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Let R be an integral domain and let f(X)=(/,(X), ... f,(X)) be an n-tuple of
power series in » variables X' = (x,, .., x,) such that df,e @ R[[X]]dx,, f(X)=0
(mod deg 1), and J( /) = ((¢/,/éx,)(0}} is invertible over R. We can form the formal
group F (X, Y)=/f "(f(X)+ f(Y)). A priori, the coefficients of F, are in K. the
quotient ring of R. T.Honda (J. Math. Soc. Japan 22, 1970, 213-246) and
M. Hazewinkel (“Formal Groups and Applications,” Academic Press, Orlando, FL,
1978) give some sufficient conditions for F,{X. ¥) to be defined over R in the form
of functional equations for the coefficients of the f,. This paper considers the con-
verse question: Given a commutative formal group F(X, Y) defined over a ring R,
what necessary conditions must be satisfied by the coefficients of the logarithm of
F(X. Y)? These results generalize the results of C. Snyder (Rocky Mountain J. Math.
15, No. 1. 1985, 1-11) in the one dimensional case.  © 1993 Academic Press, Inc.

Notation. Let [=(i,..,i,) be an index set. We let /! denote
iy!---i,". X' denote the monomial x{---x" and g(I) denote the g.c.d. of
iy, . i, (We say that the g.cd. of n and 0 is n for all n=0.)

INTRODUCTION

Kummer congruences for Hurwitz series were first studied in depth by
L. Carlitz around 1940. Carlitz was able to give some sufficient conditions
for a Hurwitz series to have Kummer congruences at a rational prime p by
looking at the action of the differential operator Q, = D?—a_ D, D =djdl,
on the series f(z) [1]. Snyder was able to strengthen these results through
a closer analysis of the action of @ [7].

Snyder also observed that the standard examples of Hurwitz series with
Kummer congruences at all primes, satisfied algebraic laws of addition. In
[8]. Snyder generalized this and showed in particular that if F(x, y) is a
one dimensional formal group defined over R, (where R is an integral
domain in a number ficld K and R, is R localized at Z — (p)), then the
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inverse of the logarithm of F is a Hurwitz series with strong Kummer con-
gruences at p [8, Theorem 2. This result gives some interesting congruen-
ces for the coefficients of the logarithm and the invariant differential of the
formal group. In particular he is able to recover the Atkin and Swinnerton-
Dyer congruences for the coefficients in the expansion of the holomorphic
differential on an elliptic curve.

In this paper we generalize some of Snyder’s results to formal groups of
higher dimension. In Section 1, we give the basic definitions for higher
dimensional Hurwitz series, Kummer congruences, and the analog of the
operator € ,,. In Theorem | we prove the equivalence of strong Kummer
congruences for an n-dimensional series f(7) and a set of congruences for
the coefficients of the inverse series of f. In Section 2 we give the connec-
tions between higher dimensional formal groups and Hurwitz series.
Theorem 2 gives the relationship between integral formal groups and
strong Kummer congruences. A corollary of these results is a set of con-
gruences that the coefficients of the logarithm of any integral formal group
must satisfy. These congruences are similar to those given in Honda [4]
and Hazewinkel [3] as necessary conditions for the integrality of a formal
group. In Section 3 we apply these results to the formal group of the
Jacobian of an algebraic curve. Using a construction for the formal group
of the Jacobian given in Freije {2], we prove that the integrality of the
formal group of the Jacobian gives a set of congruences which must be
satisfied by the coefficients of the expansions at a non-Weierstrass point of
a basis for the holomorphic differentials on the curve.

1. Hurwitz SERIES AND KUMMER CONGRUENCES

Let K be a field of characteristic 0, R < K an integral domain containing
Z, p a prime ideal in R, and p a prime number with p|p.

DErFINITION 1.  An n-dimensional Hurwitz series over R is an n-tuple of
power series

ATy =(f(T), .. £(T))

each of the form

f(n=7% ‘—'iLQT’, a,(I)e R.

!
120 1!

If /(0)=0 and J(/) is invertible over R, then it is easily shown that the
inverse of f(7T), A(T) is also an n-dimensional Hurwitz series over R by
repeatedly differentiating the equation f(A(T))=T.
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We wish to consider only those invertible Hurwitz series / which satisfy
the following hypothesis.

HyroTHESIS K. Let f(T) be an invertible Hurwitz series over R and let
AMT)=(~(T), .., ).{,(T)) he the inverse of [ where

s p ¢,(HeRr.

