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Abstract. We completely calculate the RO(Z/p)-graded coeffi-
cients HZ/p

⋆

HZ/p for the constant Mackey functor Z/p.

1. Introduction

In [8], Hu and Kriz computed the Hopf algebroid

(1) (HZ/2
⋆

,HZ/2
⋆

HZ/2)

where Z/2 denotes the constant Z/2-Mackey functor and the subscript

?⋆ denotes RO(G)-graded coefficients. (We direct the reader to [1, 14,
17, 13] for general preliminaries on Mackey functors, and to [15, 16] for
their relationship with ordinary equivariant generalized (co)homology
theories.) There are several remarkable features of the Hopf algebroid
(1), which played an important role in the calculation of coefficients of
Real-oriented spectra in [8]. For example, the morphism ring of (1) is
a free module over the object ring (in particular, the Hopf algebroid is
“flat,” see [19]). Another remarkable fact is that the Hopf algebroid (1)
is closely related to the motivic dual Steenrod algebra Hopf algebroid
[21, 10]. In particular, if we denote by α the real sign representation,
there are generator classes ξi in degrees (2i − 1)(1 + α) and τi in de-
grees (2i − 1)(1 + α) + 1. A key point in proving this is the existence
of the infinite complex projective space with Z/2-action by complex
conjugation.

When trying to generalize this calculation to a prime p > 2, i.e. to
compute

(2) (HZ/p
⋆

,HZ/p
⋆

HZ/p) for p > 2 prime,

the first difficulty one encounters is that no p > 2 generalization of
complex conjugation on CP∞ presents itself. Additionally, applications

Kriz acknowledges the support of a Simons Collaboration Grant. Somberg ac-
knowledges support from the grant GACR 19-28628X.
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of this calculation were not yet known. For those reasons, likely, the
question remained open for more than 20 years.

However, recently Z/p-equivariant cohomological operations at p > 2
have become of interest, for example due to questions of p > 2 analogues
of certain computations by Hill, Hopkins, and Ravenel in their solution
to the Kervaire invariant 1 problem [6, 7]. In fact, Sankar and Wilson
[20] made progress on the calculation of (2), in particular providing
a complete decomposition of the spectrum HZ/p ∧HZ/p and thereby

proving that the morphism ring (2) is not a flat module over the object
ring.

The goal of the present paper is to complete the calculation of the
Hopf algebroid (2). The authors note that while the present paper is
largely self-contained, comparing with the results of [20] proved to be
an step in the present calculation. We also point out the fact that while
we do obtain complete characterizations of all the structure formulas of
the Hopf algebroid (2), not all of them are presented in a nice explicit
fashion, but only by recursion through (explicit) maps into other rings.
This, in fact, also occurs in (1), where while the product relations
and the coproduct are very elegant, the right unit is only recursively
characterized by comparison with Borel cohomology. In the case of (2),
this occurs for more of the structure formulas.

The formulas are, in fact, too complicated to present in the introduc-
tion, but we outline here the basic steps and results, with references to
precise statements in the text. We first need to establish certain general
preliminary facts about Z/p-equivariant homology which are given in
Section 2 below. The first important realization is that Z/p-equivariant
cohomology with constant coefficients is periodic under differences of
irreducible real Z/p-representations of complex type. Therefore, since
we are only using the additive structure of the real representation ring,
we can reduce the indexing from RO(Z/p) to the free abelian group
R on 1 (the real 1-representation) and β, which is a chosen irreducible
real representation of complex type.

Considering the full R-grading, on the other hand, is essential, since
the pattern is simpler than if we only considered the Z-grading (not
to mention the fact that it contains more information). As already
remarked, even in the p = 2 case, not all the free generators are in in-
tegral dimensions. As noted in [20], the dual Z/p-equivariant Steenrod
algebra for p > 2 is not a free module over the coefficient, but still, the
R-graded pattern is a lot easier to describe than the Z-graded pattern.
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Additively speaking, for p > 2, the R-graded dual Z/p-equivariant
Steenrod algebra A⋆ =HZ/p

⋆

HZ/p is a sum of copies of the coefficients

of HZ/p, and the coefficients of another HZ/p-module HM , which, up
to shift by β − 2, is the equivariant cohomology corresponding to the
Mackey functor Q which is 0 on the fixed orbit and Z/p (fixed) on the
free orbit. In Propositions 1, 2, we describe the ring HZ/p

⋆

and the

module HM⋆.
It is quite interesting that for p = 2, this HZ/p-module HM is, in

fact, an R-shift of HZ/2. For p > 2, however, this fails, and in fact

infinitely many higher Z/p-Tor-groups of Q with itself are non-trivial.
How is it possible for A⋆ to be manageable, then? As noted in

[20], the spectrum HZ/p ∧ HZ/p is, in fact not a wedge-sum of R-

graded suspensions of HZ/p and HM . It turns out that instead, the
HM -summands of the coefficients form “duplexes,” i.e. pairs each
of which makes up an HZ/p-module which we denote by HT , whose

smashes over HZ/p are again R-shifted copies of HT (Proposition 4).
We establish this, and further explain the phenomenon, in Section 2
below.

Now our description of the multiplicative properties of A⋆ for p > 2
must, of course, take into account the smashing rules of the building
blocks HT over HZ/p. However, we still need to identify elements
which play the role of “multiplicative generators.” In the present situa-
tion, this is facilitated in Section 3 by computing the HZ/p-cohomology

of the equivariant complex projective space CP∞

Z/p (Proposition 5) and

the equivariant infinite lens space BZ/p(Z/p) (Proposition 7).
This can be accomplished using the spectral sequence coming from

a filtration of the complete complex universe by a regular flag, which
was also used in [12] to give a new more explicit proof of Hausmann’s
theorem [5] on the universality of the equivariant formal group on stable
complex cobordism.

The spectral sequences can be completely solved and the multiplica-
tive structure is completely determined by comparison with Borel co-
homology. One can then use an analog of Milnor’s method [18] to
construct elements of A⋆. It is convenient to do both the cases of the
projective space and the lens space, since in the projective case, the
spectral sequence actually collapses, thus yielding elements of ξ

n
∈ A⋆

of dimension

2pn−1 + (pn − pn−1 − 1)β
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and θn of dimension

2(pn − 1) + (p − 1)(pn − 1)β.
One also obtains analogues of Milnor coproduct relations between these
elements by the method of [18]. One notes that the elements θn are of
the right “slope” 2k + `β where (k ∶ `) = (1 ∶ p − 1) and in fact, they
turn out to generate HZ/p

⋆

-summands of A⋆. It is also interesting to

note that for p > 2, it is impossible to shift the element ξ
n

to the “right
slope,” since the values of 2k and ` would not be integers.

