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INVERTIBLE SPECTRA OF FINITE TYPE

GUCHUAN LI

ABSTRACT. We describe the necessary and sufficient numerical condition when an element X
in the Picard group of K (2)-local category at prime p > 5 is of finite type, i.e., 7 X is finitely
generated as a Zp-module for all k € Z.

1. INTRODUCTION

A long-standing open question in chromatic homotopy theory is whether the homotopy groups
of K(n)-local sphere are finitely generated over Z, in each degree ([5], Conjecture 6.5 in [14]
Chapter 5). This is the first problem in the Morava K- and E-theory section of Mark Hovey’s
algebraic topology problem lisf], A positive answer would follow from the chromatic splitting
conjecture [2] [T4]. One could ask the same question for any invertible spectrum X in K (n)-local
category. At height 2, prime p > 5, Hovey and Strickland show that this is not true for most
elements in the Picard groups [12] Proposition 15.7]. From now on, p > 5 is a fixed prime and
all spectra are K (2)-local. Let Picg(2) be the Picard group of K(2)-local category. We say a
p-local spectrum X is of finite type if 7, X is finitely generated as a Z,-module in all degrees k
in Z. A natural question is:

Question 1.1. Which elements of Picg ) are of finite type?

Hovey and Strickland’s argument is not constructive and does not give a criterion for answering
this question. We answer Question [[LT] by the following necessary and sufficient condition. It is
a condition on coefficients in a “p-adic”-like expansion of a number associated to X.

Let Pic 5 be the index 2 subgroup of invertible elements whose (E5), homology is zero in
odd degrees. Since X is of finite type if and only if X is. It is sufficient to analyze which
elements of Pic?(@) are of finite type. In Corollary 2.6l we give a concrete description of the
map [8, Page 11]

e: Pic?(@) — HY(Ga, (Fa/p)§) = lilgnZ/pk(p2 —1).

We denote the Z,-module liin Z/p"(p* —1) 2 Z, ® Z/(p* — 1) by 3. In Section B we will see

that 3 is a direct summand in Pic%(z).

Definition 1.2. For an element o € 3, we define the 3-expansion of «a to be the unique expansion
of the following form

oo
a:a0+(p271)2a¢pi71 fora; €Z,0<ap<p?>—1,0< a; <p.
i=1
We call a; the i*" 3-expansion coefficients.

Theorem (Theorem A22). Let X € Pic(;(@). Then X is of finite type if and only if the 3-
expansion coefficients {a;} of e(X) contain only either finitely many zero entries or finitely

many nonzero entries.

Ihttps: //www-users.cse.umn.edu,/ tlawson/hovey/morava.html
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Remark 1.3. Note that e(X) contains only finitely many nonzero entries if and only if e(X) is a
nonnegative integer.

Theorem [1 gives a refinement to the following theorem due to Hovey and Strickland.

Theorem 1.4. [12) Theorem 15.1] Let u be the unique translation-invariant measure on 3 with
w(3) =1. We call u the Haar measure on Pic%@). Then the set

{Xe3cC Pic(;(@) | X is of finite type}
has Haar measure 0 in Picg(@).
We will say « € 3 has the finiteness property if « satisfies the condition in Theorem [1} that
is, there are either finitely many zero entries or finitely many nonzero entries in a’s 3-expansion
coefficients.

The 3-index e(X) has the following beneficial properties. Let X be a spectrum. We denote
the homotopy cofiber of X £ X by X/p.

Theorem (Theorem B3)). Let X, Y be elements in Pic(;((2
e(X) =e(Y).

Theorem (Theorem [52)). Let X be an element in Pic%@), I; X be the Gross—Hopkins dual of
X (see Definition[5dl), and X\ = liinp%(p +1)€3. Thene(l2X)=14+X—e(X). In particular,
X is of finite type if and only if I, X is of finite type.

)- Then X/p ~ Y/p if and only if

Remark 1.5. If e(X) is an integer, then e(loX) will not be an integer and its 3-expansion
coefficients contain only finitely many zero entries.

The paper is organized as follows: in section 2] we first review some facts about Pic%@) and
then give concrete constructions of some elements in it. In section [, we reduce the problem of
finite type to those elements with concrete constructions. In section @, we prove our result by
computations based on the constructions and the known computation of 7, L K(Q)SO. In section
[l we apply our result to three interesting examples SY, I, and S?? (to be defined later).

Through out this paper, p > 5 is a fixed prime and all spectra are K(2)-local and group
cohomology of G, are continuous cohomology. We may omit L (2); that is, when we write SO,
it means L (2)S°.

Acknowledgments. I would like to heartily thank Paul Goerss for many helpful conversations
and the feedback on early drafts of this paper. I would like to thank Tobias Barthel for explaining
how the chromatic splitting conjecture implies that the K (n)-local sphere is of finite type.

2. THE PICARD GROUPS OF K (2)-LOCAL CATEGORIES AT PRIME p > 5
The Picard groups of K (n)-local categories is introduced by Hopkins ([19]; see also [10]).
Definition 2.1. [I0, Definition 1.2] A K (n)-local spectrum Z is invertible in the K(n)-local

category if and only if there is a spectrum W such that
L) (Z AW) = Li(n)S°.
The Picard group of K(n)-local category Pick(y) is the group of isomorphism classes of such
spectra, with multiplication given by
(X,Y) = Lg@m)(X ANY).

The Picard group of K (2)-local categories at prime p > 5 has been computed by Olivier Lader
in his thesis, who attributes the result to Hopkins and Karamanov.
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Theorem 2.2. [13, Theorem 5.3] At height 2, prime p > 5, the Picard group of K(2)-local
category Picg (2) is isomorphic to Zy @ Zy © 7)2(p? —1).

We explore the algebraic structure of Pic?(@) (see [8] and [12]). Most parts work for general

heights n but we focus on the height 2 case here. Recall that 3 denotes lilrcn Z/p*(p* — 1). The

group Pic(}(@) is a continuous 3-module. In particular, given X € Pic%@) and « € 3, there is
an element X< € Picg(@).

oo
The power series exp(p—) = Z p"x™/n! converges for p > 2. We have a short exact sequence
n=0
cap(p-) tient
0 Ey Ef 5% (B /p)* ——— 1.