We assume that

=——g,{1) with ¢;(I)e R.
Thus

1
A(T)= —g (1) T
AT IZ:()g(“F’( )

This hypothesis implies that

o,
E:(T)eR[[T]]

forall k=1, .., n

PROPOSITION 1. If f is an n-dimensional Hurwilz series satisfying
Hypothesis K, then

of,
%(T)= 2 4y (DAY,

4 120
where d,(I)e R for all i, j=1,..,n and all I.

Proof. A(f(T))=T implies

s, oY

3 24 !
(}’; (T)) = (% (f( T))) € GL(R[[/(T)]))

/

since (¢4,/¢t,)(T)e R[[T]] and the Jacobian matrix of 4 J(4) is invertible
over R.
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If f(1)=27_,a,(t"/n!), a,e R, a;=1, is an invertible one-dimensional
Hurwitz series satisfying Hypothesis K, f(¢) is said to have Kummer
congruences at p, a rational prime, if and only if

r

Z (=0 "(Da, iam+i(p =0 (mod p")

i=0

for all positive integers r and all m = r. Carlitz defined an operator Q=
(D* —a, D), where Df is the derivative of f with respect to ¢ and showed
that if

Q=Y nt with 7,e Rand #,=0 (mod p)

then f has Kummer congruences at p [1].
Snyder showed that f has Kummer congruences at p if and only if n,=0
(mod p) for all j < p? and gave the following definition [7].

DEFINITION 2. A series is said to have a strong Kummer congruence at
p if n,=0 (mod p), for all /.

Fix a rational prime p and a prime pe R with p|p. We define Q, as

Aps Af Af 1 sars
9p<,/'):<;—f,;(r)>(%(T))(%’(m) (%,,—'(0))
- <Z 1, (DU Tn').

If f(T) satisfies Hypothesis K, then #,(/)e R by Proposition 1.

DerFINITION 3. We say f(T) has strong Kummer congruences at pc R
if n,(1)=0(mod p)forall i, j=1,..,n and all 1.

THEOREM 1. Let f(T) be an invertible n-dimensional Hurwitz series
satisfving Hypothesis K. Let A(T)=(A(T), ..., A,(T)) with
s A1
i)=Y APy
/=0 &8U)
be its composition inverse, then f has strong Kummer congruences at p if and
only if for every index set 1= (i, .., i,} we have
eNl) &,(pl)
(g:(peNeP(e)) | 1 )= : (mod p),
entl) £,(pl)

where e;= jth standard busis vector.
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(Note: If we assume f(T)=T (mod deg 2), (¢¥(¢,))=1,.)
Proof. Repeated differentiation of f{{A(T))}= T implies

P o P
()& m))

o ars,
+(5(zm)><5t—,,(r)>so (mod pRILTT]). (1)

Now. substitute f(7) for T and consider this congruence over R[[f]] to

get
(e (G vm))
(&)

f has strong Kummer congruences at p if and only if

o o N o |
(G )=(Zm)(Lo) (Fo)  modprirrm

Substituting this into (2) and using the fact that ({df;/ét;)(T)) 1s invertible
over R we have that f has strong Kummer congruences at p if and only if

(Zoo) '(‘j”’ J(Gevren))
< )E (mod pRL[/]]).

Evaluating (1) at T=0 gives
o, ' (0%,
(”( )) (”,,( ))
orA, iy LA
(o))

Thus f has strong Kummer congruences at p if and only if

(w2 (o))
(‘?[,’ at, it;

P
(S (7)) =0 (mod pRILSTD. 3)
(‘f/

L) ) (mod pRIL/TD. ()

]
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ol P, —1)-(i,—p+1) ,
)= J T J - (] Tl pe;
( ( )> = g) “

~XoGeen T e (modp)

04, P i e ol — pe
(E’T(T)) EZg([)E,-([)T g (mod pR).

Substituting into (3) and comparing coefficients we have

o fuD\ e2(])
k . _ L ) .

Ll = e ey (mod p)
1 I ;

SO\ on) 5P e (1)

forall k=1, .,nand all 1.
The result follows since i, /g(f) Z0 (mod p) for at least one k.

2. ForMaL Groups AND KUMMER CONGRUENCES

Let X be a number field, R < K an integral domain, p a prime ideal in
R, and p a rational prime with p|p.

Let F(X, Y) be a commutative formal group of dimension » defined over
K e,

FIX,Y)=(F|(X, Y),..,F(X, Y)), F.(X, YYeK[[X, Y]]
satisfying
FXx,0)=X K0, Y)=Y
FIF(X,Y), Zy=F(X, Y, Z))
F(X, Y)=FY, X).

A differential we Y.”_, K[[X]] dx, is an invariant differential of F if

i=1

o{F(X, V) =w(X)+w(Y)
It can be shown that w is an invariant differential of F if and only if

. . [ dx
cF; .
w=(a,.,a,) |50, X) S
0x,
dx,,
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where w|,=a,dx, + --- +a, dx,. Thus the space of invariant differentials
has dimension n over K.

