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THE SECOND REAL JOHNSON-WILSON THEORY AND
NONIMMERSIONS OF RP™, PART II

NITU KITCHLOO anp W. STEPHEN WILSON

(communicated by Donald M. Davis)

Abstract

This paper is a continuation of the study begun in the previ-
ous paper with the same title. We analyze ER(2)1**8(RP?")
and compute ER(2)*(RPE+1) and use these to prove more
nonimmersion theorems for RP", including many in fairly low
dimensions. In particular, we get 12 new nonimmersion results
for RP™ where n < 192, the range included in the tables Don
Davis keeps. These complement the 10 already found in the first

paper.

1. Introduction

This paper is a continuation of [KW], which we refer to as Part I. We make free
use of the notation and results of Part I.
The main theorem of [Dav84] states that for

n=m+a(m)—1, k =2m — a(m);
there does not exist an axial map
RPQK—Qk—Q « RP?" RPQK—Qn—Q

and so, by [Jam63], RP?" ¢ R?* for these n and k.

This is proven using the equivalent of E(2)*(—) by showing that the w2 =0
on the right would have to go to a nonzero element on the left. That prevents the
existence of the axial map. In Part I we constructed a purely algebraic surjection

ER(2)16*(RP2K_2k_4) N E(Q)IG*(RPQK—QI@—Z),
that allowed us to show the axial map
RP2K72k74 < RP2" RP2K72n72

did not exist if we added the restrictions to k and n that n =7 or 0 mod 8 and
—k—2=1,2,5 or 6 mod 8. This improved some nonimmersion results by 2.
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In this paper we are able to include the n = 3 and 4 mod 8 cases by analyzing
ER(2)1*T8(RP?") and constructing a similar algebraic map

ER(2)16*+8(RP2K72I€74) N E(2)16*+8(RP2K72I€72)

with the previous restrictions on k.

In order to describe ER(2)'*T8(RP?") properly we need to define and study an
element y € ER(2)%(RP>). The simple version of our answer, similar to our under-
standing of FR(2)'%*(RP?") in Theorem 1.6 of Part I, is:

Theorem 1.1. A 2-adic basis for ER(2)**®(RP?") consists of the elements
asa®ul, with 0 < k and 0 < j < n, yu?, with 0 < j < n — 4, and when
n =3 or 4 modulo 8, no other elements, with yu" 3 = 0;

n =2 or5 modulo 8, aFyu™=3, with yu"=% = 0;

=3, and yu" 2, with yu" ! = 0;

n=1 or 6 modulo 8, a*yu™
n=7 or0 modulo 8, yu" 3, yu"~2, and yu™', with yu™ = 0;

and no others.

In addition to this we need some information about FR(2)*(—) of products and
then we are able to prove:

Theorem 1.2. When the pair (m,a(m)) is, modulo 8, (0,3),(5,6), (4,7) or (1,2),
then
RP2(m+o¢(m)) g R?(mea(m)+1).

Don Davis points out that by combining this with Theorem 1.9 of Part I, we really
have the result for (m,a(m)) equal to (0,3) and (1,2) mod 4.

The most interesting pair to us is (m,a(m)) = (0,3). Let m = 8 + 16 + 2, then
2(m + a(m)) =54 + 2°t and 2(2m — a(m) + 1) = 92 + 2¢72. With this we get

RP54+2'i+1 g_ R92+2i+2.
The lowest dimensional cases are
RPllS g R220; RP182 g R348.

However, the importance to us is that it gets on Don Davis’s tables, [Dav]. Notice
also that for these cases there is now only a knowledge gap of 1 between best known
nonimmersions and best known immersions.

Next we move on to compute ER(2)*(RPSE+1) "analyze ER(2)8*(RPK+1) and
construct an algebraic map

ER(Q)S* (RP16K+1) N E(2)8* (RP16K+2)

that allows us to do similar things for nonimmersions when, in our axial maps, —k —
1 =1 mod 8. The theory F(2)*(—) cannot make use of the odd spaces because the
top cell is not connected algebraically, but for FR(2)*(—) the connection is strong
for 16K + 1 and 16K 4+ 9. We have not done the computation for 16 K + 9 because,
although there are surely more nonimmersions there, they are not of low enough
dimension to inspire us to do the work, whereas the 16 K + 1 case gives lots of nice
new low dimensional results.
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Theorem 1.3. A 2-adic basis for ER(2)'6* (RPYSE+1) is given by the elements a*u?,
0<k, 0<j<8K +1, with u¥¥+2 = 0.
A 2-adic basis for ER(2)'*T8(RPSX+1) is given by the elements

asaful, 0 <k, 0<j<8K;
UK = oy SK =3,
woru;
yu? 0<j<8K, with yu®® =0.

Using this, we get:
Theorem 1.4. For the mod 8 pairs (m,a(m)) = (6,6), (1,4),(2,6), (5,4) we have:
RPQ(era(m)fl) g RQ(meoz(m))Jrl'

Let’s look at the numbers. First, the pair (1, 4). The lowest possible nonimmersions
we get from this are

RPo6+2H! ¢ R93+27¢+2’
which also implies another new result:
RPoTH2T! i(_ R93+2°72
The lowest dimensional examples are:
RP120 ¢ R221, RP2! ¢ R221, RPl84 ¢ R349, RP185 ¢ R340
The next pair to look at is (5,4). From this we get
RP16+2i+1+2j+1 ,@ R13+2i+2+2j+2.
When ¢ = 3, this is:
RP32+2H1 g_ R45+2H2_
The lowest dimensional examples are:
RPY% ¢ R173; RP160 ¢ R30L.
When i = 4, this is:
Rpis+2™! ¢ R77+H272
which also implies that
RpAo+2T ¢ R77+H272
The lowest dimensional examples are:
RPY2 ¢ R205, RP3 ¢ R205, RPLT6 ¢ R333, RPLTT ¢ R333.

In the tables, [Dav], the best known results for nonimmersions for RP" for n < 192
are listed. Of these, 95 are solved completely because it is known that RP™ immerses
in the next higher dimension. Of the remaining 96 cases, we improve on 12 in this
paper; n = 96, 112, 113, 118, 120, 121, 160, 176, 177, 182, 184, and 185, making for
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a total of 22 when combined with 10 from Part I; n = 48, 62, 80, 94, 110, 126, 144,
158, 174, and 190.