This gives a long exact sequence
(2.1) e HY(Ga, Eo) <277 1Y (Go, EY) S HY(Ga, (Bo/p)*) — - .
At p > 5, height n = 2, we have
Picte(y = H' (Ga, (E2)y).
The quotient map

(E2)g — (E2/p)y
induces the map

e: Picyey = H' (Ga, (E2)y) = H' (G, (E2/p)) = 3.
It turns out that the part in 2] becomes a short exact sequence. We can rewrite it as
(2.2) 0= Zy = Piclg) =3 =0

This is an exact sequence of continuous 3-modules. The first term Z,, is generated by an element
¢ € HY(Gs, Ey) defined as follows.

Definition 2.3. [0, Section 1.3] The homomorphism ¢ is the composition
G 2 S, x Gal(Fe /F,) L0, 7x > 7,

Remark 2.4. We actually define an element ¢ in H'(Gz,Z,). We will denote its image in
HY(Ga, Ey) also by (. Note that ¢’(0) originally lives in F and we denote its Teichmuller
lift, to Z,; also by ¢'(0). Then by choosing the isomorphism

Zr =17,
1
1+ pz — Elog(l + py),

a concrete formula of ¢ € HY9(Ga, (E2)o) is
(2.3) Gy — Zp Cc Ey
1
g — —log(g'(0)~ "™V det(g)).
p
There is a splitting map

3 — PZC?{(Q)

a — §%,
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We shall see a concrete construction of S?* in the Section 2 due to [10]. As a continuous 3-
module, Pic(;(@) is generated by two topological generators S? and S|det] with one relation. For

the definition of the generator S{det], see [1]. The map det: G,, — Z, is defined in [6], Section 1.3],

see also [I, Section 3]. The generator S? can also be realized as a crossed homomorphism
to: Go — Ejf. We denote (S[det])? by SP[det] for B € 3. Now each element X € Pic?(@) can be

presented as S2* AS?[det] where o, B € 3. To describe the relation, we introduce vy = liin p*F e 3,
a generator of the torsion part Z/(p* — 1) in 3, and X\ = h}gank (p+1) € 3. The relation is
(2.4) 527X = S7[det].

The relation follows from knowing the image of ¢ in the short exact sequence This is
explained in Proposition

Proposition 2.5. [8, Proposition 3.9] The image of ¢ is
exp(pC) = tg Ndet.
We copy the proof from [§] for completeness.

Proof. We exam the diagram

HY(G, Z,) P05 H(Go, 2)

! |

HY(Ga, Bo) 25 HY(Gs, BY)
Plugging in (23), we have exp(p() as a crossed homomorphism
Gy — Z; C Ef
g ¢'(0)""Vdet(g).
Note that to(g)* = ¢’(0) mod m. Let v be lilgnp% € 3. Then to(g)P" = g'(O)p% mod m?”"
and we have tJ = ¢/(0)” = ¢’(0). Also note that (p + 1)y = A, the image of ¢ is t{det(g). O
Corollary 2.6. Let X € Picy.,, be S** A SB(det] where o, B € 3. Then e(X) = a + \B.

Proof. By Proposition and the exactness of 2221 the kernel of the map e is generated by
S~2AS[det]. Therefore, we have

e(S%* A SP[det]) = e(S?*) + e(SPP) = a + A3
O

Construction of $2®. This appeared in [§] and [10]. The construction works for all heights.
Here we focus on the height 2 case. There is a construction of S?® ¢ Pic?(@) for a given « € 3.
We introduce some notation for the 3-expansion.

Definition 2.7. Let a € 3 with the expansion
o
a:ao—l—(pQ—l)Zaipi*l fora; €Z, 0<ag<p?>—1, 0<a; <p.

i=1
Denote

oo
Z aip~t e Zy,
i=1
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by @. For k > 0, define oy € Z to be

k
ap =ao + (p* — 1)Zaipi_1
i=1
and for k > 1, define a € Z to be

k
Qp = E aipl_l.
i=1

We also need v;-self maps in the construction. A v{-self map of X is a map
frefinlx o x

such that K (1).(vf) is given by multiplying v{ (see [16]). We work in large primes so S°/p has
a unique v;-self map. We will abuse notation and write v{ for powers of this unique map.

We will construct S2 as a homotopy limit of generalized Moore spectra. The generalized
Moore spectra are constructed by Hopkins and Smith ([I1]), explained and discussed in [10),
Chapter 6] and [12] Section 4]. Here we will follow the notation in [I2] and make specific choices
for our purposes. Let S°/p denote the cofiber of p: S© — S°. In general, S°/p* denotes the
cofiber of p¥: S — S9. If SO/p* admits a v{-self map, let S°/(p¥,v}) denote the cofiber of
vf: RS0 /pk s SO k.,

Recall that from the computation of K (2) local spheres at p > 5, S°/p*F*! admits a vfk—self

k k k k
map and hence S°/(p**1 v} exists. Also SO/(p**1, 0 ) admits a v§ -self map. These v§ -self

maps are weak equivalence (in K (2)-local category) so we can make the following definition.

Definition 2.8. Given o € 3, S is defined as holim EQO‘kSO/(pk“,v’fk). The maps in the
inverse system are

k
Ak 41P

k+1 k k
N2k 41 SO/(pchr27 ’Uf ) i> N2k 41 SO/(pchrl7 ’Uf ) U2 20k SO/(karl, ’U? )7
k
where the first map ¢ is the quotient and the second map is the vy*™'? -self maps.

The construction of S2¢ gives the splitting map
g: R — PZC?{(Q)
a— S,

such that eo g =id Picd 5" In particular, the group morphism g is injective.

3. REDUCTION MODULO p

In this section, we show that X € Picg{@) has finite type if and only if 75%¢X) /p is a finite
dimensional [F,, vector space for all k € Z. The case X = L K(Q)SO is explained in [5].

Proposition 3.1. Let X € Pick (o) and define X/p as X A S°/p. Then X is of finite type if
and only if 7, X /p is finite for all k € Z.

