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TOPOLOGICAL HOCHSCHILD HOMOLOGY OF THE IMAGE OF J

DAVID JONGWON LEE AND ISHAN LEVY

ABSTRACT. We compute the mod (p,v1) and mod (2,7,v;) THH of many variants of the
image-of-J spectrum. In particular, we do this for js, whose TC is closely related to the
K-theory of the K (1)-local sphere. We find in particular that the failure for THH to satisfy
Z,-Galois descent for the extension jo — £, corresponds to the failure of the p-adic circle
to be its own free loop space. For p > 2, we also prove the Segal conjecture for j¢, and we
compute the K-theory of the K(1)-local sphere in degrees < 4p — 6.
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1. INTRODUCTION

The algebraic K-theory of the K(1)-local sphere, or K(Lgk(1)S), is an object capturing
fundamental structural information about the K (1)-local category. Part of Ausoni-Rognes’
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original vision of chromatic redshift was that it could be understood, at least T'(2)-locally,
via Galois hyperdescent. More specifically, they conjectured [AR02, pg 4] that the map

K(LxmS) ©V — K(KU)"% @V

is an equivalence in large degrees when V is a type 2 finite spectrum. The T(n + 1)-
local K-theory of Morava E-theory has been shown in [CMNN20, Theorem 1.10] to have
Galois descent for finite subgroups of the Morava stabilizer group. Moreover, recent work
of Ben Moshe-Carmeli-Schlank—Yanovski [BMCSY23] combined with [HRW22, Theorem

1.3.6] shows that L) K(Lkn)S) — LK(Q)K(KUP)"% is an equivalence, i.e that Galois
hyperdescent is satisfied for the K (2)-locally.

Recent work of the second author [Lev22] has made K (Lg(1)S) an integrally accessible
object. If we consider the connective Adams summand ¢, (or ko, for p = 2) as a Z-equivariant
E..-ring via the Adams operation W'*?, then j. is defined to be its Z-homotopy fixed points.
Then it is shown that there is a cofiber sequence

K(j¢) = K(Lk@)S) — YK (F))
split on 7,. It is also shown that the Dundas—Goodwillie-McCarthy square
K(j¢) — TC(je)

| |

K(Zy) —— TC(Z;")

is a pullback square. The three spectra K(F,), K(Z,), and TC(Z}*)" are understood, so
understanding K (Lg(1)S) is essentially reduced to understanding TC(j¢).

The primary goal of this paper is to understand THH(j:) modulo (p,v;) and (2,7,v;),
which is the first step in understanding TC(j¢).

Theorem 1.1. For p > 2, there is an isomorphism of rings
. THH(j¢) /(p, v1) = m THH(L,) /(. v1) @, HHL (F}7/F,)
For p =2, there is an isomorphism of rings
7. THH(j¢)/(2,n,v1) = 7, THH (ko) / (2,1, v1) @, HH, (FA2 /).

Each of the terms on the right hand side of the equivalences is well understood. The ring
7. THH(?,)/(p,v1) can be found in [MS93] or Example 4.3, and 7, THH(kos)/(2,7n,v1) can
be found in [ARO05] or Example 4.16.

The last tensor factor is given in Lemma 4.6 as

HH*<FZZ/FP> = AK] ® CO(ZP? Fp)

where [¢| = —1, and C°(Z,;F,) denotes the ring of continuous functions from Z, to F,,.

The C°(Z,;F,) appearing can be viewed as the failure of descent at the level of THH for
the Z,-Galois extension coming from the Z,-action on ¢, and ko,. More precisely, at the
level of 7, the map

THH(£,")/ (p, v1) — THH((,)"*/(p, v1)

IThis is essentially the nil-TC of Z,, by [LT23, Corollary 4.5], which is studied in [HMO04].
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is base changed from the map C%(Z,; F,) — F, that sends a continuous function to its value
at 0 (Remark 4.13).

This phenomenon can be explained by interpreting THH in terms of free loop spaces. If
X is a pro-p-finite space, then the F,-Hochschild homology of the cochain algebra C*(X;F,)
is computed as

HH(C™(X;F,)/F,) = C*(LX;TF,)
where LX is the free loop space of X. Since C*(BZ,;F,) = F’;Z, the failure of the descent
HH(F,"/F,) % HH(F,/F,)"

is explained by the fact that BZ, is not LBZ, = BZ, x Z,. For any p-complete E,-ring
R with a trivial Z-action, this completely accounts for the failure of p-complete THH to
commute with Z-fixed points (Corollary 4.8). The content of Theorem 1.1 is that the same
phenomenon happens for THH(j¢) on 7, mod (p,v1) or (2,7, v;), even though the action is
no longer trivial. In particular, Theorem 1.1 implies that there is an isomorphism of rings

. THH(j¢)/(p, v1) = m THH(G™") /(p, v1)

where ("% is the fixed points of £, by a trivial Z-action.

The key idea in our proof of Theorem 1.1 is to run the spectral sequence for THH obtained
by filtering j¢ via the homotopy fixed point filtration, and showing that the differentials in
the associated spectral sequence behave similarly enough to the case of a trivial action. To
understand the associated graded algebra of the homotopy fixed point filtration, we further
filter it by the p-adic filtration. At the level of the associated graded of both filtrations, j. is
indistinguishable from the fixed points by a trivial action, and we show that mod (p,v;) and
(2,m,v1) this remains true at the level of homotopy rings after running the spectral sequences
for THH of those filtrations.

The phenomenon that the Z-action on £, behaves like the trivial one is shown in [BHLS]
to asymptotically hold even at the level of cyclotomic spectra. More precisely, it is shown
there that given any fixed type 3 finite spectrum V', for all sufficiently large &,

THH(("'2) @ V = THH((SV) @ V

as cyclotomic spectra.

It is shown then that the failure of descent we observe on THH continues at the level of the
T'(2)-local TC. Combining this with the aforementioned hyperdescent result of the K (2)-
local K-theory and the formula for the K-theory of the K(1)-local sphere, this implies that
Loy K (Lg@S) is not K(2)-local and hence is a counterexample to the height 2 telescope
conjecture. In particular, this implies that the map

K(LxnS)®V = K(KU)" @V

considered by Ausoni—Rognes is not an equivalence in large degrees.

The ring C%(Z,; F,) that appears in our formula for THH(j) is a key ingredient in [BHLS]
to maintain asymptotic control over THH(jx) as a cyclotomic spectrum, and is one of the
advantages of j. versus the usual connective image-of-J spectrum j = 7>¢j¢. If one was only
interested in understanding L) K (L 1)S), there are isomorphisms

Loy K(Lk@)S) = L) TC(j) = L@ TC(j¢)

so one can in principle approach the telescopic homotopy via TC(j) instead of TC(j¢).
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However, j is not as well behaved as j¢ is, as we now explain. We extend our methods
for computing THH(j¢) in Sections 5 and 6 to compute THH of j, giving a relatively simple
proof of the result below due to Angelini-Knoll and Héning [AK21, Hon21].

Theorem 1.2. For p > 32, the ring . THH(j)/(p,v1) is the homology of the CDGA
Fplpe] @ Alay, A, a] @ T[], d(X2) = aay
bl = 2p* = 2p, |a| = 2p* = 2p — 1, |No| = 2p° — 1, |pa| = 2p°
For k> 1 and any p > 2, we have an isomorphism of rings

m. THH(720(67"%))/(p, v1) = 7, THH(G,)/ (p, v1) © HHL (r0F, [11]" /B [01]) /01

The ring HH, (750, [v1]"% /F,[v1])/v; is described in Proposition 5.1: it is isomorphic to
[[doy ] @ Ag,[aq ,r] where oy /¢ is a class in degree 2p — 3 and day s is a divided power
generator in degree 2p — 2.

In the above theorem, 7, THH(j)/(p,v1) is not what one would expect in the case of the
trivial action: there are two more differentials in the spectral sequence for the filtration we
use to prove Theorem 1.2 than what one would find for the trivial action. The differentials
witness the fact that A\, \s € 7, THH(¢,)/(p,v1) don’t lift to THH(j)/(p,v1). Whereas
most computations of THH in this paper use Bokstedt’s computation of THH(F,) as their
fundamental input, these differentials ultimately come from the Adams—Novikov spectral
sequence.

A key difference between the THH of j- and j is that the ring C°(Z,;F,) that appeared
in m, THH(jc)/(p,v1) is replaced by a divided power algebra for j. The advantage of the
ring C°(Z,;F,) over a divided power algebra is that it up to units, it consists entirely of
idempotents, which decompose THH(j;) as an S'-equivariant spectrum into a continuous
Z,-indexed family of spectra. This decomposition is not evidently present in THH(j).

Another advantage of j. over j is that j. satisfies the THH Segal conjecture but j doesn’t,
which we show for p > 2 in Section 8:

Theorem 1.3. For p > 2, the cyclotomic Frobenius map

THH(j¢)/(p, v1) — THH(j¢)'" / (p, v1)
has (2p — 3)-coconnective fiber, but the fiber of the cyclotomic Frobenius map

THH(j)/(p, v1) — THH(5)"“" /(p, v1)
18 not bounded above.

The Segal conjecture for a ring j is a necessary condition [AN21, Proposition 2.25] for
the Lichtenbaum—Quillen conjecture to hold, i.e for TR(j) ® V' to be bounded above for any
finite type 3 spectrum V. Thus Theorem 1.3 implies that j doesn’t satisfy the Lichtenbaum—
Quillen conjecture. On the other hand, Theorem 1.3 is a key ingredient in proving the
Lichtenbaum-Quillen conjecture for j¢ as carried out in [BHLS]. This Lichtenbaum-Quillen

2We also compute an associated graded ring THH(j)/(p,v1) for p = 3 (see Theorem 5.5), but are unable

to solve multiplicative extension problems coming from the fact that j/(p,v1) is not an associative algebra

for p = 3. Nonassociative multiplicative extensions aren’t considered in [AK21], so the results of that paper
also only compute an associated graded ring for p = 3.
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conjecture can be viewed as the part of Ausoni-Rognes’s conjecture that is true. Namely, it
implies that the map

K(Lk@yS)®V — K(Lg)S) @ Vivy']

is an equivalence in large degrees for V' a type 2-complex.

In Section 7, we show how THH computations can give information about TC in the stable
range. For a map of Ei-rings f : R — S, the E;-cotangent complex Lg/g is the S-bimodule
that is the fiber of the multiplication map S ®r S — S. We prove the following result:

Theorem 1.4. Given a map of Ei-ring spectra f : R — S, there is a natural map
fib TC(f) — THH(S; Ls/r).

If f is an n-connective map of (—1)-connective rings for n > 1, this natural map is (2n+1)-
connective.

A consequence of Theorem 1.4 is that the natural map above can be identified with the
linearization map in the sense of Goodwillie calculus for the functor fib TC(f) : Alg(Sp)r, —
Sp when R is (—1)-connective.

In the case the map f is a trivial square zero extension of connective rings, a K-theory
version of the result was obtained as [DM94, Theorem 3.4], and a TC version is essentially
[Ras18, Theorem 4.10.1]°. The point of Theorem 1.4 is to have a version of the result
that works for arbitrary maps of E;-rings rather than trivial square-zero extensions, and for
(—1)-connective rings instead of connective rings.

We use Theorem 1.4 to reprove basic facts about TC, such as the understanding of the
map TC(S,) — TC(Z,) on m,_1. This is an ingredient in the computation of TC(Z,) as a
spectrum (see [BM93, Section 9)).

We also apply Theorem 1.4 to compute the fiber of the map TC(j;) — TC(ZZZ) in the
stable range, giving information about K (Lk)S):

Theorem 1.5. For p > 2, there are isomorphisms
Teap—6 fib(TC(j¢c) = TC(Z)7)) =2 £*2C%(Z,; F,)
and
K.Lx)S & K. 1F, ® K.S, ® 1.5 *C%(Z,; F,) /Fp, * < 4p—6.

In particular, for p > 2, the infinite family of classes in the fiber of TC(j¢) — TC(Z}%)
found in [Lev22] are simple p-torsion, and completely account for all the classes in the stable
range.

Acknowledgements. We are very grateful to Robert Burklund, Sanath Devalapurkar,
Jeremy Hahn, Mike Hopkins, Tomer Schlank, and Andy Senger for conversations related
to this work. The second author is supported by the NSF Graduate Research Fellowship
under Grant No. 1745302.

3See also [Hes94] and [LM12].



Notations and conventions.

e The term category will refer to an co-category as developed by Joyal and Lurie.

e We refer the reader to [NS18] for basic facts about THH, which we freely use.

e Map(a, b) will denote the space of maps from a to b (in some ambient category).

e Tensor products and THH are implicitly p-completed.

e We use A[z] and I'[z] to denote exterior and divided power algebras in homotopy rings.

e In an F)-vector space, we use a = b to mean that a = cb for some unit ¢ € F, and a+>b
to mean that a is sent to b up to a unit in F.

e Conventions about filtrations and spectral sequences are addressed in Section 2.

e For a pro-finite set A, we use C°(A;F,) to denote continuous functions from A to F,,.

e Let D be a monoidal category acting on a category C. Given objects X € C,Z € D
with a self map f : X ® Z — X, we use X/f to denote the cofibre of this map.
We use X/(f1,...,[fn) to denote (...(X/f1)/...)/fn, where each f; is a self map of

X/(fl, ce ,fi_l).