The tables also list what is known for n = d + 2% (d < 2°) for 0 < d < 64. Of these
64 cases, 24 are known completely. Of the remaining 40, we improve on 10; 6 from
this paper, d =32, 48, 49, 54, 56, and 57, and 4 from Part I; d =16, 30, 46, and 62.

We are fairly confident that ER(2)*(—) will not give any more results in these low
dimensions. Before attacking the present cases in this paper, computer computations
were made on all of the cases we believed we could approach below 192 and we have
now proven all of the results that seemed to be there.

Thanks to the Fields Institute for Mathematics for supporting the second author
for a week of intense computation (by hand) for this paper. Also, thanks to Martin
Bendersky, Don Davis and Jests Gonzélez for their support and inspiration. Special
thanks to the referee for a very careful reading and numerous helpful suggestions.

2. Injections

ER(2)*(X) has already been computed for X = RP*>, RP?", and RP> A RP>°.
However, we need a more detailed analysis.

Theorem 2.1. The map ER(2)'**T8(RP>) — E(2)16*8(RP>) is an injection with
cokernel given by viut!l=3},
Proof. Recall that a 2-adic basis for E(2)*(RP>) is given by
viakul, 0<i<8, 0 <k, 1< .
The elements of degree 8 mod 16 are
viakul, 0<k, 1<j.

From Theorem 8.1 of Part 1 we can read off the elements of ER(2)!6**8(RP>). From
the x!-torsion we have
ozgo/“uj7 0<k, 1<y
From the z3-torsion we have
wafu, k>0, and wu?, 1<j.
Mapping these elements to E(2)*(RP*) we have
gyl — 2U§akuj = vgakﬂuﬂ'l

plus higher filtration terms

waku —s viaf Ty
and
wu! — viau! = vjul 2, j>1,

modulo higher terms. From this we can see the injection and that the only terms
missed are vjull=3}, O

Theorem 2.2. The map ER(2)1*t8(RP> A RP®) — E(2)16*t8(RP> A RP>) is

an injection with cokernel given by v%ui‘l%}uél*g}.
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Proof. We have both E(2)*(RP*> A RP*°) and ER(2)*(RP> A RP°) written down
in Theorem 17.1 of Part I. A 2-adic basis for E(2)*(RP* A RP) is given by
vSo/CulluQ7 0<s<8 0Kk 0<i
v2u1u2, 0<s<8, 0<s3, 1<y

The elements in degree 16% + 8 are those with s =4. We can also write down
ER(2)*(RP> A RP®) and the map to E(2)*(RP* A RP) in degrees 16x + 8: From
the x'-torsion we get

aaa®ubug — 2u5auliug = viaf T ui Ty,
P ; 2 .
ool ul, — 20dutud, = vl 0<i, 1<y,

all modulo higher filtrations. From the x3-torsion we get:

waku1u2 — v4ak+1u1u2, 0<k;
1,2, 1,2,3 .
{ 3, v4u11+2 { }, 1<
2 .
wuyul, — vaugud T, 1<

From this we see the injection and that the only elements missed are those stated.
Note that there are no elements in degrees 16* + 8 divisible by z. O

Corollaries 8.3 and 17.3 of Part I give us an isomorphism for these spaces in degrees
16 so we get:

Corollary 2.3. The map ER(2)%*(X) — E(2)%(X) is an injection for X = RP>
and RP* N RP*.

Not much more work is required to prove:

Proposition 2.4. The map ER(2)'5*7(X) — E(2)15*7¢(X) is an injection for X =
RP® and RP*° AN RP*° when1=0,1,2,3,4,5 and 8.

From this we know that there are no elements divisible by z in any of these degrees.

3. Yy, a new element

We need to introduce a new element that we have good control over. We know we
have an isomorphism of ER(2)'®*(RP>) and E(2)'%*(RP>) and that we have the
same relation, 0 = 2u +r au? +r u?, in both. We can use this to solve for u? as

ut = —p(2u) —p (au?) = 2ug + au’h,
where g and h are invertible power series. As it stands, g and h are not uniquely
determined, but if we insist that none of the terms of h be divisible by 2 (we can
move such terms to g) then we can make our choice of g and h unique.

Recall that in F(2)*(—) we have set v§ = 1. We now multiply this relation, when
viewed only as being in E(2)*(RP>), by v3, which is a unit in E(2)*(—), to get a
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relation
vaut = v5(2ug + au’h) = (2v3)ug + (via)u>h.

The image of the element as from ER(2)* in E(2)* is 2v3 and the image of w is
vja so, in this relation, all of the terms on the right hand side are in the image from
ER(2)*(RP®) and we can use them to define a new element

y = aoug + wu’h

that reduces to viu* € F(2)8(RP>). (The lack of uniqueness of g and h would
not affect anything here. It does not matter whether we convert 2v5 to ap or via
to w if we have a v32a that could be factored either way because asa = 2w €
ER(2)*, [KWO07].)

Although we struggled with this element a great deal in our original computations
and then managed to eliminate it for our work in Part I, it was only with the work
of Bruner, Davis and Mahowald in [BDMO02, DM] that we realized its importance
for our work with nonimmersion theorems.

The element y has many interesting properties. We collect a few here.

Theorem 3.1. There is an element y € ER(2)%(RP*) that maps to viu* €
E(2)8(RP>). We have relations:

v =ub, ay = wut, wy = au’, 2y = apu®, gy = 2u?,

asy = aju?, ary = asu?, xy = zwu’h, 3y = 0.

Proof. We have already constructed y with the property that it reduces to vu*. The
first five relations take place in degrees 8+ where we have we can prove the relations
by substituting vju? for y, 2v3 for ap and vja for w. They all follow quickly then. The
next relation is in degree 4 modulo 16 and we have an injection here too as well from
Proposition 2.4 so it also follows by replacing a; with 2v3%. Only the next relation
requires anything else. It is in degree —4 modulo 16 and we do not have an injection
in this degree. We have to resort to the definition (which we could also have used for
the other relations)

a1y = ag(aug + wuh) = (a1a0)ug + (aqw)u’h =

(2a3)ug + (aasz)u’h = az(2ug + au’h) = azu®.