To completely understand the role of the elements ξ
n
, and also to

construct the remaining “generators” of A⋆, one solves the flag spec-
tral sequence for BZ/p(Z/p). This time, there are some differentials
(although not many), which is the heuristic reason why A⋆ is not a free
HZ/p

⋆

-module. In fact, following the method of [18], one constructs

τn, τ̂n, of degree ∣ξ
n
∣ + 1, ∣ξ

n
∣, respectively, and also an element ξ̂n of

degree ∣ξ
n
∣ − 1. The “multiplet” of elements

(3) τn, τ̂n, ξn, ξ̂n,

in fact, “generates” a copy of HT⋆. Again, Milnor-style coproduct
relations on these elements follow using the same method.

The cohomology of the equivariant lens space, in fact, gives rise
to one additional set of elements µ

n
of degree ∣θn∣ + 1, each of which

also generates an HZ/p
⋆

-summand of A⋆. Coproduct relations on this

element also follow from the method of [18], but this time, there are
more terms, so they are hard to write down in an elegant form.

To construct a complete decomposition of A⋆ into a sum of copies of
HZ/p

⋆

, HT⋆, one notes that along with the “multiplet” (3), we have

also have a “multiplet”

(4) τnξ
i−1

n
, τ̂nξ

i−1

n
, ξi
n
, ξ̂nξ

i−1

n

for i = 1, . . . , p− 1, which “generates” another copy of HT⋆, in a degree
predicted by Proposition 4. (This, in fact, means that some of the
linear combination of those elements will be divisible by the class b of
degree −β which comes from the inclusion S0 → Sβ. We will return to
this point below.) For now, however, let us remark that for i = p, the
element ξp

n
is dependent on θn, which is precisely accounted for by the

presence of the additional element µ
n
.

Tensoring these structures for different n then completely accounts
for all elements of A⋆, coinciding with the result of [20]. To determine
the structure formulas of A⋆ completely, we need to determine the
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divisibility of the linear combinations of the elements (4) by b, and to
completely describe all the multiplicative relations. This can, in fact,
be done by comparing with the Borel cohomology version Acc

⋆
of the

Z/p-equivariant Steenrod algebra, similarly as in [8]. The divisibility
is described in Proposition 8. The final answer is recorded in Theorem
9. We write down explicitly those formulas which are simple enough
to state explicitly. The remaining formulas are determined recursively
by the specified map into Acc

⋆
.

Acknowledgement: The authors are very indebted to Peter May
for comments. The authors are also thankful to Hood Chatham for
creating the spectralsequences latex package and to Eva Belmont for
tutorials on it.

2. Preliminaries

Let p be an odd prime. For our present purposes, the ring structure
on RO(Z/p) does not matter. Thus, it can be treated as the free
abelian group on the irreducible real representations, which are 1 (the
trivial irreducible real representation) and βi, i = 1, . . . , (p−1)/2 where
β is the 1-dimensional complex representation where the generator γ
acts by ζp (since βi is the dual of βp−i).

However, ordinary Z/p-equivariant cohomology is periodic with pe-
riod βi − βj, 1 ≤ i, j < p. This follows from the fact that S(βi) have
isomorphic equivariant cell chain complexes Ci given in degrees 0,1 as

Z[Z/p]→ Z[Z/p],

1↦ 1 − γi.
We have an isomorphism φi ∶ Ci → C1 given by

(5) 1↦ 1 + γ + ⋅ ⋅ ⋅ + γi−1.
in degree 1 and by the identity in degree 0. The map (5) can be
written as multiplication by (1 − γi)/(1 − γ), which has, as its inverse,
multiplication by (1 − γij)/(1 − γi) where ij ≡ 1 mod p.

Therefore, the reduced cell chain complexes of Sβ
i
, which are the

unreduced suspensions of S(βi), are also isomorphic, which implies the
periodicity by the results of [13, 14] (see also [9, 11]). Thus, when
discussing ordinary Z/p-homology, the grading can be by elements of
R = Z{1, β}, without losing information.

Now the Borel cohomology HZ/pc
⋆

= F (EZ/p+,HZ/p)⋆ is complex-

oriented. Its R-graded coefficients (given by group cohomology) are
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given by
HZ/pc

⋆

= Z/p[σ2, σ−2][b]⊗Λ[u],
where the (homological) dimension of the generators is given by

∣b∣ = −β, ∣σ2∣ = β − 2, ∣u∣ = −1.

The Tate cohomology H t
⋆
(Z/p) = (ẼZ/p ∧ F (EZ/p+,HZ/p))⋆ (where

X̃ denotes the unreduced suspension of X) is given by

HZ/pt
⋆

= Z/p[σ2, σ−2][b, b−1]⊗Λ[u].
(The notation σ2 is to connect with the notation of [8], where the
present question was treated for p = 2.) The Borel homology Hb

⋆
HZ/p =

(EZ/p+ ∧HZ/p)⋆ then is given by

HZ/pb
⋆

= Σ−1H t
⋆
HZ/p/Hc

⋆
HZ/p.

Now similarly as for p = 2, the Z-graded coefficients imply

HZ/pφ
⋆

= ΦZ/pHZ/p
⋆

= (ẼZ/p ∧HZ/p)⋆ = Z/p[σ−2][b, b−1]⊗Λ[σ−2u],

the map into HZ/pt
⋆

is given by inclusion.

Composing the inclusion with the quotient map into ΣHZ/pb
⋆

then

gives the connecting map of the long exact sequence associated with
the fibration

HZ/pb →HZ/p→HZ/pφ

where Eφ = E ∧ ẼZ/p for a Z/p-equivariant spectrum E.
Regarding the commutation rule of a (not necessarily coherently)

Z/p-equivariant ring spectrum, we note that the commutation rule be-
tween a class of degree 1 and a class of degree β is a matter of conven-
tion. The commutation rule between two classes of degree β is given by
x↦ −x on Sβ, which is equivariantly homotopic to the identity. Thus,
if the dimensions of classes x, y are k + `β, m + nβ, then we can write

xy = (−1)kmyx.
This implies the following

Proposition 1. Consider the ring

Γ = Z/p[σ−2][b]⊗Λ[σ−2u]
graded as above. Let Γ′ be the second local cohomology of Γ with respect
to the ideal (σ−2, b), desuspended by 1. Then

HZ/p
⋆

= Γ⊕ Γ′

with the abelian ring structure over Γ.
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−4 −3 −2 −1 0 1 2

− β

β

2β

b σ−2σ−2u

Figure 1. The coefficients HZ/p
⋆

Addtively, therefore, HZ/p
k+`β

is Z/p when 0 ≤ k ≤ −2` or −2` ≤ k ≤
−2, and 0 otherwise.

