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A NOTE ON THE DIVISIBILITY OF THE WHITEHEAD SQUARE

HARUO MINAMI

ABSTRACT. We show that if we suppose n > 4 and 75, ; has no 2-torsion, then the
Whitehead squares of the identity maps of S2"*! and S4**3 are divisible by 2. By
applying the result of G. Wang and Z. Xu on wgl, we find that the Kervaire invariant
one elements in dimensions 62 and 126 exist.

1. INTRODUCTION

Let [tn,tn] € Tap—1(S™) denote the Whitehead square of ¢, € m,(S™) where ¢, is the
homotopy class of the identity map of S™. For n odd # 1,3,7, it is well known that
[tn, tn] generates a subgroup of order 2 [2]. Furthermore, when n is not of the form
2" — 1, this subgroup splits off as a direct summand [3]. Let ny = 2% — 1 and write wy,
for [tan, +1, ton, +1) € Tan,+1(S?™ 1), In this note we consider the divisibility of wy by 2.
But, since w; = 0 and wy = 0 [7], we assume here that k£ > 3. The main result is then
the following

THEOREM. Suppose ankfl has no 2-torsion. Then wy and w1 are divisible by 2.

From [7] and [8] we know that o7, = 0 and 475 = 0 where the subscript 2 represents
the 2-primary part. By applying these two results to the theorem we obtain

COROLLARY. ws, wy, ws and wg are divisible by 2.

Because the Kervaire invariant one element 6, € Wgnk exists if and only if wy €

27 4, +1(S? 1) 1], this corollary together with the fact that w; = 0 and wy; = 0 shows
that there exist 0y, 0,05, 04,05 and 6. This settles the problem of determining whether
or not there exists 5 which has been perhaps left unsolved. Based on the result of [4]
that 6, does not exist for £ > 7, it can be therefore concluded that the only 6, which
exist are these six ones.

In order to prove the theorem we use an expression for wy by means of the charac-
teristic map of a principal bundle over a sphere. Let Ty, 41 : S" ! — SO(n) denote the
characteristic map of the canonical principal SO(n)-bundle SO(n + 1) — S™ and let
J be the J-homomorphism m,_;(SO(n)) — m9,_1(S™). Then from [5, p.521] we know
that, when n is odd > 9, [t, t,] can be written [, t,] = J([T41]), so that

wp = J(Tosal) (k> 3)

(the bracket [ | denotes the homotopy class).

2010 Mathematics Subject Classification. 55Q15, 55Q50.
1


http://arxiv.org/abs/2106.14604v1
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Let R™ be euclidean space: x = (1, ,a,). Let S"! C R™ be the unit sphere with
base point xy = (0,---,0,1). According to [6], T},4; is then given by
T _ (s I..1 O <ii<

where I,,_; is the identity matrix of dimension n — 1. Then obviously T, 1(£xzo) = I,.
Let ¥" = R™ U {oco} be the one-point compactification of R™ with oo as base-point.
Applying the Hopf construction to 7,1 we obtain a map

T, SV A ST 5 ¥
By virtue of T,,.1(f+xg) = I, it follows that
T | 2" ASY ~ ey
where S° = {x¢, —20} and ¢, denotes the constant map at co. Since (X", 00) ~ (S™, z),
ii is clear that [7,] = J([Th41]) € man—1(S™) and so wy, = |7y, 4+1] for k > 3.

For 1 < s <n-—1,if we set 2/ = (x1,---,25) and 2" = (2441, - ,x,), then the
map (2, 2") — (—a/,2") of R™ defines involutions on ¥" and S"!, denoted by a .,
and as s, respectively. Let I, = (—I5) X I,_s be the diagonal matrix whose first s
diagonal elements equal to —1 and the remaining n — s diagonal elements equal to 1.
Then we find that

Tn—l—l(as,n—s(x)) = Is,n—sTn+1(x)Is,n—s (ZL‘ € Sn_1)~
This gives 7, (Gsn—s(V) A tsn_s(2)) = Ggns(Ta(v Az)) where v € 3", z € S"7! | ie.
Tp © (C_Ls,nfs A as,nfs) = C_Ls,nfs O Th (O <s<n-— 1)
If s can be written as s = 2j + r (j,r > 0), then considering the above formula with
I sThi1(2) s s replaced by
(=L x v(t) X L )T () (=1, x v(t)"F x I,,_)
where v(t) is a path in SO(25) from —Iy; to I5;, we obtain
Tn © (dr,n—r A a's,n—s) = a'r,n—r O Tn (0 S S S n— ]-)