2. FILTRATIONS

In this section, we set up notation for working with filtered objects and explain how to put
filtrations on ¢, kos, j¢, and j, as well as for finite extensions. Our constructions amount
to the filtration coming from the homotopy fixed point spectral sequences computing those
objects, which in all cases except for j¢, is also the Adams—Novikov filtration.

2.1. Filtered objects and spectral sequences. Let C be a presentably symmetric monoidal
stable category with accessible t-structure compatible with the symmetric monoidal struc-
ture. Let Fil(C) = Fun(ZX,C) be the category of decreasingly filtered objects, and let
gr(C) = Fun(Z,C) be the category of graded objects, so that both are symmetric monoidal
via Day convolution. Basic properties of these categories are developed in [Lurl5] and
[BHS20, Appendix B]. Given an object z € Fil(C) or gr(C), we write z; for the value at
i € Z. The left adjoint of the functor (—); in the case of Fil(C) is the functor (—)%*, defined

for ¢ € C by
(CO,Z> — c (] S t
! 0 (j>i
We also use the notation " := Yk0ntk Wgnl' = W,?:cmrk, and Ty, T = TpTpir =

mo Map(1%", z), and use ¢ to also denote ™. There is a filtration parameter 7 € m_;1%°
such that the map x; — x;_1 giving the filtration is obtained levelwise from tensoring with
T.
The functor (—)%° : C — Fil(C) is a symmetric monoidal fully faithful functor, which
we refer to as the trivial filtration. We often identify an object ¢ € C with the trivial
filtered object in Fil(C). In fact, gr(C) can be identified with Mod..¢,(Fil(C)), so that taking
associated graded amounts to base changing to cof 7. Given an object z € Fil(C), we let
grz € gr(C) denote the associated graded object, so that (grx); = gr; x = cof (v;41 — ;).

On the other hand, there is an identification Fil(C)[r7™!] = C, so that given a filtered
object z € Fil(C), its underlying object ux € C, given by colim; z;, is identified with z[r~!].
Under the assumption that the t-structure is compatible with filtered colimits, we have an
isomorphism 7y, 2[77!] = 7Yur @ Z[rH.
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Construction 2.1. Given a filtered object z € Fil(C), there is a spectral sequence which
we refer to as the spectral sequence associated with x.

Ef’t = 7T® grr = Wzs(gr x)t = WZs(ux)

t—s,s

The d,-differential is a map from E** to EST" 47 which is a page off from the usual Adams
convention, i.e. our d, differential would be the d,,; differential in the Adams convention. We
shall say Adams weight and filtration degree to refer to the bidegrees s and t, respectively. <

In addition to the spectral sequence associated with x, there is also the 7-Bockstein spectral
sequence, which has signature

Er = (nl gra)[r] = mox
We do not use the following lemma, but we state it as an exercise to help acquaint the
unfamiliar reader with filtered objects. The 7-inverted 7-Bockstein spectral sequence refers
to the spectral sequence obtained from the 7-Bockstein spectral sequence by inverting 7 on
each page.

Lemma 2.2. Let x € Fil(C). For each r > 1, the E.-page of the T-inverted T-Bockstein
spectral sequence for x is isomorphic to Z[t*] tensored with the E,.-page of the spectral se-
quence associated with x. Moreover, the d,. differential on the former is given by ™" times the
d, differential on the latter. The filtration on 7, x[t*'] coming from the spectral sequence

agrees with the filtration on 77x ® Z[tF] coming from the filtration on x.

Proof. These statements can be checked for example by using explicit formulas for the pages
and differentials. See, for example, [Lurl7, Construction 1.2.2.6]. 0

2.2. t-structures. We turn to studying t-structures on categories of filtered objects. Our
ability to produce t-structures comes from the following general result.

Lemma 2.3 ([Lurl?7, Proposition 1.4.4.11]). Let C be a presentable stable category. If {X,}
is a small collection of objects in C, then there is an accessible t-structure (Cso,C<o) on
C such that C¢ 1is the smallest full subcategory of C containing each X, and closed under
colimits and extensions. The full subcategory of coconnective objects is characterized by the

condition that Y € C<q if and only if Map(XX,,Y) =0 for each X,.

Definition 2.4. Let f : Z — Z be a function. Define a t-structure (Fil(C)’;O, Fil(C)’;O) on
the underlying category Fil(C) be the t-structure whose connective objects are generated
by the objects ©/Wc% for ¢ € Csy. We let 7J; and 77, denote the associated truncation

functors. We similarly define a t-structure (gr(C)éo, gr(C)’;O) by taking the image of those
objects under the functor gr to be the generators. <

Lemma 2.5. Let z € Fil(C).
(1) z € Fil(C)J;O if and only if x; is f(i)-coconnective in C for each i.
(2) If f is nondecreasing, then x € Fil(C)’g0 iff x; is f(i)-connective for each i. In this
case, the truncation functor Téo s given by (T;OZL’)Z' = T () ().

(3) The same results hold for (gr(C)éO,gr(C)];o).
7



Proof. We prove the result for Fil(C), as the result for gr(C) is similar but easier. Coconnec-
tivity can be checked by mapping in the generators of Fil(C)éO. Because of the adjunction
defining the functor (—)%", the condition for coconnectivity follows.

Now suppose f is nondecreasing. To prove the claims, It suffices to show that if z € Fil(C)
has x; € C>f¢), then o admits no maps to a coconnected object. If y is a coconnected
object, then z; admits no maps to y; for j < i because y; is f(j)-coconnected, and since f is
nondecreasing, it is f(i)-coconnected. It follows that there are no nonzero maps of filtered
objects x — v. 0

Lemma 2.6. The t-structures Fil(C)/, gr(C)! are compatible with the symmetric monoidal
structure if f(0) =0 and f(i) + f(j) = f(i + j).

Proof. The condition f(0) = 0 guarantees that the unit is connective. One needs to check
that the tensor product of any pair of generators of Fil(C)L, is still in Fil(C)L,. But the
tensor product of £/0 % and £/0)d% is B/ O+/6) (¢ @ d)%+7 which is in Fil(C)L, because
c®d is in C>( and so the assumption on f shows that this is connective. 0

The functor gr is right t-exact with respect to the t-structure corresponding to a non-
decreasing function f, but not in general t-exact. In the following situation it preserves
T>0-

Lemma 2.7. Suppose that ¢ € Fil(C), f : Z — 7Z is nondecreasing, ﬂzifkc =0 for f(i—1) <
k < f(i), and Wﬁi)ilviif(i)+2 contains no simple T-torsion. Then Tgo gr(c) = gr(Tgo(C)) and
oer(e) = gr(rly(c)).

Proof. It suffices to prove the statement for 7 since gr is exact. There is a cofiber sequence
Cit1 RE gr;c. By Lemma 2.5 we would like 7> fit1)Cip1 — T>p)Ci — T>f@) &L ¢ to
remain a cofiber sequence. From the exact sequence of homotopy groups, we see that we

would like 7> f(i41)Ciy1 = T>f(i)Ciy1 and W?(i)_lci_i'_l — ﬁ?(i)_lci to be injective. This is exactly

the condition that m/c; = in_kc vanish when f(i — 1) < k < f(i) and W?(i)flciﬂ =

ﬂ?(i)ilyii Fi)+2C has no simple 7-torsion. l

Example 2.8. Let f(i) = [ai] where a > 0. This gives rise to the slope =2 t-structure,

whose truncation functors we denote Té%, Té%. N
Example 2.9. Let f(i) = 0 for i < 0 and f(i) = [4] for ¢ > 0. This gives rise to the v
t-structure, whose truncation functors we denote 73, 72,. <

The slope 177“ and v t-structures satisfy the conditions of Lemma 2.6 and Lemma 2.5, so
are compatible with the symmetric monoidal structure, and can be computed by truncating
level-wise. The reason for the name slope is that in the Adams grading, the homotopy groups
of objects in the heart of this t-structure lie along a line of slope 177“ The v t-structure is
named so because the curve it describes is the vanishing curve on the homotopy groups of

the BP-synthetic sphere at the prime 2.

Example 2.10. We now specialize Example 2.8 to obtain two t-structures we use here.

Taking a = 0, we get the constant t-structure, whose connective cover functor Tg%nSt just

takes connective cover on each filtered piece.
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Taking a = 1, we get the diagonal t-structure, whose connective cover functor Tgo is given
by taking the i*"-connective cover on the i*® filtered piece. N

The functor (—)®™" : C — Fil(C) is the symmetric monoidal functor given by the constant
filtered object.

2.3. Filtrations on rings of interest. We now specialize to the case C = Sp with its
standard symmetric monoidal structure. We begin by constructing jc as a filtered ring. We
use T>,(—) to denote the composite functor 72,((—)""). Indeed, 7>;(—) is the i*® filtered
piece of this functor. -

We now use 7>.(—) to obtain a filtration on £, j¢, ko, and j for p > 2. We use R to
denote these rings equipped with these filtrations, and R®" to denote the associated graded
algebras.

Definition 2.11. Let Zgl be the ring of p-adic integers with the p-adic filtration. It is a
filtered E..-ring since it is in the heart of the constant t-structure. Its associated graded
ring is I, [vo], where vy € 71 Z8". We write vg € 7T071Z21 for the class of filtration 1 detecting
p € Z,, which projects to vy in the associated graded. q

Definition 2.12. For p > 2, consider /,,, viewed as an E..-ring equipped with the Z-action
given by the Adams operation W7 and for p = 2, consider it with the Z x Cy-action given
by the Adams operations W3, U1,

We now define most of our filtered E..-rings of interest:

° 621 = Tslp

o Kol = 7ty (/°2)

. jg}k = (Egl)hpkz for p > 2 and (koi)"? for p = 2
il — (ggl)mkz

fil const

o jp =15 (jcﬁ}k) for p > 2.
1
¢

In the case k = 0, we just write ;i jufl! % and we remove fil to denote the underlying

E-ring. For example, we write j¢ i = ng)kaZ. 4

Remark 2.13. The filtrations of Definition 2.12 aren’t as ‘fast’ as they can possibly be.
Namely, the spectra in the filtrations only change every multiple of 2p—2 filtrations. Speeding
up the filtration doesn’t affect very much related to the filtration in any case. N

Remark 2.14. For p > 2, it is also possible to use variants of the Adams filtration on the
various rings of study, as in [HW22, Section 4.3|, which would avoid the use of two filtrations.
However this doesn’t work as well at the prime 2, since the Adams filtration on is poorly
suited to studying koy’s THH. N

The key properties of these filtrations that we use is that the associated graded algebras
mod p are easy to describe.

Lemma 2.15. The associated graded algebras of filtered rings defined in Definition 2.12 are
Eo-Z-algebras.

Proof. The 0’th piece of every associated graded algebra is coconnective with 7y = Z,, so
the unit map from S®° factors canonically through Z, giving it a canonical E..-Z-algebra
structure. 0
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FiGURE 1. Above is the Ey-page of the spectral sequence associated with the
filtered ring (7>.¢2)"?, which embeds into the homotopy fixed point spectral
sequence for KO,. The dots indicate a copy of Fy and the rectangles indicate

a copy of Zs. The spectral sequence collapses at the Es-page.

Lemma 2.16. For p > 2, there are isomorphisms of graded E-F,-algebras
£ /p = F, oy
P = Fyfun) @, B
and for p =2, there are isomorphisms of graded E..-Fs-algebras
Jeu/2 = (kof' /2) @, Fy"
Jug/2 = Folvy] ©r, F3”
ko§' /2 = 78 (F4“* ®p, Falvi]).

Proof. (5" is the associated graded of the Postnikov filtration, which is Z,[v;], where the
grading of vy is its topological degree, namely 2p — 2. Reducing mod p, we get the claim
about (#/p. The Z-action on (8 is the action of UH? on the homotopy of £,. It is a ring
automorphism sending vy to (1 4 p)?~'vy, which in particular is trivial modulo p. Since £&°
is a discrete object (it is in the heart of the diagonal t-structure), it follows that the action
on (% /p is trivial, giving the claimed identification of j?fk for p > 2 and ju%fk for p = 2.

For p = 2, we first recall that the in the homotopy fixed point spectral sequence for
KO, = KUZCQ, all differentials are generated under the Leibniz rule by the differential
dsv? = n?, where 7 is represented by the class in H'(Cy; mo KUy). The spectral sequence
for 6}2102 = kuZCQ, displayed in Figure 1, embeds into this, after a page shift. Thus, we see

that everything in 7, (kuﬁl)hC2 above the line of slope 1 intercept zero is either in negative
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underlying homotopy or doesn’t have 7-multiples on or below the line of slope 1 intercept 2.
We learn that the bigraded homotopy ring of (Zi1)"2 is

Zolw,n,7,b,01]/(0* — 4vi, n°72, 2n, 22, anT?, vz — n*, nb),

where x represents v, 4n*, and b represents 202,

By applying Lemma 2.7, we learn that the connective cover 72, can be computed the level
of associated graded, and that this even holds after taking the cofiber by 2. The Cs-action
on ku§' /2 is trivial, so indeed ko§" /2 = gr(7%(F4“* ®p, F2[v1])). For Jen/2, we just observe
that the residual Z-action is also trivial. 0]

Remark 2.17. At the prime 2, it is possible to define j as a filtered E..-ring, but we do not
study this in this paper. One can define its underlying E..-ring as the pullback

i kol®
.

! !

TSQSQ — (’7‘32 kOg)hZ

and then consider the underlying filtered E..-ring of vgp(j) where vpp is the synthetic
analogue functor of [Pst22]. <

Finally, we show convergence properties of our THH applied to the filtrations we use.
Given a filtered spectrum X € Fil(Sp), the spectral sequence associated with X converges
conditionally if and only if lim; X; = 0. This is equivalent to asking that X is 7-complete,
where 7 is in 75 S%.