◻
We shall sometimes call the Γ part of the coefficients as the good tail

and the Γ′ part the derived tail.

Generally, the R-graded coefficients of ring spectra X we will con-
sider will split into a “good tail” Xg

⋆ and a “derived tail” Xd
⋆
. Generally,

the coefficient ring will be abelian over the good tail, and the derived
tail will be isomorphic to the second local cohomology of Γ with coef-
ficients in the good tail, desuspended by 1. This is convenient, since it
describes the multiplication completely. From that point of view, then,
we can write

Γ =HZ/pg
⋆

,

Γ′ =HZ/pd
⋆

=H2
(σ−2,b)(Γ,Γ)[−1].

There is another HZ/p-module spectrum which will play a role in

our calculations. Consider the short exact sequence of Z/p-Mackey
functors

(6) 0→ Q→ Z/p→ Φ→ 0

where Q resp. Φ are Z/p on the free resp. fixed orbit, and 0 on the other
orbit. This leads to a cofibration sequence of (coherent) HZ/p-module

spectra. We have HΦφ =HΦ, which implies

HΦ⋆ = Z/p[b, b−1].
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−4 −3 −2 −1 0 1 2 3 4

−2β

− β

β

2β

Figure 2. The coefficients HQ⋆

We also note that

(7) HQφ
n = { Z/p for n ∈ {1,2, . . .}

0 else.

The following follows from the long exact sequence on RO(Z/p)-graded
coefficients associated with (6).

Proposition 2. The group HQk+`β is Z/p when 1 ≤ k ≤ −2` or −2` ≤
k ≤ −1 and 0 otherwise. From a HZ/p

⋆

-module point of view, the ` < 0

part of the coefficients (the good tail) behaves as an ideal in Γ and the
` > 0 part the derived tail behaves as a quotient of Γ′. Additionally, we
have, again,

Hd
⋆
=H2

(β,σ−2)(HZ/pg
⋆

,HQg
⋆)[−1].

◻
We also put

HM = Σβ−2HQ

for indexing purposes, since the element in degree 0 is closest to playing
the role of the “generator” of HM⋆. (The element in degree −1 is its
multiple in Borel cohomology.)

Now there is more to the multiplicative structure, however. We are
interested in calculating

(8) HQ ∧HZ/pHQ.
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−6 −5 −4 −3 −2 −1 0 1 2

− β

β

2β

3β

Figure 3. The coefficients HM⋆

Note that if we denote by Z/p the co-constant Z/p-module (i.e. which

is Z/p on both the fixed and free orbit, and the corestriction is 1 while
the restriction is 0), then we have

(9) Σ2−βHZ/p =HZ/p.
Now note that at p = 2, if we denote the real sign representation by α,
we have

HQ = Σ1−αHZ/2,
so

HQ ∧HZ/2HQ = Σ2−βHZ/2 =HZ/2.
For p > 2, however, the situation is more complicated. Recall that for
1 ≤ i ≤ p, we have Fp[Z/p]-modules Li on which the generator γ of Z/p
acts by a Jordan block of size i. For any Fp[Z/p]-module, we have a
corresponding Z/p-module V where on the fixed orbit, we have V Z/p,

and the restriction is inclusion (see [13, 14]). Recall from [13] that the
Z/p-modules Lp, L1 = Z/p are projective, so to calculate (8), we can

use a projective resolution of Q by these Z/p-modules. We have a short
exact sequence

(10) 0→ Lp−1 → Lp → Q→ 0

and we also have a short exact sequence

(11) 0→ Lp+1−j → L1 ⊕Lp → Lj → 0.
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Splicing together short exact sequence (10) with alternating short exact
sequences (11) for j = p − 1, j = 2, we therefore obtain a projective
resolution of Q of the form

(12) . . . L1 ⊕Lp → . . .→ L1 ⊕Lp → Lp

We also have
Lp ⊗Z/p Q = Lp,

so tensoring (12) with Q over Z/p gives a chain complex of Z/p-modules
of the form

(13) . . .Q⊕Lp → . . .→ Q⊕Lp → Lp,

which gives the following

Proposition 3. For all primes p, we have:

Q⊗Z/p Q = Z/2.
For p = 2,

Tor
Z/2
i (Q,Q) = 0 for i > 0,

(HQ ∧HZ/2HQ) =HZ/2.
For p > 2,

Tor
Z/p
i (Q,Q) = Φ for i > 0,

and we have

(14) (HQ ∧HZ/pHQ)⋆ = Σ2−βHQ⋆ ⊕Σ2HZ/pφ
⋆

as HZ/p
⋆

-modules.

Proof. All the statements except (14) follow directly from evaluating
the homology of (13). The reason the case of p = 2 is special is that then
we have 2 = p, p − 1 = 1, so there will be additional maps alternatingly
canceling the fixed points for higher Tor.

To prove (14), first note that its part concerning the Z-graded line
follows from the other statements. The R-graded case, however, needs
more attention, since we are no longer dealing with objects in the heart,
so a priori we merely have a spectral sequence whose E2-term is given
by the sum of the R-graded coefficients of the HZ/p-modules with the
Postnikov decomposition given by the Mackey Tor-groups:

(15) E2
rs =H(TorZ/ps (Q,Q))r+∗β ⇒ (HQ ∧HZ/pHQ)r+s+∗β

(The indexing may seem reversed from what one would expect. Note,
however, that it is induced by a cell filtration on representation sphere
spectra.) We need to investigate this spectral sequence.
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To this end, it is worthwhile pointing out an alternative approach.
Since all the HZ/p-modules considered above have very easy Borel
homology, essentially the same information can be recovered by working
on geometric fixed points. Now for HZ/p-modules A,B, one has

(16) Aφ ∧HZ/pφ B
φ = (A ∧HZ/p B)φ.

Also, we have a coherent equivalence of categories between HZ/pφ-

modules and (HZ/pφ)Z/p-modules. Now we have

B ∶=HZ/pφ
∗

= Z/p[t]⊗Λ[u]

with ∣t∣ = 2, ∣u∣ = 1, while

J ∶=HQφ
∗ = (u, t),

(by which we denote that ideal in B). By [3], we therefore have a
spectral sequence of the form

(17) TorBr (J, J)s⇒ (HQ ∧HZ/pHQ)φr+s.

To calculate the left hand side of (17), we have a B-resolution C of J
of the form

(18)

. . . // B[4] −u //

t

##

B[3] −u //

t

##

B[2]

˙ // // B[3] u
// B[2] u

// B[1].

