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1. Introduction

Before describing the contents of this book, let me explain its origins.
The book began as a joint project between the author and Voevodsky. The
idea was to assemble coherently the facts about triangulated categories,
that might be relevant in the applications to motives. Since the presumed
reader would be interested in applications, Voevodsky suggested that we
keep the theory part of the book free of examples. The interested reader
should have an example in mind, and read the book to find out what the
general theory might have to say about the example. The theory should
be presented cleanly, and the examples kept separate.

The division of labor was that I should write the theory, Voevodsky
the applications to motives. What then happened was that my part of this
joint project mushroomed out of proportion. This book consists just of the
formal theory of triangulated categories. In a sequel, we hope to discuss
the motivic applications.

The project was initially intended to be purely expository. We meant
to cover many topics, but had no new results. This was to be an exposition
of the known facts about Brown representability, Bousfield localisation, -
structures and triangulated categories with tensor products. The results
should be presented in a unified, clear way, with the exposition accessible
to a graduate student wishing to learn the theory. The catch was that the
theory should be developed in the generality one would need motivically.
The motivic examples, unlike the classical ones, are not compactly gener-
ated triangulated categories (whatever this means). The classical literature
basically does not treat the situation in the generality required.

My job amounted to modifying the classical arguments, to work in the
greater generality. As I started doing this, I quickly came to the conclusion
that both the statements and the proofs given classically are very unsat-
isfactory. The proofs in the literature frequently rely on lifting problems
about triangulated categories to problems about more rigid models. Right
at the outset I decided that in this book, I will do everything to avoid
models. Part of the challenge was to see how much of the theory can be
developed without the usual crutch. But there was a far more serious prob-
lem. Many of the statements were known only in somewhat special cases,
decidedly not including the sort that come up in motives. Thomason once
told me that “compact objects are as necessary to this theory as air to
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4 1. INTRODUCTION

breathe”. In his words, I was trying to develop the theory in the absence
of oxygen.

The book is the result of my work on the subject. It treats a narrower
scope of topics than initially planned; we deal basically only with Brown
representability and Bousfield localisation. But in some sense we make
great progress on the problems. In the process of setting up the theory in
the right generality and without lifting to models, we end up with some
new and surprising theorems. The book was meant to be an exposition of
known results. The way it turned out, it develops a completely new theory.
And this theory gives interesting, new applications to very old problems.
Now it is time to summarise the mathematical content of the book.

The first two chapters of the book are nothing more than a self-—
contained exposition of known results. Chapter 1 is the definitions and
elementary properties of triangulated categories, while Chapter 2 gives
Verdier’s construction of the quotient of a triangulated category by a tri-
angulated subcategory. This book was after all intended as a graduate
textbook, and therefore assumes little prior knowledge. We assume that
the reader is familiar with the language of categories and functors. The
reader should know Yoneda’s Lemma, the general facts about adjoint func-
tors between categories, units and counits of adjunction, products and co-
products. It is also assumed that the reader has had the equivalent of
an elementary course on homological algebra. We assume familiarity with
abelian categories, exact sequences, the snake lemma and the 5—lemma.
But this is all we assume. In particular, the reader is not assumed to have
ever seen the definition of a triangulated category. In practice, since we
give no examples, the reader might wish to find one elsewhere, to be able
to keep it in mind as an application of the general theory. One place to
find a relatively simple, concrete exposition of one example, is the first
chapter of Hartshorne’s book [19]. This first chapter develops the derived
category. Note that, since we wish to study mostly triangulated categories
closed under all small coproducts, the derived category of most interest is
the unbounded derived category. In [19], this is the derived category that
receives probably the least attention. There is another short account of
the derived category in Chapter 10, pages 369-415 of Weibel’s [37]. There
are, of course, many other excellent accounts. But they tend to be longer.
Anyway, if the reader is willing to forget the examples, begin with the ax-
ioms, and see what can be proved using them, then this book is relatively
self-contained.

Chapters 1 and 2 are an account of the very classical theory. There are
some expository innovations in these two chapters, but otherwise little new.
If the reader wants to be able to compare the treatment given here with the
older treatments, at the end of each chapter there is a historical summary.
In the body of the chapters, I rarely give references to older works. The
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historical surveys at the end of each chapter contain references to other
expositions. They also try to point out what, if anything, distinguishes the
exposition given here from older ones.

Starting with Chapter 3, little of what is in the book may be found in
the literature. For the reader who has some familiarity with triangulated
categories, it seems only fair that the introduction summarise what, if
anything, he or she can expect to find in this book which they did not
already know. It is inevitable, however, that such an explanation will
demand from the reader some prior knowledge of triangulated categories.
The graduate student, who has never before met triangulated categories, is
advised to skip the remainder of the introduction and proceed to Chapter 1.
After reading Chapters 1 and 2, the rest of the introduction will make a
lot more sense.

Let me begin with the concrete. Few people have a stomach strong
enough for great generalities. Sweeping, general theorems about arbitrary
2—categories tend to leave us cold. We become impressed only when we
learn that these theorems teach us something new. Preferably something
new about an old, concrete example that we know and love. Before I state
the results in the book in great generality, let me tell the reader what we
may conclude from them about a special case. Let us look at the special
case, where 7 is the homotopy category of spectra.

Let T be the homotopy category of spectra. Let E be a spectrum (ie.
an object of T). Following Bousfield, the full subcategory T, C T, whose
objects are called the E—acyclic spectra, is defined by

Ob(Ty) = {z€Ob(T)|zAE=0}

The full subcategory J-‘J'E C 7, whose objects are called the F-local spec-
tra, is defined by

Ob(*T5) = {yeOb(T)|Vz e Ob(Ty), T(z,y) = 0}.

An old theorem of Bousfield (see [6]) asserts that one can localise spectra
with respect to any homology theory E. In the notation above, Bousfield’s
theorem asserts

THEOREM (BOUSFIELD, 1979). Let E be a spectrum, that is E is an
object of T. Let Ty C T and LT C T be defined as above. Suppose x is
an object of T. Then there is a triangle in T

1
Tg x Ty — XTp,

with xp € T, and tay € 1T5.

Bousfield’s theorem has been known for a long time. What this book has to
add, are surprising structure theorems about the categories T and 17 .
We prove the following representability theorems
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THEOREM (NEW, THIS BOOK). Let E be a spectrum. Let Tp C T
and J-‘J'E C T be defined as above. The representable functors

‘IE(_ah) and JJIE(_ah)

can be characterised as the homological functors H : T3% — Ab (respec-
tively H : +T% — Ab) taking coproducts in Ty (respectively +T ) to
products in Ab. The representable functors

TE(hJ _)

can be characterised as the homological functors H : T, — Ab, taking
products to products.

Proof: The characterisation of the functors T (—, k) and T (—, h) may
be found in Theorem D.1.12. More precisely, for Tg(—,h) see D.1.12.1,
while the statement for T ;(—, h) is contained in D.1.12.5. The character-
isation of the functors T4 (h, —) may be found in Lemma D.1.14. O

Representability theorems are central to this subject. What we have
achieved here, is to extend Brown’s old representability theorem of [7].
Brown proved that the functors J(—,h) can be characterised as the ho-
mological functors T°? — Ab taking coproducts to products. We have
generalised this to Tp, T% and 1T, but unfortunately not to ~T%. We
do not know, whether the the functors T (h, —) can be characterised as
the homological functors taking products to products.

Another amusing fact we learn in this book, is that the categories T
and L‘J'E are not equivalent to T°P. There are, in fact, many more amusing
facts we prove. Let us give one more. We begin with a definition.

DEFINITION.  Let « be a reqular cardinal. A morphism f :x — y
in T is called an a—phantom map if, for any spectrum s with fewer than «
cells, any composite

vanishes.

With this definition, we are ready to state another fun fact that we
learn in this book.

THEOREM (NEW, THIS BOOK).  Let o > Yo be a regular cardinal.
There is an object z € T, which admits no mazximal a—phantom map y —
z. That is, given any a-phantom map y — z, there is at least one a—
phantom map * — z not factoring as

z Y z.
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Proof: The proof of this fact follows from Proposition D.2.5, coupled with
Lemma 8.5.20. a

REMARK 1.1. It should be noted that the above is surprising. If a =
Ny, the a—phantom maps are the maps vanishing on all finite spectra.
These are very classical, and have been extensively studied in the literature.
Usually, they go by the name phantom maps; the reference to a = Vg is
new to this book, where we study the natural large—cardinal generalisation.
From the work of Christensen and Strickland [9], we know that every object
z € 7T admits a maximal Nyp—phantom map y — z. There is an Ng—
phantom map y — z, so that all other Rg—phantom maps x — z factor
as

x Y z.
What is quite surprising is that this is very special to a = Ny.

So far, we have given the reader a sampling of facts about the homotopy
category of spectra, which follow from the more general results of this book.
I could give more; but it is perhaps more instructive to indicate the broad
approach.

The idea of this book is to study a certain class of triangulated catego-
ries, the well-generated triangulated categories. And the thrust is to prove
great facts about them. We will show, among many other things

THEOREM 1.2. The following facts are true:

1.2.1. Let T be the homotopy category of spectra. Let E be an
object of T. Then both the category T and the category +T 5 are
well-generated triangulated categories.

1.2.2. Suppose T is a well-generated triangulated category. The
representable functors T(—, h) can be characterised as the homolog-
ical functors H : T°P — Ab, taking coproducts in T to products in
Ab.

In other words, we will prove a vast generalisation of Brown’s representabil-
ity theorem. Not only does it generalise to T and J-‘J'E, but to very many
other categories as well. The categories that typically come up in the study
of motives are examples. And now it is probably time to tell the reader
what a well-generated triangulated category is. It turns out to be quite a
deep fact that this structure even makes sense.

Let T be a triangulated category. We remind the reader: a homological
functor T — A is a functor from T to an abelian category A, taking
triangles to long exact sequences. We can consider the collection of all
homological functors T — A. An old theorem of Freyd’s (see [13]) asserts
that
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THEOREM (FREYD, 1966). Among all the homological functors
T — A there is a universal one. There is an abelian category A(T) and
a homological functor T — A(T), so that any other homological functor
T — A factors as

T — A7) —— A

where the exact functor A(T) — A is unique up to canonical equiva-
lence. Any natural tranformation of homological functors T — A factors
uniquely through a natural transformation of the (unique) exact functors
A(T) — A.

This theorem tells us that, associated naturally to every triangulated cate-
gory T, there is an abelian category A(T). The association is easily seen to
be functorial. It takes the 2—category of triangulated categories and trian-
gulated functors to the 2—category of abelian categories and exact functors,
and is a lax functor.

One can wonder about the homological algebra of the abelian category
A(T). Freyd proves also

PROPOSITION (FREYD, 1966). Let T be a triangulated category. The
abelian category A(T) of the previous theorem has enough projectives and
enough injectives. In fact, the projectives and injectives in A(T) are the
same. An object a € A(T) is projective (equivalently, injective) if and only
if there exists an object b € A(T), so that

a®beT CAT).

That is, a is a direct summand of an object a®b, and a®b is in the image of
the universal homological functor T — A(T). This universal homological
functor happens to be a fully faithful embedding; hence I allow myself to
write T C A(T).

It turns out to be easy to deduce the following corollary:

COROLLARY 1.3. Let F' : § — T be a triangulated functor. If F' has a
right adjoint G : T — 8, then G is also triangulated, and A(G) : A(T) —
A(8) is right adjoint to A(F) : A(S8) — A(T). But more interesting is
the following. If every idempotent in 8 splits, then F' : § — T has a
right adjoint if and only if A(F) : A(8) — A(T) does. That is, if A(F) :
A(8) — A(T) has a right adjoint G : A(T) — A(S), then F : 8 — T has
a right adjoint G : T — 8, and of course A(G) is naturally isomorphic to
G.

Proof: Lemma 5.3.6 shows that the adjoint of a triangulated functor is
triangulated, Lemma 5.3.8 proves that if G is right adjoint to F' then A(G)
is right adjoint to A(F'), while Proposition 5.3.9 establishes that if A(F)
has a right adjoint G, then F has a right adjoint G. O
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REMARK 1.4. It turns out that many of the deepest and most inter-
esting questions about triangulated categories involve the existence of ad-
joints. This suggests that Corollary 1.3 should be great. It tells us that
finding adjoints to triangulated functors between triangulated categories, a
difficult problem, is equivalent to finding adjoints to exact functors between
abelian categories. We feel much more comfortable with abelian categories,
so the Corollary should make us very happy.

The problem is that the abelian categories that arise are terrible. For
example, let T be the category D(Z), the derived category of the category
of all abelian groups. Then the abelian group Z can be viewed as an object
of D(Z); it is the complex which is the group Z in dimension 0, and zero
elsewhere. The universal homological functor

D(Z) —— A(D(2))

takes Z to an object of A(D(Z)). I assert that this object, in the abelian
category A(D(Z)), has a proper class of subobjects. The collection of
subobjects of Z € A(D(Z)) is not a set; it is genuinely only a class. The
proof may be found in Appendix C.

In the light of Remark 1.4, it is natural to look for approximations
to the abelian category A(T). It seems reasonable to try to find other
abelian categories A, together with exact functors A(T) — A, which are
“reasonable” approximations. It is natural to want the objects of A to only
have sets (not classes) of subobjects. But otherwise it would be nice if A
is as close as possible to the universal abelian category A(7).

The universal property of A(T) asserts that exact functors A(T) — A
are in 1-1 correspondence with homological functors 7 — A. We therefore
want to find reasonable homological functors T — A, for suitable A.

Let T be a triangulated category. It is said to satisfy [TR5] if the co-
product of any small set of objects in T exists in T. If the dual category T°P
satisfies [TR5], then T is said to satisfy [TR5*]. Let « be an infinite cardi-
nal. Let T be a triangulated category satisfying [TR5] and 8 a triangulated
subcategory. We say that S is a—localising if any coproduct of fewer than o
objects of 8 lies in 8. We call § C T localising if it is a—localising for every
infinite cardinal a.

Given a triangulated category T satisfying [TR5], and an a—localising
subcategory 8 C 7, there is a God—given abelian category one can construct
out of 8§, and a homological functor

T — EI(SOP, Ab).

Now it is time to define these.

The category Ex (SOP, Ab) is the abelian category of all functors §? —
Ab which preserve products of fewer than « objects. Recall that § is a—
localising. Given fewer than « objects in 8§, their coproduct exists in T
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because T satisfies [TR5], and is contained in § because 8 is a—localising.
That is, the product exists in the dual 8°P, and we look at functors to
abelian groups

8§P —— Ab

preserving all such products. The reader can easily check (see Lemma 6.1.4
for details) that Ex (801’ ,Ab) is an abelian category. Furthermore, there is
a homological functor

T — EI(SOP, Ab).

It is the functor that takes an object ¢ € T to the representable functor
T(—,t), restricted to 8§ C T. We denote this restriction

T(_7t)|8'

This construction depends on the choice of an infinite cardinal «, and an
a-localising subcategory § C 7. In what follows, it is convenient to assume
that the cardinal « is regular. That is, a is not the sum of fewer than «
cardinals, all smaller than «.

Starting with any regular cardinal o and any a—localising subcategory
8 C T, we have constructed a homological functor

T ——— &x(87, Ab).

It factors uniquely through the universal homological functor, to give an
exact functor

A(T) —— Ex(8°F,Ab).
It is very easy to show that the functor 7 has a left adjoint; we denote the
left adjoint F' : Ex(8°P, Ab) — A(T). We deduce a unit of adjunction
n:1—7kF.
We prove

PROPOSITION 1.5. Suppose 1 : 1 — «F is the unit of adjunction
above. If the functor m : A(T) — Em(SOP,Ab) preserves coproducts, then
7 s an isomorphism.

Proof: See Poposition 6.5.3. O

By Gabriel’s theory of localisations of abelian categories (see Appen-
dix A), the unit of adjunction 1 : 1 — 7 F is an isomorphism if and only
if Ex (SOP,Ab) is a quotient of A(T), with 7w being the quotient map. It is
therefore natural to want to study the 8§ C T for which this happens. By
Proposition 1.5, a particularly interesting case is when the map

A(T) —— Ex(8°P, Ab)
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preserves coproducts. It turns out that, for a given regular cardinal «, this
depends on a choice of the a—localising subcategory § C T. We proceed
now to describe the complete answer.

DEFINITION 1.6. Let o be a reqular cardinal. Let T be a triangulated
category satisfying [TR5]. An object t € T is called a—small if any mor-
phism from t to a coproduct

t —— HXX
AEA

factors through a coproduct of fewer than o objects. There is a subset
AN C A, N of cardinality < o, and a factorisation
t — J[x. < IT x.
AEN’ AEA

The full subcategory of all a—small objects in T is denoted T(®). Next we
need

DEFINITION 1.7. Let a be a reqular cardinal. Let T be a triangulated
category satisfying [TR5]. A class T, containing 0, of objects in T is called
a—perfect if, for any collection {X,, A € A} of fewer than o objects of T,
any object t € T', and any map

t —— HXX
AEA

II A

AeA
AEA AeA
with ty in T. Furthermore, if the composite

II A

AEA
AEA AEA
vanishes, then each of the maps

there is a factorisation

factors as

13\ Uy Xy

with uy, €T, so that the composite

already vanishes.
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With these two definitions, we have a theorem

THEOREM 1.8. Let o be a regular cardinal, T a triangulated category
satisfying [TR5]. Let 8 C T be an a-localising subcategory. The natural
functor

A(T) —— Ex(8°r, Ab)
preserves coproducts if and only if

1.8.1. The objects of 8 are all a—small; that is § C T().

1.8.2. The class of all objects in & is a—perfect, as in Defini-
tion 1.7.

Proof: Lemma 6.2.5. In the statement of Lemma 6.2.5, we only assert the
sufficiency; if § satisfies 1.8.1 and 1.8.2, then 7w preserves coproducts. But
the proof immediately also gives the converse. ]

It is therefore of interest to study a-localising subcategories 8§ € T(¥),
whose collection of objects form an a—perfect class. The remarkable fact
is that there is a biggest one. For any regular cardinal «, we can define a
canonical, God-given a—localising subcategory T¢. It is given by

DEFINITION 1.9. The full subcategory T C T, of all a—compact objects
in T, is defined as follows. The class of objects in Ob(T*) is the unique
mazimal a—perfect class in T . It of course needs to be shown that such
a mazimal a—perfect class exists. It is also relevant to know that T C T is
an a—localising triangulated subcategory. All this is proved in Chapters 8
and 4.

The categories T are, in a certain sense, the optimal choices for 8. For
each «, we have an exact functor

A(T) —— &a ({7}, Ab)
preserving coproducts and products, having a left adjoint F', and so that

Sx({‘J'O‘}Op ,.Ab) is the Gabriel quotient of A(T) by the Serre subcategory

of all objects on which the functor 7 vanishes. It is natural to study the
subcategories T C 7.

EXAMPLE 1.10. The previous paragraphs may be a little confusing.
But the upshot is the following. Suppose we are given a triangulated cat-
egory T closed under coproducts, and a regular cardinal a. There is some
mysterious, canonical way to define an a—localising triangulated subcat-
egory, denoted J¢ C T. The reader might naturally be curious to know
what T is, in some simple examples.

If T is the homotopy category of spectra, then T is the full subcategory
of spectra with fewer than « cells. If T is the derived category of an
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associative ring R, then the objects of 7% turn out to be chain complexes
of projective R—modules, whose total rank(=rank of the sum of all the
modules) is < a. If & = R, then T = TR0 is the subcategory of compact
objects in T, and its study is very classical. But even for o > Ry, we are
dealing with a fairly natural subcategory.

Now we return from the examples to the general theory. The first,
trivial property of 7% C T is

LEMMA 1.11. If a < 3 are reqular cardinals, then T C T5.
Proof: Lemma 4.2.3. O

To get further, we need the notion of generation.

DEFINITION 1.12. Let « be a regular cardinal. Let S be a class of
objects of T. Then {S)” stands for the smallest a—localising subcategory of T
containing S. The symbol (S) stands for the smallest localising subcategory
containing S. That is,

& = U
We say that S generates T if T = (S). With this definition, we are ready for
Thomason’s localisation theorem. The theorem is essentially the statement

that the subcategories T behave well with respect to quotient maps. We
begin with a statement involving only one triangulated category 7.

LEMMA 1.13. Suppose « is a regular cardinal, and T is a triangulated
category satisfying [TR5]. Suppose further that T generates T; that is,

(T4 = 7T
Then for any reqular cardinal 8 > «,
(g0’ = 78

Note that the conclusion of the theorem might be confusing. Since we are
assuming (T%*) = T, then surely it should be a tautology that
(T = g8

Just replace the (T®) by T. But this misses the point that there are two
ways to read the symbol (’J’O‘)ﬁ . One is to note that, for any triangulated
category 8 closed under coproducts, there is a canonical way to define a
subcategory 87; and then we apply the construction to § = (T). But
given a collection of objects S € T, there is also a canonical way to define
a subcategory <S>B , the p-localising subcategory generated by S. And we
could do this construction to S = T%. The assertion of the Lemma is that
under reasonable conditions, these two agree, and the notation leads to no
confusion.
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Proof: Lemma 4.4.5. O

This lemma is actually of great practical use. It says that once we have
computed T¢, then as long as T generates, we know all 7° for 3 > a. They
are just the closure of T* with respect to coproducts of fewer than 3 objects,
and triangles. Call this statement zero of Thomason’s localisation theorem.
The rest of the theorem concerns the situation of a Verdier quotient.

THEOREM 1.14. Let § be a triangulated category satisfying [TR5], R C
S a localising subcategory. Write T for the Verdier quotient 8/R.

Suppose there is a regular cardinal o, a class of objects S C 8% and
another class of objects R C RN 8%, so that

R = (R) and 8§ =(S).
Then for any regular 8 > «,
(R’ =R =RN§P°,

(9)7 =8°.

The natural map

8P IR — T
factors as

89 /RP — TP T,

and the functor

sp /g{ﬁ —, g8
is fully faithful. If B > Ng, the functor

8P /RP — TP
is an equivalence of categories. If B = Vg, then every object of T° is a

direct summand of an object in 85 /RP.
Proof: Theorem 4.4.9. O

Since I have been telling the reader that this theory is quite new, the
reader may well wonder why Thomason’s name is attached to it. Thomason
proved the special case where o = 3 = Ng, and 8 is the derived category
of the category of quasi—coherent sheaves on a quasi—compact, separated
scheme. (Actually, he studies the slightly more general situation of a semi—
separated scheme. A scheme is semi-separated if it has an open cover
by affine open subsets with affine intersections.) For details, the reader
is referred to Thomason’s [34]. In all fairness to Thomason, his wonder-
ful observation was that this fact had great applications in K—theory. In
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any case, what is really new here is the generalisation to arbitrary regular
cardinals a.

This raises, of course, the question of why one cares. Thomason proved
the theorem where o = 8 = Ny, and 8 is the derived category of the
category of quasi—coherent sheaves on a quasi—compact, separated scheme.
The author gave a simpler proof, which also generalised the result to all §,
as long as @ = 3 = Ny. This may be found in [23]. The obvious question
is: who cares about the case of large regular cardinals?

The short answer is that everybody should. First of all, it has already
been mentioned that in the applications to motives, the case a = § = Ny
does not apply. Only rarely is there a set of objects T C T, with (T) = 7.
But even the people with both their feet firmly on the ground, the ones
who could not care less about motives, should be interested in the case of
large cardinals.

The reason is the following. If T is the homotopy category of spectra,
it has been known for a long time that T%° generates 7. But now let F
be a homology theory. Following Bousfield, let T C T be the subcategory
of E-acyclic spectra, and let 1T be the subcategory of E-local spectra.
In general, {‘J’E}NO and {L‘J'E}ND are small and very uninteresting. It is
only for sufficiently large o that the categories {T;}" and {J-’J'E}a start
generating. See Remark D.1.15, for an estimate on how large o must be.
The moral is very simple. Suppose the main object of interest is a trian-
gulated category to which Thomason’s theorem, or my old generalisation
of it, apply. That is, the main object of study is a category for which the
case o = 3 = Ng is non—trivial. As soon as we Bousfield localise it, we
get a category for which we are naturally forced into the large cardinal «
generalisation.

So far we have seen that, for each regular cardinal «, it is possible to
attach to T a canonically defined a—localising subcategory 7. We have also
seen Thomason’s localisation theorem, which says that the subcategories
T behave well with respect to Verdier quotients. But to convince the
reader that the exercise is worthwhile, I must use the subcategories T C T
to prove a statement not directly involving them. First we need a key
definition.

DEFINITION 1.15. Let o be a regular cardinal. Let T be a triangulated
category with small Hom-sets, satisfying [TR5]. If the subcategory T* is
essentially small, and if (T*) = T, we say that T is a—compactly generated.
It turns out that if T is a—compactly generated, then it is also B—compactly
generated for any 8 > «. A triangulated category T is said to be well
generated if

1.15.1. T has small Hom-sets.
1.15.2. T satisfies [TRS].



16 1. INTRODUCTION

1.15.3. For some regular o, T is a—compactly generated.

Of course, a well generated triangulated category is in fact B-compactly
generated for all sufficiently large 3.

REMARK 1.16. It might be worth restating Thomason’s localisation
theorem (Theorem 1.14) in the above terms. Let § be a triangulated
category satisfying [TR5], let R C 8 be a localising subcategory, and let
T = 8§/R be the Verdier quotient. Thomason’s localisation theorem asserts
that if § is well generated then, under mild hypotheses, so are R and 7.
The hypotheses are that R be generated by a set of its objects. The precise
statement keeps track of the cardinals 3 for which these categories are -
compactly generated. The reader is refered to Theorem 1.14 for the more
refined statement.

Now we begin the main theorems of the book.

THEOREM 1.17. (BROWN REPRESENTABILITY). Let T be any well-
generated triangulated category. Let H be a contravariant functor H :
TP — Ab, where Ab is the category of abelian groups. The functor H
is representable if and only if it is homological, and takes coproducts in T
to products of abelian groups. In other words, the representable functors
T(—,t) can be characterised as the cohomological functors taking coproducts
in T to products in Ab.

Proof: Theorem 8.3.3. O

This theorem has several immediate corollaries. One of them is

COROLLARY 1.18. Let T be any well-generated triangulated category.
Then T satisfies [TR5*]; all small products exist in T.

Proof: Given a set {Xx,A € A} of objects in T, the following functor
TP — Ab
H(_) = H r‘T(_7 X>\)
AEA
is homological, and takes coproducts in T to products of abelian groups.

By Theorem 1.17 it is representable. The representing object is then the
product, in T, of {X, A € A}. See also Proposition 8.4.6. a

In other words, we learn that a well-generated triangulated category
is closed under products. This leads naturally to the question of whether
the dual of Brown’s representability theorem holds. We prove

THEOREM 1.19. (BROWN REPRESENTABILITY FOR THE DUAL). Let T
be any well-generated triangulated category. Choose some reqular cardinal
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«, for which T is a—compactly generated. Suppose for that o, the abelian
category Sx({Ta}Op,Ab) has enough injectives.

Let H be a covariant functor H : T — Ab. Then H will be repre-
sentable if and only if it is homological, and takes products in T to products
of abelian groups. In other words, the representable functors T(t,—) can be
characterised as the homological functors respecting products.

Proof: Theorem 8.6.1. O

We can formalise this

DEFINITION 1.20. A triangulated category T satisfying [TR5] is said
to satisfy the representability theorem if the (contravariant) representable
functors T(—,t) are precisely the homological functors H : TP — Ab
taking coproducts to products.

The content of Theorems 1.17 and 1.19 is that well-generated cate-
gories T satisfy the representability theorem, as do their duals, provided

8:0({70‘}0p ,Ab) has enough injectives. An easy proposition states

PROPOSITION 1.21. Let F': 8§ — T be a triangulated functor of trian-
gulated categories. Suppose 8 satisfies the representability theorem, as in
Definition 1.20. The functor F' has a right adjoint G : T — & if and only
if F' respects coproducts.

Proof: Theorem 8.4.4. O

REMARK 1.22. In Remark 1.4 we noted that the deep questions about
triangulated categories involve the existence of adjoints. Let F': § — T
be a triangulated functor. By Corollary 1.3, F has a right adjoint if and
only if A(F) : A(S) — A(7) does. But this amounts to reducing a difficult
problem to an impossible one. The categories A(8) are terrible, and the
author does not know a single example where one can show directly that
A(F) : A(8) — A(7) has an adjoint.

By contrast, Proposition 1.21 is practical to apply. If 8 or §°P is well—
generated, I’ will have a right adjoint if and only if it preserves coproducts.

REMARK 1.23. It should be noted that Franke has independently ob-
tained a representability theorem strongly reminiscent of Theorem 1.17.
Franke’s theorem also assumes that T can be written as a union of T'¢
satisfying suitable hypotheses. But this is where the similarity becomes
confusing. It is not clear whether the T7%’s studied here in general satisfy
the hypotheses placed on Franke’s T“’s. It also is not clear whether there
could be some other choice for Franke’s T“’s. In his application, to the
derived category of a Grothendieck abelian category, Franke’s T'“ is just
the T we have been studying here. See Franke’s [11].
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Franke’s method does not generalise to the dual of a well-generated
triangulated category.

So far in the Introduction, we have presented the main results of the
book. We ordered them in a way that motivated the definitions. We
began with Freyd’s construction of the universal homological functor T —
A(T). We discussed its properties, and the fact that, in general, A(T)
is terrible. Then we spoke about approximations to A(T), in particular
approximations of the form E:E(S"p ,Ab), for an a-localising subcategory
8 C T. We reasoned that, for every regular cardinal «, there is a canonical
best choice for §; the largest possible § is T¢. Thomason’s localisation
theorem is the statement that T behaves reasonably well with respect to
Verdier localisations. Our main theorems give an application of the T’s.
The first major theorem asserts that the representability theorem holds for
T whenever T is essentially small and generates J. The second asserts that
the representability theorem holds for TP if T is a—compactly generated,

and furthermore 8:6({’.]'0‘}017 ,Ab) has enough injectives.

Now it is time to explain the way the exposition of these facts is or-
ganised in the book, and to discuss some of the less major theorems that
we prove on the way, or as consequences. The order in which the results
are presented in the book is the Bourbaki order. It is the logical order,
not the order that would motivate the constructions. Chapters 1 and 2
give the elementary properties of triangulated categories. Chapters 3 and
4 give the definitions of the categories T, and their formal properties. This
culminates in Thomason’s localisation theorem, which asserts T passes to
Verdier quotients. This is quite unmotivated. We define the categories T¢,
and study their formal properties, before we have any indication that they
might be of some use.

Only in Chapter 5 do we treat Freyd’s classical theorem, concerning
the universal homological functor. In Chapter 6 we finally come around

to the categories Ex({’J'O‘}Op ,.Ab). We develop the elementary properties

of the categories Sx(SOP,Ab), and of the functor A(T) — &z (SOP,Ab).
Chapter 6 should help clarify, somewhat belatedly, the point of studying
the categories T¢.

In Theorem 1.19, we saw that Brown representability sometimes holds
for the dual of T; in particular, it holds if Ex (SOP, Ab) has enough injectives.
It becomes interesting to study whether there are enough injectives.

The general answer is No. Counterexamples may be found in Sec-
tions C.4 and D.2. Nevertheless, it is possible that Brown representability
for the dual could be proved with less than the existence of injectives. The
homological algebra of the categories Ex(SOP,Ab) is interesting, and its
careful study might yield great results. In Chapter 7, I assemble assorted
facts I know. These do not really lead anywhere yet, but I thought they
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might be useful to future researchers. The Chapter may safely be skipped
by all but the truly committed.

The category &z(8°P, Ab) does not satisfy [AB5]. We remind the
reader: this means direct limits of exact sequences need not be exact.
It follows that 8:1:(801’ ,Ab) is not a Grothendieck abelian category, and
hence the classical proofs of the existence of injectives break down. Of
course, the proofs must break down, since we know that there are not, in
general, enough injectives. But it is interesting to analyse just where the
breakdown occurs. We will analyse this for the argument that appears in
Grothendieck’s Tohoku paper; see Théoreme 1.10.1, on page 135 of [18].
I do not know the origin of the argument; Grothendieck said that it had
been well-known, and he was merely sketching it. The argument is based
on adding cells. We should perhaps remind the reader.

Let A be an abelian category, « an object of A. We wish to embed x
in an injective I. This means that given any extension in Ext!(z,z), that
is any exact sequence

0 T Y z 0,

the map x — I should kill it. In other words, the map * — I should
factor as

T Y 1.

This suggests a natural way to try to construct I. If x is not injective, it
has an extension

0 T Y z 0.

If y is not injective, we can repeat the process. We can construct a sequence
of monomorphisms

T =x x Ty

and hope that the colimit of the x; will be injective. This is the process of
adding cells, and the proof in [18] was based on a slightly refined version
of this construction.

The first and most serious problem with this construction is that, for
an abelian category not satisfying [AB5], it is not clear that z injects into
the c@)n x;. It might well be that c@p z; = 0. We say that an abelian cat-

egory satisfies [AB4.5] if, for any (transfinite) sequence of monomorphisms
as above, the map z; — cﬁm x; is injective.

Actually, for the purpose of the proofs given in the article, it is con-
venient to give an equivalent statement in terms of the derived functors of
the colimit. An abelian category satisfies [AB4.5] if, for any (transfinite)
sequence of monomorphisms as above, and for any n > 1, the n*" derived
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functor of the colimit vanishes. That is,
c@)n" z; = 0.

We do not prove the equivalence of the two statements; we use the second
as a definition, and we use the fact that it implies the first. The converse
is true, but of no importance to us. One can easily show (Lemma A.3.15)
that if an abelian category satisfies [AB3] (has coproducts) and has enough
injectives, then it satisfies [AB4.5].

It is instructive to know that, if 8 is sufficiently ridiculous, the cate-
gory Sz(SOP,Ab) need not satisfy [AB4.5]. For this reason, in Chapter 6
we begin by defining Ex(SOP,Ab) for fairly arbitrary 8. For the §’s for
which we define it, Ex (801’ ,Ab) always satisfies [AB4]; coproducts are ex-
act. See Lemma 6.3.2. However, if § is the category of normed, non-
archimedean, complete topological abelian groups, then xz (SOP ,Ab) does
not satisfy [AB4.5]. See Proposition A.5.12. But in this book, we are mostly
interested in the case where the category 8 is triangulated. I have no ex-
ample of a triangulated category 8, for which I can show that 8:1:(801’ , Ab)
does not satisfy [AB4.5]. For a while, I thought I could prove [AB4.5] for
such Sz(SOP, Ab). But there is a gap. Included in Chapter 7, is the part of
the argument that is correct.

The study of derived functors of co-Mittag—Leffler sequences in abelian
categories is of some independent interest, and the existence of an abelian
category &x(8°P, Ab), satisfying [AB4] but not [AB4.5], is new and sur-
prising. The reader is referred to Proposition 1 in [29], or Lemma 1.15 on
page 213 of [20], to see just how striking it is. Since the results are about
abelian, as opposed to triangulated, categories, they have been put in an
appendix; see Appendix A.

The property [AB4.5] is extensively studied, for the abelian categories
Ex (SOP, Ab), in Chapter 7 and Appendix A. The study is inconclusive, but
might be helpful to others. This occupies most of Chapter 7. But the final
section, Section 7.5, is quite unrelated.

Let S be a triangulated category closed under coproducts of < « of its
objects. The category Ex(SOP,Ab) is the category of functors 8¢ — Ab,
which respect products of fewer than « objects. It is contained in the
category Gat(S"p ,Ab), of all additive functors 8°? — Ab. Let i be the
inclusion

7 &C(S"p,flb) —_— Gat(S"p,Ab).

In Section 7.5, we prove that i has a left adjoint j. So far, this is a special
case of a theorem of Gabriel and Ulmer [16]. But more interestingly, the
functor j has left derived functors L"j. And most remarkably, if F' is an
object of Sx(SOP,Ab), then ¢F' is an object of C‘fat(SOp,Ab), and we prove



1. INTRODUCTION 21

that, for n > 1,

L"j{ir} = 0.
An easy consequence is that, given objects F' and G in the abelian category
8:0(8°p,flb), the groups Ext™(F,G) agree, whether we compute them in
Ex (SOP,Ab) or in the larger Cat (SOP,Ab).

Chapter 8 has the proof of the two Brown representability theorems.
It shows how the earlier theory can be used to prove practical theorems. It
is now time to give fairly precise statements of what we prove, and explain
the consequences.

In Theorems 1.17 and 1.19, we saw that if T is well-generated, then
the representability theorem holds for T, and also for T°?, as long as some
abelian category has enough injectives. See Definition 1.20 for what it
means for a triangulated category 7T to satisfy the representability theorem.
These are true statements, but we prove more. Now it is time to be precise
about what we prove.

To say that T is well-generated asserts that, for some regular cardinal
a, 8§ = T¢ is essentially small, and the natural homological functor

T —— &x (SOP, Ab)

does not annihilate any object. A more precise statement of the theorem
we prove would be

THEOREM 1.24. Suppose T is a triangulated category satisfying [TR5].
Suppose « is a regular cardinal, and suppose 8§ C T is an a—localising subcat-
egory. Suppose § is essentially small, and suppose the natural homological
functor

T —— &x(8°7, Ab)

does not annihilate any object, and respects countable coproducts. Then T
satisfies the representability theorem.

Note that we do not assume, in the statement of the theorem, that
8§ =T If § = T, the conditions placed on § amount to saying that T is a—
compactly generated. For § = T, Theorem 1.24 reduces to Theorem 1.17.
The fact that we allow other 8§’s is a generalisation. Now let us analyse
this.

If we assume that the map

T —— Em(SOP,Ab)
preserves all coproducts, then the generalisation is in fact very minor. Let
us explain why. The point is that if

T —— Em(SOP,Ab)

respects all coproducts, then § C T%. Recall that T is the largest of all the
8’s for which coproducts are preserved. It contains all others, in particular
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it contains 8. It turns out that if a > Ny, 8 C T« is a—localising, and the
map

T —— &x(8°,.Ab)

does not annihilate any object, then § = T%. We know this because in
Theorem 8.3.3 we prove T = (8), and Thomason’s localisation theorem
(Theorem 4.4.9) then tells us that 7% = (8)®. But (8§)* = §, since § C T
is a—localising. If o = Ny the statement is more delicate, and what we said
is true only up to splitting idempotents. Anyway, the point is that, up to
splitting idempotents when o = Ry, § = T is the only choice. The only
practical value of the seemingly more general statement about arbitrary
8’s, is that it gives us a way to show that some § is, in fact, equal to T¢.
But the fact that the functor

T —— &x (SOP, Ab)

need only respect countable coproducts seems a genuine relaxation of the
hypothesis that T be well-generated. I use the word “seems” because I
know of no example. I know no non—well-generated category to which this
applies. Still, we could define a triangulated category T satisfying [TR5] to
be Ry —perfectly generated, if there exists an essentially small ¥;—localising
subcategory 8§ C T, so that the functor

T —— &x (SOP, Ab)

does not annihilate any object, and preserves countable coproducts. Theo-
rem 1.24 applies, and we would deduce that T satisfies the representability
theorem. For a while I had hopes that maybe the dual of a well-generated
triangulated category would be Ri—perfectly generated. We will see in Sec-
tion E.2 that the dual of D(Q) is not N;—perfectly generated. I would like
to thank Shelah for pointing out the cardinality argument at the heart of
Section E.2.

So we now know the precise statement of Theorem 8.3.3, which as-
serts that N;—perfectly generated triangulated categories satisfy the repre-
sentability theorem. The statement for the dual, that is Theorem 8.6.1, is
precisely as we quoted it in Theorem 1.19. That is, if 7 is a—compactly gen-

erated and Ex ({‘J’O‘}Op , Ab) has enough injectives, then the representability

theorem holds for T7°P. In other words, here we do not get away with count-
able coproducts. We need to assume the functor

T —— &x(8°,.Ab)

preserves all coproducts.

Now we have made precise the two representability theorems we prove.
It is time to briefly review the applications. We have already mentioned
the application to adjoints. See Proposition 1.21; if § is an a—compactly
generated triangulated category, and if Ex (SOP,Ab) has enough injectives,
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then a triangulated functor § — T has a left (respectively right) adjoint
if and only if it preserves products (respectively coproducts). Next we
want to discuss what follows, still under the hypothesis that the category
Ex (SOP,Ab) has enough injectives.

First we should remind the reader. Let T be a triangulated category
satisfying [TR5]. When § is an a—localising subcategory of T, the homo-
logical functor

T —— &x(8°,.Ab)

factors uniquely through Freyd’s universal homological functor. It factors

T A(T) —— Ex(8°, Ab)
where 7 is exact. The functor 7 respects products and has a left adjoint

(8%, Ab) —— A(T),

by Proposition 1.5. Also by Proposition 1.5, the unit of adjunction
n:l —— nF

is an isomorphism if 7 respects all coproducts. The interesting case of this
is § =T

In particular, for § = 7%, the map 7 does respect coproducts, the unit
of adjunction is an isomorphism, and by Gabriel’s theory of localisation
(in abelian categories), £x(8°,.Ab) is a quotient of A(T) by the class of
objects annihilated by m. See Section A.2 for a summary of Gabriel’s
pertinent results.

So much is completely general. But we prove more. If § = T¢ is
essentially small, if Ex (SOP, Ab) has enough injectives, and if T satisfies the
representability theorem, then the functor

A(T) —— Ex(8°P, Ab)
also has a right adjoint

ex (8P, Ab) —S— A(T).

This is proved in Corollary 8.5.3. And it means the following. We already
knew that Ex(8°7, Ab) is a Gabriel quotient of A(T) by the kernel of .
We knew quite generally that there is a left adjoint to 7. But under the
hypotheses given above, which hold, for example, if @ = R, the functor 7
also has a right adjoint G. The quotient is a localizant—colocalizant one.

The existence of enough injectives in Ex(SOP,.Ab) implies that 7w :
A(T) — &x(8°P, Ab) has a right adjoint G. Lemma 8.5.5 establishes that
the existence of the right adjoint G implies that the category E:C(SOP,.Ab)
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has a cogenerator. We have implications

Ex(8°P, Ab op Ex(8°P, Ab
(87, 4b) :>{ A(T) — Ex(5%, Ab) }:> (8°7, Ab)

h.as. engugh has a right adjoint has a
mjectives cogenerator

And in the counterexamples of Sections C.4 and D.2, we see that in general
the category Ex (SOP ,Ab) need not have a cogenerator. Thus the right ad-
joint G need not exist, and Ex (801’, Ab) may fail to have enough injectives.

Injective objects and right adjoints are abstract and perhaps uninvit-
ing. It is therefore illuminating to rephrase everything in terms of phantom
maps.

A morphism f:x — y in T is called a—phantom if its image vanishes
in Ex(8°7, Ab). That is,

T(=Nls: T(=2)ls —— T(=y)ls

is the zero map. In Lemma 8.5.20, we prove that the right adjoint to
A(T) — Ex(SOP,Ab) exists if and only if, for every object z € T, there is
a maximal a—phantom map y — z. That is, every a—phantom z — z
must factor, non—uniquely, as

z Y z.

In Lemma 8.5.17, we see that the category Cz (SOP,Ab) will have enough
injectives if and only if, for every object z € T, the maximal a—phantom
map y — z may be so chosen that, in the triangle

Y z t Xy

the object t is orthogonal to the a—phantom maps. Every a—phantom map
x — t vanishes.

If the category Ex (SOP ,Ab) has enough injectives, there is a right ad-
joint G to the functor m : A(T) — E€x(8°,Ab). Let I be an injective
cogenerator of Ex (SOP,Ab). We may form the object GI. Since G has an
exact left adjoint 7, GI must be injective in A(T). That is, GI is really an
object in T C A(T); the injective objects are direct summands of objects in
T, and as T satisfies [TR5], idempotents split in T. See Proposition 1.6.8.

We call the object GI a Brown—Comenetz object, and denote it BC.
The Brown-Comenetz objects are somehow crucial to our proof that the
dual of T satisfies the representability theorem. Since Ex (SOP, Ab) need not
have enough injectives, it would be nice to have another proof, which does
not so critically hinge on the existence of injectives in Ex (SOP ,Ab).

The last chapter before the appendices is Chapter 9. It discusses Bous-
field localisation. It is relatively short, and exposes no new results. Let me
briefly tell the reader the contents of the Chapter.

Let T be a triangulated category, & C T a triangulated subcategory.
We say that a Bousfield localisation functor exists for the pair 8 C T if the
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map T — T/8 has a right adjoint. Chapter 9 explores in some detail what
happens. It turns out that the adjoint
T8 — s T
is always fully faithful, which allows us to think of T/8 as a subcategory of
T. The Verdier quotient
T
T/8

is naturally isomorphic to 8, and the embedding

T _
is left adjoint to the quotient map
T _
T —— g5=5

There are some parallels with Gabriel’s constructions of quotients of abelian
categories. Anyway, we hope the reader finds the exposition of Chapter 9
amusing, even if the results are basically all known. In the second volume,
which Voevodsky and the author still promise to write, there will hopefully
be more about Bousfield localisation.

There are also some appendices. The appendices contain two types
of results. The first is background which the reader will need, and which
is assembled here for convenience. There are several facts we want to
use about abelian categories, which go beyond the elementary homological
algebra that is a prerequisite for the book. These results may be found else-
where, scattered around the literature. But Appendix A offers the reader
a condensed summary. See Section A.l for locally presentable categories,
Section A.2 for Gabriel’s treatment of localisation in abelian categories,
and Sections A.3 and A.4 for the derived functors of limits.

The remaining material in the appendices is new, often of independent
interest. Generally, if a result has no strong, direct bearing on the devel-
opment of the theory, it is left to an appendix. For example, Appendix A
contains more than just a summary of known facts about abelian catego-
ries. The treatment of Mittag—Leffler sequences is new, as is [AB4.5]. And
the example of the category 8 for which 81‘(8017, Ab) satisfies [AB4] but not
[AB4.5] is not only new, it is quite surprising. It goes against the expec-
tations in the literature. Since it is only tangentially related to the main
subject of the book, the reader will find it consigned to Section A.5.

Appendix A is about abelian categories, with some of the material
being old, some new. The remaining appendices offer results about trian-
gulated categories. These also divide into two types.

In Appendix B, we show that the functor T — Ex({‘J'O‘}Op,Ab> can

be characterised by a universal property. An abelian category A is said to
satisfy [AB59] if afiltered colimits are exact in A. We prove
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THEOREM 1.25. Let T be an a—compactly generated triangulated cate-
gory. The coproduct—preserving homological functors H : T — A, where
A is an abelian category satisfying [AB5%], factor uniquely, up to canonical
equivalence, as

T Em({‘IO‘}Op,Ab) 3 a

with the functor 836({‘3""}017,}[1)) — A coproduct—preserving and exact.

Natural transformations between coproduct—preserving homological func-
tors T — A are in 1-to—1 correspondence with natural transformations

of coproduct—preserving exact functors Sx({‘J'O‘}Op,Ab) — A.

Proof: Theorem B.2.5. O

This result is the type that perhaps merits inclusion in the body of the
book. But we do not really use it elsewhere. It gives more evidence that
the construction of the categories T is natural. Beyond this, it does not
have a strong bearing on the development of the theory. At least, not yet.
For this reason, it was put in an appendix.

I would like to thank Christensen, who kept asking me about such
results. Christensen and Strickland, in [9], proved the assertion when T
is the category of spectra, and a = Ny. Their methods do not seem to
generalise, even to other T but with « still Rg. If not for Christensen’s
prodding, I would probably never have obtained the result.

Now for the remaining three appendices. These are basically examples.
In Appendix D, we work out in some detail what the general theory says
in the special case, where T is the homotopy category of spectra. We
began the Introduction with this, hence we will not repeat it. There are
two remaining Appedices, C and E. These mostly are about pathological
behavior. The reader is expected to know a little bit about the derived
category to read these examples. The body of the book does not discuss
examples, and does not depend on knowing any. But in the appendices,
we assume some acquaintance with the derived category.

Appendix C has two results. First it proves that, in general, the objects
of Freyd’s universal category A(J) have classes, not sets, of subobjects.
Very concretely, we show it for the object Z € D(Z) C A[D(Z)]. This
result is certainly known to the experts, and in fact seems to have been
independently rediscovered several times. The earliest reference I could
find is Freyd’s [14].

The second result is that the category Ez(SOP,Ab) need not have a
cogenerator. As we have seen above, this also means that there need not
be a right adjoint to 7 : A(T) — &5(801’,Ab), and that Ez(SOP,Ab) need
not, have enough injectives.
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Appendix E offers examples of categories which are not well-generated.
In Corollary E.1.3, we see that if T is Ngp—compactly generated, then T°P
cannot be well-generated. For this result, the reader does not need to
know any examples. In Section E.3, more specifically Summary E.3.3, we
see that if K(Z) is the homotopy category of chain complexes of abelian
groups, then neither K(Z) nor K (Z)°" is well-generated. Section E.2 treats
a condition possibly weaker than well-generation. It shows that the dual
of D(Q), the derived category of vector spaces over the field Q, is not even
N;—perfectly generated.

One thing should be noted. In Corollary E.1.3, we prove that the
dual of an Rg—compactly generated T cannot be well-generated. If T is
the homotopy category of spectra, we deduce that T°P cannot be well-
generated. Hence T and T°P cannot be equivalent. The assertion that the
homotopy category is not self-dual is an old theorem of Boardman, [2].
What we have here is a generalisation. It is not the best generalisation one
can prove, but in the interest of simplicity, it is the one we give.






CHAPTER 1

Definition and elementary properties of
triangulated categories

1.1. Pre—triangulated categories

DEFINITION 1.1.1. Let € be an additive category and X : C — C be an
additive endofunctor of C. Assume throughout that the endofunctor ¥ is
invertible. A candidate triangle in C (with respect to ¥) is a diagram of
the form:

X 5y Y,z Y .¥vx

such that the composites vou, wov and Yuow are the zero morphisms.

A morphism of candidate triangles is a commutative diagram
X Y —— 7 —— ¥X
fl gl hl Efl
X ——Y 4 7 — 35X

where each row is a candidate triangle.

DEFINITION 1.1.2. A pre-triangulated category 7 is an additive cate-
gory, together with an additive automorphism 3, and a class of candidate
triangles (with respect to X) called distinguished triangles. The following
conditions must hold:

TRO: Any candidate triangle which is isomorphic to a distinguished
triangle is a distinguished triangle. The candidate triangle

X 1

is distinguished.
TR1: For any morphism f: X — Y in T there exists a distinguished
triangle of the form

f

X 0 XX

X Y Z ¥X
TR2: Consider the two candidate triangles

X -y .7 Y ,¥X
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and

y Y,z ¥, nx 2%, 3y,

If one is a distinguished triangle, then so is the other.
TR3: For any commutative diagram of the form

X 5y 2t 7z Y, ¥X

AR

X oy Ly ey
where the rows are distinguished triangles, there is a morphism
h:Z — Z', not necessarily unique, which makes the diagram

X 5y 2t 7 Y, ¥X

f l g l hl =f l
X 2y X7z 2 %X
commutative.

REMARK 1.1.3. Parts of Definition 1.1.2 are known to be redundant.
For instance, it is not necessary to assume that distinguished triangles are
candidate triangles. In other words, we can assume that the distinguished
triangles are sequences

X ———Y 7 ——>3%X
without necessarily postulating that the composites vowu, wowv and Yuow
vanish. It follows from the other axioms that the composites v o u, w o v

and Xu o w must be zero. Just consider the diagram

X L. X 0 Y X

I

X ——Y —— 27— %X
The bottom row is a distinguished triangle by hypothesis, the top by [TRO].
But by [TR3] the diagram may be completed to a commutative

X L. x 0 Y X

I

X —Y —— 27 —">3X
and we deduce that v o u = 0. The vanishing of w o v and ¥u o w follows
from the above and axiom [TR2].

Similarly, it is not necessary to assume that the category 7T is additive;
something slightly less suffices. It suffices to assume that the category T is
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pointed (there is a zero object), and that the Hom sets are abelian groups.
The fact that finite coproducts and products exist and agree follows from
the other axioms.

NOTATION 1.1.4. Let T be a pre—triangulated category. If we speak of
“triangles” in T, we mean distinguished triangles. When we mean candidate
triangles, the adjective will always be explicitly used.

REMARK 1.1.5. If T is a pre-triangulated category, then clearly so is
its dual T°P. For T°P, the functor ¥ gets replaced by 1.

PROPOSITION 1.1.6. Let T be a pre—triangulated category. Then the
functor ¥ preserves products and coproducts. Let us state this precisely.
Suppose {Xx, X € A} is a set of objects of T, and suppose the categorical
coproduct []yc X exists in T. Then the natural map

11 {EX,\}—>Z{HXX}

AEA AEA

is an isomorphism. In other words, the natural maps
SXy — % { 11 X,\}
AEA

give X {HAeA XA} the structure of a coproduct in the category T. Similarly,
if [1nen X exists in T, then the natural maps

E{H X,\} L YX,,
AEA

give X {HAeA XA} the structure of a product in the category 7J.

Proof: The point is that X, being invertible, has both a right and a left
adjoint, namely ¥ ~1. There are natural isomorphisms

Hom (£X,Y) ~ Hom (X,27'Y)
and
Hom (X,XY) ~ Hom (£7'X,Y),

induced by ©¥~'. A functor possessing a left adjoint respects products, a
functor possessing a right adjoint respects coproducts. Thus ¥ respects
both. m]

Because TP is a pre-triangulated category with ¥ ~! playing the role
of ¥, it follows that ! also respects products and coproducts.
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DEFINITION 1.1.7. Let T be a pre—triangulated category. Let H be a
functor from T to some abelian category A. The functor H is called homo-
logical if, for every (distinguished) triangle

X 5y Y,z Y .¥vx

the sequence

H(u) H(v)

H(X)

is exact in the abelian category A.

H(Y) H(Z)

REMARK 1.1.8. Because of axiom [TR2], it follows that the sequence
above can be continued indefinitely in both directions. In other words, the
infinite sequence

—1
HE='z) 22 g(x)

is exact everywhere.

H(u) H(v) H(w)
—_— — —

H(Y) H(Z) H(XX)

REMARK 1.1.9. A homological functor on the pre-triangulated cate-
gory TP is called a cohomological functor on J. Thus, a cohomological
functor is a contravariant functor H : T — A such that, for any triangle

X 5y Y7 Y ,¥%Xx

the sequence

H(v) H (u)
— —_—

H(Z) H(Y)

is exact in the abelian category A.

H(X)

LEMMA 1.1.10. Let T be a pre-triangulated category, U be an object of
T. Then the representable functor Hom(U, —) is homological.

Proof: Suppose we are given a triangle
X ———Y —— 7 —— %X
We need to show the exactness of the sequence

Hom(U,X) —— Hom(U,Y) —— Hom(U, Z)

We know in any case that the composite is zero. Let f € Hom(U,Y) map
to zero in Hom(U, Z). That is, let f : U — Y be such that the composite

v .y _» .z

is zero. Then we have a commutative diagram

U 0 U ——

U
dl | o |
LI 5) 6

y — 7 Y, %X
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The bottom row is a triangle by [TR2], the top row by [TR0O] and [TR2].
There is therefore, by [TR3], a map h: U — X such that Zh: XU — ¥ X
makes the diagram above commute. But this means in particular that the
square

YU — . sU

zhl Efl
YX 2, vy

commutes, and hence f = uoh. Thus, we have produced an h € Hom(U, X)
mapping to f € Hom(U,Y).
O

REMARK 1.1.11. Recall that the dual of a pre—triangulated category
is pre-triangulated. It follows from Lemma 1.1.10, applied to the dual of
T, that the functor Hom(—,U) is cohomological.

DEFINITION 1.1.12. Let H : T — A be a homological functor. The
functor H is called decent if

1.1.12.1. The abelian category A satisfies AB4*; that is products
ezist, and the product of exact sequences is exact.

1.1.12.2. The functor H respects products. For any collection
{Xx, A € A} of objects X € T whose product exists in T, the natural
map

H <H X,\> — [[H(XN)
AEA AEA

is an isomorphism.

EXAMPLE 1.1.13. The functor Hom(U, —) : T — Ab is a decent homo-
logical functor. It is homological by Lemma 1.1.10, the abelian category Ab
of all abelian groups satisfies AB4*, and Hom(U, —) preserves products.

DEFINITION 1.1.14. Let T be a pre-triangulated category. A candidate
triangle

X 5y ‘7 Y ,¥%X

is called a pre—triangle if, for every decent homological functor H : T — A,
the long sequence

H(z-1z) HETw),

s exact.

H(u) H(v) H(w)
E— — E—

H(X) H(Y) H(Z) H(EX)
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EXAMPLE 1.1.15. Every (distinguished) triangle is a pre-triangle. A
direct summand of a pre-triangle is a pre—triangle. The next little lemma
will show that an arbitrary product of pre-triangles is a pre-triangle.

CAUTION 1.1.16. There are pre-triangles which are not distinguished.
See for example the discussion of Case 2, pages 232-234 of [22]. An example
of a pre—triangle which is not a triangle is the mapping cone on the map
of triangles in the middle of page 234, loc. cit.

LEMMA 1.1.17. Let A be an index set, and suppose that for every A € A
we are given a pre-triangle

X)\ Y)\ Z)\ ZX)\ .
Suppose further that the three products

[[x. 1w Il

AEA AEA A€A

exist in T. The sequence
HX)\ —_ HY)\ —_— HZ)\ —_— H{ZXA}
AEA A€EA AEA A€EA

is identified, using Proposition 1.1.6, with

[Hxx—IIvw—1[2 — Z{HXX}.
AEA A€A AEA AEA

We assert that this candidate triangle is a pre—triangle. Thus, the product

of pre—triangles is a pre—triangle.

Proof: Let H : T — A be a decent homological functor. Because for each
A € A the sequence

X Y, Z Y X
is a pre-triangle, applying H we get a long exact sequence in A
H (571 2,) —— H(X)) —— H(Y)) —— H(Z)) —— H(X))
and because A is assumed to satisfy AB4*, the product of these sequences

is exact. But we are assuming H decent, and in particular by 1.1.12.2, the
maps

H <H XA> — ] H (X

AEA AEA

H (H Y,\> —— J[HEM)

AEA AEA

H <H ZA> —— [[H (2

AEA A€A
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are all isomorphisms. This means that the functor H, applied to the se-
quence

HX,\ SN HYA — HZX — Z{ka}
AEA AEA AEA AEA

gives a long exact sequence. This being true for all decent H, we deduce
that the sequence is a pre—triangle. a

LEMMA 1.1.18. Let H be a decent homological functor T — A. Let the
diagram
X — Y —— 7 —— %X
I R
X’ v, NX

u Y/ v Z/

be a morphism of pre—triangles. Suppose that for every n € Z, H(X"f)
and H(X"g) are isomorphisms. Then H(X™h) are all isomorphisms.

Proof: Without loss, we are reduced to proving H(h) an isomorphism.
But then the diagram

H(u) H(v) H(w) H(Xu)
—_— —_— — —

H(X) H(Y)

| ) |

H(x') S H(Y)

H(Z) H(2X) H(XY)

) | e | () |

H(v") H(w") H(Zu')
—_— —_— —_—

H(Z') H(2X') H(XY')

is a commutative diagram in the abelian category A with exact rows. By
the 5-lemma, we deduce that H(h) is an isomorphism. O
LEMMA 1.1.19. In the morphism of pre—triangles
X —Yy —— 7Z —5 %X
! l ql hl =f l

’ / ’

X 2y Lz Y, yx

if f and g are isomorphisms, then for any decent homological functor H,
H(h) is an isomorphism.

Proof: If f and g are isomorphisms, so are X" f and X"g for any n.
Hence Lemma 1.1.18 allows us to deduce that H(h) is an isomorphism. O
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PROPOSITION 1.1.20. If in the morphism of pre—triangles
X Y —“— 7 —— ¥X

I T

X *t .y L,z X ,yx

both f and g are isomorphisms, then so is h.

Proof: By Lemma 1.1.19, we already know that for any decent homo-
logical functor H : T — A, H(h) is an isomorphism. By Example 1.1.13,
all representable functors Hom(U,—) are decent, for U € T. We know
therefore that the natural map

Hom(U,h): Hom(U,Z) —— Hom(U,Z')
is an isomorphism for every U. But then the map
Hom(—,h): Hom(—,Z) —— Hom(—,Z")
is an isomorphism. It follows from Yoneda’s Lemma that h is an isomor-
phism. O
REMARK 1.1.21. Let u : X — Y be given. By [TR1] it may be com-
pleted to a triangle. Let

X 5y Y7 Y ,¥%X

and
X .y Y,z v, 5x
be two distinguished triangles “completing” u. We have a diagram

X ~“*5y Y 7z Y, ¥vX

] |
X 'y Y.z . 5y
which by [TR3] may be completed to a morphism of triangles

X ~“*5y 2 7z Y, ¥X

ool ]

X ——Y —— 72 —— %X
and since 1 : X — X and 1 : Y — Y are clearly isomorphisms, Proposi-
tion 1.1.20 says that h is an isomorphism. It follows that Z is well defined
up to isomorphism. In fact, the entire triangle is well defined up to isomor-
phism. But this isomorphism is not in general canonical.
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1.2. Corollaries of Proposition 1.1.20

In this section, we will group together some corollaries of Proposi-
tion 1.1.20, which have in common that they concern products and co-
products.

PROPOSITION 1.2.1. Let T be a pre—triangulated category and A any
index set. Suppose for every A € A we are given a (distinguished) triangle

)(A y& Z} E)(A

i T. Suppose the three products
H X, H Ya, H Z
AEA A€A A€A
exist in T. We know by Lemma 1.1.17 that the product is a pre—triangle
Hx—I[vw— 12 — E{HX,\}
AEA AEA AEA AEA

We assert that it is a distinguished triangle.
Proof: By [TR1], the map
[[% — [I%
AEA AEA
can be completed to a triangle

mx — I Q E{HXX}.

A€EA A€A AEA

For each A € A, we get a diagram where the rows are triangles

[Ixx— [ Q E{HX,\}

AEA AEA AEA
XN — Y AN YX

By [TR3] we may complete this to a morphism of triangles

mHx — I Q Z{HX,\}

AEA AEA AEA

l l l l

X _ Y, AN Y X
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Taking the product of all these maps, we get a morphism

mx — 1w — @ —»2{1‘[)@}

10 1 T
HX,\—>HYA—>HZA—>Z{HXA}

A€EA AEA AEA AEA

Both rows are pre—triangles. The top row because it is a triangle, the
bottom row by Lemma 1.1.17. It follows from Proposition 1.1.20 that this
map is an isomorphism of the top row (a distinguished triangle) with the
bottom, which is therefore a triangle. O

REMARK 1.2.2. Dually, the coproduct of distinguished triangles is dis-
tinguished.

PROPOSITION 1.2.3. Let T be a pre—triangulated category. Let
X Y Z X

X' Y’ A X'

be candidate triangles. Suppose the direct sum

XoX —Y®Y — Z9Z —— YX XX’
is a distinguished triangle. Then so are the summands.

Proof: The situation being symmetric, it suffices to prove that

X Y A ¥X

is a triangle. Since it is the direct summand of a pre-triangle, it is in any
case a pre—triangle, by Example 1.1.15. Let

X Y Q X
be a distinguished triangle. The diagram
X Y — Q — »X
0 1 0 1 0 1
el Al @l Al el Al
0 0 0

XX —— YooY —— 797 —— YX XX’

may be completed to a morphism of triangles

X — Y — Q — ¥X
0 1 0 1 0 1
0 0 0

XX ——Y®Y — 7207 — XXX’
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If we compose this with the projection
XX —YO®Y —— Z07 —— XXX’
1o | Lo | Lo | 1o |
X Em— Y S Z — X

we get a morphism of pre-triangles

X Y Q Y X
I 1
X Y z YX

where the bottom is a pre-triangle because it is the direct summand of a
triangle, and the top is a triangle. Once again, Proposition 1.1.20 implies
that h is an isomorphism. Thus the bottom row is isomorphic to the top
row, which is a distinguished triangle. By [TRO0], the bottom row is also a
triangle. O

There is one special case of the above which we will have occasion to
use later, especially in Section 1.4. Observe first

LEMMA 1.2.4. Suppose we are given a candidate triangle
0 1
@ I a,
B

X — A®Y AP — XX

Then this candidate triangle is isomorphic to a direct sum of candidate
triangles

0 A A 0
X Y Z ¥X
Proof: Counsider the diagram
A
()
0
0 ) 1
@, “a
B~
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Since the composite
0o 1 0 1
@ 1, @ I o,
0 ¥

1 0
A ADY A Z — A

is the map 1 : A — A, we deduce that the composite of the maps of
candidate triangles

0o —— A SN A — 0
(s)
0
0 1
@; A
Y
X —— A@Y ADZ —— ¥X
10
0o —— A SN A — 0
is the identity. Thus the triangle
0 A—— A 0

is a direct summand of
1

1aA

By
X — 5 AQpY ——— 5 A®Z — %X

The other direct summand may be computed, for example, as the kernel

of the map
0 1

@; @A
Y
X — A®Y A — XX

l l fro ]

0 —— A —_— A — 0

It is a candidate triangle

X Y A XX

and the maps are all very explicitly computable. O

REMARK 1.2.5. If we start with a distinguished triangle
0 1

1l «
@ A
By

X — A®Y A — XX
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then, by Proposition 1.2.3, the direct summand
X Y Z X

is also distinguished.

Next we give two rather trivial corollaries, which nevertheless are use-
ful.

COROLLARY 1.2.6. The map f : X — Y is an isomorphism if and only
if, for some Z (necessarily isomorphic to zero), the candidate triangle

f 0 0

Z ¥X

X Y

is distinguished.

Proof: If f is an isomorphism, then the diagram below
1

X X 0 nX
] | !
x L.y 0 nX

defines an isomorphism of candidate triangles. The top is distinguished,
hence so is the bottom. Thus, we can take Z = 0.
Conversely, assume

x Loy 2,z % vy
is a distinguished triangle. It is the sum of the two candidate triangles
x .y 0 SX
and
0 0 Z 0,

which by Proposition 1.2.3 must both be triangles. But then the diagram
1

X X 0 nX
] | !
x L.y 0 nX

gives a morphism of triangles. We know that 1: X — X and 1:0 — 0 are
isomorphisms. Proposition 1.1.20 implies that the morphism f : X — Y
also is. Now in the morphism of triangles

1

X X 0 nX
] | !
x L .y % . 7 % vx
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we know that 1 : X — X and f : X — Y are isomorphisms, hence so is
0:0— Z. Thus, Z is isomorphic to zero. O

COROLLARY 1.2.7. Any triangle of the form

0

X Y Z ¥X

is isomorphic to

0

X — XopZz Z ¥ X;
that is, if the map Z — XX wvanishes, then the triangle splits.

Proof: By Corollary 1.2.6, for any isomorphism f : Z — Z, there is a
triangle

7z 1.z 0 $Z.
In particular, we may take f = —1. By [TR2] it then follows that

1

0 Z Z 0
is a distinguished triangle. By [TRO], so is

X 1

From Proposition 1.2.1, we learn that so is the direct sum

X 0 ¥X.

0

X — X~z Z ¥X.
But now the diagram

X —— XaZ 7 —2 . %X

3 o

X — Y 7z 2 %X
can be completed to a morphism of triangles, which must be an isomor-
phism by Proposition 1.1.20. O

It is often necessary to know not only that Y is isomorphic to X & Z,
but also to give an explicit isomorphism. We observe

LEMMA 1.2.8. Let us be given a triangle

X sy Y, 7 Y, ¥%X

Ifv': Z — Y is a map such that

’

z 2y Y Z
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composes to the identity on Z, then the map of triangles

X — - XoZ Z 1306
1l u v l 1l 1l
X -5 Y LN/ AL SN 3) '¢

is an isomorphism.

Proof: First let us establish that there is a map of triangles

0

X — XaZ Z vX
1l u v l 1l 1l
X 2 v LN LN ) '

We need to show the squares commutative, and perhaps the square

7z —2 . ux
o
Z —2 . vX

needs a little reflection; we must prove that the composite
Z
3
Z 2 . vX

vanishes. We are given that the identity on Z may be factored as

’

Z Y —— Z,

from which we conclude that the composite

Z

!
Z . vx

may be rewritten

43
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Since wv = 0, we do have a map of triangles

X — XoZ A X

1l u v l 1l 1l

X —— Y ‘s 7 —— ¥X.
It is a map of triangles, where two of the vertical maps are isomorphisms;
by Proposition 1.1.20, so is the third. O

REMARK 1.2.9. Dually, given a triangle
X ——Y —— 7 "5 35X
and a map v’ : Y — X so that

X ———Y —— X
is the identity, then the map of triangles

X—%alY LANENS/ QLN ) ¢
T
X — s XaZ Z X

is an isomorphism. In other words, given a triangle
X ———Y —— 7 ——>3%X
we get a canonical isomorphism

Y~X]Z

)

whenever we give either a factoring of the identity on Z as

z Yy ",z
or a factoring of the identity on X as

X .y "X
LEMMA 1.2.10. Suppose we have a triangle
X “*5y ‘Y, 7 ", %X,
a factoring of the identity on Z as

z -y " Z
and a factoring of the identity on X as

X Yy —— X
Then we have two isomorphisms

VX2,
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one from each factoring. These two isomorphisms will agree if and only if
the composite

Z ——Y —— X
vanishes.
Proof: By Lemma 1.2.8, the map v’ : Z — Y gives an isomorphism
,U/

U
X®oZ —— Y,

)

and by the dual of Lemma 1.2.8, the map v/ : Y — X gives an isomor-
phism

Y XoZ

We need to decide whether the isomorphisms agree, meaning whether they
are inverse to each other. To do this, it suffices to check whether

o 1
/ @ Y A
U v v
XeZz Y X®Z
composes to the identity on X & Z. But the composite is clearly
0 1
I 1,/
@ Wu uv
vu  ov

XeZ — X o Z

On the other hand, we know that v'u = 1 and vv’ = 1, and vu = 0 since it
is the composite of two maps in a triangle. This makes the matrix

0 L1
@ (1) u'v'
X®Z X®Z,
and it will be the identity precisely if u’'v’ vanishes. |

1.3. Mapping cones, and the definition of triangulated
categories

DEFINITION 1.3.1. Let T be a pre-triangulated category. Suppose that
we are given a morphism of candidate triangles

X 5y 257z Y, ¥X

I TR

X +t vy L7z 2 ,vx




46 1. ELEMENTARY PROPERTIES

There is a way to form a new candidate triangle out of this data. It is the
diagram

0
—v 0 —w 0 —>u 0
@ g u & @ h o & @ >f W

YoX' ZoY' XX Z

LY @ XX,

This new candidate triangle is called the mapping cone on a map of candi-
date triangles.

DEFINITION 1.3.2. Two maps of candidate triangles
X — Y —— 7 5 ¥X

I

X *t vy L7z 2 ,nx

and

XX

X Y A
I

/ / ’

X 2y L,z X ,yx/

are called homotopic if they differ by a homotopy; that is, if there exist ©,
® and U below

u v w
X Y VA y¥X
© P v
/ u ’ v’ / w’ ’
X Y Z 5 G
with

f=f=0u+SHu'¥} g-—g =dv+uO h—h=Tw+.

LEMMA 1.3.3. Up to isomorphism, the mapping cone depends not on
the morphism of candidate triangles

X 5y Y, 7 %, ¥%X
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but only on the homotopy equivalence class of this morphism. If the map
above is homotopic to the map

u Y v Z w

X DX
q o ]
X/ LIS }'d

’ ’

u Y/ v Z/
as in Definition 1.8.2, then the mapping cones are isomorphic candidate
triangles.

