generator of E§7’3(S), 275 is the generator of E275’5(S), and zgg is the generator
96,4
of E577(9).

All of the differentials in the chart in [BWa] are derived from a1, 1, and Se-multiples of the
classes in Table 6. Moreover, the differentials are complete through stem 108.
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