Proof. The only if part follows from the long exact sequence
o X B X o m X/p o e X — e

The if part follows from the fact that 7, X is p-complete when 7 X/p is finite for all k € Z. In
this case, we can show 7, X/p’ is also finite for all k& € Z inductively by the cofiber sequences

X/p— X/piJrl — X/pi.



INVERTIBLE SPECTRA OF FINITE TYPE 6

Then the lim' term vanishes and we have
T X = 1im7T*X/pi.
O

Now we focus on X/p for X € Picg(z). The following theorem tells that after reduction
modulo p, the two topological generators S? and S[det] of Picg ) become the same up to a
3-suspension.

Theorem 3.2. [9]; see also [8, Theorem 3.11] Let A = limp?*(p + 1) € 3. Then there is an
equivalence
S Jp = %2280 /p ~ S|det]/p.
In particular, this implies that X /p is determined by e(X) € 3.
Theorem 3.3. Let X, Y be elements in Pic?(@). Then X/p ~Y/p if and only if e(X) = e(Y).
Proof. In Section[2] we see that an element X € Picg(@) can be presented as S2* A S#[det] where
af € 3. By Theorem and Corollary 2.6] we have
X/p ~ 52a+2,6’k/p — SQe(X)/p.
Therefore, we have X/p ~ Y/p if and only if e(X) = e(Y). O
Now for a given element X € Pic(}(@), Property Bl tells us that X is of finite type if and only

if X/p is, and Theorem implies that X/p ~ $2¢(X) /p. Hence, the question if X is of finite
type rededuces to the question if $2¢(X) /p is of finite type. We have the following corollary.

Corollary 3.4. Given X € Pic%@), X s of finite type if and only if S**X) /p is of finite type.

4. COMPUTATION OF m,S5%%/p

In this section, we give a computation of 7,.52%/p for any a € 3. Our computation is based on
the homotopy limit construction of a spheres and the known computation of 7, L K(2)80 /p. The
latter is computed by Shimomura and Yabe [I7] and explained by Behrens [4]. See also Lader’s
thesis [13] for a more group theoretical computation of m,Lg(2)S°/p. (We will often omit the
Lk 2y in the following discussion.)

We compute 7,5%%/p = ,, holim %2 S0 /(p, ’Ufk) via the short exact sequence
0 — lim" 7,41 22 5%/ (p, v’fk) — 7, holim $2% S0/ (p, v’fk) — lim 7, %2 S%/(p, v’fk) — 0.
Because 7,322+ S%/(p, v’fk) is finite for all n € Z, the lim! term vanishes and
20/ o 20, 0 p"
TS [p =2 lim 7, 3% 8% /(p, v} ).
We compute m,S°/(p, v} k) via the homotopy fixed point spectral sequence
s k k
Ey' = H*(G2, Eo(S°/(p, 0] ))) = me—s(S°/ (0,0 ).
There is no room for differentials and nontrivial extensions for degree reasons because
ESY =0 when 2(p — 1)1t or s > 4,
dr: Es,t - Es-i—r,t-i—r—l.
For all nontrivial group m, Lk (2)S%/(p, v¥), there is a unique pair (s, t) such that m =t — s and
WWLK(Q)SO/(pa vlf) = HS(GQ’ Et/(pa U]f))

Therefore, we will not distinguish elements in the F5 page and elements in the homotopy groups.
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We list the result of 7.S%/p below as Theorem B3l We need to compute the map in the
inverse limit

k
Ak 41P

fiors S2me80/ (1, ph 1) B w2 g0/(1,8) oy w2ang0/(1, ),

where o = ag+a12(p? — 1) +a22(p? —1)p+- - -. Algebraically this is the quotient map composed

k
with the multiplication of vy**”

T frg1: HS(Go, B, X210 /(1 pT 1y 5 HS(Go, E, X2+ S%/(1, p*))

k
a
T — vyt g

Therefore, the computation of 7,5 /p reduces to the computation of the limit, which we will
explain in this section. We will need some computational results about 7.,.5°/(p, v} k). We follow
the notation in [4], for readers who are familiar with Shimomura’s notations, there is a dictionary
in [4] between the names. The algebraic descriptions are convenient for limit computations, but
pictures of the result are much easier to digest, the author encourages readers to see figures in
[4]. In this section, all the differentials are really v1-Bockstein spectral sequence differentials. In
particular, we only list the leading term with respect to vi-power in the formula. For example,
the differential

"0 b n_ . n—1
dvs? = wvimv? TP kg
really means

n n__,n—1 .
dvs?” = avtvs? TP" hg + higher v; terms

for some a € F; in the v1-Bockstein spectral sequence.

Definition 4.1. Let A be the F,—algebra generated by 6 elements {1, ho, h1, go, 91, hog1 = h1go}-
We denote this basis as B. We assign bidegrees (homological degree, internal degree) to elements
in A as follows

|1|: (070)5 |h0| = (1,2(]7*1)), |h1|:(1572(p71))5
g0 = (2,2(p — 1)), g1=12,-2(p— 1), hogi| = (3,0).
Theorem 4.2. [I5] Theorem 3.2] We have
H*(Ga, (B2/(p,v1))e) = Fylvy '] @ A® A[C].
Let G denote the kernel of the homomorphism in Z3) ¢: G2 — Z,. Then Gy = G} x Z, and
H*(Gy, (E2/p)i) = H* (G, (E2/p)i) ® A[(].
Theorem 4.3 ([17],[4]). There exists a complex (Co,d) such that H*(Co,d) = H*(G}, (E2/p)+«)
where Cy := AQF,[vE |@F,[v1] and differentials given in tableld are vy linear. The F,— generators
are listed in table [4.
Let C be Cy @ A(C). Then we have

H*(C,d) = H*(Ga, (E2)+/p).
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TABLE 1. differentials in Cy [T, Section 4], 4, Theorem 3.2]

R o on—1
dvs?” =t usP TP pg pts,n>1
dvs = vivshy pts
n_pt-1
n sp"— B
dvsP" ho = vt T2, =g sZ0,—1modp, n>0
n—2
n__,n—2 n_pn=24 A 2 Sp”'fpnflfpiifl
dvsP" TP Thg = ob TP ARt g | Vs, n>2
d sph _ p—1_ sp—1 v
Vy N1 = V1 Uy go S
Spn_pn7171 b spr—2i=1
dvy PN g = 0"y "~ hogr sZ—-1modp, n>1
dv3go = v1v3hogi s# —1modp

We follow the notation in [4] to define b,, and A,, as follows

b — pnil(p+1)715 77/21,
" 1, n=0;

A =D+ D/ (p-1), n>1,
" 0, n=0.