Let w,, .., w, be a basis of invariant differentials of F(X, Y). If F(X, Y)
is commutative there exist power series 4,(X), .., 4,(X) with i, (X)e
K[[X]], di,(X)=wm,, and 4,(0)=0.

Let A=(4,(X),.., 4,(X)) then 4 is invertible and A(F(X, Y))=
A(X)Y+ A(Y). 4 is called the logarithm of F associated to the basis w,, ..., w,.
(See [4] for details.)

Let F(X, Y) be a commutative formal group of dimension » defined over
K and assume F has a basis of invariant differentials defined over R,. Let
/ be the logarithm associated to this basis. Then we can write

L=y Ls.(nx’ with &,(I)eR
Wi o g(I) ] 7 P

Let f(X) be the composition inverse of 4. Then f is an n-dimensional
Hurwitz series satisfying Hypothesis K of Section 1.

Conversely, if f is a Hurwitz series over R, satisfying Hypothesis K, we
can form the commutative formal group F,(X, Y) defined by

FAX.Y)=f(/ '(X)+f (Y)).

If A=/ ', 4is a logarithm of F, and the basis of invariant differentials of
F associated to A, {di,, .., dA,}, is defined over R,.

The following theorem gives the relationship between the integrality of a
formal group and strong Kummer congruences.

THEOREM 2. Let F(X,Y) be a commutative formal group defined over
R,. Let w,,..,w, be a basis for the formal invariant differentials of F
defined over R, and let 4 be the corresponding logarithm. Then f(X)=
/. "(X) has strong Kummer congruences at p.

COROLLARY. Let F(X, Y) and A(X) satisfy the hypotheses of Theorem 2.
We can write

_y L P
L=y g(l)a,(I)X with ¢,(I)eR,.

1>0
Then the coefficients satisfy
€1(pf) ef(f)
S = epe ) ee)) (mod pR,).
e,(pf) ent!)
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Proof of the Theorem. f(X) is a Hurwitz series over R, satisfying
Hypothesis K so we must show
Q, /=0 (mod pR,[[/]1]).
X+ Y)=F(f(X) f(Y))
of. AF . A
(-ﬁ-’- (X + Y)) = <ﬂ LA A Yn)(%’i (X)).
cx; cx

y
X I

Evaluating at X =0 and rearranging terms we have

OF. . 0 , ) ; 1
<2—~' (0, £ Y))) - (%1 ( Y))(if (0)) .
0x; cx, 0x,

Similarly,
i _ [CPF, le_ »
(o) o))
OF; ] avf, ‘
+<7r,(0‘f(y”>(ﬁ?‘°’> (mod pR,[[f1])
But
F, |
o (0-/(Y) =0 (mod pR,LL/]])

for all i, j since F,(X, Y)e R, [[X, Y]].
Thus

i fi of, trav, ‘
(@(Y))E(—(Y)XE;(O)) (7 ’,(0)> (mod pR,[[/]]).

Ay
(.\/ cX

ie. 2,(f)=0 (mod pR,[[/1]).

3. KuMMER CONGRUENCES AND HOLOMORPHIC DIFFERENTIALS
ON AN ALGEBRAIC CURVE

Let C be a complete non-singular curve of genus g defined over a
number field K. The Jacobian of C is an abelian variety of dimension g
defined over K. An explicit construction of the formal group of the
Jacobian is given as follows. (For details see [27.)

Let P, be a K-rational point on C which is not a Weierstrass point and
let 1 be a parameter at P,. We can choose a basis for the holomorphic
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differentials of C such that the K-expansions of w,, .., @, with respect to
the parameter r satisfy

'

w,= 3y any" de

n=1

with
a(l)--a,(g)

ag (1) a,(g)
invertible.
Let /(1) be the integral of the formal power series w, satisfying /,(0)=0
for i=1, .., g and let

LiT)=L(t),...t)=1(1)+ - +1,(1,)

The series L,(T) is symmetric in 7,, ..., 1, and thus we can write
LAT)=2,(5/(T), ... s,(T)),

where s, is the i th symmetric function on g letters.

Let J be the Jacobian of C and let A4: C—J be the canonical map
defined over K with A(P,)=origin of J. A extends to a map A%
Sym'#Y(C) — J which is birational over K and biregular in a neighborhood
of A(P,). In addition the induced map

(A%)*: I'(J, Q") — [(C'%), Q1)

between the spaces of holomorphic differentials is an isomorphism (see, for
example, [5]). Thus we regard (s,(T), ..., 5s,(7T)) as a set of local parameters
at the origin of J and d4, as the local expansion at the origin of a differen-
tial on J.