Tensoring over B with J and taking homology, we get

J ⊗B J = Z/p{u⊗ u,u⊗ t, t⊗ u}⊕B{t⊗ t}
(where the braces indicate a sum of copies indexed by the given ele-
ments) with the B-module structure the notation suggests, while

TorBi (J, J) = Z/p{u, t}[i + 1] for i > 0.

Thus, the spectral sequence (18) is given by

E1
rs =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Z/p if r = 0 and s = 2,4,5,6, . . .
Z/p⊕Z/p if r = 0 and s = 3
Z/p if r > 0 and s = r + 2, r + 3
0 else.

Moreover, one can show that the spectral sequence (17) collapses since
the only possible targets of differentials is the B{t ⊗ t} in filtration
degree 0, but by comparison with HZ/p, we see that those elements
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0 1 2 3

0

1

2

3

4

5

r

s

Figure 4. The spectral sequence for (HQ ∧HZ/pHQ)φ∗

cannot be 0, since they inject into Borel homology by the connecting
map. Thus, we see that

(19) (HQ ∧HZ/pHQ)φn =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Z/p for n = 2
Z/p⊕Z/p for n = 3,4, . . .
0 else.

Now the E2-term (15) on the (?)φ-level (obtained by inverting b) is
“off by one” in the sense that we obtain

Z/p for n = 1
Z/p⊕Z/p for n = 2,3,4, . . .
0 else.

This, in fact, detects a single d2-differential in the spectral sequence

(15) originating in the HZ/p
⋆
-part in degrees

2 − nβ, n = 1,2,3, . . .

and also proves there cannot be any other differentials, thus yielding
(14) (see Figures 5 and 6). ◻

Now let T denote the Z/p-equivariant suspension spectrum of the
cofiber of the second desuspension of the Z/p-equivariant based degree
p map

(20) Sβ → S2.

(This spectrum was denoted by T (θ) in [20].) We also denote HT =
HZ/p∧T. We shall see in Section 3 that the spectrum T (up to suspen-

sion) maps into the based suspension spectrum of the Z/p-equivariant
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−2 −1 0 1 2 3 4

−3β

−2β

− β

β

Figure 5. The spectral sequence (15)
12

−2 −1 0 1 2 3 4

−3β

−2β

− β

β

Figure 6. (HQ ∧HZ/pHQ)⋆

lens space BZ/p(Z/p), and therefore, the connecting map of the HZ/p
⋆

-

homology long exact sequence of (20) is an isomorphism on the Z/p in
degree β (which is the only degree in which it can be non-trivial for
dimensional reason).
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4

−6 −5 −4 −3 −2 −1 0 1 2 3

− β

β

2β

3β

Figure 7. The coefficients HT⋆

We also see that the coefficients of HT suggest the possibility of
a filtration whose associated graded pieces are wedges of suspensions
of HM . Indeed, from the universal property, we readily construct a
morphism

HT →HM,

which leads to a cofibration sequence of the form

(21) ΣHM →HT →HM,

which splits additively on R-graded coefficients. The Z-graded coef-
ficients of HT , which are Z/p in degrees −1 and 1, and Z/p ⊕ Z/p in
degree 0, generate the two HM -copies in (21) in the above sense.

The cofibration (21) can also be seen on the level of Mackey functors.
Desuspending (20) by β and smashing with HZ/p, we get, by (9), a
map of the form

HZ/p→HZ/p.
Its cofiber can then be realized by a Mackey chain complex

(22) Z/p→ Z/p
set in homological degrees 0,1, where the differential is 1 on the fixed
orbit and 0 on the free orbit (this is, essentially, the only non-trivial
possibility). In the derived category of Z/p-modules, then, (22) obvi-

ously maps to Q, with the kernel quasiisomorphic to Q[1].

The cofibration (21) does not split. To see that, we observe that
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Proposition 4. We have a Z/p-equivariant equivalence

(23) T ∧ T ∼ T ∨Σβ−1T.

Proof. The strategy is to smash two copies of the cofibration (20) to-
gether. In general, for a spectrum C which is a cofiber of a map of the
form

f ∶ S′ → S′′

where S′, S′′ are ∧-invertible,

C ∧C = (S′′ ∧C) ∨Σ(S′ ∧C)
if the Euler characteristic of C is 0. To see this, without loss of gener-
ality, S′′ = S0, and then χ(C) = 0 implies χ(S′) = 1, i.e. the homotopy
commutativity of the diagram

S′ ∧ S′ tp //

Id∧f %%

S′ ∧ S′

Id∧f
��
S′,

where tp denotes swap of factors, which is equivalent to

S′ ∧ S′ Id //

Id∧f %%

S′ ∧ S′

f∧Id
��
S′,

which can be used to construct the splitting. This is true in our case,
since χ(Sβ) = 1. ◻

Smashing (23) with HZ/p, we see that HT ∧HZ/pHT additively splits

as a direct sum of HM⋆ suspended by 0,1, β, β − 1.This is not what
would happen if the cofibration of HZ/p-modules (21) split: the higher
derived terms would appear. This will play a role of our description of
the Z/p-equivariant Steenrod algebra in the subsequent sections.

One may, in fact, ask how the “tidy” behavior (23) is even possible
on HZ/p-homology, given the infinitely many higher Tor’s of Q with
itself, computed in Proposition 3. We present an explanation in terms
of geometric fixed points: The resolution (18) in fact gives a short exact
sequence of B-modules of the form

0→ J[1]→ B[1]⊕B[2]→ J → 0.

On the level of geometric fixed points, the cofibration (21) in fact re-
alizes this extension.
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− β

β

2β

3β

4β

Figure 8. The coefficients (HT ∧HZ/pHT )⋆

Comment: It is worth noting that each of the traceless indecompos-
able modular representaions Li, i = 1, . . . , p − 1 gives rise to a Mackey
functor (which we also denote by L̃i) equal to Li on the free orbit

and 0 on the fixed orbit. Thus, L̃1 = Q. The HZ/p-modules HL̃i,

i = 1, . . . , p − 1 all have additively isomorphic RO(Z/p)-graded coeffi-
cients, even though no morphism of spectra induces this isomorphism
(passing to Borel homology, this says there is no map between Li, Lj
for i ≠ j which would induce an isomorphism in group homology). Of
course, the non-equivariant coefficients of HLi are Li in degree 0, so we
see they all are of different dimensions. The reason we only encounter
HL̃1 =HQ in our calculations is that in the Borel homology spectrum
of HZ/p ∧HZ/p is a wedge sum of suspended copies of HZ/pb.