TABLE 2. Generators for H*(Cy, d)

vl i=0

v{ho j=0

v{vgpn*pnilho pts, n>1 0<j<b,—1

v3hy pts

vivsP g Vs 0<j<p—2,pF—1
v{v;pn_p’ll g1 s#0,—1modp, n>0 0<j<A,+1
v{v;pnipnilipnpizfl91 Vs, n =2 0<j<p —p" 2+ A, 2+1
v{v;pni%hogl sZ—-1modp, n>=0 0<yj<b, -1

For S°/(p, vfk), we have H*(G3, E.S°/(p, vfk)) = H*(C/vfk,d), which can be computed from
H*(C,d) via the long exact sequence

Pk .
e HA(C,d) 2 B (CLd) S HA(CJ d) =
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The F,-generators of H*(Cop /v ) ,d) are listed in Table Bl where the elements are divided into
k
two subsets: the upper half Coker part (the cokerel of v} ), and the lower half Ker part (the

k
kernel of v} ). While the elements in the Coker part have straightforward names, we need to
keep track of the boundary connecting morphism to name the elements in the Ker part. For

example, v ;pnfpnilho with pts, n > 1, max{0, b, — p*} < j < p¥ — 1 is in the kernel of
)P HY(Co,d) — HY(Cy, d)
when k > 1. Let 0 be the boundary connecting morphism
8o: HO(Co /o, d) — H'(Cy, d).

in the long exact sequence

¥ k wPF
H(Co,d) 2 H(Co,d) — H(Co/oP ,d) 2 HY(Cy,d) 2 HY(Co,d) — - -

By the snake lemma and the following differential in Co, for pts, n > 1

n n n—1
spy _ ) bn, ST —p
do(v3? ) = v{"vy ho,

we have

j—bn4p" sp™\ _ g, sp"—p" "
O(v; P sl ) = vjv; ho.

After reindexing the power of v1, we name the corresponding IF,—generators in the Ker part of

k - n
HO(Co /vt ) as vivy? with pts, n > 1 and max{0, p* — b,} < j < p* — 1. Similarly, the first
row in the Ker part comes from the differential

dvs = v1v5h;.

Denote the result of H*(Co/v’fk,d) as X1, then X; ® A(¢) gives the Ey page and in this case
also the Fo, page of the ANSS that converges to m.S°/(p, v’fk).
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k
TABLE 3. Generators for H*(Co/(v] ), d)
Names Coker part
(1, k) v{ 0<j<prF—1
(ho, k) vlho 0<j<ph—1
(vspn*pnilho,k) v{vépn*pnilho pts, n>1 0 < j < min{b, —
17pk - 1}
(v3h1, k) vshy pis
(057" go, k) v{vs" go Vs 0 < j < minfp -
SP”*L:; j Sp717])"7—11 . .
(v g k) v Uy gy $s£0,—1modp, n>0|0 < j < min{A, +
Sp717pn,—17p”72171 . Sp717pn,—17p"721—1 ' )
(vy P g, k)| v, Plogr | Vs, n>2 0 < j < min{p" —
P4 A, o+ 1 pF—
1}
Sp717])"—11 . Sp717])"—11 . .
(v "~ hogi, k) v] vy = hogt sZ—-1modp, n=0 |0 < j < min{b, —
Ker part
k
of _11)5 pts
vjug?” pts, n>1 maz{0,p* — b,} <
j<pi—1
v{vépnho 5s#0,—1modp, n>0 | max{0,p* — A, —
2} <j<ph—1
v{vépn*pnizho Vs, n > 2 max{0,p* — (p" —
P4+ An 2 +2)} <
j<ph—1
v{véphl Vs max{0,pF —p+1} <
j<pi—1
Pkfl s
vy 590 s# —1 mod p
. Spn TJ"71—1 i
v] vy =l s#—1modp, n>=1 | mar{0,p* — b,} <

j<ph -1
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The essential computation is done by Shimomura and Yabe [I7]. The author learned it from
Behrens’s paper [4]. The idea of organizing the result as a chain complex goes back to Henn,
Karamanov and Mahowald. .

We introduce some notation before going into the computation of liin 22 S/ (p, oY ). In

Definition 2.7 for an element « € 3, we have defined a p-adic number @ and its truncation aj.
k
We use the notation vy >* to name elements in the limit liin T 22 S/ (p, o} ).

Definition 4.4. Let x € B and
(4.1) oa=ag+ al(p2 —-1)+ agp(p2 —-1)+ a3p2(p2 1)+
Then for m, £ € Z, define an element

m, —2«

vty Y € li}lcrnH*’*(SQO"“/p,vfk) = liirlyk

by setting
k—1 k
(12) o = e g gt (50 o)
k
and yg11 — Yk is given by multiplying vy*™" . We will denote £ —a; —azp— - - — app*~! by 4.

We use the following notation to describe the power of v;.

Definition 4.5. For k € N, define the map Jj, from Z x R x B to subsets of natural numbers N
by

(la,z) — {j €N |viviz £ 0e H (Co/ ("), d)}.
Theorem 4.6. Given o € 3, we have a Fp-basis of 7.5%*/p as follows

{¢cvivi=2z|e=0,1,cZxeB,je klim inf Ji (4, a, )}
— o0

Proof. The above gives a F,-basis of 111?1 7 22080/ (p, Ufk) by the definition of Jg. The theorem

follows from .
.5 /p = lim .52 8%/ (p, o] )

as we discussed in the beginning. O

Note that if m.S?*/p is a finitely generated Z,-module if and only if (m,.S?%/p)/( is a finitely
generated Z,-module. We will drop ¢ in later analysis.