Proof: The diagram below is commutative

0 0 1 0 0 1 0 Z O
—v —w —Su
® g u'g ® h v'g Sf w
YoX — ZY — X7 Y axXx’
0 1 0 1 0 1
b1 f AR by |18 vol 1
Yox ,—— Zoy ,—— YXoZ, XY @ BX
—v 0 —w 0 —>u 0
% g/ ulg % h/ vlg Zf/ w/

and the vertical maps are isomorphisms; hence we have an isomorphism of
the top row with the bottom row. O

The following is an elementary fact of homological algebra, whose proof
we leave to the reader.

LEMMA 1.3.4. Suppose F : C — D and F' : C — D are two mor-
phisms of candidate triangles. Suppose F' and F' are homotopic. Then for
any map G : C' — C and any map H : D — D', the composites Ho F o G
and H o F' o G are homotopic. O

DEFINITION 1.3.5. A candidate triangle C is called contractible if the
identity map 1 : C' — C' is homotopic to the zero map 0: C — C.

LEMMA 1.3.6. If C is a contractible candidate triangle, then any map
from F:C — D or F' : D — C of candidate triangles is homotopic to the
zero map.

Proof: The two cases being dual, we can restrict attention to F'. But
F = Folg, and since C is contractible, 1¢ is homotopic to 0. But then F'
is homotopic to F' o0 = 0. O
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LEMMA 1.3.7. If C is a contractible candidate triangle, then C is a
pre—triangle.

Proof: We need to show that if H is any decent homological functor,
and C is the contractible candidate triangle

X Y z X,

then the long sequence
H(Z_1Z) — HX) —— HY) —— H(Z) —— H(XX)

is exact. In fact, this is true not only for decent homological functors H, but
for any additive functor. The point is that the identity on C' is homotopic
to the zero map. There are ©, ® and ¥ as below

U v w
X Y Z ¥X
© i} G
U v w
X Y Z )IP, G
with

Ix = Ou+ X Hwl} ly = ®v +u® 1z = Yw + vd.

Applying any additive functor H to this, we deduce that the identity on
the sequence

H(E_IZ)  — H(X)  — H(Y)  — H(Z)  — H(EX)
is chain homotopic to the zero map; hence the sequence is exact. O

PROPOSITION 1.3.8. Let C be a contractible candidate triangle. Then
C is a distinguished triangle.

Proof: If C is the sequence

X *ty .7 Y ,¥%X

then we can complete v : X — Y to a triangle

’ ’

X Yy 25 Q —— X
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Because C' is contractible, there are the three maps

u v w

X Y Z XX

X X

3

giving the homotopy of 1¢ to the zero map. Consider the map wWV. Clearly,
Yuo{wW¥} =0, since Yuow = 0. But because Hom (XX, —) is a homo-
logical functor, when we apply it to the triangle

/ /

X Lty L Q 23X

we get an exact sequence. Since Yu kills wW¥, there must be a map ¥’ :
¥X — Q with w'¥’' = wW.
Now form the map of pre-triangles

X vy .7 Y ,¥X

] vews] ]

/ /

X Lty 21 Q 23X

with U’ as above. The reader will easily show that it is a map of pre-
triangles; the diagram commutes. But as1: X — X and 1:Y — Y are
isomorphisms, so is ¥'w + v'® by Proposition 1.1.20. We deduce that the
top candidate triangle is isomorphic to the bottom, and the bottom is a
distinguished triangle. O

From now on, when we speak of contractible candidate triangles, we
will call them contractible triangles. Since we know by Proposition 1.3.8
that they are all distinguished, there is no risk of confusion. Remember
that, in this book, the word “triangle”, with no adjective preceding it,
means distinguished triangle.

LEMMA 1.3.9. Let the diagram
u Y v Z w

X DX
R
X/ LU }'d

’ ’

u Y/ v Z/
be a map of pre—triangles in the pre-triangulated category T. Then the
mapping cone is a pre—triangle.
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Proof: Let H be a decent homological functor. We need to show that
H takes the mapping cone to an exact sequence. Because each row is a
pre—triangle, we have two exact sequences

H(XFIZ) — HX) —— HY) —— H(Z) —— H(XX)
and
HX®'Z") —— H(X') —— H{Y') —— H(Z') —— H(XX')

and a map between them. The mapping cone on this map of exact se-
quences is exact. But it agrees with what we get if we apply H to the
candidate triangle

0 0 1 0 0 1 0 Z O
—v —w —2U
& g % & b % & Sf oW
YaoX ZeY' tXeZ Y ¢ X'
Hence the candidate triangle is a pre—triangle. O

Now suppose we are given a morphism of triangles

X 5y 57 Y, 3¥X

fl ql hl E,fl

p (N TN (NS 50 &
Then the mapping cone is a pre—triangle by Lemma 1.3.9. It turns out that
it need not always be a triangle. Let us first analyse the trivial cases.

LEMMA 1.3.10. The mapping cone on the zero map between triangles
is a triangle.

Proof: Consider the zero map

X 5y 2t 7z Y, ¥X

ol ol ol ]

X *t vy L7z 2, vx

o
-
o
-
o

—>u 0
0 v 0 w
YoX' ZaY' X oz

This is nothing other than the direct sum of the sequences

LY @ XX,

/ ’ /

X 2y Lz X ,yx/

and

y =z =, vx —ZU, vy,
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The first row is a triangle by hypothesis. The second row is a triangle by
[TR2], and because
X sy ‘-z Y. ¥Xx

is. The direct sum is therefore a triangle, by Proposition 1.2.1. O

Because the mapping cone does not change, up to isomorphism, if we
replace a map by a homotopic one, we immediately deduce

COROLLARY 1.3.11. Given a map of triangles
X Y —“— 7 —— ¥X
fl gl hl Zfl
x Ly Y L S
if the map is homotopic to zero, then the mapping cone is a triangle. O

COROLLARY 1.3.12. If either
X ">y 27 "> 3%X

or
Xy Y g M X

is a contractible triangle, and the other is a triangle, then the mapping cone

on any map

u Y v Z w

X X
R
X' NS 35'C

is a triangle.

Proof: By Lemma 1.3.6, the map is homotopic to the zero map. Then
by Corollary 1.3.11, the mapping cone is a triangle. O

This is as far as one gets without further assumptions. Now we come
to the main definition of this section:

DEFINITION 1.3.13. Let T be a pre—triangulated category. Then T is
triangulated if it satisfies the further hypothesis

TR4’: Given any diagram
X —Yy ——— 7Z —5 %X

1 |

X *t .y L7z X ,yx
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where the rows are triangles, there is, by [TR3], a way to choose
an h : Z — 7' to make the diagram commutative. This h may be
chosen so that the mapping cone

0 1 0 E 0
—Su

® >fF w

Y ¢ X’

Yo X — ZaY’

s a triangle.
DEFINITION 1.3.14. A morphism of triangles will be called good if its

mapping cone is a triangle.
REMARK 1.3.15. [TR4’] can be restated as saying that any diagram

X 5y 2t 7z Y, ¥X

1 o
X Yy oy v sy

where the rows are distinguished triangles, may be completed to a good

morphism of triangles.
The author does not know an example of a pre-triangulated category

which is not triangulated.

1.4. Elementary properties of triangulated categories

We begin with the definition of homotopy cartesian squares.
DEFINITION 1.4.1. Let T be a triangulated category. Then a commu-

tative square

YLZ

| |
Y —— 7/
I’
is called homotopy cartesian if there is a distinguished triangle
0 1
@ g A !/ /
- : f )0
Y ——Y'aoZ VA XY

for some 8 : Z' — XY



1.4. PROPERTIES OF TRIANGULATED CATEGORIES

NOTATION 1.4.2. If

Y —— 7/

f/
is a homotopy cartesian square, we call Y the homotopy pullback of
Z

Lq,

Y —— 7

f/
and Z’' the homotopy pushout of
f

Y — 7
d
Y/

It follows from [TR1] that any diagram

YL)Z

|
Y/
has a homotopy pushout; the morphism

Y —Y'aeZ

can be completed to a triangle
0 1
@ 9a

Y Y'® Z VA XY

and this triangle defines a homotopy cartesian square

53
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By Remark 1.1.21, the homotopy pushout is unique up to non—canonical
isomorphism. Also, any commutative square

f

Y — 7

L

Y —— P

corresponds to a map Y/ @ Z — P so that the composite
0 1
@ 9a

Y — —Y¢®Z —— P

vanishes. But Hom(—, P) is a cohomological functor, and in particular
takes the triangle

0 1

@ 9a

Y Y'eZ zZ' XY

to a long exact sequence. We are given a map in Hom(Y' ® Z, P) whose
image in Hom(Y, P) vanishes. It must therefore come from Hom(Z', P).
There is a map Z' — P (non—unique) which maps the square

YLZ

T

Y —— 7

I
to the square

YLZ

|

Dually, homotopy pullbacks always exist and are unique up to non-—
canonical isomorphism. And given a commutative square

P — Z

Lol

Y —— 7/
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there is always a map P — Y mapping this square to the homotopy pull-
back square

LEMMA 1.4.3. Let the following be a commutative diagram with trian-
gles for rows

x L.y A SX

L |

x 4y 7z oX.
It may be completed to a morphism of triangles

x L.y A SX

T N

x 4y 7 ¥ %X,

so that

Y —— 7

Lo

Y —— 7'
1s homotopy cartesian. In fact, the differential 0 : Z' — XY may be chosen
to be the composite

7 wx 2L vy
Proof: By [TR4’] we may complete
x 1 .v 7z X
11 gl 11
x 4y z' SX.
to a good morphism of triangles
x 1.y Z X
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Then the mapping cone is a triangle
XYy —VYoepZ — 3XpZ — X DYY.

An elementary computation [see Lemma 1.2.4] allows us to show that this
triangle is isomorphic to the direct sum of the two candidate triangles

X 0 ¥X ¥X

and
Y —— Y oZ Z' YY.

By Proposition 1.2.3, each direct summand of a triangle is a triangle. In
particular,

Y —Y'aZ A Y
must be a distinguished triangle. It is also easy to compute that the dif-
ferential is as in the statement of the Lemma. O

LEMMA 1.4.4. Let

Y —— 7/

be a homotopy cartesian square. If

Yy 2> v Y XY
is a triangle, then there is a triangle
7z L.z Y £z
which completes the homotopy cartesian square to a map of triangles
vy 24— v Y XY
[ |
h / 1
A Z Y 7.
That is, the differential Z' — XY is the composite
A Y Y.
Proof: We know that the square
Y —— 7

o
Y —— 7
is homotopy cartesian, in other words we have a triangle

Y — Y'aZ A YY.
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But then the diagram

Y ——Y'pZ zZ' XY

1| | 1|

Y —— Y’ Y” XY
may be completed to a good morphism of triangles

Y ——Y'opZ A XY

3| | | 3|

Y —— Y’ Y” XY

and in particular the mapping cone is a triangle. The mapping cone can
easily be written as a direct sum of the three candidate triangles

1

Y’ Y’ 0 Y’
Y 0 SY —— Y
Z A Y VA
which must therefore all be triangles; in particular,
A A Y VA

is a distinguished triangle. Computing the various maps, we deduce the
map of triangles

y —4 .y Ve vY
| | 1 |
z "z Y 7.
of the Lemma. O

REMARK 1.4.5. Combining Lemmas 1.4.3 and 1.4.4, we have that good
maps of triangles

x L .y z nX
1l gl hl 1l
x 4y 7 nX

are closely related to homotopy cartesian squares

Y —— 7

Ll

Y —— 7.
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One can pass back and forth from one to the other, of course not uniquely.
By Lemma 1.4.3 a good map gives a homotopy cartesian square, and by
Lemma 1.4.4, a homotopy cartesian square

Y —— 7

and a triangle

f

X Y A XX

give a good morphism of triangles

x L.y Z nX
] | !
x Yy 7 X

Putting together Lemmas 1.4.3 and 1.4.4 slightly differently, we deduce

PROPOSITION 1.4.6. Let T be a triangulated category. Let f : X —Y
and g:Y — Y’ be two composable morphisms. Let us be given triangles

x L vy Z $X
x 9y A SX
y —2 v/ Ve YY.

Then we can complete this to a commutative diagram

x L.y Z nX
1 i | !
x 9y 7 nX
| | | |
0 Y —— Y" 0
| | | |
nx 2 vy 7 n2X

where the first and second row and second column are our given three trian-
gles, and every row and column in the diagram is a distinguished triangle.
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Furthermore, the square

Y —— Z
Y —— 7/
is homotopy cartesian, with differential being given by the equal composites
A ¥X Y,
A Y” 3Y.
Proof: By Lemma 1.4.3, the diagram
x 1.y A DX
T 11
x 4y 7z’ SX
may be completed to a morphism of triangles
x 1.y Z $X
I
x Yy 7 nX,
so that
Y —— 7

Lo

Y —— 7
is homotopy cartesian. By Lemma 1.4.4, the homotopy cartesian square
Y —— 7

Lo

Y —— 7
and the triangle
Y Y’ Y” XY

may be completed to a map of triangles

Ly’ Y Y

b !

A Y” VA
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and the diagram

x v Z $X

—
Q
—
—
—
—

X Y’ A X
O Y/I 1 Y// O
ux L yy £z 22X
just assembles all this information together. a

REMARK 1.4.7. Proposition 1.4.6 is generally known as [TR4], or the
Octahedral Axiom. The diagram whose existence the Proposition asserts
is known as an octahedron. The reason for this name is that we do in fact
have 8 triangles which can be assembled to an octahedron. The rows and
the columns of the diagram give 4 distinguished triangles. But there are
also 4 commutative triangles

X L . v and Z — ¥Xx

L Lol

x 4y 7 — %X
Y ——Y”  and Y —— %Y
| ) 1 |
A Y — N7

These 8 triangles make an octahedron, and the reader is referred elsewhere
for the study of its symmetries.

It may be shown that a pre—triangulated category satisfies [TR4] if
and only if it satisfies [TR4’]. We have shown the “if”. The proof that
any pre—triangulated category satisfying [TR4] also satisfies [TR4’] may be
found in [22], Theorem 1.8.

1.5. Triangulated subcategories

DEFINITION 1.5.1. Let T be a triangulated category. A full additive
subcategory 8 in T s called a triangulated subcategory if every object iso-
morphic to an object of S is in 8, if X8 = §, and if for any distinguished
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triangle

X Y Z »X

such that the objects X andY are in 8, the object Z is also in 8.

REMARK 1.5.2. From [TR2] we easily deduce that if § is a triangulated
subcategory of T and

X Y A X

is a triangle in T, then if any two of the objects X, Y or Z are in 8, so is
the third.

DEFINITION 1.5.3. Let T be a triangulated category, 8 a triangulated
subcategory. We define a collection of morphisms Mors C T by the follow-
ing rule. A morphism f: X — Y belongs to Mors if and only if, in some
triangle

x L .y Z Y X,
the object Z lies in §.
REMARK 1.5.4. Note that it is irrelevant which particular triangle

f

X Y VA XX

we take. By Remark 1.1.21 the object Z is unique up to isomorphism, and
by Definition 1.5.1, & contains all objects in T isomorphic to its objects.

LEMMA 1.5.5. Ewvery isomorphism f: X —Y isin Morsg.

Proof: Let f : X — Y be an isomorphism. By Corollary 1.2.6, the
diagram

X Y 0 XX

is a triangle in T. But since 8 is, among other things, an additive subcate-
gory of T, 0 must be in 8. Thus f is in Mors. a

LEMMA 1.5.6. Let f: X - Y and g:Y — Y’ be two morphisms in 7.
Ifany two of f: X =Y, g:Y =-Y and gf : X — Y’ lie in Mors, then
so does the third.
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Proof: By Proposition 1.4.6, there is a diagram of triangles

x L. vy z nX
T N
X Yy z' nX
| | | |
0 Y/ —— Y 0
| | | |
nx 2, vy A n2X

Now f lies in Morg if and only if Z lies in §, gf lies in Morg if and only
if Z' lies in 8, and g lies in Morg if and only if Y lies in 8. From the
triangle

Z Z! Yy VA
we learn that if any two of Z, Z’ and Y lie in 8, then so does the third.O

LEMMA 1.5.7. If 8§ is a triangulated subcategory of T, then there is a
subcategory of T whose objects are all the objects of T, and whose morphisms
are the ones in Morsg.

Proof: Let X be an object of 7. From Lemma 1.5.5 we learn that the
identity morphisms 1 : X — X, being isomorphisms, lie in Morsg.

But by Lemma 1.5.6 we know that the composite of two morphisms in
Morsg is again in Morg. Thus Morg is a subcategory of T. O

LEMMA 1.5.8. Let the square

YLZ

|l

I’
be a homotopy cartesian square. Then f is in Mors if and only if f’
is, and g is in Morg if and only if ¢’ is. Another way to phrase this is
that homotopy pushout and homotopy pullback of morphisms in Morg give
morphisms in Mors.

Proof: The two statement being transposes of each other, we will prove
only that ¢ is in Morg if and only if ¢’ is. By Lemma 1.4.4 the homotopy
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cartesian square above may be completed to a morphism of triangles

y —2 vy’ V& Y
I N I
Z A V4 »Z.

’

g

Now Y” will lie in 8 precisely if both maps g and ¢’ are in Morg. This
proves that g is in Morg if and only if ¢’ is. O

1.6. Direct sums and products, and homotopy limits and
colimits

DEFINITION 1.6.1. Let « be an infinite cardinal. A triangulated cate-
gory T is said to satisfy [TR5(«)] if, in addition to the other axioms, the
following holds.

TR5(a): For any set A of cardinality < «, and any collection { X, A €

A} of objects of T, the coproduct H X exists in T. If T satisfies

AEA
[TR5(«)] for all infinite cardinals «, we say T satisfies [TR5].

DEFINITION 1.6.2. If the dual triangulated category T°P satisfies the
condition [TR5(a)], we say T satisfies [TR5*(«)]. If the dual satisfies
[TR5], we say that T satisfies [TR5*].

REMARK 1.6.3. It follows from Proposition 1.2.1 and Remark 1.2.2
that coproducts and products of triangles are triangles. More precisely, if
T satisfies [TR5*], then given any set of triangles, the product exists, and is
a triangle by Proposition 1.2.1. Dually, if T satisfies [TR5], the coproduct
of any collection of triangles exists and is a triangle.

DEFINITION 1.6.4. Suppose T is a triangulated category, and assume
it satisfies [TR5(N1)]. That is, countable coproducts exist in T. Let

X, J1 X, J2 X, J3
be a sequence of objects and morphisms in T. The homotopy colimit of the

sequence, denoted Hocolim X;, is by definition given, up to non—canonical
isomorphism, by the triangle

HX 1= shift HX — Hocolip X; —— Z{HX}

1=0 =0
. shift, 1 v - .
Here, the shift map H X, —— H X is understood to be the direct sum
i=0 i=0
of jiv1 + Xi — Xit1. In other words, the map {1 — shift} is the infinite



64 1. ELEMENTARY PROPERTIES

matric

lx, 0 0 0

—j1 1x, 0 0
0 —jo 1x, O
0 0 —J3 lx,

LEMMA 1.6.5. If we have two sequences

Xo X1 Xo

and

Yo Yi Ya

then, non—canonically,
Hocolim {X; ®Y;} = { Hocolim Xi} D { Hocoliin} :

Proof: Because the direct sum of two triangles is a triangle by Proposi-
tion 1.1.20, there is a triangle

(Lo {If {jfEXZ}T{f!E}

{ Hocolim Xi} @ { Hocolim YZ}
and this triangle identifies

{Hmme*@{HmﬁmE} —  Hocolim {X; & Yi}.

LEMMA 1.6.6. Let X be an object of T, and let

1 1 1

X X X

be the sequence where all the maps are identities on X. Then

Hocolim X = X
even canonically.
Proof: The point is that the map

HX Shlﬁ HX

=0
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is split. Perhaps a simpler way to say this is that the map

X@{]O_O[X} io  {1—shift} ]O_O[X
1=0 =0

is an isomorphism, where i : X — ]_[fio X is the inclusion into the zeroth
summand. In other words, the candidate triangle

HX L shaft HX ro,x 0 z{ﬁx}
1=0

=0

where pr : ]_L-:OX — X is the map which is 1 on every summand, is
isomorphic to the sum of the two triangles

]O_O[X —1, ]O_O[X 0 z{ﬁ)x}

i=0 i=0
and
0 X —— X 0
Hence X is identified as Hocolim X . m]
LEMMA 1.6.7. If in the sequence
Xg —— X; —— Xy —2

all the maps are zero, then Hocolim X; = 0.

Proof: The point is that then the shift map in

HX Shlﬂ HX

=0

vanishes. But by [TRO] there is a triangle

[t oo s{Tl]
=0 =0 =0

and this identifies 0 as Hocolim X;. O

PROPOSITION 1.6.8. Suppose T is a triangulated category satisfying

[TR5(R1)]. Let X be an object of T, and suppose e : X — X is idem-

potent; that is, e = e. Then e splits in T. There are morphisms f and g

below

x 1oy 4. x
with gf =e and fg=1y.
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Proof: Cosider the two sequences

X £ x £ . X

and

X 1—e X 1—e X l1—e

Let Y be the homotopy colimit of the first, and Z the homotopy colimit
of the second. We will denote this by writing ¥ = Hocolim (e) and Z =
Hocolim (1 — e).
By Lemma 1.6.5, Y & Z is the homotopy colimit of the direct sum of
the two sequences, that is of
0 1 0 1 0 1
@ ° A @
0 1—e 0 1—e 0 1—e
XpX — XX — XX — -
But the following is a map of sequences

0 1 1 1

0 0
e 0 e 0 e 0
%O l—e§ %0 l—e§ %0 l—e§
. XoX = XoX —— XX ———
e 1—e e l—e e l—e
%178 e §J« %17 e gJ« %176 e gl
XoX 5 - XoX g o X0X 57—
ol 0, ol 0, ol 0,4
0 0 0 0 0 0

and in fact, the vertical maps are isomorphisms. The map

1—e e

< ¢ e ) XX —XaX

is its own inverse; its square is easily computed to be the identity.

It follows that the homotopy limits of the two sequences are the same.
Thus Y @ Z is the homotopy limit of the bottom row, and the bottom row
decomposes as the direct sum of the two sequences

1 1 1

X

X X

and

0 0 0

X X X

By Lemma 1.6.6, the homotopy colimit of the first sequence is X, while
by Lemma 1.6.7, the homotopy colimit of the second sequence is 0. The
homotopy colimit of the sum, which is Y & Z, is therefore isomorphic to
Xp0=2X.
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More concretely, consider the maps of sequences

X 45 X S5 X

L4

€

X 45 x 15 x
and
X 1—e X 1—e X 1—e
Hl Hl Hl
x 4t x 1t x

What we have shown is that the induced maps on homotopy colimits, that
isg:Y — X and ¢’ : Z — X can be chosen so that the sum Y & Z — X
is an isomorphism.
In the sequence
X —— X —— X —°
defining Y as the homotopy colimit, we get a map f : X — Y, just the
map from a finite term to the colimit. In the sequence

x . x . x 1

the map from the finite terms to the homotopy colimit is the identity. We
deduce a commutative square

f

X — 'Y

|

Similarly, from the other sequence we deduce a commutative square

f/

X —— 7

l—el g’l

In other words, we conclude in total that e = gf and 1 — e = ¢g'f’. The

composite
0 1

@f/A /

9 9

X ——YpZ — X

ise+(1—e) = 1. Since we know that the map Y®Z — X is an isomorphism,
it follows that the map X — Y @& Z above is its (two-sided) inverse. The
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composite in the other order is also the identity. In particular, fg = 1
and f'g' =1,. a

REMARK 1.6.9. Dually, if T satisfies [TR5*(X;)], then idempotents also
split.

REMARK 1.6.10. In this entire section, we have used nothing more than
countable coproducts and products.

1.7. Some weak “functoriality” for homotopy limits and colimits

In the last section we saw the definition and elementary properties of
the homotopy colimit of a sequence. We also saw how homotopy colimits
can be useful; for example, they prove that idempotents split. See Proposi-
tion 1.6.8. Since homotopy colimits are defined by a triangle, they are not
in any reasonable sense functorial. But they do have some good properties.
Let us mention one here.

LEMMA 1.7.1. Let T be a triangulated category satisfying [TR5(R1)].
Suppose we are given a sequence of objects and morphisms in T

Xo X3 Xs

Suppose we take any increasing sequence of integers

0<ip <ty <ig <ig <
Then we can form the subsequence

X X X

%o t2

The two sequences have isomorphic homotopy colimits.

Proof: For each integer n, define j,, to be the smallest 4, such that n <7i_,.
Then there is a map of sequences

X, X, X,
X; X X

This seems much more complicated than it actually is. If we start with the
sequence

0<2<b<---

our map of sequences is simply
Xo X4 X2 X3 X4 X5

l l l l l l

Xo XQ X2 X5 X5 X5
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The map of sequences yields a commutative square

]O_O[Xn 1 — shift ]O_O[Xn
n=0 n=0

l l

ﬁ X, Lot ﬁ Xj,,
n=0

n=0

and the point is that this commutative square is homotopy cartesian (see
Definition 1.4.1). In fact, the zero map is the differential. In the sequence

e () () T
n=0 n=0 n=0 n=0

both maps are split, expressing the middle as the direct sum of the two
outside terms. We leave it to the reader to check this fact.

By Lemma 1.4.4, the homotopy commutative square may be completed
to a morphism of triangles

]O_O[Xnﬂ ]O_o[Xn Y z{ﬁxn}
n=0 n=0

n=0

l ! ! |
j:OIOXjn ﬂ ]O_OIX-n Y E{ﬁXjn}

n=0

and Y is identified as both Hocolim X,, and Hocolim X; .

Now we need to identify Hocolim X; with Hocolim X; ; recall that
the sequence

Xj Xj, X,
is obtained from the sequence
Xi Xi, Xi,

by repeating many of the terms. The reader can check that the triangle

](:O[Xjn 1 — shift ]O_O[X»n Y z{ﬁxjn}
n=0 n=0 n=0
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is isomorphic to the direct sum of two candidate triangles

]O_o[Xin 1 shift ]O_O[Xin Y z{f_o[x}
n=0 n=0

n=0
[ — [ — o — ={{] x|
n=0 n=0 n=0

where a,, = 4, —ip—1 — 1, with i_; being defined to be —1. The sec-
ond distinguished triangle above corresponds to the “repeated terms”. By
Proposition 1.2.3 both candidate triangles are triangles, and in particular
the triangle

]O_o[Xz-n L= shift ]O_o[Xin Y z{ﬁxin}
n=0 n=0 n=0

allows us to identify ¥ as Hocolim X . ]

REMARK 1.7.2. Lemma 1.7.1 is in fact very useful. Given a sequence

Xo Xy X5

the lemma tells us that any two subsequences have isomorphic homotopy
colimits.

1.8. History of the results in Chapter 1

Triangulated categories were defined independently and around the
same time by Puppe and Verdier. Puppe works with the homotopy cat-
egory as the main example. His axiomatic description is that of a pre—
triangulated category. [TR4] is missing. Verdier’s main example was the
derived category, and Verdier discovered [TR4], which in the homotopy
theory literature is sometimes referred to as the Verdier axiom.

Puppe’s work may be found in [27]. Verdier’s original work was in his
PhD thesis, which was only published very recently in [36]. There is an
account of some of the work in Chapter 1 of Hartshorne’s [19], and a later
and more general treatment in Verdier’s [35].

Because Verdier’s thesis remained unpublished for so long, some of his
results were independently rediscovered later, and are generally attributed
to the rediscoverers.

The idea that one should systematically study coproducts in triangu-
lated categories originated later, and from the homotopy theorists. For
example, the proof of Theorem 1.2.1, which asserts that the product of
triangles is a triangle, may be found in Margolis’ book [21]. The notion of
the homotopy colimit of a sequence (Definition 1.6.4) is basically Milnor’s
mapping telescope. The use of mapping telescopes to split idempotents,
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as in Proposition 1.6.8, is a fairly standard application, although I do not
know a classical reference.

The only part of the Chapter which is not completely classical is the
presentation of [TR4]. Verdier’s version of the axiom is the existence of oc-
tahedra, and it is given in Proposition 1.5.6. In Proposition 1.5.6, with
complete disregard to the history of the subject, we show that a pre—
triangulated category satisfying [TR4’] must also satisfy [TR4]. But [TR4’]
came long after [TR4], and we do not give here the proof that any pre—
triangulated category satisfying [TR4] also satisfies [TR4’]. This is a true
fact, for which the reader is referred to the author’s [22]. Classically, trian-
gulated categories were defined to be pre—triangulated categories satisfying
[TRA4].

The discussion of mapping cones on maps of triangles, their basic prop-
erties, and whether they are distinguished triangles, is all a departure from
the classical literature; the classical literature says nothing about any of
this. The reader will find a much amplified version of this discussion in
[22].






CHAPTER 2

Triangulated functors and localizations of
triangulated categories

2.1. Verdier localization and thick subcategories

DEFINITION 2.1.1. Let D1, Dy be triangulated categories. A triangu-
lated functor F' : D1 — Ds is an additive functor F : Dy — Do together
with natural isomorphisms

¢x : F(3(X)) — X(F (X))

such that for any distinguished triangle

X ———Y —— 7 —> 53X
in Dy the candidate triangle

F(u) F(v) $xoF (w)
— s =

F(X) F(Y) F(2) N(F(X))

is a distinguished triangle in Da.

We remind the reader of the definition of triangulated subcategories
(see Section 1.5)

DEFINITION 1.5.1 Let D be a triangulated category. A full additive
subcategory C in D is called a triangulated subcategory if every object iso-
morphic to an object of C is in C, and the inclusion C — D is a triangulated
functor, as in Definition 2.1.1. We assume further that

ox + 1(E(X)) — Z(1(X))
is the identity on XX

REMARK 2.1.2. To say that the inclusion functor is triangulated comes
down concretely to saying that triangles in C are also triangles in D. Be-
cause every morphism can be completed to a triangle and any two triangles
on the same morphism are isomorphic (see Remark 1.1.21), the triangles
in € must just be the triangles in D whose objects happen to lie in €. And
if a morphism lies in €, so must the triangle on it.
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DEFINITION 2.1.3. Let F : D — T be a triangulated functor. The
kernel of F' is defined to be the full subcategory C of D whose objects map
to objects of T isomorphic to 0. That is,

C = {x € Ob(D)|F(x) is isomorphic to 0}.

LEMMA 2.14. Let F : D — T be a triangulated functor. Then the
kernel C of F is a triangulated subcategory of D.

Proof: An object z € D is in the kernel if and only if F(z) is isomorphic
to 0. But F(z) is isomorphic to 0 if and only if so is X F(z) = F(Xx). Thus
Yz is in the kernel if and only if = is. Also, if

T Y z Yx

is a triangle in D, then
is a triangle in J. If F(x) and F(y) are isomorphic to 0, then by Re-
mark 1.1.21 the above triangle must be isomorphic in T to

0 0 0 0

and in particular, F(z) is isomorphic to 0. Thus, if z and y are in €, so is
Z. O

More is in fact true. One can prove

LEMMA 2.1.5. Let F': D — T be a triangulated functor. Let C C D be
the kernel of F'. If x ®y is an object of C, then so are the direct summands
x and y.

Proof: Since F is an additive functor, F(z @y) = F(z) @ F(y). But then
if F(z & y) is isomorphic to zero, so are F(x) and F(y), since they are
direct summands of 0. i

DEFINITION 2.1.6. A subcategory C of a triangulated category D is
called thick if it is triangulated, and it contains all direct summands of
its objects.

REMARK 2.1.7. Rephrased in terms of Definition 2.1.6, Lemma 2.1.5
says that the kernel of a triangulated functor is thick.

The main theorem of this section, due essentially to Verdier, is

THEOREM 2.1.8. Let D be a triangulated category, C C D a triangu-
lated subcategory (not necessarily thick). Then there is a universal functor
F:D — T with € C ker(F). In other words, there exists a triangulated
category D/C, and a triangulated functor Fyp, : D — D/C so that C is in
the kernel of Fyniv, and Fyny 18 universal with this property. If F: D — T
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is a triangulated functor whose kernel contains C, then it factors uniquely
as

p Lwiv, pe T

REMARK 2.1.9. The quotient category D/C is called the Verdier quo-
tient of D by C; the natural map F,p;, : D — D/C is called the Verdier
localisation map.

REMARK 2.1.10. Note that we are not assuming the subcategory € C
D to be thick, and we do not conclude that C is the kernel of Fi, 5 : D —
D/C. We only claim that € is contained in the kernel. By Remark 2.1.7 the
kernel of Fy,q is thick, and it contains €. It turns out to be the smallest
thick subcategory containing €. We will learn a very precise description
of the kernel in the course of the proof. The kernel is the full subcategory
of all objects which are direct summands in D of the objects of C. See
Lemma 2.1.33. In other words, up to splitting idempotents in C, the kernel
is just C.

The proof of Theorem 2.1.8 will proceed by a series of easy lemmas,
in which we will define the category D/C and prove its universality. The
objects of D/C are simple; they are just the objects of D, and the functor
Funiv is the identity on objects.

Now we turn to defining the morphisms in D/€. Recall Definition 1.5.3.
For the triangulated subcategory € C D, we defined a category More C D.
A morphism f: X — Y lies in More if and only if in the triangle

x I .,y Z vX

the object Z lies in C. We refer the reader to Section 1.5 for the elementary
properties of More.

Note that a triangulated functor F' takes an object Z to zero if and
only if it takes the distinguished triangle

x L vy A $X
to a triangle isomorphic to the image of
X - x 0 YX;

in other words F'(f) : F(X) — F(Y) must be an isomorphism. Therefore,
in the category D/C all the morphisms in More will become invertible. It
is natural therefore to define

DEFINITION 2.1.11. For any two objects X,Y in D let a(X,Y) be the
class of diagrams of the form
Z

£/ N\ g
X Y
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such that f belongs to More. Consider a relation R(X,Y) on a(X,Y)
such that [(Z, f,9),(Z’', f',g")] belongs to R(X,Y) if and only if there is an
element (Z", f",4¢") in a«(X,Y) and morphisms

u: 2" —7Z
v:2" =7
which make the diagram

Z/
j'/ g/
ol N

x Lz 2y

f g
Noul S

Z

commaute.

LEMMA 2.1.12. With the notation as in Definition 2.1.11, u and v
must be in More.

Proof: The two cases being symmetric, it suffices to consider u. But
fu=f",and f and f” are in More. By Lemma 1.5.6, it follows that u is
in More. O

REMARK 2.1.13. Elements of a(X,Y") should be thought of as maps
gf~!in D/€, which would be well defined because in D/C any f € More
is invertible. The existence of a diagram as in R(X,Y’), that is

Z/
I g
Sovl N
x L zr L
f g
Noul S
Z
says in particular
gf7t = guuT'f!
-1
g {f"t
= gy
-1
= 4¢{f}

and it is therefore natural to identify (Z, f, g) with (Z’, f', ¢').

LEMMA 2.1.14. The relation R(X,Y) is an equivalence relation.
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Proof: The only thing we need to check is that R is transitive. Let
(Zi, fi,9i), i = 1,2, 3 be three elements in «(X,Y’) such that

[(Z1, f1,91), (Z2, fa, 2)] and [(Za, f2,92), (Z3, f3, 93)]

both belong to R(X,Y). Then there are elements (Z,p,q), (Z’,p',¢') in
a(X,Y) and morphisms

(TR NAR R

w7 — Zy v 7 — Zs

which make the corresponding diagrams

A
f1 g1
Soul N
X «— Z — Y
f2 g2
Novl S
Za
and
Z3
f2 g2
VAR N
X «— 7 — Y
f3 93
vl
Z3

commutative. Consider a homotopy pullback diagram as in Notation 1.4.2
A L} 7

Z/L}ZQ

Lemma 2.1.12 says that v and «’ are in More, and from Lemma 1.5.8 we
deduce that so are w and w’. One can easily see now that (Z”, foovo
w, gz ovow) is an element of a(X,Y), and that the morphisms morphisms

7" -7 — 7,

ZI/ — ZI N Z3
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make the diagram

Al
f1 g1
ST N
X «— 7' — 'Y
3 g3
NS
Z3

commutative. Therefore the pair [(Z1, f1,91), (Z3, f3, g3)] must belong to
R(X,Y). O

DEFINITION 2.1.15. We denote by ”Hom’:'D/e(X7 Y') the class of equiv-
alence classes in a(X,Y) with respect to R(X,Y).

For an element (W71, f1,01) in (X,Y) and an element (Wa, f2,g2) in
a(Y, Z), consider the diagram

where the square

w, —2

is obtained by homotopy pullback. Since f5 is in More, by Lemma 1.5.8
so is its homotopy pullback v. Since f; is also in More, so is the composite
f1v. We deduce therefore

LEMMA 2.1.16. There is a map

a(X,Y) x (Y, Z) — "Homy o(X, Z),

sending an element (W1, f1,91) in a(X,Y) and an element (Wa, fa,g2) in
a(Y,Z) to (Ws, fiov, g2 ou) in "Homi, o(X, Z).
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Proof: Since f; ov is in More, the triple (W3, f1 o v, g2 o u) is indeed in
"Hom, /e(X ,Z). And since the homotopy pullback square

Wi LWQ

Ul le
W, —2 - v

is unique up to isomorphism in D, and all isomorphisms are in More, the
image in "Homy, ;¢(X, Z) is well-defined. O

Next comes a little lemma which is useful in identifying these products.

LEMMA 2.1.17. Given an element (W1, f1,q1) in «(X,Y), an element
(Wa, fa,92) in (Y, Z), and a commutative diagram

’

P X w, 2.,z

with v’ in more, the elements (W3, fiv, gou) and (P, f1v', gou’) agree in
"Homy, o(X, Z), where (W3, f1v, gyu) is obtained from a diagram

Wy —2 s Wy —2 7

where the square
W3 —— Wy
!
w, 2 v
is a homotopy pullback.

Proof: The point is that, as in Notation 1.4.2, there is a map from the
commutative square to the homotopy pullback square; there is a morphism
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P — W3 in D which maps the square

pL/>V[/2

N

W, 2L - v
to the square

Ws L)V[@

T

w, —2

This map gives the desired diagram, which establishes the equivalence of
(W3, fiv, gou) and (P, fv', gou’) modulo the relation R(X, 7). O

We leave it to the reader to check the next Lemma

LEMMA 2.1.18. The map
X, Y)xaY,Z) — ”Hom%/e(X, Z)

is consistent with equivalence relations R(X,Y) and R(Y, Z), and thus gives
a pairing

"Homy, o(X,Y) x "Homy o(Y, Z) — "Homi, o(X, Z).

It is easy to check that the element (X,1,1) in "Homi, (X, X) is a
two—sided identity for this composition. It is also easy to check that the
composition satisfies the associative law. Let us actually do this check, by
way of illusatration.

LEMMA 2.1.19. The composition map
”Hom%/e(X, Y) x ”Hom%/e(Y7 Z) — ”Hom%/e(X, Z)

satisfies the associative law.
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Proof: Let us be given (W, f,¢g) in a(X, X"), W', f',¢’) in a(X’, X") and
(W//, f//7g//) llfl a(X//7X///)' Let

U 14 W X"
7 7 f”l
1% w’ X"
I’ I’
W — X'
f
X

be a diagram in which all the small squares are homotopy pullback squares.
That is, the three squares

u—— V/ vV— w vV — W’
?// J{ f-// J{ f// f//J( f-/l j/l
V— W W — X" W —- X'

are homotopy cartesian. Then since f’ is in More, so is its homotopy
pullback f’. Since f” is in More, so is also its homotopy pullback f”,
and so is 7//, being the homotopy pullback of f”. We deduce that all the
vertical maps in the diagram are in More.

But now just from the commutativity of the diagram, the fact that
all the vertical maps are in More, and from Lemma 2.1.17, we deduce
that by reading parts of the diagram we get the composites in the two
orders of (W, f,¢) in a(X, X"), (W', f',¢') in a(X’, X") and (W", f",¢")
in a(X"”, X"). Since both come out to be

U XII/
X
the associative law follows. O

DEFINITION 2.1.20. With ”Hom’:'D/e(X, Y') for the morphisms from X

toY, D/C is therefore a category. From now on, we write Homp /e (X,Y)
mstead of ”Hom%/e(X, Y) for the morphisms in this category. Define
a functor Fyny @ D — D/C to be the identity on objects, and to take
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f: X =Y to
XL)Y
1
X

LEMMA 2.1.21. Let f: X — Y be a morphism in More. In the cate-
gory D/C, the morphisms

x I .y X - . x
3 /|
X Y

are inverse to each other.

Proof: Consider the diagram

X X X
]

x 1 .y

1|

X

It shows that the composite X — Y — X in the category D/C, is the
identity. But the diagram

x . x L.y
1l 1l

X . x

fl

Y

computes the composite Y — X — Y in D/C to be

x -1 .y

/|

Y



2.1. VERDIER LOCALIZATION AND THICK SUBCATEGORIES 83
and the map f: X — Y shows that this is equivalent to the identity

1

Y — Y
!
Y
O
LEMMA 2.1.22. For any map in D/C of the form
w2y
/|
X
one can write it as the composite of the two maps
w— W w2y
/| !
X w
Proof: The diagram
W ——Ww 2. Y
T
W W
/|
X
amounts to the proof; it computes the composite. O

REMARK 2.1.23. Lemma 2.1.21 asserts that if f: X — Y is in More,
then Fyni(f) is invertible in D/C. Lemma 2.1.22 states that every mor-
phism in D/C is of the form Fumv(g)Fum-u(f)*l, with f € More and
g € D. Finally, Lemma 2.1.17 asserts that to compose two morphisms
Founiv(91) Funio (/1) ™" X — Y and Fupniv(92) Funiv (f2) ' 1Y — Z, we
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find a commutative diagram in D where all the vertical maps are in More

P 2w, 2,7z

and then

Funiv (QZ)Funiv (f2)71Funiv(gl)Funiv (f1)71 =
Funiv (gl)Funiv (ul)Funiv (U/)_lFuniv(fl)_l-

In other words, to give two composable morphisms X — Y and Y — Z
in D/C and their composite, is nothing other than to give X’ — Y’ and
Y — Z'inDand maps X' — X,Y’ —Y and Z’ — Z in More express-
ing the isomorphism of the composable pair in D/C with a composable pair
in D. We may choose Z' — Z to be the identity.

PROPOSITION 2.1.24. The functor Fypniy, : D — D/C is universal for
all functors F : D — T which take all morphisms in More to invertible
morphisms.

Proof: This is really immediate from the construction. If 7 is any category,
and F' : D — T is a functor sending More to invertible maps, then F'
extends to any diagram in a(X,Y), and obviously sends two diagrams
equivalent modulo R(X,Y) to the same. O

REMARK 2.1.25. The universal property of F,;, is self-dual. Thus
the same construction on the dual category D°P will lead to {D/C}.
We deduce that morphisms in Homp /e(X ,Y) can also be described as
diagrams

Y
/|
X _9 W’
where f’ is in More. The equivalence relation on such diagrams is the dual
of R(X,Y). Such a diagram is to be thought of as Fyniv (') ™ Funiv(9)-

LEMMA 2.1.26. Let f and g be two morphisms X — Y in D. Then
the following are equivalent

2.1.26.1. Funiv(f) = Funiv(9)-



2.1. VERDIER LOCALIZATION AND THICK SUBCATEGORIES 85
2.1.26.2. There exists a map « : W — X in More with fa =
ga.
2.1.26.3. The map f —g: X — Y factors as
X—-C—=Y
with C' € C.

Proof: Let us first prove the equivalence of 2.1.26.1 and 2.1.26.2. The
morphisms Fypniy (f) and Fypniy(g) will agree in D/C if and only if the dia-
grams

x I vy X 2 .y
! 3
X X

are equivalent. This will happen if and only if there is an object W € D,
and maps a1 : W — X and as : W — X in More, rendering commutative
the squares

w - . X w2, X
ol el ]
x Lt . x X 2 .v

But the commutativity of the first square implies a; = a2 = «, and form
the second square we learn that fa = ga.

Now let us prove the equivalence of 2.1.26.2 and 2.1.26.3. 2.1.26.2 will
hold if and only if for some a : W — X in More, (f — g)a = 0. Consider
now the triangle

w -2 X C YW.

Because Hom(—,Y) is a cohomological functor, (f — g)a = 0 if and only if
f—g factors through C'. But a € More if and only if C' € €. Consequently
there exists an « € More with (f — g)a = 0 if and only if f — g factors
through C € C. |

LEMMA 2.1.27. Any commutative square in D/C isomorphic to the im-
age of a commutative square in D. More precisely, if

W — X

Lo

Y —— 7
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is a commutative square in D/C, there is a commutative square in D
W — X'

Lo

Y —— 7'
and maps in More W — W, X' - X, Y' =Y and Z' — Z which, being
isomorphisms in D/C, express the isomorphism of the two diagrams.
Proof: From Remark 2.1.23 we know that we can lift the composites

W-X—-ZandW =Y -ZtoW;, - X' - Zand Wo =Y — Z.
Replacing W and W5 by the homotopy pullback

W3 —>W1

| |

Wy —— W

we may assume W; = Ws. But now the commutativity in D/C of the
diagram

W3 — X'
| |
Y —— 7

means, by Lemma 2.1.26, that there is a map W’ — W3 in More which
equalises the two composites in D. Hence a commutative diagram in D

w— X'

Lo

Y —— Z.

Thus we may even take Z' — Z to be the identity. O

Next we want to prove that D/C is an additive category.

LEMMA 2.1.28. The object 0 € D s a terminal and initial object in
D/e.

Proof: The two statements being dual, we may restrict ourselves to prov-
ing 0 terminal. Let X be an object of D/C, that is an object of D. The
diagram

X — 0

!

X
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exhibits a morphism X — 0 in D/C. Given any other,
P ——0
/|
X

then the map f: P — X shows that

P ——0 X — 0
/| 3
X X
are equivalent. Hence there is only one map X — 0 in D/C. O

LEMMA 2.1.29. Let X andY be two objects of D/C, that is objects of
D. Then the direct sum X @Y in D is a biproduct in D/C. It satisfies the
universal properties both of product and coproduct.

Proof: There are maps in D

XoYvY X Y

p1.. \ P2 11\ /2
X Y XopY

which give X @ Y the structure of a product (respectively coproduct) in
D. We will show that these maps work also in D/C.

The two statements being dual, we may restrict ourselves to showing
the statement about coproducts. We need to show that X & Y is the
coproduct of X and Y in D/€. Giving two morphisms X — Q and Y — Q
in D/C is the same as giving equivalence classes of diagrams

p—1-.¢q P —4
X Y
Since a and o' lie in More, they fit into triangles
P 2. X Z TP
P2y A SP!

where Z and Z' are in €. The direct sum of these triangles is a triangle by
Proposition 1.2.1. That is, we have a triangle

a@o/

PpP —/s XY —— Z¢Z — YPHXP.
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But Z ® Z' is in €, and hence a @ o' is in More. This makes

Pop 1 9 o

l

XoY

a well-defined representative for a morphism in D/€. The composite of it
with

X " . xXov

is computed by the commutative diagram

P— PgpP f ¢ Q
X " XoYv
to be just
p#@
X

and similarly for the composite with is : Y — X &Y. Hence a pair of
maps X — @Q and Y — @ in D/C does factor through the object X @Y.
Now we need to show the uniqueness of the factorisation.

For the uniqueness, it is handier to work with the dual description of
morphisms in D/C, as in Remark 2.1.25. Suppose therefore that we are
given two morphisms in D/€

Q Q
Xeoy — . p Xay —— p

so that the composites with ¢; and iy agree. First, we may assume that
P = P’ and the vertical maps Q — P agree, by replacing P and P’ by the
homotopy pushout

Q — P

Lo

P —— N
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Thus, we may assume we have two diagrams

Q Q
Jl e
xey — L. p Xey —2 - p

so that the composites with i; and i3 induce the same morphism in D/C;
that is

Funiv(@) ™ Funiv (fi1) = Funiv (@) ™" Funiv(gi1),
and
Funin(@) ™ Funio (fi2) = Funiv(@) ™! Funio(gi2).
Multiplying by Fyni» (), this means
Funiv(fi1) = Funiv(gi1) and Funiv(fi2) = Funiv(gia).

By Lemma 2.1.26, this means that (f — g)i1 factors through C' € € and
(f — g)ia factors through C” € €. This means that f — g factors through
C @ (', and again by Lemma 2.1.26 we deduce that Fypniy(f) = Funiv(g).
But then

Funiv (Oé)ilFuniv(f) = Funiv(a)ilFuniv(g%

giving the uniqueness. O

LEMMA 2.1.30. The category D/C is an additive category, and the
functor Fypip : D — D/C is an additive functor.

Proof: The category D/C is a pointed category by Lemma 2.1.28 (there is
an object which is simultaneously initial and terminal). Also, D/C has finite
biproducts, by Lemma 2.1.29. Furthermore, the functor F ., : D — D/C
respects biproducts and the 0 object. There is therefore a well-defined
addition on D/C, and the functor F,,;, : D — D/C respects the addition.
Given f: X — Y andg: X — Y, then f+¢g: X — Y is given by
either of the composites

0 1
@/ a
A I g g A
X — XpX — Y X —YpY — Y

which agree. It remains only to show that this addition gives a group
law, rather than just a commutative monoid; we need to show that a map
X — Y in D/C has an additive inverse.

Let us be given a map in D/C, it can be expressed as

Funiv (a)ilFuni’U (f)



90 2. VERDIER LOCALISATIONS

But
Funiv (@)™ Puniv(f) + Puniv(@) ™' Funin(—f) =
= Founio(@) ™ Funiy (f + (_f))
Founiv(@) ™ Funin (0)
0
O

Next we need to discuss the triangulated structure on D/C. There is
a slight subtlety introduced by [TRO]. Recall that [TRO] asserts, among
other things, that any object isomorphic to a distinguished triangle is a
distinguished triangle. Before we continue the proof of Theorem 2.1.8, it
will be helpful to study isomorphisms in D/C.

LEMMA 2.1.31. If a morphism in D/C of the form
P I, X
X
is in the equivalence class of the identity 1 : X — X, then f € More.

Proof: An equivalence of the above morphism with

X;X

!

X
will consist of two commutative squares
w25 P w25 P
o el ]
x 1. x X 1 X

where in the first square, all the morphisms are in More; that is, v and
u/ are morphisms in More. But the second square tells us that v’ = fu.
From Lemma 1.5.6 we deduce that f must also be in More. a

LEMMA 2.1.32. A morphism in D/C of the form

P2 .y

|

X
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will be invertible if and only if there exist morphisms f and h in D so that
gf and hg are both in More.

Proof: The sufficiency is obvious. If there exist f and h so that ¢gf and
hg are both in More, then Fyui(hg) and Fiupniy(gf) are both invertible.
This forces Fyuniy(g) to have both a right and a left inverse in D/C, hence
be invertible. But then the diagram above, which stands for the morphism
Funiv(9)Funiv ()71, is also invertible.

Next we wish to prove the necessity. Let us suppose, therefore, that
Funiv(g)Funiv(a) ™1 is invertible in D/C. Then F,,,(g) must also be in-
vertible. We wish to show that there exist f and h with hg and gf in
More. The statements being dual, it suffices to produce f.

Let the diagram

QLP

d

be a right inverse in D/C to Funiv(9) : Funiv(P) — Funin(Y). Then the
composite

9] f P g Yy

d

Y
is in the equivalence class of the identity. From Lemma 2.1.31 we learn
that gf must therefore be in More. ]

LEMMA 2.1.33. The morphism X — 0 in D becomes an isomorphism
in D/C if and only if there exists a Y € D with X @Y € C.

Proof: Suppose the zero map g : X — 0 is a morphism in D such that
Funiv takes it to an invertible map. By Lemma 2.1.32, there exists h : 0 —
Y)Y so that the composite

X —2—0 XY
is in More. But then we have a triangle

x 2.3y YXY) —— TX,
and since 0 : X — XY is in More, X(X @ Y) must be in €. Since C is
triangulated, X @Y is also in C.

Conversely, suppose there exists a Y € D with X @ Y in €. Define
h:0— XY and f: 0 — X to be the zero maps (the only possibilities).
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Then gf : 0 — 0 is an isomorphism, while hg : X — XY is the zero map,
and fits in a triangle

x —2 .5y SXeY) —— X,
with (X @ Y) € €. Hence both hg and gf are in More, forcing g to be
invertible in D/C. m|

REMARK 2.1.34. In Corollary 4.5.12 we will see that not only does
there exist some Y with X @ Y € €, but that Y may always be chosen to
be XX. It is always true that X & XX lies in €, if X is isomorphic to 0 in
D/e.

PROPOSITION 2.1.35. Let g : Y — Y’ be a morphism in D. Then
Funiv(g) is an isomorphism if and only if in any triangle

y 2 v Z XY
the object Z € D is a direct summand of an object of C; there is an object
Z'€D sothat Z®dZ' € C.

Proof: Suppose there is an object Z’ with Z@ Z’ € €. To prove one impli-

cation, we want to show that Fy:, (g) is an isomorphism. By Lemma 2.1.32,

this is equivalent to producing h and f with gf and hg in More.
Starting with the two triangles

y —2 v’ z XY
0 z' z' 0
we can form the direct sum, which is a triangle by Proposition 1.2.1,
0o 1
@A

Y YL —— ZoZ —— YY.
Since Z @ Z' isin €, the map Y — Y’ @& Z' is in More. But it factors as
h

y —2 v Y'a 7.
This exhibits h with hg € More. But by the dual argument, there is also
an f with gf in More. Thus Fy,,(g) is invertible.
Now we need the converse. Suppose therefore that Fyn,(g) is invert-
ible. Then there exists an h : Y’ — Y with hg € More. Now consider the
morphism of triangles

YLO> Y SN/ Y

T

YI/ RN Y/I @ Z Z EY”
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The bottom triangle is contractible, and by Corollary 1.3.12 all maps into
contractible triangles are good. Hence the above map is a good map of
triangles, and from the proof of Lemma 1.4.3 we learn that the square

y —9 Y’
0 1

th{ @hAl
Y — . Y'aZ

is homotopy cartesian. But hg lies in More, and Lemma 1.5.8 allows us to

conclude that the map
0 1

@ " a
[e3%
Y’ Y'® Z
lies in More. Among other things, it follows that the map is an isomor-

phism in D/€. But since g : Y — Y’ also is, so is the composite
0 1

@ A
y —2 v/ Y Z,

and since ag = 0 (the composite of two maps in a triangle), we have that
0 1

@ " a
0
Y — . Y'eZ

induces an isomorphism in the additive category D/€. Then the composite

0o 1
@'a
y My 2 yrez
is an isomorphism in D/C, as is the first map hg. But then the second map
0o 1
@' a
0

Y// Y// @ Z
is also an isomorphism in D/C. The composite
0o 1
@'a
0 1 0
Y/I YII EB Z YI/
is the identity on Y, and since the first map is an isomorphism, the second
must be its (two-sided) inverse. The composite
0o 1
@' A
1 0
Y/I @ Z Y/I YI/ @ Z
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must therefore be the identity on Y @ Z. In other words, the two maps

0 1 0 1
@1 OA @1 OA
0 1 0 0
Y'®Z ——Y'eZ and Y'®Z ——— Y'eZ

must agree; that is the two maps

7 —— 7 and Z ——Z
agree in D/C. This means that the maps
Z —— 0 and 0 — 7

are inverse to each other. In particular, the map Z — 0 must be an
isomorphism in D/C. By Lemma 2.1.33 we conclude that there is a Z’ € D
with Z@® Z' € C. |

LEMMA 2.1.36. Let us be given a commutative diagram in D whose
rows are triangles

x .y A $X
Ll !
x 4y A oX.

Suppose Funiv(g) is invertible. Then it is possible to extend the diagram to
x L. v A SX
ool
x 4y 7z SX

where Fyni(h) is also invertible.

Proof: By Proposition 1.4.6, it is possible to extend to a diagram

x L. vy z nX
! gl hl 1l
x Yy 7' nX

| ! |

|
0 Y” Y” 0
!

l !

XY XZ »2X

vx >
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and since Fypiy(g) is invertible, Proposition 2.1.35 for the triangle

y 24y’ Y Yy
implies that Y is a direct summand of an object in €, which by Proposi-
tion 2.1.35 for the triangle

h

Z A Y” A

implies that F,, (h) is also an isomorphism. O

REMARK 2.1.37. The dual statement is that given a diagram with g
deleted, that is

X Y Z nX
! 3 !
x Yy 7 X,

and if h is an isomorphism in D/€, then g : Y — Y” can be chosen to also
be an isomorphism in D/C.

LEMMA 2.1.38. Given two triangles in D
X Y Z »X

X' Y’ A X'
and a commutative square in D/C with vertical isomorphisms

X — Y

Lo

X —Y
it may be extended to an isomorphism in D/C of the triangles.

Proof: The isomorphism ¥ — Y’ is a map in D/C, that is it may be
represented as a diagram

y" Ly

Y/
where o € More and Fyni, (f) is invertible. In other words, both « and f

are invertible in D/C. But then the diagrams in D whose rows are triangles
X/I YI/ Z/ ZXI/

L

X' Y’ z' X'
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and
x" Y Z X"
f l 1 l
X Y Z X

can be completed to isomorphisms in D/C by the dual of Lemma 2.1.36
(see Remark 2.1.37). We may therefore assume that ¥ = Y’ and that in
the commutative square

X —'Y
[
X ——Y

the vertical map Y — Y is the identity. But now the isomorphism X — X’
in D/C may be represented by

f

X// LN X
X/
and we deduce a square in D, which commutes in D/C,

f

X//—>X

1

By Lemma 2.1.26, replacing X" by W with a map W — X" in More, we
may assume the square commutes in D.
But now the diagrams

X" Y zZ" > X"

] o |

X Y Z »X
and

X" Y A » X"

o s

X’ Y A »X/

can be extended to isomorphisms in D/€, completing the proof. |
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Proof of Theorem 2.1.8 Now it only remains to show that D/C is a
triangulated category, that F,n;,, : D — D/C is a triangulated functor,
and that Fy,,;, is universal.

Define the suspension functor on D/C to be just the suspension func-
tor of D on objects, and the suspension functor on diagrams defining mor-
phisms for morphisms. Let @40 @ X Fyniv — Funivy be the identity.

Define the distinguished triangles in D/C€ to be all candidate triangles
isomorphic to

Funiv (X) EE— Funiv (Y) EE— Funw(Z) EE— EFuniv (X)
where

X Y A X

is a distinguished triangle in D. Then [TR0] and [TR2] are obvious for D/C.
To prove [TR1], note first that any morphism in D/€ may be written in
the form Fypi (1) Funio(f) ™%, where f : P — X isin More andu: P — Y
is any morphism in D. By [TR1] for D, complete u to a triangle in D

P2y .,z Y ,.¥%p
Then

Funiv (U)Funiv(f)71

Funiv ('U)
_—

Funiv(zf)Funiu (w)l
EFuniv (X)
is isomorphic in D/€ to

Funiv (u) Funiv ('U) Funiv (w)
—_— _— —_—

and hence is a distinguished triangle. It remains only to prove [TR3] and
[TR4’]. Since [TR4’] is stronger, we will prove only it.

We need to show that, given a diagram in D/C where the rows are
triangles

X Y Z »X
Lo l
X' Y’ A X'

then there is a way to choose Z — Z’ making the above a good map of
triangles; that is, the mapping cone is a triangle. We remind the reader that
[TR3] is weaker, asserting only that the diagram can be made commutative.
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Observe first that by Lemma 2.1.27, the commutative square
X — Y

Lo

X — Y
can be lifted from D/C to D. Choose a square in D isomorphic to it as in
Lemma 2.1.27. Then in that square, which we will denote

X —— Y
— —
X —Y
the rows can be extended to triangles in D, and the diagram
X Y Z X
X Y A °X

can be extended to a good morphism of triangles in D, hence also in D/C.
But by Lemma 2.1.38 the commutative square with vertical isomorphisms

X ——Y
X — Y
extends to an isomorphism of candidate triangles in D/C
X Y Z X
X Y Z X
and similarly, the commutative square
X — Y

Lo

X — Y
extends to an isomorphism of candidate triangles in D/C

-/ —/ —/ —/

A XX
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and hence we have defined a good morphism, as required,

X Y Z X
b l
X’ Y’ A X'.

Thus D/C is triangulated.

The fact that Fy,;, is a triangulated functor is obvious; by the defini-
tion of triangles in D/C, Fynq, takes triangles to triangles. The fact that C
is contained in the kernel of F,,;, follows, for instance, from Lemma 2.1.33.
The universality is also obvious, since a triangulated functor taking C
to zero must take all maps in More to isomorphisms, and by Proposi-
tion 2.1.24 F .,y is the universal functor with this property. O

REMARK 2.1.39. Let D be a triangulated category, € a triangulated
subcategory. By Remark 2.1.7, the kernel of Fi 0 : D — D/C is a thick
subcategory of D, that is a triangulated category containing all direct sum-
mands of its objects. From Lemma 2.1.33 we learn that the kernel contains
C, and can be described as the full subcategory whose objects are the direct
summands of objects in €. We will call this category the thick closure of
@, and denote it C.

Because the kernel of a triangulated functor is always triangulated, we
deduce that for any triangulated subcategory € C D, the subcategory Cis
trian/gulated. The triangulated subcategory € C D is thick if and only if
c==¢C.

2.2. Sets and classes

In Section 2.1, we gave a proof of Verdier’s localisation theorem. Given
a triangulated category D and a triangulated subcategory €, one can form
a triangulated quotient D/C, with a universal property. But there is here
a technical point which deserves mention.

Suppose D is a category with small Hom-—sets. That is, for any objects
x and y in D, we require that Homop (z,y) should be a set. Then of course
C, being a subcategory, also has small Hom—sets. However, the quotient
category D/C in general does not!

Recall that the class Homp e (x,y) is defined by taking the class of all
diagrams

p —— y

/|

x
with f € More, modulo a suitable equivalence. There is no reason in
general to expect there to only be a small set of diagrams as above; usually
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the collection of such diagrams forms a class. It may happen that even
after identifying equivalent diagrams, we end up with a class of equivalence
classes. See, for example, Exercise 1, Chapter 6, pp 131-132 in [12].

Note that since f : p — z is assumed in More, there is a triangle

P ! x g z Xp

with z € €. If it so happened that C is a small category (that is, a small set
of objects), then we would deduce that there is only a small set of choices
for z, and for each z only a small set of choices for g : x — z. This gives a
small set of choices (up to isomorphism) of f : p — x, and for each of these
a small set of choices for a : p — y. Thus we end up with a small set of
equivalence classes. We conclude

PROPOSITION 2.2.1. Let D be a triangulated category with small Hom—
sets. Let C be a small triangulated subcategory of D. Then D/C, the Verdier
quotient of Section 2.1, is a category with small Hom—sets. O

This is true, but not very useful. In fact, one mostly cares about
subcategories C C D which are not small, and frequently one needs criteria
which guarantee that D/C has small Hom-sets. In the coming Chapters,
we will, among other things, develop criteria on D and € which guarantee
the smallness of the Hom-sets in D/C.

2.3. History of the results in Chapter 2

The main result of the Chapter, Theorem 2.1.8, is due to Verdier.
Verdier, in [35], constructed the quotient T/8 if § is a thick subcategory of
T. We allow § to be an arbitrary triangulated subcategory. The quotient
of T by 8 then agrees with the quotient of T by the thick closure of §. The
advantage of treating the more general case is that it allows us to analyse
the thick closure, and prove that it consists precisely of direct summands
of objects of 8. In Parshall-Scott’s preprint for [26], the authors also
constructed the quotient by an arbitrary triangulated §. In the published
version this was left out.

The proof here is somewhat different from Verdier’s. This is due to
an observation of Rickard’s that Verdier’s original characterisation of thick
subcategories was unnecessarily opaque. Rickard characterises thick sub-
categories as subcategories containing direct summands of their objects
(Definition 2.1.6). We do not give here Verdier’s definition, nor the fact
that the two are equivalent. The interested reader is referred to Rickard’s
[28].

In the literature, the treatment of set theoretic problems that arise in
constructing T/8 is patchy at best. In Section 2.2, we remind the reader
that even if § and T are categories with small Hom—sets, T/8 need not be.
This has led to many mistakes in the literature. Subtle points of this nature
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tend to arise more in the homotopy theoretic literature. The literature
on derived categories traditionally ignores this difficulty completely, and
usually does so quite safely.






CHAPTER 3

Perfection of classes

3.1. Cardinals

Let us briefly review some standard definitions for large cardinals. A
cardinal « is called singular if o can be written as a sum of fewer than «
cardinals, all smaller than a.

Let ®,, be the n*® infinite cardinal. Thus, Rg is the zeroth, that is the
countable cardinal, N; the next, and so on. The cardinal R, is defined to
be the smallest cardinal bigger than XN,, for all n. Clearly,

Nw_it\tn

is a countable union of cardinals, each strictly smaller than R,. Hence X,
is an example of a singular cardinal.

A cardinal which is not singular is called regular. If « is a cardinal and
0 is the successor of a, then 3 is regular. The successor of a cardinal «
is the smallest cardinal exceeding it. If § is the successor of a;, a sum of
fewer than [ cardinals, each less than (3, is a sum of less than or equal to
« cardinals, each less than or equal to a. This is bounded by a x o = a.

3.2. Generated subcategories

DEFINITION 3.2.1. Let T be a triangulated category satisfying [TRS5].
Let 3 be an infinite cardinal. Let S be a class of objects of T. Then (S)ﬁ
will stand for the smallest 8, 8 a triangulated subcategory of T satisfying

3.2.1.1. The objects of S lie in §.
3.2.1.2. Any coproduct of fewer than [ objects of § lies in S.
3.2.1.3. The subcategory § C T is thick.

REMARK 3.2.2. The subcategory (S)” is well-defined. It is the inter-
section of all the subcategories 8 of T satisfying 3.2.1.1, 3.2.1.2 and 3.2.1.3.

The key fact we want to prove in this section is that, as long as S
is a set, for all infinite 8 the subcategory (S)B is essentially small. That

is, there is only a set of isomorphism classes of objects of <S>ﬁ . The first
observation is
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LEMMA 3.2.3. If 3 <~ and S C T is a set of objects, then <S>B c (S)".

Proof: (S)7 satisfies 3.2.1.1 and 3.2.1.3, which do not involve v, as well as
3.2.1.2 for 7; that is the coproduct of fewer than «y objects in (S)” is in (S)”.
But then the coproduct of fewer than 3 objects of (S)” certainly must be
in (S)”. But (S)” is minimal with this property; hence (S)° c ($)7. O

LEMMA 3.2.4. Let S be a set of objects in a triangulated category 7.
Suppose T has small Hom—sets. Then the smallest triangulated subcategory
of T containing S, denoted T(S), is essentially small. Furthermore, in the
course of the proof we will construct a small category T(S) equivalent to
T(S), containing S.

Proof: Define T3 (S) to be the full subcategory whose objects are SU{0}.
Because S is a set the category T7(S) has only a set of objects, and since
T has small Hom-sets, T1(S) is small. Now inductively define T, (S5).
Suppose T1(5), T=(S), ... , T,(S) have already been defined, and are small.
To define T},41(S) choose, for every morphism f : 2 — y in T,(S), one
object of T in the isomorphism class of z in the triangle

T ! Y z Y

Call this object Cy. Let T5,41(S) be the smallest full subcategory containing
T,,(S) and all the Cy’s.

Now put T(S) = U5~ Tn(S). Given any morphism f : z — y in T'(S),
it lies in some T}, (S). But then T,41(S) contains an object Cy which fits
in a triangle

T ! Y Cy Yx

Thus the full subcategory of T whose objects are all the isomorphs of the
objects of T'(9) is triangulated. Call it T/(S). Since T(S) is equivalent to
T(S), T(S) is essentially small. It is easy to see that T(S) is in fact the
smallest triangulated subcategory containing S. O

PRrROPOSITION 3.2.5. Let T be triangulated category with small Hom—
sets, satisfying [TR5]. Suppose S is some set of objects in T. Let 3 be an
infinite cardinal. Then the category <S>ﬁ is essentially small.

Proof: By Lemma 3.2.3, if 8 < ~, then (S)” C (S)7. It therefore clearly
suffices to show that if 3 is an infinite cardinal and ~y is the successor of 3,
then (S)7 is essentially small. But «, being a successor cardinal, is regular
(see Section 3.1). Furthermore, v > 3 > Rg (R is the first infinite cardinal).
Replacing (8 by its successor 7, we may therefore assume [ regular, and
8> .

Now observe that any subcategory 8 satisfying 3.2.1.2 automatically
satisfies 3.2.1.3; after all B > Ny together with 3.2.1.2 implies that the
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category § is closed with respect to countable coproducts. But then by
Proposition 1.6.8 all idempotents in 8 split, and the subcategory 8§ must
be thick.

In other words, for § > Ny 3.2.1.3 is redundant; <S>ﬁ is the smallest
subcategory satisfying 3.2.1.1 and 3.2.1.2. Now we will show <S>ﬁ essen-
tially small. But first a little notation.

Let S be a set of objects in T, containing the zero object. Let M be a
set of cardinality 8. Consider the set

s

pneM

of all sequences of objects in S of length 8. Consider the subset

Gc [ s

pneM

consisting of all sequences such that the cardinality of the set of non-zero
terms is < (. For each sequence in G, choose a representative in the
isomorphism class of the coproduct of the sequence. Let C'P(S) be the
full subcategory of T, whose objects are the union of S and our choices of
isomorphism representatives of coproducts of length < 3. Then CP(S) is
small, contains S, and contains an object isomorphic to the coproduct of
any < ( objects of S.

Now we proceed by transfinite induction. Inductively define S;, for
all ordinals i. Set Sy = T'(S) (a small category equivalent to the smallest
triangulated subcategory containing S, as in Lemma 3.2.4). For a successor
ordinal 7 + 1, define S;11 to be T(CP(S;)); that is, first choose something
isomorphic to any coproduct of fewer than 3 objects in S; and throw it in,
then close with respect to triangles. For i a limit ordinal, define S; to be

the union
Si=J ;.
J<i
Clearly, each S; is small. T assert that the full subcategory Sy of T, whose
objects are all the isomorphs of objects of Sg, is triangulated and satisfies
3.2.1.1 and 3.2.1.2.

First, 3.2.1.1 is obvious; by construction S C Sy C Sg.

The fact that Sz is triangulated is proved by induction. Sy = T'(S),
and clearly Sy = T(S) is triangulated. For any successor ordinal, S;;1 =
T(CP(S;)), in other words, S;;1 is T of something, and hence S;;; must
be triangulated, by the T construction. But if 7 is a limit ordinal, and for
all j < i S; is triangulated, then from the fact that

5. =S,

j<i
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is an increasing union of triangulated subcategories, we deduce that S; is
triangulated. By transfinite induction, S; are triangulated for all i. In
particular, gﬁ is triangulated.

Now suppose {Xx; A € A} is a collection of fewer than 5 objects in Sg.
Recall that (3, being a cardinal, is certainly a limit ordinal. Therefore

Ss=J5;
J<pB
and X € Sp means that for some j, < 3, X\ € S;, . For each A, choose a
Ix-

Let v be the smallest ordinal larger than all the j,’s, A € A. Now each
Jy < B, and there are fewer than 8 of them (the set A has cardinality less
than (). Therefore the sum of the j,’s is a sum of fewer than § cardinals,
each smaller than 8. But [ is regular. It follows that the cardinality of
must be strictly less than §. In other words, v < .