The following lemma shows completeness for THH with respect to all of the filtrations
constructed in this section.

Lemma 2.18. Suppose that R is a filtered ring such that the i-th filtered piece R; is (—14-ci)-
connective for every i and some fized ¢ > 0. Then, the i-th filtered piece of THH(R) is also
(—1 + ci)-connective, so in particular the filtration on THH(R) is complete.

Proof. Note that R = cof(S®° — R) satisfies the same conditions of the statement. The
filtration from the cyclic bar construction gives us an increasing filtration on THH(R) with
k-th associated graded piece X*R ® R®". The i-th filtered piece of Ekﬁ 2 R is (—1+ ci)-
connective since it is a colimit of spectra of the form X*R; @ R, ®- - - Q@ R, with jo+- - -+j; >
1, which has connectivity of at least

k
k+) (—1+cj) > —1+ci. 0
s=0

The other filtration we use is the p-adic filtration on Z,, which we call Z;ﬂ, whose associated
graded algebra is F,[vg]. We call ¢y the element in my;7Z, that is a lift of p to filtration 1,
and projects to vy in the associated graded.

Lemma 2.19. Let R be a (possibly graded) E,-Z,-algebra. Then, the filtration on the filtered
ring
THH(R ®z, Z,') /0.
11



is complete and its associated graded ring is concentrated in two filtration degrees t = 0, 1.
Informally, the filtration is of the form

-++—=>0—0—1— THH(R)/p

for some (possibly graded) spectrum I. In particular, the associated spectral sequence col-
lapses at the Ey-page.

Proof. By using the symmetric monoidality of THH and the fact that p = 0 in Zg‘l /Po, we
obtain an equivalence

THH(R ©z, Z§) /o = (THH(R) /p) ®(rin(z,)» THH(ZE) /7.

Since the conclusion of the statement is stable under base-change along trivially filtered
rings, the statement reduces to the case R = Z,,.

For R = 7Z,, the associated graded is THH(F,[vo])/vo, which has homotopy ring F,[o?p] ®
Alduvy] (see Example 4.2), which is indeed in filtrations < 1. It remains to see that THH(Z)') /0o =
THH(Z}'; F,) has a complete filtration. It suffices to show that THH(Z; Fp) ®run(z,) Zp =
THH(Z}'/Z,;F,) has a complete filtration, since THH(Z,) is built from Z, via extensions
and limits that are finite in each degree, and completeness of the filtration can be checked
degreewise. The nth associated graded term of the cyclic bar construction computing this is

Zn(ZIf)il)é@an ®ZP IFp ~ Zn(Zgl ®Zp Fp)@n«"pn

Zgl ®z, F, is complete since it is ), in each nonnegative degree, with transition maps 0,
or in other words, it is a direct sum F, ® @° X°F,/7. It follows that its tensor powers
over F, are also sums of [F,, in each degree with transition maps 0 in positive filtration, so
are complete. Since only finitely many terms in the cyclic bar complex contribute to each
degree of THH, we learn that the THH is complete. O

3. TOOLS FOR UNDERSTANDING THH

In this section, we explain some general tools which we use in understanding THH.
3.1. Suspension operation in THH. We begin by reviewing and proving some basic facts
about the suspension maps, which are studied in [HW22, Section A]. Let R be an [E;-algebra

in a presentably symmetric monoidal stable category C. By [HW22, Section A], there are
natural maps

(1) o:%fib(lg) > R®R

(2) o? : ¥*fib(1z) — THH(R)

where 1g is the unit map of R. Note that the first map is defined by the diagram
] —— 0
[ |
R 48la-legid p op

and that it factors through fib(u) - R® R where p1 : R® R — R is the multiplication map.
12



Let I be an object of C with a map I — R ® R and nullhomotopies of the composites
I +R®R5SR
I—+RoR™5 R,
where T': R® R — R® R is the exchange map. Then, we obtain a map
¥ — THH(R)

by the commutative diagram

I > 0

I

(3) ROR —" R

lpoT ll@id

0 N - JELLLIN R ®@goror R.

By the proof of [HW22, Lemma A.3.2], if I = ¥ fib(1g) and the map I — R® R is given by
(1), then the induced map ¥I — THH(R) is the map (2).

Definition 3.1. Let X be a spectrum. Given a class z € m,(X ® 1) and a lift 7 € 7, (X ®
fib(1z)) we shall write oz € m,11(X ® R® R) and 0z € m,,2(X @ THH(R)) for the image
of  under the maps (1) and (2). The notation is ambiguous since we need to choose a lift
Z, but these lifts will often be well-defined.
We shall write d for
T(X ® R) = 71 (X ® THH(R))

induced by the map of spectra YR — 32 fib(1g) — THH(R). q

Remark 3.2. If R is homotopy commutative in addition to being an E;-algebra, then we
can set [ = fib(u) in (3) and obtain a map

(4) o : Xfib(u) — THH(R),
which is functorial on R and the homotopy® y# = pro T. Then, the map (2) is the composite
Y2 fib(1z) — X fib(y) — THH(R)

of (1) and (4) up to sign.

If X is a spectrum, given a class y € m.(X ® R® R) and a lift y € 7, (X ® fib(u)), we
shall write oy € m.11(X ® THH(R)) for the image of ¥ under the map (4). Then, we have
dx = o((ny —nr)x) for z € m.(X ® R), where n;, and ng are the left and right units of R® R,
respectively. N

4The same construction is studied in [HW22, Variant A.2.2], but we believe that additional hypotheses
are required to make sense of their argument. For example, R is only assumed to be an E;-ring in their
generality, but an assumption such as homotopy commutativity of R is needed to ensure that the composite

fib(u) > Ro R 25 R

is nullhomotopic. In their notation, we would need to assume, for example, that there is a homotopy 1; =2 17.
This does not affect any other part of their work since they only use rings that have enough structures.
13



Lemma 3.3 ([ARO5, Prop. 5.10]). Let X be a homotopy unital ring spectrum and R be an
Ey-algebra in C. Then, d satisfies the Leibniz rule

d(wy) = d(x)y + (=1)"zd(y)
for any x,y € m.(X ® R).
Proof. By [HW22, Example A.2.4], the map d can be identified with the map
S! ® R — THH(R)
induced by the unit map R — THH(R) and the S'-action on THH(R). Since the map

R — THH(R) is a map of E;-rings, the S'-action on the target gives an S'-family of ring
maps, and so we obtain a map of E;-rings

(5) R — lim THH(R) = DS} ® THH(R) = THH(R) & ¥ ' THH(R)

given by the sum of the identity map and d. Here, DS? is the Spanier-Whitehead dual of
S1 with the algebra structure given by the diagonal map of S*.
The homotopy ring of DS is given by

m.(DS}) = (m.S°)[t]/ (%)
with [t| = —1. Since (5) is a ring map, taking the X-homology, we have
1@zy+t@dzy) =10r+tdr)(1Qy+t®dy)
for 7,y € m.(X ® R). Expanding it using t* = 0 gives us the desired Leibniz rule. O

Our use of the symbol d recovers the use in the HKR theorem. Recall that a strict Picard
element .Z of a symmetric monoidal category C is a map of spectra Z — pic(C). Given such
a strict Picard element, viewing it as a symmetric monoidal functor Z — C, the colimit of

the composite
N—-Z-—=C

is an E..-algebra in C which we denote 1[z|, where x is a class in the Picard graded homotopy
in the degree of .Z.

Lemma 3.4 (HKR isomorphism). Let C' be a presentably symmetric monoidal stable category
with a strict Picard element £. Let 1[x] denote the polynomial algebra on a class x in degree
Z. Then HH(1[z]) is a free 1[z]-module on 1 and dzx.

Proof. The universal example of such a C' is graded spectra, where 1[z] is the graded poly-

nomial algebra XN, so it suffices to prove it there. But now this follows from from

the Kunneth spectral sequence computing 7, THH(S[z]) = m.S[z] ®sp, 20 S|], since dx

is o ((nr — nr)(z)). O
We now explain some basic THH computations involving the suspension map.

Example 3.5 (Bokstedt periodicity). The fundamental computation of Bokstedt states that
the ring 7. THH(IF,,) is isomorphic to F,[o?p). <

Lemma 3.6. Let R € Fil(Sp) be a filtered Eq-ring and X € Sp a spectrum. Let y €
Thr—k(R® X), v € mX be classes such that 7"y =z € mp (R ® X).

Then there is a choice of nullhomotopy of x in THH(gr R) ® X such that in the spectral
sequence for THH(R) ® X, the corresponding element o*x on the Ei-page survives to the
E,.-page and has d,-differential d.(c%x) = +dy.

14



Proof. A choice of homotopy 7"y ~ x in R ® X becomes in cof(S*® — R) ® X a choice of
nullhomotopy of the image of 77y, which corresponds to a map X cof(7") — cof(S** —
R) ® X. This map of filtered spectra gives a map of the associated spectral sequences, and
in the spectral sequence for cof(7"), there is a d,-differential between the two spheres on the
associated graded.

We claim the image of the two shifts of cof 7 in the map

YW (cof (1) @ 210+ cof (1)) 22 B cof (77) @ cof (1) — cof (S° — R) @ X & cof(7)

correspond to the image of y and the suspension of a nullhomotopy of x under the map
S0 — or R.

The claim that the first cof 7 is sent to y is clear by construction, and the claim that the
second cof 7 is sent to the suspension of a nullhomotopy of x follows since on associated
graded our original homotopy 7"y ~ x becomes a nullhomotopy of x.

It then follows that there is a d, differential between these two classes.

Composing with the filtered map

Seof(S™ — R) @ X 2 2 fib(S™° - R) © X %5 THH(R) ® X

of Equation (2), y gets sent to dy and the nullhomotopy of z gets sent to oz (up to a
possible sign), giving the desired differential in the spectral sequence for THH(R) ® X.
Therefore, it is enough to prove that the connecting map sends z to y, and since the map
m(Z ® X1) = m(Z ® Xo) is injective, it is enough to prove that z is sent to n.(x) by
the composite F© — X; — Xy. This composite is homotopic to F' — S — X since the
connecting map F' — X is given by the nullhomotopy 0

3.2. THH in the stable range. Throughout this subsection, let S be a connective E.-
algebra and R be a connective [E;-S-algebra.

In this section, we show that in the situation that the unit map S — R is highly connective,
THH(R/S) in low degrees becomes relatively straightforward to understand. This is used
later in Section 5 to understand THH(j). Let A,, denote the subcategory of A consisting of
ordinals of size < n.

Lemma 3.7. If the unit map S — R is i-connective, then the natural map
colimpor R®$*! — colimper R®*T' = THH(R/S)
is (n +1)(i 4+ 2) — 1-connective.

Proof. Let R = cof(S — R) be the cofiber of the unit map. The m!* term of the associated

graded of the filtration coming from the cyclic bar construction is X" R ®g }_%®Sm, which is
m(i 4 2)-connective because R is connective and R is (i 4 1)-connective. It follows that the
cofiber of the map in question has an increasing filtration whose associated graded pieces
are m(i + 2)-connective for m > n. This implies the result. U

The above lemma gives a simple description of THH in low degrees.
Proposition 3.8. If the unit map S — R is i-connective, then the map
S fib(1g) & R 225 THH(R/S)

is (21 + 2)-connective, where o? is defined as in (2).
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Proof. Consider the case n = 1 in Lemma 3.7. Then, we have an equivalence
RosR "> R
colimper R¥5**1 2 colim lle
R

(see [MV15, Theorem 9.4.4]), where T' is the exchange map, and this colimit maps into
THH(R/S) by a (2i + 3)-connective map.
Therefore, it is enough to prove that the map

Sfib(1p) ® R 222 R R®sR —“> R
colim lpmj? — colim lﬂoT
R R

is (2i + 2)-connective, where the map X fib(1g) ® R - R®s R is 0 & (1g ® id) and the two
maps R — R are the identities. The fiber of this map is

S fib(Sfib(1g) & R 225 R ®g R)
which is (2i + 2)-connective by the next lemma. O
Lemma 3.9. If the unit map 1g : S — R is i-connective, then the map
Sfib(1z) ® R 225 R®g R
is (2i 4+ 1)-connective.
Proof. This is equivalent to asking that the total cofiber of the following diagram
S®RsS —— S®s R

! |

R®SS—> R@SR

is (2i+2)-connective. This follows from the assumption since the total cofiber is 2 fib(15)®sg
fib(1g), which is (2i + 2)-connective since fib(1g) is i-connective. O

Corollary 3.10. The group ma,_1 THH(Z,) is isomorphic to Z/p and is generated by o2ay.

Proof. Since S, — Z, is (2p — 3)-connective, the result follows from Proposition 3.8, which
implies that o2 induces an isomorphism

Z/p = map3 ib(S, = Z,) = mpy_ THH(Z,). O
Corollary 3.11. For p > 2, the map
j @S2 Ab(S, — §) 27 THH())
is (4p* — 4p — 2)-connective.

Proof. For p > 2, S, — j is 2p* — 2p — 2-connective. This is because the first element of the

fiber is 3y (see for example [Rav86, Theorem 4.4.20]) which is in that degree. O
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4. Tue THH OF j,

In this section, we compute THH(j¢)/(p, v1) using the filtration constructed in Section 2.
Let us first assume that p is an odd prime. We shall discuss the case p = 2 later in the
section.