Definition 4.7. We say an element (£,«,z) € Z x R x B is stable if there exists K € Z* and
for all k > K, we have Ji({,a, ) = Jg (£, , ). Otherwise, we say (£, a, x) is unstable.

Given an o € 3, we say an element vJv5 2%z € 1,52 /p is a-stable if (¢, o, x) is stable.
Otherwise, we will call the element a-unstable.

In particular, if klim inf Ji (¢, o, 7) = @, we say the element (¢, «, ) is stable to trivial.
—00

Ezample 4.8. When {—a = 0, we know « is an integer, then all elements (¢, i, ) are stable. When

{—a= Z(p — 2)])]C +p—1, we have interesting a-unstable elements. For example, set £ = 0 and

k>0
oo

a = Z p*. Then v{ Uy 2ag, and U{UQ_ 2%hog1 are two unstable elements. Because when k is large,
k>0
k
we have [, = —};—:11. Then when k > 0, we have J;,(0, a, g1) = {max{0,p*—by} =0 < j < pF—1}
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and likniicgf J(0,, 91) = N. This gives an infinite v;-tower on vy **g;. The element v{v;mhogl
has similar situations.

Because S2¢ is of finite type if and only if $2*72% ig of finite type, we can now assume that
ap =0, ie., a= (p? —1)(ay +azp+---). We begin with a technical numerical lemma.

Lemma 4.9. Leta € 3 and L € Z. If { — & # 0, then for any K > 0, there exists k > K such
that £, = sp™ where pts and n < k.

Proof. We prove this by contradiction. Note that if an integer a is not divisible by pF, then
a = sp™ where p { s and n < k. So assume the statement for ¢ is not true. Then for all
k > K, {;, is divisible by p*. This implies that £ — & = 0 and is a contradiction to the condition
{—a#0. O

The key observation is the following lemma.

Lemma 4.10. The subgroup of a-unstable elements in 7.5%%/p is a finitely generated Fplv1]-
submodule.

Proof. By definition [£7] we need to show there are only finitely many pair (¢,2) € Z x B such
that (¢, «,x) is unstable. Note that there are only 6 elements in B. We discuss case by case on
x € B. We prove that for a fixed x € B, o € 3, there are only finitely many ¢ € Z such that
(¢, v, ) is unstable. From now on, we can assume that £ + o # 0. By Lemma [0 there exists
some ko such that p¥ > |¢|, and £z, = sp™ where pts, n < k.
Case 1: z =1
Since p*o | £y — fy, for k > ko, we have £}, = spp™ where p { sp. When k > ko, we have
k > nand p* > b, so maz{0, p*—b,} = p*—b,. Then Jp({,a,1) = {p*—b, < j < p*—1}
and liminf Ji (¢, a, 1) = 0.
k—o0
Case 2: x = hyg
(1) If s # —1 mod p, for k > ko, we have £, = spp™ where s, # 0, —1 mod p. In this

case, we have maz{0, p* — A, —2} = p*— A, —2. Then Ji,(¢, , ho) = {p" — A, —2 <
j<p¥—1} and 1ikminf Je (€, a, hg) = 0.
—00

(2) If s = —1 mod p, then we write s = s’p — 1 and consider two sub cases.
(a) If pt s’ + agot1, then for k > ko, we have £}, = sj,p"*! — p™ where p{ s} and

hence Ji (¢, , 1) = {0 < j < min{b,11 — 1,p* — 1}}. Because k > ko > n, we
have min{b, 1 — 1,p¥ — 1} = bp41 — 1 which is independent of k. Therefore,
(¢, o, hp) is stable in this case.

(b) If p| s’ + agy+1, then for k > ko, we have ¢ = s\,p"*2 — p" and maz{0, p* —
pt—p" it A, o +2)} = pF—(p"—p" 2+ A, _2+2). Then Ji (4, a, hy) = {pF—
(p"—p" 24 A, _2+2) < j < pF—1}. In this case, we have likminf Ji(l, a, ho) =

—00
0.

Case 3: z=h;

(1) If n > 0, for k > ko, we have maxz{0,p* —p+ 1} = p* —p+1 and Jp({, o, h1) =
{p¥ —p+1<j<p*—1}. We have 1ikminf Jp(l, o, hy) = 0.
— 00
(2) If n = 0, for k > kg, we have Ji({,a,h1) = {0} which is independent of k& and
(¢, a, hy) is stable in this case.
Case 4: x = g
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(1) If £, = —1 mod p, we have min{p — 2, p¥ — 1} = p— 2, and then Jy(¢,a, go) = {0 <
j < p—2}. Note that J(¢,a, go) is independent of k so (¢, «, go) is stable in this
case.

(2) If £, # —1 mod p, then Ji(¢,c, go) = {p* — 1} and likminf J(, a, g0) = 0.

—00

In the following Case 5 and Case 6, considering the condition that £ — & # Z(p— 2)p" +

k>0
(p — 1), we can assume this condition because at most one ¢ € Z fails this condition.

With this condition, there exists a kg such that

{— & — spk" pko—l _pko—Q .~ 1 mod pk0+1
and s # —1 mod p.
Case 5: = ¢
S mod p, then tor £ > kg + 1, we have £ = spp™® — p™07 " —p™0™% — ... —
1) If 0 mod hen for k > ko + 1 have ¢ k ko—1 ko—2 1

with s # 0, —1 mod p, and min{Ay, + 1,p* — 1} = A;, + 1. Then Jy(¢,a, 1) =
{0 < j < Ag, + 1}, which is independent of k. Therefore, (¢, «, g1) is stable in this

case.
(2) If s = 0 mod p and s = —p mod p?, then for k > ko + 1, we have £}, = spp*ot2 —
prott —pro=t—pho=2 —... 1, and min{p*o T2 —po 4+ Ay, +1,p* —1} = prot2 —pho 4

Ap, +1. Then Jx(¢, a0, g1) = {0 < j < pFot2 —pFo + Ay + 1}, which is independent
of k. Therefore, (¢, «, ¢g1) is stable in this case.
(3) If s = 0 mod p and s # —p mod p?, then for k > ko + 1, we have £, = spprot!l —
pFo—t—pko=2 ... 1 with s # —1 mod p, and Ji (¢, o, 1) = {max{0, p* —bg, 41} <
j < pF—1}. We have likniicgf Jk(l, o, q1) = 0.
Case 6: x = hgg

For k > ko + 1, we have £}, = spp*0 — pFo=1 — pko=2 — ... _ 1 with s # —1 mod p,

and min{by, — 1,p* — 1} = b, — 1. Then Jx(¢,, hog1) = {0 < j < by, — 1}, which is

independent of k. Therefore, (¢, a, hogy) is stable in this case.