We deduce that all the X\’s lie in S,,. But then §,4; C Sg contains an
object isomorphic to the coproduct. Hence Sz contains all coproducts of
fewer than ( of its objects. In other words, Eﬁ satisfies 3.2.1.1 and 3.2.1.2.

Since S satisfies 3.2.1.1 and 3.2.1.2, it contains (S)”. But since S is
equivalent to the small category Sg, it is essentially small. It follows that

the smaller subcategory (S)ﬁ is essentially small. O

DEFINITION 3.2.6. Let 3 be an infinite cardinal. Let T be a triangulated
category satisfying [TR5]. A subcategory 8 C T is called S-localising if it is
thick and closed with respect to the formation of coproducts of fewer than
0 of its objects. That means that the coproduct of fewer than 3 objects of 8
exists, as a coproduct in T, and is an object of 8. A triangulated subcategory
8 C T is called localising if it is B-localising for all 3. Equivalently, & is
localising if it is closed under the formation of all small T—coproducts of
its objects. That is, if {Xx,\ € A} is a family of objects in 8, then the

T—coproduct
1%
A€EA

is an object of S.

REMARK 3.2.7. If 3 > g, then any triangulated subcategory 8 C T
closed under the formation of coproducts of fewer than 3 of its objects is
automatically thick, hence localising. It is redundant to assume 8§ thick.
The point is that if § > Ny, then 8§ contains all countable coproducts of
its objects. By Proposition 1.6.8 every idempotent in 8 splits, and hence §
contains all direct summands of its objects.
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EXAMPLE 3.2.8. Let T be a triangulated category satisfying [TR5].
Let S be a class of objects of 7. Then (S)” is 8-localising, whereas

is localising, as in Definition 3.2.6. The statement for (S >ﬁ is really part of
its definition, as the smallest G—localising subcategory with certain prop-
erties. The statement for (S) requires a little proof. Let us give the proof.

Let {Xx, A € A} be any collection of objects in (S). Let the cardinality
of A be 3, and suppose that for each A € A, the object X lies in <S>ﬁ*,
for some cardinal 8,. Let v be a cardinal greater than the sum of # and
the 3,’s. The X’s are all in (S)”, and since v > f3, the coproduct of the
X\’s, that is of 3 objects of (S)”, must lie in (S)”. Hence in (S), which is
therefore localising.

In fact, (S) is the smallest localising subcategory containing S. Any
localising subcategory containing S will satisfy 3.2.1.1, 3.2.1.2 and 3.2.1.3
for all infinite 3. Therefore it must contain (S)” for all 8, and hence (S),
the union.

DEFINITION 3.2.9. Let T be a triangulated category satisfying [TR5].
Let S be a class of objects of T. Then the union of all the <S>ﬁ ’s, that is

Uis)”

B
will be denoted (S). Note that even when S is a small set and T has small
Hom-~sets, in which case Proposition 3.2.5 tells us that the categories <S>ﬁ
are all essentially small, the category (S) will usually be gigantic. It is

called the localising subcategory generated by S.

LEMMA 3.2.10. Let 8 be an infinite cardinal. Let T be a triangulated
category closed under the formation of coproducts of fewer than (3 of its
objects. Let 8 be a S-localising subcategory of T. Then T/8 is closed with
respect to the formation of coproducts of fewer than B of its objects, and
the universal functor F : T — T /8 preserves coproducts.

Proof: (cf. proof of Lemma 2.1.29). Since the objects of T and T/8 are the
same, it suffices to show that the coproduct in T of fewer than 3 objects
is also the coproduct in T/8. Let A be a set of cardinality less than (3,
{X,, X € A} a collection of objects of T. Form their coproduct in T, which
we know exists,

IT X

AEA

We need to show this is also a coproduct in T/8.
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Let Y be an arbitrary object of 7. We need to show that any collection
of morphisms in T/8

(X, — Y, A€ A}

factors uniquely through J[,., X,. That is, we need to show the existence
and uniqueness of a factorisation.
The morphisms X, — Y in T/8 can be represented by diagrams

P, —— Y
n
X
where f, : P, — X, are in Morg. That is, in the triangle

I

P, X, Z, $P,

the object Z, must be in §. But now the coproduct is a triangle

f
11~ IHx — Iz — [I=~

AEA A€EA A€EA A€EA

and [[yc Zy, being the coproduct of fewer than 3 objects in 8, must be
in 8. The map

[T
>\€A>\
[1P —=— ][] x\

AEA AEA

therefore lies in More. The diagram

represents a morphism in /8 of the form [[,., X, — Y. Its composites
with the inclusions

AEA
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are computed by the commutative diagrams

P, — [[Pn — VY

AeA

n] g\ij

Xy — HX,\
AeA

to be the given maps

P, —— Y

5
Xy
We have therefore factored X, — Y through J],_, X,.

Now for the uniqueness of the factorisation. Suppose we are given a
map in T/8 of the form

o: H X, —Y
A€A
so that the composites ¢ o i, with every
i}\ . X)\ — H X)\
AEA
vanish. We need to show the map ¢ vanishes. Represent ¢ as a diagram

Y

|

HXA—’Q

AEA

with ¢ : ¥ — @ in Mors. Then for each A, the composite with 7, is
represented by

Y
)
X, — Q@

and must vanish in T/8. By Lemma 2.1.26, there must then exist Z, € §
so that X, — @ factors as

X}\—>Z>\—>Q.
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But then
H Xy —Q
AEA
factors as
H X, — H Zy —Q
AeA AEA

and [[ .4 Z,, being a coproduct of fewer than § objects of 8, must lie in
8. Lemma 2.1.26 tells us that the map

Y
)
[Hx, — @
AEA
must then vanish in J/8. O

The following is an immediate corollary.

COROLLARY 3.2.11. Let T be a triangulated category satisfying [TR5].
Let 8 be a localising subcategory. Then T/8 satisfies [TR5], and the uni-
versal functor T — T /8 preserves coproducts.

3.3. Perfect classes

DEFINITION 3.3.1. Let T be a triangulated category satisfying [TR5].
Let 3 be an infinite cardinal. A class of objects S C T is called f—perfect
if the following hold

3.3.1.1. S contains 0.

3.3.1.2. Suppose {X\,\ € A} is a collection of objects in 7.
Suppose the cardinality of A is less than 3. Let k be an object of S.
Then any map

E—— ] Xa
AEA
factors as
k—— [k —— [ X
AEA AEA

with ky € S. More precisely there is, for each A € A, an object
ky €S and a map f, : ky, — X,, so that the map factors as

II %
k —— sz)\ & HXA'
A€A AEA
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3.3.1.3. Suppose again that A is a set of cardinality < 3. Sup-
pose k and the k,’s, A € A, are objects of S and the X)’s are any
objects of T, and the composite
11 %

k —— Hkk & HXX
A€EA AEA

vanishes. Then it is possible to factor each fy : ky, — X, as

h
kx = I — X,
so that Iy, € S, and the composite
H 9x
k —— H ky 2L, H N
XEA AEA

already vanishes.

We begin with a trivial lemma.

LEMMA 3.3.2. Let T be a triangulated category satisfying [TR5]. Sup-
pose B is an infinite cardinal, and T is a B—perfect class in T. Suppose that
S C T is an equivalent class; that is, any object of T is isomorphic to some
object of S. Then S is also B—perfect.

Proof: Trivial. O

LEMMA 3.3.3. Let T be a triangulated category satisfying [TR5]. Let
be an infinite cardinal. Let S be a B—perfect class of T. Let T be the class
of all objects in T which are direct summands of objects of S. Then T is
also B—perfect.

Proof: Suppose we are given an object k € T, a set A of cardinality < 3,
a family of X,’s in T and a map

k —— H X.
AEA

Because k € T, there must exist some k' € T so that k& k' € S; T is
defined to be the class of all direct summands of objects of S. Consider
the composite

1
ke k! k ]_[ X,.
AEA
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Since k @ k' € S and S is B—perfect, this factors

I A

AEA
kok —— [k —— [[ X
AEA AEA

with k, € § CT. But then
0 1

@ (1) A H I
€A
k —— kok —— [[k —— ] X\
AEA AEA
is a factorisation of the original map
k —— IJ:)(A.

AEA

Suppose now that we are given a vanishing composite

I1 %

F—— [[* 22— I X
AEA AEA
with k,k, € T. Choose k' so that k @ k' € S, and for each A choose k

with k, @k} € S. Then we have a vanishing composite

I ()

koK LY k HkAm—>HkA®k’A
AEA AEA
[IT(n o)
AEA
[T X
A€EA

Because S is f—perfect, for each A the map
( fr O ):k)\EBk'A—>XA
must factor as
ky®ky — 1, — X,

with I, € S, where the composite
(o)
L0 aeh \ U

koK k [Tk ———— [[mer — [
AEA A€EA AEA
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already vanishes. But then
0 1

1
® é ) 10 11 ( 0 )
k— s koK k [T 25— J[ ke k)
AEA AeA
[0
AEA
also vanishes, completing the proof of the f—perfection of T'. O

DEFINITION 3.3.4. Let T be a triangulated category satisfying [TRS5].
Let 8 C T be a triangulated subcategory. Let B be an infinite cardinal. An
object k € T is called B—good if the following holds.

3.3.4.1. Let {X,,\ € A} be a family of objects of T. Suppose
the cardinality of A is less than 3. Then any map

E—— ] X\
AEA

has a factorisation

11 %
k —— HkA & HXA
A€A AEA
with ky, € 8.

More intuitively, 3.3.1.2 sort of holds for the single object k; it holds where
the ky, may be taken in 8.

LEMMA 3.3.5. Let T be a triangulated category satisfying [TR5], and

let 8 be a triangulated subcategory. If k is a B—good object of T, then the
following automatically holds.

3.3.5.1. Suppose A is an index set of cardinality < 3. Given a
vanishing composite
I A

F—— [k 22— [ X,
AEA AEA

with ky € §, then it is possible to factor each f, : ky, — X, as

hx

k)\ o l>\ X>\
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so that I, € §, and the composite

II Ix

F—— [Tk 22— [0
AEA AEA

also vanishes.

Proof: Assume that A is a set whose cardinality is less than 3. Suppose
we are given a vanishing composite
I1 %

F—— [k 22— I X
AEA PYSN

with k, € 3.
For each A, consider the triangle

Ix

Yy kx

Summing these triangles, we obtain a triangle

I A

[y, —— [k 22— J[x —— ] =v.
AEA AEA AEA AEA

X, SY,.

Since the composite

I1 %
b— H ky & HXX
AEA AeA
vanishes, the map
k—— [] kx
AEA
must factor as
E—— [[vn —— ] %
AEA AeA

But then the hypothesis that k is good guarantees that the map

factors as
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with j, € 8. The composite
I

Ja Y, ky Xy

clearly vanishes, and if we define [, by forming the triangle

. g :
Ia kx — 1, 2x
then clearly k, — X, factors as

9x hy

ky I X,.

Since j, and k, are in 8§ and § is triangulated, [, must also be in 8. And
the composite

must vanish, since it is

k—>Hj>\—>Hk>\—>Hl)\

PYSIN AEA AEA
and
. I\
I kx Y
are two morphisms in a triangle. O

REMARK 3.3.6. From Lemma 3.3.5 we learn that, if S is a triangulated
subcategory of T all of whose objects are 8—good, then 8 is a f—perfect class;
more precisely, the collection of all objects of 8 is a f—perfect class. For
any k € §, if it satisfies 3.2.1.2 then 3.2.1.3 is automatic. The next couple
of Lemmas allow us to cut the work even shorter. One need not check that
every object of 8 is f—good. It is enough to check all the objects of a large
enough generating class.

Before the next Lemmas, we should perhaps remind the reader of the
notation of Section 3.2. Let S be a class of objects of T. Then T'(S) is the
smallest triangulated subcategory containing S. For an infinite cardinal «,
(S) is the smallest a—localising subcategory containing S. More explicitly,
(S)“ is the minimal thick subcategory 8 C T such that

3.2.1.1: 8 contains S.
3.2.1.2: § is closed under the formation of coproducts of fewer than
a of its objects.

Recall that by Remark 3.2.7, if a > N it is redundant to assume 8 is thick;
3.2.1.2 already tells us that idempotents split in S.
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LEMMA 3.3.7. Let o and (3 be infinite cardinals. Let T be a triangulated
category satisfying [TR5]. Let S be a class of objects of T. Suppose that
every object k € S is S—good, as an object of the triangulated subcategory
(SY* C T. Then the objects of (S)* form a B-perfect class.

A similar Lemma, whose proof is nearly identical, is

LEMMA 3.3.8. Let B be an infinite cardinal. Let T be a triangulated
category satisfying [TR5]. Let S be a class of objects of T. Suppose that
every object k € S is B—good as an object of the triangulated subcategory
T(S) C T. Then the objects of T(S) form a B-perfect class.

Proofs of Lemmas 3.3.7 and 3.3.8. Before we start the proof, let us
make one observation. Assume Lemma 3.3.8; that is assume T(S) is 3
perfect. By Lemma 3.3.3, the collection of all direct summands of objects
of T(S) is also B—perfect; but this is precisely (S)"°, the thick closure of
T(S). Without loss, we may therefore assume o > N in Lemma 3.3.7; the
case a = Ny is an immediate consequence of Lemma 3.3.8.

The proofs of the two Lemmas are so nearly the same, that we will
give them together. Consider the following two full subcategories R C T
and & C T, given by

8§ ={k e (S)¥|k is B-good},

R = {k € T(9)|k is B—good}.

It suffices to show that R contains T(S) and § contains (S)“. To show that
R contains T(S), it suffices to prove that R is triangulated and contains
S. To show that 8§ contains (S)“, it suffices to prove that § is a thick
subcategory of T satisfying 3.2.1.1 and 3.2.1.2. Since the argument for R is
similar and slightly simpler, we leave it to the reader. We assume therefore
that a > N, and we will prove that § is triangulated, and satisfies 3.2.1.1
and 3.2.1.2. Since a > Np, 8 would then be closed under the formation of
countable coproducts, hence idempotents would split in 8. It is redundant
to prove the thickness.

We need to prove three things, of which 3.2.1.1 is the hypothesis of

the Lemma. By hypothesis we know that all the objects in S are f—good
as objects of (S)*. Hence S C 8, § being the subcategory of all S—good
objects.
Proof that § satisfies 3.2.1.2. We need to show that, if {k,,n € M} is
a collection of fewer than a objects of §, then the coproduct is in 8. Let
{Xx,A € A} be a collection of objects of T, with A of cardinality < .
Suppose that we are given a map

Hk# ey HXA.

pneM AEA
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That is, for each p € M, we have a map
ke —— [ X
A€A

Because k,, € 8, this map factors as

I fom

AEA
by —— [T ko 1
AEA AEA
with kg, o € (S)*. Tt follows that our map
I+ — J[x
pneM AEA
factors as
|
AEA ueEM
Ik —— I 1T Foum [T x,
peM NEA pEM AEA

and as (S)“ is closed under the formation of coproducts of fewer than a of
its objects,

H k{A,u} € (9)".
pneM
O
Proof that § is triangulated. Note that the category (S)“ is triangu-
lated, in particular closed under suspension. It follows that factoring
k — H X)\
AEA

I %
k —— HkA & HXA
A€A AEA

as a composite

with k&, € (S)® is the same as factoring

vk — H X,
AEA

I1 =4

sk —— [[ Sk 25— ][ =X,

AEA AEA

as a composite



118 3. PERFECTION OF CLASSES

with Xk, € (S)®. Thus § satisfies £8 = 8.
Now suppose f : k — [ is a morphism in 8. Complete it to a triangle

E— m Sk,

We know that k£ and [ are in §. We must prove that so is m.
Let {X; A € A} be a set of objects of T, with A of cardinality < §.
We deduce an exact sequence

Hom <m, 11 X,\> — Hom (z, 1T X,\> — Hom (k 11 X,\>

A€EA A€EA A€EA

Suppose now that we are given a map
m # H X)\
A€EA
By the exact sequence, this gives a map
l — H X)\
AEA
so that the composite
h— — H X\
A€A

vanishes. But [ is in 8§, meaning it is §—good; hence there exists a factori-

sation
1T

L —— [t 22— ] %
AEA AEA
with Iy € (S)®. Furthermore, the composite
[T~
bl —— [[0 22— [ %
A€A AEA

vanishes, and hence since k € §, we deduce by Lemma 3.3.5 that

l,\LX)\

factors as
l)\ gx M h X,
so that the composite
H gx
k —— | —— H I SN H my

A€A AEA



3.3. PERFECT CLASSES 119

vanishes. But then the map
[ — H my
AEA
factors through m; there is a map
m L H my
AEA
giving it. Now the composite

[ 7

AEA
e T 2% T
AEA AEA
need not agree with the given map
m L H X)\.
AEA

However, by construction, the composites with [ — m agree. The difference
therefore factors as a map

m Yk ]_[ X,.
AEA

But Xk € 8, and hence the map
Sk —— ] X

AEA
factors as
/
[T 7
PYSN
st TTm 22 T
AeA AEA

with m), € (S)%, and the map h factors as

[T (hy 0y

m — H{m)\@m’)\} ACh HXA
AEA AEA
with {m, & m}} € (S)". O

THEOREM 3.3.9. Let o and 3 be infinite cardinals. Let T be a trian-
gulated category satisfying [TR5]. Let {S;,i € I} be a family of B—perfect
classes of T. Recall that if US; is the union

USi7

icl



120 3. PERFECTION OF CLASSES

then T(US;) is the smallest triangulated subcategory of T containing US;,
and (US;)” is the smallest thick, a—localising subcategory 8 C T containing
Us;.

Our theorem asserts that for any B-perfect S;’s as above, the collection
of objects of T(US;) is a B-perfect class. Furthermore, for any infinite o,
the objects of (US;)" also form a B-perfect class.

Proof: Since the proofs are virtually identical, we will prove the statement
about (US;)”. By Lemma 3.3.7, it suffices to show that any k € U;c;S; is
B-good. More explicitly, let {X, A € A} be a collection of objects of T,
where A has cardinality < 8. Given any map

k—>HX,\
AEA

we must show there is a factorisation

I1 %
k —— IIkA 355—4 II‘XX
AEA AEA
with k)\ € <USZ'>Q.
So take k € U;c1S;. For some i € I, k must lie in .S;. But then a map
k—— [ X»
AEA

as above must factor as

IT %
k—— [k 22— ] X,
AEA AEA

with k, € S;, hence k, € (US;)". O

COROLLARY 3.3.10. Let 3 be an infinite cardinal. Let T be a triangu-
lated category satisfying [TR5]. Let 8 be a triangulated subcategory. The
collection of B—perfect classes S; C 8 of T has a unique mazimal member
S. Furthermore, any (—perfect class R of T, whose objects lie in 8, is
contained in the mazimal class S.

Proof: Take the collection of {S;,i € I} to be the class of all S—perfect
classes in T, all of whose objects lie in §. Then by Theorem 3.3.9, the
objects of the category T(US;) form an B-perfect class. On the other
hand, § is triangulated and contains US;, hence also T(US;). Thus T(US;)
is contained in §, is S—perfect, and contains all the S—perfect S;’s. Putting
S = T(US;), we clearly have that S is maximal. O
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DEFINITION 3.3.11. Let 3 be an infinite cardinal. Let T be a triangu-
lated category satisfying [TR5]. Let 8§ be a triangulated subcategory. Then
the full subcategory whose object class is the maximal B-perfect class S of
Corollary 3.3.10 will be called 8g.

COROLLARY 3.3.12. Let 8 be a triangulated subcategory of a triangu-
lated category T. Suppose T satisfies [TR5]. Let 3 be an infinite cardinal.
Then &g s triangulated.

Proof: § is a triangulated subcategory containing 8, and hence § contains
the minimal triangulated subcategory containing 8z. That is,

85 C T(Sﬁ) CS.

But 8 is a B—perfect class. By Theorem 3.3.9, so is T(83). Because 83 is
the maximal 3-perfect class, it must contain T(83), hence is equal to it,
hence is triangulated. O

COROLLARY 3.3.13. Let 8 be a thick subcategory of a triangulated cat-
egory T satisfying [TR5]. Let 8 be an infinite cardinal. Then the category
Sg is thick.

Proof: Let T be the class of all objects isomorphic to direct summands
of objects of §g. Since § contains 85 and is thick, it must contain 7. We
have

SgCT C8.
But T is f-perfect by Lemma 3.3.3, and by the maximality of 83 we must
have T' C 83. Hence the two are equal, and 8 is thick. a

COROLLARY 3.3.14. Let o and (8 be infinite cardinals. Suppose § is
an a-localising subcategory of a triangulated category T satisfying [TRS].
That is, § is a thick subcategory closed under the formation of coproducts
of fewer than « of its objects. Then the subcategory Sg is also a—localising.

Proof: § is a-localising and contains 83, and hence contains (Sg)”, the
smallest a-localising subcategory containing 83. We get an inclusion

85 C <85>a CS.

On the other hand, 83 is a S-perfect class. By Theorem 3.3.9, so is (S3)”.
By the maximality of 83 we must have

<85>a C 85.

Hence the two are equal and 83 is a-localising. O

REMARK 3.3.15. If S is y—perfect, and v > (3, then S is also f—perfect.
We deduce that for any 8§ C T, 8, being 3—perfect, must be contained in
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the maximal S—perfect class Sg. If R C § C T, then Rg is a G—perfect class
in §, hence contained in the maximal Sg.

EXAMPLE 3.3.16. Let T be a triangulated category. Let k be any ob-
ject of T. Then the class S = {0, k} of only two objects is R perfect. Given
any set A of cardinality < R (that is, a finite set), and a map

E—— ] X,
AEA
we can factor it as k
k A H k AEA I H X}\
AEA AEA

where A is the diagonal map from k to k™. If the composite vanishes, then
in fact each f, must vanish, and the map factors as

k—2— [ * Mo — IIx.

AEA A€A AEA

It follows that if 8 is any triangulated subcategory of T, then 8 = 8.
The case § = Ny is the trivial case for perfection.

3.4. History of the results in Chapter 3

The results of Section 3.2 are very standard. The definition of localising
subcategories (Definition 3.2.6) is probably due to Bousfield, [4], [6] and [5].
Let T be a triangulated category satisfying [TR5]. As in Definition 3.2.1, let
<S)ﬁ be the smallest f—localising subcategory of T containing the set S of
objects. The fact that (S)” is essentially small (Proposition 3.2.5) is obvi-
ous. The fact that quotients by localising subcategories respect coproducts
(Corollary 3.2.11) may be found in Bokstedt—Neeman [3].

Section 3.3 is completely new. This book introduces the notion of
perfect classes to imitate some standard constructions involving transfinite
induction on the number of cells of a complex. Whatever the motivation,
the definition is new, and in the rest of the book, we will attempt to explain
what one can do with it.



CHAPTER 4

Small objects, and Thomason’s localisation
theorem

4.1. Small objects

DEFINITION 4.1.1. Let T be a triangulated category satisfying [TR5]
(that is, coproducts exist). Let o be an infinite cardinal. An object k € T is
called a—small if, for any collection {Xx; X € A} of objects of T, any map

E—— ] Xa
AEA

factors through some coproduct of cardinality strictly less than a. In other
words, there exists a subset A’ C A, where the cardinality of A’ is strictly
less than o, and the map above factors as

E—— [ X» — [ X
AEA AEA
EXAMPLE 4.1.2. The special case where @ = N is of great interest.
An object k € T is called Rg—small if for any infinite coproduct in T, say
the coproduct of a family {Xx; A € A} of objects of T, any map
k e II‘XA
AEA
factors through a finite coproduct. That is, there is a finite subset
{X&rX%...an}C:{Xk;AEEA}
and a factorisation
E—— [[Xi — ] X
i=1 AEA

Expressing this still another way, the natural map

H Hom(k,X,) —— Hom <k, H XA>

AEA AEA

is an isomorphism.
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DEFINITION 4.1.3. Let « be an infinite cardinal. Let T be a triangulated
category satisfying [TR5]. The full subcategory whose objects are all the a—
small objects of T will be denoted T(*).

LEMMA 4.1.4. Let a be an infinite cardinal. Let T be a triangulated
category satisfying [TR5]. Then the subcategory T © T is triangulated.

Proof: To begin with, observe that k € T(® if and only if Xk € T(®). This

comes about from the identity
Hom (1@21 {H X,\}>
AEA

Hom (Ek, 11 XA>
= Hom (k: 11 E_lXA>

AEA
AEA

where the second equality is the fact that the suspension functor respects
coproducts, i.e. Proposition 1.1.6.

Let k£ — I be a morphism in T(®. It may be completed to a triangle
in T. There is a triangle in T

k—1l—>m— k.

We know that k and [ are a-small. To show that T(® is triangulated, we
need to show that so is m.
Let {Xx; A € A} be a set of objects of T. Because

Hom (—, 11 XA>

AEA

is a cohomological functor on T, we deduce an exact sequence

Hom <m, 11 X,\> —— Hom (l, 1T X,\> —— Hom (k: 11 X,\>

AEA AEA AEA
Suppose now that we are given a map
m L H X)\
AEA
By the exact sequence, this gives a map
I — ] X
AEA
so that the composite

h— — HXA
AEA
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vanishes. But [ is a—small; hence there exists a subset A’ C A of cardinality
< a, so that the map

l —— H X)\
AEA
factors as
| —— H X, —— H X).
Y PYEIN
Of course, we know that the composite
k—— 1 —— [ X — [[x»
AeA AEA
vanishes. On the other hand, the map
IIx — 1%
AEA AEA
is the inclusion of a direct summand, hence a monomorphism in T. We
deduce that the composite
h— ] — H X\
AeN
is already zero, and therefore that
I —— ] xx
NY
factors through m. We therefore have produced a map
m L H X>\
AEN
so that the composite
m —2— H Xy —— H X
AEA PYEIN
differs from the map
m L H X)\
AEA

by a map vanishing on [. On the other hand, the exact sequence

Hom <Ek, 11 XA> — Hom <m, 1T XA> — Hom (z, 11 XA>

AeA AeA AeA
tells us that the difference factors as

m P ]_[ X,.
AEA
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But k£ € T implies ¥k € T(® and we deduce that there is a subset
A" C A, of cardinality < «, so that the map

sk —— ] X
AEA
factors as
sk —— [ x» —— [ X
AEA” AeA
Putting this all together, one easily deduces that the given map
m L H X)\
AEA
factors as
m—— I % —— %
AEATUA" AeA

and because « is infinite and A’ and A” are of cardinality < «, the cardi-
nality of A’ UA” is also < . Therefore T7(® is triangulated. |

LEMMA 4.1.5. Suppose « is a regular cardinal. That is, « is not the
sum of fewer than o cardinals, each of which is less than o.. Then T(®) is
a-localising. That is, the coproduct of fewer than o objects of T*) is an
object of T(),

Proof: Let {k,,u € M} be a collection of objects in T(®), where the
cardinality of M is less than a. Let {Xx, A € A} be an arbitrary collection
of objects of T. Suppose we are given a map

II & —— I x»
pneM AEA
This means that, for every p € M, we are given a map
ke —— [ X
AEA

Because k,, is a—small, for each p there exists an A, C A, with cardinality
< @, so that the map

k# E— HX)\
AEA
factors as

k# —— H X)\ E— HX)\.
AEA, AEA
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Thus the map
Il e — X
neM AEA
factors as
e —— I x—1%
pneM AEU em Ay AEA

and the cardinality of U,ear A, is bounded by the sum of the cardinalities
of A, over all 4 € M, which is a sum of fewer than « cardinals, each less
than a. Because « is regular, this sum is less than a. a

LEMMA 4.1.6. Let o be an infinite cardinal. The category T(®) is thick.

Proof: By Lemma 4.1.4 we know that T7(®) is a triangulated subcategory.
To prove it thick, we need to show that any direct summand of an object
in () is in T,

Let &, I be objects of T and assume that the direct sum k&1 is a—small.
We wish to show that k is a—small. Take any map

k—"— T] %
AEA

and consider the map

kdm L> HXA

AEA

Because k@ m is small, there is a subset A’ C A of cardinality < «, so that
the above factors as

kdm —— H X, —— HX)‘
AEN’ AEA

and hence the given map

kLHX)\

PYSN
factors as
0 1
@ (1) A
k——kdm —— HXA—> HX)‘
AeA’ AEA

and in particular, it factors through a coproduct of fewer than a terms. O



128 4. THOMASON’S LOCALISATION

REMARK 4.1.7. If a is a regular cardinal greater than Xy, Lemma 4.1.6
is redundant. By Lemma 4.1.5, T7(®) is a-localising. But since o > Ry,
Remark 3.2.7 tells us that idempotents split in T(®), and T(®) must be
thick.

4.2. Compact objects

Let T be a triangulated category satisfying [TR5]. In Section 4.1 we
learned how to construct, for each infinite cardinal «, a triangulated sub-
category T(® of a-small objects in T. In Section 3.3, we learned that given
any triangulated subcategory 8 C T and an infinite cardinal 3, there is a
way to construct a triangulated subcategory 83 C 8. In this section, the
idea will be to combine the constructions and study {T(*)} 3

LEMMA 4.2.1. Let T be a triangulated category satisfying [TR5]. Let
a be an infinite cardinal. Let S be an a—perfect class of a—small objects.

Then S is also B—perfect for all infinite 3.

Proof: Suppose k is an object in S, and {X ), A € A} a family of fewer
than § objects of 7. Because k is a—small, any map

k —— H X,
AEA
factors as
F— [ X, — ][ X
AN AEA
with the cardinality of A’ being < a. Since S is a—perfect, the map
E— [ X\
AEN

factors as

11 A
E— Hk)\ AEA HX)\

AeN AeN

with k, € S. For A ¢ A/, define k, = 0. Then we deduce a factorisation

II A

k —— Hk)\ &) HXA,
AEA AEA

where of course most of the k,’s vanish, but in any case they are all in S.
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Suppose now that we have a vanishing composite

I
k—)Hk/\&)HX/\
AEA AEA

with k and k, all in .S and A of cardinality < 3. Because k is a—small, the
map

k—— [] kx
AEA
must factor as
k —— H ky — H ky
AEA’ AEA

where the cardinality of A’ is < «. The composite

I
k —— H ky & H X,
AEN AEN’

vanishes, and since S is a—perfect, we deduce that for each A € A’, the map
fy + ky — X, factors as

h
kx 2 I\ — X,
so that [, € S and the composite
H 9x
AeN
b — H ky — H Iy
AEA Y

already vanishes. For A & A’, define g, : k, — [, to be the identity. Then
we still have the vanishing of
H 9

k —— sz)\ & HZA'
AEA AEA
O

DEFINITION 4.2.2. Let T be a triangulated category satisfying [TR5].
Let o be an infinite cardinal. Define a triangulated subcategory T by

To — {:TW}Q.

LEMMA 4.2.3. If a < 3 are infinite cardinals, then T C T5.
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Proof: T is an a—perfect class, whose objects are a—small. We know,
from Lemma 4.2.1, that T must be G—perfect. Since its objects are a—
small, they are also 3-small. Thus T¢ is a 3-perfect class in T(%), hence it
must be contained in the maximal one, {7(5) }B' O

LEMMA 4.2.4. For every infinite a, T is thick.

Proof: By Lemma 4.1.6, 7(®) is thick. By Corollary 3.3.13, for every
infinite cardinal g, {7(0‘)}6 is also thick. In particular, letting 5 = o, T¢
is thick. |

LEMMA 4.2.5. Let o be a reqular cardinal. Then T* is a—localising.

Proof: « is regular, and hence Lemma 4.1.5 says that T7(®) is a-localising.
But then Corollary 3.3.14 asserts that, for any infinite g, {’J'(O‘)}ﬁ is also
a-localising. Letting 8 = «, we deduce that T* is a—localising. o

REMARK 4.2.6. In the special case @ = Ny, all classes are a—perfect;
see Example 3.3.16. Thus

{70*0)} — g(R0)
Ro

In other words,
TR — g®o),

DEFINITION 4.2.7. The objects of T will be called the a—compact 0b-
jects of T. In the case o = Ry, the objects of TN will be called the compact
objects. They are B—compact for any infinite 3. We will permit ourselves
to write T¢ for TR0 ; the superscript ¢ stands for compact.

4.3. Maps factor through (S)”

REMINDER 4.3.1. Let T be a triangulated category satisfying [TR5].
Let S be a class of objects of T. We remind the reader of Definition 3.2.9;
(S) stands for the localising subcategory generated by S, that is

%) =Js”.

B

(S )B is the smallest thick subcategory containing S and closed with respect
to forming the coproducts of fewer than 3 of its objects; See Definition 3.2.1.

LEMMA 4.3.2. Let T be a triangulated category satisfying [TR5]. Let
B be a regular cardinal. Suppose S is a class of objects of TP. That is,
S C T8, Then the subcategory (S’)ﬁ is also contained in T°.
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Proof: If 8 is regular then, by Lemma 4.2.5, 7% is (-localising. By
hypothesis, S is contained in T%. But <S>ﬁ is the minimal ([-localising
subcategory containing S, hence (S >B c 78, O

The main theorem of this section is the following.

THEOREM 4.3.3. Let T be a triangulated category satisfying [TR5]. Let
B be a regular cardinal. Let S be some class of objects in T®. Let x be a
B-compact object of T. Let z be an object of (S). Suppose f:x — z is a
morphism in T. Then there exists an object y € (S}ﬁ so that f factors as

T— Yy — 2.

Proof: We define a full subcategory 8 of T as follows. If Ob(8) is the class
of objects of §, then

Ob(g):{ 2 € Ob(T) | Vo € Ob(TP), ¥f : & — 2, Jy € (S)° }

and a factorisation of f as * — y — 2

It suffices to prove that (S) C S. To do this, we will show that § contains
S, is triangulated, and contains all coproducts of its objects. Since (S)
is minimal with these properties (see Example 3.2.8), it will follow that
(S) c 8.

The fact that & contains S is obvious. Take any objects z € S and
x € 78, and any morphism z — z. Since we know that z € S, clearly z €
<S>B , the smallest thick category containing S and closed with respect to
coproducts of fewer than 3 of its objects. Put y = z, and factor f : x — 2
as

f 1
X z z

Equally clearly, z € § if and only if ¥z € §. After all, z — ¥z can be
factored as

T y Yz
if and only if ¥~1z — 2 can be factored as
Yl —— Y ly —— 2
and z € TP iff 51z € T8, y € (S)7 iff ©-1y € (9)”.

Suppose now that ¢ : 2 — 2z’ is a morphism in 8. Complete it to a
triangle

z 2! 2" Yz.

We know that z and 2’ are in 8. To show that § is triangulated, we must
establish that z” is also in 8. Choose any z € T”, and any map f : x — 2.
We need to factor it as

1
T—y— 2z,
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with y € (S)°.
First of all, the composite
z— 2 — 3z
gives a map from z € T% to ¥z € 8, which must factor as
r—y — 22,
with y € (S)?. Now the composite
z— 2 — Yz — X
clearly vanishes, and is equal to the composite
T —y — Yz — X7
Complete  — y to a triangle
r—y— C — Xz

then the map y — Yz’ must factor through C. We deduce a commutative
square

y —— C

| !

Yz —— X2,

Now, in the triangle defining C, the other two objects are x and y. By
hypothesis, € T%. By construction, y € (S}B, and by Lemma 4.3.2,
<S>ﬁ C TP, Because z and y are both in T, so is C. Since ¥z’ € 8, we
deduce that the map C — Xz’ factors as

C—y — 27
with y' € (S >ﬁ . Our commutative square above gets replaced by another,
y — v
Yz —— X2,

where the top row involves only objects in (S)”. Note also that since the
composite

r—y—C
vanishes, so does the longer composite

z—y— C —1.
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Now complete the commutative square

y ——

! !

Yz —— %7
to a map of triangles

uly” y Y y"
| | | |
2" Yz ¥z Sz

and note that, because y and 3’ are in <S>ﬁ, so is y”, and because the
composite

r—y—y

vanishes, the map x — y factors as

T —s Efly// — .

We deduce a commutative diagram

T Z_ly" y

I l

N — Yz

The composite

T Zfly// Z//

is not the map f : £ — 2z’ we began with. But when we compose

"

r— Yy — 2 — N

we do get the given map

e —L Yz,
In other words, the difference between the composite
T — Z_ly” . Z”

and f : x — 2" factors as x — 2’ — 2’’. We know that 2’ € 8, and
hence x — 2’ must factor as

r—y— zl
with 7 € (S)B. But then f : 2 — y factors as
T {@@ 2_1y”} Z”,

and J & ¥~ 1y” is in <S>ﬁ. Thus z” € 8, as required.
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It remains to prove that § is closed with respect to the formation of
coproducts of its objects. Let {z,, A € A} be a set of objects of §. We wish
to show that

I =

A€A

is an object of 8. Rephrasing this again, we wish to show that if € T8

and
fix— H 2
AEA
is any map, then there is a factorisation

T Y II )

AEA

with y € (S)°.
Take therefore any map
fix— H 2y
AEA

Now recall that z € T8 ¢ T In particular, z is 5-small. Therefore there
is a subset A’ C A, where the cardinality of A’ is less than 3, so that f

factors as
P L —— I
AeA’ AeA

Now z is in fact not only G—small, but also S—compact. In other words, x
belongs to the 3-perfect class T7. Therefore the map g factors as

I
AeA
r — H Ty RS SN 2z
AEA’ AEA’
for some collection of h, : y, — z,, with , in T8,
For each A € A/, we have z, € T°, 2\, € § and a map h, : ¥, — z,.
It follows that, for each A\, we may choose a y, € (S )7 and a factorisation
of hy 1z, — 2, as
Tx 77U — 20
with y, € (S)”. But then f factorises as
z H Yx H %
AEA’ AEA

and [],ca ¥, being a coproduct of fewer than 3 objects of (S}B, must lie
in (S)°. O
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4.4. Maps in the quotient

As we have said in Section 2.2, one of the problems with Verdier’s
construction of the quotient is that one ends up with a category in which
the Hom-—sets need not be small. Suppose T is a triangulated category with
small Hom-sets, and 8 is a triangulated subcategory. Then the quotient
T/8 of Theorem 2.1.8 is a category, which in general need not have small
Hom—sets. Nevertheless, we can already give one criterion that guarantees
the smallness of the Hom-—sets. The criterion is Corollary 4.4.3.

Then we will further explore some of the consequences of the machinery
that has been developed so far. We lead up to Thomason’s localisation
theorem (Theorem 4.4.9), which will give a summary of the results in this
Section.

PROPOSITION 4.4.1. Let T be a triangulated category. Let 3 be a reg-
ular cardinal. Let S be a subclass of the objects of T°. Let y € T be an
arbitrary object, * € T a B-compact object (i.e. x € T?). Then

{T/48)} ) = {T/()°} (@, ).

In other words, the maps * — y are the same in the Verdier quotient
categories T/(S) and T/(S)".

Proof: There is a natural map

6: {T/(9)"} @,y) — {T/(9)} @),

and we want to prove it an isomorphism. We need to show it injective and
surjective. Let us begin by proving it surjective.

Proof that ¢ is surjective. Let 2 — y be a morphism in J/(S). That
is, an equivalence class of diagrams

[e3%
p—UY
/|
T

with f in Mor<5>. In the triangle
p— T — 2 —> 2P

we must have z € (S). On the other hand, from the hypothesis of the
Proposition, = € T%, S € 7% and z € (S). By Theorem 4.3.3, we know
that there is a 2’ € (S)” so that 2 — z factors as

!’
r— 2 — Z.
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We deduce a map of triangles

p/ fg T P Ep/
A |
P ! x z p

The morphism fg: p’ — x lies in Mor,, 5 since 2’ € (S’)ﬁ. The diagram

(8)

’ ag
p —

ol

X

is therefore a morphism in J/(S )ﬁ , whose image under ¢ is clearly equiva-
lent to the given morphism

[e3%
p——UY
7|
T

Hence the surjectivity of ¢.
Proof that ¢ is injective. Let the diagram

p —— y

/|

represent a morphism in T/(S >ﬁ whose image under ¢ is zero. Because the

diagram is a morphism in T/(S)”, f must be in Mor,_, ,. In the triangle

(5)

p— T — 2z — X,

we must have z € <S>ﬁ. On the other hand, g is regular, and Lemma 4.3.2
tells us that (S)ﬁ C T8. We were given that 2 € 77, and deduce that p,
the third vertex of the triangle, must also be in T%.

We also assume that the image under ¢ of the morphism represented
by the diagram

p —— y

7|
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vanishes. In other words, the diagram is equivalent, in T/(S), to the dia-
gram

0
p—UY

/|

X

By Lemma 2.1.26, the map « : p — y must factor as
p—2z—yY

with 2 € (S). But we have just shown that p € T%. As z € (9), we
conclude from Theorem 4.3.3 that p — z factors as

!/
p— 2z — =z

with 2/ € (S)”. Since we have factored p — y through 2’ € (S)”, it follows,
again from Lemma 2.1.26, that the class of

[0}
p—UY
/|
T

vanishes already in T/(S)”. m|

An immediate corollary is

COROLLARY 4.4.2. With the notation as in Proposition 4.4.1, the nat-
ural functor

T2/(8)" — T/(S)
is fully faithful.

Proof: Proposition 4.4.1 asserts that for all z € 77, y € T,
{T/48)} ) = {T/()°} (@, ).

Corollary 4.4.2 is the weaker assertion that this holds if y € 7% as well. O

All of this becomes useful when we have T = UgT?. We then know

COROLLARY 4.4.3. Suppose T is a triangulated category with small
Hom-sets, satisfying [TR5]. Suppose T = UgT?; that is, every object of T
is B—compact for some 3. Suppose S is a set of objects in T, for some
infinite cardinal . Then the category T/{S) also has small Hom—sets.
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Proof: Let x and y be objects of T, we need to show that

{7/(5)} (z,9)
is a set. But by hypothesis, T = Uﬁ’J'B. Therefore z must lie in some T7.

Recall that if 3 < 7, then by Lemma 4.2.3, 7% € T77. We may therefore
choose (3 so that

4.4.3.1. x is f—compact.
4.4.3.2. (3 is regular.
4.4.3.3. B> a, where S C T%, a > N given.

Then z and S both lie in 77, and by Proposition 4.4.1,
{T/48)} ) = {T/()°} (@),

On the other hand, S was a set, and Proposition 3.2.5 gives us that the
category (S}ﬁ is essentially small. But by Proposition 2.2.1, the Verdier
quotient of T by a small (or essentially small) category has small Hom—sets.

Therefore {’J’/(S)ﬁ} (x,y) is a small set; {T/(S)} (z,y), being equal to it,
is also a set. |

The situation of Corollary 4.4.3 is worth analysing more closely.

LEMMA 4.4.4. Suppose T is a triangulated category satisfying [TR5].
Suppose T = UgT?; that is, every object of T is B—compact for some [3.
Suppose S is a class of objects in T, for some infinite cardinal oc. Then
for any regular 3 > «, the image of T° in T/§ satisfies

T C {T/(S)}".

In other words, every object of T° is 3-small even in T/(S), and in fact
the class T° is a B-perfect class of T/{S), hence contained in the mazimal

one inside {‘T/(S)}(B).

Proof: We need to show that T is consists of 3-small objects of T/(S),
and that 7 is B—perfect in T/(S). Let k be an object of T%. Let {X,,\ €
A} be a set of objects of T/(S), which of course are the same as objects of
T. Let us be given a map in T/(S)

E—— J] X
AEA
To show that k is S—small in T/(S), we need to factor the map as
E— [ X0 — [[ X
AeA! AEA
for some subset A’ C A of cardinality < 3.
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To show further that T% is a (-perfect, note first that the objects
of TP form a subcategory equivalent to a triangulated subcategory. By
Corollary 4.4.2, the subcategory

7°/(8)” C T/(S)

is a full subcategory, and since it is closed with respect to the formation
of triangles it is equivalent to a triangulated subcategory of T/(S). By
Remark 3.3.6, to check that the objects of a triangulated subcategory form
a f—perfect class, one needs only show that each object is f—good. In other
words, we need to further prove that the map
E— [] X,
AEA

[T~
E— Hk)\ AEN HX)\

AEN AeN

can be factored as

with k, € T7.
Let us begin therefore with a map in J/(S)
k —— H X,.
AEA
By Corollary 3.2.11, the coproduct J],_, X, exists in T/(S); in fact, it
agrees with the coproduct in J. We are given a map in T/(S)
k—— J] X
AEA

It is a map in T/(S) from an object in k € 77 to an object [Ty, X, € T,
and by Proposition 4.4.1,

{7/45)} (k I1 XA> = {7/(5"} (k I1 XA> .

AEA AEA
That is, the map

E—— ] X,
AEA

comes from a morphism in T/ (S >ﬁ . It therefore is represented by a diagram

p — T x

AEA
/|
k
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where f € M0r<5>g. This means that there is a triangle
p—k—2z—3p

with z € (S)B C TP. Since k is also assumed in T7, it follows that p € T5.
But then the S—smallness of p € T guarantees that the map in T

p—’HX,\

factors as

p— HXX—>HX>‘

AeN AEA

where A’ C A has cardinality less than 3. The S-compactness of p in T
says that the map in T
p— H X

AEA’

p— ] b — [] X\

AeN AeN

factors as

with k, € 7. In other words, in T/(S) we factored the map

k— HXA

PYSN
as
k— H ky — HXA—) HX)\.
AEN AEN AEA

O

Even the seemingly stupid case, where (S) = 7, is worth considering
further.

LEMMA 4.4.5. Let T be a triangulated category satisfying [TR5]. Let
S be a class of objects in T, for some infinite a. Suppose (S) =T. Let 3

be a reqular cardinal > «. Then the inclusion (S)B C T8 is an equality. In
other words, every object of T° is in <S>ﬁ.

Proof: Let x be an object of 77. We need to prove that z is in (S)B.
The identity map 1 : 2 — = is a morphism from z € 7% to x € (S) (we
are assuming (S) = 7). By Theorem 4.3.3, it factors through some object

y € (S)°. Thus z is a direct summand of y € (S)°. But (S)” is thick,
hence z € (). O



4.4. MAPS IN THE QUOTIENT 141

PROPOSITION 4.4.6. Let T be a triangulated category satisfying [TR5].
Let T C T and S C T be two classes of a—compact objects, a an infinite
cardinal. Suppose that (T) = T. Suppose that > « is a reqular cardinal.
Then the inclusion

77/(8)7 c {T/(8)}”

is almost an equivalence; every object of {T/(S)}? is isomorphic to a direct
summand of something in the image. That is, the B—compact objects of
T/(S) are, up to splitting idempotents, the images of B—compact objects of

Proof: Note that the map T — T/(S) takes T” to 3-compact objects of
T/(S), by Lemma 4.4.4. Hence there is a well defined map

77/(9)" — {T/(5)}".
The fact that this map is fully faithful is a consequence of Corollary 4.4.2.
We may therefore view

77/(8)” C {T/(5)}°

as a fully faithful embedding of categories. Let T8 /(S )ﬁ be the thick closure
of 72/(S)’. Since {T/(S)}” is a thick subcategory of T/(S) containing
T8/(S)’, we deduce

T8/(S)"  {T/(S)}".
We need to prove the opposite inclusion,
T8/(S)” > {T/(S)}".
Now T7 is a triangulated subcategory of T, and contains all coproducts
of fewer that 3 of its objects. By Lemma 3.2.10, coproducts in T and T/(.5)

agree. Therefore T7%/(S)”, and hence also T9/(S)”, are closed under the
formation of coproducts in T/(S) of fewer than § of their objects. Then
75 /(S)” is thick, and contains the coproducts of fewer than 3 of its objects.
Since T C T C 7% = 77 /()"

70/(8)” > (T)”

where (T)” c T/(S) is the smallest S-localising, thick subcategory con-
taining T'.

On the other hand, we assume that (T') = T; that is, T is the smallest
localising subcategory of T containing 7. We deduce that T/(S) is the
smallest localising subcategory of T/(S) containing T. If we view T as a
subclass of T/(S), we still get (T") = T/(S). By Lemma 4.4.5, applied to
the class T in the category T/(S), we get

(T)" = {7/(5)}".
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Hence
T8/(8)7 5 {T/(S)}".
Thus the two subcategories are equal, as stated. O

REMARK 4.4.7. In Proposition 4.4.6, the statement can be improved if
f3 is not only regular but also 3 > Rg. In this case, T8/(S >ﬁ is closed under
the formation of coproducts of countably many objects, and idempotents
in 7%/(S)” must split. Therefore, if 3 > Rq then every object of {T/(S)}’
is isomorphic in T/(S) to an object in T7%/(S)”. There is no need to split
idempotents; the categories {T/(S)}” and T%/(S)” agree, up to extend-
ing 7°/(S)” to include every object in T/(S) isomorphic to an object of
T8/(S)".

LEMMA 4.4.8. Let T be a triangulated category satisfying [TR5]. Let
S C T* be a class of a—compact objects, a an infinite cardinal. Let § = (S)
be the localising subcategory generated by S. Suppose that 8 > « is a reqular
cardinal. Then there is an inclusion

SNT? c 8°.

Proof: We will show that § N T? is a B-perfect class of objects in §(%);
hence it must be contained in the maximal such, 8.

Let k € 8N TP be any object. Let {X,,\ € A} be a family of objects
in 8§ = (S). Suppose we are given a map

bo— H X,.
AEA

Because k € T°, it is f-small in T, and hence there must be a subset A’ C A
of cardinality < (3, so that the map factors as

k —— H X, — HX)\.
XY AEA

This proves that k is S—small in 8. In other words, we have established
that §NT7 c 8§,

Next we want to show that § N T? is a perfect class. By Remark 3.3.6,
it suffices to show that every object k € §NT# is f-good. Assume therefore
that A is a set of cardinality < 3, and we have a map

b — H X,.
AEA
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Because k € T8, this map must factor as

I1 %

o [k 22— ] X,
AEA AEA

with k, € 7. On the other hand, fy : ky — X, is a map from an object
of 7% to an object of (S). We know from Theorem 4.3.3 that it must factor
as

where k| € (S’)B C 8N TP, Thus we have factored
k — H X,

AEA
as

AEA AEA

and k is f—good. a

Summarising the work of this Section, we get

THEOREM 4.4.9. Let 8 be a triangulated category satisfying [TR5], R C
S a localising subcategory. Write T for the Verdier quotient S/R.

Suppose there is an infinite cardinal o, a class of objects S C 8% and
another class of objects R C RN 8%, so that

R = (R) and 8§ =(S).
Then for any regular 8 > «,
(R)) =R =RN S,

(S)? =8”.
The natural map
SO /R — T
factors as
89 /RP — TP C T,

and the functor

8P /RP — TP
is fully faithful. If B > W, the functor

sp /g{ﬁ g8
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is an equivalence of categories. If B = Ng, then every object of T is a
direct summand of an object in 85 /RP.

Proof: From Lemma 4.4.8 we deduce an inclusion RN8? C RP. Trivially,
we have an inclusion <R>ﬁ C RN 8P. Combining, we have inclusions

(R’ c Rn s’ c RP.
By Lemma 4.4.5, applied to R C RN 8% C R?, we have
(R)? = R®°.
Hence equality must hold throughout, and we have
(R’ =RNn8’ =R
By Lemma 4.4.5, applied to S C 8%, we have
(S)? =8°.
That the natural map
8P IRP — T
factors as
$FIRP — TP T

is the statement that the image of a f—compact object of 8§ is f—compact
in T, that is Lemma 4.4.4. That the functor

8% /RP —s TP
is fully faithful is Corollary 4.4.2. That the functor
87 /RF —s TP

is an equivalence if § > Ng is Remark 4.4.7. The statement that, for § = N,
every object of T? is a direct summand of an object of the full subcategory
87 /R5 follows from Proposition 4.4.6. O

4.5. A refinement in the countable case

The classical, most useful case of Thomason’s localisation theorem is
the case 8 = Ry. As stated, the theorem says that 8% /R¥0 is embedded
fully faithfully in T80, and that the embedding is an equivalence up to
splitting idempotents. But one gets a refinement, which we will discuss in
this section. We begin with some definitions.

DEFINITION 4.5.1. Let T be an essentially small category. Define Z(T)
to be the free abelian group on isomorphism classes of the objects of T. The
object X of T, viewed as an element in Z(7), will be denoted [X].
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DEFINITION 4.5.2. Let T be an essentially small additive category. One
defines a group A(T) C Z(T) to be the subgroup generated by all

XeY]-[X]-[Y]
where X, Y are objects of T.

DEFINITION 4.5.3. Let T be an essentially small additive category. The
set of isomorphism classes of objects of T forms an abelian semigroup,
with addition being given by direct sum. Define K4(T) to be the group
completion of T with respect to this addition. That is, elements of K (7T)
are equivalence classes of formal differences [X]| — [Y], where [X] and [Y]

are isomorphism classes of objects of T. We declare [X] —[Y] equivalent to
[X'] = [Y'] if, for some object P € T, there is an isomorphism

XeY eP~X'aYa®P

One proves easily that this is an equivalence relation, and that K 4(7T) is
naturally an abelian group.

REMARK 4.5.4. This is usually called the Grothendieck group of the
symmetric monoidal category T. The subscript A here is to distinguish
K4(T) from Ky(7), whose definition will come in Definition 4.5.8.

LEMMA 4.5.5. Let T be an essentially small additive category. Then
there is a natural isomorphism

Z(7T)
A7) — K4(7).

Proof: Define a map
Z(T) — Ka(7)

to be the following. It sends an element of Z(7), that is a linear combination

Z[Xi] - Z[Yj],

i=1 j=1
to the element
x|~ D
i=1 j=1

This is clearly surjective, and the kernel is A(T); hence the identification

Z(J)

—= >~ K4(7).

AT A7)



146 4. THOMASON’S LOCALISATION

DEFINITION 4.5.6. Let T be an essentially small triangulated category.
One defines a subgroup T(T) C Z(T) to be the subgroup generated by sums

Y] -[X]-17]
where
X—Y —7—%X
is a triangle in T.

LEMMA 4.5.7. Suppose T is an essentially small triangulated category.
Then A(T) C T(7).

Proof: Let X and Y be objects of J. Then the following is a triangle
X — XY —Y —3¥X
establishing that
X aY]-[X]-[Y]
is in T(7). O

DEFINITION 4.5.8. Let T be an essentially small triangulated category.
One defines a group Ko(T), the Grothendieck group of T, to be

REMARK 4.5.9. In particular, from the triangle
X—0—3XX — XX
in T, we learn that [X] + [XX] vanishes in Ko (7).

LEMMA 4.5.10. Suppose T is an essentially small triangulated category,
8 C T a triangulated subcategory. Suppose T is the thick closure of 8. That
is, every object of T is a direct summand of an object of 8. Then in Z(7T),
which of course contains Z(8), one gets

T(T)=A(T)+T(8).
Proof: Clearly, A(T) and T'(8) are both subgroups of T'(T), and hence
T(T) > A(T) +T(8).

The problem is to show the reverse inclusion. Choose any of the generators
of T(T), that is

Y] —[X]-1[Z]
where

X —Y —7—3¥YX



4.5. A REFINEMENT IN THE COUNTABLE CASE 147

is a triangle in 7. By hypothesis, T is the thick closure of §; there is an
object A € T so that X @ A € §, and there is an object B € T so that
Z & B € 8. We deduce a triangle in T

X®A—YPA®B—ZdB—X{XqA},
and as X @ A € S and Z® B € § and 8 is triangulated, the entire triangle

lies in 8. Hence
Y@ Aa® B —[Xa A - [Z& B
is an element of T'(8). As
YoAdeB|-[Y]-[A]-[B], [X&A]-[X]-[4]

[Z ® B] - [Z] - [B]
all lie in A(7T), the identity
Y- X]-[2] = {YeAeB|-[X®A —-[Z¢ B}

—{vede B - [Y]-[A] - [B]}

+H{{X oA -[X]-[A]}

+{lZe Bl -[Z] - [B]}
shows that an arbitrary generator [Y]—[X]—[Z] of T'(7) lies in A(T)+T'(8).
Hence

T(T) C A(T)+T(8),

and we are done. O

PROPOSITION 4.5.11. Let T be an essentially small triangulated cate-
gory. Let § C T be a triangulated subcategory. Suppose the thick closure of
S is all of T. Then the natural map Ko(8) — Ko(7T) is a monomorphism.
Furthermore, if X € T is an object so that [X] € Ko(T) lies in the image
of Ko(8) — Ko(7), then X € 8.

Proof: We need to show that the map fy : Ko(8) — Ko(7T) is injective,
and analyse when an element [X] € K(7) lies in the image of fo. But fo
is identified as the map

Z(8) Z(J) Z(J)

N = —
7(8) () A(T) +T(8)
We are using the fact that T(T) = A(T) + T'(S), that is Lemma 4.5.10. Tt
therefore suffices to show that the map
Fa Z8) _ Z(7)
ATA) (7)
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is injective. The map fy is obtained from f, by further dividing by

T(8)/A(8). In other words, we are reduced to showing the injectivity of
fa: Ka(8) — Ka(7)

and analysing its cokernel, which is isomorphic to the cokernel of fy :
Ko(8) — Ko(7T).

Let [X] — [Y] be an element of the kernel of f,; that is, X and Y are
objects of §, and in T there exists an object P and an isomorphism

XeP~Y@P.

But since T is the thick closure of 8, there must exist an object P’ € T so
that P @ P’ € 8. Then the fact that there is an isomorphism

XeoPoP ~Y®PaP

says that [X] — [Y] vanishes already in K 4(8); the kernel of f, vanishes.

Finally, assume that X is an object of T so that [X] lies in the image
of the map fo : Ko(8) — Ko(7), or equivalently in the image of the map
fa: Ka(8) — Ka(T). Then there exist B and C' in § and an identity in
Ka(7)

This means that there is an object P € T and an isomorphism
XeCeP~BaP
Find an object P’ € T so that P & P’ lies in 8. We have an isomorphism
XoCoPoP ~BoPaP.

Replacing C € 8by C@P@® P € Sand B € 8§ by B®& P® P’ € §, we may
say that there are objects C and B in 8 and an isomorphism

XoC~B.
Now consider the triangle
C —B— X —XC.
It is a triangle in T, but since C' and B are in § and 8 is triangulated, the
triangle lies in 8. Hence X € 8. O
A very useful special case of this is

COROLLARY 4.5.12. Let 8§ be a triangulated subcategory of a triangu-

lated category T. Suppose T is the thick closure of 8. Then for any object
X €7, the object X ® XX lies in 8.
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Proof: If T is small, this is an immediate corollary of Lemma 4.5.13, once
one observes that X @ XX vanishes in K¢(T). One can reduce the general
case to the essentially small case; but since a direct proof is very simple,
let us give one.

Since X € T and 7 is the thick closure of 8, there exists Y in T with
{X@®Y} € 8. The suspension of { X@Y } isalsoin 8; that is {EX®XY} € 8.
There are three distinguished triangles in T

Y —— 0 XY XY
X — X 0 »X
0 —— XX XX 0

The direct sum is, by Proposition 1.2.1, a triangle in T
XY — XXX —— X pXY —— XYY

But two of the terms, namely X ®Y and XX & XY, lie in 8. Hence so does
the third term X ¢ XX. O

One more Lemma before we get to the main point.

LEMMA 4.5.13. As in Theorem 4.4.9, let 8 be a triangulated category
satisfying [TR5]. But unlike Theorem 4.4.9, we now insist that 8 have
small Hom—sets. Let R C § be a localising subcategory. Write T for the
Verdier quotient S/R.

Let B be a regular cardinal. Suppose there is a set (not just a class, as
in Theorem 4.4.9) of objects S C 8 and another set of objects R C RNSH,
so that

R = (R) and 8§ =(S).
Then the categories R°, 87 and T° are all essentially small.

Proof: By Theorem 4.4.9, we know that R% = (R)?, and 87 = ($)”. Since
we are assuming S and R are sets and & has small Hom-sets, it follows
from Proposition 3.2.5 that (R)ﬁ and (S)B are essentially small; in other
words, R® and 8° are essentially small. But then by Proposition 2.2.1,
the Verdier quotient 87 /R® has small Hom-sets, and since there is clearly
only a set of isomorphism classes of objects, the quotient is essentially
small. By Theorem 4.4.9 we know that 87 /R? is a full subcategory of T5,
and up to splitting idempotents, the two categories agree. That means that
T7 is obtained from 87 /R? by splitting some idempotents. Since 87 /R is
essentially small, it follows that so is T%. a

Now we are ready for the refinement of Theorem 4.4.9 in the countable
case.
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COROLLARY 4.5.14. Let S be a triangulated category with small Hom—
sets, satisfying [TR5]. Let R C 8 be a localising subcategory. Write T for
the Verdier quotient 8/R.

Suppose there is a set of objects S C 880 and another set of objects
RC RN 8N, so0 that

R = (R) and 8§ =(S).

Then not only is it true that TN is the thick closure of the full subcategory
8o /RRo - but in fact every object in X € TN which lies in the image of

KO (SNO/IRNO) —— K() (TNO)
is isomorphic to an object in 8% /R¥o C TRo,

Proof: T™0 is a triangulated category, the category containing all objects of
TX0 isomorphic to objects of 8% /R¥° is a triangulated subcategory whose
thick closure is T, Both categories are essentially small by Lemma 4.5.13.
Proposition 4.5.11 applies, and in particular we learn that X € T will be
isomorphic to an object in §%¢/R® if and only if [X] lie in the image of
the map

Ko (8% /R®0) ——— K, (T™).

O

REMARK 4.5.15. The most useful case turns out to be the object X &
Y.X. See Corollary 4.5.12 above. Thus for any X € TR0, there is Y € 8o
so that in T there is an isomorphism

XpXX ~Y.

4.6. History of the results in Chapter 4

The short way to describe the history is to say that everything is clas-
sical if @ = Ng. An Ng—small object, usually known as a compact object,
is such that any map from it into a coproduct factors through a finite co-
product. In Remark 4.2.6 we saw that any Rp—small object is Xp—compact.

Thomason proved his localisation theorem when o = Ny and T is the
derived category of the category of quasi—coherent sheaves on a semi-
separated scheme X. This proof may be found in [34]. The theorem is
what Thomason calls his “key lemma”.

For an arbitrary T, but still with o = Ny, there is a proof based on
Bousfield localisation in the author’s [23]. The proof here, not appealing
to Bousfield localisation, is new. And, of course, the statement for all «,
that is Theorem 4.4.9, is entirely new.
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Let « be a regular cardinal. Suppose T = <’J’N0>. That is, T is the
smallest localising subcategory containing T%°. Then by Theorem 4.4.9
T = (Th)"
If T is the homotopy category of spectra, then T%0 are the finite CW-—
complexes. By the above, T becomes identified with <7N°>a, that is all the
spectra with fewer than « cells. This perhaps explains how the definitions
of a—perfection and a—smallness were motivated by the attempt to copy

classical arguments, which work by induction over the cardinality of the
set of cells in a complex.






CHAPTER 5
The category A(S)

5.1. The abelian category A(S)

Let 8 be an additive category. We do not assume that § is essentially
small. We define

DEFINITION 5.1.1. The category Cat (SOP,Ab) has for its objects all the
additive functors

F:8°P —— Ab.
The morphisms in Cat (SOP ,Ab) are the natural transformations.

It is well-known that Cat (SOP,Ab) is an abelian category. We remind
the reader what sequences are exact in Cat (SOP, .Ab). Suppose we are given
a sequence

0 —— F/(-) —— F(=) —— F'(=) —— 0
of objects and morphisms in Gat(S"p,Ab), that is functors and natural

transformations 8°? — Ab. This sequence is exact in Cat (SOP ,Ab) if and
only if, for every s € 8, the sequence of abelian groups

0 —— F/(s) —— F(s) —— F'’(s) —— 0
is exact.

LEMMA 5.1.2. Let 8§ be an additive category. Let Gat(S"p,Ab) be as
in Definition 5.1.1. Then the representable functor 8(—,s) is a projective
object in the category Gat(S"p,Ab).

Proof: The functor Y;(—) = 8(—,s) is additive, hence an object of
Gat(S"p,Ab). Let F be any object of Cat (SOP,Ab). Yoneda’s lemma tells

us that morphisms in Cat (SOP ,Ab), that is natural transformations
Yo(=) =8(=s) —— F(-)

are in one—to—one correspondence with elements of F'(s). Suppose we are
given an exact sequence in Cat (SOP, Ab)

0 — Fi(-) — F(-) — F'(-) — 0.
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Applying the functor
Gat(S"p,Ab){Ys, —}
to the exact sequence gives
0 —— F'(s) —— F(s) —— F'"(s) —— 0.

But this sequence of abelian groups is exact. Hence Yy = §(—,s) is a
projective object. O

DEFINITION 5.1.3. Let § be a triangulated category. Recall that we do
not assume & essentially small. The category Gat(S"p,Ab), as in Defini-
tion 5.1.1, is the category of all additive functors 8P — Ab. We define

A(8) C @at(S"p,Ab)
to be the full subcategory of all objects F' which admit presentations

8(—,8) —— 8(—,t) —— F(—) —— 0.

REMARK 5.1.4. In other words, the objects of A(8) are the objects of
Gat(S"p ,Ab) admitting a presentation by nice projective objects, namely
the representable ones.

LEMMA 5.1.5. The functors in A(8) take coproducts of objects in 8 to
products of abelian groups.

Proof: Let F be an object of A(8); that is, it admits a presentation
8(=8) —— 8(—t) —— F(=) —— 0.

It is clear that the representable functors §(—, s) and 8(—,t) take coprod-
ucts to products. Let {z,,\ € A} be a family of objects of § whose co-
product exists in §. We have a commutative diagram with exact rows

8(]_[:10)\,3)  — 8(]:[.’[:»15)  — F<H$A> — 0
AEA YN AEA

I I 1
H $(zy,8) —— H $(zy,t) —— H F(zy) —— 0
A€A A€A A€A

and we immediately deduce that F' sends coproducts to products. O

LEMMA 5.1.6. Suppose F — G is a morphism in A(8). Then the
cokernel is an object of A(S).
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Proof: We have an exact sequence of functors
F(=) —— G(=) —— H(=) —— 0,
and we are given that F' and G are in A(8); we would like to show that so
is H. But F and G admit presentations
8(=8") —— 8(—t") —— F(=) —— 0
8(=8) —— 8(—t) —— G(=) —— 0
and we have a map F' — G, hence a composite
8(=t') —— F(-)
l
G(-).

By Lemma 5.1.2, the representable functor 8§(—,t’) is a projective ob-
ject, and hence the map 8(—,t') — G(—) factors through the surjection
8(—,t) — G(—). In other words the composite

8(—t") —— F(-)
G(-)
factors to render commutative the square
8(—t") —— F(-)
8(—,t) —— G(—).
We deduce a commutative diagram with exact rows
8(—t') —— F(=) —— 0
8(—s) —— 8(—t) —— G(=) —— 0
and the cokernel H of the map F — G has a presentation
$(—5 @) —— 8(—,t) —— H(=) —— 0.

O

LEMMA 5.1.7. Suppose F is an object of A(8), and ¢ : 8(—,x) —
F(-) is an epimorphism. Then the kernel of ¢ is an object of A(S).
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Proof: Because F' is an object of A(S8), it has a presentation
8(—,8) —— 8(—,t) —— F(-) —— 0.
We are also given a map ¢ : §(—, x) — F(—); that is we have a diagram
8(=, )
‘|
8(=8) —— 8(=t) —— F(=) —— 0

where the row is exact. The object 8(—, x) is projective in Cat (SOP, Ab) by
Lemma 5.1.2, and hence the map ¢ : §(—,2) — F(—) factors as

8(—, &) —— 8(—,t) —— F(-) —— 0.
We have a diagram
8(—,&5)
8(—s) —— 8(—t) —— F(=) —— 0
where the bottom row is exact and the composite
8(—,&5)
8(—=t) —— F(-)
is surjective. We deduce that
S(—,z) ® 8(—,5) —— 8(—,1)

is surjective.
But by Yoneda this natural transformation of representable functors is
induced by a morphism in §

rds —— t.
To say that this is surjective implies that
St,x ®s) —— 8(t,1)
is epi, and hence 1 : ¢ — ¢ lies in the image. The identity on ¢ factors as
t —— xds —— .
Complete z & s — t to a triangle

r —— x®s —— t —— Xr.
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This triangle is split. We must have an isomorphism «x ® s ~ r ®t. We
have a commutative square in T

which is bicartesian for the split exact structure in 7. Anyway, we have a
bicartesian diagram of functors

8(=r) —— 8(=2)
l l
S(—,8) —— 8(—,1)

in the abelian category C’at(S"p,Ab), and the cokernels of the rows are
isomorphic; there is a commutative diagram with exact rows

8(=r) —— 8(—2) —— F(=) —— 0
l l i
8(=8) —— 8(—t) —— F(=) —— 0
The surjection $(—,z) — F(—) has been completed to a presentation
8(—,r) —— 8§(—,2) —— F(-) —— 0.

Now complete r — x to a triangle

q r T 3.
We have an exact sequence
8(=.q) — 8(=,r) —"— 8(~,2) —— 8(~,%q).

The functor F(—) is identified as the image of 6, and the kernel K(—) of
8(—,x) — F(—) as the image of p. We have an exact sequence

8(—,q) —— 8(—,r) —— K(-) —— 0,

which establishes that K is an object of A(S). O

LEMMA 5.1.8. Suppose

0 —— F(-) — G(-) —— H(-) —— 0
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is an exact sequence of functors in Cat (SOP,Ab). Suppose F' and H lie in
A(8). Then there is a commutative diagram with exact rows

0 S(_7f) 8(_ag) 8(_7h) 0
0 —— F(-) —— G(-) —— H(-) —— 0
where all the vertical maps are surjective.
Proof: Since F and H lie in A(S), we may certainly choose surjections
8(_a f) S(_7 h)
0 —— F(-) —— G(-) —— H(-) —— 0

By Lemma 5.1.2, the object 8(—, h) is projective in Cat (SOP,Ab). The map
8(—,h) — H(—) must factor through the surjection G — H. Letting
g = f ® h, we have a commutative diagram with exact rows

0 —— 8(—,f) —— 8(—,9) —— 8(—,h) —— 0
0 —— F(-) —— G(-) —— H(-) —— 0
and the fact that the two outside vertical maps are surjective forces the
middle to also be. m|
LEMMA 5.1.9. Suppose
0 —— F(-) —— G(-) —— H(-) —— 0

is an exact sequence of functors in Gat(S"p,Ab). If any two of F, G and
H lie in A(S), then so does the third.

Proof: If F and G lie in A(S), then so does H by Lemma 5.1.6. It remains
to consider the other two cases.

Suppose F' and H lie in A(8). By Lemma 5.1.8, we may complete to a
diagram with exact rows and surjective vertical maps

0 —— 8(—,f) —— 8(—,9) —— 8(—,h) —— 0

l l l

0 —— F(-) —— G(-) —— H(-) —— 0
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Taking the kernels in the columns, we have a 3 x 3 diagram with exact rows
and columns

0 0 0

0 —— F(-) — G(-) — H(-) — 0

0 —— 8(—,f) —— 8(—,9) —— 8(—,h) —— 0

0 — F(-) — G(-) —— H(-) ——0

0 0 0
and Lemma 5.1.7, applied to the exact sequences

0 —— F'(-) —— 8(~f) —— F(-) —— 0
0 —— /(=) —— $(~h) —— H(-) —— 0,

allows us to deduce that F’ and H' are in A(8). Applying Lemma 5.1.8 to
the exact sequence

0 —— Fl(-) —— G'(-) —— H'(-) —— 0

we deduce a commutative diagram with exact rows and surjective columns
0 S(_7fl) S(_7g/) S(_7h/) 0
0 —— F(0) — G(-) — H(-) —0.