This raises the question as to whether in general a morphism of
spectra f ∶ X → Y which induces an isomorphism in RO(Z/p)-graded
coefficients is a weak equivalence. This is obviously true for p = 2 by
the cofibration sequence

Z/2+ → S0 → Sα,

but it is false for p > 2: Consider the Mackey functor which is equal
to the traceless complex representation β on the free orbit and 0 on
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the fixed orbit. (We will also denote it by β.) Then the Z/p-Borel
homology spectrum Hβb has trivial RO(Z/p)-graded coefficients, since
the cohomology theory is (β − 2)-periodic, and the group homology of
Z/p with coefficients in β is 0. (Also note that for p = 2, this Borel
homology will be non-zero in degree α−1 where α is the 1-dimensional
real sign representation.)

On the other hand, call an equivariant spectrum X p-complete when
its canonical map into the homotopy inverse limit of X ∧MZ/pr is an
equivalence. Then a morphism f ∶X → Y of p-complete bounded below
Z/p-equivariant spectra which induces an isomorphism of RO(Z/p)-
graded coefficients is a weak equivalence. To see this, since we already
know fφ is an equivalence, it suffices to consider the case when X,Y
are free. Equivalently, we must show that a bounded below free Z/p-
spectrum whose fixed point coefficients are 0 is 0. So assume it is not 0,
and consider the bottom dimensional degree non-equivariant Z[Z/p]-
module V of its coefficients. But then V /(1−γ) ≠ 0, since on a modular
representation of Z/p, 1 − γ is never onto. Thus, the coefficients of the
fixed point spectrum are non-zero in the same degree.

We do not know whether the bounded below assumptions can be
removed.

3. Cohomology of the equivariant projective spaces and
lens spaces

The Z/p-equivariant complex projective space CP∞

Z/p can be iden-

tified with the space of complex lines on the complete complex Z/p-
universe U . An explicit decomposition

(24) U =⊕
i∈N0

αi

is called a flag. It leads to a filtration

Fn(CP∞) = P (α0 ⊕ ⋅ ⋅ ⋅ ⊕ αn)
We have

Fn(CP∞)/Fn−1(CP∞) ≅ Sα−1n (α0⊕⋅⋅⋅⊕αn−1).

This leads to a spectral sequence

(25) E1 = ⊕
n∈N0

HZ/p
⋆−α−1n (α0⊕⋅⋅⋅⊕αn−1)

⇒HZ/p⋆CP∞

Z/p.

Whether or not this collapses depends on the flag. For the regular
flag

αi = βi,
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y

x

Figure 9. The flag spectral sequence for BZ/3(S1)

(remembering our convention on indexing), the free generators of the
copies of HZ/p

⋆

are in dimensions

(26)

0,−β,−2β, . . . ,−(p − 1)β,
−(p − 1)β − 2,−pβ − 2, . . . ,−2(p − 1)β − 2,
−2(p − 1)β − 4, . . . ,−3(p − 1)β − 4,
. . .

We see from Proposition 1 that there is no element in (25) in total di-
mension −β−1 or −3−(p−1)β, and therefore the generator x in dimen-
sion −β and the generator y in dimension −2 − (p − 1)β are permanent
cycles, and thus, the spectral sequence collapses, and thus HZ/p⋆CP∞

Z/p
is a free HZ/p

⋆

-module.

Proposition 5. One has

HZ/p⋆CP∞

Z/p =HZ/p
⋆

[x, y]/(σ−2y − xp + bp−1x).
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Proof. The collapse of the spectral sequence was already proved. Thus,
what remains to prove is the multiplicative relation. To this end, we
work in Borel cohomology. (This could, in principle, generate countert-
erms in the Γ′ tail, but since it is σ−2-divisible, that could be corrected
by a different choice of the generator y.)

Now in Borel cohomology, we are essentially working in the cohomol-
ogy of the space CP∞×BZ/p. From this point of view, it is convenient
to treat the periodicity σ2 as the identity, so from this point of view,
we have

H∗(CP∞ ×BZ/p;Z/p) = Z/p[x, b]⊗Λ[u]
where x, b have cohomological dimension 2 and u has cohomological
dimension 1. The computation of the element y from this point of
view then amounts to computing the Euler class of the regular complex
representation of Z/p. This is

x(x + b)(x + 2b) . . . (x + (p − 1)b) = xp − bp−1x.
◻

Now similarly as in Milnor [18], we have, for a Z/p-space X, a mul-
tiplicative map

(27) λ ∶H⋆(X)→H⋆(X)⊗̂A⋆

where the ⊗̂ denotes the tensor product completed at (b). For X =
CP∞

Z/p, we get

(28) λ(x) = x⊗ 1 +∑
n≥1

yp
n−1 ⊗ ξ

n

and

(29) λ(y) = y ⊗ 1 +∑
n≥1

yp
n ⊗ θn

where the dimensions are given by

∣ξ
n
∣ = 2pn−1 + (pn − pn−1 − 1)β,

∣θn∣ = 2(pn − 1) + (p − 1)(pn − 1)β.
From co-associativity, we can further conclude that, writing

ψ̃(t) = ψ(t) − t⊗ 1 − 1⊗ t,
we have

(30) ψ̃(ξ
n
) =∑ θp

n−i−1

i ⊗ ξ
n−i
,

(31) ψ̃(θn) =∑ θp
n−i

i ⊗ θn−i.
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The picture becomes a little less tidy when we calculateHZ/p⋆BZ/p(Z/p).
For a model of BZ/p(Z/p), we use the quotient of the unit sphere in U
by the action of Z/p ⊂ S1. Now a flag (24), we have a filtration with

F2n+1BZ/p(Z/p) = S(α0 ⊕ ⋅ ⋅ ⋅ ⊕ αn)/(Z/p)
F2nBZ/p(Z/p) = {(x0, . . . , xn) ∈ S(α0⊕⋅ ⋅ ⋅⊕αn) ∣ Arg(xn) = 2kπ/p}/(Z/p).
We have

F2n/F2n−1 ≅ S(α0⊕⋅⋅⋅⊕αn−1)α
−1
n ,

F2n+1/F2n ≅ S(α0⊕⋅⋅⋅⊕αn−1)α
−1
n ⊕1R .

Thus, we have a spectral sequence

(32) E1 = ⊕
n∈N0

HZ/p
⋆

Fn/Fn−1⇒HZ/pBZ/p(Z/p)

If we use the regular flag, the generators of the summands will be in
(homological) degrees:

0,−1,−β,−β − 1, . . . ,−(p − 1)β,−(p − 1)β − 1,
−(p − 1)β − 2,−(p − 1)β − 3, . . . ,−2(p − 1)β − 2,−2(p − 1) − 3,
−2(p − 1) − 4, . . .