This is a homotopy relative to X" AS?, so that it maintains the relation 7,, | 3" AS? ~ c...
In particular, when s is even, it becomes a homotopy

T o (LA Qs ps) > Ty (0<s<n-1)

where 1 denotes the identity map of X™. This exhibits a certain symmetry property of
T, about x,-axis. In the case when s is odd, considering its suspension ST, instead of 7,
we have

STho (LA agp—s) >~ ST, (0<s<n-1)

where 1 is the identity map of "1 (here X" is identified with the suspension SY" of
¥ in the usual way).

For1 <s<n-—1,let R"*® C R" be the subspace defined by 1 =--- =z, =0 and
let (X775, S"*71) be the pair defined for it above. Then according to the definition of
7,, we see that the restriction of 7, to X" A S 7! can be written as the composition

A Sn—s—l pAL DN Sn—s—l Tn—s yn—s i> N
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where p and ¢ denote the maps induced by the canonical projection of R™ onto R"™* and
inclusion of R"™* into R", respectively and 1 denotes the identity map of S®~*~1. This
means that the restriction of 7, to X* A S"~*~! coincides with the s-fold suspension of
Tn_sy 1e. T, | " A S5 = S7, .. But, by abuse of notation, we use the notation
7o | " A S"7571 to denote the composite of the first two maps, i.e. we write

T | BAST T =1, o (pAl).

Given f,g: X" A S" ! — 3" the sum f + g is given by the composition
LN LN § SN RVAS LN Lt REACNS SLRVE SN 3

where A is the inclusion induced by the diagonal map of S"~! or X" as necessary and
the folding map.

Let D! = S"~'n{x | £z, > 0}. Then S" ! = D 'UD" ' and S"2 = D} 'nD™ 1.
Put St™' = D}7'/S"2. Then S"71/S" 2 becomes homeomorphic to ST~ ' Vv S" '
Denote by 7 : S"AS™ 1 — (Z"AST )V (EPAS" ) the composition of the quotient map
YPASTTL 5 S A ST/ A S"2 and the homeomorphism to (X" AST 1)V (ZPAS™.
Let my : S~ ! — S77! denote the collapsing maps. We use also the same symbols 7. to
denote the m-fold suspension S™my (m > n).

The proof of the theorem proceeds in four steps. First, we consider the decomposition
of ST, into two homotopic maps.

LEMMA 1. Suppose St, | T" A S"2 ~ ¢, where S"2 denotes the equator of
S"1 defined by 1 = 0. Then there exist maps fy : X"V A ST — S such that
Stp~ froSnmy —f oSn_, f oSt ~—f, oSnm, sothat ST, ~2f, o Sm,.

Proof. Because of the assumption, S7, : X"t A St — 3"+ can be factorized
through the quotient X"t A Sn=1 /5L A §7=2 into the composition
St A gl ST (sl A gty v (st g grety LS ety gt 2 g
where fi : XA ST — ¥nFL This shows due to the definition of the sum of maps
that

St,~ fyom, — f_om_.

Consider the homeomorphism 1 A ay,_; of "™ A S"~1 onto itself given above. Then,
since its restriction to "' A S"~2 is the identity map, it induces homeomorphisms
(LA G 1) : SPHEASETE — Skl A Sg’l (the double signs as usual are to be taken in
the same order). Using the formula S7, o (1 A ay,-1) >~ ST, we can see that fy satisfy

fo=fro(lAana)-,

so that f_om_ ~ fi o (1l Aayu-1)- om_. Since clearly (1 Aajp1)- om_ =~ m o0
(LANayp-1)and 7y o (L Aayy—q1) ~ —my, we have (1 Aay,—1)- om- ~ —my and so
fro(lLAayu1)-om_ ~ —f, om. Substituting the relation obtained above in this
formula we get f_ om_ ~ —f, o, which completes the proof.
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2. DECOMPOSITIONS OF To,+1 AND To,i0

From now, let n = ny/2 and assume that the assumption of the theorem is fulfilled,
ie., o1y, ; = 0. Also we work modulo odd torsion since we consider the 2-primary
homotopy decomposition of maps.