O

Lemma reduces the question whether S is of finite type to the question whether there
are finitely many a-stable IF-generators ’U{’US_2al‘ in a given bidegree (s,t).

We now divide elements of H*(Cy /Ufk,d) into subsets of vy towers. First we divide the
elements into subsets by rows, that is, we denote the subset of elements in a row by the name
in the first column in Table Bl For example, the first row in the table is v{, 0<j<pF—1,then
we define a subset (1,k) to be {v] | 0 < j < p* — 1}. The name 1 indicates that it consists of
v1 towers starting at 1 and k indicates that these elements are from S°/(p, v k) Similarly the
name for the second row is (hg, k). For the third row, the subset (v5F _pnilho, k) can be divided
into smaller subsets with respect to n. If ng is an integer, we denote

{z € (vspnfpnilho,k) | z is of the form v{vspn07pn07lho}
by (v3F"" _pnrlho, k). Then we have

WP 7" b, k) = mb;(vgpm'*pm' ho. k).
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TABLE 4. Dividing the third row into subrows
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Names Coker part

(U;pn_pnilho,kz) v{vgpn_pnilho pts, n>1 0<j < min{b, —1,p* -1}

(vsplflho,k) v{v§p71h0 pts 0<j<min{by—1,pF —1}

(v§p27ph0,k) v{vgpzfpho pts 0<j<min{b —1,pF -1}

(Uspn07pn07lho,k) v{vgpnﬂ*pno*lho pts 0 < j <min{b,, —1,pF — 1}

Ezample 4.11. The element v3v3"~'hg is in (vgplflho,k) C (vgpn*pnil,k). This is because
v3v5P " hy belongs to the third row in the Coker part. The power of vy is 2p — 1 = 2p' — p' !

1
o -1
so it is in (v5? " ho, k).

We have divided elements in H*(Cy/ vfk,d) into subsets by rows, and each row may divide
into smaller subsets, which we will call subrows. The length of the v;-tower is determined by
which (sub)rows the element lie in. Now we will group elements in 7,,5%%/p into (sub)rows in a
similar way, which gives an alternative description of a-stable.

Definition 4.12. Given an a € 3, an element v]"v5 “z € 7,52 /p is a-stable if there exists

_ k
ko € Z* and for all k > ko, we have the elements v"v5~**z € 71,52 /p v¥ are in the subset
(y, k) where y is fixed. Otherwise, we will call the element a-unstable.
It is straightforward to check that Definition E.12]is equivalent to Definition 7]
{—2n
2

Ezample 4.13. Let o be an integer n € 3. Then all elements v]"v x are n-stable by definition.

We are trying to decide if S2®/p is of finite type. By Lemma EI0 we need only to focus on
stable elements.

Definition 4.14. We define subset (y) of the a-stable elements by
(y) ={x= klim T € T.S%Y/p | x is a-stable, xy, € (y, k) when k is large}.
)
By the definition of a-stable, all stable elements lie in some subsets defined above.

Ezample 4.15. Tn 7_15* the element hovy ™ is in (hOU;pl_l). The reason is as follows. When
pk—1_1

k> 1, we have hovy ™ = hovg 7 — (hovsplfl, k). By Definition BT the element hovg *
is A-stable and by Definition BT it is in (hovs? ~').

Because the following lemma, we will focus on the Coker part.
Lemma 4.16. No stable element in the Ker part will survive in the limit.

Proof. We can check this row by row. The results in the table [3] shows that for any element
in the Ker part, its v; tower’s range does not overlap when k goes to infinity. For example,
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non trivial elements in the second row of the Ker part, of the form v]v5? ", has j in the range
mazx{0,p*—b,} <j < p"—1. When k >> n, the rangeis A(k) :== {j € Z | 0,p* b, < j < pF—1},
and A(k) N A(k + 1) = 0, so no element survives. O

If 7,52 is not finite at some stem, then there exists a bidegree (s,t) such that H*!(S?%) is
not finite. If this happens, because there are only finitely many subsets, there must be a subset
so that infinitely many elements of this subset survive in the limit at this bidegree.

We check each row for the possibility to have infinitely many elements survive in the limit at
some bidegree. Some forms can be easily excluded.

Lemma 4.17. There are only finitely many elements in the subsets (1), (ho), (v3h1), (V52 go)

that survive at a fived degree (sg,to).

Proof. From the table[3] if the length of the v; tower in this form is bounded by a finite number,
then there are only finite elements of a fixed bidegree. For example, for elements in (v§h1), the

length of the v; tower is bounded by 1. (|

Now we will focus on the rest rows that possibly have infinite length v; towers. By the
Lemma [4.17] and Lemma Im there are only four possible rows: (vgpn_pnilho), (U;pniﬁgl),
(’U;p TR gl) and ( Uy oo hog1). We shall analyse, row by row, the conditions on «

such that at some (s,t), there are infinitely many elements of one of the four rows that survive
in the limit. Since shifting by an integer degree will not change the property of finiteness, we
assume ag = 0 from now on.

In each case, the question of whether 7, 52% /p has infinitely many elements in a certain subset
at some stem k reduces to an elementary numerical question.

We shall start with the row (vf *" ho).

n n—1
Theorem 4.18. If there are infinitely many elements in H*2'®=1(E,8% /p) in (v¥ ~P  hg)
then in the expansion of «, infinitely many a;s are nonzero and infinitely many a;s are zero.
Moreover, the converse statement is also true.