Putting this all together we have a commutative diagram with exact rows
and columns

0 —— 8(—,f) —— 8(—¢) —— (=) —— 0
0 —— 8(—,f) —— 8(—,9) —— 8(—,h) —— 0

0 —— F(-) — G(-) —— H(-) ——0
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and in particular the middle column is exact
8(_59/) - 8(_79) _— G(_) - Oa

meaning that G is in A(S).
It remains to show that if in the exact sequence

0 F(o) —— G() —— H(-) —— 0
the functors G and H are in A(8), then so is F. Since G € A(8), we may
choose a surjection 8(—,g) — G(—). Consider the diagram with exact

TOwWS

0 —— 0 —— 8(—9) —— 8(—9) —— 0

l | |

0 —— F(-) —— G(-) —— H(-) —— 0
We wish to apply the snake lemma to it. The kernels and cokernels fit in a

six-term exact sequence. The kernels and cokernels are computed by the
diagram with exact rows and columns

0 0

Lemma 5.1.7 applied to the exact sequences
0 —— G'(-) —— 8(—9) —— G(=) —— 0
0 —— H'(-) —— 8(—,9) —— H(-) —— 0

allows us to deduce that G’ and H' are in A(S). The snake lemma gives
an exact sequence

0 —— /(=) — H'(-) — F(-) — 0,
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and hence Lemma 5.1.6 establishes that F is also in A(S). O

PROPOSITION 5.1.10. The full subcategory A(8) C Cat(8°P, Ab) is an
abelian subcategory closed under extensions. That is, if F — G is a
morphism of objects in A(8), then the kernel, image and cokernel, computed
in the abelian category Gat(S"p,Ab), lie in A(S). Also, any extension of
objects of A(8) is in A(S).

Proof: Let f : F — G be a morphism in A(8). By Lemma 5.1.6, its
cokernel lies in A(8). The image fits in an exact sequence

0 —— Im(f) G Coker(f) —— 0,

and since G and Coker(f) lie in A(8), Lemma 5.1.9 tells us that so does
Im(f). The kernel fits in the exact sequence

0 —— Ker(f) F Im(f) —— 0,

and since Im(f) and F lie in A(8), Lemma 5.1.9 tells us that so does Ker(f).
Finally, if we have an exact sequence

0 F G H 0,
with F and H in A(S), Lemma 5.1.9 tells us that G is also in A(S). The
subcategory A(8) C Cat(8°P, Ab) is closed under extensions. O

LEMMA 5.1.11. The representable functors 8(—, ) lie in A(S), and are
projective objects in it. Furthermore, every projective object in A(8) is a
direct summand of a representable 8(—,x). If all idempotents in 8 split,
for example if 8 is Wq—localising, then the projective objects in A(S) are
precisely the representables.

Proof: The objects 8(—, s) have a presentation
8(_30) - 8(_75) I S(—,S) — 0,

which shows that they lie in A(8). By Lemma 5.1.2, they are projective ob-
jects already in the larger category Cat (801’ ,Ab). Hence they must clearly
be projective in A(S).

Suppose F' is a projective object in A(S). Being an object of A(S), it
has a presentation

8(—,8) —— 8(—,t) —— F(-) —— 0.

But F is projective, and the identity 1: F — F must factor through the
epimorphism 8(—,¢) — F(—). That is, F' must be a direct summand of
8(—,t). If the category 8 is closed under the splitting of idempotents, then
clearly F' is representable. O
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REMARK 5.1.12. We remind the reader: the objects F' € A(8) can be
identified with the objects of the larger category Cat (801’ , .Ab) which admit
projective presentations

8(—s) —— 8(—t) —— F(=) —— 0.
By Lemma 5.1.5, we know that such functors must take coproducts to

products. The reader should be warned that not every functor taking
coproducts to products need lie in A(8). Not even for very good 8.

Of course in any abelian category, morphisms of objects give rise to
morphisms of projective presentations. This leads to another description
of the category A(S).

DEFINITION 5.1.13. Let B(8) be the additive category whose objects are
morphisms {s — t} € 8. Morphisms

{s =t} —— {s' =t}
in B(8) are equivalence classes of commutative squares

s —— ¢

Lo

s —
The equivalence relation on morphisms is additive, and a morphism is
equivalent to zero if in the diagram

s —— ¢

el

SI tl
the map ¢ : t — t' factors ast — s’ — t'.

PROPOSITION 5.1.14. There is a functor B(8) — A(8) sending the
object {s — t} € B(8) to the cokernel of

8(—,8) —— 8(—,1).
This functor is an equivalence of categories.

Proof: Clearly, every object of A(8) is in the image of the functor. And
given projective presentations

8(—,5) — 8(—,t) —— F(=) —— 0
8(—,8") — 8(—,t') —— F'(=) —— 0

then maps F(—) — F’(—) are in one-to—one correspondence with ho-
motopy equivalence classes of maps of projective presentations. Precisely,
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maps F(—) — F’(—) correspond one-to—one to homotopy equivalence
classes of chain maps

8(—,8) —— 8(—,1)

l l

8(—,8/) - S(_>t/)
that is with chain maps, where we identify two if the difference of the maps
S(—,t) — 8(—,t') factors through §(—,s’). Thus the functor B(8) —
A(8) is fully faithful. O

COROLLARY 5.1.15. Suppose 8 is a triangulated category with small
Hom-~sets. Then the abelian category A(8) has small Hom—sets.

Proof: In its description as B(8), this is clear; there is only a set of
equivalence classes of diagrams

s —— ¢t

Lo

s — .

O

REMARK 5.1.16. Note that the category Gat(S"p,Ab) need not have
small Hom-sets, even if § does.

LEMMA 5.1.17. The Yoneda map 8 — A(8), sending s to the repre-
sentable functor 8(—, s), is a homological functor.

Proof: A(8) is an exact subcategory of Gat(S"p,Ab). Exact sequences
in the two categories agree. It therefore suffices to show that the functor
§ — Gat(S"p ,Ab) is homological. But this is clear: given a triangle in §

r s t X,

the sequence
§(—,r) —— 8(—,8) —— 8(—,1)
is exact by Lemma 1.1.10. O

THEOREM 5.1.18. Let 8 be a triangulated category. The functor § —
A(8) is a universal homological functor. Suppose we are given a homo-
logical functor H : § — A, where A is some abelian category. There is,
up to canonical isomorphism, a unique exact functor of abelian categories
A(8) — A so that the composite

§ —— A@S) —— 4
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is H. Furthermore, any natural transformation of homological functors
8 — A factors uniquely through a natural transformation of the asociated
exact functors A(S) — A.

Proof: Given an abelian category B with enough projectives, any additive
functor on a generating subcategory of projectives extends uniquely, up to
canonical isomorphism, to a right exact functor on B. This is standard. In
our case, we have § C A(8) is the full subcategory of representable functors.
The objects of 8§ are projective objects when viewed in A(8), and we are
given an additive functor H : 8 — A. Therefore H extends uniquely to a
right exact functor

A@S) —F . A

Given an object F' of A(8) and a projective presentation

8(_38) - S(_at) - F(_) — 07
H(F) is defined to be the cokernel of
If H is assumed not only additive but homological, we need to prove that
H is left exact. Note that it is obvious that the composite of H with
§ — A(8)is H.

Suppose first that we are given an exact sequence in A(8) of the special
form

0 —— F'(=) —— 8(—f) —— F(-) —— 0.
We want to begin by showing that H takes these to exact (as opposed to

only right exact) sequences. Since F’ € A(8), we may choose a surjection
8(—, f') — F’(—). In other words, we have a resolution of F

S(—, f') —2— 8(~, f) —— F(-) —— 0,

and F’ is identified as the image of ¢. Complete f' — f to a triangle
J(‘// f/ f Ef//'

The sequence

S(— f") —L— 8(— f) —2— 8(—,f) —— F(=) —— 0

is exact in A(8), the functor F is the cokernel of ¢ and the functor F’ the
cokernel of p. But the functor H is homological; it takes the triangle

f// P f/ ¢ f Ef”

to an exact sequence

a2 H(ry 2O m ()
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and H(F) = coker(H(¢)) while H(F') = coker(H(p)). We immediately
deduce an exact sequence

0 —— H(F') —— H(f) —— H(F) —— 0
as desired.
Suppose now that we are given a general exact sequence in A(S)

0 —— F(-) —— G(-) — K(-) —— 0.

By Lemma 5.1.8 we can produce in A(8) a 3 x 3 diagram with exact rows
and columns

0 0 0
0 —— Fl) —— G() —— K() —— 0
00— 8(—,f) —— 8(—,9) —— 8(—,k) —— 0

0 —— F(-) — G(-) —— K(-) —— 0

0 0 0
Note that for the sequence of projectives

00— 8(—,f) —— 8(—,9) —— 8(—,k) —— 0

to be exact it must actually be split exact. Applying the functor H to this
diagram we get a diagram with exact rows and columns

0 0 0
H(F') —— H(@') —— H(K') —— 0
0 —— H(f) —— H(9) —— H((k) —— 0

H(F) —— H(G) —— H(K) —— 0
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The exactness of the columns is the case just discussed. The middle row is
exact because it is split exact. The other two rows are a prior: only right
exact.

But the two maps

H(F")

l

H(f) —— H(g)

are both injective, hence so is their composite. The commutativity of

H(F') —— H(Q)

l |

H(f) —— H(g)

tells us that the map H(F') — H(G') must be injective. Therefore we
deduce the exactness of the rows and columns in the commutative diagram

0 0

T

0 —— H(F) H(@) —— H(K') —— 0

| |
(

|

—~

0 —— H(f) —— H(g) —— H(k) —— 0
H(F) —— H(G) —— H(K) —— 0

l l l

0 0

and the 3 x 3 lemma tells us the bottom row must also be exact.

So far, we have proved that a homological functor H : § — A extends
uniquely, up to canonical isomorphism, to an exact functor H: A(8) — A.
The statement about the extensions of natural tranformations is easy, and
we leave it to the reader. O

REMARK 5.1.19. The universal property of the homological functor
8§ — A(8) is clearly self-dual. In other words, the dual §°7 — {A(8)}*"
must satisfy the same property. Despite appearances, our construction
must be self-dual. In the next few lemmas we elaborate on this point.
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DEFINITION 5.1.20. Define the category C(8) as follows. The objects
are triangles in 8

r s t r
and the morphisms are equivalence classes of morphisms of triangles
r S t Xr
! s’ t’ >

The equivalence relation is additive. A morphism is equivalent to zero if in
the commutative square

s —— t

Lo

S/—>t/

the equal composites

S s ——
s — t/

both vanish.

LEMMA 5.1.21. Define a functor C(8) — B(8) by taking the triangle

r S t r
to the pair
r —— s.

This functor is an equivalence of categories.

Proof: First let us note that the functor is well-defined. If a morphism
in C(8) is equivalent to zero, we must show that its image in B(8) is also
equivalent to zero. Take therefore a morphism in C(8) equivalent to zero

r s t r
! s’ t Sr!
The fact that it is equivalent to zero means that the composite
S

|

SI—>t/
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vanishes. But

! s’ t/ >y
is a triangle, and hence the map s — s’ must factor as s — ' — s’. In
other words, the square

r —— s

Lo

,r,/ 8/
defines a morphism in B(8) equivalent to zero.
Every object in B(8), that is every {r — s} € §, can be completed to
a triangle

r s t Xr

and therefore lies in the image of the functor C(8) — B(8). Any commu-
tative square

r —— s

Lo

,r,/ SI

can be completed to a morphism of triangles

r s t Xr
I |
! s’ t/ ¥r!

so the functor C'(8§) — B(8) is full. But also, if

r —— s

Lo

,r/ 8/
is equivalent to zero, then the map s — s’ factors through 7/ — s, and
in any completion to a morphism of triangles

r S t Xr
r s’ t’ !

the map

SI—>t/
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will have to vanish. The functor C(8) — B(S8) is fully faithful, and
surjective on objects. Hence it is an equivalence of categories. O

REMARK 5.1.22. The dual of the equivalence C(8) — B(8) gives a
functor C(8°?) — B(8°P), which must also be an equivalence. Clearly
C(8°P) = {C(8)}°", the construction being self-dual. We deduce that the
functor taking a triangle

r ] t r
to the morphism
t —— Xr

is an equivalence of C(8) with {B(8°?)}°?. The objects of C(8) of the form

0 s ! S 0

map in B(8) to the projective objects

0 —— s.
Dually, they must map to the projective objects
s — 0

in B(8°P). Since C(8) is naturally the dual of B(8°P), the objects

0 s ! S 0

are not only projective objects in C(8), but they are also injective ob-
jects(=projective objects in the dual). We conclude

COROLLARY 5.1.23. The representable functors 8(—,s) are not only
projective objects in A(8), but also injective objects. Any projective or
injective object is a direct summand of some 8(—,s). If every idempotent
in the category 8 is split, then the projective(=injective) objects of A(8) are
precisely the representable functors 8(—,s). Any object F' € A(S) has both
a projective presentation

8(=s) —— 8(—t) —— F(=) —— 0
and an injective copresentation
8(—,8") —— 8(—t') —— F(=) —— 0
In other words, the category A(8) = B(8) = C(8) is a Frobenius abelian

category. It is an abelian category with enough projectives and enough
injectives, where it so happens that projectives and injectives coincide.

LEMMA 5.1.24. Let B be an infinite cardinal. Suppose the category 8
satisfies [TR5(B3)]. That is, coproducts of fewer than [ objects exist in
S. Then the category A(S) satisfies [AB3(03)]; that is, it is closed with
respect to coproducts of < 3 objects. The universal homological functor
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§ — A(8) respects coproducts of < [3 objects. Furthermore, a homological
functor 8§ — A respects coproducts of of < (3 objects if and only if the
induced exact functor A(8) — A of Theorem 5.1.18 does.

Proof: This is easier to see in the description B(8) or C(8) of the category.
Let us do it for C(8).

Suppose that we have a set of <  objects in C(8). That is, we have
a set A, of cardinality < 3, and for every A € A an object of C(8), i.e. a
triangle in &

Ty Sy ty Xry.

Since the category § satisfies [TR5(3)], we can form the coproduct of these
triangles

Hr/\ — Hs/\ — Ht)\ — Z{Hr/\}.
AEA AEA AEA AEA
By Proposition 1.2.1 this is a triangle, that is an object of C(8). The
reader will easily see that this object satisfies the universal property of a
coproduct in the category C(8).
In the special case of triangles of the form

1
0 EN EN 0,

that is objects in the image of the universal homological functor § — C(8),
their coproduct is

0 —— H N LN H s, —— 0
AEA AeA
and it immediately follows that the functor § — C(8) respects coproducts
of < 3 objects.
Finally, we need to show that a homological functor § — A, which by
Theorem 5.1.18 factorises uniquely as

S — A(8) —— A4,
preserves coproducts of < 3 objects if and only if A(8) — A does. The
“if” part is trivial. We know by the above that § — A(8) preserves
coproducts of < (3 objects. If A(S) — A also does, then so does the
composite

8§ — A(8) —— A.

Suppose therefore that H : 8§ — A is a homological functor preserving
coproducts of <  objects. We need to show that so does the induced
functor H : A(8) — A. In its realisation H : B(8§) — A, the induced
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exact functor takes the object {r — s} € B(8) to the cokernel of the map
H(r) — H(s). That is, we have an exact sequence

H(r) H(s) ﬁ({r —s}) —— 0.

Suppose A is a set of cardinality < f, and for A € A, we have objects
{ry, — s,} € B(8). The coproduct in B(8) is the object

AEA AEA
The functor B(8) — A takes it to the cokernel of

n(I1n) — (1)

we have an exact sequence

H<H> o (H) - f;I(Hm%k}) S

A€A A€A AEA

On the other hand, the functor H respects coproducts; in the commutative
square below, the vertical maps are isomorphisms

H H(ry) —— H H(sy)

A€A AEA

I |
n(I0n) — #(I1%).

We deduce a commutative diagram with exact rows

HH(T,\) — HH(S,\) - Hﬁ({rx\_“s/\}) — 0

XEA@I keA@z AeA hl
H <]_[ TA> - H <H 5A> —— H <]_[{7~A — sA}> — 0.

AEA AEA AEA
The exactness of the top row is because coproducts are right exact, in any

abelian category A. The 5-lemma now tells us that the map ~ must be an
isomorphism, that is H preserves coproducts of < 3 objects. a

REMARK 5.1.25. Dually, assume § is a triangulated category satisfying
[TR5*(B)]. Then the category A(8) satisfies [AB3*(8)], and the homolog-
ical functor § — A(8) respects products of < 3 objects. A homological
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functor § — A preserves products of < [ objects if and only if the exact
functor A(8) — A does.

5.2. Subobjects and quotient objects in A(S)

In any abelian category, it is customary to study the behavior of sub-
objects and quotient objects. An abelian category is called well-powered
if any object has a small set of subobjects, or equivalently a small set of
quotient objects. Well-powered abelian categories are reasonable. In this
sense, the categories A(8) are very unreasonable. In this section, we pro-
pose to study the elementary properties of subobjects and quotient objects
in the abelian category A(8), where § is a triangulated category. In Ap-
pendix C we will show by example that even the simplest § may have an
A(8) which is not well-powered.

For the purpose of our study, it is convenient to introduce yet another
model for the category A(S).

DEFINITION 5.2.1. Let 8 be a triangulated category with small Hom—
sets. The category D(8) has for its objects the morphisms {s — t} in 8.
A morphism {s — t} — {s’ — t'} in D(8) is an equivalence class of
commutative squares in 8

s —— t

Lo

s —— .

The equivalence relation on such squares is additive, and a square is defined
equivalent to zero if the equal composites

S s ——
I —— t/

both vanish.

LEMMA 5.2.2. Let 8 be a triangulated category with small Hom—sets.
There is a natural functor C(8) — D(S). It takes an object of C(8), that
is a triangle in §

to the morphism
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which defines an object in D(8). It takes a morphism in C(8), that is an
equivalence class of morphisms of triangles

r s t r
7 s t X!

to the square

Lo

s — 1.
This functor is an equivalence of categories.

Proof: The functor is clearly well-defined; equivalent morphisms map to
equivalent morphisms. In fact, the definition of the equivalence is the same
in both C(8) and D(8). In both cases, a morphism is equivalent to zero if
the equal composites

S s ——  t
§ —— ¢ t

both vanish. Therefore the functor C'(8§) — D(S8) is clearly faithful.
By [TR1], any morphism {s — ¢} in 8 may be completed to a triangle

r s t >r;

hence the functor C'(8) — D(8) is surjective on objects. By [TR3], any
commutative diagram with triangles for rows

r s t r

r’ s’ t Sr!
may be completed to a morphism of triangles

r S t r

! s’ t r'.

Thus the functor C(8) — D(8) is surjective also on morphisms. It is a
fully faithful functor, surjective on objects; therefore it gives an equivalence
of categories. o
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REMARK 5.2.3. By Lemma 5.1.21, there is an equivalence of categories
C(8) — B(8). We remind the reader what this functor does. It takes an
object of C(8), that is a triangle in §

r s t X,

to an object of B(8), which was explicitly the morphism in §
r —— s.

By Proposition 5.1.14, there is an equivalence of categories B(8) — A(S),
sending the object

to the cokernel of the map
8(—,r) —— 8(—,9).
Since for the triangle

T s t Xr

the sequence

S(—,1r) —2— §(—,5) —— 8(—1)

is exact, the composite C(8) — B(8) — A(8) sends an object of C(8),
that is a triangle

r s t X,

to the cokernel of «, which is the same as the image of
8(—,s) —2— 8(—,1).

In other words, the equivalence C(S8) — A(8) of Lemma 5.1.21 and Propo-
sition 5.1.14 factors through the equivalence C(8) — D(8) of Lemma 5.2.2.
We deduce an equivalence D(8) — A(S8), taking an object {s — t} of D(8)
to the image of the map

8(—,8) —— 8(—,¢).

In Remark 5.1.12 and Proposition 5.1.14, we saw that objects in the
the category B(8), that is morphisms {r — s} in 8, may be viewed as a
projective presentation for the object F(—) of A(S). We have an exact
sequence

8(—,r) —— 8(—,8) —— F(-) —— 0.

The objects in the category D(8) may be viewed as an object F(—) of A(8),
together with an embedding in an injective and a projective mapping onto
it. We may think of an object {s — t} in D(8) as

S(—.5) —2— F(=) —2— 8(—1)
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where ¢ is surjective and 6 injective. The natural functor D(8) — A(8)
sends {s — ¢} in D(8) to the image of

8(—,8) —— 8(—,1).

LEMMA 5.2.4. Let § be a triangulated category with small Hom-sets.
Let s be an object of 8. Via the universal homological functor § — A(8) =
D(8), we view s as an object of D(8). Any quotient object of s can be
presented as an object {s — t} of D(8), for some t and some morphism
s —t in 8.

Proof: Suppose we are given a quotient object of s, that is a surjective
map s — F. Choose any embedding of F' in an injective object ¢ € §; then
F is the image of {s — t}, in D(S). O

LEMMA 5.2.5. Let § be a triangulated category with small Hom-sets.
Let s be an object of §. Let {s — t} and {s — t'} be two quotient objects of
s in D(8). These quotients are isomorphic if and only if there exist maps
t — t' and t' — t rendering commutative the diagrams

s —— 1 s — t/
oL D
s — t/ s —— 1

Proof: Suppose we are given isomorphic quotients {s — ¢} and {s — t'}
in D(8). That is, we have a quotient s — F in D(8), and two embeddings
of it in injectives ¢ and '. Because t’ is injective, the map F — ¢’ factors
through the injection F' — ¢; we deduce a commutative square

s — t

L

s —— t'.
By symmetry, we also have a commutative square

s —— t/

I
s —— 1.
Now suppose we have two commutative squares
s —— t s —— t
A

s —— t § —— ¢
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we need to show that the two quotients of s agree. But these commutative
squares define morphisms in D(8) of the quotient objects. The composites
of the two morphisms, in both orders, give diagrams

s —— ¢t s —— t/
1l ll+p 1l l1+7
s —— ¢t s —— t/

and these differ from the identity morphisms

s —— ¢t s —— t/
I A
s —— ¢t s —— t/
by
— st s —— t/
I A
— st s —— t/

Since it is clear that

s s
o] o]
s —— ¢ s —— ¢/

vanish, it follows that the composites

s —— ¢t s —— ¢t/
1l ll+p 1l l1+7
s —— ¢t s —— t/

are equivalent to the identities. Thus the objects {s — ¢} and {s — ¢’} of
D(8) are isomorphic to each other in D(S), and the isomorphisms respect
the quotient map from s. O

PROPOSITION 5.2.6. Let 8 be a triangulated category with small Hom—
sets. Let s be an object of §. The quotient objects of s in the category
A(8) = D(8) can be represented as {s — t} € D(8), and two pairs {s — t}
and {s — t'} in D(8) give isomorphic quotients if there are commutative
diagrams in &

s —— ¢t s —— ¢t/

I

s —— ¢t/ § —— t.
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The subobjects of s may be represented as pairs {t — s} € D(8), and two
pairs {t — s} and {t' — s} in D(8) give isomorphic subobjects if there are
commutative diagrams in &

t —— s tl — S
I
tl _— S t —— s.

Proof: For quotients, the existence of a representation {s — t} for a
quotient of s is Lemma 5.2.4. The characterisation of isomorphic quotients
is Lemma 5.2.5. The statements about subobjects are simply the duals of
the statements about quotients. O

REMARK 5.2.7. In Proposition 5.2.6, we described the quotients and
subobjects of s € 8 C A(8). Since every projective object of A(8) is a
direct summand of s € 8, we have described the quotient objects of any
projective object of 8. Similarly, since every injective object of A(S) is a
direct summand of s € 8, we have described the subobjects of injective
objects of A(8). Since any object of A(8) may be embedded in an injec-
tive and is a quotient of a projective, we have in some sense described all
quotients and subobjects of any object of A(S).

CAUTION 5.2.8. An abelian category A is called well-powered if, for
every object a € A, the class of isomorphism classes of subobjects of a
is a small set. Equivalently, the class of isomorphism classes of quotient
objects of a is a small set. Subobjects and quotient objects are in 1-to—1
correspondence, with a subobject b C a corresponding to the quotient a/b.

If 8 is a small category, then so is A(8), and the category is obviously
well-powered. But for almost all non—trivial large categories 8, the category
A(8) is decidedly not well-powered. In Appendix C, more precisely in
Proposition C.3.2, Corollary C.3.3 and Remark C.3.4, we will show that
if D(Z) is the derived category of the category of abelian groups, then
A(D(Z)) is not well-powered.

5.3. The functoriality of A(S)

Given a triangulated category T, we learned in Section 5.1 how to
associate to it an abelian category A(T).

LEMMA 5.3.1. Let 8§ and T be triangulated categories with small Hom—
sets, F' : 8§ — T a triangulated functor. Up to canonical isomorphism,
there is a unique natural exact functor A(F) : A(8) — A(T) making
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commutative the diagram

S —— T
| |
AS) 2L 4.

Let 3 be an infinite cardinal. If 8 and T satisfy [TR5(8)], and the functor
F : 8§ — T preserves coproducts of < 3 objects, then the induced functor
A(F) : A(8) — A(T) also preserves coproducts of < [3 objects.

Proof: We have a diagram

SL‘T

I |

A(8) A(T)
and the composite 8 — T — A(7T) is a homological functor. By Theo-
rem 5.1.18, any homological functor 8§ — A factors uniquely through the
universal homological functor 8 — A(8). There is a unique exact functor
A(F) : A(8) — A(7) making commutative the diagram

S ., 7

! l

A@S) 2 4.
It remains to prove the statement about coproducts: if the categories
S and T both satisfy [TR5(8)] and the functor F' preserves coproducts of
< [3 objects, we need to show that the functor A(F) : A(8) — A(T) also
preserves coproducts of < 3 objects. But in the composite

SL‘T

l

A(T)
the functor F' preserves coproducts of <  objects, by hypothesis. The
functor T — A(T) preserves coproducts because T satisfies [TR5(3)],
and by Lemma 5.1.24. Hence the composite preserves coproducts of < 3
objects. But this composite is equal to

S

l

A(8) _AF) |

A(T),
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and by Lemma 5.1.24 and the facts that § satisfies [TR5(8)], the composite
preserves coproducts of < § objects if and only if A(F) : A(S) — A(7)
does. Hence A(F') : A(S) — A(T) preserves coproducts of < 3 objects. O

REMARK 5.3.2. Dually, if § and T satisfy [TR5*(3)] and F preserves
products of < (8 objects, then A(F) : A(8) — A(T) preserves products of
< [3 objects.

REMARK 5.3.3. Let F' : § — T be a triangulated functor of trian-
gulated categories with small Hom-sets. In Lemma 5.3.1 we defined the
functor A(F) : A(8) — A(7). By Proposition 5.1.14 and Lemma 5.1.21
we know that A(8) = B(8) =~ C(8). In terms of B and C, the functors
B(F) : B(S) — B(7) and C(F) : C(8) — C(7) are very simple to de-
scribe explicitly. An object in B(8) (respectively C(8)) is a map {s — s’}
in 8 (respectively a triangle {s — s’ — s — X5} in 8). The functor
B(F) (respectively C(F)) takes this to the morphism {Fs — Fs'} in T
(respectively to the triangle {F's — F's’ — F's” — Y Fs} in 7).

LEMMA 5.3.4. The assignment A(—) is a lax* functor from the 2-
category of triangulated categories and triangulated functors, to the 2—
category of abelian categories and exact functors. It takes a triangulated
category 8 to the abelian category A(8), takes a triangulated functor F to
the exact functor A(F), and takes a natural trasformation ¢ to a natu-
ral transformation A(@). It respects composition (in the lax sense) and
identities.

Proof: Obvious. O

REMARK 5.3.5. The functors B(—) and C(—) are strict functors of 2—
categories, not just lax functors. This follows from the explicit description
of B(F) and C(F) in Remark 5.3.3.

Next we wish to say something about the relation between adjoint
functors between triangulated categories & and 7T, and adjoint functors
between A(8) and A(T). But first a lemma.

LEMMA 5.3.6. Let & and T be triangulated categories, F' : § — T a
triangulated functor. Suppose F' has an adjoint (left or right) G : T — 8.
Then G is also a triangulated functor.

Proof: We may assume G is a right adjoint, the case of left adjunction
being dual. We are given that F' commutes with 3, up to natural isomor-
phism. That is

Y = XF

LA lax functor between 2-categories only respects composition up to 2-
isomorphisms.
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Taking right adjoints of this identity and recalling that the right adjoint of
¥ is ¥~ (see the proof of Proposition 1.1.6), we deduce

>l = Gy L.

Hence G commutes with 71, and therefore also with X.

Let X — Y — Z — ¥ X be a triangle in 7; we need to show that
GX — GY — GZ — GXX is a triangle in 8. Complete GX —
GY to a triangle GX — GY — C — XGX in 8. Because F is
triangulated, FGX — FGY — FC — YFGX is a triangle in 7. Let
ey : FGX — X and ¢y : FGY — Y be the counit of adjunction; it is
the map corresponding to the identity 1 : GX — GX under the natural
isomorphism

S(GX,GX) = J(FGX, X).
By the naturality of & we have a commutative square in T
FGX —— FGY

[ I
X — Y
which we may complete to a morphism of triangles

FGX —— FGY FC YFGX
o o o [
X — Y VA ¥X.
Let R be an object of 8. Then © defines a map
S(R,C) 2P0, 3(FR, 7),

and we deduce a commutative diagram with exact rows:

S(R,GX)—> $(R,GY) — 8(R,C) — 8(R,SGX)—> $(R,2GY)

Ll | | |
J(FR,X)— T(FR,Y)— TJ(FR,Z)— T(FR,2X)— T(FR,XY)
The 5-Lemma implies that §(R,C) — T(FR, Z) is an isomorphism, i.e.
that © : FFC' — Z is precisely the counit of adjunction. That is C = GZ,
and the result follows. O

REMARK 5.3.7. It should be noted that the situation here is better
than with abelian categories. If F' is an exact functor of abelian categories
with a right adjoint GG, then G is in general only left exact. If G is the left
adjoint of F', then it is in general only right exact. If we think of trian-
gulated functors between triangulated categories as the natural analog of
exact functors between abelian categories, then Lemma 5.3.6 is surprising.
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LEMMA 5.3.8. Suppose F : § — T is a triangulated functor of tri-
angulated categories. Suppose F has a right adjoint G : T — §. By
Lemma 5.3.6, G is triangulated. By Lemma 5.3.1, both F' and G induce
exact functors between A(S) and A(T). We assert that these induced func-
tors on abelian categories are also adjoint to each other. We have exact
functors

A(F) A(G)
—_ —_

A(8) A(T) A(T)
and A(F) is left adjoint to A(G).
Proof: Let us use the equivalent categories B(8) ~ A(S8), B(T) ~ A(T).
An object in B(8) is a morphism s — s’ in 8. An object in B(7) is a
morphism ¢ — #’ in T. The object B(F)[{s — s'}] is just F applied to
{s — s’}. A morphism

B(F)[{s — s'}] —— {t— 1t}

is an equivalence class of commutative diagrams in T

A(8)

Fs —— F§'

| |

t ——
where two diagrams are equivalent if the difference of the maps F's’ —
t' factors through ¢t — t’. But by adjunction this is the same as an

equivalence class of diagrams

s —— &

l l

Gt —— Gt'.
There is therefore a natural 1-to—1 correspondence of maps

BF)[{s =) ——  {t—1}

{s = &'} — B(G)[{t - t'}].
O

PROPOSITION 5.3.9. Let 8 and T be triangulated categories, closed un-
der splitting idempotents. The triangulated functor F' : 8§ — T will have a
right adjoint G : T — 8 if and only if the exact functor A(F) : A(8) —
A(T) has a right adjoint A(G) : A(T) — A(S).

Proof: If ' : § — T has a right adjoint G : T — §, we know from
Lemma 5.3.8 that A(F) : A(8) — A(T) has a right adjoint A(G) :
A(T) — A(S). We need the converse. Suppose therefore that A(F) :
A(8) — A(7) has a right adjoint G : A(T) — A(S).
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The functor G : A(T) — A(S) has an exact left adjoint. It therefore
takes injectives to injectives. But we are assuming that idempotents split
both in § and in T. By Corollary 5.1.23, the injectives in A(8) (resp. A(T))
are $ C A(8) (resp. T C A(T)). Therefore G : A(T) — A(S) restricts
to a functor G : T — 8. This functor is clearly right adjoint to F. By
Lemma 5.3.6, this adjoint G must be a triangulated functor of triangulated
categories. O

REMARK 5.3.10. The dual of Proposition 5.3.9 says that a triangulated
functor G : T — 8 will have a left adjoint if and only if the functor
A(GQ) : A(T) — A(8) does. Thus, looking for adjoints to triangulated
functors reduces to looking for adjoints to the associated exact functors.

The problem with this proposition is that it is nearly impossible to
apply. Existence theorems for adjoints usually depend on the categories
being well-powered. The reader is referred to Caution 5.2.8 and Appen-
dix C, for a discussion of just how far the categories A(T) are from being
well-powered.

5.4. History of the results in Chapter 5

The definition of the category A(S), its universal property for homo-
logical functors, and the fact that it is a Frobenius abelian category may
all be found in Freyd’s [13], more precisely in Section 3 on pages 127-133.
Verdier’s thesis, unpublished until very recently, also contains the results.
See Sections 3.1 and 3.2, pages 135-144 of [36]. I think Freyd had the
result first; although one can not be sure. Verdier submitted his thesis in
1967, Freyd’s result was already in print by 1966. The treatment we give is
more similar to Verdier’s. The only result in the Chapter with a claim to
originality is Proposition 5.3.9. We remind the reader: Proposition 5.3.9
asserts that a triangulated functor F' : 8§ — T has an adjoint if and only
if the induced functor A(F) : A(8) — A(T) does.

The analysis of subobjects and quotient objects of an object in A(7T),
given in Section 5.3, was certainly known to the experts. I have no doubt
that either Freyd or Verdier could easily have provided the same treatment.
More recently, Strickland was certainly aware of the results, as was Grandis.
Part of the purpose of Section 5.3 is to prepare the ground for Appendix C,
in which we show that the objects of A(T) may well have classes, not sets,
of subobjects.



CHAPTER 6
The category Cx (SOP,Ab)

6.1. Ex(8°, Ab) is an abelian category satisfying [AB3] and
[AB3*]

Let a be a regular cardinal. Throughout this Chapter, we fix a choice of
such a cardinal a. Let 8 be a category, satisfying the following hypotheses

HYPOTHESIS 6.1.1. The category § is said to satisfy hypothesis 6.1.1
if
6.1.1.1. 8 is an essentially small additive category.
6.1.1.2. The coproduct of fewer than « objects of 8 exists in S.

6.1.1.3. Homotopy pullback squares exist in §. That is, given a
diagram in 8
x

l

¥ —— y
it may be completed to a commutative square

b —m72

Lo

r ——y
so that any commutative square

S —m™ T

Lo

r —y
is induced by a (non-unique) map s — p. The object p is called

the homotopy pullback of the diagram
x

l

r ——y
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and the homotopy pullback square

p —m~2

[

r —y
is unique up to (non—canonical) isomorphism.

6.1.1.4. Coproducts of fewer than o homotopy pullback squares
are homotopy pullback squares. In other words, let A be a set of
cardinality < a. If for every A € A we are given a homotopy pullback
square

Py — %y

Lo

A
Ty — Ux

then the coproduct

HPA - HfEA

A€EA AEA

| |
Hxl,\ - Hy,\

AEA AEA

is also a homotopy pullback square.

EXAMPLE 6.1.2. The example of most interest is when § is an es-
sentially small triangulated category. Being essentially small, it satisfies
6.1.1.1. If it is closed under the formation of coproducts of fewer than «
objects, then it satisfies also 6.1.1.2. The existence of homotopy pullback
squares is automatic; see Definition 1.4.1 and Notation 1.4.2. Hence we
automatically have 6.1.1.3 whenever § is triangulated. The fact that the
coproducts of fewer than a homotopy pullback squares is a homotopy pull-
back square is also automatic for triangulated categories 8, following from
Proposition 1.2.1. Hence 6.1.1.4 also comes for free, when 8 is triangulated.

As T said, this is the important example for us. We treat the slightly
more general case only for the purpose of constructing certain counterex-
amples; see Section A.5. The reader not interested in counterexamples may
safely restrict his attention to only essentially small triangulated catego-
ries 8, satisfying [TR5(«)]. Recall that 8 satisfies [TR5(«)] if it is closed
under the formation of coproducts of fewer than a objects. The categories
satisfying Hypothesis 6.1.1 are more general, but mostly this will play no
role.
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We remind the reader of Definition 5.1.1. Given an additive category
8, the category Cat (801’ ,Ab) is the category whose objects are all additive
functors 8¢ — Ab, where Ab is the category of all abelian groups. The
morphisms in Cat (801’ ,Ab) are the natural transformations.

The category Cat (SOP ,Ab), being a functor category into the abelian
category Ab, inherits the abelian structure of Ab. A short exact sequence
in Gat(S"p,Ab) is three additive functors F’, F and F” from 8°P to Ab,
and two natural transformations

F'— F, F=F"
so that for every object x € 8, the sequence
0 —— F'(2) —— F(t) —— F"’(z) —— 0

is exact in Ab.

In this Chapter, we will be assuming that 8 satisfies Hypothesis 6.1.1,
in particular is essentially small. It follows that the category Cat (801’ ,Ab)
has small Hom-sets.

DEFINITION 6.1.3. Suppose § satisfies Hypothesis 6.1.1. The category
Sx(SOP,Ab) is defined to be the full subcategory of Gat(S"p,Ab), whose
objects are the functors 8°P — Ab which take coproducts of fewer than «
objects in 8 to products in Ab. In other words, let F' be an additive functor
8P — Ab. Then F will lie in the subcategory Ex(SOP,Ab) C @at(S"p,Ab)
if, for every family {s,,\ € A} of fewer than a objects of 8, the natural
map

) — e

AEA AeA
is an isomorphism.

LEMMA 6.1.4. Suppose 8 satisfies Hypothesis 6.1.1. Then the category
Ex (SOP,Ab) is an abelian subcategory of Cat (SOP,Ab). That is, Ex(SOP,Ab)
is an abelian category, and the inclusion
Ex(8°7, Ab) C Gat(S"p,Ab)
is an exact functor.

Proof: Suppose ' — F”’ is a morphism in Ex(SOP,Ab). That is, F' and
F’ are functors 8°° — Ab taking coproducts of fewer than a objects to
products, and F — F” is a natural transformation. We need to show that
the kernel and cokernel of the natural transformation, which are clearly
objects of the big category Gat(S"p,Ab), actually lie in the subcategory
Ex (SOP ,Ab).

Complete the map FF — F” to an exact sequence in Cat (SOP,Ab)

0 K F jal Q 0.
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Let {s,,A € A} be a set of fewer than « objects in 8. Because F' and F’
lie in Ez(SOP,Ab), the natural maps

F(u) Sy Y

AEA AEA
P (H ) [Py
AEA AEA

are both isomorphisms. We deduce that in the commutative square

P(1n) —# (1)
\lz \lz

H F(sy) —— H F'(sy)

AEA AEA

the vertical maps are both isomorphisms. But Ab satisfies [AB4*]. Hence
the product of the exact sequences

0 —— K(sy) —— F(sy) —— F'(s)) —— Q(s,) —— 0
over A € A is an exact sequence. In the comparison map

AEA AEA AEA AEA

| | | |

HK(S,\) - HF(S,\) - HF/(S,\) - HQ(S,\)

A€A A€A AEA AEA

both the top and bottom rows are exact. It easily follows that the natural
maps

K (u ) K

AEA AEA
Q <H 5,\> - H Q(sy)
AEA AEA
are both isomorphisms. O

LEMMA 6.1.5. Suppose § satisfies Hypothesis 6.1.1. Then the category
&C(S"p,flb) satisfies [ABS*]; it contains the product of any small set of
its objects. Furthermore, the inclusion functor Ex (SOP,Ab) C Cat (SOP,Ab)
respects products.
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Proof: Let {F),,u € M} be a set of objects in &z(8°7, Ab). We can form
the product in Cat (801’ ,.Ab) by the usual definition; for any s € §,

[[rpe = TI{me}

pneM pneM

What we need to show is that [] peM F,, is an object of the category
Ex (87, Ab).

Let therefore {s,, A € A} be a family of fewer than « objects of 8. For
each pu, the natural map

F, (H 5A> S | RGN

AEA AEA

is an isomorphism, because F), € 8:6(8"”, Ab). Taking the product of these
isomorphisms over all u, we have that

11 . (Ha) —— TI§ I £uts)

peM AEA reA |\ pem

is an isomorphism, proving that [ peM F,, is indeed an object of the cate-
gory Sz(SOP,Ab). O

So far everything was very painless. Next we want to prove that the
category €x(8°p,ﬂb) has coproducts, and want to have a very explicit
description of coproducts in Ex (SOP,Ab).

REMARK 6.1.6. The existence of coproducts in EI(SOP,Ab) can be
proved purely formally. One notes that the inclusion of Ex (SOP ,Ab) into
Gat(S"p ,Ab) is exact and preserves products, hence preserves all inverse
limits. Then one can show it has a left adjoint L; see for example Gabriel-
Ulmer [16]. The coproduct of a family of objects in €x(8°7,.Ab) is the
functor L applied to their coproduct in Gat(SOP,Ab). But as I said, we
want an explicit description of the coproduct.

DEFINITION 6.1.7. Suppose & satisfies Hypothesis 6.1.1. Let s be an
object of 8. Let {F,,,ju € M} be a set of objects in Ex(8°P, Ab). Define the
set

isomorphism classes of pairs

\/ Fyo(s) = s — [Lxea Sxs B € ITiea Fa(s))
peM with A C M of cardinality < «
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Note that since 8 is essentially small, {VueM F#} (s) is indeed a small set.

The idea is to construct {]_[#GM FM} (s) by dividing {\/#GM Fu} (s) by a
suitable equivalence relation.

DEFINITION 6.1.8. Suppose 8§ satisfies Hypothesis 6.1.1. Let s be an
object of 8, and let {F,,;n € M} be a set of objects in Ex (8P, Ab). Let us

be given two elements of {VueM F#} (s), that is pairs

s — [xea sas B € Ilxea Falsy)

s — [xea trs B € 1len Fa(t)
If X & A, we adopt the convention that s, is defined to be zero, and sim-
ilarly if A ¢ A’ define t, = 0. Recall that § is an additive category by
Hypothesis 6.1.1.1, hence contains a zero object. The two maps

| DY, |
AEA Y
can be combined to a single map
s —— H S}\ EB t}\
AEAUA/

which exists because 8 is assumed an additive category, so the coproduct

e - {1

AEAUA AEAUA AEAUA

is a biproduct, in particular a product of the first and second sum. The two
pairs

s — [xea sas 5/ € [Liea Fa(s))

s — [lxen tas B € [Txea Fa(ty)
are defined to be equivalent if the map

§ — H Sy, DTy
AEAUA

factors as

I ~

AEAUAN
s — H k}\ EEE—— S)\@t)\

AEAUN AEAUA/
so that the images of B and ' in

I[I £k

AEAUAN/
agree.



6.1. [AB3] AND [AB3*] 189

LEMMA 6.1.9. Suppose 8 satisfies Hypothesis 6.1.1. Let s be an object
of 8, and let {F,,,; € M} be a set of objects in Ex(8°P, Ab). Then the

equivalence defined in Definition 6.1.8 is an equivalence relation.

Proof: The relation is clearly reflexive and symmetric. We need to show
it transitive. Suppose therefore that we have pairs of equivalent elements

in {\/HeM F#} (s)

s — [Lea s 6/ € [Lea Fa(ry)
s — [Lxear Sa: B" € [Txea F(sy)
and
s — [lxea Sxs 5/: € [aea Fa(sy)
s — [Lxear tas B" € [xear Fr(ty)-
We need to show the equivalence of
s — [Lea s g € [Lea Fa(ry)
s — [Lxear tas B" € [hear FA (L))
The equivalence of the pairs
s — [lxea s 5/ € [Lea Fa(ry)
s — [xenar Sas B" € [Thea Fi(sy)

means that the map
§ —— H ry D s,y
AEAUA’

factors as

I ~

AEAUA/
s— I w222 T noes,
AEAUA/ AEAUA/

so that the images of § and 3’ in
H Fy(ky)
AEAUA/

agree. The equivalence of the pair

s — [Lxea 51 8" € Ilaea Fa(sy)
S—>H)\EA”t)\’ 6//61_-[)\61\” F)\(t)\)

means that the map

S — H S @t)\
AEANUA"
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factors as

Hg,\

AEANUA
D = | A
AEANUA AEANUA

so that the images of 3’ and 3" in
II &
AEANUAY
agree. For each A € AUA UA” we have arrows
Ty D1,

1®9AJ{
[r®1

ky®t, —— 1, ®s, Dty
and by Hypothesis 6.1.1.3 these may be completed to homotopy pullback
squares

my ——— 1\ ®l,

| e

fre1
kydt, —=— r,®s, Dty

By Hypothesis 6.1.1.4, the coproduct of these is a homotopy pullback
square

my — H T D l)\
AEAUA'UA" AEAUA'UA

! !

I met— JI nosiot
AEAUA'UA" AEAUAUA"

On the other hand, we have an obvious commutative square

s — H Ty @1y
AEAUATUAY

! !

I met— JI nosiot
AEAUA'UA AEAUAUA"

and the defining property of homotopy pullback squares tells us there is a
map

s—— II
AEAUAUA"
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giving a map of the squares. But (8 and (' have the same image in
[Licaua Fr(Ey), and 3" and 3" have the same image in [T, oy o0 Fi(1y)-
Hence 3, # and " all have the same image in [[ycaoaronr Fa(my). O

DEFINITION 6.1.10. Suppose 8 satisfies Hypothesis 6.1.1. Let s be an
object of 8, and let {F,,;n € M} be a set of objects in Ex(8°P, Ab). The set

[T £ p ()

pneM

is defined to be the quotient of {\/#GM Fu} (s) by the equivalence relation
of Definition 6.1.8.

LEMMA 6.1.11. Suppose 8 satisfies Hypothesis 6.1.1. Let s be an object
of 8, and let {F,,;n € M} be a set of objects in Ex(8°P, Ab). The set

{H#GM Fu} (s) has a natural structure of an abelian group.

Proof: Given two elements

s — Tlxen S 5/ € [Len Fr(sy)
s — [Taear tas B" € [Then Fr(ty)

we need to define their sum. It is the pair

5— H sy Dy, B+ e H Fx(sy @ ty).

AEAUA/ AEAUA/

We leave it to the reader to check that this addition is well-defined; equiva-
lent elements have equivalent sums. We also leave it to the reader to check
that the associative and commutative law hold for this addition. The zero
element of this group action is a pair

s—>H3)\, 0¢e HF)\(SA);
AEA AeA
all such pairs are equivalent. We leave it to the reader to check that this is a
neutral element for the addition, and that every element of {]_[ pen b #} (s)
has an additive inverse. O

LEMMA 6.1.12. Suppose § satisfies Hypothesis 6.1.1. Let {F,,, ;€ M}
be a set of objects in Ex (SOP,Ab). The assignment which sends s € § to

the abelian group {H#GM Fu} (s) can be naturally extended to an additive
contravariant functor.
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Proof: We have to define this functor on morphisms. Given any morphism
f:s—tin 8, we need a map

[MFE 0 —— I B

neM neM

Suppose therefore that we are given an element of {]_[ weM Fu} (t), that is
a pair

t— Tt pe ] Aty
AEA AEA
Composition with s — ¢ gives the pair

S—>t—>Ht)\, 6€HF>\(t>\)

AEA AEA

which we may view as representing an element of {]_[ pen b #} (s). This is
our map

IT & ()
a0~ ] Bt o).

pneM pneM

We leave it to the reader to show that the map

17y ()

pneM

[1E @ [T £y ()

peM peM

is a group homomorphism with the group structure as in Lemma 6.1.11.
The reader will also easily check that the assignment sending f : s — ¢ to

IT 7 p 9

pneM

[1E @ T &

peM peM

respects composition and identities; it defines a functor. Finally, it needs
to be checked that the functor [] ., F), is additive. This is also immediate
from the definition; the functor clearly respects finite biproducts, since each
F,, does. In fact, we have more, as the next Lemma shows. O
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LEMMA 6.1.13. Suppose 8 satisfies Hypothesis 6.1.1. Let {F,,u € M}
be a set of objects in EI(SOP,Ab). Then the functor HueM F,, lies in the

category Ex (SOP,Ab) ; it sends coproducts of fewer than « objects to prod-
ucts.
Proof: We need to check that H,ueM F),, is an object in the subcategory

Ex (SOP, Ab) of the large category Cat (SOP, .Ab). In other words, let {Sv’ v e
I'} be a family of fewer than « objects in 8. We need to show that

H F, HS’Y = H H Fu ¢ (s,)

pneM yel’ yel' | peM

In any case, there is a natural map

HF# Hs'y E H HF# (84):

peM yel’ yel' | peM
we need to prove that ¢ is injective and surjective. Let us prove surjectivity
first.
An element of [ .p {]_[%M FM} (s,) is, for every v € I' a pair

8y — H th B, € H INGY)

AEA, AEA,
where A, C M is a subset of cardinality < . Let us put
A=A,
~el’

and adopt the notation that if A ¢ A we define t] to be 0. Recall that, since
each A, is of cardinality < o and the index set I' is also of cardinality < «,
the union has cardinality bounded by the sum of fewer than « cardinals,
each smaller than «. Since « is a regular cardinal, the cardinality of A is
< a.

The product

Hﬂy € H HF,\(tz)

vyel yel AeA

can be viewed, by reversing the order of the product, as lying in the product

Hﬁw € H HFA(tK)

yer AEAyeT

and since each F isin &z (SOP,Ab), this is also

Hﬁw € HF,\ th

yell AEA yel’
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We have therefore produced a map

I+ —— I1{1I%

~er AeA | yer

and an element

[Is, e 1I&(lA

yel AEA yel’

and this pair is an element of H E, H S, |- It is easy to check that
peEM yer

it maps via ¢ to an element of H H F, ¢ (s,) equivalent to what we
yel' \ peM

started with. Therefore ¢ is surjective. Next we must prove the injectivity

of ¢.

Suppose therefore we are given an element of the kernel of ¢. That

is, we have an element of H F, H 8, | mapping to zero under ¢.
pneM yel’
This element may be represented by a pair

s — [Tt 5e [ Faltr).
yel’ AEA AEA

To say that the map ¢ takes this to zero is to assert that, for each of the

natural inclusions s, — [[ . s, the induced element
w—Tln—TIn  sellne
yel’ AEA AEA

is equivalent to zero. The definition of the equivalence relation says that
there must be objects k) so that the map

5, — Ht)\

factors as

5, —— H ki —— H ty
AEA AEA
and the image of § vanishes under the map

II Fty) —— ] F&).

A€A A€A
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But then, taking the product over all v, the image of 8 by the map

[Hre) — III1F®ED = TIF|]IR

AEA AEA yeDl AEA ~el’

also vanishes. We have factored

HSV - Ht/\

yer AEA

HS’Y - HHk:\Y - HtA

yel AEA veT AEA

as

and 3 maps to zero in [[,c, F (Hvel“ k}) This establishes that the class

195

in the kernel of ¢ is equivalent to zero. The kernel is trivial, and ¢ is

injective.

O

LEMMA 6.1.14. Suppose 8 satisfies Hypothesis 6.1.1. Let {F,,pn € M}
be a set of objects in Ex (SOP,Ab). Then there are natural transformations

F, —— ][] F..
peM

Proof: For s an object of §, we define the map

Fu(s) 2 { ] Fa g ()

pneM
to take 3 € F,(s) to the pair
l:s—s B € Fu(s).

We leave it to the reader to check that ¢(s) is a group homomorphism. Tt

remains to check that for any morphism f : s — ¢ in §, the square

Fut) 22 L ey @)

peM

l l

Fu(s) =2 L] Fag ()

pneM

commutes.
Pick 3 € F,,(t). The map ¢(t) sends it to the pair

1:t—t, B € Fu(t).
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Applying {HHEM F#} (f) to the result we get

st Lot B € Fu(t);

we remind the reader that the definition of the group homomorphism

{]_[HeM F#} (f) is given in Lemma 6.1.12.
On the other hand, under F,(t) — Fj(s) the element § maps to
F.(f)(5). And ¢(s) takes this to

1:s5s—s, Fu(f)(B) € Fu(s).

We must show the two pairs are equivalent.
For this, factor

as
0o 1
@ 1 A
1 f
S S sPt,
and note that the images of § € F,,(t) C F,(s@t) and F,,(f)(8) € Fu(s) C
F,.(s ®t) clearly agree. O

PRrROPOSITION 6.1.15. Suppose § satisfies Hypothesis 6.1.1. Suppose
{Fu,n € M} is a set of objects in 81:(807”, Ab). The natural transformations

F, —— [ Fu
pneM
of Lemma 6.1.14 give HueM F,, the structure of the coproduct of F}, in the
category Ex (SOP,Ab).

Proof: It needs to be checked that ] peM

of a coproduct. Let G be any object in Em(SOP,Ab). Suppose we are given
maps F,, — G for every p. We need to factor them (uniquely) through

F,, has the universal property

H E, ¢ . a
pneM

Where must this map send an element of {H#GM Fu} (s)? Recall that

such an element is represented by a pair

§— ]:[SA, Be HFA(S)\).

AEA AEA
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To compute what its image by ¢ must be, note the following. If ¢ is to be
a natural transformation, the square

[ (1) — { I age

pneM AEA pneM

| ‘|
) — o

A€EA
must commute. We are now going to chase the image of
1:HS)\—7HS)\, BEHF)\(S)\)
AEA €A AeA

around this commutative square.
The map

[ (ITs) — { I age

pneM AEA pEM

takes the pair
1:HS)\—7HS)\7 BEHF)\(S)\)

AEA AEA AeA

to the pair
1
S_>HS>\_>HS>\’ B e HF,\(SI\),
AEA AEA AeA

by the definition of HueM F), applied to the morphism s — [],., 5,; see
Lemma 6.1.12. The commutativity of

[ () — { I age

pneM AEA peEM
I ‘|
G <H s A)  — G(s)
AEA
tells us that in order to compute the image of

s — [ sx Be ] Fatsy)

A€EA AEA
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in G(s), it suffices to figure out what the composite

(1)

pneM AEA

G <]_[ S/\> — G(s)

A€A
does to
1:HSA—>HS)\, ﬁe HFA(S}\)
AEA AeA AeA
Any element of the product [],., Fy(s,) can be written as a product
6 = H 6)\7
AEA
with 8, € F\(s,). Write § this way. Since we are assuming that the
composite
F, — H E, B INYE
peM
is the given map F,, — G, the pair
L:sy — sy, By € Fa(sy)

must map to the image of 3, € Fi(sy) by ¢, : Fa(sy) — G(s,). The
product of these elements, that is the pair

1:HSA_>HS>\’ HBAEHF/\(‘SA)
AEA AEA AEA AEA

must map to

H NN, € H G(sy) = G <H SA) :

AEA AEA AEA
This computes the image of
[T sy — Do [1 5y I1 Aaisn)
AEA AEA AEA AEA
under

s (110) (11

neM A€A A€A
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But then under the longer composite

I 5 (11-)

neEM AEA

() —

AEA
the element
I:HS)\—>H8)\5 HBAEHFA(SA)
AEA AEA AEA AEA

must map to the image of

H NEN, € H G(sy) = G (H SA)

AEA AEA A€A

under

G <]_[ 3A> —— G(s).

AEA

The commutativity of

[ (1) — { I age

neM AEA pnEM

l ‘|
G <]_[ S,\> — G(s)

AEA
allows us to deduce that the image of
s—>HsA, g€ HF)\(SA)
AEA AEA

via ¢ must be the image of

H ox(Bx) € H G(sy) = G (H 3,\>

A€A AEA A€A

via

G <]_[ 5A> — G(s).

AEA
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Thus the map ¢ is uniquely determined by the above. The reader is
left to verify that this map is well-defined (takes equivalent pairs to the
same element of G(s)), is a group homomorphism, is natural in s and that
the composites

F, — ]_[FH _¢ G
peM

are the given maps F,, — G. a

REMARK 6.1.16. We have proved in this Section that the category
€x(8°P, Ab) is an abelian category satisfying [AB3] and [AB3*]; it is closed
with respect to products and coproducts of its objects. The inclusion func-
tor Ez(SOP ,Ab) C Cat (801’ ,Ab) is exact and respects products, but decid-
edly does not respect coproducts.

LEMMA 6.1.17. Suppose 8§ satisfies Hypothesis 6.1.1. The inclusion
functor § — Ex (SOP,Ab) respects coproducts of < a objects

Proof: There is an obvious, inclusion functor § — 8x(80p ,Ab), which
takes an object s € 8 to the representable functor 8(—, s). We wish to show
that this functor preserves coproducts of fewer than « objects. Therefore
let {t,,A € A} be a set of objects in §, with A of cardinality < a. By
6.1.1.2, the coproduct of these objects exists in Ex (SOP,Ab).

We have a natural map

ITs(-t) —*—s <—, 11 t/\>
AEA AEA

and we wish to show the map an isomorphism. But this is an essentially
immediate consequence of Definition 6.1.10. The point is that the map has
an obvious inverse. The inverse

H 8(_vt>\) # S <_v H t)\>

AEA AEA

takes an element of

S (s, H t)\> ,
AEA

that is a map s — [ ¢, £y, to the pair

s — Ht)\, 1e HS(t)\,tA)

A€A AEA
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which is an element of [],., 8(—,%,). It is obvious that ¢¢ is the identity.
But ¥¢ takes an element of
I s(s.t0).

AEA
that is an equivaelnce class of pairs

s— [ s» Be ] 8sata)

AEA AEA
to
5—>H5,\—>Ht,\v le HS(t,\,t/\)
AEA AEA A€A
which is equivalent to it. O

6.2. The case of § =T~

Let T be a triangulated category satisfying [TR5]. Let a be the same
regular cardinal that we have fixed throughout this Chapter.

LEMMA 6.2.1. Suppose that § is an essentially small category, and is
an a—localising subcategory of T. Then § satisfies Hyposthesis 6.1.1.

Proof: We need check that § satisfies all four parts of Hypothesis 6.1.1. We
are supposing 8 is essentially small, and hence satisfies Hypothesis 6.1.1.1.
We assume also that 8 is a—localising. This means 8 is triangulated and
closed under coproducts of fewer than a of its objects. The closure under
coproducts is Hypothesis 6.1.1.2. As in Example 6.1.2, Hypotheses 6.1.1.3
and 6.1.1.4 are automatic for a triangulated category; therefore T satisfies
all of Hypothesis 6.1.1. O

REMARK 6.2.2. In particular, the entire discussion of Section 6.1 ap-
plies, and we understand coproducts in Sx(SOP,.Ab) quite explicitly. If
we do not insist that § be essentially small, it is not in general true that
Gat(S"p, Ab) will have small Hom-sets. Here we are primarily interested in
categories with small Hom-sets.

In the situation § C T as above, we have

LEMMA 6.2.3. Let T be a triangulated category satisfying [TR5], and
assume & C T is an essentially small a—localising subcategory. There is
a natural functor T — Ex (SOP,Ab) sending t € T to the representable
functor T(—,t), or more precisely to its restriction to 8. We will denote
this restriction T (—,t)|s.

Proof: Clearly the restriction gives a functor to Cat (SOP, Ab). We need to
show that for ¢ € T, the functor T(—,t)|g lies in Ex(SOP,Ab), that is the
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functor T (—,t)|g sends coproducts in 8 of fewer than « objects to products
in Ab. This is true simply because the coproducts in 8 agree with those in
J. The subcategory 8 C 7 is a—localising. a

LEMMA 6.2.4. Let T be a triangulated category satisfying [TR5], and
assume 8 C T is an essentially small a—localising subcategory. Then the
functor T — Em(SOP,Ab) respects products.

Proof: Let {t,, A € A} be a set of objects in T whose product exists in 7.
Then, for each s € § C T,

T (s, H t/\> = H T(s,ty)

AEA AEA

and the right is just the product of T (—,t,)|s applied to s, as defined in
Lemma 6.1.5. a

LEMMA 6.2.5. Let T be a triangulated category satisfying [TR5], and
assume § C T is an essentially small a—localising subcategory. If 8 is a—
perfect, then the functor T — &C(SOP,Ab) respects coproducts of fewer
than « objects. If 8§ is mot only a—perfect, but every object of 8 is also
a-small, then T — Ex (SOP,Ab) respects all coproducts.

Proof: Let {t,,A € A} be a set of objects in T. Since T satisfies [TR5],
the coproduct exists in 7. We need to show that if § is a—perfect and the
cardinality of A is < «, or if 8 is not only a-perfect but also § € T(®) and
the cardinality of A is unrestricted, then

(1)

is the coproduct in £x(8°7, Ab) of the functors T (—,,)|s. By the universal
property of the coproduct in &z (801’ ,Ab), there is a natural map

H T(=t\)ls e 7<_= H f,\>

AEA AEA

8

8

We need to check that ¢ is an isomorphism. We begin by showing it
surjective.
Let us therefore begin with an element of

(1)

)

8
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that is a map in T from an object s of § to the coproduct. If § € T(®) then
s is a—small, and any map
5§ — H ty

factors as a map
g | LN | I
AN AEA

where A’ C A is a subset of cardinality < «. If we are not assuming
8§ € 7(®) | then we assume anyway that the cardinality of A is < a.
Because 8 is also a—perfect, the map factors further as

II A
s—>H3A&> Ht/\ - Ht/\

AeN AeN AEA

with s, € 8. In other words, we have found a map

and an element
H I € H T(sata)ls
AeA AEN
which map to our given
s 1 H ty;
AEA

we have found an element of [] ., T (s,ty)|g mapping to f. This estab-
lishes that ¢ is surjective.
Now choose an element of the kernel of ¢. That is, a pair

§— H Sxs H f)\ € H ‘I(S)\vt)\ﬂs
AeN XY NY

mapping to zero. That is, the composite

I £
s—>Hs>\&> HtA - HtA

AeN AeN AEA

vanishes. Because 8 is a—perfect, it is possible to factor each f, : s, — t,
as

Sa ay s
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so that the ¢, are in 8, and the composite
s —— [Tsv — [ a
AN AN

already vanishes. Complete each s, — ¢, to a triangle

ky EN qy Xk
with k£, € 8. By Proposition 1.2.1 the direct sum is a triangle
o — s — o ——=]1Ih
AeN AEA Y Y
and the vanishing of the composite
S — H Sy ———— H [75%
AEA €A

means the map

AeN
factors as
5§ —— H ky —— H EN
AEA AEA
On the other hand, the composites
kx SA 5 tx

all vanish, since the first couple of maps are two maps of a triangle.

deduce that the pair
s — H Sxs H fx € H T(sxta)ls
AEA NN Y
is equivalent to the pair

5 — H Sy, H 0 € H T(sxta)ls

AeN AeN AeN

We

in other words to the zero map. The kernel of ¢ is trivial, and ¢ is an

isomorphism.

O

PROPOSITION 6.2.6. Let T be a triangulated category satisfying [TR5],
and assume § C T is an essentially small a—localising subcategory. The
natural functor T — Ex (SOP,Ab) is homological and respects products. If

8 is a—perfect, then the functor T — Ez(SOP,Ab) respects coproducts of
fewer than o objects. If § is not only a—perfect, but every object of § is

also av—small, then T — E:C(SOP,AI)) respects all coproducts.
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Proof: The fact that the functor respects products is Lemma 6.2.4, and
the statements about coproducts are Lemma 6.2.5. The fact that T —
Ex (SOP ,Ab) is homological is easy. Given a triangle in T of the form

T s t Xr
we need to check that

‘I(_vr)|8 I T(_75)|S I ‘T(_at”S
is exact in Ex (SOP ,Ab), in other words gives an exact sequence when we
evaluate it on any k € §. But this is the exactness of
T(k,r) —— T(k,s) —— T(k,1)

which we know from Lemma 1.1.10. O

REMARK 6.2.7. The most interesting case of the above is § = T%, as
in Definition 4.2.2. Suppose T is essentially small. Lemma 4.2.5 asserts
that T is a-localising. By its definition, T is contained in T(®), that is
consists only of a—small objects. Furthermore, 7% is a—perfect; it is in fact
the largest a—perfect class in T(®). Tt follows that § = T C T satisfies all
the hypotheses of Proposition 6.2.6. We deduce that the natural functor

T Sm({ﬂ'“}Op,Ab)
is a homological functor respecting all products and coproducts.

There is one more useful fact about the functors 7 — &Ex (SOP ,Ab).
To state it, we need to introduce one important definition.

DEFINITION 6.2.8. Let T be a triangulated category satisfying [TR5],
and assume & C T is a triangulated subcategory. We say that & generates

T if
Hom(8,z) =0 = x =0.

That is, if x is an object of T and for all s € § we have T(s,z) = 0, then
x 18 isomorphic to zero in T.

LEMMA 6.2.9. Let T be a triangulated category satisfying [TR5], and
assume & C T is an essentially small a—localising subcategory. Suppose
that 8§ generates T, as in Definition 6.2.8. A morphism x — y in T is an
isomorphism if and only if its image by the functor

T — Ex(S"p,Ab)
is an isomorphism in Sx(SOP,Ab).

Proof: One direction is obvious. If  — y is an isomorphism in 7, then
so is its image by

T 8x({‘ra}op, Ab),
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just because functors take isomorphisms to isomorphisms. We need to
prove the converse.

Suppose therefore that © — y is a morphism in T, and that its image
in 8x(8°p,flb) is an isomorphism. We need to show that + — y is an
isomorphism in J. In any case, we may complete to a triangle in T

x Y z Yx Xy.
Since the functor T — €x(8°7, Ab) is homological (see Proposition 6.2.6),
this maps to an exact sequence in 81:(807” ,Ab). We are assuming that the
functor T — Ex (SOP,Ab) takes © — y to an isomorphism. But then it
also takes Y.x — Yy to an isomorphism. After all,
7(_3 E‘T”S — T(_a Ey)‘s
can also be written as
‘T(E_l_a ‘T)|S — T(Z_l_v y)|S

and ¥7! : § — § is an equivalence. From the exact sequence it follows
that T (—,z)|g must vanish. That is, for all s € §, T(s,2) = 0. But §
generates; this means that z is isomorphic to zero, and by Corollary 1.2.6,
xr — y is an isomorphism in 7. O

6.3. &x(8°P, Ab) satisfies [AB4] and [AB4*], but not [AB5] or
[AB5*]

We return now to considering the general case of
Ex(8°7, Ab) C Cat (87, Ab),

that is for this Section, § is an arbitrary category satisfying Hypothe-
sis 6.1.1. The case § = T which we considered in Section 6.2 is a special
case. Naturally, it is the case we are most interested in.

LEMMA 6.3.1. Let S be a category satisfying Hypothesis 6.1.1. Then
the abelian category E:C(SOP,.Ab) satisfies [AB4*]; that is, products of exact
sequences in Em(SOP,Ab) are exact.

Proof: The inclusion functor
E:C(SOP,.Ab) S Gat(S"p,Ab)

respects exact sequences and products; see Lemma 6.1.4 for exact se-
quences, Lemma 6.1.5 for products. Take a family of exact sequences
in Ex(SOP,Ab). Because the inclusion is exact, the sequence is exact in
Gat(S"p,Ab). Because Ab, and hence also Cat (SOP,Ab), satisfy [AB4*], the
product of the sequences in Gat(S"p,Ab) is also exact. But the product
agrees in Em(SOP,Ab) and Gat(S"p,Ab), and exactness agrees in the two
categories. Hence the product sequence is exact in Ex (SOP ,Ab). ]
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LEMMA 6.3.2. Let 8 be a category satisfying Hypothesis 6.1.1. Then
the abelian category E:C(SOP,AI)) satisfies [AB4]; that is, coproducts of exact

sequences in Sm(SOP,Ab) are exact.

Proof: Let M be a set, and suppose for each A € M we have an exact
sequence in Em(SOP,Ab)

0 F} Fy FY 0.

We need to show that the coproduct of these sequences is exact. Since
right exactness is clear, we need to show that

0 —— HFﬁ -, HFA
AeM AEM

is exact. For s an object in 8, pick an element in the kernel of

{ 11 F;} () —— { 1 F} ().

xeM AeM
It is given by a subset A C M, where the cardinality of A is < «, and a
pair
S—>HS,\a pe HF,((S,\)
AEA AEA
and the fact that the pair lies in the kernel means that under the map
¢

[T £ —— ] A

AEA AEA
B € [Ixea Fx(s) goes to an element ¢(f3), so that the pair

s— [ sx ¢(B) € [ Fx(sy)
AEA AEA

is equivalent to zero. But by the definition of the equivalence relation (see
Definition 6.1.8) this means that

s —— I
AEA
must factor as
I £
AEA
5§ —— H ky —— EN
AEA AEA

so that under the map

H Fy(sy) —— H Fy\(ky)

AEA AEA
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the element ¢(3) maps to zero. In other words, we have a commutative
square of abelian groups

H F(sy) —— H Fy(ky)

AEA AEA

l l

H F\(sy) —— H Fy\(ky)

AEA AeA
and we have figured out that under the composite

H Fx(s))

AEA

l

H F\(sy) —— H Fy(ky)

AEA AEA

the element 3 € [[,c Fx(s,) maps to zero. But by the commutativity it
also maps to zero under the composite

H Fy(sy) —— H Fy (k)
AEA AEA
H Fy(ky).-
AEA

Since the map p is injective (each map F{(k,) — F\(k,) is assumed
injective), we deduce that the image of § via the map

H Fy(sy) —— H Fy(ky)
AEA AeA

already vanishes.
But then our pair

s — [ sx se ] Filsy)

AeA AEA
is such that
SR |

AEA
factors as

12

AEA

5§ —— H ky, —— EN

AEA AEA
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and ( vanishes under the map

AEA AEA

This means the pair

S—>HS>\, ﬁEHF)/\(SX)

AEA AEA

is equivalent to zero. The kernel of

{H F;}<s> — {H FA}@
AeEM AEM

vanishes, and we have proved the left exactness. O

REMARK 6.3.3. Before we end this Section, we should warn the reader
that in general, the category &z (8°7, Ab) satisfies neither [AB5] nor [AB5%].
We remind the reader that an abelian category is said to satisfy [AB5] if
filtered direct limits of exact sequences are exact. It is said to satisfy [AB5*]
if the dual category satisfies [AB5].

For [AB5*], this is clear; even the category Ab does not satisfy [AB5*],
and we can hardly expect a category of functors into Ab to satisfy the
condition.

More surprising is the fact that, in general, the category E:E(S"p ,Ab)
need not satisfy [AB5]. In fact, let T be a triangulated category satisfying
[TR5]. Let § C T be an Nj—-localising subcategory. That is, 8 is closed
under the formation of countable coproducts (in T) of its objects. Suppose
furthermore that 8 is X;—perfect. Let a be the cardinal R;.