From the fact that the suspension homomorphism E : my,,_1(S?") — 74, (S?" 1) of the
EHP sequence is a surjection with kernel Z, generated by [ta,, t2,], We see that it induces

an isomorphism o7y, 2(S*) = 715 | between their 2-primary parts. Hence from the
assumption above we have

(*) 27T4n_1(52n) =0.

In the above, when we write R™ as R by attaching a suffix a, to denote its associated
spaces and maps given above we use here the notations X7, Sn=1 (Dn=1) (8" 1),
(Tn)as (Ta)+ with adding the suffix a.

LEMMA 2. Under the assumption of Theorem, there exist maps g1 : L2 HIAST T
Y2+ for ¢ = 1,2 such that Topyg ™~ gy 0T —g_ 0T, g O0T_ ~ —g, o4, so that
Ton+q ~ 2g+ OTy.

Proof of Case g=1. We first consider the suspension S7, : X2 A §2n—1 320t of

Ton. Then STy, | X2 A S22 represents a map from 2" A S?"~! to 2" so by (F]) we
have

(1) Stgn | BTN ST ~ .

This shows that the null homotopy condition of Lemma 1 with n replaced by 2n is
satisfied and therefore we see that there exists a decomposition of S7,, such that

(2) Sty ~ fromy —f_om_, f_om_~—fLom,
where fi : N2 A ST o m2ndl
Using polar coordinates for the first two variables z, x5 we express x € R?"*! as
xy = (reost,rsint, xs, -, Topi1) (0<t<m reR).

For any fixed ¢, let R?" C R?"*! denote the 2n-dimensional subspace generated by the
7;. Regard R?" as R?" with ¢ = 0 and put

cost —sint 0
M(t) = | sint cost 0
0 0 [2n71

Then the map z — xM(t)T gives a linear isomorphism R?" — R?" (the subscript T
denotes the transpose). This induces homeomorphisms ¢; : ¥t — S¥27 ¢, : 5201
St and ey 0 ST — (SE" )4, Here (SP" N1 = (D11 /S?"2 where (D" 1)y =
S2=1 {z; | £r > 0} and S?"2 is the unit sphere in R?>*~! C R2" defined by r = 0.
Then clearly 74 o (6, Ae;) = (6 Aes) ome. Let (Ton)i = Tong1 | 2 A SP" 1 and
fie 1 SEZPA(S2" 1)L — SY2" be the maps defined by the formula f;, o(é;Ae;1) = &0 fy
where fi are as in (2)). Then we have

S(Tan)to (€t ANer) =€ 08T, (figoma)o(étNer)=2¢o(fromy),
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respectively. Substituting Sy, and fi o w4 derived from these equalities by composing
g in (@) we get

3) Sk = fizomy —fiiom_, fiiom_~—fiiomy (0<t<m).

Similarly, through S(7s,): o (é; A €;) = & © STy, the formula (1) can be rewritten as
S(Ton)i | ST A S ~ ey

Also we inherit S(72,):0 (1 Aayan—1) =~ S(72n): from STy, 0 (1 Aay2,—1) =~ STo,. Consid-
ering ([B]) together with these two formulas we can determine the behavior of maps f;
when, for any fixed ¢, rotating along the region of ¢t by 7 degrees.

According to the definition of the sum of maps we have a homotopy

ft+7r+ O Mtm 4 = _ft+ O Ty

On the other hand, according to the definition of f; , we have

Jttny O Mipmy = —fr_ 0T,
so that it follows that
froomy >~ fi_om_.
By applying this to the former formula of () we get S(72,); | S¥2* A SP* ! ~ cy. So

identifying S¥.2" with 2! in the usual way we obtain

(4) Tong1 | 22PN S o (0<t<m).

Take t = 7/2. Then S*"/S" ' ~ 52" v 52" where S¥' = S*" N {z; | +a; > 0}.
Thereby the null homotopy of (@), as in the case of STy, yields a factorization of 75,1
into the composition

22n+1 A S2n l> <22n+1 A SJQFn) vV (22n+1 A SQn) 9+Vg- 22n+1 v 22n+1 ﬁ> 22n+1

so that a decomposition Ty, 1 >~ g, omy —g_om_ where gy : 22" A S — 3320+l Byt
in fact, g+ can be obtained by unifying f;, according to the former formula of (3] under
the null homotopy of (@), respectively, and therefore we have g_ om_ ~ —g, o m, from

the latter of (3)).