This uses the relations in the coefficient ring, 2a3 = ajas and aasz = ajw, from
[KWO07].
y = awug + wu’h,

3

S0, since xas = 0, we get the next relation. Since z°w = 0, the last one follows. [

We know FE(2)*(—) and ER(2)*(—) for RP* and RP> A RP®°. From Theorem 3.4
of Part I we know that we have a Kiinneth theorem for RP*° A RP*°. The standard
map RP*® x RP>* — RP®° induces a coproduct that can be computed from the
formal group law; i.e. u — uy +p us. However, things are much nicer than that:

Theorem 3.2. The coproduct of u, up to a unit, is u; — us. The coproduct of y, up
to a unit, is

3 2,2 3
Y1 — 200uiug + 3aouius; — 200uius + Yo
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Proof. Because we have injections in degrees 8x, it is enough to prove this for the
image in F(2)*(—). The first statement is well-known and comes from the fact that 0 =
[2](X) = X +Fp X. This implies that X 4+ Y is divisible by X — Y (because plugging
inY = X gives zero) and so X +r Y = (X — Y)g where g is a power series in X and
Y that is invertible, i.e. a unit. Since the coproduct is given by the formal group law,
we have © — uj +p u2 = (u3 — u2) up to a unit.

To compute the coproduct of  up to a unit we can just compute for u*. Up to a

unit this is u} — 4uug + 6uiu3 — dugui + uj. Multiply this by v5 and replace viu}

with y; and 2vs with as. O

4. Rewriting ER(2)*(RP)

We would like to rewrite our answer for ER(2)6*+8(RP>°) using our new element
y. Recall, from Theorem 8.1 of Part I, our description of ER(2)*(RP).

The x'-torsion generators are given by
aaful, 0<i<4, 0<k 1<y,

where oy = 2.
The 23-torsion generators are given by:

wofu, e+k>0; wu!, 1<j; and v/, 3<j.

The only x"-torsion generators are

w173},

From y = asug + wu’h it is easy to see that we can replace the 23-torsion gener-
ators, wu’, 1 < j, using yu’/ 2.
We would also like to replace some of the z'-torsion generators,
asaful
with o +1yu/ =3, This last element is not 2'-torsion, though. When we are in ER(2)*

(RP?") and j is big enough, this can be z!-torsion;

y = avug + wu’h,

asug =y — wu’h,

asu =yg b —wulhg™!,
asu® = yu?g~! —wuthgt.
We know that wu* = ay, so this is
asu® = yu?g~! — ayhg.

The lead term (i.e. the term with lowest filtration) here is ay and the whole right
hand side must be z'-torsion even if the lead term isn’t. When the higher filtration
terms are all zero, we can replace asa*u/ with af+1yui=3.

This is enough to give us what we want.
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5. ER(2)'*+8(RP?™)

We have, for ER(2)16*8(—), a theorem similar to Theorem 13.4 of Part I for
ER(2)16*(-).

Theorem 5.1. For all n > 3 there is a short exact sequence

0 — ER(2)16*+8(RP271—2) - ER(2>16*+8(RP277,)
«—— ER(2)'*T8(RP*/RP?>""?) «— 0. (5.2)

We have elements asa®u? € ER(2)*T8(RP?"), 0 < k, 0 < j < n. We also have ele-
ments yu? for 0 < j <n— 4.
Depending on n modulo 8 there are other elements in ER(2)6*T8(RP?").
Forn = 8K + 4 and 8K + 3 there are no other elements and yuSS+" = 0.
For n = 8K + 2 there is an x°-torsion element, zigx—3s, that reduces to vou
in the Bockstein spectral sequence such that

8K+2

2

k k,  8K—1
T QT Z16K—-38 = YU

with yud® = 0.
Forn = 8K + 1 there is an x°-torsion element, zigx—22, that reduces to vou
in the Bockstein spectral sequence such that

8K+1

2 k k, 8K—2
T 216K —22 = QYU ,

and an x”-torsion element, zigx—_4 that reduces to vSuSK“

sequence such that

in the Bockstein spectral

2 4 8K—1
T UZ1I6K—22 = T Z16K—4 — YU

with yub® = 0.
For n = 8K there are x”-torsion elements, zigx—20 and zigx—1s, that reduce to

vSuBK =1 and v3ulK respectively in the Bockstein spectral sequence such that
at 216K —20 = yuF T,
atuzigr—20 = yud 3
and
216K —20 = 202165 18 = yut !
with yud® = 0.

For n = 8K + 7 there are x”-torsion elements, zigx—36 and Zigx—34, that reduce

to vSuBK+6 and v3uBE+T respectively in the Bockstein spectral sequence such that
5642161(—36 = yU8K+47
rtuzier s = yut?
and
$4U2Z16K—36 = 3362161(—34 = yu8K+6
with yuBE+7 = 0.
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For n = 8K + 6 there is an x®-torsion element, zigx_g, that reduces to voub¥+6
in the Bockstein spectral sequence such that

2 k _ k. 8K+3
T 0 216K -8 = O YU )

and an x7-torsion element, 2155 3¢ that reduces to v uSc+6
sequence such that

in the Bockstein spectral

2 _ A4 _ . 8K+4
T UZI6K—-8 = T Z16K—36 = YU

with yuSE+5 = 0.
For n = 8K + 5 there is an x°-torsion element, 2165410, that reduces to voudK+o

in the Bockstein spectral sequence such that

2 k _ k, 8K+2
T Z16K+10 = O YU s

with yuBE+3 = 0.

This gives us our Theorem 1.1.

Proof. We have computed the Bockstein spectral sequence for all of the spaces
RP?>=2  RP?" and RP?"/RP?"~2. From this we can just read off the elements
in degree 16% + 8. In every case, the x!-torsion elements asa*u/ for j < n — 1 corre-
spond using the map induced by RP?>"~2 — RP?". Likewise for the elements wa*u,
and yu’, 0 < j < n — 5so we will ignore these elements. In the proof we are constantly
using the fact that we already know all of the groups. We also make use of the fact
that the map ER(2)*(RP?"/RP*~2) — ER(2)*(RP?") was computed explicitly in
(13.1) of Part L

First note that agafu”~1 = 2aku"1 = aF 1y,

For n =4 mod 8, there is nothing else in ER(2)*T8(RP?"~2). All that is left
of (5.2) is afzq, € ER(2)**8(RP*™/RP*~2) and aza®fu™ ! and yu""* in
ER(2)1*T8(RP?"). Since there are no elements of higher filtration, we can use Sec-
tion 4 to replace agafu™"1 with o*t1yu"~%. Note that o*yu”~* is represented by
via®u™ in the Bockstein spectral sequence. The long exact sequence forces oz, —

a¥yu=*, but so does our direct computation using (13.1) of Part L.