Proof. Let £y be the unique integer in (; -1, p+1] Then [v2ho| < 2t(p — 1) < |50 ho. At

the bidegree (1,2t(p — 1)), elements with the base ho are vPTD 0 ylo=t=p  where £ € N and
jo=t—1—(p+ 1)¢y. By the assumption, we can assign infinitely many m € ZT a distinct

nonzero element U(p+1)e m+Jo e” bm=—ap " in (v2pm_p ho) (v5 spt—p" ho) where n,, € Z. We
can assume that if m > m/, then ln, >l This gives following two restrictions on £, and o.

N +1

(1) bo— Ll — a = 8pp™™ — "L mod p with p 1 sm

(2) P+ D)lm +jo <p"t(p+1)—2

n o nm—1
The the first restriction comes from the assumption that those elements are in (vy"™ ho),
that is, the power of vy is of the form sp?, — p™=~1; the second restriction comes from the bound

n nm nm —1
SP, —P m

on the length of v; towers: since nontrivial elements in (v, ho) are {v1v2p mP ho}
with 0 < j < p"m~L(p+1)—2, if v%pﬂ)e’"ﬂovg"_ém_aho # 0, then we have the second restriction.
From the assumption, we have £,, > 0; from the second restriction, we have I,,, < p"~~!. The
first restriction tells us

b + Qi ="+ 4

Plugging ¢,, = p"» 1 4+ £y — O, into the restriction 0 < ¢, < p" , we have a,,, <
p?m~1 4 fy. There exists ny > logplo + 1. The condition p{ s,, shows that an,,+1 7# 0. Recall

m—1
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s
that ay,,, = Zaipi_l and 0 < a; < p. When m > M, p"™ + anmp"m_1 < ap, < pm Tl 4l
i=1

is equivalent to a,,, = 0. The condition p { s, shows that a,, +1 # 0. So the two restrictions
are equivalent to a,,, = 0 and a,,,+1 # 0. Hence, for each m > M € Z*, we have a,, = 0 and
an,,+1 # 0, and there are infinitely many are nonzero coefficients and there are infinitely many
zero coefficients in the 3-expansion of «.

The above proof shows that the converse statement is true. In fact, if there are infinitely many
a;s are nonzero and there are infinite a;s are zero, then we can assign each m € Z* a different
number n,, € Z* such that a,,, =0 and a,,, +1 # 0. Let l,, = p"» ! —a,,, +{o, then check the

(p"l‘l)em, +jo_ Lo—~
1 Vg

table, we will have v ™% are survived elements. Therefore, we have infinitely
—1

many elements in (vspnfpn ho) C HY2 =1 (B, 5% /p). 0

Theorem I8 shows that if $2¢ is not of finite type, then the homotopy groups are not finitely
generated in all possible nontrivial degrees. We state it as Corollary [4.19

Corollary 4.19. If there are infinitely many elements in H'(EyS2*/p) in (vgpn_pnilho) at
some bidegree (1,tg), then at all bidegree (1,2t(p—1)) (¢t € Z) there are infinitely many elements

1

in HYoT2k@ =) (F, G2 /1) of the form vgpn*pni ho.

With the same approach, one could do with the elements of other forms. We state the results
as follows.

Theorem 4.20. If there are infinitely many elements in

n—1_,
sp"—E 51
(Vs

gl)v or

— n—2_
Spnfpn 1_p oo1 1
(UQ gl)v or

sp— 2=t
(vg hog1)

at some bidegree (s,t), then in the 3-expansion coefficients of «, infinitely many a;s are nonzero
and infinitely many a;s are zero. Moreover, the converse statement is also true.

Summing up all the cases together, we have the main theorem as follows.

Theorem 4.21. If there are infinitely many elements in H*" (E25*/p) at some bidegree (s, to),
then in the expansion of «, infinitely many a;s are nonzero and infinitely many a;s are zero.
Moreover, the converse statement is also true.

Theorem [3.4] and Theorem [£21] answer the Question [T

Theorem 4.22. For any X € Picg(@), let e;(X) be the i coefficient in the 3-expansion of

e(X). Then mpX is finitely generated for all degrees k € Z if and only if either only finitely
many e;(X)’s are zeros, or only finitely many e;(X)’s are nonzeros.

Proof. From Theorem[34], 7, X is finitely generated for all degrees k € Z if and only if 7, 5¢X) /p
is. Then the result follows from the contrapositive of Theorem (.21 O

At the end of this section, we state a Corollary of Lemma T0

Corollary 4.23. Let X be an element in Picy(z). Then the set of vi-free elements in m. X is
finitely generated as a Zy[vi]-module.
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Proof. We first show the statement for X/p ~ §2¢(X) /p. All v;-free elements have infinite v;-
towers. The length of v;-tower on an element x in m,.S2¢(X) /p is determined by the form and level
of z if z is e(X)-stable. By Lemma 0 the set of unstable elements in 7,5%¢(X) /p is finitely
generated as an Fy[v;]-module. Except for the form 1 and hg (¢ and Chg), all other forms have
finite length v;-towers and are v;-torsion. The length of v;-tower on a stable element is the same
as the length of v;-tower of the form that this element stables to. The v;i-towers are finite on all
stable elements but at most finitely many exceptions (1, hg, ¢, and Chg). Therefore, the vq-free
elements must belong to the finitely many v;-towers in those exceptional cases or be unstable
elements. So the set of vi-free elements in 7, X/p is finitely generated as an Fp[v1]-module. In
particular, this is also true for 7, X/(pm.X). Since 7, X is p-complete, this implies that the set
of vi-free elements in 7, X is finitely generated as a Z,[v;|-module.

O

5. EXAMPLES

In this section, we examine Theorem [£.22] with three examples: LK(Q)SO, 1,5° and LK(Q)SQ"Y
where 559 is the Gross-Hopkins dual of the K (2)-local sphere (see [7] for the definition of I5)
and v = liinp% € 3 as before is a generator of the torsion part in Pick (g).

(1) For X = Lk 2)S?, e(X) = 0 and ¢;(X) = 0 for all i and there are only finitely many
nonzero e;(X)s. Theorem .22 implies that L K(Q)SO satisfies the finitely generated prop-
erty, which agrees with the known computation.