The map A: C — J induces a bijection

A*: N(J, ") - [(C, 2Y).

One can show that A*(d4;) is a holomorphic differential of Clori=1, .., g
and thus d4, is the local expansion of a holomorphic differential on J. If
. .., w, are chosen as above then {di,, .., di,} can be shown to be a
basis for the invanant differentials of the formal group of J. Thus we have
the following theorem.

THEOREM 3. Let A(X)=(4,, .., 4,) where A, is the formal power series
defined above. Then AX) is the logarithm of the formal group of the
Jacobian of C.

Proof. See Freije [2].
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Let C be a curve with good reduction at p, p a prime ideal in the ring
of integers of K. We can find a basis w,, .., w, of holomorphic differentials
such that the K-expansions at P, satisfy

w,= Z a;(n) " dt

n=1

with a,(n)e R, and

ay(1)---a,(g)

a/l)---a,g)

invertible over R,,.
The series 4,(X) constructed above can be given explicitly by

A(X)= 3 B(l)a;(N) X',

1>0

where I=(i,, .., {,)} runs through all index sets with i/, >0 for all &, i, #0
for at least one k, N,=1i,+2i,+ --- + gi,, and

(= 1) iyt - +ig— 1)

i !

B(I)=

If the formal group of the Jacobian constructed from this logarithm is
defined over R, the results of Section 2 give the following congruences for
the coefficients in the expansions of the holomorphic differentials w,, ..., w
on C.

4

THEOREM 4. If the formal group of the Jacobian of C, Jac(X,Y)
constructed from the basis described above is defined over R,, then the
coefficients in the expansions of v, ..., w, satisfy

a,(pn) at(n)
= (a,(jpa?(j) | (mod pR,)

a (pn) a,‘j(n)

Jor all neZ™.

Proof. The logarithm of Jac(X, Y), A(X) = (4,(X), .., A,(X)) with

. 1
A(X)= 3 B a,(N,)X'= 3 —(gl) BI)a,(N,) X"
1>0 /S0 &)
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Since i, B(I) is a multinomial coefficient and thus an integer for all
k=1,.. g g(I)BlI)eZ. Thus

g;(I)=B(I) g(I)a,(N,JeR,.
We can therefore apply the Corollary to Theorem 2,

ei(e))= (=11 (1)(a,(/))
(_1)1+1

&;(pe;) =( ) (p)(a;(jp)).

£,(pl) eNr)
: = (a,(jp)a?(j)) " : (mod pR))
£x(P1) e2)
for all 1.

Let I=(n,0, .., 0),

1
&(pl)= <~> (pn)(a;(pn)).
pn

1
el)= (;) (n)(a(n)).

a(pn) at(n)
: =(a,(jpa?(j)) | (mod pR,)
a,(pn) ag(n)

CoroLLARY. If a,(jp)=a,(p)al(j) (mod pR,) for j<genus g then
a;(np)=a,(p) al(n) (mod pR,) for all n.

Proof.

Thus

for all n.

aj(n)
a;(np) = (a,(p), ... a,(gpa?(j) " "| (mod pR,)

=a,(p)a’(l), .., al(g))al(j)) " ( : (mod pR,)

=a,(p)al(n).
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Remarks. (1) In the case where the base field is Q, the congruences
given in the Corollary to Theorem 2 for the coefficients of the logarithm of
an integral formal group are very similar to the functional equations given
in Honda [4] and Hazewinkel [3] as sufficient conditions for the
integrality of the formal group. It is an open question whether a
modification of these results would give a set of necessary and sufficient
conditions for the coefficients of the logarithm to ensure the integrality of
the corresponding formal group.

(2) For formal groups of dimension one, these results were proven
by Snyder [8]. It is well known that the formal group of a curve of genus
one, an elliptic curve, defined over Q has coefficients in Z (see [6]). When
applied to these curves, the congruences of Theorem 4 (Theorem 2 in [8])
are the congruences of Atkin and Swinnerton-Dyer for the holomorphic
differential on the elliptic curve.

(3) If the curve C is a modular curve X,(/), / a prime, the cusp at ix
1s not a Weierstrass point. One can choose a basis for the holomorphic
differentials at this point corresponding to the Q-basis for the cusp forms
of weight 2 for I'y(/). Using the action of the Hecke and Atkin operators on
the Fourier expansions of these cusp forms one can show that the formal
group of the Jacobian of C is defined over Z, for all primes p not in an
explicit finite set. (See [2]). On the other hand, if one knows a priori that
the formal group constructed from a particular basis is defined over Z,,
Theorem 4 gives congruences of Atkin Lehner type for the coefficients in
the Fourier expansions of the corresponding cusp forms.
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