Because 12y, = 0, we must have yu" 3 = yuf5 ! = 0. Because zy,, maps to yu®¥,

this element goes to zero in ER(2)'*T8(RP?") when n = 3, 2, 1, and 0 modulo 8.

For n =3 mod 8, ER(2)!%**8(RP?"/RP?>"~2) = 0. We must have o*yu"~* —
x2a¥u""1vy. (Technically, we need to worry that perhaps yu”* goes to z2a3*u" v,
for some k. If this is the case, then the boundary homomorphism on z2u"~ vy must
be nontrivial but we can check that there is nowhere for it to go. Consequently we
will ignore this kind of possibility in the rest of this proof.)

For n =2 mod 8, things are a little more complicated. The only elements in
ER(2)'5**8(RP?" | RP?"~2) are x2wa* 25,15 and we can compute directly that they
go to 22a*t1u"vy. The element a¥yu™* must go to 22a*u™ 'v,. The only possibil-
ity left is for z2u™v, to go to ztu™"1v§. Recall from above that this last element is
yun—B.
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For n = 1 mod 8, we compute the map to ER(2)16**8(RP?") directly and we have

wak z0n_15 — P ryu" Y

2 k 2 k+1un

réwa” z9, — T« V3.

n—4

Keep in mind that this last represents o*t1yu™~3. The element yu™* must map to
4,6, n—-2 2

n _ n—3 4,6, n—1 4,6, n _ n—2 6,3, n—1
zHvgu" T, x¥vu’ = yu to x*v3u™ ™", and x*vgu" = yu to zvyu" .

For n=0 mod 8 we compute %z, 15 — zfu™v3 = yu and wafze, —
8 2
¥ Ftlyyn=4 That leaves yu™~* — 2ty 20§, riun~1§ = yu" =3 — 210§, and

x4u"v§ — yun—Q N xﬁun—lvg-

n—1

Because yu" ! is hit above, we must have yu8%~! = 0 below.

For n = 7 mod 8, we compute 2*29,_15 — m4u"vg =yu" 2 and 2529, —

3
u"vy =
2
yu™~ 1. That leaves z4u" "2 = yu" 2 — 4y 10§ and oFyu"=2 — z2abumlv,.

6

n=1 are hit above, we must have yu®%+% = 0 below.
For n = 6 mod 8, we compute 220k 29p_15 — T2aFuve = ozkyu”’i)’ and z%z,, —
rhumo§ = yu™ 2. All that is left is oFyu~* — 22a*u""tv,.

2

Because yu™ 2 and yu

are hit above, we must have yu8%+3 = 0 below.

The n =5 mod 8 case is simple again with a¥za,_15 — o*fyu™* and 22a* 29, —
ple ag 8 Y

z2akuvy = aFyun3. O

Because yu™ 3 and yu™~

6. Algebraic maps

We can now see, from Theorem 5.1 and Theorem 1.6 of Part I, that we have purely
algebraic maps, no topology used or implied, of

ER(2)%*(RP*™) — E(2)¥(RP?"*%),  n=1,2,5,6 mod 8.

These maps are neither injective nor surjective. However, they are close enough to
surjective for our purposes since the only elements they miss are the v%u{1*3}. These
low powers of u are never involved with our nonimmersion results.

7. Last of the even spaces

The goal of this section is to prove Theorem 1.2.

We begin again with the main theorem of [Dav84]: for
n=m+a(m)—1, k =2m — a(m),
there does not exist an axial map
RP2" x Rp2"—2k-2 | RP2K—2n—27

and so RP?" ¢ R?*F. This is proven by using the equivalent of E(2)*(—) and showing
that the u2* '~™ = 0 on the right would have to go to a nonzero element on the left.
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That same element would prevent the existence of an axial map,
RP2+2 « RPQK’%’z N RP2K72n727
and likewise

RP2+2 RP2K72I<72 . RP2K72n74.

—n 2K—1

Furthermore, if u2* =™ went to nonzero then we must also have u —n=l=0
going to a nonzero element. If n +1 =3 mod 8, then, from Theorem 1.1, we know
yu?" =5 = 0 in ER(2)*(RP2"~2"=4) and if —k — 2 = {1,2,5,6} mod 8, we have
a purely algebraic surjection ER(2)*(RP2"~2k=4) — B(2)*(RP2"~2k=2). Our ele-
2K~

K—1 1 . . .
ment yu? ~"75 maps to viu —"=1 'We know v3 is a unit, so the result of Davis

shows that this element maps nontrivially to E(2)*(RP?"*2 x RP2K_2k_2). This
obstruction can be written in terms of a 2-adic basis. We show that the same 2-adic
basis exists in ER(2)*(RP?"*2 x RP2K_2k_4) and so our FR(2)*(—) obstruction
improves the result.

When this is accomplished, we will have a proof of the following:

Proposition 7.1. When n=m+ a(m) —1 and k=2m —a(m), with n+1=3
mod 8 and —k — 2 ={1,2,5,6} mod 8, there is no azial map

RP22 szK—zk—4 N RPQK—Qn—4

and so RP*"+2 ¢ R?k+2,

)

To derive the proof of Theorem 1.2 from this we have to untangle some equations
to get our (m,a(m)) pairs. We have

n+l=m+a(m)=3 mod8
and
—k—2=-2m+a(m)—2={1,2,5,6} mod 8.
The equation for k gives
2m — a(m) = {5,4,1,0} mod 8.

The equation for n gives

m+a(m) =3 mod 8.
Adding, we have

3m={0,7,4,3} mod 8.
Multiply by 3 to get

m = {0,5,4,1} mod 8.
Substituting into

a(m)=-m+3 mod 8,
we get

a(m) ={3,6,7,2}

and this gives us (m,a(m)) pairs (0,3),(5,6), (4,7) and (1,2) mod 8.
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To complete our proof of Theorem 1.2, all we have to do is show that the 2-
adic basis elements for E(2)*(RP?""2 x RPQK_%_Q) that the obstruction can be
written in terms of, i.e. those u{ul with i+ j big, also form a 2-adic basis for

ER(2)*(RP?"t2 x RPQK_Zk_‘l) and that the same powers of u; and uy are zero
in each.