By Proposition 6.2.6, the Yoneda map

T — Ex(SOP,Ab),
that is the map sending an object t € T to the functor T (—,t)[g, is a

homological functor respecting coproducts of fewer than @ = X; objects.
Let

XO—>X1—>X2—>

be a sequence of objects and morphisms in §. As in Definition 1.6.4, we
can form the homotopy colimit, which is given by the triangle

HX L shaft HX — Hocolip X; ——— Z{HX}

1=0 =0
This sequence only involves countable coproducts, hence lies in §. The
functor

T —— &x(8°,Ab),
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which respects countable coproducts, takes the map

f[X shzft HX
i=0

to the map

7 xl ——2 Hfr
1=0

Since the abelian category &z (8°7, Ab) satisfies [AB4], the kernel and cok-

ernel compute colim' and colim terms, respectively. For a discussion of
derived functors of limits see Section A.3, more particularly Remark A.3.6.
In our case here, for the sequence

T (=Xl — T(=Xy)lg — T(= Xp)[g —

in the abelian category Ex (SOP,Ab), we have that colim' is precisely the
kernel of

3 shzft
i=0
But we have a vanishing composite
r h
»~! Hocolim X; ——— HX 1= shft, HX
i=0
with ¥~ Hocolim X; € 8. In other words, the map
»~! Hocolim X; —— J[X:
i=0

is an element of T (2’1 Hocolim X5, [ ]2, XZ-) , and lies in the kernel of
- 8

o0 1 _ h. oo
117 (E_lHocolim Xi,Xi) . 1 shift 117 (2—1Hocohm X, Xz-) )
=0 =0

Ik 7 It

T (ElHocolim X1 XZ-> L= shift o <21Hocohm x.[1 Xl->
=0 S =0

S

Since it is easy to find examples where this map fails to vanish, we see that
in general, colim' can fail to vanish.
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6.4. Projectives and injectives in the category Ex (SOP,Ab)

Lemma 5.1.2 taught us that in the category Cat (SOP,Ab), the repre-
sentable objects 8(—, s) are projective. For this we needed nothing; 8§ was
only an additive category, not necessarily essentially small.

Now we leave the realm of the very general, and return to essentially
small 8’s. The regular cardinal « is the one fixed throughout the Chapter,
and the category 8 satisfies Hypothesis 6.1.1. It is an immediate conse-
quence of Lemma 5.1.2, that the category &z (SOP ,Ab) has enough projec-
tives. The category turns out in general not to have enough injectives. In
this section, we will give a general discussion of the consequences of the ex-
istence of enough injectives; after all, some categories Ex (SOP ,Ab) do have
them. We refer the reader to an Apendix (see Section C.4) for a counterex-
ample, showing that Ex (801’ ,Ab) can fail to have enough injectives.

LEMMA 6.4.1. Let § be a category satisfying Hypothesis 6.1.1. Let s
be an object of the category 8. Then the representable functor 8(—,s) is a
projective object in the category Ex (SOP,Ab).

Proof: Observe that the functor Y;(—) = §(—,s) is an object of the
category Ex (SOP, Ab). This is true because it clearly carries any coproduct
of objects of § to a product of abelian groups. But by Lemma 5.1.2, the
functor 8(—, s) is projective as an object of Cat (SOP,Ab), hence also as an
object of the exact subcategory 81‘(80? ,Ab). |

LEMMA 6.4.2. The projectives {8(—7 s),s € 8} give a generating set of
projectives.

Proof: We need to show that every non—zero object F' € Ex(SOP,Ab)
admits a non—zero map

8(=8) —— F(-)

for some s € 8. But this is clear; if F' in non—zero, then for some s € §,
F(s) # 0. Yoneda’s lemma says that F(s) is in one-to—one correspondence
with maps

8(=8) —— F(-).

Hence there is a non-zero map 8(—,s) — F(—). a

REMARK 6.4.3. Let P = [[,.g8(—,s). Then P is a projective gen-
erator in the category 8:1:(807” ,Ab). From standard arguments, it follows
formally that the category Ex (801’ ,Ab) has enough projectives, and that
any projective object is a direct summand of a coproduct of P’s. We remind
the reader how this goes.
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LEMMA 6.4.4. The category ECE(SOP,AI)) has enough projectives, and
any projective object is a direct summand of a coproduct of P’s.

Proof: Let F be an object of Sx(SOP,.Ab). Consider the set of all maps
P — F', and take the coproduct. Let @) be the cokernel; that is we have
an exact sequence

1P F Q 0.

Take any map P — (. Since P is projective, the map factors through the
epimorphism F' — @Q; it may be written as a composite P — F — Q.
But any map P — F factors thorough [[P — F, the coproduct of
them all. Hence P — F — () composes to zero. This being true for
all P — @, it follows that @ vanishes. After all, P is a generator; any
non-zero @ admits a non-zero map P — Q. Thus @ =0 and [[P — F
is surjective.

This proves that Ex (SOP ,Ab) has enough projectives. Now suppose F'
is projective. By the above, there is a surjective map

[P —— F.
But F' is projective. Hence the identity 1 : F — F must factor through

the surjective map [[ P — F. We conclude that F' is a direct summand
of [T P. O

REMARK 6.4.5. The dual statements are far more subtle. It turns out
that the category Cx (SOP, Ab) does not, in general, have enough injectives.
For now, let us observe the trivial case. If a = N, then Ez(SOP,Ab) =
Gat(S"p, Ab) is a Grothendieck abelian category, and thus the existence of
enough injectives is classical. But if & > Rg, we remind the reader that the
category Ex (SOP,Ab) does not in general satisfy [AB5]. See Remark 6.3.3.

Even though enough injectives need not always exist, let us remind
ourselves, briefly, what happens when they do.

LEMMA 6.4.6. Suppose the category Ex (SOP,Ab) has enough injectives.
Then it has an injective cogenerator. If I is an injective cogenerator, then
any object F in Ex (SOP,Ab) admits an injection F — [ 1 into a product
of I’s. Any injective object is a direct summand of a product of I’s.

Proof: By Lemma 6.4.4, the category Em(SOP,Ab) has a projective gen-
erator, which we will call P. Then every non—zero object k of Ex(SOP,Ab)
admits a non—zero map P — k. That is, k£ contains the image of some
non-zero map P — k, in other words, k£ contains a non-zero subobject,
isomorphic to a quotient object of P.

Suppose that Em(SOP,Ab) has enough injectives. For every quotient
object of P, that is for every isomorphism class of exact sequences

P q 0,
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choose an embedding ¢ — I, with I; an injective object in &z (SOP,Ab).

Let
I = I =

P—q—0

I assert that I is an injective cogenerator of Ex (SOP,Ab).
For let F' be any object in Ex (SOP,Ab). Consider the set of all maps
F — I, and take the product map,

F—-> J] L
F—s1
Let k be the kernel of the map. I assert £ = 0. For otherwise, k would have
a non-zero subobject g, which is a quotient of P. We have a short exact
0 q k

and hence the embedding ¢ — I, must factor as a map k& — I;. But &k
is a subobject of I, hence the map factors further as F' — I, and finally

I, c I o =1

P—sq—0

and we have a map FF — I. By construction, this map fails to vanish on
q C k C F. We have a map F' — I, which fails to vanish on k£ C F', and
k was defined as the kernel of
F—— ] I
F—s1
This is a contradiction, proving k = 0.
For every F', we have shown there is a monomorphism

F—— ] I
F—-1
If F is injective, this monomorphism must split, and F' is a direct summand
of a product of I’s. o

REMARK 6.4.7. The most interesting counterexample we have shows
that, even when 8§ = T for T a triangulated category satisfying [TR5],
it may happen that x (SOP ,Ab) does not have a cogenerator. If there is
no cogenerator, then by Lemma 6.4.6, there cannot possibly be enough
injectives. In the counterexample, which may be found in Section C.4,
T = D(R), where R is any discrete valuation ring, and « is any regular
cardinal > Ny. But a slight modification of the argument allows us to find
the same counterexample in T = D(Z), the derived category of Z, or in T
the homotopy category of spectra.

There is one more well-known fact about projective generators and
injective cogenerators of which we want to remind the reader.
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LEMMA 6.4.8. Suppose I is an injective cogenerator for the category
Sx(SOP,Ab). Then the sequence

F’ F F”

s exact in &E(S"p,flb) is and only if the sequence of abelian groups
e (8, AB){ F", T} —— €a(s7,Ab) { F.1} —— ea(sr, ap){F', T}
18 exact.

Proof: Let the homology to the sequence
B

F’ @ F F

be H; that is,

Ker(3)
Im(a)

Because I is injective, we easily show that the homology of

H =

8x(80p,Ab){F”, 1} . Ex(SOP,Ab){F,I} . Em(SOP,Ab){F’,I}

is precisely 896(8"”, .Ab) {H, I}. This will vanish precisely when H does. O

6.5. The relation between A(7) and Sx({’J'O‘}Op,Ab)

As in the rest of this Chapter, let a be a fixed, regular cardinal.

In Chapter 5, more precisely Theorem 5.1.18, we learned about the
universal homological functor. We remind the reader: given a triangulated
category 7T, there is a universal homological functor

T A(T).

If T has small Hom-sets, and furthermore satisfies [TR5], there is a natural
homological functor

T Sx({‘Ia}Op,Ab).

This homological functor must factor through the universal homological
functor. We have

T AT 2 Sx({ﬂ'“}Op,Ab).

We now propose to begin studying the functor A(T) — 833({‘3'“}01) ,Ab).

To simplify the notation, we will once again put § = T%, so that

ex({T°)7,Ab) = Ex(S,Ab).
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In this Section, we will prove that E:E(SOP,.Ab) is a quotient of the
category A(T), in the sense of Gabriel. The reader is assumed to have
some familiarity with Gabriel’s [15]. For the reader’s convenience, there is a
condensed summary of the results we need in Appendix A, more specifically
in Section A.2. In fact, this might be a good time for the reader to skim
through Appendix A. In this Section, we use the results of Section A.2.
In Section 7.1 we appeal to the work of Sections A.1. In the Sections 7.3
and 7.4, we depend mostly on the theory of Sections A.3 and A.4, although
Sections A.1 also plays a role. Thus, for the next few Sections, we will be
making heavy use of the theory of abelian categories, summarised for the
reader’s convenience in Appendix A.

LEMMA 6.5.1. Let T be a triangulated category with small Hom—sets,
satisfying [TR5]. The natural functor 7 : A(T) — Ex(8°, Ab) above is
exact and respects coproducts.

Proof: By Proposition 6.2.6 the functor T — Ex (801’, .Ab) is homological
and respects coproducts. From the fact that it is homological and from
Theorem 5.1.18, we have that it factors

T A(T) —— €x(8°7, Ab)

with 7 an exact functor of abelian categories. Lemma 6.2.5 asserts that
the functor T — Ex (SOP, Ab) preserves coproducts. Lemma 5.1.24 tells us
that, since T satisfies [TR5] and T — Ez(SOP,Ab) preserves coproducts,
it follows that

A(T) —— Ex(8°P, Ab)

preserves coproducts. O

LEMMA 6.5.2. The functor 7 : A(T) — €x(8°P, Ab) above is just the
functor taking F : TP — Ab to its restriction to 8§ C T.

Proof: The homological functor H : T — 81:(8017 ,Ab) is the functor
taking an object ¢ € T to T (—,t)|g. The functor A(T) — Ex(8°7, Ab) is
obtained as the universal factorisation

T A(T) —— Ex(8°7, Ab)

of Theorem 5.1.18. By the proof of Theorem 5.1.18, the functor = is given
as follows. An object F' € A(T) is a functor F : T°? — Ab, admitting a
presentation

T(=s) —— T(=t) —— F(=) —— 0

with s,t € 7. The object 7(F') was obtained as the third term in the exact
sequence
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In our case, we have an exact sequence of functors on T
T(=s) —— T(=t) —— F(=) —— 0.

If we restrict this sequence to & = T C T, we get an exact sequence
functors on §

T(=9)ls —— T(=tls —— F(=)ls —— 0.

Since we know that T(—,s)|g = H(s) and T(—,t)|g = H(t), we deduce
m(F) = F(=)ls- O

PROPOSITION 6.5.3. Let T be a triangulated category with small Hom—
sets, satisfying [TR5]. Put 8 = T*. The category Ex (8%, Ab) is the quo-
tient, in the sense of Gabriel, of the category A(T) by a colocalizant subcat-
egory we will denote B, or B(a) when we wish to remind ourselves of the
dependence on the regular cardinal o. Precisely, 7 : A(T) — Em(SOP,Ab)
is the quotient map, and it has a left adjoint L.

Proof: We want to prove that the functor 7 : A(T) — Ex(8°,.Ab)
identifies Ex(8°7, Ab) as the Gabriel quotient A(T)/B, with B a colocalizant
subcategory. It suffices, by the dual of Proposition A.2.12, to produce a
left adjoint L : €x(8°P, Ab) — A(T) to the functor 7, so that the unit of
adjunction (dual to counit) is an isomorphism 7 : 1 — 7 L.

By Lemma 6.4.2, the representable functors on 8§, that is the functors
8(—, s), form a set of projective generators for Ex (SOP,Ab). Every object
Feéx (SOP ,Ab) admits a presentation

[1s-s) — ][ 8(-.t,) —— F(-) —— 0.
AEA pneM

Put Y, for the representable functor; that is

YSA = 8(_, S)\).
Lemmas A.2.13 and A.2.15 give us that we need only prove the existence
of the adjoints and the fact that 7 is an isomorphism on objects [ [y, Y,

of Ex (SOP ,Ab). More precisely, to prove the existence of the left adjoint L
it suffices to show that the functor

Ex(8°7, Ab) {H st,w(—)}
AEA

is representable in A(T). To show that the unit of adjunction is an iso-
morphism, observe that the functor 7 is exact by Lemma 6.5.1. Therefore
Lemma A.2.15 applies, and we need only check that the natural transfor-
mation 7 : 1 — mL is an isomorphism on objects [],c, Y, -

Let G be an arbitrary object in A(7T); that is, G is a functor G : T? —
Ab, and by Lemma 5.1.5, G takes coproducts in T to products of abelian
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groups. By Lemma 6.5.2, m(G) is just the restriction of G to § C 7. To
give a natural transformation

H 8(=y8y) —— G(—)ls
AEA
is to give, for each A € A, a natural transformation
5(—5y) —— G()l;.

By Yoneda, this is the same as giving, for each A € A, an element of G(s,).
There is a 1-to—1 correspondence between natural transformations

[T 8(=s) —— G(=)ls
AEA

and elements of
H G(sy)-

Now by Lemma 5.1.5, G takes coproducts in T to products of abelian
groups. That is,

G (]_[ a) =[] GGy

AEA AEA

By Yoneda, elements of G (]_[ AEA S A) correspond 1-to—1 with natural tran-
formations

T <—, 11 SA> — 5 G(-).
AEA

Summarising, there is a 1-to—1 natural correspondence between natural
transformations

[I8(=s) —— G(-)s

AEA
T (—, H 5A> — G(-).
AEA

This exactly asserts that the functor

£ (8P, Ab) {H st,w(—)}

A€EA

is representable in A(T); in fact, it is represented by the object

tr(-,AEHAsA).
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Thus the left adjoint L of 7 exists, and more concretely L takes

HS(—,S)\) to ‘I(—,HSA> .

AEA AEA

But then 7 takes this to its restriction to 8 C 7, again by Lemma 6.5.2.
But by Lemma 6.2.5 the restriction functor T — &x (SOP,Ab) respects
coproducts. That is,

()

Thus wL takes [[ycy Y, to itself, proving that 7 is an isomorphism. |

= HT(—7S>\)|S = HS(_75,\)-

3 PYETN A€A

COROLLARY 6.5.4. Let T be a triangulated category with small Hom—
sets, satisfying [TR5]. The natural functor 7 : A(T) — Ex(8°P, Ab) re-
spects products.

Proof: The functor 7 has a left adjoint, and therefore must be left exact.
O

REMARK 6.5.5. As a formal consequence of Proposition 6.5.3, (see also
Proposition A.2.12) we have that the category Ex (SOP,Ab) is the quotient
of A(T) by a full subcategory B C A(T). The objects of B C A(T) are the
objects F so that w(F) = 0. By Lemma 6.5.2, 7(F) is the restriction of F'
to 8§ C J. Then B is the full subcategory of A(T) consisting of the functors
vanishing on 8. The functor

A(T) —— Ex(8P, Ab)

respects products and coproducts. It respects coproducts by Lemma 6.5.1,
products by Corollary 6.5.4. It follows that products and coproducts of
objects in B lie in B. The subcategory B is closed under subquotients,
extensions, limits and colimits.

LEMMA 6.5.6. We have an equivalence of categories D(T) ~ A(T); see
Definition 5.2.1 and Lemma 5.2.2. An object of D(T) is a map {x — y} €
T. The object {x — y} € D(T) lies in the kernel of

D(T) = A(T) —— (87, Ab)
if and only if the image of {x — y} via the map
T £x(SP,Ab)

1S zero.
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Proof: By Remark 5.2.3, the object {z — y} € D(7T) may be thought of
as a pair of maps in A(T)
T(—a) —— F(=) —— T(-y),

with « epi and 8 mono. The equivalence D(T) — A(7T) is simply the map
that takes {x — y} € D(7) to F(—), that is to the image of the induced
map in A(T).

By Lemma 6.5.2, the map A(T) — &z (SOP,Ab) is just the restriction
to 8§ C T. It takes F(—) to F'(—)|g. That is, it takes {z — y} € D(T) to
the image of

T(=a)ls — T(=v)ls-
This image vanishes precisely when the image of {x — y} under the functor
T —— &x (SOP, Ab)

vanishes. O

This makes the next definition very natural.

DEFINITION 6.5.7. A morphism f : x — y in T is called a—phantom
if, under the natural map

. sx({tra}"”,ftb),
it maps to zero.

REMARK 6.5.8. With Definition 6.5.7, we can restate Lemma 6.5.6, to
say that the kernel of the functor

D(T) = A(T) —— Ex({‘IO‘}Op,Ab)

consists precisely of the a—phantom maps in T, viewed as objects of D(7T).
As above, we denote this kernel by B C D(T). When we want to emphasize
the dependence on «, we will denote the kernel by B(«).

We know, from Proposition 6.5.3, that 8%({TQ}OP,A1)) is the Gabriel

quotient of D(T) by B(«a) (see Remark 6.5.5). For many T’s, we know
that T¢ is essentially small for all «; for example, this is true when T =
D(Z), the derived category of Z. When this is the case, the categories

Sx({‘J'O‘}Op , .Ab) are well-powered for every «. This means every object of

Ex ({‘J’O‘}Op, .Ab) has only a small set of quotients. We see in Corollary C.3.3

and Remark C.3.4 that the category D(7) is not in general well-powered.
Specifically, it is not well-powered for T = D(Z). It follows that, when
T = D(Z), the category D(T) can never agree with
D(T)
= er({T)7,Ab).
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We conclude that, for every regular cardinal «, B(a) # 0. There are non—
zero a—phantom maps for every a.
6.6. History of the results of Chapter 6

The results of this Chapter are essentially all new. Only the trivial
case, that is a = Ny, has been studied at all.



CHAPTER 7
Homological properties of Sx(SOP,Ab)

We have learned, in the previous Chapter, some of the basic properties
of the categories Sx(SOP,.Ab). In Appendix C, more specifically in Sec-
tion C.4, we can see that in general the categories Ex (SOP,Ab) need not
have enough injectives; in fact, they can fail to have cogenerators. See also
Lemma, 6.4.6 for the fact that, if Ex (801’, .Ab) fails to have a cogenerator, it
certainly cannot have enough injectives.

But nevertheless, something positive is true. This Chapter will be
devoted to proving the positive results we have. These positive results are
fragmented and inconclusive. They are included for the benefit of future
workers on the subject, who will hopefully be able to push them further.
The casual reader is advised to skip this Chapter; the results do not affect
the development later in the book.

One of the first questions to ask, is whether the categories 8:1:(801’ , Ab)
satisfy [AB4.5]. In Proposition A.5.12, we saw that this need not be the
case, for a general 8. In order to have a hope, we must at the very least
assume 8 to be triangulated. Even if 8 is triangulated, I have not been
able to prove that &z (801’ ,Ab) satisfies [AB4.5]. In this Chapter, I include
what I could prove in that direction.

Also included are some other amusing homological facts about the ca-
tegories 896(801’ , .Ab). Although for these it is not essential to assume that 8
is triangulated, we will make our life simpler by treating the restricted case.
In other words, as was the case in the previous Chapter, « is a fixed regu-
lar cardinal. But from now on, § will be an essentially small triangulated
category satisfying [TR5(«)].

7.1. Em(SOP,Ab) as a locally presentable category

In this Section, we will be appealing to the material of Section A.1. Re-
call that Section A.1 deals with locally presentable categories. Lemma A.1.3
tells us that a—filtered colimits agree in 81:(8017, Ab) and Gat(SOP, Ab), and
as an immediate consequence a—filtered colimits in Ex (801’ , .Ab) are ex-
act. Proposition A.1.9 tells us that the category Ex (SOP, .Ab) is locally pre-
sentable. That is, for every object a € Em(SOP,Ab), there exists a cardinal



222 7. HOMOLOGICAL PROPERTIES OF &z 8°7, Ab

3, in general depending on a, so that Hom(a, —) commutes with S—filtered
colimits. As a very special case, we have

LEMMA 7.1.1. Let § — Ex(SOP,Ab) be the Yoneda inclusion; it is the
functor sending s € 8§ to 8(—, s). For every s € 8, its image in Ex (SOP,Ab)

is an a—presentable object. That is, Hom(s,—) commutes with a—filtered
colimits in Em(SOP,Ab).

Proof: By Yoneda’s Lemma, for s € § and F € Ex(SOP,.Ab),
Hom(s, F) = Em(SOP,Ab){S(—7s)7F(—)} = F(s).

By Lemma A.1.3, a—filtered colimits agree in Ex (SOP, Ab) and Cat (SOP, Ab).
For an afiltered colimit,

{ciir}nF} (s) = colim {F(s)}.
But Yoneda’s Lemma identifies this as
Hom (s, colimF) = colim{Hom(s7 F) }
fry —_—

COROLLARY 7.1.2. In particular, any map
S(—s) —— [ Fa(-)
factors as
S(—s) —— J[ (=) < 1B

where M C A, and the cardinality of M is < c.

Proof: The object [] ., Fy(—) is the direct limit of all the coproducts
over subsets of cardinality < «. This is an a-filtered colimit. Hence by
Lemma 7.1.1, a map from 8(—, s) into this a—filtered colimit must factor
through one of the terms. O

So far, we have not used the fact that the category 8 is triangulated.
Now we will start.

LEMMA 7.1.3. Let S be an essentially small triangulated category, sat-
isfying [TR5()]. Then the abelian category A(S) satisfies [AB4.5(c)], and

there is a natural full embedding
A(8) —— Ex(8°P, Ab)

which is exact, and respects coproducts of fewer than « objects.
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Proof: By Lemma 5.1.24, if § is a triangulated category satisfying [TR5(«)],
then A(8) is an abelian category which satisfies [AB3(«)]; coproducts of
fewer than o objects exist in 8. From Corollary 5.1.23, we know that the
category A(8) has enough injectives. It therefore follows that A(S) satisfies
[AB4.5(c)]; see Lemma A.3.15, Definition A.3.16 and Remark A.3.17.

The other statements of the Lemma, which still remain to be proved,
are that the natural functor

A(8) —— Ex(8°F,.Ab)

is a full embedding, is exact, and preserves coproducts of fewer than «
objects. First we should remind the reader what the natural functor is.
Recall that we always have a map

§ —— &x(8°,Ab)

taking s € 8 to the representable functor $(—, s). This functor is homolog-
ical, and therefore factors uniquely (up to canonical equivalence) through
the universal homological functor of Theorem 5.1.18. It factors as

s A(8) Ex(8°7, Ab)

where the canonical functor A(8) — Ex(8°7, Ab) is exact. We need to
show that this unique functor is a full embedding(=fully faithful), and
respects coproducts of fewer than a objects.

Observe that by Lemma 6.1.17, the composite functor

8 A(8) Ex(8°P, Ab)
respects coproducts of fewer than « objects. From the fact that 8 satisfies
[TR5(«)], coupled with Lemma 5.1.24, we deduce that the functor A(8) —
Ex (SOP ,Ab) also respects coproducts of fewer than a objects. It remains

only to show the functor fully faithful.
Consider now the longer composite

§ —— A(8) —— Exz(8°P, Ab) C Cat (8°7, Ab).
It is clear that the canonical functor A(8) — Cat(8°7,.Ab) is a full embed-
ding. The category A(8) is, by definition, a full subcategory of Cat (8°7, Ab);

see Definition 5.1.3. But then the inclusion of A(8) in €z (8°7, Ab) must
also be fully faithful. O

3!

REMARK 7.1.4. In Lemma 7.1.1, we proved that every object in § C
Ex (SOP,Ab) is a—presentable. In Lemma 7.1.3, we factored the inclusion
as 8 C A(8) C &x(8°P, Ab). It is natural to ask if the objects in the larger
A(8) D 8 are also a—presentable. The answer is yes, and now we wish to
prove it.

LEMMA 7.1.5. Fuvery object F € A(8) C Ex(SOP,.Ab) is a—presentable.
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Proof: Let F' be an object in A(S). By Definition 5.1.3, it admits a
presentation

8(=5) —— 8(—t) —— F(=) —— 0,

and 8(—, s), 8(—,t) are object in 8§ C EI(SOP,Ab), hence a—presentable by
Lemma 7.1.1. Taking maps in E:E(S"p ,Ab) into an a-filtered colimit, we
deduce an exact sequence

0 —— Hom(F, coll}n(b) e Hom(t,colj}nqﬁ)

l

Homy(s, colima)
Since s and t are a—presentable, this identifies as

0 —— Hom(F, colim¢) —— cﬂn{Hom(uqﬁ)}

!
c@)n{Hom(s, gb)}

But the category Ab of abelian groups satisfies [AB5]; filtered colimits are
exact. Hence this identifies as

0o —— c%m{Hom(R (b)} c%m{Hom(t,q’))}

l
cﬂ}m{Hom(s7 ®) },

which allows us to deduce that

cﬂ}m{Hom(F7 o) } = Hom(F, cimqﬁ).

7.2. Homological objects in Ex(SOP,Ab)

In keeping with our conventions for this Chapter, the regular cardinal
« is fixed, and § is an essentially small triangulated category satisfying
[TR5(cv)], that is closed under the formation of coproducts of < « of its
objects.

REMARK 7.2.1. The next few lemmas concern homological functors.
Recall: an object F' € Ex(S"p,Ab), that is a functor

F:.:8° —— Ab

is called homological if it takes triangles to long exact sequences.
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In the remainder of the Chapter, we will be considering many functors
into the abelian category &z (801’ , .Ab), and some of these will be homologi-
cal. There exist interesting homological functors into the abelian category
Ex (SOP, Ab). But the abelian category is itself a category of functors, whose
objects may be homological. Because this could lead to nightmarish con-
fusions, an object of Ex (SOP,Ab) which is homological, as a functor

F:8°P —— Ab,
will be called a homological object of Em(SOP,Ab).

LEMMA 7.2.2. Let 8 be an essentially small triangulated category, sat-
isfying [TR5(ct)]. An a—filtered colimit of homological objects in Ex(8°P, Ab)
is a homological object in Ez(SOP,Ab).

Proof: By Lemma A.1.3, a-filtered colimits agree in Ex(SOP ,Ab) and

Gat(S"p ,Ab). Suppose {F;,i € J} is an a—directed family of homological
objects. Let

T Y z >
be a triangle in 8. For each ¢ € J, the sequence

Fi(z) —— Fiy) —— Fi(x)
is an exact sequence of abelian groups. The category Ab of abelian groups
satisfies [AB5], and hence the sequence of abelian groups

colim F;(z) —— colim F;(y) —— colim F;(x)
=] i€J =]

is exact. But since these colimits agree in 81‘(801) ,Ab) and Gat(S"p ,Ab),

this is precisely the colimit of the functors Fj, taken in Ex (SOP, Ab), applied
to

T Y z Y.

Since the sequence is exact, it follows that colim;cg F; is homological. O

EXAMPLE 7.2.3. Any coproduct in Ex(SOP,Ab) of representable func-
tors is homological. For let {s,, A € A} be a set of objects in 8. The object

of Ex(SOP,Ab)
H 8(_5 S)\)

AEA
is, as in Corollary 7.1.2, the colimit of all coproducts over subsets of A of
cardinality < a. This is an afiltered colimit, and hence by Lemma 7.2.2,
it suffices to prove it an a—filtered colimit of homological functors. In other
words, we are reduced to showing that

H 8(_5 S)\)
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is homological when the cardinality of A is < a. But from Lemma 6.1.17,
we learn that

[Is(=s0 = s <—, 11 SA> .
AEA AEA

Being representable, it is homological.

It turns out that there is a converse to Lemma 7.2.2. Lemma 7.2.2
asserts that every a—filtered colimit of homological objects is homological.
But it turns out that every homological object is an a—filtered colimit of
representables.

LEMMA 7.2.4. Let S be an essentially small triangulated category, sat-
isfying [TR5(a)]. Any homological object F € Ex(8°P,.Ab) is an a-filtered

colimit of representable objects.

Proof: Since afiltered colimits are the same in the categories Ex (801’ , Ab)
and Gat(S"p,Ab), it suffices to prove that F' is an a—filtered colimit, in
Gat(S"p ,Ab), of representables. Clearly, F' is the colimit of all the repre-
sentables mapping to it. It needs to be shown that this colimit is a—filtered.

Suppose we are given any collection of < « representables mapping to
F. T assert that, in the category of representables mapping to F, there is
a coproduct. We have

8(=,8)) —— F(-)
for A € A, with the cardinality of A being < «. By Yoneda, this gives,

for every A € A, an element of f, € F(s,). That is, we have an element
[Taen fr € ILiea F(sy). But F lies in €x(8°, Ab), and therefore

[[FGy = F<Hs,\>

AEA AEA

We have constructed an element [] ., f\ € F (]_[)\GA s/\). By Yoneda, it
corresponds to a morphism

S (—7 11 3A> —— F(-).

AEA

What we have proved is that the morphisms
8(=,8y) —— F(-)
all factor through

8 (-, 1T 5A> — F(-).

AEA
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We next want to show that
B —
AeA

is the coproduct, in the category of representables mapping to F, of the
objects

8(5,) —— F(-).
Suppose therefore that we are given a §(—,t) — F(—), and for each
A € A a commutative diagram
8(=8y) —— 8(=1)

l l

F(-) —— F(-).

To prove that
S(I1) o
AEA
is the coproduct of
8(_75>\) - F(_)7

we must produce a unique factorisation through

8(_78)\) — S <_= H3A> - 8(_7t)

AEA

l l l

F(-) ——  F(-) —— F().

But our morphism 8(—,¢) — F(—) corresponds to f € F(t). The given
commutative diagrams
8(_7S>\) - S(_7t)

l l

F(-) —— F(-)

tells us that, for every A € A, the the natural map F(t) — F(s,) takes
feF(t) to f, € F(s,). But then the natural map

HSA—>t

AEA



228 7. HOMOLOGICAL PROPERTIES OF &z 8°7, Ab

induces a map F(t) — F([[,cp 55), which takes f € F(t) to [T,ca fy €
F(IT,ca 5y)- This establishes the factorisation

8(—,s,) —— 8 <—, ]_[5A> — 8(—, 1)

AEA

l l l

F(-) ——  F(-) —— F(-).

The uniqueness is obvious.
To prove that the category of natural transformations

8(=5) —— F(-)

is a—filtered, it remains to show that any two morphisms are coequalised.
Given two objects

8(—,8) —— F(-) and 8§(—,t) —— F(-)

and two morphisms between them, we need to show they can be co-
equalised.

Two objects as above, and two morphisms between them, amount to
a diagram

8(_7 S)

8(=,1) ’ F(-)

with 8f = fg. By Yoneda’s Lemma, the natural transformation

8(—,t) —2— F(-)

corresponds to an element € F(t). The fact that 8 f = 0g corresponds,
via Yoneda, to the statement that the two maps
F(f)

F@® F(g)

F(s)

take z € F'(t) to the same element of F(s). In other words, f —g:s —t
induces a map F(t) — F(s), taking « € F(t) to zero. Now complete
f—g:s—t toa triangle

f—g

r s t .
Because F' is homological, the sequence
F(Sr) F(t) 2979, p(s)

is exact. Now x € F(t) lies in the kernel of the map F(f — g), and hence
there is a y € F(Xr) mapping to z € F(¢). By Yoneda, this means the
natural transformation

8(—,t) —2— F(-)
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factors as
8(—,t) —— 8(—,Xr) —— F(-)

and the two composites

8(—, s) —= S(—,1) 8(—,Xr)
are equal. The given two maps
f
8(_78) —g 8(_at) - F(_)

are coequalised by a map into

8(—7 ET) _— F(—)

LEMMA 7.2.5. Let S be an essentially small triangulated category, sat-
isfying [TR5(v)]. Suppose

0 F G H 0

is a short exact sequence in Sx(SOP,Ab). If any two of F, G or H are
homological objects, then so is the third.

Proof: Let
T Y z Y
be a triangle in 8. Consider the short exact sequence of chain complexes
0 0 0 0 0
I | | | I
F{Xz} Fz Fy Fx F{z71z}
| | | | |
G{Xz} Gz Gy Gz G{x7'z}
| | | | |
H{Xz} Hz Hy Hzx H{x"'z}
| | | | |
0 0 0 0 0

From the long exact sequence of the homology of these chain complexes we
learn that, if any two of the rows are exact, then so is the third. O
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7.3. A technical lemma and some consequences

The regular cardinal « is fixed, as was assumed throughout the Chap-
ter. The category § is an essentially small triangulated category satisfying
[TR5(c)], that is closed under the formation of coproducts of < « of its
objects.

We warn the reader that this section and the next rely heavily on the
material developed in Appendix A. We will make frequent use of the no-
tions of Sections A.3 and A.4. The reader should be familiar with the defini-
tion of a sequence of length ~ (Definition A.3.5), a Mittag—Leffler sequence
(Definition A.3.10), and the lemma about the vanishing of lim " of Mittag—

Leffler sequences in the presence of enough projectives (Lemma A.3.15).
Definition A.3.16 encapsulates it concisely, if somewhat mysteriously: an
abelian category satisfies [AB4.5*] if it satisfies the vanishing of (h_m” for

Mittag—LefHler sequences. This summarises the main facts we appeal to in
Section A.3.

From Section A.4, we need the fact that the derived functors of the
limit of a sequence agree with those of a cofinal subsequence (Proposi-
tion A.4.8), and the fact that we can compute the derived functor of the
limit of a Mittag—Lefller sequence very concretely by injective resolutions,
as in Construction A.4.10.

REMARK 7.3.1. Actually, we will be applying mostly the duals of the
results in Appendix A. We will be studying sequences of length v which
are covariant; that is F : J(y) — €z(8°P,.Ab) (see Definition A.3.5). We
consider, in this Section, sequences J — A, not sequences J°? — A. We
will be considering their colimits rather than limits, and the interesting
sequences will be co-Mittag—Leffler, which is the dual of Mittag—Leffler.
We will freely apply the duals of facts proved in Appendix A.

Suppose v is an ordinal, and v < . Suppose we are given a sequence
F:J(y)— &z (SOP,Ab). If it so happens that F' is co-Mittag—Leffler and
factors through

G

IM)
then the functor G : J(y) — A(8) must also be co-Mittag—Leffler, since
o A8) — Ex(SOP,.Ab) is an exact embedding respecting coproducts of
< « objects; see Lemma 7.1.3. Because A(S) satisfies [AB4.5(«v)], it follows
that colim”"G =0 if n > 1.

Now A(8) and €x(8°, Ab) are abelian categories satisfying [AB4(«/)];
for A(S) we see this because, by Lemma 7.1.3, A(S) even satisfies the
stronger [AB4.5(c)]. For €x(8°7, Ab) we have that, by Lemma 6.3.2, it
satisfies [AB4], and hence the weaker [AB4(a)]. The inclusion A(S) —
Ex (SOP, Ab) is exact and respects coproducts of < « objects. Lemma A.3.2

A(8) —2— ex(8°7,.Ab),
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now tells us that, for colimits over partially ordered sets of cardinality < «,
colim™{6G} = o {colim"G}.

Our index set J(y) has cardinality < «, and since coll)n”G =0, so is

colim™{¢G} = ¢ {c@p G} - {0
That is, for n > 1, F' = ¢G has vanishing c%n".
The essence of this Section is to reduce the case of a general co-Mittag—
Leffler sequence in Ex(SOP,Ab) to the above. The unfortunate technical
detail is that this does not quite work. We end up proving the following.

Suppose for all co-Mittag—Leffler sequence F' of length < v and all n > 1,
ciir}n"F = 0. Then any co-Mittag—Leffler sequence F' of length v satisfies

ciir)n”F = 0 for n > 2. If we wish to do a transfinite induction, this

is not quite enough. In Section 7.4, we will see how the author tried
(unsuccessfully so far) to worm his way around this difficulty. Because
we will need some variants of the statement given above, the main lemma
of this Section is quite awkward to state.

REMARK 7.3.2. From now until the end of Section 7.4, we will assume
that our fixed regular cardinal o is > Rg. When a = Xy, the inclusion

Ex($P,Ab)  C  Cat(SP,Ab)

is an equality. The functors in Gat(S"p,Ab) are the additive functors
8§°? — Ab, and hence they must respect finite biproducts. Therefore
they send coproducts of fewer than o = Yy objects in 8 to products of
abelian groups.

In the case a = Ny, the category 8x(80p,ﬂb) = Gat(S"p,Ab) is a
Grothendieck abelian category. It satisfies [AB5], hence [AB4.5]. In this
Section and the next, we are out to prove that [AB4.5] is true even for
a > Ng. The case a = Ny being trivial, in the remainder of the Section we
assume « > Ng.

One consequence is that the category 8 is closed under countable co-
products. After all, 8 satisfies [TR5(«)] and o > Rg. By Proposition 1.6.8,
the category 8 is closed under splitting idempotents. By Corollary 5.1.23,
the projective—injective objects of A(8) are precisely the representable func-
tors. Recall that for a general 8, the projective—injectives are direct sum-
mands of representables. The assumption that a > Ry guarantees that a
direct summand of a representable functor is representable.

REMARK 7.3.3. We wish to remind ourselves about projective objects.
The objects 8(—, s) are projective in €z (8°7, Ab) by Lemma 6.4.1. They are
projective in A(8) by Lemma 5.1.11. Any projective object in £z (8, .Ab)
which happens to lie in A(8) C Ex(SOP,Ab) is clearly projective in the
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exact subcategory A(8). By the last paragraph of Remark 7.3.2, it must
be a representable 8(—, s). The representable functors 8(—, s) are precisely
the projective objects of A(8), and they can also be characterised as the
projective objects in Ex (SOP,Ab) which happen to lie in A(S).

Recall that the category 8:1:(807” ,Ab) has enough projectives. The ob-
jects 8(—, s) are projective, as are all their coproducts. Lemma 6.4.2 shows
that the projectives 8(—, s) generate. More precisely, in Lemma 6.4.4 we
see that any object of Ex (SOP, Ab) is a quotient of a coproduct of §(—, s)’s,
and any projective object is a direct summand of such a coproduct.

Let P be the class of all coproducts of representable functors 8(—, s)
in EI(SOP,Ab). By the above, every object of Ez(SOP,Ab) is a quotient of
an object in P. By the dual of Lemma A.4.3, every object in the category
of sequences

I(y) —— Ex(8°P, Ab)

is a quotient of a projective object. The projective objects may be chosen
to be coproducts of the duals of Fg ’s. That is, define
Gi :J(y) —— &x(8°P, Ab)
by the formula
»y 0 ifi>j
i _
Ga (.7) - { a if1 S.]
Then for any (covariant) sequence F' of length ~, there is a surjection
H Ggi — F,
i€d(y)

where the a;’s are projective in EI(SOP,Ab). By Remark A.4.4, we may
even choose the a;’s to be objects in the class P. That is the a;’s are
coproducts of representables.

In other words, given any functor

F:J(y) —— &x(8°P, Ab)

we may find a surjection G — F', where G is a particularly nice projective
object as above. In Construction A.4.10, we saw that concretely, such G’s
satisty

Gi
— = H 8(—,sy)-
colipn G/ i

We recall; if

¢ - IIc.

icJ
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then a; is given as
Gi

colim Gj
7<t

= a;.

For our particularly nice projective G’s, we assume that a; is a coproduct
of representables.

REMARK 7.3.4. The next Lemma is somewhat technical. What is re-
ally happening is that three facts we want, namely Corollaries 7.3.6, 7.3.7
and 7.3.8, have essentially the same proof. For the sake of efficiency, we
state and prove a somewhat convoluted Lemma 7.3.5, and deduce Corol-
laries 7.3.6, 7.3.7 and 7.3.8 as consequences.

LEMMA 7.3.5. Let a > Wq be our fized reqular cardinal. Suppose 8
is a triangulated category satisfying [TR5(a)]. Let v be an ordinal < «.
Suppose we are given a co—Mittag—Leffler sequence

F:I(y) —— &x(8°P, Ab).

Suppose furthermore that there is a short exact sequence of co—Mittag—
Leffler objects in the category of sequences

0 F G H 0.

Suppose that for every ordinal i < vy, the sequence

0 —— colimFj —— colimGj —— colimHj —— 0
A j<i j<i

s exact in &L’(SOP,Ab). Finally suppose that G is of the special form, so
that

Gi :
- = H Gi,
colim Gj Xen,
with G, € A(8) C €x(8°P, Ab). Then for all n > 1

colim"F = 0.
J<y

If we furthermore happen to know that
7.3.5.1. For alli € I(v),

Gi Hi
S~ and .
colim G'j colim Hj

J<t j<i

are homological objects in Ex(SOP,.Ab)

then colimF' is also a homological object in Ex (SOP,Ab).
—_—
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Proof: It is only fair to warn the reader that the proof of this Lemma
is long and technical. Before reading it, the reader might wish to glance
ahead to Corollary 7.3.6 on page 249, Corollary 7.3.7 on page 251, and
Corollary 7.3.8 on page 253, to see how the result is applied.

For the reader who did not follow the advice offered in the last para-
graph, we should briefly note one interesting class of G’s to which the
hypothesis above applies. If G is a slightly special projective object as in
Remark 7.3.3, then it has the desired form. In other words, the Lemma
will prove, among other things, the vanishing of c%n”F for all co-Mittag—
Leffler subfunctors F' C G, with co-Mittag—Leffler quotients G/F, for the
slightly special projective G’s of Remark 7.3.3.

Now we turn to the proof of the Lemma. By induction on the ordinal ~,
we assume the Lemma true for all ordinals i < . In Construction A.4.10,
we saw that F' admits a resolution by projective objects

Go G Gy F 0

We can combine this with the short exact sequence

0 F G H 0

to extend to a slightly longer exact sequence

G2 Gl Go G H 0.

The G; may be chosen to be the special projectives as in Remark 7.3.3.
Choose and fix such a projective resolution. Let ¢ be an ordinal, i < 7.
By our induction hypothesis, c@)n"F vanishes when F' is restricted to

J(i) C I(ry), where i < «. For i < v, the sequence

—— colimG1(j) —— colimGo(j) — colim F'(j) —— 0
1<t 1< 1<t

is exact. By the hypothesis of the Lemma, so is

0 —— colimFj —— colimGj —— colimHj —— 0.
1<t 1<t j<i

Splicing these sequences, we deduce the exactness of

—— colim Gy(j) —— colimG(j) —— colim H(j) —— 0
7<t 1<t 1<t

Hence the sequence below is also exact

Go(7) G(i) H(i) 0
colim Go (j) colim G(j) colim H (j) '
1<t 1<t 1<t

As in Construction A.4.10, we rewrite this. For each ordinal ¢ <  there is
an exact sequence

97 9i 9; 9; hi 0.
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In other words,
G(i) H{(i)

climG,(j) % lmGG) " colmH()
1<t 1<t 1<t
By construction, the projective objects G, may be chosen so that g}' are
objects in the class P, that is

gln = H 8(_3 S)\) .
By the hypothesis of the Lemma, the object G is such that
G(i) :
T\ g = led
colim G (j) 9 [le
1<t
with G4 € A(8). For the projective objects G,, we know
Guli) = J]o
Jj<i
The objects G and H are not so simple. G(4) and H (i) are some extensions
of the building blocks g;, j < ¢ and h;, j < ¢ respectively.
So much is true under the general hypothesis of the Lemma. If we
furthermore assume 7.3.5.1, that is we assume that

o) HG)
G % M CmHg) M
1<t 1<

are both homological objects in 8:0(801’,Ab), then in the exact sequence
above

97 g} 97 9; h; 0

the objects g, and h; are homological. We can break it into two exact
sequences

97 gi 99 f; 0

and
0 fi 9i hi 0.

In the second exact sequence, g, and h, are homological. Lemma 7.2.5 now
tells us that

F(i)
colim F'(j)

1<

= 4

is also homological.
Return now to the general case; that is, we are not necessarily assuming
7.3.5.1. We want to prove that the derived functors of the colimit vanish
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on the sequence F'. In other words, we want to prove the exactness of the
colimit sequence

T H g'L - H g'L - H g’L
i€J(vy) €I () 1€J(7)

Of course, to say this sequence of functors is exact is to say that, when we
evaluate it at s € 8§, we obtain an exact sequence of abelian groups

—— S [ s —— < [T &) —— < T 97 (s

i€JI(7y) 1€J() €I ()

Take an element & in the kernel of one of the differentials of this sequence.
For the sake of definiteness, k is an element

ko e IT 9 ¢ )
€3 ()
But recall that each g is assumed to be a coproduct of representables.
That is, g;' = [Iyea, 8(—, 5y). Therefore £ lies in

k € H HS—SA (s).

1€I(y) AEAD

And the key point is that, by the definition of the coproduct in £z (801’ , Ab)
(Definition 6.1.10; see also Lemma 6.1.17), an element in this coproduct is
a morphism

where A’ is a subset of Ujeg(,) A" whose cardinality is < o

In other words, although k lies in a gigantic coproduct, it really exists
in a much smaller one. For each g;' we can choose a direct summand
ul C gi'. The object v} is a coproduct of fewer than o representables,
hence is representable. It is a projective object of A(8) C Ex(8°7, Ab).
And k lies in

ke ITwies) < IT o ¢ (.

i€J(7) i€I(7)

From now on, we will consider a great many direct summands u} C g7.
Note that, in all of these summands, we assume we have a fixed decompo-

sition of g' as
gln = H 8(_78)\)
AEA
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and that all the u' C g considered are direct sums over parts of the set
A7, This being assumed, if we construct an increasing family of u['s, then
its direct limit is also a direct summand of g;'.

The idea of the rest of the proof is to show that & lies in a subcomplex
of

S [T adre)—— o ——3 I
i€d(y) i€I(y) i€I(7)
which is entirely contained in A(8). We know that [AB4.5(«)] holds for
A(8), by Lemma 7.1.3. This will allow us to deduce the vanishing of k. We
will proceed in two steps.

7.3.5.2. Suppose the complex
e — I — I &
i€I(7y) i€I(7y) i€I(7)
is as above; that is, it comes from a slightly special projective resolution of a
co-Mittag—Leffler sequence F' of length v in Ex (SOP,Ab). Suppose for each
ordinal © < v and each 0 < n < oo, we are given some direct summand
ul’ C gp, with ul € A(8).
Then, by increasing u}' if necessary, one can find direct summands
up C h} C g5
so that
7.3.5.2.1. The objects h} are projective objects in
A(8) C Ex(SOP,Ab).
7.3.5.2.2. The objects h}' form a complex
D | | .
i€I(7) i€I(y) i€d(y)
which is a subcomplex of
—— ] — Il s — I &
i€I(7) i€I(7) i€I(7)
Proof: Recall that g} can be expressed
gzn = H 8(_7 S)\)
AEAT

and that u]' is assumed to be the coproduct over some subset of A7, of
cardinality < a. Thus

= T s8-8,

AeMp
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and M C A} is of cardinality < . Put M* = ¢M;*. We will now show
how to construct, inductively, a sequence

(JJZ\fl-nC1]\4?C2]\4inC"'CA;I
so that all the ,, M;* have cardinality < .

Suppose we have constructed ,,M;*. For each A € ,,,M*, we can con-
sider the composite map

n n 8 n—
8(—s,) < gr C e — I 9"
i€I(7) i€I(7)

n—1
i

Of course, each g is itself a coproduct. This composite is a map

19}
8(—,s,) —— H H 8(—,5,)-
1€I(Y) peAr !

By Corollary 7.1.2, this map factors through a coproduct of fewer than «
terms.
For each A € M, choose a set M, of cardinality < o, contained in

M, - U art
i€I(7)
so that the differential
17}
S(—sy) —— I II 8(=s.)
1€I(Y) peAr !
factors through the coproduct over M,. Now the union
Mt o= ) U My
i€T(7) AEp MP

is a union of < « sets, each of cardinality < «. Therefore its cardinality is
< a. Put

mat M = G MPTPU{ MM AT
This construction guarantees that, if A € ,, M, the differential
o
$(—s) —— TI II 8(=s.)
1€I(Y) peAr !
factors through

H 8(—,5,)-

1€T, uEm 1 M T

Now define

N = [ij;l.
m=0



7.3. A TECHNICAL LEMMA AND SOME CONSEQUENCES 239

The set N is the union of countably many sets of cardinality < a. We
are assuming « > No; therefore N is the union of fewer than « sets, each
of cardinality < c. Since « is regular, the cardinality of N* must be < a.

Put
h = H 8(—, sy) C H S(—, sy)-

AEND AEAT
This defines a summand A} C g}, containing u}, so that
IR I —— I
i€JI(7y) 1€I() i€I(y)
is a subcomplex of

—>ng—>]_[91—>ng

€I () €I () €I ()
O

7.3.5.3. Suppose we are in the situation of the proof of Lemma 7.3.5.
To remind the reader: suppose the complex

—— ¢ — s — ¢
i€I(7) i€I(7y) i€I(7y)

is obtained from a slightly special projective resolution of a co—Mittag—
Leffler sequence F in 8x(8°p,ﬂb). And suppose further that F admits
a short exact sequence of co—Mittag—Lefflers

0 F G H 0
and that G is of the special form, so that
Gi ;
_ H G,
colim G e

with G§ € A(8) C &x(8°P, Ab). We remind the reader further that, for
each i € I(7y), we then have an exact sequence

97 g} 99 9; h, 0,

where
9; = H Gﬁ\.
AEA;
Suppose that we are given a subcomplex

AN Hh2—)th—>HhO

i€J(7) i€JI(7y) €I ()
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of the complex

—— I s — s — II4
i€3(7) i€3(7) i€3(7)
with b C gl a direct summand, and h} € A(8).
Then the following is true:

7.3.5.3.1. If n > 1, one may choose a direct summand U?Jrl -

gt ultt € A(8), so that in the commutative diagram

19} 1
n n
h} —— h;

/| !

u ™ gt g
the map f takes the kernel of 0 : h} — h?fl to the image of
uftt — g

7.3.5.3.2. If n = 0, there exzists a direct summand u} C g},
ul € A(8), so that in the diagram

h)
uj 99 9;

the image of hY in the cokernel of u} — g9 injects into g;.

7.3.5.3.3. On top of the standard hypotheses of the Lemma, now
assume 7.3.5.1 as well. That is, in the exact sequences

g; 9! 9¢ 9i hi 0,
assume g, and h; are homological objects in Ex(SOP,Ab). Then we

may also find a direct summand u? C g9, ud € A(S), so that in the
commutative square

4]
h? - Y

| !

hi @ uf —2 9;
the inclusion of the images of the two differentials O factors through
a representable 8(—, s).

Proof: First we prove 7.3.5.3.1. Consider therefore the map h}’ — h;‘_l.
It is a morphism in A(S8), hence its kernel lies in A(S), hence we can find a
projective in A(8) surjecting to the kernel. There is an exact sequence

S(—,p) hp 2 ppt




7.3. A TECHNICAL LEMMA AND SOME CONSEQUENCES 241

in A(8) C €x(8°,.Ab). On the other hand we know that the sequence

n+1 n—1
9; 9i' 9i

is exact in Em(SOP,Ab). We have a commutative diagram

S(—,p) hp 2 ppt
fl J
gt gr gt

and the commutativity establishes the vanishing of the composite

7|
n—1

9 — g;

The map 8(—,p) — ¢ factors through the kernel of ¢! — g;‘*l. But
8(—,p) is a projective object; hence the map factors through anything
surjecting to the kernel. There is a map 8(—,p) — g?“ rendering com-
mutative the diagram

0 -1
| 7| |
gt gt g
By Corollary 7.1.2, the map
8(—p) —— Q?H = H 8(—s5)
Aeartt
factors through a coproduct of fewer than a terms, which we call u?“ C
g7t We deduce the commutative diagram
o -1
| /| |
up ™ g7 9"

and this completes the proof of 7.3.5.3.1; the kernel of h}! — h?_l is

the image of 8(—,p), and it maps under f : h? — g into the image of
uttt

n
i 9; -
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Now for the proof of 7.3.5.3.2. Consider the diagram
hy
9i 97 9i-
Recall that we are assuming about g, that it is a coproduct; more precisely

AEA

with G € A(8). In any case, since hY is projective in A(8), it is isomorphic
to 8(—,t) for some ¢t € 8. The map
8(—t) = h? — 9 = H Gg\
AEA

must factor, by Corollary 7.1.2, through a coproduct of fewer than a ob-
jects. This coproduct lies in A(8). Call it h; '. We deduce a commutative
diagram

h) —— hi!

R

9, g7 9i

where the bottom row is exact, and the top row lies in A(S). As in the
proof of 7.3.5.3.1, we may find a direct summand u} C g}, u} € A(8), and
a commutative diagram

8(—,p) hy hit
| | |
uj g? 9;

where the top row is exact. This says precisely that the image of h? —
hi' C g, agrees with the image of h) in the cokernel of u} — g?.

It remains to prove 7.3.5.3.3. We assume therefore that we are in the
situation of 7.3.5.1. We have exact sequences

97 9 97 fi 0
and
0 i 9; h; 0,

and f;, g, and h; are homological objects in E:E(SOP,Ab). We are given a
direct summand h? C ¢?. The kernel of the composite

h) 99 f; 9;
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is the same as the kernel of

hy 97 i
since the map f, — g, is mono. On the other hand, in the proof of

7.3.5.3.2 above we saw that the image of the natural map hY — g, is the
cokernel of §(—, p) — hY. We have a vanishing composite

Now recall that hY is projective; it must be §(—, q) for some ¢ € §. Com-
plete to a triangle

P q r Xp.
Our vanishing composite becomes
8(-,])) - S(_aQ) — fi'

By Yoneda, the map 8(—,q) — f; corresponds to an element 6 € f,(q).
The vanishing of the composite

8(=p) —— 8(—q) —— /i
means that the image of 6 under
file) —— fi(p)
is zero. But f; is a homological object of x (SOP,Ab). The sequence
fi(r) —— fi(e) —— fi(p)
is exact. This means that 6 lies in the image of
filr) —— fi(q@).
Again, by Yoneda’s lemma, this means the map
8(—=q) ——
must factor as
8(—q) —— 8(—=,1) —— [
Recalling that h? = §(—, q), we have a factoring
hY —— 8(—,r) —— f;.

On the other hand, §(—,r) is projective, and the map $(—,r) — f, must
factor through the epimorphism g9 — f;. It factors as

8(_7 T) g? fl .
But ¢! is a coproduct of representables, and by Corollary 7.1.2, a map from

8(—,r) into a coproduct factors through a coproduct of fewer than « terms.
There exists u) C g9, uf € A(8), and a factorisation

W —— 8(=r) —— w} Cgl — fi
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Put another way, we have a commutative diagram where the top row is
exact

8(—,[)) h? 9;
[
w —2— g,

The inclusion of the cokernel of 8(—,p) — hY into g, factors through

hY — 8(—,r) — uY as above. In other words, the assertion of 7.3.5.3.3
is true. There exists a commutative square

o
hp  —— g

| 1
h?@U? 2 9;

as asserted. In fact, for out choice of u?, the Ay in the bottom left corner
of this square is superfluous. O

Next we use the above two steps, to conclude the proof of Lemma 7.3.5.
We want to show the exactness of the sequence

B H gz - H gz - H gz'
i€J(vy) €I () 1€J(7)

We showed that any homology class is really contained in [, uj', with
ul' C g7 a direct summand, and u? € A(S). In 7.3.5.2 we showed that it is
possible to find a subcomplex

AN Hh2—) th—> HhO
€I () €I () 1€J(7)

contained in A(8), so that u C h?. Call this complex gh. We will now
proceed to construct a sequence of subcomplexes of

A H gz - H gz - H gz .
i€JI(7y) 1€I(7y) €I ()
Our first subcomplex is gh, which we denote also
e T o —— IT ok —— IT o
1€J() 1€J() €I ()
Suppose we have constructed ,,,h, that is a complex

—>H h2—>H h%—> Hmh?.

1€JI(7y) 1€I(7y) €I ()
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Then, as in 7.3.5.3, we can construct objects uj'. Recall: these objects
come with commutative diagrams

8(—,p) mht —2—
| | |
uf ! gr gt

where the top row is exact. Here, if n = 0, we interpret g;l to be g,.
These diagrams define objects u?*l for n > 0. In the situation where the
hypothesis of 7.3.5.3.3 holds, that is g, and h, are homological, then the
conclusion of 7.3.5.3.3 allows us to also choose u{ C g¢?.

By 7.3.5.2, there is a subcomplex

N | (YT I | .
i€I(7) i€I(y) i€d(y)

of the complex

—— e — I — I &

i€J(y) i€J(y) i€J(y)

so that ,,4+1h} C gi* contains A and u}'. This defines the complex ,,11h.
What we have done is constructed a sequence of complexes ,,h, and
the inclusion ,,h — ,,,4+1h is, for each i € J, a map of complexes

2 1 0
e whi —— mhi —— why

l l l

o —— pp1hf —— b —— bl
The fact that u} C ,,+1h] means that we have commutative diagrams

2]

$(—p) —— wmhl —— b

l l I

n+1 n—1
U — m1hi —— mph]

L

n—1
m—+1 — m-l—lhzI — m+1hi

The exactness of the top row means that the kernel of 9 : ,,,h}) — mh;ﬁl

maps to zero in the homology of the bottom row. In other words, the map
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of chain complexes

2 1 m0Oo
h2 hl m+180 ho
T mALy T m41lYy m+11Y;

induces the zero map in homology, except when n = 0. The statement for
n = 0 is that the image of the cokernel of ,,0dy in the cokernel of 110y
injects into g;. If we further assume the hypothesis of 7.3.5.3.3 holds, that
is g; and h; are homological, then the construction of

mh® @u? C 1Y
guarantees that the map of images
Im {mhg — gi} —— Im {m-l-lh? — gi}

factors through some representable 8(—,r,,).
Now let the subcomplex h be the colimit of the ,,h. That is, we have

a complex
N H h2 N H hl - H hO
i€JI(7y) i€J(7y) €I ()
It clearly lies in A(S), since A(8) is closed under colimits of fewer than o

objects, and Ng < a. I assert that this complex has the property that for
each ¢ € J, the sequence

h2 hl ho

K2 K2

is exact. The sequence is the colimit of sequences

2 1
- —— mh; mh; mhg

and there is a spectral sequence for computing its homology. The easiest
way to see the existence of this spectral sequence is to consider the double
complex given by the map of complexes

]O_O[ mhi 1_Shiﬂ9 ]O_o[ mhz
m=0 m=0

There are two spectral sequences that compute the homology of this double
complex. One quickly degenerates to the colimit sequence

h? h} hY.

3

The other can be used to compute its homology.
The terms in the spectral sequence involve

colimH ~"(h;) and colim H="(,,h;).
— —
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If n > 1, the map
H™"(mh;) —— H "(m41hy)
vanishes. In other words, the sequence of maps
H™"(oh;) —— H™"(1h;)) —— H ™ "(2h;) —— -+
is a cofinal subsequence of
H~"(oh,;) 0 H~"(1h;) 0

as is the sequence

0 0 0

By Proposition A.4.8, all three sequences have the same colim and colim®;
— —_—

but for the zero sequence this clearly vanishes.
If n = 0, we have that the image of

Ho(mhi) - Ho(m+1hi)
injects into g;. In other words, it stabilises. The sequence
HOoh;) —"— HOGh) —"— HO(sh) —— -
is a cofinal subsequence of
H(oh;) — Im(¢g) —— H°(1h;) —— Im(¢y) —— -+
as is

Im(¢y) —— Im(¢,) —— Im(¢y) — -

By Proposition A.4.8, all three sequences have the same colim and colim®.
— —_—

On the other hand, the sequence
Im(¢g) —— Im(¢)) —— Im(¢y) —— -

is co-Mittag—Leffler. Being a co-Mittag—Leffler sequence in A(S), it must
have vanishing colim'.
—
If we furthermore assume the hypothesis of 7.3.5.1, that is that g, and
h; are homological, then we know a little more. We know that in the
sequence

Im(¢y) —— Im(¢;) —— Im(¢py) —— ---

above, the maps Im(¢,,) — Im(¢,, ;) factor through representable objects
8(—,r,). The sequence above is cofinal in

Im(%) I S(—ﬂ‘o) — Im(¢;) —— 8(—, 1) —— -+
as is

8(=rg) —— 8(=r) —— 8(=ry) —— -
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Once again, Proposition A.4.8 allows us to conclude that all three sequences
have the same colim and colim®. We already know that colim' vanishes.
— — —

It follows that we have an exact sequence in A(8) C &x(8°7, Ab)
1—shi .
0 —— ]:[8(—77”0) —ﬁ> ]:[8(—77”0) — colim —— 0.
n=0 n=0

Representables are projective—injective in the Frobenius abelian category
A(8). Their coproduct is projective, hence injective. And since the first
two terms in this exact sequence are injective, the sequence splits and
the third term is also projective—injective, hence representable. Under the
hypothesis of 7.3.5.1, the only non—vanishing term in the spectral sequence
is a representable object in A(S).

In the spectral sequence, there is only one non—zero term. And that
term is the homology of the complex

h? h} hY.

The homology is all concentrated in degree 0. If we furthermore assume

the hypothesis of 7.3.5.1, that is that g, and h, are homological, then we

know further that this unique non—zero term is a representable §(—, s).
But now it follows that the complex

s Hh2—> Hh1—> Hho
€I () €I (y) 1€J(7)

is induced by a projective resolution of a co—Mittag—Leffler sequence in
A(8). Define F’(j) to be the cokernel of

thl —_— H h?.

i<j 1<j
This gives a co-Mittag—Lefller sequence

F':3(y) —— A(8).
This sequence comes with a projective resolution, and A is a chain com-
plex computing its c@)n". Since co-Mittag—Leffler sequences in A(8) have

vanishing colim™, the chain complex
—

AN Hh2—)th—>HhO

€I () €I () €I ()
is acyclic except at n = 0. Since any homology class in the complex
— e — e — I &
i€JI(7y) i€J(7y) €I ()

is supported on some subcomplex h as above, it follows that the complex
g is acyclic.
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Let the co-Mittag—Leffler sequence F’ : J(y) — A(8) be as above.
We have an exact sequence

.
h? hl hY L 0
@ i i colimF;
j<i

From now until the end of the proof, assume furthermore that the hypoth-
esis of 7.3.5.1 holds, that is that g, and h, are homological. Under this
assumption we have that the unique non-zero homology of

h? h} hY

3 K2

is a representable in A(8). That is, the object
F'q
colimF"j
1<

is projective—injective. But then an easy induction shows that for all i < =,

F'j
li F’ = R Ta—
c?gn H colimF"k
J<i k<j

is projective—injective. All the extensions must split. Taking the colimit
over all ordinals < +, we have that colim;.., F”j is representable, hence a
homological object in Ex (SOP,Ab).

This is true for any subcomplex

IR —— I —— I

1€J(7y) 1€J() €I ()
of the complex

— ¢ — o — Il &

i€J(7y) i€I(y) i€I(y)
as constructed in the proof. But these good subcomplexes contain any sub-
complex of cardinality < «. In other words, coll)nF is the a—filtered colimit
of colimF”, with F’ as constructed in the proof. This makes colimF an a—

— —

filtered colimit of homological objects in Ex (801’, Ab)7 and by Lemma 7.2.2,
we deduce that c@)nF is homological. O

COROLLARY 7.3.6. Let v < « be an ordinal. Suppose for any ordinal
1 < 7, for any co—Mittag-Leffler sequence H' in EI(SOP,Ab) of length 1,
and for any integer n > 1, c%n"H’ =0.

Let H be a co-Mittag—Leffler sequence of length v. Then for alln > 2,

colim" H = 0.
—
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Proof: Let H be a co-Mittag—Leffler sequence of length v. We can always
find a slightly special projective object GG in the category of sequences,
and an epimorphism G — H, as in Remark 7.3.3. We deduce an exact
sequence

0 F G H 0.

The functor H is co-Mittag—LefHler by hypothesis, the functor G because
it is a projective object. We wish to apply Lemma 7.3.5. To this end, we
must prove that the functor F' is co-Mittag—Leffler, and that for any i < ~,

0 —— colimFj —— colimGj —— colimHj —— 0
i<t j<i j<i

is exact.

Let i < =y be an ordinal. Now H is a co—Mittag—Leffler sequence on
JI(7y), and hence the restriction of H to J(i) C J(v) is also co-Mittag—Leffler.
The long exact sequence for the left derived functors of colimit gives

colim'H —— colim Fh —— colimGh —— colim Hh —— 0.
h<i h<i h<i h<i

But by the hypothesis of the Corollary, c@)n1 vanishes on co-Mittag—
Leffler sequences of length ¢ < ~, in other words

colim'H = 0.
h<i

Hence we have, for i < v, an exact sequence

0 —— colimFh —— colimGh —— colimHh —— 0.
h<i h<i h<i

Now let ¢« < j7 < v be ordinals. We deduce a commutative diagram with
exact rows

0 —— colim Fh —— colimGh —— colimHh —— 0

h<i h<i h<i
0 —— Fy — Gj — Hj — 0

Since G is co-Mittag—Leffler, the map

colim Gh —— Gj
h<i

is mono. The composite

colim 'h ——— colim Gh
h<i h<i

I

Gy
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is a composite of two monomorphisms, hence a monomorphism. But the
commutativity of

colim Fh —— colim Gh
h<i h<i

I I

Fj e Gj
means that it is equal to

colim F'h
h<i

l

Fj — Gy
and hence

colim Fh —— Fj
h<i

is monomorphic. By Remark A.3.11, this says that F' is co-Mittag—Leffler.
Lemma 7.3.5 now applies, and we deduce that for n > 1, cﬂn"F =0.

The exact sequence for the left derived functor of the colimit gives

colim"™G —— colim"™'H —— colim"F.
— — —

If n > 1, then colim™F vanishes by the above, while colim" ' G vanishes
— -

because G is projective. Hence colim™ ! H vanishes if n > 1, in other words
—

colim™ H vanishes if n > 2. O
iy

COROLLARY 7.3.7. Let the hypotheses be as in Corollary 7.3.6. That
is, let v < « be an ordinal. Suppose for any ordinal © < v, for any co—
Mittag—Leffler sequence H' in EI(SOP,Ab) of length i, and for any integer
n > 1, colim"H' = 0.

—

Let H be a co—Mittag—Leffler sequence of length . Suppose that for
each i € J(vy), Hi is a homological object of Ex(SOP,Ab). Then for all
1 < v, the objects

Hi
% and colim H j
colim Hj j<i

1<t

are homological.
Proof: We will prove, by induction on the ordinal ¢ < -, that

7.3.7.1. For all j <1, colimg«; Hk is homological.
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7.3.7.2. For all 5 <, the object
Hj

colim Hk
k<j

18 homological.
The strategy of the proof will be to show that
7.3.7.3. 1f 7.3.7.1 holds for 4, then 7.3.7.2 holds for .
7.3.7.4. If 7.3.7.2 holds for all j < ¢, then 7.3.7.1 holds for .

The proof of 7.3.7.3 is trivial. If 7.3.7.1 holds for 7, that means that, for all
j <4, colimy<; Hj is homological. In the exact sequence

Hj
0 —— colim Hk Hj 0
R J cglir_n Hk ’
<J

the first two terms are homological. By Lemma 7.2.5, so is the third; we

deduce that C(lc)li]rrflijlﬂf is homological for j < i, that is 7.3.7.2.
<J
Now for the proof of 7.3.7.4. Assume therefore that 7 is an ordinal < -,
and for all j < ¢ we have 7.3.7.2. That is, we assume that for all j € I(7),
the quotient
Hj

colim Hk
k<j

is homological. We want to show that for j <4, the object colimy; HEk is
homological. Reducing i if necessary, we may assume j = i.

As in the proof of Corollary 7.3.6, choose an exact sequence of co—
Mittag—Lefflers

0 F G H 0,
with G a special projective. For any j < 1,
Gj
—_— = S(— .
colim Gk [18(=s0
k<j

By Example 7.2.3, it is homological.

We therefore find ourselves in the situation of Lemma 7.3.5, but more
precisely we are in the situation where the hypothesis of 7.3.5.1 holds as
well. For all j < 4, the functors

_ G q i
colmGr ¢ colim Hk
k<j k<j

are homological. The conclusion of 7.3.5.1 tells us that colim;«; F'j is also
homological.
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Now we have an exact sequence

colim'H —— colimF —— colimG —— colimH — 0.
j<i j<i J<i J<i

By the hypothesis of the Corollary, colj}n1 vanishes on all co-Mittag—Leffler

sequences of length i < . Hence colim' H = 0, and we have an exact
1<t

0 —— colimF —— colimG —— colimH —— 0.
Jj<i j<i j<i

We have just proved that colim;«; F' is homological. The object colim;; G
is a coproduct of representables, hence homological by Example 7.2.3. From
Lemma 7.2.5, we can now deduce that colim;.; H is also homological. O

COROLLARY 7.3.8. If G is a co-Mittag—Leffler sequence in E:C(SOP,.Ab)
of length < a, and G satisfies the hypothesis

7.3.8.1. For all i
Gi ,
o -~ U &
colim Gj Sen,
with G, € A(S8),
then for n > 1, colim"G = 0.
—

Proof: Apply Lemma 7.3.5, letting F = G and H = 0 in the exact
sequence

0 F G H 0.

That is, we consider the short exact sequence of co-Mittag—Lefflers

1

0 G G 0 0.
Clearly, any colimit of this exact sequence is exact. Lemma 7.3.5 applies,
and tells us that for n > 1, cﬂn"G =0. O

7.4. The derived functors of colimits in Ez(SOP,Ab)

Section 7.3 proved a number of technical lemmas about the derived
functor of the colimit, applied to certain co-Mittag—Leffler sequences in
Ex (SOP,Ab). In this Section, we propose to outline how the author hoped
to deduce that c%m" vanishes on co—Mittag—Lefller sequences. We must

somehow apply our lemmas.
REMARK 7.4.1. In Remark A.3.11, we learned that a sequence F' of
length v is co-Mittag—Leffler if and only if, for every j < k < -, the map

colimGi —— Gk
1<J
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is mono. Of course, it would be much more pleasant to only have to check
the case j = k. Under suitable vanishing for coll)n”, this works.

LEMMA 7.4.2. Let A be an abelian category. Let Q be a class of objects
i A. Suppose v is an ordinal, and further

7.4.2.1. If B8 is an ordinal 8 < 7, and H : I(8) — A a co—
Mittag—Leffler sequence, so that for all j € I(3)

Hj
€ )
colim Hi @
1<J

then for n > 1, colim"H = 0.
—

Suppose we are given a sequence G : J(y) — A so that

7.4.2.2. For 0 < j € J(vy) any ordinal, the map

colimGi —— Gj
1<J

is mono, and
Gj

colim G4
i<j

€ Q.