4.1. THH of Z, and {,. Before computing the THH of j¢, we shall compute the THH of
Z,, modulo p and the THH of ¢, modulo (p,v;) in this section, as a warm-up. They will be
computed using the spectral sequences associated with THH(ZEI) and THH(E%I). Later, we
show that the computation of the spectral sequence for THH(jg‘l) looks the same. We note
that the computations for Z, and ¢, are well-known (see for example [AR05, Theorem 5.12]).

Lemma 4.1. Let k be a discrete ring and let R be a Z™-graded Eq-k-algebra such that the
homotopy groups of R form a polynomial algebra

TR = klx1,..., x,]

on even degree generators xy, ..., x,. Then, there is an equivalence of Z"-graded E;-THH(k)-

algebras
THH(R) = THH(k) ®, HH(Ek[z1, ..., 2,]/k).

Proof. Let S[z1,...,x,] be the Z™-graded Ey-ring spectrum of [Lurl5]. Then, by [HW22,
Prop. 4.2.1], there is an equivalence of Z™-graded Eq-k-algebras

Rgl{‘@S[.Tl,,Q?n]

Therefore, since THH is a symmetric monoidal functor Alg(Sp) — Sp, there is an equivalence
of Z™-graded E;-k-algebras

THH(R) = THH(k) ® THH(S[z1, . . ., 2,)),

and the statement follows by base changing the second tensor factor on the right hand side
along S — k. O

Example 4.2. Consider the filtered spectrum THH(ZI‘?) /Vo. Its associated graded spectrum
is THH(IF, [vo]) /vo and its underlying spectrum is THH(Z,)/p. The E;-page of the associated
spectral sequence is F,[o?p] ® A[dvo] by Lemma 4.1. Note that o*p and dovy are in filtrations
0 and 1, respectively.

By Lemma 3.6, we have a differential d;(c?p) = duvg in the spectral sequence associ-
ated with the filtered ring THH(ZJ'"). Then, mapping to THH(ZJ') /7y and using the Leib-
niz rule, we can determine all differentials, and the Es-page is isomorphic to F,[(o?p)?] ®
Al(o?p)P~ dvg|. There are no differentials in later pages by Lemma 2.19.

Therefore, the homotopy ring 7. THH(Z,)/p is isomorphic to F,[u] ® A[A] with |p| = 2p
and |\| = 2p — 1. By [HW22, Propsition 6.1.6], i1 can be identified with o2v;, where v, €
Top—2S, and A; can be identified with ot;, in the sense of Remark 3.2, where t; € 7,.(Z ® Z)
is the image of t; € 7,(BP ® BP) under the map BP — Z. By Corollary 3.10, we have
)\1 = 020416. <

Sv; is not well defined at the prime 2, but still exists: it is just not a self map of cof (2). Tt is generally

defined as any element of mg,_2S/p whose BP-Hurewicz image is v;.

6 Alternatively, if one knows that the p-Bockstein on i is = A1, one learns that o2a = A; from the fact
that the p-Bockstein on v is oy and the fact that o2 is compatible with the p-Bockstein (since it comes from
a map of spectra).
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Example 4.3. Consider the filtered spectrum THH(¢8) /(p, 01), where 01 € w0, is the class
of filtration (2p—2). Its associated graded spectrum is THH(Z[v1])/(p,v1) and its underlying
spectrum is THH(¢,,)/(p, v1). By Lemma 4.1, the E;-page of the associated spectral sequence
is Fplo%v1] ® A[M1, dvy]. Note that the for degree reasons, the first and last page a differential
can happen is the Fy,_s-page.

Applying Lemma 3.6, there is a differential dy, 20%v; = dv; in the spectral sequence
associated with the filtered spectrum THH(Z8')/p. Mapping to THH(¢E') /(p, 1) and using
the Leibniz rule, we can determine the dy,_s-differentials on powers of o?v;. The class
A1 is a permanent cycle for degree reasons. Therefore, the Es, ;-page is isomorphic to
Fp[(0?v1)P] @ A1, (6%01)P~ dvy]. The classes (o%v1)P, (02v1)P~dv; are permanent cycles for
degree reasons, so the spectral sequence degenerates at the Fs,_;-page.

We let A\, denote a class detecting (o%v;)P~dv;, and u denote a class detecting (o%v;)P.
To check that there are no multiplicative extensions, we need to check A} = A2 = 0, which
follows for degree reasons. The homotopy ring m, THH(¢,)/(p,v1) is thus isomorphic to
F,lp] @ A[A, Ao] where A; and Ay can be identified with ot; and oty as in the case of
THH(Z,)/p. For p > 2, us can be identified with o2v,. N

4.2. The associated graded. We further filter the associated graded ring ngIr by the p-
adic filtration to ultimately reduce the computation to our understanding of THH(F,). In
running the spectral sequences to obtain the THH mod (p,v;), we find that they are close
enough to the spectral sequences of (E;riv)hz, the fixed points of £, with the trivial Z-action.

Definition 4.4. We define the p-adic filtration on j¥ to be j¥ ®z, Z'. This is an Eo-Z-
algebra object in the category of filtered graded spectra.

By taking the associated graded, we obtain j?r ®z, Fp[vo], which is an E..-Z-algebra object
in the category of bigraded spectra. We shall write hfp grading for the grading on j§' if we
need to distinguish it from the p-adic grading on F,[vg]. For example, in j?r ®z, Fplvo], v1
has hfp degree 2p — 2 and p-adic degree 0, and vy has hfp degree 0 and p-adic degree 1. <

Lemma 4.5. For p > 2, there is an isomorphism of bigraded E,-THH(F,)-algebras for
THH(jgg‘r ®z, [y [vo]) = THH(F,) ®F, HH(F, [vo, v1]/Fy) ®F, HHGFZZ/]FP)

Proof. First note that jg ®z, Fylvo] = j¢'/p ®r, Fplve], which by Lemma 2.16 is equivalent
to Fy[v1, vo] ®p, F ’I}Z. Then, the statement follows from Lemma 4.1. O

We next study the behavior of fixed points by trivial Z-actions on THH. We use the
spherical Witt vectors adjunction [BSY22, Proposition 2.2] [Lurl8, Section 5.2] between
perfect F,-algebras and p-complete E-rings. For a perfect F,-algebra A, W(A) is an E-
ring that is (p-completely) flat under S,, and whose F, homology is A. The right adjoint is
75 which is defined to be the inverse limit perfection of the F,-algebra m(R)/p.

Lemma 4.6. There is an equivalence of Ew-Sp*-algebras THH(SH?) = SM% @ W(C°(Zy; F,)).
The restriction map St — SI% on w) is the map C°(Z,;Fy) — C°(pZy; F) that restricts a
function to pZ,.

Proof. There is a natural map SZZQ@W(WE (THH(S}?)) — THH(S}”), and so for the first claim
it suffices to show that this is an equivalence and that WB(THH(SZZ)) =~ CY(Zy; F,). Both of

these can be checked after base change to F,. Note that THH(S]”), ® F, = HH(F.”/F,).
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Since IFZZ — colim,, FEZ/})”Z and BZ/p"Z is p-finite, we have, by [Lurll, Corollary 1.1.10],
n ~ '3 n ~ BZ/])"ZX " ZBZ/p"Z
HH(FEZ/}? Z/]Fp) = FEZ/;D Z ®F1()BZ/an)2 ng/p Z ~ F, (BZ/p"Z) '

We have equivalences of spaces natural in n
BZ/p"Z % gz pnzy2 BL/p"Z = LBZ/p"Z = BZ/p"Z x L/ p" L.

where L denotes the free loop space. Then, via the Kiinneth isomorphism and taking the
colimit over n, we get
HH(F*/F,) = F/* ® colim,, F2/*"%.

Since colim,, ]F%/ PP s C%(Z,;F,), so we obtain the desired equivalence.

To see the claim about Wg, we note the natural map IFZZ — IFZPZ is the colimit of IFZBZ/ e,

IFZBZ/pn_IZ’ where the map is given by the inclusion Z/p"~'Z — Z/p"Z. At the level of the m,

LBZ/p"'Z — LBZ/p"Z is also the inclusion Z/p"~'Z — 7Z/p"Z, so induces the restriction
map at the level of C°(—;F,). Taking the colimit over n gives the claim. U

Remark 4.7. Lemma 4.6 can be interpreted as saying that the failure of p-adic THH to

commute with taking Z-homotopy fixed points in the universal case is measured by 7. In
ﬂ_b

particular, the map THH(S!?) EN THH(S,)" on ) is the map C°(Z,;F,) o, F, evaluating

at 0, and the comparison map is base changed along W(r f). q

Corollary 4.8. Let R be a p-complete E-ring with trivial Z-action. Then there is an
equivalence of Eo-R-algebras THH(R"?) 2 THH(R)"” @ W(C%(Z,; F,)).

Combining Corollary 4.8 with Lemma 4.5 and the HKR isomorphism, we get the following.
Corollary 4.9. For p > 2, we have an isomorphism of rings
T THH(j?r ®z, Fplvo]) = F,[0°p, vo, v1] @ Aldvy, dvi, (] ® C*(Z,;F,)
4.3. Spectral sequences. Let us first run the spectral sequence for the p-adic filtration.

Proposition 4.10. For p > 2, we have an isomorphism of rings
7 THH(E) fp 2 m, THH(Z,) /p @ Byfo,] @ Alduy, ¢ © CO(Z, ).

Proof. As in Example 4.2, the spectral sequence associated with THH(j§' ® Z8) /vy has Ey-
page isomorphic to 7, THH(j§" ®z, Fylve])/ve = Fplo®p, v1] @ Aldvy, dvi] @ Hi (S x Zy; )
and converges to . THH(j')/p.

Because there is a map of filtered rings j§' ®z, Z5' — THH(jE ®z, Z;'), we see that the
classes vy, ( are permanent cycles. The class dv, is a permanent cycle since it detects the
suspension dv; of vy € T, j?r /p. The elements of C°(Z,;F,) are permanent cycles since there
are no elements of negative topological degree and positive filtration.

From the map of filtered rings

THH(Z,)') — THH(j§ @z, Zj),
there is a d;-differential o?p — ovy by Example 4.2, and (0?p)? and (o%p)?~'dv, are perma-
nent cycles detecting images of classes in THH(Z,,). It follows that after the d;-differential,

the Fy-page is F,[(o%p)?, v1] @ A[(o?p)P~dvy, dvy, (] @ C°(Z,;F,), so the spectral sequence
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The spectral sequence for THH(jull!)/(2,v)

4

) []\D

-8 ] []%

-2 0 2 4 6 8 10

FI1GURE 2. Above is the spectral sequence associated with the filtered ring
THH(jull')/(2,v;). This spectral sequence is the p = 2 version of the spectral
sequence in Theorem 4.11 (see Theorem 6.2), and only has dy differentials.
Each square represents a copy of C%(Zy; Fy).

collapes at the Fs-page. There are no multiplicative extensions since every class comes from
cither j¢', THH(Z,), or THH(S}?). O

Our next goal is to compute mod (p,v;) the spectral sequence THH(jfr) = THH(j,).
Before doing so, we run the analogous spectral sequence for computing THH(?,)/(p, v1), as
a warm up. We consider the Eo-ring Z¢ = Zh” with the trivial filtration.

Theorem 4.11. For p > 2, m,(THH(j:))/(p, v1) = Fy[02vs] @ A[A1, A2, (] ® C°(Zy; F,,) with
I\i| = 2p" — 1 and |o%vy| = 2p*.

Proof. As in Example 4.3, we consider the spectral sequence associated with the filtered
spectrum THH( jgl) /(p,v1). The analogous spectral sequence in the case p = 2 is displayed
in Figure 2 above. The underlying spectrum is THH(j.)/(p, v1) and the associated graded
spectrum is THH(j¢") /(p, v1). By Proposition 4.10, the E-page is isomorphic to F, [0?v;] ®
A[)\l, d’Ul, C] ® CO(ZP, ]Fp)
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The classes in C°(Z,;F,) are permanent cycles by the Leibniz rule, since they are all their
own p'"-power. The class ¢ € H'(S';F,) is a permanent cycle because it detects a class in
the image of j. — THH(j,).

By Lemma 3.6, there is a differential dgp_2(02U1) = dvq, and the Leibniz rule determines
the differentials on powers of o2v.

Similarly, by Lemma 3.6, there must be a dy,_ differential \; = o%aq+sday in the spectral
sequence THH(j¢") == THH(j¢) mod p. By Lemma 3.3, we have

dOél = d('U1C) = Uldc — Cdvl,

so that we have the differential da, 2(\1) = (dv; mod (p,v;). By using the previous para-
graph and replacing \; with

A=A —eCu
for some € € ), we may assume that dy, »()\;) = 0.

This completely determines the spectral sequence up to the Es,_s-page, and we learn the
Es,_1-page is isomorphic to F,[(c?v1)?] @ AN}, (02v1)P " dvy, (] ® C°(Z,; F,). There are no
more differentials since there is no class outside filtration degree 0 and 2p — 2. There are no
multiplicative extension problems since the multiplicative generators in nonzero degree are
free generators as a graded ring.