The difference however now is that in the spectral sequence (32), the
generator z in degree −1 supports a d1 differential. To see this, other-
wise, it would be a permanent cycle, and hence so would its Bockstein.
Now the image of x in Borel cohomology is a non-trivial element of

H1(Z/p ×Z/p;Z/p),
so the image of β(z) in Borel cohomology would be non-zero. How-
ever, we see that in the E1-term of the spectral sequence (32), all the
elemenets of dimension −2 have image 0 in Borel cohomology.

There is a unique target of this differential, and all other differentials
originate in

z ⋅HZ/p⋆CP∞

Z/p.

One also notes that

(33) z ⋅ xp−1

is a permanent cycle. Bookkeeping leads to the following:

Proposition 6. We have
(34)
HZ/p⋆BZ/p(Z/p) =
HZ/p

⋆

[y]⊗Λ[z ⋅ xp−1]⊕ (HM⋆[x, y]/(σ−2y − xp + bp−1x))⊗Z/p{x, ν}.
(See Figure 10 for the element ν.)



EQUIVARIANT STEENROD ALGEBRA 21 7

−7 −6 −5 −4 −3 −2 −1 0 1 2

−4β

−3β

−2β

− β

β

2β

y

x

ω

z

ν

s

q

Figure 10. The flag spectral sequence for BZ/3(Z/3)

◻

In Proposition 6, the “polynomial generators” at HM⋆ just mean
suspension by dimensional degree of the given monomial. In particular,
we have canonical elements q ∈ H1+βBZ/p(Z/p), s ∈ HβBZ/p(Z/p), ν ∈
Hβ−1BZ/p(Z/p) represented by

(35) bz − xu ∈ x ⋅HM⋆, zσ
−2u ∈ ν ⋅HM⋆, zσ

−2 ∈ ν ⋅HM⋆.

(See figure 10; whiskers point to the names of the elements concerned.)
In (35), the name of the elements comes from Borel cohomology, which
we write as elements of the appropriate terms of (34).

We also have an element ω ∈ H(p−1)β+1(BZ/p(Z/p)) which represents
(33). One notes, however, that this is only correct in the asociated
graded object of our filtration. To determine the exact image in Borel
cohomology, we note that we must have

β(ω) = y,
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x

z

q νs

Figure 11. The x and z towers in the BZ/3(Z/3)-flag
spectral sequence, p.1

9

xq νs

Figure 12. The x and z towers in the BZ/3(Z/3)-flag
spectral sequence, p.2

since y is the additive generator of HZ/p(p−1)β+2BZ/p(Z/p). This gives

ω ↦ z(σ2−2ptp−1 − bp−1).
Now we can write

λ(q) = q ⊗ 1 +∑
n≥1

yp
n−1 ⊗ ξ̂n,
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(36) λ(s) = s⊗ 1 + q ⊗ (τ0 + bp−2ξ̂1) +∑
n≥1

yp
n−1 ⊗ τ̂n,

(37) λ(ν) = ν ⊗ 1 − q ⊗ bp−2ξ
1
+ x⊗ (τ0 + bp−2ξ̂1) +∑

n≥1

yp
n−1 ⊗ τn.

The somewhat complicated form of the right hand side of formulas (36),
(37) is forced by considering which elements exist in HZ/p⋆BZ/p(Z/p).
We can also write

λ(ω) = ω ⊗ 1 +∑
n≥1

yp
n ⊗ µ

n
+ . . . ,

however, the . . . indicate that there will be other summands. The
dimensions are then given by

∣ξ̂n∣ = ∣ξ
n
∣ − 1,

∣τn∣ = ∣ξ
n
∣ + 1,

∣τ̂n∣ = ∣τn∣ − 1 = ∣ξ
n
∣.

∣µ
n
∣ = ∣θn∣ + 1.

Co-associativity then implies

(38) ψ̃(ξ̂n) =∑ θp
n−i−1

i ⊗ ξ̂n−i,

(39) ψ̃(τ̂n) =∑ θp
n−i−1

i ⊗ τ̂n−i + ξ̂n ⊗ (τ0 + ξ̂1bp−2),

(40) ψ̃(τn) =∑ θp
n−i−1

i ⊗ τn−i + ξ̂n ⊗ ξ1b
p−1 + ξ

n
⊗ (τ0 + ξ̂1bp−2).

We can now re-state Proposition 6 more precisely, in fact determining
the multiplicative structure of HZ/p⋆BZ/p(Z/p) completely:

Proposition 7. The module HZ/p⋆BZ/p(Z/p) is additively isomorphic
to a direct sum of

HZ/p
⋆

[y]⊗Λ[ω]
and (suspended) copies of HM⋆ generated on monomials of the form

ynxi−1π

where n ∈ N0, i = 1, . . . , p − 1, and π stands for one of the symbols x, ν.
The multiplicative structure is entirely determined by the canonical in-
clusion of the good tail into

HZ/p⋆CP∞

Z/p ⊗Λ[z, u].
In particular, the good tail is the quotient of

HZ/p
⋆

[x, y]⊗Λ[s, q, ν, ω]
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modulo the relations
xp − bp−1x = yσ−2,
σ−2q = bν − (σ−2u)x,
σ−2s = (σ−2u)ν,
(σ−2u)s = 0,

(σ−2u)q = bs,
qs = 0,

qν = xs,
νs = 0,

ωs = ων = 0,

ωq = −sy,
ωx = yν.

Additionally, we have

HZ/p⋆BZ/p(Z/p)d =H2
(b,σ−2)(HZ/pg

⋆

,HZ/p⋆BZ/p(Z/p)g)[−1].
◻

4. Images in Borel cohomology

Similarly as in the p = 2 case, it is convenient to consider the Borel
cohomology dual Steenrod algebra

Acc
⋆
= F (EZ/p+,HZ/p ∧HZ/p)⋆.

We have
Acc
⋆
= (A∗[σ2, σ−2][b]⊗Λ[u])∧

(b).

In Acc
⋆

, which makes a formal Hopf algebrioid, the non-equivariant co-
product relations hold, and we have

(41) ρ2 ∶= ηR(σ2) = σ2 + σ2pbp−1ξ1 + ⋅ ⋅ ⋅ + σ2pnbp
n
−1ξn + . . .