Then the sequence G is automatically co—Mittag—Leffier.

Proof: Note first that Condition 7.4.2.2 places no hypothesis on GO. The
hypothesis is on j > 0. We have that G1/G0, G2/G1, etc. are in (). But
no hypothesis is made on GO.

Now for the proof. If j is a limit ordinal, then 7.4.2.2 asserts that the
map

colimGi —— Gj
1<
is mono. This is exactly A.3.10.2 of Definition A.3.10. It remains to check
that G satisfies A.3.10.1. That is, for every ¢ < j < =y, we must show the
map
Gi —— Gj

is mono.

By induction, we may assume this is true for all i < j < 3, with 8 < ~.
We want to show that it remains true for all ¢ < j < . The interesting

case, which is not included in the induction hypothesis, is where j = 3. We
are given by induction that the map

Gi —— Gy
is mono, if i < j < 8, and want to deduce that
Gi —— G
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is mono for 7 < (.
If B is a successor ordinal, then 8 = j 4+ 1. The induction hypothesis
asserts that

Gi —— Gj
is mono. From 7.4.2.2, we know that so is
102}1511(?1 — G(j +1);
but this is just the map
Gi —— G(j+1) = Gp.
The composite

Gi Gj GGi+1) = GB

is the composite of two monomorphisms, hence mono.
The remaining case is when  is a limit ordinal. By 7.4.2.2, the map

colimGj —— G
J<p
is mono. We want to show that for ¢ < 8, the composite

Gi —— colimGj —— Ggf
J<p

is mono. It clearly sufices to prove that the natural map
Gi —— colim Gy
Ji<pB

is mono.
To do this, it is convenient to consider the following short exact se-
quence of objects in Cat (JOP(B),A)

0 F G H 0.

G is our given functor, restricted from J(7y) to the subset I(3). The sequence
F is given by the rule

. Gy iftj<i
Fi= { Gi ifj>i
while H is given by the rule
. 0 ifj<i
" = { G ifj>i

In other words, the short exact sequence

0 F G H 0
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is just
0 0 0 0 0
Gli—2) —— G(i—1) G (i) Gli) —— G()
Gli—2) —— G(i—1) G (i) G(i+1) —— G(i+2)
0 0 0 0 0

Our induction hypothesis is that, restricted to J(3), the sequence G is co—
Mittag—Leffler. Hence so is the sequence H. But the sequence H now
satisfies the hypothesis of 7.4.2.1; it is a co-Mittag—Leffler sequence of
length < v, with

Hj

colim H1i
i<j

€ Q.

By the conclusion of 7.4.2.1, c%an = 0. Now the long exact sequence

for the colim gives an exact
colim'H —— colimF —— colimG
— f— —
and since c%an = 0, we have an injection
colimF —— colimG.
— —
But colimF' = (i, and hence the map
—
Gi —— colim Gy
J<B
is mono. O

ExXaMPLE 7.4.3. Let G be a sequence
G:J(a+1) —— Ex(8°P, Ab).
Suppose it satisfies
7.4.3.1. For j > 0, the map
Gj —— G(j+1)
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is mono, and the quotient G(j + 1)/G(j) is a coproduct of objects
in A(8) C €x(8°P, Ab).

7.4.3.2. For j a limit ordinal,

Gj = colimGi.
1<J
Then the sequence G is automatically co-Mittag—Leffler.

The point is that Lemma 7.4.2 applies. Let A be the abelian category
8:0(807”,Ab), and let @ be the class of objects which are coproducts of
objects in A(8). Then 7.4.3.1 and 7.4.3.2 are 7.4.2.2 for, respectively, the
case of a successor and a limit ordinal. It remains to show that 7.4.2.1
holds.

That means, we need to know that, for any ordinal § < a+ 1, for any
co—Mittag—LefHer

H:3(8) —— &x(8°P, Ab)
with
Hj

colim H1i
i<j

e Q

and for any n > 1, c%n"H = 0. If 8 < a, this is just exactly Corol-

lary 7.3.8. If 8 = a, then J(«) is an a-filtered category. By Lemma A.1.3,
afiltered colimits agree in Sx(SOP,Ab) and Gat(S"p,Ab). In particular,

colimits over the category J(«) are the same in (8%, Ab) as in the larger
category Gat(S"p,Ab), hence are exact. Therefore if n > 1, then c%n”

vanishes for sequences
H:J(a) —— Ex(8°F, Ab).

REMARK 7.4.4. Suppose T is a triangulated category statisfying [TR5],
and 8§ = T%. Any object F' of Ex (SOP,Ab) has a projective presentation

[I8(-s) — I 8(~t,) —— F(-) —— 0.
AEA peM

By Lemma 6.2.5, the homological functor T — Ex(SOP,Ab) preserves
coproducts. Hence the presentation above may be rewritten

(1)

In the triangulated category T, there is a triangle

o — I —— s — ={Is}.

AEA neM AEA

—>‘T—,Ht# — F(-) —— 0.
s pEM s
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Hence we have an exact sequence in Ex (801’ , .Ab)

(1)

and it follows that there is a monomorphism
F(=) —— T(=)ls.

In other words, F € €x(8°7, Ab) may be embedded in T (—,y)|g for some
y € J. Thus every F' may be embedded in a functor §°¢ — Ab which is
homological; it takes triangles to exact sequences. The next two Lemmas
prove that this is true even if we do not assume § = T.

— ‘I R H tﬂ E— ‘I(_>y)‘su
8 peM s

LEMMA 7.4.5. Let S be an essentially small triangulated category, sat-
isfying [TR5(cx)]. An object G of €x(8°P,.Ab) is a homological functor

G:8% —— Ab
if and only if, for every object
x € A(S) C Ex(8°P,.Ab),

the following Ext—group vanishes

Ext!(z,G) = 0.
Here, the Ext groups are computed in Ex (SOP,Ab).
Proof: Suppose that, for all z € A(S),

Ext!'(z,G) = 0.
We need to show that G is homological. That is, for any triangle in §

r s t s,
we must show the sequence

Gt Gs Gr

is exact.
Now the triangle

r S t Ys

gives an exact sequence in A(8)
8(=r) —— 8(=5) —— 8(=,1)
which can be broken into two exact sequences in A(S)
8(=1) —— 8(=s) —— P(=) —— 0

0 —— P(-) —— 8(-t) —— Q(-) —— 0.
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Applying the functor Ex (801’ ,Ab) {—, G } to these exact sequences, we de-
duce exact sequences

0 —— Hom(P,G) —— Gs — Gr

Gt —— Hom(P,G) —— Ext}(Q,G)

The vanishing of Ext!(Q, G) means these two exact sequences can be pieced
together to an exact sequence

Gt Gs Gr.

This proves that GG is homological.

Now suppose that G is homological; we wish to prove the vanishing
of Ext!. Let = be any object of A(S§). As in Definition 5.1.3, 2 admits a
presentation

8(—s) — 8(—t) —— z(=) —— 0.
The map s — t may be completed to a triangle

r S t r;

)

this allows us to extend the resolution of z(—) to
8(=1) —— 8(=s) —— 8(=t) —— (=) —— 0.

The above is the beginning of a projective resolution for x, in either the
category A(8) or the category €x(8°,Ab). Viewing it as a projective
resolution in the category €x(80p ,Ab) permits us to compute Ext!; the
group Ext!(z,G) is the homology of the sequence

Sx(SOP,Ab){S(—,t)7G(—)} - Sx(SOP,Ab){S(—,s),G(—)}

8x(80p,Ab){8(—,r),G(—)}.
Yoneda’s Lemma identifies this as
Gt Gs Gr,

which is exact since G is homological. Hence Ext!(z, G) = 0. a

LEMMA 7.4.6. Let S be an essentially small triangulated category, sat-
isfying [TR5(c)]. Let F be an object of Ex(8°P, Ab); that is,
F:8° —— Ab

is a functor taking coproducts of fewer than o objects to products of abelian
groups.
Then there exists a monomorphism F — G in Ex (SOP,Ab), where

G:8°P —— Ab
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is homological.

Proof: By Lemma 7.4.5, we are reduced to showing that F' may be em-
bedded in an object G, so that Ext!(z,G) = 0 for all z € A(S). Recall
that the category 8 is essentially small, and hence so is the category A(S).
Let A be a set of representatives for the isomorphism classes of objects in
A(8). For each A € A, we denote the object in A(8) that corresponds to it
by t,. For each A € A, choose an exact sequence

0 (DY 8(—,5y) s 0

where 8(—, s,) is a projective object.

Now we define a map which sends an object = of Ex(SOP,Ab) to a
morphism £ — T. The construction is as follows. Let M be the set of all
maps 7, — x; that is

M = {ry,—z|XeA}
We have maps

H ™ —— H 8(—,s»)

{r\—z}eM {ry—z}eM

l

x
and we define x — T to be given by the pushout

H ™ H 8(_55)\)

{r\—z}eM {ry—z}eM
T E— T

Now recall that the sequences
0 LY 8(—,sy) tx 0

are exact, and that &z (8P, Ab) satisfies [AB4] by Lemma 6.3.2. The se-
quence

0 —— Hr)\ e HS(—,S)\) Ht/\ 0

is therefore also exact, and the pushout gives a commutative diagram with
exact rows

0 —— Hr)\ e HS(—,S)\) e Ht/\ — 0

! l !

O—— z — T —>Ht/\—>0.
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We deduce that © — T is mono, and T/x is a coproduct of objects in
A(S).

Now recall; we are given an object F' € Ex (8"”, Ab), and want to embed
it in a homological object G. We propose to define a sequence of length
a+1in Sz(SOP,Ab). We define this sequence,

S:J(a+1) —— &x(8°P, Ab)
inductively, as follows.
7.4.6.1. S(0) € Ex(8°, Ab) is defined to be F.
7.4.6.2. The map S(i) — S(i 4+ 1) is defined to be

S(i) —— S(i)
as above.
7.4.6.3. If 7 is a limit ordinal, then
S(i) = colimS(y).
1<t
By Example 7.4.3.2, we know that the sequence is co-Mittag—Leffler. In
particular, it follows that the map
F = S50) —— S(a)

is a monomorphism. Define G = S(«). It remains to prove that G is
homological.
We know that

G = S(a) = colimS(j).

j<a
This is an a—filtered colimit. Let A € A, and suppose we are given a map
ry, —— G = colimS(j).
I<a

By Lemma 7.1.5, the object 7, € A(8) is a—presentable, and therefore its
map into the a—filtered colimit must factor as

r SG) colin (7).

By the construction of S(j + 1) = S(j), we have a commutative square

' ———— 8(_75)\)

! !

S(j) —— SG+1).
This says that the map r, — G must factor as

ry, — 8(—,s,) — G.
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But now we have the exact sequence

0 Ty 8(—,s,) ty 0.

Applying Hom(—, G) to it, we deduce an exact sequence

Hom{S(—7sA),G} —— Hom(r,,G) —— Extl(t,,q)

I
Extl{S(—, S)\),G}.

We have just proved that any map r, — G factors as

o — 8(=,5,) — G,
that is the map

Hom{S(—7sA),G} —— Hom(r,,G)
is surjective. Since 8(—,s,) is projective in the category &z (SOP,Ab), we
must have
Extl{S(—, 5y)s G} = o
The exact sequence now permits us to conclude that
Ext'(t,,G) = 0;

this is true for all A € A, meaning for all isomorphism classes of ¢, € A(S).
By Lemma 7.4.5, G must be homological. a

LEMMA 7.4.7. Let S be an essentially small triangulated category, sat-
isfying [TR5(«)]. Let vy be an ordinal, v < a.. Suppose that for all ordinals
1 <7y, any co-Mittag-Leffler sequence

H:J(i) —— Ex(8°P, Ab),
and any integer n > 1, colim™H = 0.
-

Let F be a co—Mittag—Leffler sequence in &U(SOP,Ab) of length -y.
There exists an exact sequence of co—Mittag—Lefflers

0 F G H 0,
where for all i € I(v), Gi € Em(SOP,Ab) is homological.

Proof: We will define the short exact
0 F G H 0

by induction. If j is a limit ordinal, and the sequence of co-Mittag—Lefflers

0 F G H 0
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has been defined on J(¢) for all ¢ < j, then one defines the short exact
sequence on J(j) to be the union. It remains to show how to extend from
J(j) € I(~y) to I(j + 1). Suppose therefore that j < v, and on I(j) we have
a short exact sequence co-Mittag—Lefflers

0 F G H 0

Suppose for i € I(j), Gi € €x(8°, Ab) is homological. We need to define
the extension to J(j + 1).
In any case, by the hypothesis of the Lemma, the co-Mittag—LefHer
. .. .1
sequence H on J(j) has vanishing ciu}n . The exact sequence

.1 . .
colimH —— colim FF —— colim G
1<) 1<J 1<J

means that the map

colim FF —— colim G
i<j i<j

is mono. We can form the pushout diagram

colim ' —— colim G
1<J 1<]

l |

rj — X
Of course, this means we have a map of short exact sequences

0 —— colimFj —— colimGj —— colimHj —— 0

i<j 1<j 1<J
| | J

o—— Fj —— X — colimHj —— 0
1<J

By Lemma 7.4.6, we can choose an embedding of X into a homological ob-
ject. Define Gj to be a homological object, for which there is an embedding
X — Gj. Define Hj by the pushout square

X — colim Hi
1<J

l l

Gj —— Hj
Now the sequence F' is co-Mittag—Leffler, which means the map

colimFF —— Fj
1<J
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is mono. The pushout square

colim FF —— colim G
i<j i<j

l l

ry — X
tells us that the map colim;; Gi — X is also mono. By construction,
the map X — G5 is mono. Hence the composite colim;; Gi — Gj is
mono.
Finally, the map X — (G is mono, and we have a pushout square

X — colimHj
1<

! |

Gj ——  Hj.
We immediately learn that colim;«; Hi — Hj is also mono.

The functors G and H on J(j + 1) C J(v) satisfy the hypothesis that,
for all i < j + 1, the maps

colimGh —— (i, colim Hh —— Hi
h<i h<i

are both mono. For ¢ < j this is true by induction, for ¢« = j by the above.
By the hypothesis of the Lemma, all ciir}n" vanish for co-Mittag—LefHler
sequences of length < . Lemma 7.4.2 now applies. In 7.4.2.1 and 7.4.2.2,
we may take @ to be the class of all objects of Ex (SOP,Ab). We deduce
that both G and H are co-Mittag—Leffler on J(j + 1).

Finally, the exactness of

0 Fj Gj Hj 0
extends the short exact sequence
0 F G H 0
from J(j) to J(5 + 1). O

This ends what I can prove. For a while, I thought I could deduce
[AB4.5]. But the argument I had for the next Lemma seems to have a gap.
Let me give the Lemma as a problem, and show how, if it is true, [AB4.5]
follows immediately.

PROBLEM 7.4.8. Let 8 be a triangulated category satisfying [TR5(«)].
Suppose 7 is an ordinal < «, and suppose

7.4.8.1. For all i < v, all co-Mittag-Leffler sequences H of
length i, and all integers n > 1, colj}n”H =0.
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Let G be a sequence of length +, that is a functor
G:I(y) —— Ex(8°P, Ab).
Suppose G is co-Mittag-Leffler, and for all i € J(v), Gi € &x(8°P,Ab) is

a homological object. Our problem is the following. Is it true that, for all
integers n > 1, c@p"G =07

Assuming Problem 7.4.8 has a positive answer, life is easy. We have

LEMMA 7.4.9. Let 8 be a triangulated category satisfying [TR5(a)].
Suppose Problem 7.4.8 has a positive answer. Let v be an ordinal, v < .
Let F' be a co-Mittag—Leffler sequence of length v in Ex(SOP,Ab). Then
for alln > 1, c&ir}nnF =0.

Proof: We prove this by induction on the ordinal 7, the case of finite
ordinals being trivial. Suppose therefore that the vanishing of c%n",
n > 1 is true for all co-Mittag—Lefller sequences of length i < v < a. We
want to extend to sequences of length ~.

Let F' be a co-Mittag—Leffler sequence of length . By Lemma 7.4.7,
there exists an exact sequence of co-Mittag—Lefflers of length ~

0 F G H 0,

and furthermore, Gi is homological for all i € J(y). By the positive answer
to Problem 7.4.8, we have that for all n > 1, c%n”G = 0. But from

Corollary 7.3.6, c%n”H = 0 whenever n > 2. The long exact homology
sequence gives an exact

colim"™MH —— colim"F —— colim"G,
Py —_— iy

and if n > 1, we have colim"G = 0 = colim" ™ H, and we deduce that
— —

colim" F' = 0. O
—_—

PROPOSITION 7.4.10. Let 8§ be a triangulated category, and assume 8
satisfies [TR5(a))]. Suppose Problem 7.4.8 has a positive answer. Then the
category Sx(SOP,Ab) satisfies [AB4.5]; co—Mittag—Leffler sequences have
vanishing colim™, n > 1.

—_—
Proof: Let v be an ordinal, F' a co-Mittag-Leffler sequence of length ~.
Let 3 be the cofinality of . That is, § is the least cardinal with a cofinal
map

J(B) —— I(7)-
The cardinal 3 is clearly regular, and by Proposition A.4.8, colj}n"F agrees
with cﬂ}m” of the restriction of F' to J(5). And the restriction of F' to J(3)
is also co-Mittag—LefHler.
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If B < «, then by Lemma 7.4.9, colj}n"F =0forn>1.If 8 > «, then

the regular cardinal 3 is a—filtered. The ordered set J(3) is a—filtered, and
by Lemma A.1.3, colimits of functors

F:J(8) —— Ex(8°P, Ab)

agree in &x (SOP, Ab) and Cat (SOP, Ab). Hence these colimits are exact, and
ciir}n"FzOfornZl. O

7.5. The adjoint to the inclusion of 8:0(801’,Ab)

Once again, the regular cardinal « is the one fixed throughout the
Chapter. The category 8 is assumed essentially small and triangulated,
and satisfies [TR5(a)].

The natural embedding

i: Sx(SOP,.Ab) C Gat(SOp,Ab)
is an exact functor preserving products. It is natural to ask whether it
has a left adjoint. In this Section we will see that it does, and learn an
explicit description of the left adjoint. The reader is referred to Gabriel and
Ulmer’s [16] for a more general discussion. It turns out that this adjoint
exists in very great generality, for functor categories of limit—preserving
functors into sets.

As we said in the previous paragraph, we prove that the functor ¢ has

a left adjoint. This much generalises infinitely, as the reader can see in
Gabriel and Ulmer’s [16]. But then we go further. The left adjoint

j:@at(S"p,Ab) i EI(SOP,Ab)
had left derived functors, denoted L™j. We prove that, for any n > 1 and
Fe Sx(SOP,Ab),
L"j{iF} =0.
One application of these facts is the statement that, for any F' and G objects

of Ex(SOP,Ab), the extension groups Ext™(F,G) are the same, whether
computed in the category Ex (SOP,Ab) or Cat (SOP,Ab).

PROPOSITION 7.5.1. Let § be a category satisfying Hypothesis 6.1.1.
Then the natural functor
(8P, Ab) —— Cat(8°P, Ab)
has a left adjoint j.
Proof: First, by Lemma 5.1.2, the category Cat (SOP,Ab) has enough pro-
jectives. More explicitly, the representable (Yoneda) functors are projec-

tive. We denote them Y,(—) = 8(—,s). And the set of all Yoneda projec-
tives as above is a generating set. Every object F' € Cat (SOP ,Ab) admits a
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presentation
Ps(—.5) —— Ps(—t,) —— F(-) —— 0,
AEA pneM

where @ stands for the coproduct in Cat (SOP ,Ab). By the dual of Propo-
sition A.2.13, to prove the existence of a left adjoint to the functor

(8P, Ab) —— Cat(8°7, Ab)
it suffices to prove the representability of the functors

@}/sa Z(_)‘|

AEA

Cat (8°7, Ab)

Explicitly, for each projective object in Cat (801’ ,Ab) of the form
@8(_7‘9)\) = @1/5(_)’
AEA AeA
the functor sending G € Ex (SOP,Ab) to maps in Cat (SOP,Ab)
Ps(—s,) — iG(-)
AEA
needs to be proved representable in Ex(SOP,.Ab). But to give a map in
Gat(S"p,Ab)
Ds(-.5) — iG(-)
A€A
is to give, by the universal property of the coproduct, for each A € A a map
8(—,5y) — iG(-).

The representable functor 8(—, s, ) lies in Ex(SOP,Ab); it takes coproducts
to products. The above maps are therefore maps in Ex (801’ ,.Ab), and by
the universal property of the coproduct in 81‘(801) ,Ab), we deduce a map

[T 850 —— G(-).
AEA

In other words,

Cat (877, Ab) | Y, (-),iG(-)

AEA

ex(87,.Ab) | [T Ya(-).G(-)

AEA
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REMARK 7.5.2. Proposition 7.5.1 proves more then just the existence
of the adjoint. It gives the adjoint very explicitly. Given an object F &€
Gat(S"p,Ab), to find what the left adjoint to

(8P, Ab) —— Cat(8°7, Ab)
takes it to, consider any presentation
Ps(—.s,) — P s(-.t,) —— F(-) —— 0.
AEA neM

The functor j, being a left adjoint, is right exact. It follows that j takes the
above exact sequence in Cat (SOP ,Ab) to an exact sequence in E:E(S"p ,Ab).
In other words, the sequence below is exact and computes jF

IIs(=s) —— II 8(~t) —— jF(=) — 0.
AEA neM

REMARK 7.5.3. We have proved the existence of a left adjoint j to the
natural inclusion functor

€x(8°P, Ab) —— Cat(8°P, Ab).

It is clear that, being a left adjoint, j is right exact. Since the category
Gat(S"p, Ab) has enough projectives, the functor j has left derived functors.
Denote them

L] : Cat (8%, Ab) ——— Ex(8°P,Ab).

As usual, L™j may be computed using projective resolutions. Let F' be an
object of Cat (SOP,Ab). Form a projective resolution of F' in Cat (SOP,Ab)

.—)@.YS,\—>@}/YS)\—)@.YS/\ F 0

AEA, AEAL AEAg

and then L"jF is the n'® homology of the complex
' H }/SA H }/SA H }/Sx 0.
AEA2 AEA; A€o
We next propose to study this for the special case of functors of the form
iF, with F € £x(8°P, Ab).

LEMMA 7.5.4. Let F' be a homological object of Ex (SOP,Ab). Then for
alln > 1, we have

L"j{iF} = 0.

Proof: We are given that F' is homological, and hence by Lemma 7.2.4,
it is an o filtered colimit of representable functors. But a—filtered colimits
are the same in x (SOP,Ab) and Cat (SOP,Ab), and in particular are exact
in Ex (SOP ,.Ab). The higher derived functors of this colimit vanish.
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Suppose F' is written as a colimit of a functor
f:J — 8,

where J is a—filtered. In Lemma A.3.2, we saw that there are canonical res-
olutions computing the derived functor of the colimit. In both £x (801’ , Ab)
and Gat(S"p,Ab), the derived functors of this a—filtered colimit vanish, in
other words the sequences below are exact

- @ flig) —— @f(io) iF 0

et %0

and

- H flig) —— Hf(io) F 0.
T~y io
But the first can be viewed as a projective resolution for ¢F in Ex (SOP, Ab),
while the second is j applied to it. By Remark 7.5.3, the homology of the

second complex is L™j{iF'}; since the complex is exact, we deduce that
L"j{iF} =0if n > 1. O

PROPOSITION 7.5.5. Let F' be any object of Em(SOP,Ab). Then for all
n>1, L"j{iF} = 0.

Proof: The category Ex (SOP, Ab) has enough projectives, more specifically
any object F' admits a surjection P — F with P a special projective of
the form

P o= J]8(= s

P is a coproduct of representables, hence homological by Example 7.2.3.
Now Lemma 7.5.4 tells us that, for all n > 1, L™j{iP} = 0.
Complete the surjection P — F' to an exact sequence

0 G P F 0.

Since the inclusion

i: ex(S, Ab) — Cat(S°, Ab)
is exact, there is an exact sequence in Cat (SOP ,Ab)
0 iG P iF 0.
We deduce a long exact sequence for the d—functor L™j. For n > 1 we have
exact sequences
L"ti{iP} —— L"tY{iF} —— L"j{iG} —— L"j{iP}.
By Lemma 7.5.4 we know that
Lrj{ipy = 0 = Lj{iP},
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and hence L""1j{iF} ~ L"j{iG}.
For n = 0, we have an exact sequence
LYj{iPy —— LYj{iF} —— j{iG} —— j{iP}.
On the other hand, the counit of adjunction gives a commutative square
jH{iGy —— j{iP}

agl apl
G —— P
We know that the inclusion i is fully faithful. Lemma A.2.9 allows us to

deduce that both e, and €, above are isomorphisms. Since the bottom
row is injective, so is the top. Hence the map

L'j{iP} —— L'%j{iF}
must be surjective. But by Lemma 7.5.4, we know that L'j{iP} = 0.
Hence L'j{iF} = 0.

We have proved that, for every object F' € Ex(SOP,Ab), LYj{iF} = 0.
Furthermore, for any F € EI(SOP,Ab) there exists a G € EI(SOP,Ab)
so that, for all n > 1, L1 j{iF} ~ L"j{iG}. By dimension shifting,
L"j{iF} =0 for all n > 1. O

One application we have for Proposition 7.5.5 is the following

PROPOSITION 7.5.6. If F' and G are any two objects of EI(SOP,Ab)
and n > 0, then Ext™(F,G) is the same, whether computed in Ex (SOP,Ab)
or Gat(S"p,Ab). In symbols, we have

Eth ) (F, G) = Eth t(

ex(sor,Ab at(sor,Ab) (iF,iG).

Proof: Take a projective resolution of ¢F" in Cat (SOP,Ab)
A€A> AEA A€EAo
Then L"j{iF} is the n*" homology of the complex
— Qv — 1% — % —o

AEA, AEA; AEAQ
By Proposition 7.5.5, for n > 1 we have L"j{iF} = 0. For n = 0, ob-
serve Lj{iF} = jiF, and since i is fully faithful with a left adjoint j,
Lemma A.2.9 tells us that the counit of adjunction jiF — F' is an iso-
morphism. We deduce an exact sequence in Ex (801’ ,.Ab)

I —— v —— Y, ——F—0
A€AL A€EN; A€Ao
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This is, of course, nothing more nor less than a projective resolution, in
Ex (SOP ,Ab), for the functor F'. Mapping the complex

into G and taking homology, we obtain the groups

EXtZz (sap _"Ab) (F, G) .

Mapping the complex
— Py, — DY, — Py, —0
AEA, AEA A€o
into G and taking homology, we obtain the groups

Extgat (SOP7AZ)) (’LF‘7 'LG)

But

Ex(8°7,.Ab) <HY G) = Cat(8,.Ab) (@Y zG)

AEA AEA
It immediately follows that the complexes of abelian groups whose homol-
ogy is

: n
(500, (F,G) respectively Ext

Cat(8°r Ab) (iFiG)

coincide. O

REMARK 7.5.7. In this Section, we assumed that the category § is
essentially small, triangulated and satisfies|TR5(«)]. However, the state-
ments remain true even if it only satisfies Hypothesis 6.1.1. The reader
will note that in the proof of Proposition 7.5.5, we only apply Lemma 7.5.4
to an object P which is a coporduct of representables. Such objects are
a—filtered colimits of representables even when § is not triangulated.

7.6. History of the results in Chapter 7

The results in this Chapter are all new.






CHAPTER 8

Brown representability

8.1. Preliminaries

In this Chapter, all categories are assumed to have small Hom sets.
Sometimes we will explicitly remind the reader of this; even when we do
not, it is assumed. Let us make some definitions about possible sets of
generators for 7.

DEFINITION 8.1.1. (¢f. Definition 6.2.8). Let T be a triangulated cat-
egory satisfying [TR5]. A set T of objects of T is called a generating set

if
8.1.1.1. {Hom(T,z) = 0} = {x = 0}; that is, if v € T satisfies
Vt € T,Hom(t,z) =0
then x is isomorphic in T to 0.

8.1.1.2. Up to isomorphisms, T is closed under suspension and
desuspension; that means that given an object t € T and an integer
n, there is an object in T isomorphic to X"t.

DEFINITION 8.1.2. Let T be a triangulated category satisfying [TRS5].
A set T of objects of T is called a f—perfect generating set for T if it is
a generating set as in Definition 8.1.1, and T U {0} is S—perfect as in
Definition 3.3.1.

Note that we do not insist that 0 € T'; this is mostly for convenience
of notation.

REMARK 8.1.3. Let a and 3 be any infinite cardinals. Let T be a
triangulated category satisfying [TR5]. Let T be a S—perfect generating
set for T. By Proposition 3.2.5 (T)” is an essentially small category. Let
S be a set of objects of (T')® containing T', and containing at least one
representative in each isomorphism class of objects. We assert that S is
also a [—perfect generating set for T. After all, it is a set closed under
suspension (up to ismorphism). Since it contains T', it generates. The fact
that it is f—perfect is Theorem 3.3.9 and Lemma 3.3.2.
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DEFINITION 8.1.4. Let 8 be an infinite cardinal. A triangulated cate-
gory T satisfying [TR5] is called S—perfectly generated if it contains some
B—perfect generating set T'.

REMARK 8.1.5. Replacing T by a set S equivalent to (T)*, we may
assume that S is, up to equivalence of subcategories, the set of objects of
an a—localising triangulated subcategory.

An even better situation is when the perfect generating set may be
chosen so that its objects are also S—small. This gives

DEFINITION 8.1.6. Let T be a triangulated category satisfying [TR5].
Let 3 be a reqular cardinal. A set T of objects of T is called a S—compact
generating set for T if it is a B—perfect generating set as in Definition 8.1.2,
and all the objects of T are f-small. That is, T C T¥),

REMARK 8.1.7. Let T be a —compact generating set for 7. Then T’
is a f-perfect subset of T(¥ hence contained in the largest such, which is
T7. That is, T is contained in the subcategory 7% of S-compact objects in
T. Hence the name [S—compact generating set.

The categories possessing —compact generating sets for some regular
cardinal § are particularly nice. We will call them well generated. We
cannot call them compactly generated, since the term already exists in the
literature, referring to categories which possess an Xp—compact generating
set.

Before we leave this introductory section, which focused mostly on the
definitions of various types of generating sets, let us remind the reader of
the (unrelated) definition of homotopy colimits of countable sequences.

DEFINITION 1.6.4 Let T be a triangulated category satisfying [TRS5].
(This means that T is closed under small coproducts). Let

X J1 X, J2 X, J3
be a sequence of objects and morphisms in T. The homotopy colimit of the

sequence, denoted Hocolim X;, is by definition given, up to mon—canonical
isomorphism, by the triangle

HX L shaft, ]_[X — Hocolip X; —— Z{HX}

=0 1=0

where the shift map

]O_o[Xi _shift, ]O_o[Xi
1=0 1=0
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is the direct sum of jiy1 : X; — Xiy1. In other words, the map {1 — shift}
is the infinite matriz

8.2. Brown representability

We will be studying representable functors from triangulated categories
TP to the category Ab of abelian groups. Clearly, the functor T(—,h) is
homological and takes coproducts to products. We define

DEFINITION 8.2.1. A triangulated category T is said to satisfy the rep-
resentability theorem if

8.2.1.1. The category T satisfies [TR5].

8.2.1.2. Any functor H : T°°? — Ab, which is homological,
and sends coproducts in T to products in Ab, is representable; it is
naturally isomorphic to T(—,h) for some h € T.

REMARK 8.2.2. The main theorems of the Chapter will show that, if
T or T°P have sufficiently nice generating sets (see Section 8.1), then the
representability theorem holds in 7.

The first theorem of this type was proved by Brown [7]. For this reason,
theorems of this type are usually referred to as Brown representability.

The key to all the representability theorems we will prove is the fol-
lowing Lemma.

LEMMA 8.2.3. Let T be a triangulated category with small Hom-sets
satisfying [TR5], T a set of objects in T. Suppose T is essentially closed
under suspension; that means it contains objects isomorphic to all suspen-
sions of its objects. Let H : T°P — Ab be a homological functor. That
is, H is contravariant and takes triangles to long exact sequences. Suppose
the natural map

() n

A€A AEA

is an isomorphism for all small coproducts in 7T.
Then it is possible to construct a sequence of objects and morphisms in

T
X, J1 X, J2 X, Js

so that
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8.2.3.1. For every i, the objects X; lie in (T, the smallest lo-
calising subcategory of T containing T'.

8.2.3.2. For each i, there is a natural transformation of functors
onT

T(—,X;) —— H(-).

These are compatible in that the diagram
7(_7 Xl)
/ N\

T(=, Xit1) — H(-)
commutes for every i.

8.2.3.3. Let X = Hocolim X;. There is a natural transforma-
tion T(—, X) — H(—) rendering commutative the triangles

for every 1.
8.2.3.4. For every object t € T', the image of the map
‘T(f,Xi) I ‘T(t,XH_l)
maps isomorphically to H(t) via
T(t, Xip1) —— H(t).

Proof: The rest of this Section will be devoted to the proof of this Lemma.
Since the proof is somewhat technical, on first reading the reader might do
well to skip this proof and pass on to the applications.

We have fixed a set T of objects in T, where up to isomorphism 7" = 37T
Let Uy be defined as

Uo=J H®).

teT
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Elements of Uy can be thought of as pairs (a, t) with o € H(¢t). Put
Xo= ] *
(a,t)€Uy

Clearly, X, is an object of (T'). Also, by the hypothesis that H takes
coproducts to products,

(a,t)EUy
and there is an obvious element in H(Xj), namely the element which is @ €
H(t) for (a,t) € Up. Call this element oy € H(X). The construction is
such that if £ — Xy is the inclusion of ¢ into X = H t corresponding
(a,t)eUo

to (a,t) € Uy, then the induced map H(Xo) — H(t) takes ay € H(Xo)
to a € H(t).

To give an object X and an element o, € H(Xp) is by Yoneda’s lemma
the same as giving a natural transformation

¢o : T(—, Xo) — H(-),
and what we have seen is precisely that
po(t) : T(t, Xo) — H(2)

is surjective, for all t € T'.
Suppose that for some i > 0 we have defined an object X; of (T'), and
a natural transformation

T(-,X,;) —— H(-).
Suppose further that for ¢ € T, the map
T, X)) —— H(t)
is surjective. We want to continue by induction to define X, 41 € (T'), and
a map X; — X;41 so that
T(=Xi) —— H(-)
factors as
T(=Xi) —— T(= Xiy1) —— H(-).
Define U;4+1 by
Uip1 = | ker {T(t, X;) — H(t)}.
teT

An element of U;41 can be thought of as a pair (f,t), where t € T and
f:t — X, is a morphism. Put

Kin= [

(fit)EUit1
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and let K;;1 — X, be the map which is f on the factor ¢ corresponding
to the pair (f,t). Let X;11 be given by the triangle

Ki X Xit1 —— XK1,
Since X; € (T') by induction, while K;11 € (T') because it is a coproduct

of t € T, we deduce from the triangle that X;1; € (T"). This constructs
X; — X;t1; next we show that

T(=Xi) —— H(-)

factors as
T(=Xi) —— T(= Xiy1) —— H(-).
We have a map T(—, X;) — H(—), which by Yoneda’s lemma corre-
sponds to an element «; € H(X;). Under the map
H(X;)

l

HEKy.) = H{ [ t] = II =#o

(ft)EUi4+1 (ft)EUi+1

the element «; € H(X;) maps to zero; the f : t — X,; were chosen so
that the induced map T(t, X;) — H(t) vanishes. But H is a homological

functor; the exact sequence
H(Xip1) —— H(X;) —— H(Ki)

coupled with the fact that j(a;) = 0, guarantees that there exists ;41 €
H(X;41) with k(a;41) = ;. Choose such an a;41. There is a correspond-
ing natural transformation

T(—, Xiy1) —— H(-)

rendering commutative the triangle
7 N\

T(—, Xit1) — H(-)

For t € T, the fact that the composite
‘I(LXi) — (T(thi-i—l) — H(t)

is surjective implies that so is the second map T (¢, X;4+1) — H(t).
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The other thing we should observe about this construction is the defi-
nition of K;41. The set U; 1 is the set of pairs

teT, fit—X;

which map to zero under J(—, X;) — H(—). The map K;11 — X; is the
coproduct of all such maps t — X;. Any map f : ¢t — X; in the kernel
of T(t,X;) — H(t) is in the image of T(¢t, K;41) — T (¢, X;). Since the
composite

Tt Kiy1)) —— T, X;) —— T(t, Xig1)

vanishes, we deduce that the kernel of

T(t, Xi) —— T(t, Xis1)
contains the kernel of the longer map

T, X)) —— T, Xi41) —— H(2).

The kernels must therefore be equal. The image of

T, X;) —— T(t, Xis1)
is isomorphic to the image of

T(t, X;) —— H(t)

which is all of H(¢), since T(¢, X;) — H(t) is surjective.

By induction, this establishes 8.2.3.1, 8.2.3.2 and 8.2.3.4. The only
remaining statement to prove is 8.2.3.3, which allows us to factor the whole
sequence of maps through the homotopy colimit. Recall that 8.2.3.3 asserts

8.2.3.3: Let X = Hocolim X;. That is, X is given by a triangle
1 — shi
116 2= 1% —— Hocolip Xi —— Z{HXl}.

There is a natural transformation T(—, X) — H(—) so that all the
triangles

commute. That is, for every ¢ the triangle commutes.
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Now we want to prove 8.2.3.3.
Consider the triangle

HX L= shaft HX — Hocolip X; —— Z{HX}

Applying the cohomological functor H, we get an exact sequence

[ [
[[rx) =N [Tax

The element H a; € H H(X;) is in the kernel of (1-shift), and hence there

isan o € H (X ) mapplng to it. By Yoneda, o corresponds to a natural
transformation

T(_7 X) - H(_)7
and the fact that o maps to [[a; € H(]] X;) means that the diagram

HOHl(—7 Xz)

7 N

Hom(—, X) — H(-)

commutes for all . O

8.3. The first representability theorem

In this Section we will use Lemma 8.2.3 to prove a representability
result. First another helpful lemma.

LEMMA 8.3.1. Let the hypotheses be as in Lemma 8.2.3, except that
we insist now that T be a generating set for T, as in Definition 8.1.1.
We remind the reader: T is a triangulated category with small Hom-sets
satisfying [TR5], T a generating set of objects in T. For every homological
functor H : TP — Ab taking coproducts in T to products in Ab, there is
(at least one) sequence X; and homotopy colimit X as in the conclusion of
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Lemma 8.2.3. We have X = Hocolim X;, and a map T(—,X) — H(—)
as in 8.2.3.3. If, for every H and every t € T, the map
T, X) —— H(t)
is injective, then
8.3.1.1. The category T is the smallest localising subcategory
containing T that is T = (T).
8.3.1.2. For every H the map

T(—, X) —2— H(-)

18 an tsomorphism, in particular H is representable.

Proof: By 8.2.3.4 the map T(t, X;) — H(t) is surjective for all 7. But it
factors as
Tt X)) —— T, X) —— H(t)

and hence T(t, X) — H(t) is also surjective. We are given, by hypothesis,
that the map T(¢t,X) — H(¢) is injective. Hence, for every ¢t € T, the
map T(¢t, X) — H(t) is an isomorphism.

Let § C T be the full subcategory of objects y € T such that, for all
n € Z, the map ¢(X"y) : T(X"y, X ) — H(X"y) is an isomorphism. This
category contains T, is triangulated, and is closed under coproducts. Thus
¢:T(—,X) — H(—) is an isomorphism on (T'). If we prove 8.3.1.1, that
is T = (T'), then 8.3.1.2 follows.

Let Y be an object of T; we would like to prove Y € (T'). Consider the
functor

H(-) = T(=Y)
By Lemma 8.2.3 we have a sequence of X;’s with homotopy colimit X, and
amap J(—,X) — T(—,Y). The X;’s all lie in (T'), and hence so does

X = Hocolim X;. But under the hypothesis of the present Lemma, for
each t € T the map

Tt,X) —— T(t,Y)
is an isomorphism.
The natural transformation
T(=X) —— T7(=Y)
comes from a map X — Y. Complete this to a triangle in T

X Y A Y X.

The long exact sequence we get by applying the functor T(¢,—), coupled
with the fact that J(¢,X) — T(¢,Y) is an isomorphism, implies that
T(t,Z) = 0. For each t € T, there are no non-zero map t — Z. But T'
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is a generating set; this implies, by Definition 8.1.1, that Z = 0. Hence
X — Y is an isomorphism. But X is in (T'), hence so is Y. 0

REMARK 8.3.2. Concretely, this means if we wish to prove that T satis-
fies the representability theorem, we can proceed as follows. Choose a gen-
erating set T'. If we can prove that for any homological H sending coprod-
ucts to products, and any sequence X; as in the conclusion of Lemma 8.2.3,
the maps T(t,X) — H(t) are injective for ¢t € T', then in fact T satisfies
the representability theorem. We also get, as an extra bonus, that T = (T').
The proofs we will give of representability theorems will amount to choos-
ing T carefully and proving that the maps J(¢, X) — H(t) of Lemma 8.2.3
are injective.

THEOREM 8.3.3. Suppose T is a triangulated category with small Hom—
sets, satisfying [TR5]. Suppose T is an Wq-perfect generating set for T
(see Definition 8.1.2). Then T satisfies the representability theorem, and
furthermore (T) = T. We remind the reader of the statement of the repre-
sentability theorem. For every homological functor H : TP — Ab taking
coproducts in T to products in Ab, there is an object h € T and a natural
isomorphism

T(=h) = H(-)
Proof: Since T is ¥;—perfect, by Lemma 3.3.7 so is § = (T)™*. Since T

is a set, by Proposition 3.2.5 the category 8§ = <T>Nl is essentially small.
Replace T by a set of objects of § containing at least one representative
in each isomorphism class. Let o = N; in the work of Chapter 6. Let
8x(8°p,flb) be as in Definition 6.1.3. That is, the objects of EI(SOP,Ab)
are the functors § — Ab which take coproducts in 8§ of fewer than N;
objects to products in Ab.

Lemma 8.2.3 showed the existence of a sequence X; in T satisfying
8.2.3.1-8.2.3.4. This sequence gives a sequence of functors on T

T(_7X0) — ‘T(_>Xl) —— ‘T(_>X2) _—

and a map from the sequence to H(—). If we restrict the sequence to § C T,
we have a sequence in €z (8°,.Ab). The functors T (—, X;)|g and H(—)|g
all lie in Ex (SOP, Ab) because they take coproducts in T to products, hence
certainly take coproducts of fewer than N; objects in 8§ to products of
abelian groups.

But up to isomorphism, the objects of § are the objects of T'. By 8.2.3.4
we know that for t € T', the maps

T(t, X;) —— H(t)
are surjective, and the kernel is precisely the kernel of
T(t, Xi) —— T, Xita).
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In other words, in the sequence
T(=Xo)ls —— T(=X))lg —— T(=Xo)lg —— -
we have that for ¢ > 1, there is a natural isomorphism
T(=X)ls = H()s @ Ki(-)
where H(—)|s can be thought of as the image of
7(_3Xi*1)|8 _— ‘T(_aXi)|S
while K;(—) is the kernel of
T(=Xi)ls —— T (= Xit1)ls.
Rephrasing this still differently, it follows from 8.2.3.4 that the sequence
T(_3X1)|S — ‘T(_aX2)|S I 7(_7X3)|S —

is the direct sum of the two sequences

H(-)|s —— H(-)|s —— H(-)[s —— ---

Ki(-) _0 Ka(—) _ 0 . Ks3(—) _0 ...

It is trivial that we get two short exact sequences

0 —— [[HEl — T r-)s —— H(-)s —— 0

=1 =1
0 — J[[x L= shaft &8 — o ——o0
=1 =1

The first is split exact, while in the second the map {shift} = 0, making
1 — shift = 1 an isomorphism. Adding up the sequences, we get a short
exact sequence in £x (SOP ,Ab)

3 1 — shift <3
0 —>H T(=Xi)ls — H T(=Xi)ls —— H(=)|s— 0.
=1 1=1

It does no harm to add T(—,Xo)|g to the first and second term of the
sequence; the sequence

1 — shift

OHHT(_in”S HT(_aXi”S - H(_)|S_’O
i=0 =0

is also exact.

By Proposition 6.2.6, the functor T — 81‘(8017, Ab) preserves coprod-
ucts. Hence we can identify

i=0 =0

8
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We therefore have a short exact sequence

0T <—ﬁx> 1= shift o (—ﬁX)
i=0 s i=0

On the other hand, the functor T — Ex (SOP, Ab) is homological by Propo-
sition 6.2.6. It takes the triangle

]O_O[Xz- L shaft ]O_O[Xi X z{f_o[xi}
1=0 I3 =0

—0

—— H(-)|s— 0.
8

to the long exact sequence

. (—]O_O[X> L shift (—ﬁX)
1=0 1=0

- ‘T(_’X)‘S

5 |

deRith
(- {)

8 i=0
guarantees the surjectivity of

(1)

so we really have a short exact sequence
O—>‘I<—7HXZ-> 1 shift, 7(—7]_[)(1»)
i=0 =0
Now the commutativity of the diagram with exact rows
0—’T<—7HX1'> 1= shaft, 7<—,HX1'> — T(=,X)|s—0
=0 S i=0
Ilz \lz ¢>l
i=0 1=0

tells us that ¢ : T(—, X)|g — H(—)s is an isomorphism. O

8

8
The injectivity of

8

— T (= X)ls
8

— T(=,X)|g— 0.
8

8

8
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8.4. Corollaries of Brown representability

Let us recall first conclusion 8.3.1.1 of Lemma 8.3.1. We deduced in
Theorem 8.3.3 not only that T satisfies the representability theorem, but
also that T = (T'). Let us reiterate this.

PROPOSITION 8.4.1. Let T be a triangulated category with small Hom—
sets, satisfying [TR5]. Let T be a set of objects of T closed under suspen-
sion; XT =T. If T = (T), then T is a generating set. If we assume further
that T is an Ny—perfect set of objects in T, then the converse also holds.
If T is a generating set, then T = (T). We remind the reader: T is a
generating set if and only if

{Hom(T, z) =0} = {z =0}.

Proof: It is an immediate consequence of Theorem 8.3.3 that if T is an
Ny —perfect generating set, then T = (T'). We want to prove the converse,
for which the hypothesis on N;—perfection is, as we said, superfluous. Let
T be any set of objects in T, with X7 = T. Suppose that T = (T'). We
want to show that 7" generates.

Let © € T be an object so that Hom(T,z) =0. Consider the full
subcategory 8 C T defined by

0b(8) = {s € T|VYn € Z, Hom(X"s,z) = O}.

Now 8 contains T by hypothesis, and is a triangulated subcategory of
T closed under coproducts. That is, § is a localising subcategory of T
containing T'. Since T = (T') is the minimal such, we must have § = 7.
That is, for all s € T, Hom(s,z) = 0. Hence x = 0, and T generates. o

PROPOSITION 8.4.2. Suppose T is a triangulated category with small
Hom-—sets, satisfying [TR5]. Suppose T is well-generated (for the difini-
tions, see Definition 8.1.6 and Remark 8.1.7). Then

8.4.2.1. The representability theorem holds for T.
8.4.2.2. For every cardinal 3 the category T° is essentially small.
8.4.2.3.

tr:UTﬁ.
B8

Proof: The category T is well-generated. This means that, for some
regular cardinal o, there exists a a—perfect generating set 7 C T(®). Since
the objects of T are all a-small (T C T()), Lemma 4.2.1 tells us that for
any infinite cardinal 3, T is also f—perfect. In particular, T is ¥;—perfect.
From Theorem 8.3.3 we learn that the representability theorem holds for
T, and that T = (T).
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But then Lemma 4.4.5 tells us that for any regular cardinal 8 > o, 77 =
(T)?. Since T is a set, Proposition 3.2.5 tells us that (T)” is essentially
small. This is true for every regular § > a. But Lemma 4.2.3 says that
if v < 3, then 77 C TP, Since for any v we can choose a regular cardinal
0 bigger than both «a and +, it follows that T7 is essentially small for all
infinite .

But now we have

= Yo’
B

= U7
B

O

REMARK 8.4.3. Proposition 8.4.2 really means the following. Let T
be a triangulated category with small Hom-sets, satisfying [TR5]. The
triangulated category T is well-generated if and only if for all 3, T° is
essentially small, and for 3 large enough T? generates.

If 78 is essentially small and generates, choose a set T' of objects of
TP containing representatives from each isomorphism class. Clearly, T is a
B—compact generating set. Hence T is well-generated.

Suppose T is well-generated. That is, for some infinite cardinal o, T
admits an a—compact generating set 7. By Proposition 8.4.2, for every
regular cardinal 8 > « we have that T C (T>ﬁ = T7; that means that
T7 is essentially small, and since it contains the generating set 7' it also
generates.

In practice, the only time one finds it useful to consider other generating
sets T' is when proving the category well-generated. Given a triangulated
category 7, it is often awkward to compute T¢ directly, and even worse to
try to show that for all o, T¢ is essentially small, and for all a sufficiently

large it generates. It is much easier to produce one a—perfect generating
set T C T,

Another important consequence of the representability theorem is

THEOREM 8.4.4. Let 8§ and T be triangulated categories with small
Hom-sets. Suppose that

8.4.4.1. § satisfies the representability theorem; this will happen,
for example, if 8 is Ny —perfectly generated.

8.4.4.2. F:8 — T be a triangulated functor.

8.4.4.3. F respects coproducts. Recall that we are not assuming
coproducts exist in T; only that the images of coproducts in 8 are
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coproducts in T. That is, let {s,, X € A} be a set of objects of §. We
know that the representability theorem holds in 8, and in particular,
by 8.2.1.1, 8 satisfies [TR5]. The coproduct of these objects exists
in 8. But then we have, in T, maps

F(s,) —— F(H s)\>.

A€EA

To say that F respects coproducts is to say that these maps give the
object on the right the structure of a coproduct in T of the objects
on the left.

We assert that under the hypotheses above, F' has a right adjoint G : T —
8. That is there is, for every s € § and t € T, an isomorphism natural in
s and t

T(Fs,t) = 8(s,Gt).

Proof: Let ¢t be an object in T. Consider the functor
H-) = T(F(=).t).

The functor F' takes triangles to triangles and coproducts to coproducts.
The functor T(—, t) takes triangles to long exact sequences and coproducts

to products. The composite functor T(F (=), t) is a cohomological functor

on 8 taking coproducts to products. By 8.4.4.1, it is representable. For
each t, choose an object Gt € § representing it; that is

‘I(F(—)ﬂf) = 8(—, G
Given a map t — ¢’ in T, we have a natural transformation
T(F(-)t) —— T(F(=),0),
and hence a natural transformation
8(—,Gt) —— 8(—,Gt’).

By Yoneda’s lemma, this must arise from a unique map Gt — Gt’, and
one proves easily that this gives G the structure of a functor and makes
the isomorphism

T(Fs,t) = 8(s,Gt)
natural in s and ¢. O

Recall that in Lemma 5.3.6 we established that the adjoint G of a
triangulated functor F' is triangulated.
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ExXAMPLE 8.4.5. Let T be a triangulated category with small Hom—
sets. Suppose the representability theorem holds for 7. Let 8 be a localising
subcategory. By Corollary 3.2.11, the category T/8 also satisfies [TR5], and
more importantly the natural functor F : T — /8 preserves coproducts.

If we know that the category T/8 has small Hom-sets, then it follows
that the functor F : T — T/8 has a right adjoint G : T/8 — T. This
right adjoint is called the Bousfield localisation functor of T with respect
to 8.

PROPOSITION 8.4.6. Let T be a triangulated category with small Hom—
sets. Suppose the representability theorem holds for T. Then T satisfies
[TR5*]; it contains a product of every small set of objects.

Proof: Let {Xx,A € A} be a set of objects in T. For each A\ € A,
the functor T(—, X) is a cohomological functor by Remark 1.1.11. Being
representable, it sends coproducts in T to products of abelian groups. But
then the functor

H-) = [[7=x)
AEA
is also a cohomological functor sending coproducts in T to products of
abelian groups. Because the representability theorem holds for T, the func-
tor H is representable. There is an object X € T so that

T(—X) = J[7-.x0.

AEA

But then X satisfies the universal property of a product; it is the product
of the X ’s. O

8.5. Applications in the presence of injectives

In this Section, we look a little more closely at what happens, if the
category Ex ({’J’O‘}Op , Ab) has enough injectives. We remind the reader that

enough injectives need not exist. See the counterexample of Section C.4.

REMARK 8.5.1. Before proceeding to Proposition 8.5.2, let us remind
the reader of Proposition 8.4.2 and Theorem 8.3.3. Let T be a well-
generated triangulated category. By Proposition 8.4.2, more precisely by
8.4.2.2, we have that for every infinite o, T is essentially small. In The-
orem 8.3.3, we learned that T satisfies the representability theorem. The
next Proposition therefore applies to well-generated categories.

PROPOSITION 8.5.2. Let T be a triangulated category with small Hom—
sets, satisfying [TR5]. Let o be a regular cardinal. Suppose the category T
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is essentially small. By the results of Chapter 6, more specifically Proposi-
tion 6.2.6 and Remark 6.2.7, the natural homological functor

. ex({tra}op, Ab)

preserves coproducts and products.

To simplify the notation, write § = T. We remind the reader that
Sx(SOP,Ab) 1s the category of functors 8 — Ab, sending coproducts of
fewer than « objects to products.

Suppose T satisfies the representability theorem. Let I be an injective
object in Em(SOP,Ab). There exists an object GI € T so that:

8.5.2.1. For any object x € T, there is a natural isomorphism

T(@,GI) —— €x(8,Ab) | T (=, )|s, I(-)].

Proof: Let I be an injective object in the category &z (SOP,Ab). Then we
can construct a functor T°? — Ab, denoted

€ (87, Ab) [T (=, )], 1(-)]
which takes x € T to the group of maps in Ex (SOP,Ab)
T(=a)ls —— 1(=).
By Remark 6.2.7, the functor taking = to T (—, )| is a homological functor
respecting coproducts
T — Ex(SOP,Ab).

In &z (SOP, Ab), the object I is injective. Taking maps into I preserves exact
sequences, and clearly takes coproducts to products. Thus the functor
taking & € T to the group of maps in Ex (SOP,Ab)

Ex (87, Ab) [7(—755”37[(_)}

is a homological functor T°? — Ab, taking coproducts to products. We
are assuming the representability theorem holds for T. It follows that
there exists an object GI € T, so that maps x — GI are in one-to—one
correspondence with maps

T(=a)ls —— I(=):
O

COROLLARY 8.5.3. Let T be a triangulated category with small Hom—
sets, satisfying [TR5]. Let a be a regular cardinal. Suppose the category
T* is essentially small. Suppose T satisfies the representability theorem.

Finally, suppose that the category Ex({‘J'O‘}Op ,Ab) has enough injectives.
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Then the natural functor of Section 6.5
T A(T) —— Ex(8°P, Ab)
has a right adjoint G.

Proof: In Proposition 8.5.2, we proved that for z € T and I an injective
object in Ex (SOP,Ab), the functor sending z € T to

€ (87, Ab) |z, 1]
is representable. In other words, there is an isomorphism, natural in z € 7,
T(2,GI) —— €x(8°,Ab) rz, I(-)).

Both functors, viewed as functors in z, are homological functors TP —
Ab. They are the restrictions to z € T C A(T) of, respectively,

AT)(z,GI)  and  Ex(8°7,Ab) [m, I(—)} .

The restrictions of these functors to T C A(T) are isomorphic. From the
canonical nature of the factorisation of a homological functor through the
universal one (see Theorem 5.1.18), it follows that the functors are isomor-
phic on all of A(T).

We want to show that the functor = has a right adjoint. We have
already shown that the adjoint is well-defined on injective objects I €
Ex (SOP, Ab). But by hypothesis, the category Ex (SOP, Ab) has enough injec-
tives. Every object has an injective copresentation. From Lemma A.2.13,
it follows that the functor G extends to all of Ex (801’ , Ab), to define a right
adjoint for 7. O

REMARK 8.5.4. From Proposition 6.5.3, we already know that the cat-
egory £x(8°P, Ab) is a Gabriel quotient A(T)/B. In Proposition 6.5.3, we
proved that the quotient is colocalizant. In Corollary 8.5.3, we saw that if
T satisfies the representability theorem and if €z ({‘J’O‘}OP : Ab) has enough
injectives, then the quotient is also localizant. The map to the quotient
has a right adjoint as well as a left adjoint.

From Proposition A.2.10, we know that the counit of adjuction ¢ :
G — 1 is an isomorphism. Concretely, for any I € €z (SOP,Ab),

T(_7GI)|S = I(_)'

LEMMA 8.5.5. Let T be a triangulated category satisfying [TR5]. Let
a be a reqular cardinal. Suppose that 8 = T is essentially small.
If furthermore the natural projection

T A(T) —— Ex(8°P, Ab)
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admits a right adjoint G : £x(8°P, Ab) — A(T), then the abelian category
Sx(SOP,Ab) has a cogenerator.

Proof: By Lemma 6.4.4, the category Ex(SOP,Ab) has a projective gener-
ator P. Let {q,, A € A} be a set of representatives for all the quotients of
P. Every non—zero object of &z (801’ ,Ab) contains a a non—zero subobject
of the form g, .

Let I be an injective object in A(T), which admits an embedding

H Gg, — I
AEA

We assert that 71 is a cogenerator for the abelian category Ex (SOP ,Ab).
Take any = € Ex (SOP ,Ab), and consider the map

r —— Hﬂ'I.

r—ml

Let k£ be the kernel of the map. We wish to show that k = 0. Let ¢, be a
quotient of P embedding in k. Then we have monomorphisms

aqy k T.

But the functor G has a left adjoint, and therefore is left exact. We
deduce monomorphisms in A(T)

Gq, Gk Gr.

Now I is an injective object of A(7), containing Gg,. The monomorphism
Ggq, — I extends to a map Gx — I, and applying the functor 7 we have
a commutative diagram

0 —— 7Gaq, mGx i

a, l E“l

0O —— ¢ — =

The map 7Ggq, — w/ is a monomorphism since Gq, — I is, and 7 is
exact. By Proposition A.2.10, we know that the vertical maps e : 71G — 1
are isomorphisms. We have therefore found a map x — «l, which is a
monomorphism on g, C k, and k is the kernel of all maps x — 7l. It
follows that g, = 0. The only subobject of k of the form g, is the zero
object. Hence k = 0, and = embeds into a product of 7I’s. O

REMARK 8.5.6. We therefore know the implications

op op
81’(8 ,Ab) A((J,) 83}‘(801)7./4[)) 81’(8 ,Ab)
has enough == . L == has a
R has a right adjoint
mjectives cogenerator
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In Section C.4, we see an example where Em(SOP,.Ab) does not have a
cogenerator. This example therefore teaches us not only that there need

not be enough injectives, but also that there need not be a right adjoint to
m: A(T) — Ex(8°P, Ab).

It might be instructive to reformulate some of the statements about
injectives. Given an injective in Ex (SOP,Ab), we saw in Proposition 8.5.2
that there is an object GI in T with certain properties. We next want to
identify the objects GI € 7.

Recall Proposition 6.5.3: 8:1:(807” ,Ab) is the Gabriel quotient of A(T),
where we send to zero the class of objects vanishing under 7. If we use the
identification A(T) = D(T) of Definition 5.2.1 and Lemma 5.2.2, the class
of objects mapping to zero under 7 is easier to understand; see Lemma 6.5.6
and Definition 6.5.7. Let us remind the reader.

The category D(T) has for its objects the morphisms {z — y} € 7.
A morphism in D(T) is an equivalence class of commutative squares

r — Yy

[

 — 9.

A square as above is equivalent to zero if the two equal composites

T r — y
.I/ y/ y/

both vanish. The functor 7 : D(T) — €x(8°P, Ab) takes the object {x —
y} € D(T) to the image of

7(_a$)|5 - ‘T(—,y)|5.

The objects {x — y} € D(7T) map to zero under 7 precisely if the induced
map

T(—2)ls — T(=v)ls
vanishes; that is, * — y is an a—phantom map.

LEMMA 8.5.7. Let T be a triangulated category satisfying the repre-
sentability theorem, and let o be a regular cardinal. Put & = T<, and
assume § is essentially small.

Let I be an injective object in Ex (SOP,Ab). Then any a—phantom map
x — G1I vanishes. Furthermore, 7G1I is naturally isomorphic to I.

Proof: By Proposition 8.5.2, there is a natural isomorphism

Tz, GI) —— ex(SOP,Ab){:T(—,x)|8,1(—)]
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Let x — y be an a—phantom map; it induces the zero map
T(—,$)|S - T(_7y)|87
hence the zero map
€ (87, Ab) [ T (=, y)|s, 1(=)] —— €x (87, Ab) [T (=, )]s, 1(-)].

By the naturality of the isomorphism of Proposition 8.5.2, this is also the
Zero map

T(y,GI) —— T(z,GI).

Now if y = GI, we discover that any a—phantom map f : x — GI induces
the zero map

T(GI,GI) —— T(x,GI).

In particular, f = 1{G1} o f = 0. Thus any a—phantom map f:z — GI
must vanish.

It remains to show that wGI is naturally isomorphic to I. In Re-
mark 8.5.4, we observed that when there are enough injectives and G ex-
tends to a right adjoint to m, then the counit of adjunction ¢, : 71GI — I
is an isomorphism for all I, not only for I injective. But even when there
are not enough injectives, for any injective I we have a natural isomorphism
wGI ~ I. This is what we now want to prove.

By the definition of GI, there is a natural isomorphism

Tle,GI] = Sz(SOP,Ab){m:,I}.
Now put x =s € 8 C J. Then
7GI(s) = T[s,GI] = ex(sop,Ab){s,I} = I(s).
O
LEMMA 8.5.8. Let T be a triangulated category satisfying the repre-
sentability theorem, and let o be a regular cardinal. Put § = T%, and
assume 8 is essentially small.

Suppose t is an object of T, and suppose further that any a—phantom
map x — t in T vanishes. Let

T A(T) —— &x(8°P, Ab)

be the usual projection.

If a is an object of A(T) with ma =0, then A(T)[a,t] = 0.

Proof: It is convenient to work with D(T) ~ A(T). An object a € D(7)
is a morphism {f : 2 — y} in T. The object t € T maps to {1:¢t — ¢t} €
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D(T), under the universal homological functor T — D(J). A morphism
a — t is an equivalence class of commutative squares

If ra = 0, then {f : © — y} is an a—phantom map in T. Hence so is the
composite x R y — t. By the hypothesis of the lemma, any a—phantom

map into ¢ is zero. In particular, the map =z 4, y — t must vanish. In
other words, the two equal composites

t —— t

vanish, making the commutative square

x —>f Y
1
t ——
equivalent to zero. That is, any map a — ¢, in D(7), must vanish. O

LEMMA 8.5.9. Let T be a triangulated category satisfying the repre-
sentability theorem, and let o be a regular cardinal. Put & = T<, and
assume § is essentially small.

Suppose t is an object of T, and suppose further that any a—phantom
map x — t in T vanishes. Let

T A(T) —— Ex(8°P, Ab)

be the usual projection.
Then mt is an injective object of Ex (SOP,Ab), and t = Grt.

Proof: Let + — y be a monomorphism in Ex(SOP,Ab). The functor m
has a left adjoint L, which is not left exact. But we can form an exact
sequence

0 k Lx Ly.
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The functor 7 is exact; hence we have a commutative diagram, where the
bottom row is an exact sequence

0 wk wLr —— 7wlLy.

By Proposition 6.5.3, the maps 7,, 1, are both isomorphisms. Since z — y
is a monomorphism in Ex (SOP, Ab), it follows that 7k = 0. By Lemma 8.5.8
we conclude that A(T)[k,t] = 0.

But as t € T C A(T), Corollary 5.1.23 tells us that ¢ is injective, as an
object of the abelian category A(T). The exact sequence

0 k Lx Ly
gives rise to an exact sequence
AMN[Ly,t] —— A(T)[Lx,t] —— A(T)[k,t] —— 0.
Since we know that A(T)[k,t] = 0, we deduce a surjective map
A(T)[Ly,t] —— A(T)[La,t].
But L is left adjoint to m, hence this surjective map identifies as
EI(SOP,Ab){y,wt} e Ex(SOP,Ab){:E,ﬂ't}.

Since this is surjective for any monomorphism x — ¥ in x (SOP,Ab), it
follows that 7t is an injective object.

Proposition 8.5.2 now tells us that we can form an object Gt € 7T, and
I assert that it is canonically isomorphic to t. Recall that for any injective
object I € Em(SOP,Ab), GI € T is defined by representing the functor

T Ez(SOP,Ab){ﬂ'az, I}.
In the case where I = 7t, with ¢t € T as above, we have
Ex(8°P, Ab) {71':1:, 7Tt} =  A(T)[Lwa,t]
just because L is left adjoint to m. But we also have the counit of adjunction
€y Lmx —— =
Complete it to an exact sequence in A(T)

€

0 k Lrx o q 0.
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Now 7 : A(T) — &x(8°P,Ab) is an exact functor; in the commutative
diagram below, the bottom row is exact

1
T™r — TX

| s

0 wk rlrr —= nx mq 0.

Since 1 : 1 = 7L is an isomorphism, so is me,. The exact sequence tells
us that

k=0 =mq.
From Lemma 8.5.8, it now follows that
ATkY = 0 = At
But t € T C A(7) is an injective object. The exact sequence

£

0 k Lnx s oz q 0
gives an exact sequence
0=ADT)g,t]| —— AM[z,t] —— A(T)[L7z,t] —— A(T)[k,t] = 0.
Hence T(x,t) = A(T)[z,t] is naturally isomorphic to A(T)[Lmx,t], which

in turn is naturally isomorphic to

Sx(SOP,.Ab){mv,wt}.

This means Gnt = t. O

REMARK 8.5.10. Lemmas 8.5.7 and 8.5.9 allow us to identify injective
objects I € Ex (SOP,Ab) with objects t € T so that all a—phantom maps
x — t vanish. If ¢ € T admits no non-zero a—phantom maps z — ¢,
then 7t is an injective object of Ex (SOP,Ab). If I is an injective object of
Ex (SOP,Ab), then GI € T admits no non-zero a—phantom maps x — GI.
Furthermore, 7GI ~ I, and Gnt ~ t.

We will say that an object t € T is orthogonal to the a—phantom maps if
all a—phantom maps x — t vanish. Thus injective objects in x (SOP,Ab)
are in 1-to-1 correspondence with objects ¢ € 7, orthogonal to the a—
phantom maps. It might be helpful to state this in more generality.

DEFINITION 8.5.11. Let T be an additive category. An ideal J of mor-
phisms in the category T is a class of morphisms, closed under addition,
and so that if g € J and f and h are arbitrary morphisms, then fgh € J,
whenever the composite exists.

ExXAMPLE 8.5.12. If T is a triangulated category satisfying [TR5] and
« is a regular cardinal, the class J of all a—phantom maps is an ideal.
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DEFINITION 8.5.13. Given an ideal J of morphisms, its orthogonal, de-
noted 3+, is the collection of all objects t € T, so that if {x — t} € J, then
x — t is the zero map. If T is any class of objects in T, the ideal I{T}
is the ideal of all morphisms {f : © — y} € T, so that for any t € T, all

composites T R y — t vanish.

REMARK 8.5.14. Clearly for any ideal J, J C I{J*}. It may happen
that equality holds. That is, under favorable conditions, one has

J = I{7'}.

The next lemma treats the case where J is the ideal of c—phantom maps,
in a triangulated category 7.

LEMMA 8.5.15. Let T be a triangulated category satisfying the repre-
sentability theorem, and let o be a regular cardinal. Put & = T<, and
assume & is essentially small. Let J be the ideal of a—phantom maps.

The category Ex (SOP,Ab) has enough injectives if and only if

3 = I{7t}.
Proof: Recall that
m:D(T) = A(T) —— Ex(8°P, Ab)

is a Gabriel quotient map. Every object in Em(SOP,Ab) is of the form
mwa, with a an object of D(T). The category Ex (SOP,Ab) will have enough
injectives if and only if every non—zero object wa in Ex (SOP,Ab) admits a
non-zero map to an injective object. By Remark 8.5.10, injective objects
in 8:0(807”,Ab) are all of the form 7t, with ¢ € J*. In other words, the
category €x(8°,.Ab) has enough injectives iff, for any object a € D(T) not
in the kernel of 7, there is a non-zero morphism 7a — 7t, with ¢ € J+.
By Lemma 8.5.9, whenever ¢ € J+,

D(7) [a,t} = Ex(SOP,Ab){ﬂ'a,wt}.

Therefore Ex (SOP ,Ab) will have enough injectives if and only if, for any
object a € D(T) with ma non—zero, there is a non—zero map (in D(T))
a — t, with t € .

Now remember that an object a € D(T), with ma non-zero, is a mor-
phism {z — y} € T which is not a—phantom. The category £z (8°,.Ab)
has enough injectives precisely if, for every non—a—phantom {z — y} € T,
there is a non-zero map, in D(7), into ¢ € J+.
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But a map from {f : x — y} to ¢ is an equivalence class of commuta-
tive squares

f

r —y

Lo

P

To say that the square is not equivalent to zero, is to say that the equal
composites

!
T r ——y
1
t —— t t

do not vanish. In other words, a non—zero map from {f : © — y} to ¢ exists
if and only if there is a non—zero composite x 4, y — t. There will be
enough injectives, if and only if a non—zero composite x 7, y — t exists

for every non—a—phantom {f : x — y} € 7. Equivalently, if x 7, y—t
vanishes for every ¢t € J*, then f : 2 — y should be an a-phantom map.
That is,

J = I{J}.
O

REMARK 8.5.16. From the counterexample of Section C.4, we learn
that in general, the inclusion J C I{J+} can be proper.

Lemma 8.5.15 gives an equivalence between the existence of enough
injectives in Em(SOP,Ab), and a statement purely about a—phantom maps
in T. Let us find another, equivalent formulation.

LEMMA 8.5.17. Let T be a triangulated category satisfying the repre-
sentability theorem, and let o be a regular cardinal. Put & = T<, and
assume & is essentially small. Let J be the ideal of a—phantom maps.

The category Ex (SOP,Ab) has enough injectives if and only if, for every
object z € T, there exists a triangle

Y ! z t Yy

where t € I+ and f :y — z is an a-phantom map (that is, f € J).

Proof: The category Ex (SOP, Ab) has enough injectives if and only if every
object a € Ex(SOP,Ab) has an embedding into an injective object. Now
recall that the functor

T A(T) —— Ex(8°P, Ab)
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has a left adjoint L. The category A(T) always has enough injectives;
they are the objects z € T. Given an object a € Ex (SOP,Ab), there is an
embedding La — z,z € T. Since 7 is exact, this gives an embedding

a=mnLla — 7z.

Therefore, the category E:E(SOP,.Ab) has enough injectives if and only if
all objects of the form {mz,z € T} can be embedded in injective objects
Ie Ex(SOP,Ab).

By Remark 8.5.10, the injective objects in Ex (SOP, Ab) can be identified
with objects t € J*. The category Ex (SOP, Ab) has enough injectives if and
only if, for every object z € T, there is an embedding in x (801’ ,Ab)

Tz — T,

with t € J-. By Lemma 8.5.9, whenever t € I,
T(z,t) = Ez(SOP,Ab){ﬂ'z,ﬂ't}.