Finally, let us show that the polynomial generator js is the class o%v,. Let us consider the
map j?l — Z¢ induced by applying (7>.(—))"? to the Z-equivariant truncation map £, — Z,.
This induces a map of spectral sequences for THH. Since Z¢ has the trivial filtration, its
THH does too, so has no differentials in its associated spectral sequence. By Corollary 4.8
and Example 4.2, THH(Z;), = THH(Z,)"* @ W(C°(Z,;F,)), so

™. THH(Z¢) / (p, v1) = ]Fp[a%b A1, Al ® CO(ZPS Fp).

vy € Top2_5S/(p,v1) has a canonical nullhomotopy in j¢/(p,v1) = FI* and Z¢/(p,v1) =
F,[ov1])"%, so there is a canonical element 0?vy in o,z THH(j¢)/(p, v1) and mope THH(Zc) / (p, v1),
which we claim is detected in the spectral sequence for THH( jgl) by (c?v1)P. To see this, it
suffices to show this in THH(Z,) because the map is injective in degree 2p* — 2. But now it
is the image of o?v; from the map (' — Z¢, and in €5, which we know by Example 4.3 is
detected by (o%v;)P. O

Remark 4.12. In the proof of the previous theorem, a reader might wonder why \; supports
a differential while o%a is still well-defined in THH(j¢). This can be explained by the fact
that o%ay is not well-defined in THH(Z)/(p,v1) since

mop-3(fib(S = Z¢)/(p, 1)) = map-3(S/(p, v1))

is not injective. The class 0%y is well-defined in THH(Z)/(p, v1) and THH(j¢)/(p, v1), but
their images in THH(Z,)/(p,v1) are different. The class Ay in the Ej-page represents the
former and A} represents the latter. <

Remark 4.13. We can carry out the same computation for THH(¢,)"%/(p,v;) using the
same filtrations 621 and ££" ® Zlfjl. Then, we obtain an isomorphism of rings

m THH(£,)" [ (p, v1) =2 Fp[o*vs] @ A[A1, Ao, C].
Furthermore, by keeping track of the map

THH(j¢)/ (p, v1) —2>1THH(€p)hZ/ (p,v1)



at every stage, we see that on homotopy groups, this map is the base-change along
C°(Z,;F,) = F,
that evaluates a function at 0 € Z,,. q

4.4. The prime 2. We next turn to the prime 2. We first need to run the analogous analysis
as in Example 4.3 for koy. We consider ko§' /2[vg] as the bigraded ring given as the associated
graded of ko§' ®z,Z. To understand this, we need the following lemma.

Lemma 4.14. There is an isomorphism of bigraded rings
7, THH(ko§" /2[vo]) /1 = Falve, v1, 0?2, dn]/((dn)* + vidn) @ Aldvy, dww,]

Proof. The associated graded of ko§" /2[v] with respect to the Posnikov filtration is Fa[vg, v1, 7]
By symmetric monoidality of THH, we have an equivalence

THH(FQ [Uo, V1, 77]) = THH(FQ [1}0, ’Ul]) OTHH(F,) THH(FZ [77])

Since the argument of Lemma 4.5 works at the prime 2, we learn that the first tensor factor
has homotopy ring Fy[0?p, vg, v1] @ Aldvg, dvy].

For the second tensor factor, we note that THH(F3[n]) ®runa,) F2 = HH(F,[n]/F,), whose
homotopy ring is Fa[n] ® A[dn]. Since the map THH(Fy) — F, is the cofiber of o?p, we can
run a o2p-Bockstein spectral sequence to recover THH(F5[n]). In the spectral sequence, 7, dn
are permanent cycles since they are in the image of the unit map and the map d. We also
see that there are no multiplicative extensions mod n for degree reasons, i.e. we have

m. THH(F2[n]) /n = A(dn) @, Fa[0?2].

In the spectral sequence computing THH(ko§" /2[vg]) from this, everything is a permanent
cycle since all classes are generated either from the image of the unit map, the map from
THH(F,), or the map d.

Now we turn to the multiplicative extensions, which we compute by mapping to the o22-
completion of THH(F2“[v,11]). As before, we can compute this via the 022-Bockstein
spectral sequence whose Ei-page is HH(F5%2 vy, v1]/F2)[02].

We have an isomorphism HH(FE vy, v1]/Fs) = HH(FE? /Fy) @p, HH(Fy[vg, v1]). More-
over, HH, (Fy[vo, v1]) = Falv, v1] ® Aldvy, dv], and HH(F,?) is FA x FL°2, since the free
loop space of BCy is BCy x Cy. If h is the generator of W_lngCz, then a nontrivial idempo-
tent in 7o HH(F2“?) is given by dh. By the Leibniz rule (Lemma 3.3), dn = vidh + hduvy, so
(dn)? = vidh = vidn + ndv;. This this relation happens in THH(koy)/0?2, but for degree
reasons, this forces it to happen in THH(koy)/n as well.

To see that the classes dvy and dvy square to 0, we note that this is true in HH(Fz[vg, v1]/F2),
and that we have a map

THH(F,) @, HH(F3[vg, v1]/Fy) = THH(F[vo, v1]) — THH(Fy[vg, v1]"?)
using the isomorphism of Lemma 4.1. 0

Lemma 4.15. There is an isomorphism of graded rings

m.(THH(ko5") /(2,1)) = Fs[vy, 022, dn]/((dn)* + vidn) @ Alo®n, dv]



Proof. We now understand the spectral sequence computing 7, (THH(ko§") /(2,71)) by running
the 2-adic filtration spectral sequence on THH (koy ®z,Z")/(vo,n). By Example 4.2, there
is a differential from o%vy to dvy, o?n is a class squaring to zero detected by o?vydvg, and
o?v;" detects (0%vg)?. The remaining classes are either in the image of the unit map or
the image of d, so are permanent cycles. The relation (dn)? + vydn = 0 occurs because
it does on associated graded, and because there are no classes in topological degree 4 and
positive p-adic filtration. The class dv; squares to zero since there are no classes of weight

—2, topological degree 6, and positive p-adic filtration. 0
We now compute THH(kos)/(2, 1, v1), which was also computed in [AR05, Theorem 8.14].

Example 4.16. We now can run the spectral sequence
THH(ko5")/(2,n,v1) = THH(koy)/(2, 7, v1)

, which is a spectral sequence associated with a filtered E,.-ring since Fy 2 kofl' /(2,7 vy),
where 77 and v; are taken in filtration 2. This spectral sequence is displayed in Figure 3. The
first page of this spectral sequence by Lemma 4.15 is Fy[o?v;] @ Aldvy, dn, o*n]. Tt follows as
in Example 4.3 that there are differentials from o?n to dn and o?v; to dv;. What remains
after these differentials are Fo[(0%v1)?] ® A[o?vidvy, o®ndn]. For degree reasons, there can be
no further differentials. the classes in odd degree square to 0 because there are no classes in
degrees 2 or 6 mod 8. <

We now run the analogous analysis to compute THH(j¢)/ (2,7, v1).
Lemma 4.17. There is an isomorphism of graded rings
m THH(5E)/(2,m, v1) 2 m THH(koS') /(2,n, v1) ® m.(HH(F3”/F2))
Proof. Since ko' /2 @, F3* = j¢' /2, we learn from Lemma 4.14 that
m (THH(jE" /2[wo]) / (vo, m, v1) = Falo?vg] @ Aldn, dvy, dvy] @ HH, (F5” /Fy)

where HH(FAZ /IFy) is computed via Corollary 4.8 as F4Z @ C°(Z,;F,).

Exactly as in Lemma 4.15, in the spectral sequence for the 2-adic filtration, there is a
differential from o?vy to dvy, 07 is a class squaring to zero detected by o?vodvy, and o?v;
is a class detecting (0?vp)?. The rest of the classes are permanent cycles because they are
either in the unit map, come from d, or are permanent cycles by the Leibniz rule. 0

Theorem 4.18. There is an isomorphism of rings for p = 2
m THH(j¢)/(2,n,v1) = Folp] © Ao, 2, (] @ C°(Z,; )
where |x| =5, [Ao| =7, || = 8.

Proof. We run the spectral sequence THH(ko$")/(2,n,v;) = THH(kos)/(2,n,v1). As in
Example 4.16, there are differentials from o?n to dn and o?v; to dv;. For degree reasons,
(0?v1)? is a permanent cycle, as are o’ndn, o?vidvy, and (. C°(Zy;F,) is a permanent
cycle by the Leibniz rule. If we let Ay and x denote classes detecting o?v,dv, and ondn
respectively, then A3 = 0 and 2? = 0 for degree reasons. 0

"The element v, € mS/2 exists, even though it does not extend to a self map.
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0 2 4 6 8 10

FiGURE 3. Above is the spectral sequence associated with the filtered ring
THH(kOgﬂ)/<2, U Ul)‘

5. THE THH OF j

We now consider THH(j)/(p, v1) for p > 2. We first compute the Hochschild homology of
the F,-algebra ;8 /p, which is isomorphic to 7>¢(F,[v1]"#) by Lemma 2.16.

Proposition 5.1. Let p > 2. HH.((j8"/p)/F,) = HH,(750(F,[v1]"%)/F,) is isomorphic as a
ring to
) i—1
i+1_ i+1_ i _
P40 7P 1041(1_[:61; Ydvy; i > 0)
=0

A[d’l)l,Oél] (059 Fp[’ljl,l'o,l'l, .. ]/(xp = 'Uf

where |z;| = p'(2p — 2), and z; is in grading p'(2p — 2).
Proof. Define a graded ring R = 750Z,[v1]"” using a trivial Z-action so that R/p = j& /p. We
shall show that 7, HH(R/Z,) is the Z,-algebra generated by vy, dvy, o, and a set of generators

To,T1,... with |z;| = p'(2p — 2) having relations
i—1
p pi+1_pi pi+1_pi_1 p—l
Ty = pTip1 + ] x; + vy af ] )dvy.
Jj=0

Then, the statement follows by the base-change Z, — T,
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Let Re = Zy[vi)"” defined using a trivial Z-action and let n : R — R, denote the con-
nective cover map. To compute the Hochschild homology, we shall show that the map
N« : m HH(R) — 7, HH(R,) is injective and describe the image. Note that 7. R; = Z,[v1, (]
and 7, R = Zy[vy, o] where 1. (o) = v1(.

Let us consider the Kiinneth spectral sequence

(6) E,(HH(R)) = Tor™Fe28)(z R 7, R) — x, HH(R).
Since m. R = Z,[v1] ® Ala], the Ey-page can be computed as

E>;(HH(R)) = Zy|v1] ® Aldvy, o] ® I'[da).
Similarly, there is a spectral sequence
(7) Ey(HH(R;)) = Zy[v1] ® Aldvy, (] @ T'[d(] = m. HH(R,)

up to p-completion.
We claim that Ey(HH(R)) — E2(HH(R)) is injective. By Lemma 3.3, we have

da — —(dvy + v1dC.

To prove the injectivity, it is enough to prove it after taking the associated graded group
with respect to the (dvy)-adic filtration. Then, we may assume that do maps to v1d(, and
since Ey(HH(R()) is torsion-free, the divided power v, (da) maps to vi+,(d¢). Therefore, we
have the desired injectivity. Note also that the map is injective mod p.

The spectral sequence (7) degenerates at the Ey-page using the symmetric monoidality of
HH, Corollary 4.8, and Lemma 3.4. We then see that (6) also degenerates at the E,-page
and that 7, : 7, HH(R) — m, HH(R,) is injective, even after mod p.

Let us describe the Kiinneth filtration on

7 HH(R) = Z,[01] @ Aldor, (] @ W(CY(Z,: Fy)
in more detail. Here, the ring

W(CO(Zp§ ]Fp)) = lilgn c’ (ZPS Zp/pk>

is the ring of all continuous functions Z, — Z,. It can also be described, up to completion,
as the algebra generated by g, y1,... with relations

Yl = pYis1 + Yi-

Here, the element ¥, is the identity function Z, — Z, and the y;’s for ¢ > 0 can be defined
with the above formula since y? =y (mod p) for any y € W(C°(Z,;F,)). In m. HH(R;), the
element v, equals d¢, and the y;’s represent the pi-th divided power of d¢ in the Kiinneth
spectral sequence (7).

To determine m, HH(R), we need to find the classes x;’s representing the divided powers
Vpi(da) € Ey(HH(R)) up to a p-adic unit. The first divided power da € E>(HH(R)) has
a canonical lift =y := da € 7, HH(R) and its image under 7, is v1y9 — (dv,. Inductively,
suppose that we have chosen zy, ..., z; in a way that the image of z; is

nulas) = o gy — o ([ b )¢du
k=0
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for 0 < j <. Let 2,41 be any class representing v,:+1(da). Then, after scaling by a unit, we
must have
ot = prig +c
for some class ¢ € m, HH(R) with Kiinneth filtration < p***. Applying 7., we have
i+1

ptl p _ p

ni(c) = nu(x)P =07yl =07y (mod p).

Let d € m, HH(R) be the class v{#l*pi*l(lei +a([Ti—} 22" )dv,), having Kiinneth filtration

p'. Then, we can compute that 7,(d) = v’fz+lyi so that 7.(c) = n.(d) (mod p). Since 7, is
injective mod p, we have ¢ = d (mod p), so by replacing ;1 with ;11 — (¢ — d)/p, we can
assume that ¢ = d. Then, we have

Ne(is1) = p 'n(al — ¢)
_ i+l it1_ _ i+l
(o = ) oy — of )
i1 it1_ _
= Uzlg Yi+1 — U{; 1(%’ i 'yO)p 1(dv1.