(42) u ∶= ηR(u) = u + σ2bτ0 + σ2pbpτ1 + ⋅ ⋅ ⋅ + σ2pnbp
n

τn + . . .
Multiplying (41) by σ−2ρ−2, we get

(43) σ−2 = ρ−2 + ρ−2σ2p−2bp−1ξ1 + . . . ρ−2σ2pn−2bp
n
−1ξn + . . .

Now CP∞

Z/p has the same Z/p-Borel cohomology as CP∞, which is

(44) HZ/p⋆
c
CP∞ = Z/p[t][σ2, σ−2][b]⊗Λ[u].

Further, in Borel cohomology, we can write

x = σ−2t
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and thus,

y = σ2−2ptp − tbp−1.
Combining this with (28), we have

λ(t) = λ(σ2x) = x⊗ ρ2 +∑
n≥1

yp
n−1 ⊗ ξ

n
ρ2

= σ−2t⊗ ρ2 +∑
n≥1

(σ2pn−1−2pntp
n − bpn−pn−1tpn−1)⊗ ξ

n
ρ2

= t⊗ (σ−2 − bp−1ξ
1
)ρ2 +∑

n≥1

tp
n ⊗ (σ2pn−1−2pnξ

n
− bpn+1−pnξ

n+1
)ρ2

Comparing with the non-equivariant result

λ(t) = t⊗ 1 +∑
n≥1

tp
n ⊗ ξn,

we have
⎧⎪⎪⎨⎪⎪⎩

1 = (σ−2 − bp−1ξ
1
)ρ2

ξn = (σ2pn−1−2pnξ
n
− bpn+1−pnξ

n+1
)ρ2,

and so
⎧⎪⎪⎨⎪⎪⎩

ξ
1

= (σ−2 − ρ−2)b1−p
ξ
n+1

= (σ2pn−1−2pnξ
n
− ρ−2ξn)bpn−pn+1 .

(We work in Tate cohomology, into which the Borel cohomology em-
beds.) Using (43) and induction, we can prove

(45) ξ
n
= ρ−2σ2pn−2pn−1ξn + ⋅ ⋅ ⋅ + ρ−2σ2pN−2pn−1bp

N
−pnξN + . . .

Now apply λ to σ−2y = xp − bp−1x, we have

y ⊗ ρ−2 +∑
n≥1

yp
n ⊗ θnρ−2

= (xp ⊗ 1 +∑
n≥1

yp
n ⊗ ξ

n
) − (bp−1x⊗ 1 +∑

n≥1

yp
n−1 ⊗ bp−1ξ

n
)

= (σ−2y ⊗ 1 − y ⊗ bp−1ξ
1
) +∑

n≥1

yp
n ⊗ (ξ

n
− bp−1ξ

n+1
)

Comparing coefficients, we get

(46) θnρ
−2 = ξp

n
− ξ

n+1
bp−1.

Note, in fact, that the relation (46) is true on the nose (meaning not
just on the image in Borel cohomology, i.e. modulo the derived tail)
by Proposition 5, and the Hopf algebroid relation between the product
and the coproduct. One should also point out that, in particular,

(47) ρ−2 = σ−2 − ξ
1
bp−1.
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Now multiplying (43) by u, we get

uσ−2 = uρ−2 + uρ−2σ2p−2bp−1ξ1 + . . . uρ−2σ2pn−2bp
n
−1ξn + . . .

Plugging in (42), we get

(48)
uσ−2 − uρ−2 + bτ0 =
bp−1σ2p−2(uρ−2ξ1 − bτ1) + ⋅ ⋅ ⋅ + bpn−1σ2pn−2(uρ−2ξn − bτn) + . . .

In the Borel cohomology, apply λ to q = bz − xu = bz − σ−2tu, we get

λ(q) = λ(z)(1⊗ b) − λ(t)(1⊗ ρ−2ū).
Plugging in the formula for λ(q), λ(z), λ(t), we get

(bz − σ−2tu)⊗ 1 +∑
n≥0

(σ2pn−1−2pntp
n+1 − bpn+1−pntpn)⊗ ξ̂n+1

= (z ⊗ b +∑
n≥0

tp
n ⊗ τnb) − (t⊗ ρ−2ū +∑

n≥1

tp
n ⊗ ξnρ−2ū).

The coefficients of z match on both sides. Comparing coefficients of
tp
n
, we get

{−σ
−2u − bp−1ξ̂1 + ρ−2u − bτ0 = 0

σ2pn−2pn−1 ξ̂n − bpn+1−pn ξ̂n+1 − τnb + ξnρ−2u = 0,

and so

{ξ̂1 = (−σ−2u + ρ−2u − bτ0)b1−p
ξ̂n+1 = (σ2pn−1−2pn ξ̂n − τnb + ξnρ−2ū)bpn−pn+1 .

Using (48) and induction, we can prove that

(49)
ξ̂n = σ2pn−2pn−1(bτn − uρ−2ξn) + . . .
+σ2pN−2pn−1(bτN − uρ−2ξN)bpN−pn + . . .

Recall that we have in Borel cohomology

q = bz − uσ−2t
s = uσ−2z
ν = σ−2z

From above, we have

bp−1ξ
1
= σ−2 − ρ−2;(50)

bp−1ξ̂1 = −σ−2u + ρ−2u − bτ0.(51)

Multiplying (50) by u (resp. u) and adding to (51), we get

ubp−1ξ
1
+ bp−1ξ̂1 + bτ0 = ρ−2(u − u),(52)

ubp−1ξ
1
+ bp−1ξ̂1 + bτ0 = σ−2(u − u).(53)
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Plugging in the Borel cohomology expression into formula (37) and
comparing coefficients with

λ(ν) = λ(z)(1⊗ ρ−2) = z ⊗ ρ−2 +∑
n≥0

tp
n ⊗ τnρ−2,

we must have that

ρ−2 = σ−2 − bp−1ξ
1

coefficient of z(54)

ρ−2τ0 = σ−2(ubp−2ξ1 + b
p−2ξ̂1 + τ0) − bp−1τ 1 coefficient of t(55)

ρ−2τn+1 = σ2pn−1−2pnτn − bp
n+1

−pnτn+1 coefficient of tn(56)

Now, (54) is just (50). Plugging (52) into (55), we have

bp−1τ 1 = ρ−2(σ−2b−1(u − u) − τ0).
Plugging in (42) and inducting based on (56), we get

(57) τn = ρ−2σ2pn−2pn−1τn + ⋅ ⋅ ⋅ + ρ−2σ2pN−2pn−1bp
N
−pnτN + . . . .