In other words, there are enough injectives in Ex (SOP ,Ab) if and only if,
for every object z € T, there is a morphism {z — t,¢ € J*} in T, so that
mz — 7t is a monomorphism.

Consider now the triangle

Y ! z t 2.

The functor 7 takes it to an exact sequence in Ex (SOP,Ab). That is,

f
Y TZ it

is a exact in Ex (SOP,Ab). The map 7z — wt will be a monomorphism if
and only if 7f = 0, that is f € J. Summarising, the category Ex (SOP,Ab)
has enough injectives if and only if, for every object z € T, there is a
triangle

y z t Xy
with t € J* and f € J. O

Combining Lemmas 8.5.15 and 8.5.17, we have

PROPOSITION 8.5.18. Let T be a triangulated category satisfying the
representability theorem, and let o be a reqular cardinal. Put 8§ = T, and
assume & is essentially small. Let J be the ideal of a—phantom maps.

The following are equivalent:

8.5.18.1. The category 8:0(801’,Ab) has enough injectives.
8.5.18.2. The ideal J satisfies J = I{J+}
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8.5.18.3. For every object z € T, there is a triangle

Y ! z t Yy

with t € I+ and f € 7.

Proof: By Lemma 8.5.15, we have the equivalence
8.5.18.1 <= 8.5.18.2.
By Lemma 8.5.17, we also have the equivalence
8.5.18.1 <= 8.5.18.3.
O

COROLLARY 8.5.19. Let T be a triangulated category satisfying the rep-
resentability theorem, and let o be a regular cardinal. Put § = T, and
assume & is essentially small. Suppose Ex (SOP,Ab) has enough injectives.

Then every object z € T admits a mazimal a—phantom map y — z.
That is, y — z is an a—phantom map, and every a—phantom map x — z
factors as

T— Yy — 2z

Proof: Let J be the ideal of a—phantom maps. We are assuming that
Ex (SOP,Ab) has enough injectives, and hence by Lemma 8.5.17, every ob-
ject z € T admits a triangle

Y f z t Yy,

with t € J* and f € J. T assert that the map f : ¥y — z is a maximal
a—phantom map.

The fact that f : y — z is a—phantom is given; f € J is granted to
us. What remains to prove is its maximality. Suppose ¢ : © — z is any
a—phantom map. The composite

g
T z t

is an a-phantom map x — ¢, with ¢ € J*. All such maps vanish. From
the triangle

y —— 2 t Xy,

we have that x — z must factor as z — y — z. a

Recall that in Remark 8.5.6 we saw the implications

Ex(8°P, Ab op Ex(8°P, Ab
(877, Ab) :{ A(T) — Ex(5%7, Ab) }: (827, Ab)

h.as. engugh has a right adjoint has a
mjectives cogenerator
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In the last few Lemmas, summarised in Proposition 8.5.18, we have ex-
plained concretely, in terms of the ideal of a—phantom maps and its or-
thogonal, what it means to have enough injectives in £x (801’ , Ab). In other
words, the reader can now express somewhat more concretely, what is im-
plied by the fact that enough injectives need not exist, as in the counterex-
ample of Section C.4.

But the counterexample of Section C.4 says more than just that there
are not enough injectives. It says there is, in general, no cogenerator. In the
spirit of reformulating everything in terms of a—phantom maps, let us see
what it means to say that there is no right adjoint to A(T) — Ex(8°7, Ab).

LEMMA 8.5.20. Let T be a triangulated category satisfying [TR5]. Let
a be a reqular cardinal. Put 8§ = T, and assume 8 is essentially small.
The functor

T A(T) —— Ex(8°P, Ab)

will have a right adjoint if and only if, for every object z € T, there is a
maximal a—phantom map y — z. That is, there is an a—phantom map
y — z, and given any other a—phantom map ©* — z, there is a (non—
unique) factorisation

T—y — 2.
Proof: The map
T A(T) —— Ex(8°P, Ab)

is a quotient map by Proposition 6.5.3. The abelian category A(T) has
enough injectives. Therefore Proposition A.2.20 applies: a right adjoint
will exist if and only if every injective object z € T C A(T) has a maximal
subobject, among those in the kernel of 7.

It is convenient to use the description D(T) ~ A(T). Recall Proposi-
tion 5.2.6. The subobjects, in D(T), of an object z € T, may be represented
by morphisms in T of the form y — 2. A subobject y — 2z contains
x — z if the map ©z — z factors as

T— Yy — 2z

The kernel of 7 is identified with the a—phantom maps © — z. Therefore
the existence of a maximal subobject of z, among those belonging to the
kernel of 7, is equivalent to the existence of a maximal a—phantom map
y— =z m|

REMARK 8.5.21. Proposition 8.5.18 rephrases for us the existence of
enough injectives, in terms of a—phantom maps. Lemma 8.5.20 rephrases
the existence of an adjoint G : x(8°, Ab) — A(T), also in terms of
a—phantom maps. From Proposition 8.5.2 we know, that the existence of
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enough injectives implies the existence of a right adjoint. Corollary 8.5.19
rephrases this in terms of a—phantom maps.

That is, in Proposition 8.5.18 we saw that EI(SOP,Ab) has enough
injectives if and only if, for every object z € T there is a triangle

Y f z t Yy,

with ¢ € J* and f € J. In Corollary 8.5.19, we learned that in any such
triangle, the map y — z is a maximal a—phantom map into z. Finally,
Lemma 8.5.20 teaches us that the existence of maximal a—phantom maps
y — z is equivalent to the existence of a right adjoint G to the natural
functor

T A(T) ——— Ex(8°P, Ab).

In other words, in terms of a—phantom maps, we recover Proposition 8.5.2.
We learn the implication

h.as. enngh has a right adjoint
mjectives

op
€ (8, Ab) { A(T) — Ex(8°7, Ab) }
- .
From Lemma 8.5.20, we know that there is a right adjoint
G : &x (8P, Ab) —— A(T),

if and only if every z in 7 admits a maximal a—phantom map y — z. If we
furthermore know that there are enough injectives in Ex (SOP, Ab), then the
maximal a—phantom map y — 2z may be so chosen, that in the triangle

Y z t Xy,

the object t is orthogonal to the a—phantom maps.

From Section C.4, we know by example that EI(SOP,Ab) need have
neither enough injectives, nor a right adjoint to 7 : A(T) — Ex(8°7, Ab).
There need not be enough objects ¢ € I+, but even worse than that, there
may be objects z € T, admitting no maximal a—phantom map y — z.

REMARK 8.5.22. If I is an injective cogenerator of Ex (SOP, Ab), we will
denote GI by BC. The notation stands for Brown-Comenetz objects of T.
When we wish to remind ourselves of the dependence on the choice of «
and on T, we will write them BC(«, 7).

Of course, BC need not exist, as illustrated by Section C.4.

Let 7 be an a—compactly generated triangulated category. We remind
the reader: this means that T is essentially small, and that the homological
functor

T Em({‘I“}Op,Ab)
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does not annihilate any object. Suppose furthermore that BC(«, T) exists;
there is an injective cogenerator for £z ({U'O‘}Op ,Ab).

Because the functor
T Sm({ﬂ'“}Op,Ab)

does not annihilate any object, for any x an object of T, if T(—,z)|5. =0,
then . =0

It follows that the set of all suspensions of BC cogenerates J. Given a
non-zero object € T, the functor T (—, )|y, is non-zero, and hence has
a non—zero map to the injective cogenerator

T(_7x)|70< - T(_7BC)“J’°¢'

By 8.5.2.1 and Lemma 8.5.7, such a map is induced by a morphism x —
BC. We deduce there is a non—zero map * — BC. This is true for
every non—zero x, which means precisely that in the dual category, a set
containing BC and closed under suspension is a generating set.

8.6. The second representability theorem: Brown
representability for the dual

In this Section, we prove the theorem

THEOREM 8.6.1. Let o be a reqular cardinal. Suppose T is an a—
compactly generated triangulated category. Suppose further that the cate-

gory Em({Ta}OP,Ab) has enough injectives. Then the representability the-

orem holds for the dual of T. FEvery homological functor T — Ab which
takes products to products is naturally isomorphic to T(h,—).

For a as above, let BC = BC(«, T) be a corresponding Brown—Comenetz
object. We remind the reader; this means that T (—,BC)|g is an injective

cogenerator of Sx({Ta}OP,Ab>. We assert further that, with BC as above,
the dual category TP satisfies (BC) = TP,

Proof: By Proposition 8.4.6, the category T satisfies [TR5*]. Put 8§ = T*.
Because T is a—compactly generated, & generates J. We wish to choose
a generating set for the dual; we choose the set T' = {E¥"BC,n € Z} of
Remark 8.5.22. Lemmas 8.2.3 and 8.3.1 apply. For each H : T — Ab
sending products to products, there exists a sequence of X;’s in the dual
of T satisfying 8.2.3.1-8.2.3.4, and to prove the representability theorem as
well as show that (BC) = T°P, it suffices by Lemma 8.3.1 to prove the map
JoP(X"BC, X) — H(X"BC) injective.

Let us state concretely, in T rather than its dual, what we have in
8.2.3.1-8.2.3.4. For each H there is a sequence in T

'—>X2 —>X1 —>X0.
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For each ¢ there is a map T(X;,—) — H(—), compatible with the maps of
the sequence. The all important 8.2.3.4 tells us that for any object t € T,
the map T(X;,t) — H(t) is surjective, and its kernel is the kernel of
‘I(XZ, t) — ‘T(XiJrl; t)

The objects of ¢ € T are of the form ¢t = X"BC; without loss take
n = 0, that is take ¢ = BC. We have that, for ¢ > 1, the group T(X;, BC)
is the direct sum of the kernel of

‘T(X“B(C) _— 7(X1+17BC)
and the image of
‘T(Xifl,B(C) — T(XZ,B(C)7

and the sequence of images maps to each other by isomorphisms. But recall
that for any y € 7T, the group of maps y — BC is canonically isomorphic
to the group of maps

T(=ylls —— I1(=)

with I a fixed injective cogenerator of Ex (SOP, Ab). (Here 8§ = T¢, to make
the notation less crowded). What the above means is the following. We
have natural maps

0
7(_aXi)|s —t— ‘T(_>Xi+1)|sv rJ'(_7Xi—1)|s A 7(_>Xi)|s

in 8:0(8°p,flb). When we take maps to the injective cogenerator, they
induce the two maps

T(X,;,BC) —"— T(Xis1,BC) T(X,_1,BC) —°— T(X,,BC)

The fact that T(X;,BC) = Im(#) @ Ker(p), coupled with the fact that
taking Hom into an injective cogenerator reflects and preserves homology,
allows us to deduce that T (—, X;)|g = Im(6#) @ Coker(p).

In other words, the sequence

T (= Xy)lg —— T (= Xo)lg —— T(= Xu)ls

is the direct sum of two sequences

R NN F(-) 1 F(-) N F(-)

0 0 0

P Q3(—) —— Qa2(=) —— Qi(—)
and the group H(BC) is naturally identified with the group of maps in
Sx(SOP,Ab)

(=) —— I(-).

The two sequences

—— F(=) —— F(-) —— F(-)

S Qs(0) — Qa() —— Qi)
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yield two short exact sequences in Ex (SOP,Ab)

0—F(-) —— HF 1_—5}”ﬁ> ﬁF(—)—>O

i=1

h
0— 0 %HQl Lo skl HQl
=1
which add up to the exact sequence
h
0—F(-) —— H T (- 1= shift, H T (=, X,)|s— 0.

Adding the extra term ‘J’(— Xo)|g is harmless; the sequence

0—F(— —>H’.T Shlﬁ H’.T s— 0
1=0

is also exact in Ex (SOP,Ab).

From Lemma 6.2.4 we know that the functor T — Ex (801’ Ab) which
sends t to T (—,t)|g respects products. Therefore, in the exact sequence
above we can 1dent1fy

0—F(—) —— H‘I —>1_Shlﬁ [[7=Xx)ls =0
1=0

@z It
:T(—,Hxl) 1 - shifi, fr(—I[Xz-)
i=0 s i=0
Taking maps into I, we deduce an exact sequence

0 —H(BC) —— T <H Xi,IB%(C> L= shift o (H XZ-,]B(C> -0
=0

=0

8

On the other hand, we have a triangle
X—>HXZ-—SZﬁ>HXi—>EX
i=0 i=0
and hence a long exact sequence
T(X,BC) — T <H Xi,IB%(C> Lo shift o (H Xi,IB%(C> —
i=0 i=0
The injectivity of

T <ﬁXi,IB%(C> L= shift T (ﬁXi,IB%C>
1=0 =0
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and all its suspensions means that we really get a short exact sequence

0 —T(X,BC) T(HXi,IB«C) Lo st T(HXZ-,IB%(C><—O.

i=0 =0

There is a natural map of short exact sequences

0 —J(X,BC) — U’(HXi,IEB(C) L= shift 7<HXZ-,IB§(C><—O

| Bl Bl

0— HBC) —— T (Hxi,18<c> Lo shift o <HXZ-,IB§(C><— 0
i=0 i=0
from which it immediately follows that

T(X,BC) —— H(BC)

is an isomorphism. Since this is also true for suspensions of BC, it is true
for all objects of T' = {E£"BC,n € Z}. The Theorem now follows from
Lemma 8.3.1. O

8.7. History of the results in Chapter 8

Representability theorems and the existence of adjoints is perhaps the
oldest and most venerable application of triangulated categories, but the
theorems about them were always viewed as difficult. In constructing the
derived category Verdier was motivated by the problem of finding a good
formalism for Grothendieck’s duality theorem. The duality theorem is an
assertion that some triangulated functor between triangulated categories
has a right adjoint. The literature is truly immense. Let me mention only
Hartshorne’s [19] and Deligne’s [10] for the classical proof of the existence
of the adjoint. Many people worked extensively on generalisations and
analogues. Perhaps most notable is the work of Lipman.

All the results I mentioned look at specific functors F': § — 7, and
very concretely and explicitly, using the detailed structure of 8§ and 7,
construct the right adjoint.

The fact that the existence of such adjoints should be a formal con-
sequence of the axioms of triangulated categories came from homotopy
theory. Brown [7] proved a special case of Proposition 8.4.2. Precisely, he
proved the case where T is not only well-generated, but more precisely No—
compactly generated. For a long time, nothing was known about the dual.
The first representability theorem for duals of well-generated triangulated
categories is the author’s [25]. The result given there is narrower than the
one here, but is also based on injective objects. In the present generality,
Theorem 8.6.1 is new.
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In homotopy theory, there are two types of applications for repre-
sentability theorems. They can be used to construct adjoints, in partic-
ular Bousfield localisation functors. We will see much more about the
significance of this. But they can also be used to construct objects in T;
we have already seen one example, the construction of the object BC in
Proposition 8.5.2. The objects BC constructed here are generalisations to
a—compactly generated categories of the Brown—Comenetz duals of finite
spectra, constructed by Brown and Comenetz in [8]. The construction of
Brown and Comenetz works only for Ng—compactly generated categories.

I recently learned that Franke has, independently, also obtained a gen-
eral Brown representability theorem. It is similar in spirit to Theorem 8.3.3.
The similarity is spirit does not extend to a similarity in detail; neither the-
orem seems to easily imply the other, and the proofs are totally different.
The reader is referred to Franke’s [11].






CHAPTER 9

Bousfield localisation

9.1. Basic properties

Let T be a triangulated category, § C T a triangulated subcategory.
In Theorem 2.1.8 we learned how to construct the Verdier quotient J7/8.
There is a natural localisation map F : T — T/8. In Example 8.4.5 we
learned that under suitable hypotheses, the functor F' has a right adjoint.
We remind the reader of the hypoteses.

Suppose T is a triangulated category with small Hom—sets, satisfying
[TR5]. Suppose further that the representability theorem holds for T. Let
S be a localising subcategory. Assume that the Verdier quotient T/8 is a
category with small Hom-sets. In Example 8.4.5 we saw that the natural
functor F' : T — J/8 has a right adjoint G : T/8§ — J. This adjoint is
called the Bousfield localisation functor.

Of course, this adjoint may exist even if T does not satisfy the hypothe-
ses of Example 8.4.5. We say that a Bousfield localisation exists for the
pair & C T if the adjoint exists. More precisely

DEFINITION 9.1.1. Let T be a triangulated category with small Hom—
sets. Let 8§ be a thick subcategory. We say that a Bousfield localisation
functor exists for the pair 8 C T when there is a right adjoint to the natural
functor

F:T—7J/8.

We will call the adjoint the Bousfield localisation functor, and denote it
G:7/8§ —1T.

LEMMA 9.1.2. Suppose a Bousfield localisation functor exists for the
pair 8 C T. Let s be an object of 8, t an object of T/S, which is an object
of T; the objects in the two categories are the same. Any map s — Gt
vanishes.

Proof: By the adjunction, we have
T(s,Gt) = T/8(Fs,t),

but since s € §, we must have F's = 0. a
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DEFINITION 9.1.3. Let 8 be a class of objects in a triangulated category
T.  An object t € T is called S-local if, for any object s € §, the maps
s — t all vanish. If § is not just any class of objects but a thick subcate-
gory, and if a Bousfield localisation functor exists for the pair § C T, then
Lemma 9.1.2 proves that for any t € T, the object Gt is S—local.

DEFINITION 9.1.4. Let S be a class of objects in a triangulated category
T. An object t € T is called S—colocal if it is local in the dual category, that
is if any map t — s, s € § vanishes.

LEMMA 9.1.5. Let T be a triangulated category, § C T a triangulated
subcategory. Let t be an S—local object of T. Then the natural map
¢: T(x,t) — T/S(Fux, Ft)
is an isomorphism, for all x € T.

Proof: By the construction of T/8 and the functor F, a map in J/8 from
Fz to F't is an equivalence class of diagrams in T

¥ ——t

|

x
with o € Mors (see Definition 2.1.11). Pick a representative for such a
class. To show ¢ surjective, we need to show that there is a map x — ¢
equivalent to it.
Choose therefore a diagram

z ——t

‘|

x
as above. Since a € Morsg, in the triangle

s ¥ —2 =g 3s
the object s lies in 8. Applying the cohomological functor T(—,¢) to the
triangle, we get an exact sequence of abelian groups

T(s,1) —— T(a,t) 29 T t) — T(Ts,0).

Since s and s both lie in § and ¢ is 8-local, the groups T(s, t) and T(Xs, t)

both vanish. The map T(«, t) is an isomorphism, and in particular there
is a morphism x — t in T rendering commutative the square

r — t
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This produces a map x — ¢ in the equivalence class of

zr ——t

‘|

x
proving the surjectivity of ¢.

Now we have to prove ¢ injective. Suppose we are given a map © — t
in the kernel of ¢; that is, the map becomes zero in T/8. By Lemma 2.1.26
the map x — t must factor, in T, as

r— s —1t

with s € §. But t is 8-local, so the map s — t vanishes. Hence so does
the composite v — s — t. O

NOTATION 9.1.6. Suppose a Bousfield localisation functor exists for
the pair 8 C 7. Since the objects of T and T/8 are the same, we will freely
confuse them. Given an object t € 7T, there is the unit of adjunction

n, 1t — GFt;

we remind the reader that it is the map in T(¢, GF't) which corresponds to
the identity 1 € T/ S(F t, Ft) under the natural isomorphism

J(t,GFt) = T/8(Ft,Ft).

Since t and F't are really the same (F is the identity on objects), we will
feel free to write

Mt — Gt
for the unit of adjunction.

LEMMA 9.1.7. Suppose a Bousfield localisation functor exists for the
pair 8§ C T. Let t be an object of T. Then the map n, : t — Gt is an
isomorphism in T/8.

Proof: First let us untangle precisely what this means. From the adjuc-
tion, we have a natural transformation, the unit of adjunction

n:1 —— GF.

For every t € T, this gives a map, in T, t — GFt. We want to show
that this map becomes an isomorphism in T/8. In other words, we wish to
prove that

Fn: F —— FGF
is an isomorphism. We also have the counit

e: FG —— 1.
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Very generally, we know that the composite

F- rgr £ F
is always the identity. That is, the map F'n always has a left inverse; the
problem is to show that it is a two-sided inverse.
Let x,t € T be arbitrary. By the adjunction,
T/8(Fxz,Ft) = T(x,GFt).
The natural map takes f : Fx — F't to the composite

r —2 . GFz _6f, GFLt.

On the other hand, GF't is 8-local by Lemma 9.1.2, and by Lemma 9.1.5
T/8(Fu, FGFt) = TJ(z,GF?%).

More precisely, taking g € T(z, GFt) to Fg € T/8(Fz, FGFt) induces the
isomorphism. Thus

‘J’/S(F:c,Ft) = T/S(F:c,FGFt),
and more precisely the isomorphism is induced by taking f : Fx — F't to

Fo -, pare 290, PGFL

By the naturality of € : FG — 1, we have a commutative square

FGFz 291, FGFt

EFZJ( EFtJ{

Frx ——— [Ft.
It follows that the composite

Fr —", pGFz 2%, pGrt —SF, Py

is equal to the composite

Fx&FGFx&FzLFt

which is just the map f : Fx — F't. In other words, composition with
ep : FGFt — F't induces the inverse to our isomorphism

‘J’/S(F:c,Ft) = T/S(F:c,FGFt),

and hence €, is an isomorphism. But €, F'n, = 1, and F'n, must be the
two-sided inverse of €,. In particular, F'n, is an isomorphism. O

PROPOSITION 9.1.8. Suppose & is a thick subcategory of the triangu-
lated category T, and suppose a Bousfield localisation functor exists for the
pair § C T. Let t be an object of T. In the triangle

U
t t —* s Gt St
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the object Gt is S—local, while the object tg lies in 8.

Proof: The fact that Gt is S—local is Lemma 9.1.2. By Lemma 9.1.7 the
map 7, is an isomorphism in T/8. By Proposition 2.1.35, it follows that g,
the third vertex of the triangle on the morphism 7, is the direct summand
of an object of 8. There exists an object s € T so that s ®t5 € §. But §
is thick, and in particular contains all the direct summands of its objects.
Hence tg € 8. a

COROLLARY 9.1.9. Suppose § is a thick subcategory of the triangulated
category T, and suppose a Bousfield localisation functor exists for the pair
8§ CT. Lett be any S-local object. Then the map t — Gt is an isomor-
phism in T (and not just in T/S, as in Lemma 9.1.7).

Proof: Let ¢t be a 8—local object. By Proposition 9.1.8, in the triangle
tg t —" Gt St
the object tg lies in 8. The map tg — ¢ must vanish, being a map from an

object tg € § to a 8-local object t. But then we must have Gt ~ t @ Xitg.
By Lemma 9.1.2, the object Gt is also 8-local. The map

is a map from an object Xtg € § to a 8-local object Gt. Hence it must
vanish. But it is the inclusion of a direct summand. Hence tg is isomorphic
to 0, and

t "Gt

is an isomorphism. O

Next some definitions.

DEFINITION 9.1.10. Let T be a triangulated category, & a class of ob-
jects in T. Then the category 8 is defined to be the full subcategory of all
S-local objects. That is

18 = {zeT|VseS$, T(s,z) =0}.

DEFINITION 9.1.11. The dual of +8 will be denoted 8*. Explicitly, let
S be a class of objects in T. We define 8+ to be the full subcategory of all
S—colocal objects in T. That is,

8t = {zxeT|Vse8, T(x,s)=0}.

LEMMA 9.1.12. Let § be any class of objects in the triangulated cate-
gory T. Then both +8 and 8 are thick subcategories of T. If T satisfies
[TR5], then 8 is localising; if T satisfies [TR5*], then +8 is colocalising.
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Proof: Obvious. O

THEOREM 9.1.13. Let T be a triangulated category, S a thick subcate-
gory. Then a Bousfield localisation functor exists for the pair § C T if and
only if, for every object t € T, there is a triangle in T

tS — f — {J_S}t — Zts
with tS € 8 and {Ls}t S +8.

Proof: If a Bousfield localisation functor exists for the pair § C T, then
Proposition 9.1.8 establishes the existence of a triangle

tg —— t —— (gt —— Sty

as required. We are left with the reverse implication <.
Suppose therefore that for every ¢ € T there is a triangle

tg —— t — (L5t —— Mg

with tg € 8§ and (15t € +8. Since tg € 8, the morphism « lies in Morg
and becomes an isomorphism in T/8. Thus

T/8(xt) = T/8(w(5yt):
On the other hand (1gyt is in +8, that is it is §-local. By Lemma 9.1.5
7/8 (IE, {Ls}t) = T(IE, {Lg}t).

Combining the two, we get

7/8(t) = (e syt).

In other words, if we define Gt to be [1gyt, we deduce a natural isomor-
phism

T/8(—,t) = T(—, Gu).

This shows that Gt = (1)t is unique up to canonical isomorphism, and
that G extends to a functor, adjoint to F'. a

COROLLARY 9.1.14. Let 8 be a thick subcategory of the triangulated
category T, and suppose a Bousfield localisation functor exists for the pair

8§ C J. Then a Bousfield localisation functor also exists for the pair
{8} C T, and

{ts1" =s.
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Proof: Because a Bousfield localisation functor exists for the pair § C T,
Theorem 9.1.13 says that for every t € T there is a triangle

ts t —— [1gt — Dig,

with tg € 8 and (15t € +8. But since § is clearly contained in {LS}l,

we may view tg as lying in {LS}L, and then the dual of Theorem 9.1.13
tells us that that there is a left adjoint (the dual of a right adjoint) to the
natural map

U:T — T/%8,

that is Bousfield localisation holds for the pair {+8}”” ¢ J°°. Call this
adjoint

L:T/*8 —7T.
Now for every object t € T we have a triangle in T

LUt t c YLUt

with ¢ € +8 and LUt € {LS}l. But above we identified this with the
triangle

tg —— t — (Lsyt —— Xig

and in particular we have that LUt = g lies in 8§ C {J‘S}l, for every t.

Suppose t € {J-S}L, that is ¢ is +8—colocal. By the dual of Corollary 9.1.9,
the map LUt — t is an isomorphism. But by the above LUt lies in S.

Hence t € §, and 8§ = {LS}L. |

REMARK 9.1.15. What we have learned is that Bousfield localisations
are very symmetric. Suppose in a triangulated category T we are given two
thick subcategories 8 and 8’. Suppose they are perpendicular to each other,
in the sense that § C {8/} or equivalently 8’ C 8. These statements are
equivalent as both say that, for all s € 8§ and s’ € 8, the group T(s, s)
vanishes.

If for every object ¢ € T there is a triangle

ts t st St

with tg € 8 and g/t € 8, then both the natural projections
F:T—7J/§ and U:T—7T/8

have adjoints, F' a right adjoint, U a left adjoint. Furthermore, using essen-
tially the argument by which we proved {LS}J' = § in Corollary 9.1.14, one
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shows easily that the inclusions § C {8/} and 8’ C 1§ are both equalities.
That is,

§$={8}" and 8 =18

THEOREM 9.1.16. Let 8 be a thick subcategory of the triangulated cat-
egory T, and suppose a Bousfield localisation functor exists for the pair
§ C T. Then the subcategory +8 C T is equivalent to T/S. Precisely, the
composite

I i g,
is an equivalence of categories.

Proof: The fact that the composite is fully faithful follows directly from
Lemma 9.1.5. In Lemma 9.1.5 we proved that, for any z € T, y € +8,

T(x,y) = ‘J'/S(:v, y)
Of course, if € 8 C T, the statement still holds, which establishes that
morphisms between S—local objects are the same in T as in T/8.
The fact that F is an essential equivalence is Lemma 9.1.2 coupled
with Lemma 9.1.7. In Lemma 9.1.7 we proved that n, : t — Gt is always
an isomorphism in T/8, and in Lemma 9.1.2 we proved that Gt is 8-local,

that is Gt € +8. Thus every object t € T/8 is isomorphic to an object in
lg. O

REMARK 9.1.17. Let 8 be a thick subcategory of the triangulated cat-
egory T, and suppose a Bousfield localisation functor exists for the pair
S C TJ. It follows from Theorem 9.1.16 that the quotient T/8 is embedded
as a full subcategory in T. If T has small Hom-sets, so must J/8.

The functor F : T — T/8, having a right adjoint, must respect co-
products in T. If T satisfies [TR5], then coproducts exist in J. Take any
set of objects {X,A € A} in 8 C T. Their coproduct exists in T, and since
F respects coproducts,

F (]_[ X,\> = JIF(x).

AEA AEA
On the other hand, as X € 8, we must have F(X,\) = 0. The coprod-

uct on the right, that is H F(XA), must vanish, forcing F <H XA> to
AEA A€A
also vanish. In other words, H X is an object of T mapped to 0 under
AEA
the functor F' : T — TJ/8. By Lemma 2.1.33, H X must be a direct
AEA
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summand of an object in 8. But 8 is thick, hence closed under direct sum-
mands. The object H X must lie in §. The subcategory 8 C T contains

AEA
all coproducts of its objects. It is localising.

We have learned that if T is a triangulated category satisfying [TR5]
with small Hom—sets, then for a thick subcategory 8§ C T to have a chance
that a Bousfield localisation functor exist, the Hom—sets in J/8 must be
small and § C T must be localising. Example 8.4.5 tells us that a Bousfield
localisation functor will exist if we also assume that the representability
theorem holds for 7. The representability theorem is not necessary, but
the other hypotheses are.

Dually, to have a chance for the existence of a right adjoint to the
functor F : T — T/8, one would have to have that J/8 has small Hom—
sets, and if T satisfies [TR5*], § had better be colocalising as well.

In Example 8.4.5 we saw that a Bousfield localisation functor may be
constructed for a pair § C T, as long as the representability theorem held
for 7. But it turns out that, using the results of this Section, we can show
that a Bousfield localisation functor exists for a pair § C T even if the
representability theorem holds for § instead. In the next two Propositions,
let us state this carefully.

PROPOSITION 9.1.18. Suppose § is a thick subcategory of the triangu-
lated category T. Suppose T has small Hom—sets. A Bousfield localisation
functor exists for the pair § C T if and only if the inclusion § — T has a
right adjoint.

Proof: If a Bousfield localisation functor exists for § C 7, then by Corol-
lary 9.1.14, the natural projection T — T/+8 has a left adjoint, which
embeds T/18§ as § = {lS}l C 7. That is, the embedding § C T has a
right adjoint T — T/+8.

Now suppose the embedding I : § — T has a right adjoint J : 7 — 8.
For any t € T, consider the unit of adjunction IJt — t. It may be
completed to a triangle

I1Jt t z YIJt.

Clearly, I.Jt € §. Because of the adjunction,
Tz, t) = 8z, Jt) = Tz, 1Jt)

where the equality S(x, Jt) = T(Ix, I.Jt) is because 8§ C T is a full subcat-
egory; the functor I is fully faithful. From the long exact sequence for the
triangle

1Jt t z YIJt
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we learn that, for any x € §, T(Iz,2) = 0. That is, z € 8. We have
produced a triangle

tg —— t —— (gt —— Sty

with tg = IJt € S and (151t = 2 € +8. By Theorem 9.1.13 there is a
Bousfield localisation for the pair § C 7. |

PROPOSITION 9.1.19. Let T be a triangulated category satisfying [TR5],
and 8§ C T a localising subcategory. Suppose the representability theorem
holds for §. Assume also that T has small Hom—-sets. Then a Bousfield
localisation functor exists for the pair & C 7.

Proof: Because § is localising, the inclusion § — 7 is triangulated and
preserves coproducts. We are assuming that § satisfies the representability
theorem. By Proposition 8.4.2 there is a right adjoint to the map § —
T, and from Proposition 9.1.18 it now follows that there is a Bousfield
localisation functor for the pair § C 7. a

REMARK 9.1.20. Suppose T is a triangulated category with small Hom—
sets satisfying [TR5], and 8§ C T is a localising subcategory for which the
representability theorem holds. Then Proposition 9.1.19 tells us that a
Bousfield localisation functor exists for the pair & C 7. But in Theo-
rem 9.1.16 the Verdier quotient T/8 is identified with +§ C T, and hence
T/8 has small Hom-sets. In this sense, Proposition 9.1.19 is better than
Example 8.4.5. In Example 8.4.5, where we used Brown representability
for T to construct the right adjoint to F' : T — T/8, we had to assume
that the Hom-sets in T/8 are small. In Proposition 9.1.19, which uses
instead Brown representability for 8, the existence of the right adjoint to
F : T — J/8 comes without having to assume the Hom-sets in J/8 are
small, and the fact that they must be small is one of the conclusions we
may draw.

9.2. The six gluing functors

In Section 9.1 we studied the formal properties of a Bousfield localisa-
tion functor for a pair § C J. There is one special case of this that deserves
mention, since it leads to an extensive theory. It is the case of the siz gluing
functors.

DEFINITION 9.2.1. Let T be a triangulated category, and suppose & is
a thick subcategory. If both a Bousfield localisation functor and a Bousfield
colocalisation functor exist for the pair & C T, we say that we are in the
situation of the six gluing functors.
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Because Bousield localisation and colocalisation functors exist for the
pair 8§ C 7, the natural functor T — T/8 has both a right and a left
adjoint. This gives three functors.

But now because a Bousfield localisation functor exists for the pair
8 C T, Proposition 9.1.18 tells us that § — 7 has a right adjoint. Dually,
because Bousfield colocalisation functor exists for the pair § C T, the inclu-
sion 8 — T has a left adjoint. We have three more functors; the inclusion
8 — T and its right and left adjoints.

It is customary to represent the six functors by a diagram

$ T T/8

Let i, be the inclusion functor i, : § — T. Its left adjoint will be denoted
i* : T — 8, its right adjoint ' : T — 8. Let the natural projection
T — T/8 be denoted j*. Its left adjoint will be denoted j,, its right
adjoint j.. The fact that the composite j*i, vanishes gives us, by left and
right adjunction, the identities

i*j, =0, i'j, = 0.
Furthermore, for every object ¢ € T we have two distinguished triangles,
one for the Bousfield localisation functor and one for the Bousfield colo-
calisation functor of the pair 8 C J. The existence of these triangles was

proved in Proposition 9.1.8 (see also Theorem 9.1.13). Concretely, these
triangles in T are

iyt —— t ——— j 't —— Nii't

Gttt ——— it —— St

All this should be very familiar to the readers who have seen it before. The
six functors arise very naturally in algebraic geometry, and give “gluing
data”. We will see them again in the discussion of ¢-structures.

9.3. History of the results in Chapter 9

The results of Section 9.1 were undoubtedly all known to Bousfield;
see his articles [6] and [5]. What I have tried to do here is give a clean
exposition, pointing out the very formal nature of the argument. The
theorems of Section 9.1 have little real content. They simply encapsulate
the symmetry that is present whenever we have an adjoint to a Verdier
quotient map. Because this does not seem to be written down anywhere,
the author felt obliged to summarise the theory briefly.

The “six functors” have a long and venerable history in algebraic ge-
ometry. It was an old observation of Grothendieck that a sheaf on the
étale site can be pieced together from its restrictions to an open set and
its closed complement, using the units and counits of adjunction as in the



320 9. BOUSFIELD LOCALISATION

six functors. The theory also plays an improtant role in the construction
of perverse t—structures. See Beilinson, Bernstein and Deligne’s [1].



APPENDIX A

Abelian categories

A.1. Locally presentable categories

One of the crucial properties of the category €z (SOP,Ab) of Defini-
tion 6.1.3 is that it is locally presentable. The reader is referred to the book
by Gabriel and Ulmer, [16], for a very extensive treatment of such catego-
ries. In this Section, we content ourselves with reminding the reader of the
definitions and very elementary examples of locally presentable categories.
Needless to say, nothing in this Section makes any claim to originality, and
most of the facts are very easy.

DEFINITION A.1.1. Let 3 be an infinite cardinal, I a category. We say
that J is p—filtered if any subcategory of I of cardinality < B is coned off in
J. That is, if I C J is a subcategory, and I has fewer than [ morphisms,
then there exists an object ¢ € J, and for each i € I a morphism i — c,
gwing a natural transformation from the inclusion I C J to the collapsing
functor, which sends every morphism in I to 1..

DEFINITION A.1.2. Let A be a category, closed under the formation of
small colimits. Let J be a small category. A functor I — A is said to be
Gfiltered if the category J is B—filtered. The colimit of a B—filtered functor
J — A s called a ffiltered colimit.

LEMMA A.1.3. Let the notation be as in Chapter 6. The small category
8 satisfies Hypothesis 6.1.1, the category Cat (SOP,Ab) is the category of all
additive functors 8°P — Ab, while

Ex($P,Ab)  C  Cat(8°,.Ab)

is the full subcategory of functors which take coproducts of fewer than o
objects in 8§ to products in Ab. Let F :J — Ex(SOP,Ab) be an a—filtered
functor. Then its colimits in Ex(S"p,Ab) and Cat (SOP,Ab) agree.

Proof: We need to prove that the colimit in Cat (SOP,Ab) is an object of
the subcategory EI(SOP,Ab). That is, we need to show that it respects
coproducts of fewer than « objects. Let {z,,\ € A} be a set of fewer than
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« objects in 8. There is in any case a natural map

cohm (H :v)\> AN H cohm[F](x/\).

AEA A€EA

We need to show that this map is an isomorphism. Let us prove surjectivity
first.
Pick an element p € [ cp colim[F|(z,). The element p = [Lica Py is,

for each A € A, an element p, € c%rl[F](zA). Such an element p, may

be lifted to [F(z)\)} (x,), for some ¢, € J. This is because in the category
Gat(S"p ,Ab) the colimit is formed pointwise. We have, for each A € A, an
object i, € J. The set A has cardinality < o while J is assumed a—filtered.
There must be an object ¢ € J coning off the 7, € J. Therefore our element
P € Ilxea cﬁm[F](z)\) lies in the image of the map

H [F(l)] (xy) —— H Cﬂm[F](%)-

AEA AEA

On the other hand, F (i) lies in &z (SOP,Ab), and hence the vertical map
below is an isomrphism

woi(11-)

l

[T [FO)@y) —— ] colimlFl(ey)

A€EA AEA

We have therefore shown that p lies in the image of the composite above.
On the other hand, the square

i } <H x/\> — cohm (H :v)\>
AEA AEA
| ‘|
H [F(l)] (xy) —— H c%m[F] ()
AEA AEA

commutes, showing that p lies in the image ¢. This proves that ¢ is sur-
jective.

Next we need the injectivity of ¢. Suppose we have an element in the
kernel of ¢; that is, we have an element in p € coll}n[F] (]_[)\E/\ :1:)\) mapping

to zero under ¢. By the pointwise nature of colimits in Cat (801’ , .Ab), there
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is an ¢ € J so that p lifts via

[F(i)] (H %) — colim[F] (H :cA> ;

AEA AEA

there exists an 7 € [F(i)] ([],cs #,) mapping to p. But by hypothesis p
is in the kernel of ¢; therefore 7 is in the kernel of the equal composites

[F(i)] <]_[ x>\> —— colim[F] (]_[ a:)\>
A€A AEA
I ‘|
H [F(l)] (xy) —— H c%m[F] ()

A€A AEA

and in particular its image maps to zero by

[T [F@)(@y) —— ] colimlFl(xy).

AEA AEA

For every A € A there must exist a morphism ¢ — 4, in J, so that the image
of 7 under the composite

o) (1)

AEA

l

[T [F®)]@y) —— ] [Fy]()

AEA AEA

already vanishes. But the subcategory of J containing all the morphisms
i — 1, has cardinality < o, and J is assumed a-filtered. It follows that the
subcategory may be coned off in J. There exists an object j € J coning it
off, and the composite

(7] (H )

A€EA

|

[T F@)]y) —— [I[FG)] )

AEA AEA

annihilates 7.



324 A. ABELIAN CATEGORIES

But the commutative square

[F(i)] (HAJ:A) — [F()] (HAA>
g [Fﬁ-)] (z,) —— H [;(lj)] (2,)

tells us that either composite annihilates 7. Since F'(j) lies in &z (SOP, Ab),
the map h in the square above is an isomorphism, and hence the image of
7 dies already in [F(j)] (I[,cs ). But that means that p, which is the
image of 7 by the composite

(7] (H ) . [F) (H ) . colimiF] (H )

AEA AEA AEA
vanishes. The kernel of ¢ is trivial and ¢ is injective. O

DEFINITION A.1.4. Let A be a category, closed under the formation of
small colimits. An object a € A is called f—presentable if A(a, —) commutes
with B—filtered colimits. That is, given any B-filtered functor F :J — A,
the natural map

colim[A(a, Fi)] —— A(a,colim[F (7)) )
is an isomorphism.

DEFINITION A.1.5. Let A be a category, closed under the formation
of small colimits. The category A is called locally presentable if every
object a € A is B—presentable for some infinite cardinal 3. The cardinal 8
for which the object a is B—presentable in general depends on a; it should
perhaps be denoted [5(a).

REMARK A.1.6. The careful reader will note that our definition of lo-
cally presentable categories is slightly different from Gabriel and Ulmer’s.
Unlike Gabriel and Ulmer’s [16], we do not postulate that locally pre-
sentable categories must have a generator.

LEMMA A.1.7. The category Ab of abelian groups is locally presentable.

Proof: Let a be an abelian group, and choose any regular cardinal g
greater than the cardinality of a. We assert that a is f—presentable. For
suppose F': J — Ab is a §filtered functor. There is a natural map

colim[A(a, Fi)] — A(a, colim [ F (i)])

and we need to show it an isomorphism. We begin by showing surjectivity.
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Choose therefore an element in A(a,c@}n [F(z)]), that is a map p :
a — c%n [F (z)} Recall that a is an abelian group of cardinality < S.

For each element A € a choose an i, € J and an element p, € F(i,) so that
the image of p, via

F(iy) — colim [F(i)]

is the same as the image of A € a via
p . .
a ——— cilr)n[F(z)}.
For each pair (A, u) € a x a we have that the image of p, _, € Fi(iy_,) via
F(iy_,) — colim [F(i)]

is the difference of the images of p, € F(iy) and p, € F(i,) via

F(iy) —— ciir}n[F(i)]

F(i,) — colim[F(i)].
For each pair (A, 1) € a X a we may choose an i(A,u) € J with maps

Ix_p

l .

R (P Wh) w

so that the equality is realised already in F' (i( A\ u))' Since the set a x a

has cardinality < 3, there exists an ¢ € J coning off all the objects and
morphisms we have picked. It follows that the map

p:a— cﬂir}n [F]
factors through F'(7). Thus p lies in the image of
Ala, Fi) —— A(a,c@[F(i)}).
Since this map factors as
. . . ¢ . .
Ala, Fi) —— c%n[ﬂ(a,Fz)] — A(a,cilr)n[F(z)D

it follows that p lies in the image of ¢. This proves ¢ surjective.
Next we need the injectivity of ¢. Suppose we have an element of the
kernel of ¢. That is, we are given an element

p € colim [A(a, Fi)]

which is annihilated by ¢. First, p may be lifted via
A(a, Fi) —— colim[A(a, Fi)]
—
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for some ¢ € J. There exists 7 : a — F(i) whose image is p. But the fact
that ¢ annihilates p means that the composite

a F(%) cﬂn[F]

vanishes. Pick A € a. The image of A\ vanishes via

@« —— Fi) colin[

and hence we may choose a morphism 7 — 4, so that the composite
a —— F@i) —— F(iy)

annihilates A. Choose such an i — 7, for each A € a. The cardinality of
a is less than (. Since J is (-filtered, the choices we have made may be
coned off, and there exists a morphism ¢ — j in J so that every A € a
vanishes under the composite

a —— F(@i) —— F(j).
But then the map
Ala, Fi) —— Ala, Fj)
kills 7 € A(a, Fi). Thus 7 € A(a, Fi) must die under the longer composite
Ala, Fi) —— A(a,Fj) —— cﬂn[ﬂ(a, Fi))

but here its image is p. This proves p = 0, and the kernel of ¢ is trivial. O

LEMMA A.1.8. Let 8§ be an essentially small additive category. Let
Gat(S"p,Ab) be the category of all additive functors 8°? — Ab. Then
Gat(S"p,Ab) is locally presentable.

Proof: Colimits in Gat(S"p,Ab) are formed pointwise, and hence this
reduces immediately to the case of Lemma A.1.7. ]

PRrROPOSITION A.1.9. With the notation as in Chapter 6, the category
Ex (SOP,Ab) is locally presentable.

Proof: Let a be an object of Ex(SOP,Ab). By Lemma A.1.8 there is an
infinite cardinal § so that a is J—presentable as an object of the larger
category Cat (801’ ,Ab). That is, the functor Hom(a, —) commutes with 8-
filtered colimits, as long as the colimits are understood in the category
Gat(S"p,Ab).

But by Lemma A.1.3, if § > «, f-filtered colimits in 81:(807”, Ab) agree
with the same colimits in Cat (SOP, Ab). Replace 8 by S+ «; then Hom(a, —)
commutes with J-filtered colimits, even in the category x (SOP, Ab). O
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REMARK A.1.10. Everything in this Section, and much more about
locally presentable categories, may be found in Gabriel and Ulmer’s [16].

In Remark A.1.6, we noted that our definition of locally presentable
categories differs slightly from Gabriel and Ulmer’s. Unlike Gabriel and
Ulmer’s [16], we do not require that locally presentable categories have a
generator. Of course, that categories Sx(SOP,Ab) in fact do, and hence
they are locally presentable even in the more restrictive sense of Gabriel
and Ulmer.

A.2. Formal properties of quotients

We begin by recalling the definition of a Serre subcategory of an abelian
category.

DEFINITION A.2.1. Let A be an abelian category. Let B be a full sub-
category. The subcategory B C A is called a Serre subcategory if

A.2.1.1. Every object of A isomorphic to an object in B is in
B.

A.2.1.2. Every A—quotient object and every A—subobject of an
object in B lies in B.

A.2.1.3. Every A-extension of objects in B lies in B.

If B C A is a Serre subcategory, it follows immediately from the definition
that B is an abelian category and the inclusion in A is an exact functor.
After all, if f : @ — y is a morphism in B, then Im(f) is a subobject of
y, Coker(f) ia a quotient object of y and Ker(f) is a subobject of x. By
A.2.1.2 all three must lie in B.

Given an abelian category A and a Serre subcategory B C A, one can
form the quotient A/B as follows

DEFINITION A.2.2. The category A/B is defined as follows:
A.2.2.1. The objects of A/B are the same as the objects of A.
A.2.2.2. The morphisms are given by

A/B(z,y) = colim A’ y").
z'Cax, z/z' € B
y'=y/y’, y € B

That is, a morphism x — y in A/B is an equivalence class of
diagrams in A

0 x T xz! 0
0 Yy Y Yy’ 0

where the rows are exact and x'" )y’ € B.
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The natural functor A — A/B is the identity on objects, and sends a
morphism to its equivalence class.

The following lemma may be found in [15], more precisely Corollaire 2, in
Paragraphe 1 of Chapitre III; see page 368.

LEMMA A.2.3. The category A/B is an abelian category. The functor
F: A — A/B is exact, and takes the objects of B to objects in A/B
isomorphic to zero. Furthermore, F is universal with this property. The
subcategory B C A is the full subcategory of all objects b € A so that Fb is
isomorphic to zero.

REMARK A.2.4. Unlike in the case of triangulated categories, which we
studied in Chapter 2, there is usually no set theoretic problem in forming
A/B. If A is a well-powered abelian category with small Hom—sets, then
the objects  and y have sets of subobjects and quotient objects, and hence
the colimit in Definition A.2.2.2 is a colimit of sets indexed over a set; it is
a set. Thus A/B will have small Hom-sets.

As with triangulated categories, it is very interesting to study the sit-
uation in which the quotient map A — A/B has an adjoint, right or
left. We will for now restrict attention to right adjoints; the case of a left
adjoint is dual. The Serre subcategory B C A is called localizant if the
functor A — A/B has a right adjoint.

LEMMA A.2.5. Let F : A — T be an exact functor of abelian catego-
ries, G : T — A its right adjoint. Let B C A be the full subcategory of
all objects b € A so that Fb is isomorphic to zero. If an object y € A is
isomorphic to Gt for some t € T, then

A.2.5.1. For every object b € B, A(b,y) = 0.
A.2.5.2. For every object b € B, Extl, (b,y) = 0.
Proof: Suppose t € T, y = Gt. Then by the adjunction, for all x € A
Alz,y) = Az,Gt) = T(Fuz,t).

In particular, if = b € B, then Fb = 0 and we deduce the isomorphisms
A(b,y) = T(Fb,t) = 0.

Suppose z is an extension of y = Gt by some object b € B. That is, we
have an exact sequence in A

0 Y z b 0.
Applying F to it, we get an exact sequence in T
0 Fy Fz Fb 0,

and since F'b = 0 we must have that F'y — F'z is an isomorphism. But
then

T(Fz,t) —— T(Fy,t)
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is also an isomorphism. Consider the commutative square below

A(z,Gt) —— A(y, Gt)

It it

T(Fz,t) —=— T(Fy,t).

The vertical maps are isomorphisms by adjunction. The bottom row is an
isomorphism by the above. Hence so is the top row. Recalling that Gt = y,
we have that the identity 1 : y — y must be in the image of A(z,y); there
is a map z — y so that the composite y — z — y is the identity. The
short exact sequence

0 Y z b 0

splits, and Ext} (b,3) = 0. O

DEFINITION A.2.6. Let A be an abelian category, B C A a Serre sub-
category. An object y € A will be called B-local if the following two condi-
tions hold, as in Lemma A.2.5.

A.2.5.1: For every object b € B, A(b,y) = 0.

A.2.5.2: For every object b € B, Ext!y (b,y) = 0.

Lemma A.2.5 asserts that, if F': A — T is exact and has a right adjoint

G, then every y = Gt is B-local, where B is the full subcategory of allb € A
with F'b~ 0.

LEMMA A.2.7. Let A be an abelian category, B C A a Serre subcate-
gory. Ify € A is a B-local object, then for every x € A

Alz,y) = A/B(z,y).
Proof: Let y be a B—-local object in A. There is a natural map

we need to prove it an isomorphism. Before we start, let us make one
helpful observation. Recall that a map in A/B(x,y) is an equivalence class
of diagrams in A

0 ' T z" 0
0 y/ y yI/ 0

where the rows are exact and ”,y’ € B. Since y is B-local, by A.2.5.1 any
map b — y, b € B must vanish. But we are given y’ € B, and hence the
monomorphism 3’ — y vanishes. Therefore 3y’ = 0, and y = y”. In other
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words, if y is B-local, morphisms * — y in A/B are equivalence classes
of diagrams

/—>y

l

In the larger diagrams

the map y — y” must be an isomorphism.
Next we want to prove the map

an isomorphism. Let us first prove surjectivity. Take any map in A/B(z,y),
that is a diagram

r ——y

l

X

as above. Now the map 2/ — z is mono, so we may push out to get a
bicartesian square

 —— y

Lo

r ——— Z

and this extends to a map of exact sequences

0 x x " 0
[
0 Yy z z" 0

But 2 € B, and by A.2.5.2, ExtY (2, y) = 0. In other words, the exact
sequence
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splits, and using any splitting we have a commutative diagram

r — y

Lo

z z Y

which gives us a map © — y in A, in the equivalence class of

 ——y

l

x
The map

is surjective.

Next we want to prove it injective. Suppose we have a map © — y in
A, which becomes zero in A/B. This means that in the equivalence class
there is a diagram

r ——y

l

x
where 2/ — y vanishes. More precisely, this means that for 2’ C z with
xz/x' € B, the composite 2’ C & — y vanishes. But then the exact
sequence

0 x! x " 0
tells us that # — y must factor through z — z”” — y. By hypothesis,

z/x' =" € B and y is B-local; hence #”/ — y vanishes, and therefore so
does the composite v — 2"/ — y. m|

LEMMA A.2.8. Let A be an abelian category, B C A a localizant sub-
category. Let F : A — A/B be the projection, G its right adjoint. The
counit of adjunction FG = 1 is an isomorphism.

Proof: Let x € A, y € A/B. Then by adjunction

A/B(Fz,y) = Az, Gy).
By Lemma A.2.5, Gy is B-local. By Lemma A.2.7,
A(z,Gy) = A/B(Fz,FGy).

Hence

A/B(Fz,y) = A(z,Gy) = A/B(Fz,FGy).
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In other words, the natural map
g FGy —— y
induces, for every x € A, an isomorphism
A/B(Fz, FGy) —— A/B(Fz,y).
Since every object of A/B is of the form Fz, it follows that the map
gy FGy —— gy

must be an isomorphism in A/B. O

LEMMA A.2.9. Let A and T be any categories. Let F: A — T be a
functor, G : T — A its right adjoint. The counit of adjunction

e: FG —— 1

is an isomorphism if and only if G is fully faithful.
Proof: For any z,y € T, composition with the counit gives a map

T(x,y) RICHIN T(FGuz,y),
and by adjunction

T(FGz,y) = A(Gz,Gy).
The composite is the natural map

T(z,y) —— A(Gz,Gy);

it is an isomorphism if and only if

T(z,y) Tee),

is an isomorphism. To say that

is an isomorphism for every x and y is to say that G is fully faithful, while
T(e,y) — T(FGa,y)

will be an isomorphism for every x and y if and only if

e: FG —— 1

T(FGa.,y)

is an isomorphism. O

PROPOSITION A.2.10. Let A be an abelian category, B C A a localizant
subcategory. Let F : A — A/B be the projection to the quotient, G :
A/B — A its right adjoint. The functor G : A/B — A is fully faithful,
the counit of adjunction

e FG —— 1
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is an isomorphism, and the objects isomorphic to Gt,t € A/B are exactly
the B-local objects. More precisely, if y is a B-local object of A, then the
unit of adjunction

n,y —— GFy

is an isomorphism.

Proof: By Lemma A.2.8, the counit of adjunction is an isomorphism
e: FG —— 1.

By Lemma A.2.9 this means that G is fully faithful. It only remains to
show that if y € A is B-local, then the unit of adjunction

ny:y —— GFy
is an isomorphism.
In any case, we have that the composite
F
Fy ", FGF Y LN i

is the identity, while the second map is an isomorphism by Lemma A.2.8.
Therefore the first must be its two—sided inverse;

Fn,:Fy —— FGFy
is an isomorphism.
Because y is B-local, Lemma A.2.7 tells us that for any z € T,
A(z,y) = A/B(Fz, Fy).
In particular, if we let x = GFy,
A(GFy,y) —— A/B(FGFy, Fy)
is an isomorphism. There exists a unique map
F_lsFy :GFy —— gy
lifting
€py : FGFy —— Fy.
The fact that y is B-local means also that the map
Aly,y) —— A/B(Fy, Fy)
is an isomorphism. The composite

-1
F Epy

y —Y GFy y

is a lifting of
F
Fy — ", FQFy —"" Fy,
and the latter is 1 : Fiy — Fy. We deduce that
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must be the identity. Finally, the object GFy is B—-local by Lemma A.2.5,
and so by Lemma A.2.7 the map

A(GFy,GFy) —— A/B (FGFy7 FGFy)

is an isomorphism. The composite

-1
GFy “ry y W, GF Yy
maps to the identity under F', hence must be the identity. This establishes
that 7, has a two-sided inverse, namely F~l¢ Fy- O

Proposition A.2.10 can also be turned into a construction of the adjoint.
We have

PRrROPOSITION A.2.11. Let A be an abelian category, B C A a Serre
subcategory. Let F : A — A/B be the projection to the quotient. A right
adjoint G : A/B — A will exist if and only if for every object t € A there
is a morphism t — y in A such that

A.2.11.1. y is B—-local.
A2.11.2. Ft — Fy is an isomorphism in A/B.

Proof: If there is a right adjoint G : A/B — A, then consider the unit
of adjunction n, : t — GF't. By Lemma A.2.5 the object GF't is B-local,
while Lemma A.2.7 tells us that ¢, : FGFt — F't is an isomorphism.
The composite

Ft ", PGFRt —SEL Ry

is the identity, making F'n, the two-sided inverse of the invertible ¢ ,.
Now we need to prove the converse. Suppose every object t € A admits
a map t — y satisfying A.2.11.1 and A.2.11.2. We need to show that the
functor F': A — A/B has a right adjoint G. Let ¢ be any object of A/B,
which is the same as an object of A. We wish to show that the functor

x — A/B(Fz, Ft)

is representable, as a functor on A. But we can choose a map t — y
satisfying A.2.11.1 and A.2.11.2. By A.2.11.2 the map Ft — Fy is an
isomorphism. Hence

A/B(Fz,Ft) = A/B(Fx, Fy).

But by A.2.11.1 the object y € A is B-local. Hence Lemma A.2.7 tells us
that

A/B(Fz,Fy) = Az,y).
This proves the representability. |
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PROPOSITION A.2.12. Let F : A — T be an exact functor of abelian
categories, and G : T — A its right adjoint. If the counit of adjunction

e: FG —— 1

is an isomorphism, then T = A/B for a localizant subcategory B C A, and
F is the projection. In fact, B is the full subcategory of all b € A with Fb
isomorphic to zero.

Proof: Define B to be the full subcategory of all b € A with F'b isomorphic
to zero. Observe that every object isomorphic to an object in B is in B.
Furthermore, if

0 z’ x " 0

is an exact sequence in A, the fact that the functor F is exact guarantees
that

0 —— F2’ Fx Pz 0

is exact in . But then Fz is isomorphic to zero if and only if both Fz’
and Fz' are. In other words, x € B if and only if 2/, 2" € B. The category
B is a Serre subcategory of A; see Definition A.2.1. One can form the
universal quotient functor A — A/B. The exact functor F : A — T
factors (uniquely) as a composite of exact functors

A A/B T,

We wish to show that the functor A/B — T is an equivalence.
For any object t € T, the object Gt is B—local, by Lemma A.2.5. Let a
be an object of A. The object GFa is B-local, and the unit of adjunction

N, 6 —— GFa
satisfies the property that the composite

Fa —, FGFa —F . Fq

is the identity. Since we are assuming that
FGFa —f Faq
is an isomorphism, it follows that

Fa M, FGFa

is its two—sided inverse, in particular is invertible in 7. But now consider
the exact sequence

0 k a —“ GFa q 0.
The functor F' is exact; hence we get an exact sequence

0 Fk Fa -, FGFa Fq 0.
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Since F'n, is an isomorphism, it follows that Fk = 0 = Fiq. Thus k,q € B.
But this means that 7, is an isomorphism already in A/B. In other words,
for every object a € A we have produced a morphism

N, 6 —— GFa

so that GFa is B-local, and 7, becomes an isomorphism in A/B. It follows
from Proposition A.2.11 that the projection F’ : A — A/B has a right
adjoint G’ : A/B — A. By Lemma A.2.8 the counit of adjunction &’ :
F'G' = 1 is an isomorphism. Lemma A.2.9 now tells us that both G and
G’ are fully faithful. In other words, G : T — A and G' : A/B — A
are, up to equivalence, inclusions of full subcategories. Their left adjoints
F and F' will agree if and only if G and G’ agree; that is, if the images of
G’ and G

G'(A/B)C A G(T)CcA

are equivalent subcategories.

For every object t € T, Lemma A.2.5 tells us that Gt is B-local; by
Proposition A.2.10 this implies that Gt is isomorphic to an object of the
form G'(p), for some p € A/B. Up to equivalence, G(T) C G'(A/B). On
the other hand, we showed above that the map

n,:6 —— GFa

becomes an isomorphism in A/B. But GFa € G(T). This means that the
composite

G(T) C G'(A/B) C A — A/B
is surjective. Since the composite
GA/B) < AT aB

is an equivalence by Lemma A.2.9, we deduce that G'(A/B) = G(T). O

An additive functor F' : A — T has a right adjoint G : T — A if and
only if, for every ¢t € T, the functor

T(F(-),t) : A —— Ab
is representable; that is,
T(F(z),t) ~ Az, G(t))

for some G(t) € A, and naturally in z. This much is completely standard.
Now observe

LEMMA A.2.13. Let F : A — T be an additive functor of abelian
categories. Suppose we are given a class I of objects in T so that
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A.2.13.1. Every object t € T admits a copresentation (an exact
sequence)

with i,j € I.
A.2.13.2. For each i € I, the functor
T(F(-),i) : AP —— Ab
s representable.
Then the functor F has a right adjoint G : T — A.
Proof: For each i € I, choose an object G(i) € A so that
T(F@),i) = AlG(0)

with the isomorphism natural in z. Let ¢t be an object of J. Choose a
copresentation

0 t i j
with 4,7 € I. The map ¢ — j induces a natural transformation
T(F(=),i) —— T(F(=).])
and hence a natural transformation
A(=,G(@1) —— A(-,G()).
By Yoneda’s lemma, this is induced by a morphism G(i) — G(j). Let T
be the kernel in the exact sequence

0 T Gli) —— G().

We deduce a commutative diagram with exact rows
0 —— T(F(=),t) —— T(F(=),i) —— T(F(-).j)

it it
0 —— A(-T) —— A(~6(0)) —— A(-,G())
The diagram allows us to identify the kernels; we get a natural isomorphism
rJ’(F(—),t) ~ .A(—7T)
O

REMARK A.2.14. For example, let F': A — T be an additive functor
of abelian categories, and suppose the category T has enough injectives.
Every object ¢ € T admits an injective copresentation; that is, an exact
sequence
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with ¢ and j injective. To prove the existence of the right adjoint G : T —
A it suffices to show that, for every injective object i € T, the functor
‘J'(F (-), z) is representable. What is more, if F' is exact, then it is possible
to check on the #’s that the counit of adjunction is an isomorphism.

LEMMA A.2.15. Let F : A — T be an exact functor of abelian cate-
gories. Suppose a right adjoint G : T — A exists. Suppose I is a class of
objects in T satisfying A.2.13.1. We remind the reader:

A.2.13.1: FEvery object t € T admits a copresentation
0 t i j

with 1,5 € 1.
Suppose that for every i € I, the counit of adjunction
g, FGi —— 1
is an isomorphism. Then for every t € T, the counit ¢, : FGt — t is an
isomorphism.

Proof: Let ¢t be an object of T, and choose a copresentation

0 t i j

with 4,5 € I. The functor G, being a right adjoint, is left exact. It takes
the exact sequence above to an exact sequence

0 Gt Gi Gj.
By hypothesis, the functor F' is exact. Hence the sequence
0 —— FGt FGi FGy
is also exact. Now the naturality of €, gives a commutative diagram
0 —— FGt FGi FGj
Etl \lz Ilz
0 —— ¢ i J

from which we immediately deduce that the counit ¢, : FFGt — t is an
isomorphism. O

These lemmas give us a practical criterion to identify when a functor
F: A — T is the map to a quotient by a localizant subcategory.

PROPOSITION A.2.16. Let F': A — T be an exact functor of abelian
categories. Suppose we are given a class I of objects in T so that

A.2.13.1: FEvery object t € T admits a copresentation
0 t i j

with i,7 € 1.
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A.2.13.2: For each i € I, the functor
T(F(=),i) : AP —— Ab
is representable.

By A.2.13.2, whenever i € I we have an isomorphism
T(F(=)4) = T(=G0).

We have a map from a representable functor ‘J'(—,G(i)) to the functor
‘J'(F(—), i), and by Yoneda this correspond to an element of ‘T(FGZ', i), m
other words a map

g, FGi —— .

Suppose further that all the maps €; are isomorphisms. Then the projec-
tion F : A — T is equivalent to A — A/B, where B C A is the full
subcategory on which F : A — T wvanishes.

Proof: By Lemma A.2.13, conditions A.2.13.1 and A.2.13.2 already imply
that the functor F' has a right adjoint G. We are supposing further that
for i € I, the maps

g, FGi —— 1§

are isomorphisms. By Lemma A.2.15 the counit of adjunction ¢ is an
isomorphism. But then Proposition A.2.12 tells us that T = A/B. ]

Until now, we have mostly presented results permitting us to prove
that some given map F' : A — T can be identified as A — A/B. That
is, if it turns out that F' has a right adjoint G and that ¢ : FG — 1 is an
isomorphism, we know that ' = A/B. Proposition A.2.16 tells us how to
check that the adjoint G exists, and that € : FG — 1 is an isomorphism.

We might find ourselves in the situation where we are given T = A/B.
Can one give practical hints on how to produce the adjoint G? The next
few lemmas should help.

LEMMA A.2.17. Suppose F : A — A /B is the projection of an abelian
category A, to the quotient by a Serre subcategory B. Suppose F has a
right adjoint G. Then in every object a € A, there is a mazimal subobject
belonging to B.

Proof: Let k be the kernel of the unit n, : a — GFa. I assert that k is
maximal, among subobjects of a belonging to B.

Because F' is exact, F'k is the kernel of the isomorphism Fn, : Fa —
FGFa. Hence Fk ~ 0, that is £k € B. Next we need to show that k is
maximal with this property.
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Let b C a be a subobject of a, belonging to the category B. We form
the composite
b a —= GFa.

It is a morphism from b € B to the B-local object GFa; by A.2.5.1, it must
vanish. Hence

b C k= Ker{n,:a— GFa}.

Therefore k is maximal. O

NoTAaTION A.2.18. Suppose F' : A — A/B is the projection of an
abelian category A, to the quotient by a Serre subcategory B. Let a be an
object of A. If a has a maximal subobject belonging to B, we will denote
this maximal B-subobject a,,, C a. Note that if b C a is another subobject
belonging to B, then the union bUa,, also belongs to B. By the maximality
of a,,, we deduce

bUa,, = a

m>

that is b C a,,. In other words, a,, contains all other B-subobjects of a,
and is therefore unique.

LEMMA A.2.19. Suppose F : A — A /B is the projection of an abelian
category A, to the quotient by a Serre subcategory B. Suppose the category
A has enough injectives. If every injective object i € A contains a mazximal
B-subobject i,, C i, then so does every object a € A.

Proof: Let a be an object of A. Since A has enough injectives, we may
embed «a in an injective i. By hypothesis, i € A contains a maximal B—
subobject 4,, C 4. If b C a C i is a subobject contained in B, then by the
argument of Notation A.2.18, b C ,,. But then

b - afi,, C a,

and a N7, is a maximal B-subobject of a. O

PROPOSITION A.2.20. Suppose F : A — A/B is the projection of an
abelian category A, to the quotient by a Serre subcategory B. Suppose the
category A has enough injectives. There is a right adjoint G : A/B — A if
and only if every injective object i € A has a mazimal B-subobject i, C i.

Proof: The necessity is clear. Lemma A.2.17 established that if the right
adjoint G exists, then every object a € A (not just the injectives) has a
maximal B-subobject a,, C a.

We need to prove the sufficiency. Suppose therefore that every injective
object i € A has a maximal B-subobject i, C i. We must prove the
existence of a right adjoint G : A/B — A.
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The objects of A and A/B are the same. Pick an object a € Ob(A) =
Ob(A/B). By Lemma A.2.19, it has a maximal B—subobject a,, C a (even
though a need not be injective). We can find an exact sequence in A

O—>a/am—>i—>j7

with ¢ and j injective in A. We can complete this to a commutative diagram
with exact rows

0 —— a/a,, i J
0 —— Ga i/, 3/ Im
and I assert that this definition of Ga works; that is,
A/B(Fz,a) = A(z,Ga).

Now we must prove this fact.
First of all, we are given a map, in A,

a —— a/a,, —— Ga.

It clearly is an isomorphism in A/B. The map a — a/a,, is division by
a,, € B, hence an isomorphism in A/B. And if we apply the exact functor
F' to the diagram

0 —— a/a,, { J
| | |
0 —— Ga /i, 3/ dm

we get a diagram
0 —— F{a/a,,} —— Fi _— Fj
! L
0 —— FGa —— Fifi,,} —— F{j/jn}
where the rows are exact, and two of the columns are clearly isomorphisms.

Hence so is the third; the map a/a,, — Ga is an isomorphism in A/B.
Therefore the composite

a —— a/a,, —— Ga
is also an isomorphism in A/B.
This gives us a natural map
A(x,Ga) —— A/B(Fz,a).

We take a map in A(x,Ga), view it as a map in A/B(Fz, FGa), and
compose with the inverse of the isomorphism Fa — FGa. We need to
prove that this natural map is an isomorphism A(z, Ga) — A/B(Fz,a).
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First let us prove surjectivity. Suppose therefore that we are given a
map in A/B(Fz,a); we need to show that it is the image of something in
A(z,Ga). But now recall that a map in A/B(Fz,a) is an equivalence class
of diagrams in A

0 z’ x z" 0
0 a’ a a” 0

with @', 2”7 in B. Because a’ is a B—subobject of a, it is contained in the
maximal one, a,,. The above is therefore equivalent to a diagram

0 —— o x x” 0
0 a,, a a/a,, —— 0

Now recall the exact sequence
0 —— a/a,, —— i —— j

that we chose above. The composite ' — a/a,, — ¢ is a map from z’ to
an injective object ¢, and therefore factors through the inclusion z’ — z.
We deduce a commutative square with exact rows

0 —— 2/ T " 0
| [
0 —— a/a,, { J

which we can further extend to a diagram

0 —— o x 2 — 0
| | |

0 —— a/a,, { J
| | |

0 —— Ga /iy, 3/ dm

Now 2/ — 5 is a map from an object " € B to j. Its image is therefore a
B-subobject of j, hence contained in the maximal j,, C j. Hence the com-
posite z’/ — j — j/j,, must vanish. From the commutative diagram,
the map ¢ — i/i,, — j/J,, must also vanish, and hence z — i/i,,
must factor through Ga C i/i,,. This produces a map © — Ga, in the
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equivalence class of the composite of the map x — a given by the diagram

0 x! x x" 0
0 a a a” 0
and the map
a a”’ a/a,, —— Ga.

In other words, we have shown the surjectivity of
A(x,Ga) —— A/B(Fz,a).

It only remains to prove the injectivity.

Let f : x — Ga be a map whose image in A/B(Fx,a) vanishes.
That is, the composite of F'f with the isomorphism FGa — F'a vanishes.
Hence F'f must vanish. It follows that the image of f : * — Ga is a
B-subobject of Ga. By consrtuction, Ga embeds in i/i,,. Therefore Im(f)
is a B-subobject of i/i,,. But then Im(f) = 0, and so f = 0. This proves
that the kernel of the map

A(x,Ga) —— A/B(Fx,a)

is trivial. O

After this extensive discussion of how to construct the adjoint, maybe
we should briefly comment on the implications of its existence. If the
functor F : A — A/B has a right adjoint G, then F must preserve
coproducts. We note

LEMMA A.2.21. Let A be an abelian category satisfying [AB4]; coprod-
ucts exist in A, and coproducts of exact sequences are exact. Let B be a
Serre subcategory. The functor F : A — A/B preserves coproducts if and
only if B is closed under the formation of A—coproducts of its objects.

Proof: Suppose F preserves coproducts. Let {b,,A € A} be a set of
objects in B. For each b, we have F(b,) ~ 0. But F' preserves coproducts.
Hence

F<H b,\> = J[ Fo) ~ 0.
AEA AeA

Therefore [, by lies in the subcategory B on which the functor F' van-
ishes.