Proof of Case g=2. In order to use the results in the proof of the case ¢ = 1, we
adopt spherical polar coordinate representation for the first three variables z1, x5, x3 and
express ¥ € R*"*2 ag

xgy = (rcosf,rsinfcost,rsinfsint, ry, -, Topy0) (0<O0<m, 0<t<m reR).

For a fixed 0 < 6 < m, let RZ"™" C R?"*2 denote the (2n + 1)-dimensional subspace
generated by the xy,. In addition, fix ¢, then these elements define the 2n-dimensional
subspace R2" C R2"™. For any fixed ¢, let R?" C R?"*2 denote the subspace generated
by the xy; with § = 7/2 and put

sin 0 cosfcost cosOsint 0
—cosfcost sin 6 0 0
M = )
(01) —cosfsint 0 sin 6 0 (0<@<m)

0 0 0 I5, 1
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Then the map © — zM(0t)T gives a linear isomorphism R2" — R2". Denote by

D92 o SV ey, o SEPTE — Spv T and (bee)s ¢ (SN — (S7P1)L the home-
omorphlsms induced by this isomorphism. Here (S5} ')y = (D;"1)1/Sz"? where
(DghYe = S5 PN {xg, | £r > 0} and 55772 = S7» ' N {xg, | r = 0}. Then putting
(Ton)or = Tonta | 287 A Spi~" we have

S(Ton)et © (Egt N egy) = €9t © S(Tan )i
We also have
((for)x o (moe)x) 0 (Bet Nbpi) = by o (fex 0 ms)

where (fg;)+ : SE2TA (S5 1)+ — ST2" denote the maps defined by the formula (fg;)+ 0

(€g: N (€gr)x) = €gr0 fro. Substituting S(7m2,); and f; omy derived from these equalities
by composing bGt in ([@]) we obtain

(5) S(r2n)or = (for)+ © (mor)+ = (for)— o (Tor)—,  (for)+ © (Mor)4 = —(for)—- o (oe)-
where 0 < 6 < 7.

Similarly, inheriting (@) through S(72,)a: © (€91 A €g1) = €91 © S(To,)¢ We have

S(mon)at | ST A ST ey (0<6<m).

We look at (@) from another angle. Replacing formally the domain X?"*1 A S~ of the
null homotopy of S(72,); given there by 22"+ A §27=1 where S?"~1 = S*" 1N {xy, | 0 =
0}, we have a null homotopy of S(7e,)s¢ over 2" A S2"=1 Combining this with the
null homotopy obtained above we can form a homotopy

(6) Ton+2 | 22n+2 A S2n >~ Coo

where 5?" = SN {xy, | t = m/2}. In the case here, differently from the case ¢ = 1,
imposing the coordinate condition 2, > 0 on z, we let DI = S?nHin{ay, | 2y > 0}
and put S¥"™ = D3"*1/5?"  Then according to the former formula of (F) under the
null homotopy of (@), in the same way as in the case of 7,1 we obtain a decomposition
Tomga 2 g4 O Ty — g— 0 T_ Of Topyg Where gy : 222 A S3"HL 4 32042 Then g, o7, ~
—g_ o m_ follows from the latter formula of () as in the case of ¢ = 1 above. This
completes the proof of the lemma.

3. PROOF OF THEOREM

The theorem follows immediately from Lemma 2, Case ¢ = 1, and the following

LEMMA 3. Under the assumption of Theorem, there exist maps g4 = L3 A STH2
Y43 such that Typys ~ gL 0Ty —g_OT_, g4+ 0Ty ~ —g_oT_, 50 that Tyniz ~ 29, 0T

Proof. Put m =2n+ 1 and let ¢ = (¢1,--- , ¢pn) where 0 < ¢; <7 (1 <i<m). We
express x € R¥™+1 a5