Now we shall prove that τ̂n = uτn. From

λ(s) = s⊗ 1 + q ⊗ (τ0 + bp−2ξ̂1) +∑
n≥1

yp
n−1 ⊗ τ̂n

and λ(s) = λ(uν) = λ(ν)(1⊗ u), it remains to verify

s⊗ 1 + q ⊗ (τ0 + bp−2ξ̂1) = ν ⊗ u − q ⊗ bp−2ξ1u + x⊗ (τ0 + bp−2ξ̂1)u.
Using (51) and (53) (u is exterior), this is equivalent to

ν ⊗ (u − u) + q ⊗ σ−2b−1(u − u) + x⊗ b−1σ−2uu = 0.

Plugging in the Borel cohomology expressions, the left hand side is the
sum of

z ⊗ [σ−2(u − u) + σ−2(u − u)] = 0

and (u is exterior)

−σ−2t⊗ uσ−2b−1(u − u) + σ−2t⊗ b−1σ−2uu = 0.

Thus, we have

(58) τ̂n = uρ−2σ2pn−2pn−1τn + ⋅ ⋅ ⋅ + uρ−2σ2pN−2pn−1τNb
pN−pn + . . . .

From this, we can deduce further multiplicative relations

(59) ξ̂nρ
−2 = −ξ

n
uρ−2 + bτn,

(60) τ̂nρ
−2 = τnuρ−2,

(61) bτ̂n = ξ̂nρ−2u,
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and

(62) τ̂nρ
−2u = 0.

Recall, of course, (47), and also

(63) uρ−2 = uσ−2 + bτ0 + bp−1ξ̂1.
From this, we deduce additional multiplicative relations

(64) τ̂ 2n = τ̂nτn = τ̂nξ̂n = ξ̂2n = 0

(65) ξ̂nτn = ξnτ̂n.
Again, these relations are true on the nose, and not just in Borel co-
homology, by Proposition 7 and the compatibility of the product and
the coproduct.

Now using the fact that HZ/p ∧HZ/p is a wedge of R-suspensions

of HZ/p and HT , monomials in A⋆ which are b-divisible in Acc
⋆

must
also be b-divisible in A⋆. Thus, we also get elements of the form

(66)
ξ̂mξ̂n
b

,
ξ̂mξn − ξ̂nξm

b
,
ξ̂mτ̂n
b

= τ̂mξ̂n
b

,
ξ̂mτn
b

− τmξ̂n
b

,

(note that the last two are related by switching m and n), and elements
obtained by iterating this procedure.

In fact, this is related to the Example in Section 2. In the language
of [20], the “quadruplet” ξ̂n, ξn, τ̂n, τn generate an HT⋆ summand of

A⋆. Thus, the elements (66) are precisely those divisions by b which
are allowed in HT ∧HZ/pHT⋆ according to the Example. We obtain the

following

Proposition 8. Put dξ̂i = ξ
i
, dτ̂i = τ i. For given i1 < ⋅ ⋅ ⋅ < ik, let

K(i1, . . . , ik) denote the sub-Z/p-module of A⋆ spanned by monomials
of the form

(67) κi1 . . . κikξ
s1
i1
. . . ξsk

ik

where 0 ≤ s` ≤ p − 2, κ` can stand for any of the elements ξ̂`, ξ`, τ̂`,

τ `. Let Kj(i1, . . . , ik) denote the submodule of K(i1, . . . , ik) of elements
divisible by bj. Then Kj(i1, . . . , ik) is spanned by elements

y, dy

where y is of the form (67) so that at least j +1 of the elements κis are

of the form ξ̂is or τ̂is, only at most one of them being τ̂is. Such y will
be called admissible (otherwise, y = 0).



EQUIVARIANT STEENROD ALGEBRA 29

◻

Using the our computation of HZ/p⋆BZ/p(Z/p) in the last section,
we similarly conclude that

(68) µ
n
=
ξ̂nξ

p−1

n
− θnρ−2u
b

.

By [20], this element generates an HZ/p
⋆

-summand.

5. The Z/p-equivariant Steenrod algebra

To express the additive structure of A⋆, we introduce a “Cartan-Serre
basis” of elements of the form

(69) τ e0ΘSMQ,

and

(70) ΞRΘSTEτ
e
0

where

(71)

R = (r1, r2, . . . ), rn ∈ Z,0 ≤ rn < p,
Q = (q1, q2, . . . ), qn ∈ {0,1},
S = (s1, s2, . . . ), sn ∈ Z,0 ≤ sn,
E = (e1, e1, . . . ), en ∈ {0,1},
e ∈ {0,1}

As usual, only finitely many non-zero entries are allowed in each se-
quence. Here we understand

ΘS = θs11 θs22 . . . ,

MQ = µq1
1
µq2
2
. . . ,

ΞR = ξr1
1
ξr2
2
. . . ,

TE = τ e11 τ e22 . . . .
The elements Θn have the dimensions introduced above. Additionally,
we recall

∣Ξn∣ = 2pn−1 + (pn − pn−1 − 1)β,
∣Tn∣ = ∣Ξn∣ + 1.

Additionally, for any sequence of natural numbers P with finitely
many non-zero elements, we denote by ∣P ∣ the number of non-zero
elements in P . We will assume ∣R +E∣ ≠ 0 in (70).
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Theorem 9. The dual Z/p-equivariant Steenrod algebra A⋆ is, addi-
tively, a sum of copies of

HZ/p
⋆

shifted by the total dimension of elements of the form (69) with R =
E = 0, and copies of

HM⋆

with admissible generators of the form y, dy as in Proposition 8 times
b−` where ` is the maximum number so that y is divisible by b` accord-
ing to Proposition 8. The dimensions of admissible monomials in the
admissible monomials in ξ

m
, τn are given by the values ∣ΞR∣, ∣TE ∣ given

above.
The good tail Ag⋆ is multiplicatively generated, as an algebra over

Z/p[σ−2, b]⊗Λ[σ−2u]
by the elements ξ

n
, ξ̂n, τn, τ̂n, θn, µn, n ≥ 1, τ0, subject to all relations

valid in Acc
⋆

, including (59)-(65). The derived tail is given by

Ad
⋆
=H2

(b,σ−2)(HZ/pg
⋆

,Ag⋆)[−1]

and A⋆ is an abelian ring with respect to Ag⋆.

Proof. We already checked this on Borel (co)homology. On geomet-
ric fixed points (which are determined by the “ideal” part), the ele-
ments ξ

R
match non-negative powers of ρ−2, τ0 matches uρ−2. The el-

ements ξ̂n, τ̂n, τn and their Z/p[σ−2] ⊗ Λ[uσ−2]-multiples represent the
Z/p[σ−2]⊗Λ[uσ−2]-multiples of τn−1. (The relations guarantee that no
element is represented twice.) ◻
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