(2) For X = 1,59, in large prime case, [,5° = N Sldet]. Since integer shifts does not
change the finitely generated property, it is enough to consider S[det]. From Theorem

B2 we have e(S[det]) = A = (p+1) + z:(p2 —1)p* and €;(X) = 1 for all i > 1.
k=0

Therefore, there are only finitely many zero e;(X)s. Theorem .22 implies that LK(Q)SO
satisfies the finitely generated property.
o0

(3) For X = Lg(95%7, e(X) =1+ Z(p2 — 1)p?*. There are infinitely many zero e;(X)s
k=0

(when ¢ > 1 is odd) and infinitely many nonzero e;(X)s (when ¢ > 1 is even). Theorem
[4.27] implies that WkLK(Q)SQV is not finitely generated for some stem k. In fact, in
T_opsrop2+ap—75°27, we have linearly independent elements v{"vy"™ "hg for all k > 0

2k42 .
where my, = —p2*1 4 =L (1 1) (my, — mo).

As an application, we have the following theorem about Gross—Hopkins duality at prime p > 5,
height 2. The (non-local) Brown-Comenetz dual of the sphere Iy 7 is the spectrum representing
the generalized cohomology theory

X = Hom(rm_.X,Q/7Z).
The (non-local) Brown-Comenetz dual of a spectrum X is defined to be Ig/z(X) = F(X, Iy,z).
However, if we start with a K(n)-local spectrum X, the Brown-Comenetz dual Ig,z(X) may

not be K(n)-local any more. The Gross—Hopkins dual is a K (n)-version Brown—-Comenetz dual
(see [18] and [3]).

Definition 5.1. Let L, X be the localization of X with respect to the n*" Morava E-theory.
Let M, X be the n*" monochromatic layer of X; that is, the fiber of L,,X — L,,—1X. The height
n Gross—Hopkins dual of X is defined to be

[,X = F(M,X, Iyz).
Denote I,,S° by I,.
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While I,,X is automatically K (n)-local ([I8, Proposition 2.2]), the trade off is that it is
usually very hard to compute m.[,, X from m. X. If X € Picg ), then I, X = X, € Picg (-
Because I, is dualizable in K (n)-local category and we have I, X = D,XI, where D,X is
F(X,L K(n)SO). As an application of Theorem [ we show the following theorem.

Theorem 5.2. Let Iy be the Gross—Hopkins dual at prime p > 5, height 2, X € Pick (), and
A= h}?lp2k(p2 —1)€ 3. Then e(IX) =2+ X\ —e(X). In particular, X is of finite type if and
only if I3 X s of finite type.
Proof. The statement e(loX) =2+ X — e(X) follows from the facts:
(1) eis a group homomorphism;
(2) there is an equivalence
IQX =~ D2X A 12
where Dy X is the K (2)-local Spanier—Whitehead dual of X and I is the Gross—Hopkins
dual of the K(2)-local sphere;
(3) e(D2X) = —e(X);
(4) Iy ~ %% 725det].
We have
e(IX) = e(DyX A" "S[det]) = e(DaX) + 22 — 2 + e(S[det])
=—e(X)+2+ A\

Next we will show that X is of finite type if and only if IoX is of finite type. By Theorem [I],
this is equivalent to the statement that e(X) has the finiteness property if and only if e([oX) =
2+ A — e(X) has the finiteness property. We can ignore the integer shift 2 when considering
finiteness property. Because I>([2X) = X, we only need to show one direction. Assume that
X is of finite type, we will prove I5(X) is of finite type. The rest is an elementary numerical
analysis.

Case 1: e(X) has finitely many nonzero entries in its 3-expansion coefficients. If e(X) = 0,
then e(I;X) = A. This has finitely many zero entries in its coefficients. If e(X) # 0, then the
coefficients of —e(X)’s 3-expansion e (DX ) will always be p — 1 when k& > K for some Ky € Z.
The coefficients of A are always 1. So the i*? coefficients of A —e(X)’s 3-expansion will be always
be 1 when k > Ky + 1. Then e(I5X) has finitely many zero entries.

Case 2: e(X) has finitely many zero entries in its 3-expansion coefficients. Note that e(X) +
e(I2X) = X and the coefficients of the 3-expansion of A are 1. We argue by contradiction. If
there are infinitely many zero entries and infinitely many non zero entries in the coefficients of
the 3-expansion of e([2X), then there are infinitely many places where the nonzero coefficient
followed by a zero one. Let m'™ coefficient of e(I3X) be one of such places; i.e., €, (I2X) # 0
and em4+1(l2X) = 0. Now considering the sum e(X),, + e(l2.X ), we have two cases. If in the
sum e(X)y + e(IoX)m = 2p™(p? — 1), then at the m + 1 coefficients of the equation

e(X)+e(IxX) = A,
we have
em+1(X) +emi1(LX)+1=1o0r p+1.
In this case, €,;,+1(I2X) = 0 implies that e,,+1(X) = 0.
If in the sum e(X) + e(IoX) < 2p™(p? — 1), then we have
em(X) + em(12X) <p.

From the equatoin
e(X)+e(IxX) = A,
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we have
em(X)+en(lX)+e=1orp+1
where e = 0 or 1. So we have
em(X) + em(l2X) < 1.
The condition e, (X) # 0 implies that e,,(X) =1 and e,,(X) = 0.

In both cases, one such places would force a zero in e(X). This would imply that there
infinitely many zero entries in e(X), contradicted to the assumption. O

Remark 5.3. We know L K(Q)SO is of finite type from the computation. We would like to have
some features that may be generalized to higher height cases. During the computation, one
observation is that in the computation of m, L i (2)S?, for all elements x with |z| = (¢, s), t—s < —1
in the Fy page of the ANSS, the v; tower on z can not pass the line t — s = 1, i.e., vfz = 0
for klvi| +t —s > 0. This phenomenon together with the symmetric of the Fs page from
Gross-Hopkins duality implies the finitely generated property of m.L K(Q)SO. There might be a
conceptual algebraic argument of this phenomenon that works for higher heights.
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