The desired ring structure of m, HH(R) can now be read off from the ring structure on
. HH(R). O

Lemma 5.2. There is an isomorphism of bigraded E,-THH(F,)-algebras for p > 2
THH(j* ®z, Fylvo]) = THH(F,) @5, HH(F,[vo] /F)) @, HH(Tzole[Ul]hZ/Fp)

Proof. We run the strategy of Lemma 4.5 with appropriate modifications. First, we have
the isomorphism j&" @z, Fy[vo] = j&/p ®r, Fplvg], which by Lemma 2.16 is equivalent to
T>0lFp[v1, v0] ®F, FZZ. As an E,-ring, we claim this is equivalent to the tensor product of
[F, ® S[vg] with the pullback of the cospan

S[vy] ® ShZ
|

S —— ShZ

where the vertical map is the augmentation sending v; to 0.
This isomorphism is a consequence of the isomorphism of Lemma 4.5 and the pullback
square

3% /p —— J¢/p

Given this equivalence, we conclude by arguing exactly as in Lemma 4.5. O
Proposition 5.3. Let p > 2. Then

. THH(j*)/p = m. THH(Z,) /p @ 7. HH(750F [v1]"*/F,)
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Proof. We follow the strategy in Proposition 4.10, running the spectral sequence correspond-
ing to the p-adic filtration

m. THH(j* /plvo]) /p = = THH(¥')/p.
The Ei-page is understood via Lemma 5.2 to be
Fy[0°p, vo] ® Aldvo] ® m HH(720F[01]"* /)

where the last tensor factor is described in Proposition 5.1. There is a differential d;o?p =
dvg, coming from the map from Zgl — Zgl ® 51 and Example 4.2.

We need to show that the remaining classes are permanent cycles. The classes v, o are
permanent cycles because they are in the image of the unit map, and dv; is a permanent
cycle because it is in the image of the map o2. The classes z; are permanent cycles for
degree reasons, as everything of positive p-adic filtration is in nonnegative degree, and the
differentials respect the hfp grading. One also sees for degree reasons and the map from
THH(Z,)/p that there are no multiplicative extension problems. O

We now run the spectral sequence THH(j8")/(p,v1) = THH(j)/(p, v1) associated with
the filtered spectrum THH(j)/(p, 0;) where 0] € 7.j/p is the class of filtration 2p — 2. The
following lemma guarantees the multiplicativity of the spectral sequences.

Lemma 5.4. ji/(p,01) admits a homotopy commutative A,_i-multiplication for p > 2, and
in particular is homotopy associative for p > 3.

Proof. By [Ang08, Example 3.3|, it follows that S/p is an A,_;-algebra, and it is easy to see
that there is no obstruction to its multiplication being homotopy commutative for p > 2.
We conclude by observing that j5/(p, 07) & 729, 355 @ S/p.

Note that by loc. cit., the multiplication is not A, the obstruction being «;. O

Theorem 5.5. Forp > 3, m, THH(j)/(p, v1) is the homology of the CDGA
]Fp[/,LQ] & A[Oél, )\2, a] & F[b], d()\Q) = aqg
bl = 2p* — 2p, |a| = 2p = 2p — 1, |No| = 2" — 1, |pa| = 2p?
and for p = 3, the above result is true after taking an associated graded ring.

Proof. The E;-page of the spectral sequence
by = m, THH(;*)/(p,v1) = = THH(j)/(p, v1)
is isomorphic to
Fp[,ul] X A[O'QOél, d'Ul, 041] X F[dal]
by Proposition 5.3. By Lemma 3.6, there are dg,_,-differentials
ooy v dag

o?vy = duy.

The class «; is a permanent cycle since it must represent the image of a; € m,j/(p,v1) along
the unit map, and the divided power classes (dal)(k) are permanent cycles because they are
in weight 0, and there are no classes of weight > 1. Therefore, by the Leibniz rule, the
Es,_1-page is isomorphic to

F,[pa] @ A[Xg, a, cq] @ Ty, (day )]
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where ji9, Ay and a represent ()P, (6%v1)P"'dv; and (0%aq)7,_1(day), respectively.
For degree reasons, the only possible further nonzero differential is

dp_l(/\z) = (0%}
To prove that this differential actually happens, it is enough to show that

Top2—o THH(j)/(p, v1) = 0.

By Corollary 3.11, there is a (4p? — 4p — 2)-connective map j & X2 fib(S, — j) — THH(j),
so it suffices to show that

Tope—a(3/ (s 01)) = Tope_o(X* fib(1;) /p, v1) = 0.

The former group is clearly 0. The latter is 0 from the computation of the Adams—Novikov
Es-page for S/(p,v1) in low degrees (see the discussion after [Rav86, Theorem 4.4.9] and
Theorem 4.4.8 of op. cit.).

The last nontrivial differential of the spectral sequence is displayed for p = 3 in Figure 4.

We now check for p > 5 that there are no multiplicative extension problems in our de-
scription of the commutative ring structure on m, THH(j)/(p,v1). If we choose ,:b to be
detected by (7,i+1(dav)), the relations 7,:(b)? = 0 follow since there is nothing of higher
filtration in that degree. Let po be any lift of (6%v;)?. The homology of the CDGA
Ag,on, A9, al,d(A2) = aay is 6-dimensional over F,, given by

{17 a, aq, )\2a7 )\20417 )\2(1051}

Let ay,x,y, z denote lifts of the classes ai, a, Asa, Aaay respectively (so that ayy is a lift of
Asacvy). The relation oy = —zz holds because it is true on the associated graded and there
is nothing of higher filtration in that degree. The classes a;z,yz, xa; are 0 because there
are no nonzero classes in degree (p+1)(2p — 2),2p* — 1+ 2(2p — 3),2(2p* — 1) + (2p — 3) +
p(2p — 2) + 1 respectively. The only remaining relation, xy = 0, occurs because it happens
on the associated graded, and there is nothing of higher filtration. U

Remark 5.6. For p = 3, it is more complicated to figure out the multiplicative extensions,
since the homotopy ring is not necessarily associative. Many of the multiplicative extensions
can be ruled out using the Postnikov filtration on j/(3,v;), but not all of them: for example
this doesn’t rule out the possible non-associative extension z(zu3) = 2b* in degree 62. <

6. THH OF FINITE EXTENSIONS

In this section, we shall make the analogous computations for the THH of j.; = K;fpkz,
Jucr, and and also of ji = T>ojcx for p > 2, which are introduced as filtered rings in
Definition 2.12. jc; is a Z/p* Galois extension of j¢ in Sp,- The computations are very
similar to the cases of j. and j, so we shall only point out the differences from the proofs of
those cases.

Theorem 6.1. There is an isomorphism of rings for p > 2
m THH(jex)/ (p, v1) = m(THH(E,)/ (p, v1)) @ A[(] ® C(Zy; Fy)
and for p =2

Tx THHUC&)/(Q? 7, Ul) = W*(THHSQOQ)/(Q» 7, Ul)) ® A[C] ® CO(ZQ; Fp)
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FIGURE 4. Above is the Eg-page of the spectral sequence associated with
the filtered ring THH(j%)/(3,v;). The spectral sequence collapses at the Eq-

page.

The maps THH (j¢ )/ (p, v1) = THH(j¢ k+1)/(p, v1) on . are the identity on the THH(¢,)/(p, v1)
component, send ¢ to 0, and are the restriction map C°(Z,;F,) — C°(pZ,; F,) = C*(Z,;F,).

Proof. The proof is exactly the same as in Theorem 4.11 and Theorem 4.18. The only
difference is that for £ > 1, Remark 4.12 doesn’t apply: the class A\ in the spectral sequence
THH(5¢")/(p,v1) == THH(j¢)/(p,v1) is a permanent cycle, which can be seen from the
Leibniz rule. As noted in the remark, this doesn’t affect the final answer.

The claim about the maps . THH(j¢ )/ (p, v1) = THH(j¢ k+1)/(p, v1) can be deduced at
the level of associated graded of the filtrations. For example, by choosing elements \i, Ao, 020,
in THH(j¢)/(p, v1), one sees that their images in THH(j¢ )/ (p, v1) are valid generators of the
corresponding classes. To see what the transition maps do on A[(] ® C%(Z,;F,), we can use
Lemma 4.6 since these classes are in the image of THH(SSZ). It then follows that map sends
C°(Z,;F,) — C°(pZ,;F,) given by restriction of functions, and ¢ goes to p{ = 0 because
that is what happens on the level of mod p cohomology of the p-fold cover map S' — St. O

We next explain the computation for ju¢x, which is nearly identical to that of je
Theorem 6.2. For each k > 0, there is an isomorphism of rings
m THH(juc )/ (2,v1) = m (THH(() /(2,01)) @ A[¢] © C%(Zs3 Fy)

The maps THH (juc k) /(p, v1) = THH(juc g11)/(p, v1) on m, are the identity on the THH({5)/(2, v1)
component, send ¢ to 0, and are the restriction map C°(Zy; F,) — C°(2Zy;F,) = C°(Zy; F,)
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Proof. The proof is nearly exactly as the proof of Theorem 6.1 for p > 2. The only difference
is that in checking multiplicative extension problems in spectral sequences, one must check
that odd degree classes square to zero (since we are at the prime 2). This always follows
because the square lands in a zero group; see Figure 2 for a chart. 0

Our argument to compute THH(j;) for & > 1 uses Dyer—Lashof operations to produce
permanent cycles, so we first give ji/(p,v1) an Eo-structure.

Proposition 6.3. For k > 1, ji/(p,v1) admits the structure of an Ey-algebra under ji, that
is a trivial square zero extension of F, by L?*P~*F,,.

Proof. To construct ji/(p,v1) as an E-ring, we first begin with 75,375, whose homotopy
groups are Z, in degree 0 and Z/p**! in degree 2p — 3, where «; is a p-torsion class in degree
2p — 3.

By [Lurl7, Corollary 7.4.1.28] this is a square zero extension of Z, by X*73Z/p*1 i.e it
fits into a pullback square

T<op—3Jy ——————— Ly

! |

Zp - Zp D 22p72z/pk+1
By using the map Z/p**! — Z/p that kills every multiple of p (including o, since k > 1),
we can produce an E..-algebra R under 7<9,_3j defined as the pullback

R—— 17,

| |

Z, — Ly &SP 2Z)p

We claim that R is a trivial square zero extension of Z,. To see this, square zero extensions
of Z, by Z2p*1]Fp are classified by maps of Z,-modules Lz, 5, — Ezpfllﬁ‘p, where Lz, s,
denotes the E relative cotangent complex. By [Lurl7, Theorem 7.4.3.1], since S, — Z, is
2p — 3-connective, there is a 4p — 4-connective map

Zp ®gp COf(Sp — Zp) — LSP/ZP
showing that o, 2Lz /s, is F,. It follows that up to isomorphism, there is a unique
nontrivial square zero extension of Z, by Y%73F,. But 7<s, 3S, must be this nontrivial
extension, since a; # 0 there. Since a; = 0 in R, it follows that R is the trivial square
zero extension Z, & L 75F,. Thus 7<s,_3(R ®z, F,) is an E,-F,-algebra under it that is
a trivial square zero extension of F, by X*~2F,. But it is easy to see that the underlying
unital jp-module of this is jx/(p, v1). O

Theorem 6.4. For k > 1,p > 2, there is an isomorphism
7, THH(jx)/(p, v1) = 7, THH(L,) /(p.v1) @ Al jpr] @ Tdovy gp]

where |aq x| = 2p — 2 and |ooy /| = 2p — 1.
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Proof. The proof of Proposition 5.3 carries over exactly for j; to give an isomorphism
m. THH(GE)/(p, v1) = 7. THH(Z,) /p @ . HH(720F [01]"# /F,) /vy

The second tensor factor on the right hand side by Proposition 5.1 is Ao/, doy]@T [devy /0],

In the spectral sequence for THH(j%")/(p,v1) = THH(ji)/(p, v1), there is a differential
d2p,202v1 = dv; arising as in Theorem 5.5, but the target of the differential from o2a;,
which is cay, is zero since a; = 0 in j;,/(p,v1). In fact, the class 0%« is a permanent cycle
since it can be constructed using a nullhomotopy of ;. Let A\; be a class in THH(j.)/(p, v1)
detecting this.

By Proposition 6.3, ji/(p,v1) is an Ey-algebra under j, that is an E-F,-algebra, so
THH(jx)/(p,v1) = THH(ji) ®j, jr/(p,v1) is an Eo-Fj-algebra with Dyer-Lashof operations.
We define A5 to be the Eo-Dyer—Lashof operation on A;. In THH(?,)/(p, v1), this operation on
the class A\; gives the class Ay in mo21 THH(¢,)/(p, v1) [ARO2, Section 2], which is detected
by 020" 'dv, in the spectral sequence for THH(@SI) /(p,v1) by Example 4.3. Since maps of
filtered objects can only increase filtrations in which elements are detected, it follows that
Ao must also be detected by o2 'dv; in THH(jx)/(p,v1), so that class is a permanent
cycle. The class ay,+ is a permanent cycle since it is in the image of the unit map, and
the classes in I'[da; /1] must be permanent cycles for degree reasons, so there are no further
differentials. There are no even degree classes of positive weight, so classes representing the
divided powers of day /,» have zero p'"-power for degree reasons. For degree reasons there
can be no further multiplicative extensions. O

7. TC IN THE STABLE RANGE

TC is an important invariant of rings, partially because of the Dundas—Goodwillie-McCarthy
theorem, which says that for nilpotent extensions of rings, the relative K-theory is the rela-
tive TC.