The basis for E(2)*(RP?"+2 x RP?"~2=2) in degrees 16 + 8, is given by
viakulug with i <n+ 1 and viuiu) withi <n+land 1 <j<2K-1 —k—1.

We need to discuss the obstruction just a little in order to be careful with our

comparison. Recall from Theorem 3.2 that the coproduct of v%uZKA_”_1 is, up

to a unit, (u; — ug)QKfl_"_l. The algorithm, Remark 15.3 of Part I, never lowers

the powers of the u ’s, so the obstruction must be a linear combination of the 2-
adic basis elements vjuiuj withi <n+1,1<j <2K-t —k—1 andi+j > 251 -
n — 1. (The missing vgu{l 3} él 3} never figure in here.)

We now proceed to show that the elements of the same name in
ER(2)*(RP*+2 x RP2" ~2k=4) are part of its 2-adic basis. This is easy for most
of these elements. Consider the elements wiujy, with 3<i<n+1 and
for 3 < j < 251 — k — 6. These reduce nontrivially (and independently) to viuiul™

in E(2) *(=). That’s not quite enough, though. We also need the elements

u1u2 k=54, for 3 <i < n+1. For the submodules of our groups generated by

the u;, in the range of our obstruction Where uiug has i+ ] blg7 we have identical

2-adic bases. In addition, we need u?"2uly, = 0 and u1u2 k=44, = 0. The two
groups are really isomorphic as Zs)[a, u1, uz]-modules.
The following result finishes off what we need.

Proposition 7.2. When ¢=1,2,5 or 6 modulo 8 and m < 8K and 8K + 8 < g,
the element uul >y, € ER(2)*(RP*™ A RP%) is nonzero. When i >4, we have

uziugﬂyz =0. When m = 3 mod 8, UTHU%yQ =0.

Proof. The element yu?—3 is represented in the spectral sequence for ER(2)*(RP?9)
by z2vau? (from Theorem 5.1) so the element uTu%73y2 is represented by x?u voud.
Thus it is enough to show that the element vouf"ud survives in the spectral sequence
to E3. In Theorem 19.2 of Part I, we have computed the entire E?-term of the
spectral sequence and this term is there with no restrictions on ¢g. There can be no
differentials on this element since it is the product of two honest elements (this does
use the restriction on g).

All we need to do now is show that this element is not in the image of d2. The
differential d2 has degree 35 = —13. Our element u*udvy has degree —16(m + q) — 6
so the source that would have to hit it would have to have degree —16(m + ¢) — 41;
in particular, it must be odd degree. From Theorem 19.2 of Part I, the odd degree
elements in the E%-term of our Bockstein spectral sequence are:

2s k .
Vo Q" Z_16¢—17;

2s,.4 . .
V3 U Z—16g—17, 0 <@ <m;

and 2S+1aku71n lz_16q_17.
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The only elements with degree equal to —9 modulo 16 are

v30a*z_169-17
and v%uiz_wq_n, 0<i<m.
In the proof of Proposition 19.3 of Part I, we showed that d?> must be trivial on
2_16¢—17 when m < 8K. The differential d? also commutes with multiplication by o
and u;. We also know that since d?(vg) = 0, d*> commutes with multiplication by v3.

Consequently, d? is trivial on all of the elements listed above when m < 8K.

For the next statement of the proof we use the fact that U372y2 is divisible by z*

and that z3u} = 0. For the final statement we use the fact that «}**' is divisible by

z* and that 23y, = 0. O

This completes the proof of Theorem 1.2.

8. ER(2)*(RPSK+)

We begin our computation by setting up the Bockstein spectral sequence.

E!is just E(2)*(RP'%+1) which is nothing more than

E(Q)*(RPIGK) o E(2)* (SIGK+1).

So we have a 2-adic basis (it isn’t really necessary to use this notation for the torsion
free part and so it isn’t necessary to go to the 2-adic completion of ER(2); it is just
convenient notation now), letting 2 = ay,

El:

i, 0<i<8, 0<k 0<j<8K;

Uéa
vhadal gy, 0<i<8, 0<q 0<k

All of the first part is even degree and all of the second part is odd degree. The
differential d' is even degree, so it is induced by the maps

RP16K RP16K+1 516K+1

where we already know it. Thus we can just read off our d! from Theorem 13.2, Part I,
for the RP16X part and Section 5 Part I for the S5+ part.

d (w2 Bakud) = 2025k = 2kt j < 8K
(modulo higher powers of u).

1/ .q9,2s+1 k g+l 25—2 Lk
d (odv3" ek 1) = of T v T " ikt

E? is given by

vafaku, 0<k; w3, 1<j<8K; wFtlabusK, 0<k;

b
2s k
Uy O L1I6K 41

We confront a new problem now. The differential d?> has degree 35 and we have
both odd and even degree elements so it could be nonzero. If so, by naturality it must
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have its source in the RP'6X part and its target in the S'6X+! part. Furthermore,
the source cannot be something in the image from the E? for ER(2)*(RP>) because
we know that d? is zero on all of those elements. All we are left with for possible
sources is

2s+1 _k, 8K
vy Ut 0<k.