Ty = (T1COS D1, "+, Ty COS Pro, T1SIN Py, -+, Ty, SIN Pryy Ton1)

where o1, -+, Tn, Tamy1 € R. For a fixed ¢, let Rg”rl C R?*™! be the (m+1)-dimensional
subspace generated by the z4. Let

c(¢) = diag(cos 1, cos pg, -+, cO8 ), S(¢) = diag(sin ¢q, sin g, - -+, sin ¢yy,)
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be the diagonal matrices whose (i, 7)-entries are cos ¢; and sin ¢;, respectively, and set

c(¢) —s(o) 0

M(p) = [s(¢) (o) 0

0 0 1
We regard R} with ¢ = (0,---,0) as R™ so 25 = (21, ,Zm, 0, -+, 0, Tami1) €
Rg”l can be taken to be equal to x = (z1, -+, Ty, Tamy1) € R™TL. Here the first three

variables 1, xo, x3 are supposed to have the same expression in polar form as those of
zgs above. Then, for any fixed ¢, the map x — M (¢)” defines a linear isomorphism
R™H — R Let ey : 57 — X0 and ey : S™ — S7' denote the homeomorphisms
induced by this isomorphism. If we put (741)s = Tom+1 | Zg”l A ST, then we have

(Tmt1)g © (€p A eg) = €40 Trpa.

Similarly as in the case ¢ = 2 above, taking (DJ')+ = Sj' N {zy | £r, > 0} and
S$_1 = S N{xy | 22 = 0} we put (S7")+ = (D;”)i/S;”_l. Let ey, : ST — (S7')+ be
the homeomorphisms induced by e4 and we define the maps f4, : ZZLH A(Sg)+ — ZZLH
by the formula f,, o (s Aes,) = g0 gs where gy : ST AST — S are as the maps
occurring in the decomposition of 7,,,1 above. Then clearly

(fopomp ) o(EpNey, ) =Ep0(geoms).

Substituting 7,,41 and g4+ o mx derived from the above two equalities by composing é;l
in the decomposition formula of 7,,,; obtained in Lemma 7?7, Case ¢ = 2, we have

(7) (Terl)d) ~ f¢+ O7T¢+ — fd’— O7T¢_, f¢+ O7T¢+ ~ _f¢>— O7T¢_.

In addition, in a similar way we have the null homotopy
(8) (Tma1)g | T2 A Sg“l ~ Coo

which inherits the null homotopy of 7,41 | X™™ A S™! used for proving the case ¢ = 2
above through the equality relating (7,,+1)s and 7,11 given above. By using a similar
argument to the case ¢ = 1, i.e. to the proof of 7,,, | ¥™ A Sm=% ~ ¢, together with (@
and () we can determine the behavior of fs, in rotating along the regions of ¢; by m
degrees.

Consider the composite & = ay,,10a1 1,002 ;-1 : S™ — S™ which maps x; to itself if ¢ =
2, m+1 and to —z; otherwise where as ,,,—s are as above and x = (21, T2, , T, Tami1) €
S™. 1f we write oy, for e 0 aoes™!, then we have

(Tm+1)¢ o (1 N a(b) = (Tm+1)¢

where 1 denotes the identity on Zg”l. Since a number of x; whose sign is converted by
a in reverse is m — 1 = 2n and so is even, this implies that the null homotopy (&) of
Toma1 Over LML A Sgkl can be extended over the subspace of 2"t A §?™ consisting
of the elements of X2m+1 A S;”_l when ¢1, ¢3, - , ¢, vary over the full range and only
the second variable ¢5 remains fixed.

Under this null homotopy, rotating ¢, by m we have

~

(Tm+1)(¢1,¢>2+7r,¢>3,--- Jbm) — _(Tm+1>¢-



8 HARUO MINAMI

If we take ¢p = 0 and set S*™ ' = S*" N {x, | ¢o = 0}, then considering this null
homotopy together with the extension of (§)) obtained above we get a homotopy

Tom+1 | 22m+1 N S2m71 >~ Coo-

Let S3™ = D¥m /5?1 where DI = S*™ N {z4 | £x5 > 0}. Then, as in the cases
q = 1,2 above, considering ([7]) under the null homotopy now obtained we see that f;.
(0 < ¢ < 7) can be integrated into the maps g4 : X*™ 1 A §3m — 32m+l - regpectively,
and therefore the desired decomposition formula can be satisfied. This completes the
proof of the lemma.
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