Theorem 7.1 (Dundas-Goodwillie-McCarthy). Let f : R — S an i-connective map of
connective Eq-rings, for i > 1. Then there is a pullback square

K(R) —— K(S)

| |

TC(R) —— TC(R)

A precursor to this theorem is a result of Waldhausen®, which computes the first nonvan-
ishing homotopy group of fib TC(f) = fib K(f) in terms of Hochschild homology.

Proposition 7.2 (Waldhausen [Wal78, Proposition 1.2]). Let f : R — S be an i-connective
map of connective E1-algebras for i > 1. Then fib(K(f)) = fib(TC(f)) is (i + 1)-connective,

8As an algebra this doesn’t depend on k, but we have given names depending on % to indicate that the
exterior class v /¢ is sent to 0 in THH(j 1)/ (p, v1)-
9Although Waldhausen proves this result for E;-Z-algebras, the proof works equally well for any E;-
algebra: see for example [Lev22, Proposition 3.3].
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Our goal in this section is to refine Proposition 7.2 to compute the spectrum fib(K(f))
in the stable range in terms of THH. We use this to understand the maps K(S,) — K(Z,)
and K (jc) — K(Z!?) in the stable range.

Given a map of E;-rings, R — S, the relative [E;-cotangent complex Lg, g is the S-bimodule
given by the fiber of the multiplication map S ®z S — S'°. Our result is as follows:

Theorem 7.3. Given a map of ring spectra f : R — S, there is a natural map fib TC(f) —
THH(S; Lg/r). If f is an n-connective map of —1-connective rings for n > 1, this natural
map s 2n + 1-connective.

Remark 7.4. In fact the map of Theorem 7.3 is the linearization map in the sense of
Goodwillie calculus, of the functor f +— fib(TC(f)). See [Hes94, DM94] for a variant of this,
where one considers only trivial square-zero extensions of S rather than arbitrary E;-ring
maps. <

We first construct the natural transformation using the following lemma.

Lemma 7.5. Let f : R — S be a map of Eq-rings. Then there is a natural equivalence
THH(R; S) = THH(S; S ®g S) making the diagram below commute.

THH(R; S) » THH(S; S)

\/

THH(S; S @ S)

Proof. Consider the map f* : Mod(R) — Mod(S) and its right adjoint f, : Mod(S) —
Mod(R). The composite f*f, corresponds to the S-bimodule S ®g S, and the composite
f«f* corresponds to the R-bimodule S. Since THH of a bimodule is the trace of the bimodule

as an endomorphism in presentable stable categories, cyclic invariance of the trace gives the
desired equivalence THH(R; S) = THH(S; S ®g S). There is a diagram

Mod(R) — f*—— Mod(S

LT | TIS

Mod(S) 1s — Mod(S)

where we use the natural transformation € : f*f, — 1g and 14« to fill in the 2-morphisms in
the diagram. The horizontal maps in the diagram induce at the level of bimodules the maps
f*f« = 1lg and f.f* = 1g which induce the maps THH(R;S), THH(S; S ®g S) —
THH(S; S) in the triangle of the lemma statement. The Cy-action on THH(S) coming from
writing 1g as 1g o 1g corresponds to restricting the S'-action on THH(S) to Cy C S'. Tt
follows that the claimed diagram naturally commutes because S* is connected, so the rotation
by 7 action on THH(S) is homotopic to the identity. O

Construction 7.6. We construct the natural transformation fib(TC(f)) — THH(S; Lg/r)
for amap f: R — S as follows: composing the map TC(R) — THH(R) with THH(R) —
THH(R; S), we obtain a commutative square

10See for example [Lurl7, Remark 7.4.1.12].
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TC(R) —— TC(S)

| |

THH(R; S) —— THH(S; S)

Taking horizontal fibers and using the isomorphism of Lemma 7.5, we obtain the desired
natural transformation. <

We will first prove Theorem 7.3 in the case R — S is a square-zero extension with ideal
M. To do this, we consider the square-zero extension as a filtered E;-ring with underlying
R and associated graded S & M[1]. Then THH(R) is a filtered S'-equivariant spectrum,
and the Frobenius maps ®, : THH(R) — THH(R)!“» send filtration 4 to filtration ip, so
in particular can be thought of as filtration preserving maps, since the filtration is only in
nonnegative degrees.

The key input we use is the computation of THH of a trivial square-zero extension as an
Sl-equivariant spectrum:

Proposition 7.7 ([Ras18, Proposition 4.5.1]). For S@M the trivial square-zero extension of
an Ei-ring R by a bimodule M, there is an S*-equivariant graded equivalance THH(S@® M) =

THH(S) & @;°_, Ind,, THH(S; (SM)=™)

Here Ind%mZ is the right adjoint of the forgetful functor from S'-equivariant spectra to
Z/mZ-spectra, and the Z/mZ-action on THH(S; (XM )®™) comes from cyclically permuting
the tensor factors.

We also record a key property of the THH of —1-connective rings that we use:

Lemma 7.8. Let R — S be an n-connective map of —1-connective rings, and M a connective
S-bimodule. Then THH(S; M) is connective, and the map THH(R; M) — THH(S; M) is
n + 1-connective.

Proof. Both of these follow from examining the associated graded coming from the cyclic bar
complex computing THH(R; M) and THH(S; M). For the latter is given by LS9 @ M
which indeed is connective, and X" S®" @ M — Y™ R®™ @ M is n + m-connective for m > 1
and an isomorphism for m = 0. 0

Proposition 7.9. Let f : R — S be an n-connective square-zero extension of —1-connective
E,-rings for n > 0. Then the map fib TC(f) — THH(S; Lg/r) is 2n + 1-connective.

Proof. We consider the map fib TC(f) — fib THH(f) — THH(S; Ls/r) as a map of fil-
tered spectra, viewing S as a filtered E;-ring with associated graded R & M. By Propo-
sition 7.7, gr(fib THH(R)) = @.._, Ind%mZ THH(S; (XM)®™) as an S'-spectrum. Since
The Frobenius map is zero on associated graded since it takes filtration i to ip, so we learn
that gr,,(ibTC(f)) = (X Ind“Zq;mZ THH(S; (XM)®™)),s1't. In particular, since S is —1-
connective and n > 0, the connectivity of these terms goes to oo as m — oo via Lemma 7.8
so the filtration on TC is complete. Since Ind‘z;mz decreases connectivity by 1, we learn that
gr,,(ib TC(f)) is (n+ 1)m — 1-connective. In particular, the map fib TC(f) — gr, fib TC(f)
is 2n + 1-connective.
To finish, it suffices to show the following two claims:

HSee also [Ras18, Theorem 4.10.1].
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(1) THH(S; Ls/r) — gry THH(S; Lg/r) is 2n + 2-connective.
(2) gr, fibTC(f) — gr, fib THH(S; Lg/r) is an isomorphism.

The claim (1) follows from the fact that gr Ls/r = Lg/sem = @,,_ (XM )™, and (XM )®s™
is 2n + 2-connective for m > 2.
For claim (2), we see that

gr, fib TC(f) = B(Indj,,, THH(S; SM))sst = (Ind$),; THH(S; ©M))"" = THH(S; ©M)

YM is exactly gr) Ls/r, and THH(S;gr, Ls/r) = gr, THH(S; Lg/r) since S is entirely in
grading 0, so we are done. 0

We prove Theorem 7.3 by reducing to the case of a square-zero extension. First, we
produce a natural way to factor a map of E;-rings through a square-zero extension. We
recall that given a S’-S-bimodule M with a unit map S — M, the pullback S’ x ;.S admits
an [Ei-algebra structure where the maps S’ — M and S — M are the S’-module and
S-module maps adjoint to the unit map. This ring structure can be constructed as the
endomorphism ring of the triple (S’, 5,5 — S’ ®s M) viewed as an object of the oplax limit
Mod(S)x M Mod(S") (see [LT23, Construction 2.5] and [BL23, Construction 4.1]). When M
comes from a cospan of ring maps 8" — R < S, this agrees with the pullback of the span of
rings by [LT19, Lemma 1.7].

Construction 7.10. Given amap f : R — S, we consider S®pg S as an S-S-bimodule with
unit 1. We define Ry to be the [E;-ring given by S X gg,5 5. N

h . .
Lemma 7.11. We have natural maps R — Ry 4 8. If R — S is an n-connective map of
connective rings for n > 0, then h is 2n-connective, g is n-connective, and g is a square-zero
extension.

Proof. The fiber of h : R — Ry is the total fiber of the square

R—— §

| |

S —— S®rS

which is fib f ®g fib f, which is 2n-connective. Since f is n-connective, it follows that g is
too. It remains to show that g is a square-zero extension, which will follow if we identify
S ®r S as an S-bimodule with unit with the associated structure on S @ Lg/p coming from
the cospan of rings S — S ® Lg/r < S corresponding to the universal derivation. But since
R maps into the pullback of this cospan (since it is the universal square-zero extension of S
under R) we have a square of ring maps

R—— S

| |

S — S@LS/R

which defines an isomorphism of unital S-bimodules S ®r S — S @ Lg/r. O
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Proof of Theorem 7.53. We consider the maps h, g, f as in Lemma 7.11, giving us the diagram
fibTC(h) ————  fib TC(f) ———— fibTC(yg)

® | | |

THH(Ry2; Lg,,/r) — THH(S; Lr/s) —— THH(S; L, ,/s)

To produce a nullhomotopy of the composite of the lower horizontal maps, we identify them
with the vertical fibers of the following cofiber sequence using Lemma 7.5:

THH(R; R;,) — THH(R; S) —— THH(R;2; S)

’ | |

THH(R;,) —— THH(S) ———— THH(S)

The map THH(R2) — THH(S) lifts to THH(R2;S), and this lifting provides the de-
sired nullhomotopy. Moreover, we see that the fiber of the map THH(Rf,Q;LRﬁ2 JR) —
THH(S; fib Lr/s — Lr, ,/s) is identified with the total fiber of the square

THH(R; R;,) — THH(R; S)

| |

THH(R;,) — THH(R;,; S)

which is the fiber of the map THH(R;fibg) — THH(R;2;fibg). By [Lev22, Lemma 3.2,
since h is 2n-connective and fib g is n-connective, we see that this map is 3n + 1-connective.

We next observe that in the right square of diagram (4), we know all maps except possibly
the vertical map which we want to show is 2n + 1-connective. Indeed, fib TC(h) is 2n + 1-
connective by Lemma 7.11 and Proposition 7.2, the right vertical map is 2n+ 1-connective by
Proposition 7.9, and the lower horizontal map is 2n + 1-connective since the map S ®r S —
S ®g;, S is 2n + 1-connective by [Lev22, Lemma 3.2]. It follows that the middle vertical
map in diagram (4) is 2n-connective. But since f is an arbitrary n-connective map and h
is 2n-connective, we learn that the left vertical map is 4n-connective. It follows that the
middle vertical map is 2n + 1-connective since it is an extension of a 2n + 1-connective map
and a 4n-connective map since n > 1. 0

Remark 7.12. There is a version of Theorem 7.3 for a 0-connective map of connective rings,
but one must ask that mgR — (S has a nilpotent kernel. <

7.1. Applications to the sphere and the K(1)-local sphere. We now apply Theo-
rem 7.3 to the map S, — Z, for p > 2 to understand the map TC(S,) — TC(Z,) in the
stable range. The proposition below contains a key ingredient of [BM93, Section 9] used to
understand the homotopy type of TC(Z,).

Proposition 7.13. For p > 2, the map 7. TC(S,) — 7. TC(Z,) in degrees < 4p — 6 is an
isomorphism in all degrees except 2p — 1, where it is the map pZy, — Z,,.

Proof. By Theorem 1.4 we have a 4p — 5-connective map
fib(TC(S,) — TC(Z,)) — fib(THH(S,; Z,) — THH(Z,))
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The target of the map is fib(Z, — THH(Z,)), which after applying 7<4, 5 is X% 72F,,.
Thus it follows that there is a cofiber sequence

EQP*QFP — T<4p—4 TC (Sp) — T<4p—14 TC (Zp)

Recall that TC(S,) = S, & %(CP>), [BHM93]'?, and that m, TC(Z,)/(p,v1) is F, in odd
degrees between —1 and 2p — 1, and in degrees 0, 2p — 2, and 0 in all other degrees [BM93]'2,
From this description, it follows that both TC(S,)/(p,v1) and TC(Z,)/(p,v1) are F, in
degrees 2p — 2,2p — 1. Thus in the cofiber sequence above mod (p,v;), the class in degree
2p — 2 must go to 0 and the class in degree 2p — 1 must go to the generator. It follows
that integerally, the class must go to 0, and that it maps to the Z, in TCy,_1(S,) via the
p-Bockstein, giving the conclusion. U

Corollary 7.14. For p > 2, Proposition 7.13 also holds for j. In particular, the obstruction
to lifting \y € TC(Zy) to TC(j) is up to a unit in I, the class ooy in THH(Zy; Lz, ;).

Proof. Since the map S, — j is 2p? —2p—2-connective (see Corollary 3.11), the map S, — Z,
agrees with the map j, — Z, in the stable range, so the analysis in Proposition 7.13 applies
for j. In particular, the obstruction to lifting the class A; € TC(Z,) to j is nonzero in
THH(Zy; Lz,/;), so must be ca; up to a unit in I, since mo,_o THH(Z,; Lz, ;) = T is
generated by this class.

We now apply Theorem 7.3 to the map jo — Z;, and then make deductions about
K(Lg1)S) in the stable range.

Lemma 7.15. There is an isomorphism L —°F, = Lz, /j., where the generator is o(ay).