The differential d? is trivial on v3 and « so it commutes with multiplication by these
elements. Since v2 is a unit, if there is a d? then it must be nonzero on vou8¥,
which has degree —6 — 16(8K) = 16K — 6. The degree of the target must be this
plus 35, or 16 K + 29 = 16 K — 19. The possible targets have degrees —12s — 32k +
16 K + 1. Working modulo 16, we need —3 = —12s + 1, so we see that s =3 and
we have 16K — 19 = —36 — 32k + 16 K + 1, which gives —19 = —36 — 32k + 1 mod-
ulo 48. This is 16 = —32k, which suggests the solution of k =1 (other alternatives
are k =3¢+ 1).
If there is a d?, we would conjecture that it starts with

d2(v2u8K) = vSatigK 11,
and this would lead to
d2 (U§s+1akU8K) _ ’Ug+2804k+1016K+1-
We now know what to look for. If we can show that the element 165 +1 is in the
image from S'6X*! and that 22 times it must be zero, then our conjectured d? is
correct.
If we look carefully at ER(2)*(S155+1) we see that there are a number of known
2-torsion free elements, namely all of wéakL16K+1, a{173}a"3L16K+1 and agtigry1. If
we look at

RPIGK _ RP16K+1 _ 516K+1
we know that ER(2)*(RPX) is all torsion, so our torsion free elements must all
inject into FR(2)*(RPSE+1). From this we know that the element atigx 41 is in
ER(2)*(RPE+1) but we don’t yet know if 22 kills it.
For that we need the diagram:

RPlGK - = o RPlGK (81)

RP16K+1 RP16K+2 R 516K+2

GQI6K+1 — > RP16K+2/Rp16K —> GI6K+2

Each row and column is a cofibration giving rise to a long exact sequence. Our
goal is to show that z2ati6r41 in ER(2)*(RPE+1) is zero. It is the image of the
same named element in ER(2)*(S5+1), From Corollary 9.3 of Part I we know that
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the element
216K —16 € ER(Q)*(RP16K+2/RP16K)

maps to Ttiert1 in ER(2)*(S16E+L). Consequently, razisr_16 must map to our
element of interest, z2auti6x41-

Rather than go through S'¥+1 on our way to RP'®%+1 we can now go through
RPYE+2 The element 2165 16 maps to u®X+1 ((13.1) Part I) and so razisx 16 maps
to zauPX T, Since 22 = 0, we can use the relation ((1.3) Part I) on au? and we will get
zuBK+3 plus even higher terms, but we know that u®5+3 is zero in ER(2)*(RP65+2)
(Theorem 1.6, Part I). So it follows that we have z2at16x 11 = 0 in ER(2)* (RP'6K+1)
and we can compute our d? as we conjectured.

Although uzigx—16 maps to u¥€+2 it comes from
ER(2)*(RPI6E+L),

We get more information out of that computation. It shows us that u is repre-
sented in the spectral sequence by zt16x+1 because both come from z16x —16. Multiply
u¥X by ag, and in E(2)*(RPX+2) this is vauS® 1. Consequently, apa®u®¥ is rep-
resented by viaf 18K+l and in RPYKF! this is represented by via** wiisx 1.

S16K+2 and so goes to zero in

S8K+1

From our discussion in Section 4 we can replace this asa®u®K with af+1yu8K—3
We now have our
E3.
2s  k 0<k: 25, 1< j<8K: 2s
vy U, SNl vy u’, J X ; V3 L16 K +1-

The differential d® is even degree again, so the even and odd degree parts don’t
mix. In S16E+1 43 takes v3 to avi but this element is not there, so there is no d* on
the odd part. On the even part we already know the d° differentials:

dS(v§6’2}aku) = v§0’4}ak+1u;
d3(v§6’2}uj) = v§0’4}auj = v§0’4}uj+2, 1<j<8K —-2.
We get
E*:
%{074}71{173}; Ué{GQ}u{sK—LsK}; 'USSLIGK-&-L

Our d* is odd degree again and so must go from the RP'SX part to the S16K+1
part if at all. The differential d* has degree 21 and must be zero on things in the
image from RP*°, so a nonzero differential must start out on

6,2 _
vé }usK 1

and hit one of
2s
V3 L16K+1-

The source degrees are —36 — 16(8K — 1) = 16 K — 20 and 16K + 4. Adding 21 to
see what degree our target would have to be, we get 16K + 1 and 16K + 25. Since
v3 commutes with d*, if we have a d* it must be

d*(SuPE Y = Ligrgt; d*(V2uBE Y = viiierg.

In our discussion of d?> we showed that (1651 lives in ER(2)*(RPE+1). So,
because it comes from FR(2)*(S'K+1), it has no differential on it. The only question
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is what differential hits it. We have already computed d', d?, and d?, so we know that
2341 # 0 in ER(2)*(RPY6E+Y) If 2%1165 11 = 0, then 11651 must be hit by d*
and our differential must be as above.

The argument here is the same as before using the diagram (8.1). The element
28K —16 Maps to Tiigr41 in STEF! 50 we want to study z323 16 and we will again
get to RPYK+1 by way of RP16K+2 where 232165 16 maps to 23u8f+1 = 0 (because

r3ut =0).
This computes our d* and we have left for our
E°:

050’4}1;{173}; v§6’2}u8K; v§2’6}L16K+1.

d® is once again even degree and the dimensions don’t work for the odd part so it
is zero there and RP8X determines it is zero on the even part.

We have to consider the possibility of a d® which is of degree 7. Again, it must
go from even to odd by naturality. It would commute with v3, so if d® is nonzero on
v2ul% it will be nonzero on the other element. The degree here is —12 + 16K. Add
7 to look for the target to get —5+ 16K . Elements that are in odd degrees are in
degrees 16K + 1 — 12 and 16K + 1 — 36, so there can be no db.

All we have left is d7, and we know, for starters, that d’ (vju!=2) = u!~3. We can
also read off from RP8K that d”(v3udK) = v§udK.

The only issue remaining is how d” works on

{2,6}
Vg " LI6K+1-

The element yu®X~! is represented by z*v§u®%*! in the Bockstein spectral se-
quence for ER(2)*(RP5+2) and by x%v3u®¥ in the Bockstein spectral sequence for
ER(2)*(RP®K) (Theorem 5.1).

It must pass through ER(2)*(RPS%+1) nontrivially and it must be divisible by z*
in here. The only even degree candidates for such an element in the Bockstein spectral
sequence for ER(2)*(RPK+1) are 2{46}y§u8K and x5v§2’6}L16K+1. The degree of
yuSE =1 is 16K + 24, which is 8 mod 16. Checking z{*%}$u®% and 1”51);2’6}“6;(4_1,
we see that, modulo 16, their degrees are 8, —10,0, and 8 respectively so the only
possibilities are x%SuSK and x5v§L16K+1. However, modulo 48, these are —20 — 36 +
16K and —36 — 36 + 16K, or, 16 K — 8 and 16K — 24, so it must be represented by
2%0S1165+1 and so our last undecided differential must be d” (v316x+1) = vVSt16K+1-

From Theorem 5.1 we already have yu®% =0 in ER(2)*(RP®(+2) and so it is
also zero in ER(2)*(RPK+1),

This concludes our computation of ER(2)*(RP%%+1) using the Bockstein spectral

sequence and we collect our results here.

Theorem 8.2. The Bockstein spectral sequence for ER(2)*(RPYX+1) is as follows.
E:
k

<]J K;

b

k.

W, 0<i<8, 0<Ek,

U;agakuGKH, 0<i<8, 0

vy

o /N
(0¢]

N o
N

q,

d (USS_Sakuj) = w2k’ = v af Tyt j < 8K
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(modulo higher powers of u).

1/ .q9,2s+1 k g+l 25—2 Lk
d (odv3" ek 1) = of T v T " gkt

EQ.
vfalu, 0<k; vul, 1<j<8K; o¥tafulK, 0<k;
25 k
vy A" L6k 11
d? (3T bRy = ST 0 e 4.
E3:
2s  k 0<k: 259 1< j<8K: 2s
vy°atu, KK vy U’ J X ; V3 L16K+1-
6,2 0,4
d3(v§ ’ }aku) = vé{ Akt
2} 4 i 4} .
d?’(véﬁ’ }u]) = véo’ Yo = véo’ Mt 1< j<8K —2.
E4.
0,4 1-3 6,2} {8K—1,8K 2
vé bk }; vé ot , }; VI LI6K 41
40,16,2} 8K —1 0,4
d* (o3 By = o g
E5 — E6 — E7.

{074} 1-3}. {672} 8K {Qaﬁ}
Uy u{ }, Uy u ; Uy L1I6K+1-

d7(,U§Lu{1—3}) — u{l—S};

d" (v3uPH) = vSuBk,

7002 6
d" (V316K +1) = Val16K+1-

We identify all of the elements in degree 8x. This completes the proof of Theo-
rem 1.3.

Theorem 8.3. A 2-adic basis for the elements in ER(2)%*(RP*K+1) is given by the
following.

From, the x'-torsion elements we have o*u?, 0 < k, 1 < j < 8K, representing ele-
ments with the same name. Also, asa®u/, 0 <k, 0 < j < 8K, is represented by
2uiakul = via It modulo higher powers of u.

From the z2-torsion we have a*u8E+! k> 0, is represented by O[kalﬁKJ,_l and

kuBE = oF+1yy8K=3 js represented by via M aii6x 1.

sy
From the x®-torsion we have oftu represents the element with the same name

and viaF Ty represents waku.
The elements u?, 3 < j < 8K, represent the elements with the same name and
vaul, 3 < j < 8K, represents yu’l 4.

From the z*-torsion we have Tl1eK+1 Tepresents u
uB8K—3

8K+1 gnd ’U%leﬁK_H represents

Y

From the 7 -torsion we have ul'=3} represents elements of the same name and

x4vgu8K represents yugK_Q. Finally, x5ng16K+1 represents yuSK—l.

We also have uSK+2 = 0 = yudK.
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Proof. We can find all of the elements in degrees 8 by looking at the Bockstein
spectral sequence. If we check the elements that are x'-torsion, i.e. the image of

d', the elements in degrees 8x are just 21);0’4}011‘31#', and these are, modulo higher

filtrations, v§0’4}ak+1uj+1, 0 < j < 8K. These can be written as o;a*u? with i =0
and 2, 0 < j < 8K.

Elements in degree 8 coming from the x2-torsion are represented by x times
v§0’4}ak+1L16K+1. In our computation of d? in the Bockstein spectral sequence, we
showed that z16x 16 mapped to xti16x+1. We also showed it mapped to uB8K+L This
was only z2-torsion if we multiplied by 1. This gives us our o* T u85+1 which is
20 uBK.

From the proof of Theorem 5.1, we know that wa*zi6x_16 maps to akHyuSK_
and is represented by via* 18K+ or, x times via*tli16x 1. This identifies our
remaining 8* degree elements coming from the z2-torsion.

3

The only elements that come from the z3-torsion are again standard elements,
wéaku with e +k > 0, v/ with 3 < j < 8K, and yu’/ with 0 < j < 8K — 4.

From the z*-torsion, we get wvéoA}LlG K+1 in the expected degrees. We have already

identified each of these as u85*! and yu®%—3 respectively.

Of course our z”-torsion {173} is standard.

We have only the z-torsion elements vSuSK and v§1165+1 Temaining to consider.

The only elements in the appropriate degrees are z* times the first and 2° times the
second. We have already identified the last one as yu8%~1. We have not identified the
necessary element yu®%—2 which we now see must be z*v§u8X.

We have already shown u85+2 = 0 = yu8X. O

We have a corollary:

Corollary 8.4. There is a purely algebraic map
ER(Q)S* (RP16K+1) _ E(?)S* (RP16K+2)

which only misses the elements viu{l =3},

9. Axial maps and odd spaces
Recall that Don Davis uses E(2)*(—) to show that the axial map
RP2K—2k—2 « RP2 RPQK—2n—2
does not exist when n = 2(m + a(m) — 1) and k = 2(2m — a(m)), giving him

RPQ(m«Fa(m)fl) g R2(2mfo¢(m)) )

From the previous section, we know that there is an algebraic map, which for our
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purposes is surjective enough when —2k — 2 = 2 mod 16:
ER(2)*(RP¥"~2=3) —, ER(2)*(RP*" ~2+2),

We will be able to use our standard tricks to show that

RPp2(mta(m)-1) g R2@m—a(m))+1
when

—k—1=1=-2m+a(m)—1 mod 8

and

m+alm)—1=n=1{3,4,7,0}.

Presumably one could compute ER(2)*(RP(+%) and prove a similar theorem
with —k — 1 = 5. Although the results are probably new they are not of sufficiently
low dimensions to interest us.

Before we proceed, let’s check out the numbers here. We have

2m —a(m) = -2 mod §;
m+ a(m) = {4,5,0,1}.
Adding, we get
3m =1{2,3,6,7}.
Multiply by 3 (always mod 8);
m = {6,1,2,5}.
Then
a(m) = {6,4,6,4}.
This is Theorem 1.4 in the introduction.
The rest of the paper is dedicated to the proof that there is no axial map
Rp2S-2k=3  pp2n __, pp2f-2n-2

so that the derivation of Theorem 1.4 in this section holds. This proof breaks up into
two separate pieces. The case for n =7 or 0 is done in the next two sections and
n = 3 or 4 is done in the last section.