Proof. In fact, we claim that Lyg e = 32P=20F, on the class o(«;) which implies the result,
since this is the associated graded of Lz, ;.. To see this, we note that LZ? /5 /p = LZ? Ip/ i [
Since j?r /p — Z¢/p is the augmentation of a polynomial algebra over the target on the class
v, Lge i p & E2p_1Z§r/p, where the generating class is o(v1). In j¢', there is a p-Bockstein
differential dyv; = v1¢( = a4, so applying the map o, we get that o(v;) has a p-Bockstein
d;-differential hitting (o(v) = o(ay). Thus we can conclude. O

The following proposition gives a way in which TC(j¢) does not behave as if the action on
¢, is trivial.
Proposition 7.16. For p > 2, the image of the class \y € TC(Z,)/(p,v1) in TC(Z¢)/(p,v1)
does not lift to TC(j¢c)/(p,v1). The same statement is true for K -theory replacing TC.

Proof. The result for K-theory is equivalent to the one for TC by [Lev22]. We have a
commutative square of maps

fib(TC(j) — TC(Z,) —— fib(TC(j¢) — TC(ZZZ))

| |

THH(Z,; Lz, ;;) —— THH(Z¢; Lz, 5.

25ee also [KN18, Theorem 8.4]
13This argument is not circular, because TC(Z,)/(p,v1) is computed without knowing this proposition.
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where the vertical maps are 4p — 5-connective by Theorem 7.3.

The lower horizontal map sends o(a1) to o(a;), the generator of o, » THH(Z¢; Lz, /. )-
But o(aq) since the class is the obstruction to lifting Ay from TC(Z,) to TC(S,), we learn
that the obstruction to lifting A; from TC(Z}*) to TC(jc) is nontrivial. We also see that
this obstruction is nonzero modulo (p, vy). O

Theorem 7.17. For p > 2, there are isomorphisms
T<4p—6 ﬁb(TC(jC> - TC(ZC)) = 22”_200(ZP; Fp)

and
K. Lkw)S = K, 1F, & K.S, ® m, X% *C°(Zy; F,) /Fp, * < 4p—6

Proof. The map f : jc — Z¢ is 2p—3-connective, so we learn that fib TC(f) — THH(Z¢; Lz, ;)
is 4p — 5-connective using Theorem 7.3. For the first statement, it suffices to show that
Teap—s THH(Z¢; Ly, ;) = £*72C°(Zy;Fp). But using Corollary 4.8 and Lemma 7.15, we
learn

THH(Z¢; Lz, ) = THH(Z¢; S Z¢ [p @z Sp)

> -2 THH(Z) /p @z S, = £ > THH(Z,) /p @5, C°(Z,; )

Since m, THH(Z,)/p is by Example 4.2 F,[0%ay, 0%v1], we indeed learn the claim.
To get the statement about K-theory, by [Lev22], K,(Lxn)S) = K.(jc) ® K.—1(F,), and
we have a cofiber sequence

fib(TC(jc) = TC(Zc)) = K(jc) = K(Zy)

Ky, 1(Zy), = Z,, generated by Ay, and the map Ky, 1(Z,),. As noted in Proposition 7.16,
the boundary map K(Z,) — fib(TC(j.) — TC(Z¢)) is nontrivial in the stable range, and Ay
doesn’t lift to K(j¢). In the stable range, THH(Z¢; Lz /;.) is X*7*C°(Zy; Fp,). The kernel
of the map K(Z,) — fib(TC(jc) — TC(Z,) in the stable range then agrees with K(S,) by
Proposition 7.13, so from the long exact sequence on homotopy groups, we see that there is
a short exact sequence in the stable range

0 — mX*2C%Z,;F,)/F, — K.(j¢) = K.(S,) = 0
But the map K(S,) = K(j¢) clearly splits this sequence, giving the result. O

8. THE SEGAL CONJECTURE

The Segal conjecture for a cyclotomic spectrum X is the statement that the cyclotomic
Frobenius map X — X*“? is an isomorphism in large degrees. Knowing the Segal conjecture
for THH(R)®V where V is a finite spectrum is a key step in proving the Lichtenbaum-Quillen
conjecture for X, i.e the fact that TR(X) (and hence TC(X)) is bounded (see [HW22]).

Asking that the Segal conjecture hold for THH(R) ® V' is a regularity and finiteness
condition on R: for example it holds when V' is p-torsion and R is a p-torsion free excellent
regular noetherian ring with the Frobenius on R/p a finite map [Mat21, Corollary 1.5].
In this section, we show that the Segal conjecture does hold for j. for p > 2 as well as
the extensions j¢j, but doesn’t hold for the connective covers j and j. In particular the
Lichtenbaum—Quillen conjecture doesn’t hold for ji, and our result is used in [BHLS] to

show that it does hold for j; for p > 2.
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A related regularity phenomenon was noted in [Lev22], namely that jc is regular'® at
the height 2-locus: i.e the t-structure on Mod(j¢) restricts to a bounded t-structure on
Mod(j¢)¥ ® Sps,. This t-structure is the key point in relating j.’s algebraic K-theory to
that of the K (1)-local sphere. On the other hand, j is not regular at the height 2-locus
which is why its integral K-theory is not closely related to that of the K (1)-local sphere.

Our first goal is to show that for odd p, jc satisfies the Segal conjecture. A key input
is the following proposition, the proof of which is the same as in the reference, though the
statement is somewhat more general.

Proposition 8.1. [HW22, Proposition 4.2.2] Let R be an E;-ring, and consider the Z™-
graded polynomial algebra Rlay, ..., a,] := R® Q" S|a;], where each a; has positive weight'®
and is even topological degree and S[a;] is the free Ei-algebra. The map

¢ : L, THH(R[ay, .. .,a,]) — THH(R|ay, . . ., a,])’?
at the level of 7, is equivalent to the map
7, THH(R)[a;] ® Alda;] — 7, THH(R)?[a;] ® Alda]

where the a;,da; are sent to themselves. If R is an Eq-algebra and Sl|a;] are given the Eo-
algebra structures coming from [Lurlb|, this is a homomorphism of rings.

The following lemma is used to reduce showing the Segal conjecture is true to the associated
graded of a filtration on the ring.

Lemma 8.2. Let C be a presentably symmetric monoidal stable category with a complete
t-structure compatible with filtered colimits, and suppose that f : R — RS is a map of
homotopy associative filtered rings in C', where the filtration on the source and target is
complete.

If there is an element x € m,R := m, map(1, R),* > 0 such that the associated graded map
R8" — R'$" is n-coconnective in the constant t-structure and sends a class detecting x to a
unit, then the map R — R’ is also n-coconnective, and is equivalent to the map

R — R[z7"]

Proof. First, since the filtrations are complete and the map f is n-coconnective on associated
graded, we learn that the fiber is n-coconnective on associated graded, and complete, so the
underlying object is n-coconnective.

Let Z be an element in 7., R whose underlying element is = that is sent to a unit in R"9".
Since the filtration on R’ is complete, it follows that Z is sent to a unit, which allows us to
build a map R%[771] — R via the colimit of the diagram

Z\x|Rﬁl E\m|R/ﬁl

| -

Rﬁl R/ fil

1gee [BL24] for a discussion of regularity in the setting of prestable oo-categories.

15] e it is nonnegative weight in each copy of Z in Z™, and positive weight in some copy of Z.
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Note that the horizontal maps become more and more coconnective and the right vertical
maps are all equivalences. Then because the t-structure is complete and compatible with
filtered colimits, we learn that in the colimit the map is an equivalence. We also learn that
the filtration on Ri[z~!] is complete, allowing us to conclude. U

Before proceeding to prove the Segal conjecture, we recall as in [HW22, Section C.5| that
given a filtered Z™-graded E,-ring R, the cyclotomic Frobenius map refines to a filtered
map

¢ : L, THH(R™) — THH(R™)r
where L, is the operation on filtered spectra scaling the filtration and the gradings on R by
.

Theorem 8.3 (Segal conjecture for j¢ ). Forp > 2 and k > 0, the map THH(jcx)/(p, v1) —
THH (ji¢ 1) /(p,v1) has 2p — 3-coconnective fiber, and is equivalent to the map

THH(j¢.x)/(p; v1) = THH (i) [/ (p,v1)
where 1 € w2 THH(jc k).

Proof. Using the filtration on j¢ i constructed in Section 2, we get a filtered map

¢ : L, THH(j¢ )/ (p,v1) — THH(jc 1)'“? / (p, 101)

By the proof of Theorem 4.11 and Theorem 6.1, the class p is detected in the spectral
sequence for THH(j¢ 1)/ (p,v1) by (6%v1)P. Thus by applying Lemma 8.2 for C = Sp and
R — R'fl the maps in question, it suffices to show

(a) The filtration on the source and target are complete.
(b) The associated graded map inverts the class o%v; and is 2p — 3-coconnective.

To see (a), the source is complete by Lemma 2.18. The Tate construction (—)!“? sits in a
cofiber sequence up to shifts between the orbits (—),¢, and fixed points (—)"“, so it suffices
to show each of those is complete. The orbits are complete for connectivity reasons: in any
finite range of degrees, the orbits are computed via a finite colimit. The fixed points are
complete because complete objects are closed under limits.

We turn to proving (b). We further filter j¢, by the p-adic filtration as jg; ® Z8 and
consider the map of filtered graded Eo,-rings L, THH(j¢ 1)/ (P, v1) — THH(jc )% / (¢p, pv1).
We claim:

(i) The filtration on the source and target are complete.
(i) The associated graded map inverts the class o?p and is 2p — 3-coconnective.

Given these claims, the proof is complete, since o?v; is detected in the spectral sequence

by (0%p)? (see Example 4.2), so claim (b) follows from Lemma 8.2.

(i) follows from an argument identical to the argument for (a), the only difference being
that we use Lemma 2.19 to see that the filtration on THH(j§r®Z21)/(]5, v1) is complete. To see
(ii), by Lemma 2.16 the associated graded algebra is F,[vg, v1]"%, where the action is trivial.
By Lemma 4.5 we have 7, THH(F,[vo, v1]"%) /(vo, v1) = C%(Z,; F,) @ A[dvy, dvy, (] @ F,[o?p],
where |dvg| = 1,|(| = —1, |dv| = 2p — 1. It follows that if the Frobenius map mod (v, v;)
inverts o2p, it is 2p — 3-coconnective, since it is injective on ,, and an element in the cokernel
of largest degree is (o%p)~'ov0vy, which is in degree 2p — 2.
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Thus it remains to see that the Frobenius map mod (v, v;) on 7, inverts the class o%p.
Since THH is a localizing invariant and S"” is a trivial square-zero extension as an FEi-
algebra, by [LT23, Theorem 4.1] we have a pullback square of bigraded THH(F,)-modules
in cyclotomic spectra

THH(F,[vo, v1]"%) ——— THH(F,[vo, v1])

| |

THH(F,[vo, v1]) —— THH(F,[vo, v1][0))

where z( is a polynomial generator in degree 0. It thus suffices to show that for
THH(FP [’Uo, Ul] [l’o]), THH(FP [Uo, Ul])

the cyclotomic Frobenius map inverts o?p. These statements follow from Proposition 8.1
with R = F,, F,[z¢], using the Segal conjecture for these discrete rings which is well known:
for example [Mat21, Corollary 1.5] implies the Frobenius is an isomorphism in large degrees,
but since it sends o?p to a unit [NS18, Corollary IV.4.13], it must just invert o?p. O

Remark 8.4. The bound 2p — 3 in Theorem 8.3 is optimal: the map is injective on m,, and
a class of largest degree not in the image is £~ *\; g, in degree 2p — 2, <

Now we show that the Segal conjecture fails for THH(jjy,).

Theorem 8.5. For p > 2 and k > 0, the fiber of the Frobenius map THH(jx)/(p,v1) —
THH(ji)!" /(p, v1) is not bounded above. Thus j, does not satisfy the Lichtenbaum—Quillen
conjecture, i.e TR(jx) @ V' is not bounded above for V a finite type 3 spectrum.

Proof. First we note that the failure of the Segal conjecture implies the failure of the
Lichtenbaum—Quillen conjecture by [AN21, Proposition 2.25], so we show that the Segal
conjecture fails.

We first show that € THH(j.)/(p, v1) is sent to a unit in THH(j)!%" /(p,v1). Tt follows
from the spectral sequences used to calculate THH(j)/(p, v1) that the image of ¢ in THH(IF,)
is (c72p)1”2 up to a unit, which is sent under the Frobenius map to a class detected up to a
unit by ¢~#” in the Tate spectral seqence for THH(F,))!“» /(p, v;) by [NS18, Corollary IV.4.13].
This is the lowest filtration of the Tate spectral sequence, so since in that filtration, the map
THH(jx)/(p,v1) — THH(F,)/(p, v1) is the map Z, — F,, we learn that the image of y must
be detected by a unit multiple of t?° in the Tate spectral sequence for THH(j;)!“» and
hence be a unit.

If the Frobenius map has an element z in the kernel, then ¢ is also in the kernel for each
1, so the fiber isn’t bounded above. On the other hand, if the Frobenius map is injective,
then the classes p(p) " ¢((oay/,x)P?) are an infinite family of classes of increasing degree in

THH(j,)!“” that are not in the image of ¢, so in this case too, we learn that the fiber is not
bounded above. U

Remark 8.6. In fact, 7, THH(j)!? /(p,v1) under the Frobenius map is the completion of

7. THH(j%)[1~!]/(p,v1) at the ideal generated by (aozil;gk) for each 4, and the map is in

particular injective on m,. <
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