10. The 16* cases

By now our arguments should seem fairly standard. Don Davis has computed the
obstruction to the axial map

RPQK—Qk-—Q « RP?" RPzK—zn—z

in E(2)*(RP¥"~2k=2 x RP?>"). We will show that the same 2-adic basis that the
obstruction lives in is also in ER(2)*(RP2" ~2k=3 x RP?") and that the same powers
of u; and uy are zero.

We assume throughout that 25 — 2k — 3 is equal to 1 mod 16.
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In the case of n =7 or 0 mod 8, we have isomorphisms
ER(2)16* (RPQn) N E(2)16*(RP2n).

We use the fact that 2" " is zero in ER(2)*(RP2" —2n=2),
All we have to do now is show that the elements corresponding to a 2-adic basis
where Davis’s obstruction lives also exist in

ER(2)!%*(RP?" A RP?" ~273),

As in previous cases, because the algorithm always increases the number of u’s and
because the coproduct of u can be computed as u; — uz up to a unit, we just need
the elements ufuj to be nonzero when i + j is big. (We don’t really have to worry
about the aufuy terms because they don’t have enough u’s in them.)

Most of the ufu? are obviously nonzero and independent because they reduce to
E(2)*(—). The only elements this doesn’t work for are taken care of by the following

theorem.
Theorem 10.1. Whenn < 8M < 8M + 8 < 8K, in
ER(2)16*(RP2n /\RP16K+1),

Uy gKH 1S Nonzero.

the element ufu

8K+1
2

If this element is nonzero, since the elements u}u are defined and u} ™" times

them is nonzero, they too are all nonzero.

We already know that u?“ =0= ugK +2 50 the 2-adic basis for big products of u4

and ug are the same for both cohomology theories and their respective spaces (n =7
or 0 modulo 8).

This result, proven in the next section, will complete the proof of the nonexistence
of the axial map mentioned at the end of the last section for the n = 7,0 cases.

11. Products with an odd space
We study the Bockstein spectral sequence for
ER(2)*(RP?" A RPSEFY)
where 2n < 16K + 1. The E'-term is, as usual, just
E(2)*(RP?" A RPYSE+L),
This has a few more pieces than we are used to because
E(2)*(RPYE+1) ~ B(2)*(RPYK) g B(2)*(§16K+1),

Since E(2)*(S165+1) is free, it doesn’t affect the Tor term, only the tensor product
term. So our E! is, from Theorem 14.3 of Part I,

E(2)*(RP*") @ E(2)*(RP'") ® E(2)"(RP*") @ E(2)"(S"K )
@2716(8K)71E(2)*(RP271)'
Keep in mind that
BE(2)*(RP?™) ® E(2)*(S16K+1) ~ $16K+1p(9)*(RP?M).
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The —16(8K) — 1 looks silly and can be replaced with 16K — 1 since we are work-
ing modulo 48.
We need our 2-adic basis for our E'-term:

viafulug, 0<k, 0<i

< sn
viuiul, 0<i<m, 1<j<8K, s<8§

and
vgakuﬁLmKH, 0<k O<i<gn, s<8§;
vgakuﬁzm;{,n, 0<k 0<i<n, s<8.
We know that xt16x 41 represents ugKH, SO xuftigK+1 represents u’fugKH. There

can be no differential on uft16x+1 because it is a product of elements. All we have
to do is show that it is not in the image of d'. Since d' is even degree, we only have
to worry about it on the odd degree elements, since uft16x+1 is odd degree.

d' has degree 18, so if d' is to hit uft16x 41, it must start on some ofulzi6x_17
because they are the only elements in the appropriate degree mod 16. Since d' com-
mutes with a, we would have to have uizlﬁK,N hitting uTt16x+1 and since d' com-
mutes with multiplication by u;, we would have to have d' be nontrivial on z16x—17.

In the Bockstein spectral sequence for ER(2)*(RP6M+16 x RPI6E+2) " with
8M + 8 < 8K, we have, from Theorem 19.2 of Part I, that d*(2165—_33) = 0. From
Theorem 1.2 of [GW], z16x—33 maps to ujzigx—17 in the spectral sequence for
RPYM+16  RPI6K  Since this passes through the spectral sequence for
RPI6MA+16 o RPl6K+L o ck_33 maps to uizigk—17 here as well, so
d*(u1z165 —17) = 0; i.e. u; multiplied times d' (2165 _17) is zero. All elements killed by
multiplication by u; go to zero under the map to RP3M x RP6K+1 and so in here,
our d(z16x_17) = 0 and our result follows by naturality.

This concludes our proof for the n = 7,0 cases.

12. The 16* + 8 cases

We continue to assume that 25 — 2k — 3 is equal to 1 mod 16.

We now switch to the cases of n = 3,4 mod 8. We now have yu2" —"=* =0 in
ER(2)*(RP?*~2"=2) and this maps to viu2" '~ =0 in B(2)*(RP2"~2"=2). We
know from [Dav84] that this goes to nonzero in E(2)*(RP?" x RP2" ~2k=2) We
will, as usual, show that the 2-adic basis elements of whose terms this obstruction
can be written also live in ER(2)*(RP?" x RP2"~2k=3),

The discussion now is nearly identical to that for the even products we studied
first in this paper. The end result that we need to complete the work is:

Theorem 12.1. When m < 8M and 8M + 8 < 8K, the element
ulus® Py, € ER(2)*(RP?™ A RPYRH)
is nonzero. When i > 4, u’iugK_zyg = 0. When n =3 or 4 modulo 8, u?“uéyg =0.

Proof. We have already written down the E'-term for this. The element that repre-

sents u’lnugK_?’yg is vgxu’fLLmKH. All we have to do is show that v%u{”LwKH is not



290 NITU KITCHLOO AND W. STEPHEN WILSON

the target of a d'. If there is such a differential for 8M + 8, just as in the last case,
d*(z_16n—17) must be nonzero and u; times the target must be zero. All such target
elements go to zero when we map down to m < 8M < 8M + 8 and so the differential
is trivial there.

For the last statements, we note that ugK 2y, is divisible by z* and 2 kills uf
and that u’f“ is divisible by z* and 22 kills ys. O

This concludes the proof of the final cases.
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