Coversely, suppose the category B is closed under coproducts. We
wish to show that the functor F : A — A/B preserves coproducts. Let
{ay, A € A} be a set of objects in A. We can form the coproduct in A. We
wish to show that it also has the universal property of a coproduct in A/B.
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Suppose therefore that, for every A € A, we are given a morphism
a, — y in A/B. That means an equivalence class of diagrams in A

0 al a, ay 0
0 YA Y Yy 0

where the rows are exact and af, y4 € B. By hypothesis, the coproduct of
the objects y) lies in B. Therefore for each A € A the diagram above is
equivalent to

1
0 a’\ ay ay 0

IT y y” 0

AEA

and these assemble to

0—>HG/A—)HGA—)HGI)<—>O

AEA AEA AEA
IT v y y" —— 0

AEA

which is a map [[c, ay — ¥ in A/B.
To give a map [ ., ay — y in A/B is to give a diagram

0 A IT o A" 0

AEA

"

0 Y y y 0
where the rows are exact and A”,y" € B. For each A € A we can extend to
a larger diagram

0 aly a, ay 0
0 Al 1T o A" 0
AEA
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where the rows are exact and ay, A”,y" € B. We can for example take a/
to be the kernel of the composite
ax

|

AEA
To say that in A/B the composite
ay —— H a, —— Yy
AEA

vanishes is to say that, in the diagram above, the image of a), — 3" lies
in B. Replacing a/, by the kernel of ¢} — 3, we may assume that in the
diagram above, the composite

! I 1
a’ A Y

vanishes. But now the diagram

0 Ha& Ha)\—>HaK—>O

AEA AEA AEA
I J l
0 A [Ta,—— 47 ——0
AEA

"

0 y' Yy Yy 0

immediately implies the vanishing, in A/B, of

I
AEA

A.3. Derived functors of limits

Let A be an abelian category satisfying [AB3*]; products exist in A.
Then of course all small limits exist in A. Let J be a small category. The
category Cat (JOP,A) is the category of all functors

Jjor — A.
This is of course an abelian category. There is a functor

lim : C’at(f]"p,fl) — A,
i
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taking an object F' € Gat(JOP,A) to its limit. The limit exists since we
are assuming A satisfies [AB3*]. The functor lim is trivially left exact. It

is natural to wonder if it has right derived functors. There are two well—
known sufficient conditions which guarantee the existence of right derived
functors. The first is that the category Cat (f]"p , A) have enough injectives.
We will discuss this further in the next Section. The second is that the
category A satisfy [AB4*]. In this Section we remind the reader how this
goes. But we wish to treat a slightly more general case.

DEFINITION A.3.1. Let A be an abelian category. Let o be an infinite
cardinal. We say that A satisfies [AB3*(c)] if A is closed under products of
fewer than « of its objects. We say that A satisfies [AB/* ()] if it satisfies
[ABS*(«)], and products of fewer than « exact sequences are exact.

LEMMA A.3.2. Let « be an infinite cardinal. Let A be an abelian cate-
gory satisfying [AB4*(a)]. Suppose J is a small category of cardinality < a.
This means there are fewer than o morphisms in J. Then the functor

lim :C’at(f]‘)p,fl) — A
—
has right derived functors, denoted im™. Furthermore, the im™ are func-
— —

torial in exact functors preserving products. Precisely, suppose
A3.2.1. A, T are abelian categories satisfying [AB4*(«)].
A32.2. ¢: A—> T is an exact functor preserving products.
Then, for any F : 3P — A,
m"™{¢F} = olm"F
Proof: Recall that the nerve of the category J is defined as the simplicial

set N.(J), where Ny (J) (the k—simplices) are sequences of k composable
morphisms

lg — 1y — g — +++ — I,
If the cardinality of J is < «, so is the cardinality of each Ny (7).

Now A satisfies [AB3*(«)]. Given a functor F : J°7 — A, we form a
chain complex

No(F) =2 Ny(F) =2y Ny(F) —2, ...

where
Ny(F) = 11 F(ig).
{iO"iI"""’ik}eNk (@)

The products exist, being products of fewer than « objects in A. The
differential 9), : Ni,(F) — N1 (F) is given by the usual alternating sum.
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That is,
k41

=0

and ai is the map induced by deleting the j** term in the sequence
Gg = Ay T g T g = g
We define 7" (F) to be the n*" cohomology of the complex

80 81 62
No(F) —>— Ni(F) —— Ny(F) —2— ---

and T assert that, if A satisfies [AB4*(«a)], then the collection of functors
T™ are the right derived functor of (h_m

Suppose we have a short exact sequence in Cat (JOP, A), that is an exact
sequence of functors J°? — A

0 F’ F F” 0.

By [AB4*(«)], products of fewer than o exact sequences are exact in A,
and so the sequence

0 —— Np(F') —— N(F) —— Ni(F") —— 0

is exact. This being true for all k, we have a short exact sequence of chain
complexes, hence a long exact sequence in cohomology. It follows that T’
is a d—functor. It is also clear that T™ commute with products. That is,

" { 11 Fx} = JIr@F.

AEA AeA
To prove that the T™ give the derived functor of (li_m, it suffices to show

two things.

A.3.2.3. There is a natural isomorphism (h_m =70,

A.3.2.4. Fvery object F € Gat(JOP,A) can be embedded in an
object F', with T™(F') =0 for all n > 0.

The proof that TP is naturally isomorphic to (h_m is obvious. It therefore

remains to prove A.3.2.4. We must show that any object can be embedded
in a T—acyclic.

For every i € J and every object a € A, we define a functor F! : J — A
by the rule:

Fij) = ] e

3(i,5)
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That is, Fi(j) is the product over all morphisms i — j of a. The chain
complex

. F) . 15) . 0.
No(F3) —— Ni(Fg) —— No(Fg) —— -+
is obviously homotopy equivalent to the chain complex
a 0 0

Hence the functor F! is T-acyclic. Since the functor 7' commutes with
products, the product of any F!’s is T—acyclic. But any functor G can be
embedded in the product over all i of Ff,,.

This proves that, in an abelian category satisfying [AB4*(«)], the func-
tors T™ compute (h_m” But T"(F) is defined as the cohomology of the chain

complex
80 81 62
No(F) —— Ni(F) —— Nao(F) —— -+~
and any functor ¢ : A — T preserving products will send the above chain
complex to

No(6F) —2— Ni(¢F) —2— Na(pF) —2— -
If the functor ¢ is also exact, ¢ of the cohomology of a chain complex is
the cohomology of ¢ of the chain complex. In our specific case above,

lim"{oF} = olm"F.
a

REMARK A.3.3. We proved Lemma A.3.2 in the generality of any func-
tor F': J°P — A. In practice, most of the time we will consider only very
special J’s. Our J’s will be partially ordered sets, and most will be even
more special than that. In the remainder of this section and in the next,
we consider only partially ordered sets J.

We will need Lemma A.3.2 in the generality stated, that is where J is
a category, exactly once. It occurs in Appendix B. All we need there is
the definition and construction. The other facts we prove, about derived
functors of limits, play no role. For this reason, after Lemma A.3.2, the
category J will be assumed a partially ordered set, usually even a rather
special one.

We are particularly interested in limits of sequences. That is, we study
functors J°? — A for very special J.

DEFINITION A.3.4. Let v be an ordinal. The partially ordered set J =
I(v) will be the set of ordinals < 7.

DEFINITION A.3.5. Let A be an abelian category. A sequence of length
v in A is a functor F : J(v)°? — A.
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REMARK A.3.6. If we fix v, then we will write J for J(y), and speak
of sequences without mentioning their length. If w is the smallest infinite
ordinal, then a sequence of length w is an inverse sequence in the usual
sense

For sequences of length w, the chain complex

No(F) =2 Ny(F) =2 Ny(F) —2, ...

can be replaced by the much shorter complex

= 1-shift 1

H a; ———— ;.

i=0 i=0
By a proof virtually identical with that of Lemma A.3.2, one can show
that the cohomology of this short complex gives the right derived functors
of (h_rn In particular, for sequences of length w, we have (h_m" = 0 when

n > 1.

The next useful idea is that of a Mittag—Leffler sequence. To make the
concept more natural, we study first the analogy with sheaves on a space.

REMARK A.3.7. We can make J into a topological space, by declaring
a subset U C J to be open if it satisfies the condition

{ieUandj<i}=jeU.

The complement of an open set U contains a minimal element 3. For any
ordinal 3, define

up) = {iedlj<p}
All the open sets must be of the form U = U(8). To give a presheaf F
on the topological space J with values in the abelian category A is to give
for each U(f) an object F[U(f)] € A, with restriction maps. The stalk
of the presheaf F' at the point ¢ € J is just F[U(i + 1)]. The reason is
that U(i+ 1) is the smallest open set containing i. Assume the category A
satisfies [AB3*]; limits exist. The presheaf will be a sheaf if, for every limit
ordinal S,
FUGB) =l FUG+ D),

In other words, let F' be a sheaf. Define G(i) = F[U (i + 1)], that is G(7)
is the stalk at ¢. Then G : J? — A is a functor, and it completely
determines the sheaf F. For a successor cardinal i + 1, F[U(i +1)] = G(3),
while for a limit ordinal

FU@L = lmGa).
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Let A be an abelian category satisfying [AB3*]. The category of sheaves
on J is therefore just the category Cat (JOP,A) of functors J°? — A. This
isomorphism of categories is (of course) exact; a sequence of sheaves on J is
exact if and only if the sequence of stalks is exact at every point. And the
correspondence between sheaves F' on J and functors G : J°? — A takes
a sheaf to the functor taking 7 to the stalk at 3.

Most importantly, the global section functor H? is just (h_m It follow

that the derived functors (h_m" are just the sheaf cohomology functors H".

We know that it is a good idea, when studying sheaf cohomology, to
look at flabby sheaves. This leads to the next two definitions.

DEFINITION A.3.8. Let G :J°? — A be a sequence in A. We say that
the sequence G is flabby if the corresponding sheaf F', as in Remark A.3.7,
is a flabby sheaf. For a more concrete discussion of the condition this places
on G(i), see Remark A.3.12.

LEMMA A.3.9. Let A be an abelian category satisfying [AB4*]. If G :
JoP — A is a flabby sequence, then for allm > 1, (li_m”G =0.

Proof: By Remark A.3.7, the derived functors of limits of sequences
agree with the sheaf cohomology of the corresponding sheaves. And flabby
sheaves have vanishing sheaf cohomology. O

DEFINITION A.3.10. Let G : J°7 — A be a sequence in A. We say
that the sequence G is Mittag—Leffler if

A.3.10.1. For any pair of ordinals i > j inJ, the map Gi — Gj
1S epi.
A.3.10.2. For any limit ordinal j € J, the map

Gj —— limGi
1<]J

1S epi.
REMARK A.3.11. More concisely, we could restate this as follows. A
sequence G : J°P — A is Mittag—Leffler is and only if

A3.11.1. For any j <i € J the map

Gi —— lim Gk.
k<j

18 epi.
If i = 5, A.3.11.1 reduces to A.3.10.2. To obtain A.3.10.1 as a consequence

of A.3.11.1, let ¢ > j be a pair of ordinals as in A.3.10.1, and apply A.3.11.1
to the map

G —— lim Gk = Gj.
k<j+1
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The fact that A.3.11.1 is a consequence of A.3.10.1 and A.3.10.2 is also
easy; see Remark A.3.12.

REMARK A.3.12. The definition of Mitag—Leffler sequences is strongly
reminiscent of flabbiness. It says that some of the restriction morphisms
F[U(i)] — F[U(j)] are epi. Flabbiness asserts, of course, that they all
are.

Precisely, A.3.10.1 tells us that if both ¢ + 1 and j + 1 are successor
ordinals, then the map from F[U(i + 1)] = G(i) to F[U(j +1)] = G(j) is
epi. From A.3.10.2 we learn that if j is a limit ordinal, then the map from
FlUG +1)] = G(j) to F[U(j)] = lim;<; Gi is epi. By combining the two
we have that if i +1 > j, i+ 1 is a successor ordinal and j a limit ordinal,
then the composite

FU(+1)] —— FIUG+1)] —— FUG)]

is epi. This amounts to A.3.11.1. It therefore formally follows that A.3.11.1
is a consequence of A.3.10.1 and A.3.10.2.

To have a flabby sheaf, we need all the restrictions to be epi. In par-
ticular, we must show that, if ¢ is a limit ordinal and j 4+ 1 is a successor
ordinal, then the restriction map F[U(i)] — F[U(j+1)] is epi. The fourth
case, where both ordinals are limit ordinals, is a consequence of the first
three, since any such map can be factored

FlU@)] —— FlU(k+1)] —— FU()]
where k + 1 is a successor ordinal.

LEMMA A.3.13. Suppose A = Ab, the category of abelian groups. Then
any Mittag—Leffler sequence G : 3°P — Ab corresponds, under the corre-

spondence of Remark A.3.7, with a flabby sheaf.

Proof: By Remark A.3.12 it suffices to show that, if 7 is a limit ordinal
and j 4+ 1 < ¢ is a successor ordinal, then the restriction map F[U(i)] —
F[U(j +1)] is epi. In other words, the map

limG(k) —— G(j)

k<i
must be shown onto. And this is true since any element of the abelian group
G(j) can be lifted inductively to a sequence of elements in G(k),k > j.
That is, it can be lifted to the inverse limit. a

COROLLARY A.3.14. If G : I°? — Ab is Mittag—Leffler and n > 0,
then (h_m"G =0.

Proof: By Lemma A.3.13, G corresponds to a flabby sheaf F. But
Lemma A.3.9 then tells us that (h_m"G =0. o
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LEMMA A.3.15. Let a be an infinite cardinal. Suppose A is an abelian
category satisfying [AB3*(«)]; products of fewer than « objects exist in A.
Suppose further that A has enough projectives. Then

A.3.15.1. The category A satisfies [AB4*(a)].

A.3.15.2. Let 3 = I(y) be the set of ordinals < vy, and assume
v < a. For any Mittag—Leffler sequence G : J°P — A and any
integer n > 1, (li_m”G =0.

Proof: First we prove A.3.15.1. That is, we must show [AB4*(«a)] holds
in A. Suppose A is a set of cardinality < «, and for all A € A, we are given
a short exact sequences in A

0 aly a, ay 0.
Then the sequence

o —— I — [[o — [

AEA AEA AEA
is clearly exact, and we must show the map
[[oo — 1]
AEA AEA

to be epi. Let ¢ be the cokernel of the map. That is, we have an exact

sequence
a 123 b
Mon I a0
AEA AEA

We are assuming A has enough projectives; there must be a epimorphism
p — q with p projective. But then we have that the surjection p — ¢
must factor through the epimorphism b above.

On the other hand, for each A € A we have an surjective map

ay, — ay.
Since the object p is projective, this gives a surjective map
A(p,ay) —— Alp, ay).

Since in the category of abelian groups products are exact, we deduce the
surjectivity of

[TA®@.a) —— [T A®.d).

AEA AEA
This map is canonically identified with

A(p,HaA> —>A<p,1'[a§>.

AEA AEA
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We are given that the epi p — ¢ factors as
p— [[d — o
AEA
and the surjectivity of
AEA AEA
means it factors further as
p— [[ex — [[X — @

AEA AEA

HGA—>H@I><—’C]

AEA AEA

But the composite

vanishes, and hence p — ¢ must vanish. Since it was chosen to be an
epimophism, this means ¢ ~ 0. The exact sequence

Ha,\#na’/\’ q 0

AEA AEA

now tells us that a is epi. This proves [AB4*(«)].

Let J be a partially ordered set of cardinality < a. Now that we know
the category A satisfies [AB4*(a)], Lemma A.3.2 tells us that the higher
derived functors of

lim : Gat(f]oz’,fl) — A
P

exist in A. Let p be any projective object of A. The functor A(p,—) is a
functor

Alp,—): A —— Ab
which is exact and takes products to products. By Lemma A.3.2 it also
preserves lim".
o

We wish to apply this to the case of sequences. Let J = J(v) where

~v < a. For any functor G : J°P — A,
I o B
A(p, Im"G(=)) = lm"A(p,G(-)).

Consider now a Mittag—Leffler sequence G : J°? — A. Suppose p is a
projective object in A, as above. For i > j, the map Gi — G are epi,
and hence
must be epi. Furthermore, if j is a limit ordinal,

Gj —— limGi
1<J
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is epi; hence
Alp, Gj) —— limA(p, Gi)
i<j

is also epi. These statements combine to say that the sequence .A(p, G (—))
is Mittag—Leffler in the category Ab.

By Corollary A.3.14, if n > 1 and F : J°? — Ab is Mittag—Leffler,
then (h_m"F vanishes. Hence (li_m"fl(p, G(—)) must vanish. But we proved

above

Alp im"G(-)) = lm"A(p,G(-).
Hence A(p, (h_m"G(—)) vanishes, whenever G is Mittag—Leffler and p pro-
jective.

Let n > 1, G a Mittag—Lefller sequence in A. Because A has enough
projectives, we can find a surjective map p — (li_m”G(—), with p projec-
tive. On the other hand, we have proved that the group .A(p, (h_m"G(—))
vanishes, for any projective p. Thus the map

p —— lm"G(-)
is an epimorphism which vanishes. It follows that (li_m"G(—) = 0. The
higher derived limits of Mittag—Leffler sequences vanish. a

Lemma A.3.15 suggests that we make the following definition.

DEFINITION A.3.16. Let o be an infinite cardinal. An abelian category
A is said to satisfy [AB4.5*(«)] if it satisfies [AB4*(c)], and for every
Mittag—Leffler sequence

F:J(v) —— A

of length v < o, lim" F =0 for n > 1.

If A satisfies [AB4.5%(«)] for every infinite cardinal «, we say it sat-
isfies [AB4.5*]. If the dual satisfies [AB4.5* («)], then A is said to satisfy
[ABJ.5(c)].

REMARK A.3.17. In the language of Definition A.3.16, Lemma A.3.15
asserts that an abelian category A satisfying [AB3*(«)] and having enough
projectives automatically satisfies [AB4.5*(a)]. We will see in Section A.5,
more particularly Proposition A.5.12, that there are abelian categories
which satisfy [AB4*(«)] but not [AB4.5*(«)].

A.4. Derived functors of limits via injectives

In Section A.3 we started with an abelian category A satisfying [AB4*],
and showed the existence and functoriality of the derived functors of the
limit. If A also had enough projectives, this treatment was very convenient
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for proving the vanishing of (h_m” of Mittag—Leffler sequences. It turns

out that if A has enough injectives, one can also prove the existence of
the derived functor of the limit. In this Section, we explore some of the
consequences.

LEMMA A.4.1. Let A be an abelian category. Let J be a partially or-
dered set. As in the previous section, let Gat(f]"p,fl) be the category of
functors I — A. Given i € J, there is a natural evaluation functor

e: Gat(f]"p,fl) — A
given by e(F) = F(i). The functor e is exact and has a right adjoint.

Proof: The exactness of e is obvious. The right adjoint takes an object
a € A to the functor we have been denoting F!, given by the formula
ir o a ifj>i
FRO) = { 0 otherwise
O

LEMMA A4.2. Let o be an infinite cardinal. Let A be an abelian cat-
egory satisfying [AB3*(«)]. That means, products of fewer than « objects
of A exist. Let J be a partially ordered set. Then the abelian category
Cat (I°P, A) satisfies [AB3*(cv)].

Proof: Let A be a set of cardinality < a. Suppose for each A € A we are
given an object Fy € Gat(f]"p ,A). The product is defined by the formula

{H FA} (1) = H Fy(2).

AEA AEA

The formula makes sense since the right hand side is a product of fewer than

a objects of A, and exists as A satisfies [AB3*(«)]. It is trivial that, with

this definition, [y, F, is indeed the product in the category Cat (J"p, A).
O

LEMMA A.4.3. Let o be an infinite cardinal. Let A be an abelian cat-
egory satisfying [AB3*(a)]. Let J be a partially ordered set of cardinality
< a. If the category A has enough injectives, then so does the category
Gat(ﬂ"p JA).

Proof: Fori € 7, let e : Cat (TJOP,A) — A be the evaluation functor of
Lemma A4.1. Let f : A — Gat(f]"p,fl) be the right adjoint. Then f
has an exact left adjoint, and must therefore take injective objects in A to
injective objects in Cat (JOP,.A). In other words, if a is an injective object
of A, then F! is injective in Cat (JOP,A).
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Take any object F' € Cat (JOP,A). We know that the category A has
enough injectives. For each i € J we may choose an embedding

Fi —— a;
with a; an injective object of A. But then F' embeds into the product
F—— []Fi.
i€J
By Lemma A.4.2 the category Cat (J°7, A) satisfies [AB3*(a)]. The product
above is over the objects in J, which is assumed to have cardinality <

«; hence the product exists. Finally, being a product of injectives, it is
injective. O

REMARK A.4.4. There is a refinement which is useful. Every object
Fe Gat(ﬂ"p,.ﬁl) may be embedded in a product of Fgl ’s, a; injective in A.
Even more precisely, suppose we are given a class I of injective objects of
A, so that every object a € A admits an embedding a — a; with a; € I.
Then any F € Cat (J"p ,A) admits an embedding

F—— [[F.
i€d
with all the a; in I.

COROLLARY A.4.5. Let « be an infinite cardinal. Let A be an abelian
category with enough injectives. Suppose A satisfies [AB3*(«)]. Let J be a
partially ordered set of cardinality < o. Then the functor

lim : C’at(f]"p,fl) — A
P
has right derived functors.

Proof: Because we are assuming that the cardinality of J is < o and that
products of fewer than « objects exist in A, we can form limits over J; the
functor

lim : Gat(f]"p,fl) — A
P

is well-defined, and is clearly left exact.

We are assuming that A has enough injectives. This being the case,
Lemma A.4.3 tells us that the category Cat (JOP,.A) also has enough injec-
tives. But then any left exact functor on Cat (J"p ,.A) admits right derived
functors. |

REMARK A.4.6. Everything so far was true for a general partially or-
dered set J. Now we wish to remind ourselves concretely what this all
means for the special case where J = J(v) for some ordinal ~.
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In Lemma A.4.3, we learned that the category Cat (J"p , .A) has enough
injectives. More concretely we learned, in the proof, that every object
F € Cat (J"p ,A) admits an embedding into an injective object which is a
product of F!’s. Remark A.4.4 tells us that, given a class I of injective
objects of A, so that every object a € A admits an embedding a — a;
with a; € I, then an object F' € Cat (JOP,A) can even be embedded into a
product of Fi’s with a € I. When J = J(v), F! is the sequence
L va—Lwa—L1a 0 0 0
When we take products of such sequences, we get a sequence F' : J°P — A
which satisfies

A.4.6.1. For any i € J, F'i is an injective object of A.

A4.6.2. For any i < j € J, the map Fj — Fi is a split
epimorphism.

A.4.6.3. For any limit ordinal j, the natural map

Fj — lim Fi
1<jJ

is a split epimorphism.

The sequences satistying A.4.6.1, A.4.6.2 and A.4.6.3 are precisely the prod-
ucts of injectives F!’s. Therefore they are injective. It may be proved that
every injective object in Gat(f]"p,fl) satisfies A.4.6.1, A.4.6.2 and A.4.6.3;
this amounts to showing that a retract of a sequence satisfying the con-
ditions also satisfies them. Sequences satisfying A.4.6.2 and A.4.6.3 are
Mittag—Leffler; see Definition A.3.10. Note that A.4.6.2 is almost identical
with A.3.10.1, and A.4.6.3 is almost identical with A.3.10.2; the differ-
ence is that for injective sequences (as opposed to Mittag—Leffler ones) one
replaces epimorphisms by split epimorphisms.

There are a few useful facts that come very easily from the construction
of injectives in Cat (JOP,A) as above. We begin with

LEMMA A.4.7. Suppose A is an abelian category with enough injec-
tives, satisfying [ABS*(«)]. Let 3,7 be ordinals < «. Suppose f :3(8) —
I(v) is a map of partially ordered sets. Let

F o= J]F.
1<y
be an injective object of the category Cat (J(’y)OP,A). Then the restriction
of F to I(B), that is the composite functor

/
1(8) I()
is an injective object in the category Cat (J(B)OP,A).

F

A,
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Proof: If F satisfies A.4.6.1, A.4.6.2 and A.4.6.3, then so does F'o f. Thus
if F' can be written as a product of F;l with a; injective in A, then so can
Fof. O

PROPOSITION A.4.8. Suppose A is an abelian category with enough
injectives, satisfying [AB3*(«)]. Let 8, be ordinals < «. Suppose f :
J(B) — I(v) is a map of partially ordered sets. Suppose the map is cofi-
nal: for every ordinal i € I(v), there exists j € I(B) with i < f(j). Suppose
F :3(y) — A is any functor. Then

That is, the derived functors of the limit of F : J(y) — A agree with the
derived functors of the limit of Ff : J(3) — A.

Proof: Take an injective resolution of F' in the category of functors
J(y) — A, and choose the injectives to all be products of Fj , with a;
injective in A. That is, we have an injective resolution

0 F G, G, G,

Composing with f : J(8) — I(7y), we obtain a resolution

0 —— Fof —— Gyof —— Gyof —— Gyof —— ---
and the G, o f are injectives by Lemma A.4.7. The derived functors of
the limit are obtained, in their respective categories, by applying the limit

functor to the resolutions and computing homology. On the other hand,
since the inclusion f is cofinal, we have an isomorphism of complexes

lim G " lim G, e — lim G, _
— — —

R R I

lim {Gy o f} —— Hm{Gy o f} —— lm{Gyof} —— ---

and hence the Lemma. O

REMARK A.4.9. Proposition A.4.8 remains true for other cofinal inclu-
sions of partially ordered sets. But since we do not use the result, I proved
only the less general statement.

What does the standard construction of derived functors using injec-
tives give, in the special case for Mittag—Leffler sequences? As above,
given a sequence, to obtain (h_m” of it, we first resolve it by injectives in

Cat (f]"p , A), then apply (h_m to the resolution, then compute homology. Let
us do this explicitly for Mittag—Leffler sequences in Cat (JOP, A).
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CONSTRUCTION A.4.10. Let a be an infinite cardinal. Let A be an
abelian category satisfying [AB3*(a)]. Let J = J(v), with v < a. Suppose
the category A has enough injectives.

Let F' be an object of Cat (JOP,A), that is a sequence in A of length
v < a. Suppose F' is Mittag—Leffler. We wish to compute (h_m"F Then

we choose in Cat (JOP,A) a resolution of F' by injective objects. That is, a
resolution

0 F i? it i2

For any ordinal [ < v, evaluating at [ gives an exact sequence in A

0 F() (1) (1) P2(l) —— -

We are assuming that F' is Mittag—Lefller. For any ordinal [, the map
F(l+1) — F(l) is epi. The map i*(I + 1) — i*(l) is not merely epi, but
also a split epi. We therefore obtain a short exact sequence of resolutions

0 0 0

0 1
0 —— kyy —— iy —— Ay

0 —— F(l+1) —— °%0+1) —— i'(+1) —— -

where all but the first column are split exact.
If we assume that for all limit ordinals [ < =, the restriction of F' to
J(1) C I(y) has vanishing (li_m", then for any such [ the sequence

0 —— lim{F(m)} —— liml{io(m)} —_— 1iml{i1(m)} - ..
m< m< m<
is exact; the cohomology of the sequence is (h_m” The fact that

F(l) —— lim{F(m)} and *(1) —— gg{ik(m)}
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are, respectively, epi and split epi, allows us to obtain an exact sequence of
acyclic chain complexes

0 0 0
0 —— k, _— i e i e
0O — FIl) —— i — i) —

In other words, for every ordinal [ < =, successor or limit, we have
constructed an exact sequence

0 1
0 k, i i

with if all injective objects in A. For any [ < v, there is an isomorphism

HORE | E8

m<l

The derived limit (h_m"F is the n'" cohomology of the sequence

<y <y <~

Unfortunately, this is not the product of the sequences

0 51 -2
0 1 1 1]

since the differential is twisted.
The reader can easily untwine the construction, to discover that if
we resolve F' by injective objects of the form [, 4 Fg, that is we give a
resolution
0 F 1[[Fe — [[Fy —
i€d i€J

then the terms in the exact resolution of k;

-0 -1
0 k, i i

are precisely the a;’s. Precisely, with the notation as above, zf = af. Recall
that, by Remark A.4.4, these may be chosen to lie in any class of injectives
I large enough to admit embeddings of every object of A.
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We will see in Proposition A.5.12 that it is possible to have Mittag—
Leffler sequences with non—vanishing lim", even in categories satisfying
[AB4*]; the fact that products of exact sequences are exact does not guar-
antee the exactness of twisted products.

A.5. A Mittag—Leffler sequence with non—vanishing lim"
We first define the category we wish to use for our construction.

DEFINITION A.5.1. Let § be the category whose objects are complete,
non—archimedean, normed abelian groups of cardinality < 2%, and whose
morphisms are the contractions.

REMARK A.5.2. Definition A.5.1 is quite a mouthful, so let us para-
phrase it. An object of § is an abelian group A of cardinality < 2%¢, having
a norm map. That is

A5.2.1. For every a € A, there is a number |la|| € R. These
numbers satisfy the inequality ||a|| > 0, with equality if and only if
a=0.

A.5.2.2. The norm is non—archimedean. It satisfies the inequal-
ity
lla — bl < max(|[al], [[b]])-

A.5.2.3. The group A is complete with respect to the metric
induced by the norm.

The morphisms in the category 8 are the contractions. They are homo-
morphisms of abelian groups f: A — B satisfying

1 (@)l < llall

LEMMA A.5.3. The category 8 contains coproducts of fewer than Ry of
its objects.

Proof: Suppose we are given fewer than Xy objects of §, that is countably
many objects { Ag, A1, Az, ---}. The A; are all abelian groups of cardinality
< 2% Therefore the set theoretic product group

[14
i=0
has cardinality
{2 = e — g,

Define a norm map on [[;°, A; by the formula

[eS)
[o
=0

0o
= sup|la.
i=0
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This norm takes its value in R U {oo}. The coproduct of the objects A; in
the category 8 is the subset of all elements of the set theoretic product,
which are sequences whose norm tends to zero. That is,

ﬁ Al C ﬁ Ai,
1=0 1=0

and the condition for a sequence {ag, a,,a,,---} € [[;2, A to lie in the
smaller [[°, A; is that

lim a | = 0.
11— 00

We give the subset

1=0 1=0

the subspace norm; the reader can easily check that the subspace is com-
plete. We need to establish that it satisfies the universal property of the
coproduct.

Suppose for each 0 < ¢ < oo we have, in the category 8, a map f; :
A; — B. That is, we have a contraction. Define

f: H A, —— B
i=0
by the formula

flag,ay,aq,--+) = Zfz(al)
i=0

This sum converges since as i — oo, we have first ||a,;|| — 0, but as
If;(a)ll < la;ll, we deduce | f;(a;)|] — 0. Since the norm is non-
archimedean,

Z fi(a;)

as m,n — oo. The partial sums form a cauchy sequence, which converges
in the complete metric space B.

The fact that f is a contraction, and uniqueness of f given its compos-
ites with the inclusions

< solf@)l  — 0

i=0
are both obvious. O

LEMMA A.5.4. The category 8 is an additive category.
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Proof: Given two morphisms f,g: A — B in 8, we form f — g by the
formula

{f = g}(a) = f(a) = g(a).
Since f and g are contractions, || f(a)]| < |la|| and ||g(a)|| < |la||. This
makes

H{f =gt = [f(a)—g(a)]
< max(|f(a)ll, llg(a)]])
< all.

Hence f — g is a contraction, that is a morphism in 8.

This gives the Hom-sets §(A, B) the structure of abelian groups. Now
observe that by, Lemma A.5.3, the category § contains countable coprod-
ucts of its objects, hence certainly finite coproducts. The reader can easily
check that finite coproducts, as given in the proof of Lemma A.5.3, also
satisfy the universal property of finite products. We conclude that the
category § is additive. O

LEMMA A.5.5. The category 8 contains kernels for all its morphisms.

Proof: Let f : A — B be a morphism in 8. The set theoretic kernel
of f, given the subspace norm in A, is a closed subgroup of A and hence
complete. It is the categorical kernel. O

LEMMA A.5.6. Suppose we are given countably many morphisms in 8
{fiZAi—>Bi|0§i<OO}.
The kernel of the coproduct map

[Is: 4 — I8
i=0 =0 i=0

is the coproduct of the kernels.

Proof: Both the kernel of the coproduct map and the coproduct of the
kernels consist of sequences {ag, a1, ay, -}, with a; € A;, so that ||a;|| — 0
and f;(a;) = 0. O

PROPOSITION A.5.7. Let o be the cardinal 1. Then, for this regular
cardinal o, the category 8§ satisfies Hypothesis 6.1.1.

Proof: The objects of § are abelian groups of cardinality < 2%°, together
with a norm. There is clearly only a set of these, up to isomorphism.
Hence the category 8 is essentially small, and additive by Lemma A.5.4.
This establishes 6.1.1.1.
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Given fewer than a = Ny objects of 8, their coproduct exists in 8§ by
Lemma A.5.3. This establishes 6.1.1.2.
The category 8 contains kernels, by Lemma A.5.5. Given a diagram
x

l

r —
the kernel of the map = @ 2’ — y provides a genuine pullback, hence
certainly a homotopy pullback. This establishes 6.1.1.3.
Finally, by Lemma A.5.6, the coproduct of < «a (that is, countably
many) kernels is the kernel. Hence the coproduct of < « homotopy pullback
squares is a homotopy pullback square. That establishes 6.1.1.4. O

COROLLARY A.5.8. The theory of Chapter 6 now applies. We deduce
that Ex(8°P, Ab) is an abelian category (Lemma 6.1.4) satisfying [AB4* ]
(Lemma 6.3.1) and [AB4] (Lemma 6.3.2).

CONSTRUCTION A.5.9. Consider now the sequence of objects and mor-
phisms in 8

z, —*— 27, 22— 172, 2%
where Z,, is the p—adic numbers with the usual topology, and the connecting
maps are multiplication by p. The Yoneda functor

§ —— &x(8°,Ab)

takes this to a sequence in 81:(807”, Ab). We remind the reader: the Yoneda
functor takes an object s € § to the representable functor §(—,s). In the
rest of this Section, we will freely confuse the sequence in § with its image

in Sx(SOP,.Ab).

LEMMA A.5.10. The sequence
L - L - L -
is a co—Mittag—Leffler sequence in Em(SOP,Ab).

Proof: The kernel of p : Z, — Z, is trivial, and hence the map
8(_=Z;D) — 8(_7ZP)
is injective. O
LEMMA A.5.11. The sequence in Em(SOP,Ab)
z, —— 7, —— 7, —*

has a vanishing colimit (and also a vanishing coll}nl).
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Proof: The colimit and c@)m1 are, respectively, the cokernel and kernel

of the map

]O_OIS(—,Zp 1—- shzft HS
i=0

By Lemma 6.1.17, the natural map gives an isomorphism

]O_OIS(—,ZP) — 8 <—,ﬁZp> ;
i=0 1=0

in the commutative square below the vertical maps are isomorphisms

[Is-z) =M 1]
1=0 =0
It It

8 <—,]O_o[zp> oshift <—,ﬁzp>
1=0 1=0

It therefore suffices to show that the map

o0
1-shy
[z % 1[7
i=0
is an isomorphism. But its inverse is given by

{(1—shifty ™" = 1+ {shift} + {shift}” + - --
and the right hand side converges since the shift map is divisible by p. O

PROPOSITION A.5.12. There exists in Ex (SOP,Ab) a co-Mittag—Leffler
sequence with a non—vanishing c%nl.

Proof: Consider the short exact sequence of sequences in Ex (SOP ,Ab)
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N
1£) p pf} p p2f p p3£) P
Lo ]
0 Q1 Q2 Q3
R

We deduce an exact sequence
.1 . 1 1
colim @Q; —— cohm{Zp — Ly — }
. P P
cohm{Zp —— Ly = - }

In Lemma A.5.11 we computed that the term at the bottom vanishes.
Hence our exact sequence becomes

C%lei Z, 0

which establishes that the sequence {@Q;} has a non—vanishing colim'. But
the sequence {Q;} is the quotient of the co-Mittag—Leffler sequence (see
Lemma A.5.10)

Z, —*— 7, —— 7, —2
by the constant term Z,, hence must be co-Mittag—LefHer. a

REMARK A.5.13. The category Ex (801’, Ab) is therefore an example of
an abelian category satisfying [AB4] but not [AB4.5]. See Definition A.3.16.

A.6. History of the results of Appendix A

The new results in the Appendix are the definitions and properties
of abelian categories satisfying [AB4.5], and the counterexample of Sec-
tion A.5, which shows that [AB4] does not imply [AB4.5]. More about this
later.
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Section A.1 deals with locally presentable categories. Everything in
the Section is discussed more thoroughly and in greater generality in the
book [16] by Gabriel and Ulmer. We provide only what is needed here.

Section A.2 covers Gabriel’s theory of quotient abelian categories. All
the results may be found in Gabriel’s thesis, [15]. For more recent treat-
ments, the reader may wish to consult Golan’s [17] or Stenstrom’s [33].

Sections A.3 and A.4 deal with the derived functors of limits. Much
of the material can be found in Roos’ articles. The notable exception, as
was mentioned above, is the treatment of Mittag—Leffler sequences. The
reader is referred to Roos’ articles [29], [30], [31] and [32]. The definitions
and elementary properties of derived functors of the limit are given in [29].
The fact that Mittag—Leffler sequences have vanishing lim' may also be
found there. But as the reader will see by examining the four articles,
especially the (unpublished) [30], Roos believed that the vanishing of lim*
of Mittag—LefHler sequences ought to be a formal consequence of [AB4*]. He
conjectures, in fact, that Grothendieck categories satisfying [AB4*] should
have enough projectives.

Section A.5 gives a counterexample to a “generalised” Roos conjecture.
We produce a category &5(801’,Ab), whose dual satisfies [AB4*] but not
[AB4.5*]. The dual therefore does not have enough projectives. This means
we have a category satisfying [AB4*] without enough projectives. It is
not a counterexample to Roos’ conjecture, as he stated it, since it is not
Grothendieck. Neither x(8°, Ab) nor its dual satisfy [AB5].

The point of Sections A.3, A.4 and A.5 is to highlight the relation
between the existence of projectives and [AB4.5%], that is the vanishing
of lim" for Mittag—Leffler sequences. Roos’ articles, most especially [30],
highlight the relation between the existence of projectives and [AB4*].






APPENDIX B

Homological functors into [AB5%] categories

B.1. A filtration

Let T be a trianagulated category satisfying [TR5]. Let « be a regular
cardinal. If T is a—compactly generated, any object X € T can be given a
filtration. We wish to discuss this. First we remind the reader of an easy
fact.

LEMMA B.1.1. Let a be a regular cardinal. Let T be a triangulated
category satisfying [TR5]. Put 8§ = T<.

Given any set {s,,\ € A} of objects of 8, and an object y € T, the
natural map

T (]_[ Sy y) ——— &x(8°, Ab) {:r (—7 11 3A>

AEA AEA

) T(_7y)|8}

S

is an isomorphism.

Proof: (cf. proof of Proposition 6.5.3.) To give an element of the group

Ex(8°F, Ab) {T <—, 1T s>\>

A€EA

) ‘I(_7y)|8}

8

is to give a map in Ex(SOP,Ab)
AEA

T —— &x(8°,.Ab)

— T(=w)ls:
8

Now, the functor

respects coproducts, and hence

(1)

H T(=sx)ls

s AEA

= H S(—, $y)-

AEA
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On the other hand, a map

[I8(=s5) —— T(=w)ls
AEA

is, by the univesal property of the coproduct, a collections of maps
8(=5y) —— T(=w)ls;
that is, maps in T
5, —— Y.
But these combine to a map

HSA — .

AEA
Summarising, maps
— T(=w)ls

(1)

are in natural bijective correspondence with maps

Hs,\ — .

AEA

One more reminder.

REMINDER B.1.2. Let J be a small category. The nerve of the category
J is defined as the simplicial set N.(J), where Ny (J) (the k—simplices) are
sequences of k composable morphisms
lg — 1y — g — +++ — I,
Let A be an additive category, closed under coproducts. Given a functor
f:J— A, we form a chain complex

C = Ny(f) =2 Ni(f) —2 No(f)

where
Ni(f) = II 1 (io)-
{ig—iy——i; JENL(T)
The differential 9, : Niy41(f) — Ni(f) is given by the usual alternating
sum. That is,

k+1

=0
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and 6% is the map induced by deleting the j** term in the sequence
Gg =l T g T g = g
We will denote the entire chain complex

L= Ny(f) 2 () =2 No(f)

by the symbol N(f). If A is an abelian category satisfying [AB4], then
Lemma A.3.2 proved that the n'" homology of the complex N(f) is natu-
rally c@)n” f. But the chain complex makes sense in any additive category

with coproducts.
LEMMA B.1.3. Let a be a regqular cardinal. Let T be an a—compactly

generated triangulated category. Let X be an object of T. There exists a
(countable) sequence of objects of T

Xo Xy Xy
so that
B.1.3.1. X = Hocolim X;.
B.13.2. PutY, = Xy,. For anyi > 1, let Y; come from the
triangle
Xi X Y; XX g

B.1.3.3. The composites
Y, —— XX, —— XV,
give a chain complex
C— Y7%Y, —— 7Y, —— Y.

The entire collection of data can be so chosen, so that there exists
an a—filtered functor f :J — T* and the sequence of Y ’s is nothing
more nor less than N(f), the realisation of the nerve of the functor

f.

Proof: Let § = T% We are assuming that T is a—compactly generated,
hence 8 is essentially small. Observe first that T (—, X)|g is a homological
object in Ex(8°7, Ab). By Lemma 7.2.4, it follows that T (—, X)| is an a—
filtered colimit of representable functors. There is an a—filtered category
J and a functor f : J — 8, so that T(—, X)|g is the colimit of f in
£a(577, Ab).

We can form, in T, the chain complex N(f). We have a chain complex

e Ny(f) =P Nilf) =2 No(f).

Since the functor T — EI(SOP,.AZ)) respects coproducts, the image of
this sequence in Ex (SOP, Ab) is the usual chain complex computing c@)n".
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On the other hand, a—filtered colimits in E:C(SOP ,Ab) agree with those in
Gat(S"p ,Ab), and are exact. For n > 1, C()lj)n” f =0. We deduce an exact

sequence, in &z (SOP, Ab),

T (= N ()]s =2 T (=, No(f)g —— T (=, X)|g ——0.

We define ©7%Y; = N;(f). Now the problem is to prove the existence of
the X, and that their homotopy colimit is X.
Note first that, in any case, we have that each Y, is given by

ST = Ne(f) = I1 1 (io)
{ig—iy——1i, JENK(J)

is a coproduct of objects in 8. Hence

B.1.3.4. For any Y; as above and any object Z € T, Lemma B.1.1
asserts that

TW2) = E(s™AN{T (- Y)ls, T(=2)s}-
We define X, = Y;,. We are given a map in Ex(8°,Ab)
T(=Xols = TE=Y)s — T(= X))
By B.1.3.4, this comes from a (unique) map
Xy — X.
We also have a map ¥7'Y]; — Y, = X, and the composite

-1y, X, X

induces
T(—vzflyl)’s - 7(_aX0)|5 — 7(—7X)|S

which vanishes. By B.1.3.4, it follows that the composite

» 1y, X, X
vanishes already in T. If we form the triangle

7Y Xo Xy Yy,

we deduce that the map

factors as
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Now recall that the sequence

— T(=, 27|y —— T(-,Z*lyl)|S — T(—,Y))ls

l

‘I(_vX)|S

l

0

is exact; it is, by construction, the sequence computing colim” of an a—
—

filtered colimit in Em(SOP,Ab). In particular
T(-27'Y)

ls

‘g — T(_7X0)|S — ‘T(_aX)‘S — 0

is exact. On the other hand, from the triangle

-1y, X, X, Y,

we deduce an exact sequence

7(_5271}/1)}8 - T(_7X0)|S - ‘T(_’X1)|S'

We have a commutative diagram with exact rows

T(_vzilylﬂs

It it

7(_7271}/1) — ‘T(_aXO)|S — 7(_7X1)|S

— T Xy —— T(=X)[sg —— 0

s
which may be completed, uniquely, to

T(=2M)ls

Ilz \lz fl

T2 W)y —— T X)ls —— T(= X))l

— T X)ls —— T(=X)[s —— 0

The composite

! T(—.9)|
7(_3X0)|S — 7(_7X)|S - ‘T(_’X1)|S —> ‘T(_aX)‘S
is the natural surjection
T(=Xo)ls —— T(=X)s-
In other words, the two composites
{T(—,g)|8}0f
T(_7XO)|S - ‘I(_7X)‘S ‘I(_7X)|S

1
are equal, and we deduce that
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f

T(—.9)]
7(—7X)|5 - T(—7X1)|5 —_—

‘T(_7X)|S

must compose to the identity. Hence T (—, X;)|g contains T (—, X)| as
a direct summand. The other direct summand has no choice. From the
exact sequence

T(=271)

l

7(—aX0)|5—’ 7(—aX1)|5 - T(—7Y1)|5 — T (-, EX0)|5

s

it clearly has to be the kernel of
T(=Y)ls —— T(=,EXp)ls;
which is also the image of

T(- 2y —— T(=1)ls.

ls

Suppose therefore, by induction, that up to some integer n, we have
constructed a sequence

X, X, X

n—1 —>Xn — X

We already know that there is a map T (—, X)|g — T (—, X;)|g, so that
the composite
T(_7X)|S - T(_>X1)|S - ‘I(—7X)|S

is the identity. So T (—, X)|g must be a direct summand of each T (—, X;)|s,
1 <4 < n. Suppose further that

B.1.3.5. For i < n, the other direct summand is the kernel of
T(=X)lsg — r‘T(_inJrl)’s'
B.1.3.6. For each i < n, we have a triangle

X, X. Y. XX, 4

K2 K3

B.1.3.7. The images of
T(_ﬂXi”S - T(—7Y;)|S
T(=Y)lg — T(_’EXi—l)’S

agree, respectively, with

]m{‘j'(_72*1yi+l)|8 - 7(_aYi)|5}
md T (= V)ls — T (=2 s }-

3
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B.1.3.8. For i < n, the isomorphisms of the image

Jm{tr(—,z—lml) — 7(—,Yi)ls}

s
with
In{ T (=27 [g — T (= X))l }
In{ T (=, X)ls — T (=Yl }
are compatible. That is, the composite
‘I(_JE_1Y2+1)’S - 7(_7Xz‘)|5 - T(_>Yi)|8

is the given map. After all, the sequence of the Y '’s is given. By
B.1.3.4, this has to mean that the composite

D X; Y;

18 also correct in T. Maps Y — Z in T are in 1-to—1 correspon-
dence with their images in Ex (SOP,Ab).

We wish to show that the sequence of X’s may be continued to n + 1.
By the induction hypothesis B.1.3.6, we have a triangle
X X Y XX, 1

n n

n—1
Hence an exact sequence
7(_’Xn71)|8
By hypothesis B.1.3.5, the image of T (—, Xn_l)
direct summand T (—, X)|g € T (-, X,,_;)
rJi(_7anl)‘S

where K is the kernel of the map. From the exact sequence, T (—, X,,)|g
is a direct sum of T (—, X)|g and the image of

7(_5 Xn)|8 - 7(_7Yn)|8'

— T(=X))lg —— T(=Y,)ls-

s — T(=, X,)|g is the
’S' After all,

= KaT(=X)s,

Again by induction hypothesis, this image is also the image of
‘T (_a EilYn-l—l) ‘5 I T(_7 Yn)|8
This image is a direct summand of T (—, X,,)|g. It is the kernel of the map
T(_7Xn)|8 - ‘I(_7X)|S

induced by X,, — X. It follows that the map from T (—, X7V, ) ’S to
this image also gives a map to the kernel above. We have an exact sequence

T(_7E_1Yn+1)‘g - ‘I(_7Xn)|s - ‘I(_7X)|Sv
and by construction, the composite
T(=2 W)l —— T X)ls —— T(=Y,)ls
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is right. Hence B.1.3.8 is proved for n+ 1, modulo the fact that we have yet
to define a map ©7'Y, . ; — X,, in 7 lifting the map constructed above
in Ex (SOP,Ab).
But now B.1.3.4 applies. The map
T (_7 E_ly;erl) |5 - (I(_7 Xn)'S
is a morphism from a T (—,Y’)|g, and must come from a morphism in T
>, — X,

The vanishing of the composite

T(_72_1Yn+1)|8 — T (=, X)ls —— T (=, X)s
implies the vanishing of
2, X, X.
Form the triangle
DI X, Xpp1 — Y1
The vanishing of
DI X, X

means that X,, — X must factor as
X, — X,y — X.

Finally, the map ‘T(—7E_1Yn+1)’8 — T(—,X,)|s was constructed so

that its image is precisely the image of T (—,X7'Y, ;) ’S — T(=,Y,)ls-
The triangle
271}/714-1 Xn Xn+1 I Yn+1

gives an exact sequence
T(_vXnJrl)}s - T(_vYnH)}s - T(_72Xn)|8'
This means that the image of ‘J’(—,XHH)}S — ‘J'(—,YnJrl)’S must be
indentified with the kernel of T (—,Y, ) |S — T (—,XY,)|g, which is also
the image of T (—,X7'Y,,,,) ‘s — T (-, Y, 14) ‘S.
Inductively, this allows us to construct the sequence

Xy Xy X3

which maps to X. There is therefore a map from the homotopy colimit to
X. Applying the homological functor

T —— &E(S"p,flb)
to this sequence, we get

rJ‘(_aX1)|s - 7(_7X2)|s - 7(_>X3)|5 -
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and by construction, this is the direct sum of the two sequences

T(—X)s —— T(=X)|sg —— T(=,X)[sg —— -

Ki(-) N Ka(—) _ 0 . Ks(—) _o ...

It follows that the colimit of this sequence is T (—, X)|g, while its cﬂir}n1

vanishes. We get an exact sequence
3 1 — shift <3
0 —— HT(—7Xi)|s HT(_

i=0 =0

T(— Xy —— 0.

Now we remind ourselves that the functor T — Ex (SOP ,Ab) respects co-
products; the above can be written as

0 —— ‘J‘(—,ﬁXi> L= shift 7<—,ﬁxi>
1=0 1=0

T(=X)ls ——0

8 8

But the triangle

]_[X 1= shift ]_[X — Hocolip X —— Z{HX}

=0 =0

gives another exact sequence

(L) o (L)

—— 7 (-, HocolijnX)
|
(i)

- ‘T(_’X)‘S

;

S

8

and the two must clearly agree; the map

T (—, Hocolim XZ-) s

is an isomorphism. Complete Hocolim X; — X to a triangle

Hocolim X, X Z s { Hocolim Xi} .
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The homological functor to Sx(SOP,Ab) gives an exact sequence, from
which we easily deduce that T(—,Z)|g = 0. Since 8 generates, Z = 0

and X is isomorphic to Hocolim X,. O

B.2. Abelian categories satisfying [AB5]

Let T be a triangulated category satisfying [TR5]. In this Section,
we will be studying functors into triangulated categories satisfying weak
versions of [AB5]. We first need to define the abelian categories we are
dealing with.

DEFINITION B.2.1. An abelian category A is said to satisfy [AB5*] if
it satisfies [AB4], and a—filtered colimits in A are exact.

LEMMA B.2.2. Let a be a regular cardinal. Let T be an a—compactly
generated triangulated category. Let X be an object in T, and suppose we
have a sequence

Xo Xy Xy
as in Lemma B.1.5. We remind the reader:
B.13.1: X = HocolimX,.
B.1.3.2: PutYy, = X,. For anyi > 1, let Y, come from the triangle
Xia X; Y; 2Xig

B.1.3.3: The composites
Y — XX, —— XY,
give a chain complex
C—— 27%Y, —— 7Y, —— Y.

The entire collection of data can be so chosen, so that there exists
an a—filtered functor f :J — T and the sequence of Y ’s is exactly
N(f), the realisation of the nerve of the functor f.

Let H : T — A be a homological functor, preserving coproducts. Suppose
the category A satisfies [AB5*]. Then the sequence

H(Eilyl) —_ H(YO) _ H(X) — 0
is exact in A.

Proof: Let H : T — A be a functor satisfying the hypothesis of the
Lemma; that is, the category A satisfies [AB5%] and H is homological
and respects coproducts. Observe first that for every integer n € Z, the
functor HX" also satisfies the hypothesis; after all, ¥ : T — T respects
coproducts, and up to sign also respects triangles. We may take the product
over all n € Z of these. We deduce a functor from T to the category of
graded objects in A, also satisfying the hypothesis of the Lemma. Replacing
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A by the category of graded objects in A, and H by the product of all
{HYX",n € Z}, we may assume that the abelian category A admits an
automorphism ¥, and that we have a natural isomorphism

HY ~ YH,

that is, H commutes with ¥. From now until the end of the proof, we
assume this is the situation.
Recall that the chain complex

Y, — ¥y, — Y,

was chosen isomorphic to N(f), for some afiltered functor f :J — T«
The homological functor H respects coproducts. Hence

C—— H(Z72,) —— H(S7Y,) —— H(Y,)

is just N(H f). But by Lemma A.3.2, N(H f) is a chain complex computing
ciir)n”, for the afiltered functor Hf : J — A. Since A satisfies [AB5%],

cﬂ)m" vanishes if n > 1. It follows that the sequence
— > H (2%, —— H(E'Y) —— H(Y)) —— Z——0
is exact, where Z is defined to be the cokernel of
H(E_lYl) — H(Y)).
Recall that X, =Y, and we have, in 7, a triangle
X, X, Y, ¥ X,

This gives an exact sequence
H(S7Y,) —— H(X,) —— H(X,).
We have a commutative diagram with exact rows
HEXY) — HY) —— Z —— 0

I I
H(37'Y) —— H(X,) —— H(X))

which means we can extend uniquely to
H(ZY,) —— HY,) —— Z ——0
i | |
H(27Y,) —— H(X,) —— H(X))
This gives a monomorphism Z — H (X), and the exact sequence
H(27Y,) ——H (X)) —— H (X,) —— H(Y;) —— H (£X,)

allows us to identify the cokernel of Z — H (X;) with the kernel of
H(Y,) — H (2X,).
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Now we propose to prove, by induction on n > 1, that

B.2.2.1. The composite
Z —— H(X,) —— H(X,)

is a monomorphism, and its cokernel is the kernel of the morphism
H(Y,) — H(XY,_,). What is more, the identification of the
cokernel with a subobject of H (Y,)) is from the natural map, the one

induced by the triangle
X X Y, ¥X,_4-

n—1 n

B.2.2.2. The composite
Z —— H(X,) —— H(X,)
18 a split monomorphism, and
H(X, = K,®Z
where K,, is the kernel of
H(X,) —— H(X,1).
Proof: The strategy of the proof will be to show that
{B.2.2.1 for n > 1} = {B.2.2.1 for n + 1} A {B.2.2.2 for n}.

Since we already know B.2.2.1 for n = 1, this suffices.
Suppose therefore that we know B.2.2.1 for n. The triangle

X X Y, ©X,

n n

n—1
gives a map X,, — Y,,, and we have an exact sequence

0 Z H(X,) —— H(Y,)

n

with the image of H(X,) — H(Y,,) being the kernel of H(Y,) —
H(XY,_;). This kernel is also the image of H(X~'Y, ;) — H(Y,). By

hypothesis on the X’s and Y’s, the map X'V, ; — Y, factors as

=Y, — X, — Y.
Hence, in the category A, we have a factorisation
H(E_IYnJrl) - H(Xn) - (Yn) .

Let 'K, be the kernel of H(X7'Y,, ;) — H(Y,), K, the image of
H(®7'Y, ;) — H(Y,), which is also the kernel of H(Y,,) — H (XY, _,).
We have a commutative diagram with exact rows

0 —— 27K, ., —— H(2'Y,.,) K, 0
| | J
0O —— Z —— H(X,) K, 0
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From the triangle
Xn - XnJrl Yn+1 XX

we have a diagram with exact rows and columns
0 0

H((E'X,) —— Y 'K,y —— 2 —— H(Xuy1)

! !

H(Z'X,,) —— H((EZY,) —— H(X,) —— H(X,4,)

But the image of the composite
H (572, ,5) —— H(S7X,.,) —— H(27Y,,,)
is the kernel of
H (EilYnH) — H(Y,),
that is 'K, , C H (E_lYnH). The commutative diagram
H(E_2Yn+2) — H (E_anH) — Y7'K,,

! |
H(Z'X,,,) —— H (=Y, )
shows that the composite
H(2%,,,) — H(EZ'X,,) — S7'K,,
must be surjective. The map H (E_anH) — YK, is onto, and
hence the map 'K, ; — Z is zero. We deduce a short exact sequence
0 Z H(XnJrl) — K, —— 0.

This proves B.2.2.1 for n + 1.
Finally, in the commutative square

SUK,,, —— Z

| |

H (E_lYnH) —— H(X,)
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we now know that the map ¥7'K, ; — Z vanishes. Hence so do the
equal composites

EilKn_;’_l — Z EilKn_’_l
H(Xn) H (EilYn-l-l) - H(Xn)

It follows that the map H (X~ Yn+1) — H (X,,) must factor through the
cokernel of S7'K, , — H (X7'Y, ), which is K,,. We deduce a map
K, — H (X,,) splitting the exact sequence

0 Z H(X,) K, 0.
And the fact that
H (7Y, .) K, H(X,) —— H(X,,,)

vanishes, while H (E_lYnH) — K, is surjective, tells us that

vanishes. Hence we have B.2.2.2 for n. By induction, we have proved
B.2.2.1 and B.2.2.2 for all n > 1. O

Now, to end the proof of the Lemma, observe what we now know about
the sequence

Xo Xy Xy

We know that, for n > 1, H(X,) = Z @ K, and that this gives an
isomorphism of the sequence

H(X,) —— H(X,) —— H(Xy) — -

with the direct sum of the two sequences

1 1

A Z Z

0 0

K K K

Hence colimH (X,,) = Z, while colim*H (X,) = 0. There is an exact
— —
sequence

0o —— ]O_o[H(Xn 1= shaft ]_[H Z 0.

n=0

From the triangle

]_[X L= shaft HX X z{ﬁxn}
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we deduce an exact sequence
H(HXn> L= shift H(HXn> - H(X)
n=0 n=0

/()

Since H respects coproducts, the two exact sequences must agree, and we
have Z = H(X). m|

COROLLARY B.2.3. Let o be a regular cardinal. Assume T is an a—
compactly generated triangulated category. Let A be an abelian category
satisfying [AB5%]. Let X be an object of T. Suppose H : T — A is a
homological functor respecting coproducts.

Then there exists an object Y € T, with

Y:Hs)\

AEA

where the objects s, lie in 8§ = T*. There is a mapY — X in T, and
H(Y) —— H(X)

is an epi in A.

Proof: By Lemma B.1.3, there is a sequence

Xo Xy Xy

satisfying some special properties we will not repeat fully. Among these
properties, we have also an object ¥71Y; and two maps

%1y, X, X

which compose to zero. By Lemma B.2.2, these induce a short exact se-
quence in A

H(Z'Y,) —— H(X,) —— H(X) — 0.

But X, =Y, is a coproduct of objects in §. In other words, the assertions
of the Corollary are satisfies if Y = Y|, = X;, and the map X; — X is as
in Lemma B.1.3. i

COROLLARY B.2.4. Let o be a regular cardinal. Assume T is an a—
compactly generated triangulated category. Let A be an abelian category
satisfying [AB5%]. Suppose H : T — A is a homological functor respecting
coproducts.
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Then for any a—phantom map X — Z in T, H(X) — H(Z) vanishes
m A.

Proof: We should perhaps remind the reader; a map f : X — Z is called
a—phantom if the induced map

7(_5X)|S - ‘T(_’Z)|S

vanishes in Em(SOP,Ab). See Definition 6.5.7.

By Corollary B.2.3, we may choose Y a coproduct of objects in 8§, and
amap g:Y — X, sothat H(g) : H(Y) — H(X) is surjective in A. But
now the composite

7(—79)|s 7(‘:.70)‘5
Em— _

‘T(—,Y)|S T(_MX)‘S T(_7Z)|S
vanishes, because T (—, f)|g does. On the other hand, Y is a coproduct of
objects in §, and by Lemma B.1.1, maps Y — Z correspond 1-to—1 with
maps T (—,Y)|g — T (-, Z)|g. Therefore the composite

y 2. x L.z
vanishes in T. But then so does
HY) 292 gxy YN g,
By Corollary B.2.3, the map H/(g) is surjective; we conclude that H(f)
must vanish. O

THEOREM B.2.5. Let a be a regular cardinal. Let T be an a—compactly
generated triangulated category. Then the functor

T ex({tra}op, Ab)

is universal among coproduct—preserving homological functors to [AB5*]
abelian categories A. Any coproduct—preserving homological functor T —
A factors uniquely, up to canonical equivalence, as

T em({:Ta}"P,Ab) 2 a
Furthermore, any natural transformation of coproduct—preserving homo-
logical functors T — A factors through a matural transformation of the

coproduct—preserving exact functors Ex({Ta}Op,.Ab) — A.

Proof: By Theorem 5.1.18, any homological functor factors as

T —— A7) —— A.

Moreover, by Lemma 5.1.24, T — A preserves coproducts if and only if
A(T) — A does. Now put § = T*. By Proposition 6.5.3, the natural
functor

A(T) —— Ex(8°P, Ab)
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is a coproduct—preserving Gabriel quotient map. To show that a map
A(T) — A factors further as

AT) —— &x(8P,Ab) —— A

it is necessary and sufficient to prove that the map A(T) — A annihilates
any object in the kernel of A(T) — €x(8°, Ab). But in Lemma 6.5.6 we
computed the kernel of A(T) — €x(8°,.Ab). In the description D(T) =
A(T), the objects mapping to zero are precisely the a—phantom maps.

Now let H be a coproduct—preserving functor into an [AB5%] abelian
category A. By virtue of being homological, it factors through A(T) — A.
Corollary B.2.4 tells us that H takes a—phantom maps to zero. The map
A(T) — A Kkills the kernel of A(T) — E&x(8°?,Ab). Thus H factors,
uniquely, through the Gabriel quotient Ex (SOP,Ab).

The statement about natural transformations comes about because
both Freyd’s A(T) and Gabriel quotients behave well with respect to nat-
ural transformations. O

B.3. History of the results in Appendix B

In the case a = Ny, and where T is the homotopy category of spectra,
the result is in the recent work of Christensen and Strickland [9]. The
argument they give is more down—to—earth and concrete. But it does not
seem to generalise. It does not even generalise to other triangulated ca-
tegories, but with « still equal Ng. I would like to thank Christensen for
emphasizing the relevance of the work.






APPENDIX C

Counterexamples concerning the abelian
category A(7)

C.1. The submodules p'M

Let R be a discrete valuation ring. That is, R is a commutative, regular,
noetherian local ring of height 1. The (unique) maximal ideal of R is
principal. Let p be a generator. That is, Rp C R is the maximal ideal.

Let us remind the reader briefly of the injective R—modules. It is
standard that, for any commutative ring R and any R-module M, the
module M is injective as an R-module if and only if, for every non-zero
ideal I C R,

Ext'(R/I, M) = 0.

In a discrete valuation ring R, every non—zero ideal I C R is Rp™ for some
n > 0. There is an exact sequence of R—modules

n

0 R—*— R R/I 0.

Hence there is an exact sequence of Ext—groups
Hom(R, M) —""— Hom(R, M) — Ext'(R/I, M) — Ext"(R, M).

Now Ext'(R, M) = 0 since R is projective, while we have a natural iso-
morphism Hom(R, M) = M. Hence the sequence becomes

n

M L2 M Ext' (R/I,M) —— 0.

Thus M is injective if and only if for each n > 0, multiplication by p™ gives
a surjective map p™ : M — M. Clearly, the case n = 1 implies the general
case; M is injective if and only if p: M — M is surjective.

In the rest of this Section, we choose and fix a discrete valuation ring
R and a generator p of its maximal ideal.

DEFINITION C.1.1. Let M be an R—module. By transfinite induction,
we define for every ordinal i, a submodule p'M C M. The definition is:

C.1.1.1. Fori=0, p’M = p°M = M.
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C.1.1.2. For a successor ordinal i + 1, we define
pIM = p{piM}.
That is, p"t1 M is the set of all elements of p* M divisible (in p*M )
by p.
C.1.1.3. For a limit ordinal ¢, we define
p'M = ﬂ P’ M.

j<i
LEMMA C.1.2. Let M be an R—module.

C.1.2.1. For any pair of ordinals j < i, we have p? M D p'M.

C.1.2.2. Ifi is an ordinal such that p' M = p™t' M, then for all
j >4 we have p? M = p'M.

Proof: The proof is an easy transfinite induction. We remind the reader
briefly how these go.
For C.1.2.1, fix the ordinal j and consider the set

I = {i an ordinal |i > j and p’ M D p'M}

To prove C.1.2.1, it suffices to show that every ¢ > j lies in I. To do this, it
suffices, by transfinite induction, to show that j € I, thati € [ = i+1 € I,
and that if £ € I for all j < k < i for some limit ordinal ¢, then i € I.

Observe that p? M D p? M, and hence j € I. Furthermore, if i € I then
p? M D p'M, from which we deduce

P’M > pM D> p{p'M} = pM;
that is, i+ 1 € I. If i is any limit ordinal > j, then the set of ordinals k < i
contains j. Therefore
M = ﬂ pEM - P’ M
k<i

since an intersection is always contained in any one of the terms. From this
we deduce i € I. This establishes C.1.2.1.

Suppose next that 4 is an ordinal for which p’M = p*T'M. We wish
to prove C.1.2.2; that is, we want to show that if j > 4 then p*M = p? M.
Let J be the set of ordinals

J ={j an ordinal |j >i and p’ M = p' M}.

Once again, we use transfinite induction to show that all ordinals j > i lie
in J. Clearly, i € J. Suppose j € J. Then p? M = p* M. Hence

UM = p{p’M} = p{p’'M} = pT'M = p'M
This means p/ 7'M = p' M, and hence j +1 € J.
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Suppose j is a limit ordinal, j > 4. Then

M= (M = {ﬂp’“M}m N »*M

k<j k<i i<k<j

If for all ordinals k with ¢ < k < j we have k € J, then for all « < k < j,
p*M = p* M. Hence

m PP M = m p'M = p'M.
i<k<j i<k<j

By C.1.2.1, for k < i we have p*M D p*M. Hence

{ N pkM} ) p' M.

k<i

Combining these, we have

pPM = {ﬂpkM}ﬂ ﬂ pF M

k<i i<k<j
= p'M.
By transfinite induction, this establishes C.1.2.2. ]

REMARK C.1.3. Let M be an R-module. If p'M = p'*' M, then
pPM = p{p'M} = p'M

which means that the map p : p’M — p’M is surjective. By the reminder
at the beginning of the Section, this means that the module p’M is an
injective R module. In C.1.2.2 we saw that this injective R-module p*M
is also p M for all j > i. If N is any injective submodule of M, then
p'N = N, and N C p'M for all i. Therefore p'M contains all injective
submodules of M. If p’M = p+t! M then p’M is injective, and it must be
the largest injective submodule of M.

COROLLARY C.1.4. Let M be an R-module. Suppose i is an ordinal
with p'M # p'T™*M. Then for any j < i, we must have p? M # pI+1 M.

Proof: Let j < i. If p M = p?T1 M, then C.1.2.2 implies that for all k > 7,
p*M = pi M. In particular,

M = pM = pitiML
Thus for j < 1,
{(PM =p "M}y = {p'M =p'"' M}
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The contrapositive is that for j < 4,
{(p'M #p MYy = {p! M # p'TI M},

which is the assertion of the Corollary. a

LEmMMA C.1.5. Let M be an R-module. Suppose i is an ordinal with
p'M # p'TIM. Then the cardinality of M is at least the cardinality of i.

Proof: Assume p'M # p'T'M. By Corollary C.1.4, we deduce that for
every j < i, we must have p/ M # p/*'M. By C.1.2.1, we know that
p?M D pT1M. Since they are not equal, we may choose, for each j < 1,
an element

m; ep’M —p/ M.

If j <k <, then m; € p M — p/** M, while m; € p*M C p*'M. Since
m; & p’ 1M while m,, € p?™' M, it follows that m; # m;. The elements
m; are all distinct. The set {m,j < i} is a set of distinct elements of M,
whose cardinality is the cardinality of 1. a

REMARK C.1.6. In Remark C.1.3, we saw that if p’M = p'*'M then
p'M is an injective R-module, and contains every injective R-submodule
of M. In Lemma C.1.5, we saw that if M has cardinality < «, then for the
ordinal o we must have p®t1M = p*M. For every R—module, there exists
some ordinal with p’M = p"t'M. Every module has a largest injective
submodule.

Of course, the inclusion of the injective p'M C M must split. M is
the direct sum of the injective module p’M and a submodule isomorphic
to M/p*M. The module M/p'M contains no injective submodule.

LEMMA C.1.7. Let ¢ : M — N be a homomorphism of R—modules.
Then for every ordinal i, ¢(p*M) C p'N.

Proof: We prove this by induction on the ordinal 7. If ¢ = 0, this is
obvious; the assertion is that

o(°M) = ¢M) < N = pN
Suppose we are given a ordinal i for which ¢(p°M) C p*N. Then

p(p' M) = d)(p{piM})
po(p'M)
p{p'N}

— pi-’_lN,

N
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that is the ordinal i + 1 satisfies ¢(p**1 M) C p'*1N. Finally, if  is a limit
ordinal and for every j < i we have ¢(p’ M) C p’ N, then

op'M) = ¢|(PM

Jj<i
< o)
j<i
C ﬂ ij
j<i
= p'N.
We conclude that for all i, ¢(p*M) C p°N. 0

Next we apply the ideas above to deduce the following slightly technical
lemma. The lemma states that certain homomorphisms of R—modules must
have large images. This lemma will be applied in the next section.

LEMMA C.1.8. Let a be an infinite cardinal. Let ¢ : M — N be a
homomorphism of R—modules. Suppose further

C.1.8.1. There exists an element m € p* M, with ¢p(m) # 0.
C.1.8.2. N contains no non—zero injective R—submodule.
Then the cardinality of the image of ¢ is at least «.
Proof: We are given m € p® M. We have maps of R—modules

M —% 5 Im@¢) c N

By Lemma C.1.7 we have that ¢ (p®M) C p*Im(¢). But m € p*M, and
hence ¢(m) € p*Im(¢). On the other hand ¢(m) # 0, and hence p*Im(¢) #
0. By C.1.8.2, we are assuming that N contains no non-zero injective
submodules. Therefore p®Im(¢) cannot be an injective submodule of N;
we cannot have p®Im(¢) = p®**Im(¢). But Lemma C.1.5 now tells us that
the cardinality of Im(¢) must be at least «. O

REMARK C.1.9. The next two sections are structured as follows. In
Section C.2 we construct a module M and a non-zero element m € p®*M.
Suppose for this module M with its chosen element m, we are given some
map ¢ : M — M with ¢(m) = m. Then Lemma C.1.8 applies. We have
m € p®M, and ¢(m) = m # 0. If M contains no R-injective submodules,
then the image of ¢ has cardinality > a.

In Section C.3 we explain why this leads us to conclude that A(T) is
not well-powered. The sections are logically independent; the reader may
read them in either order.
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C.2. A large R—module

CONSTRUCTION C.2.1. Let a be an infinite cardinal, and let 3 be an
infinite cardinal 8 > «. We define an R-module M by generators and
relations. The generators are all symbols [i,,, 4, 1, ,iy,%y], where the
Ty <1 < -+ <1y <1ty < are any ordinals. The relations are

p[invin—l"" ’ilvio] = [in—lv"' ’ilvio]

whenever n > 0, and
p[io] =0.

LEMMA C.2.2. For the module M of construction C.2.1, we have that
p'M is the submodule generated by [i i1, %0, with i, > 1.

Loy tp—15"" "

Proof: The statement is clearly true for p°M. Suppose it is true for
p'M. That is, p'M is the submodule generated by [i,,%,_1, " ,i1,%),
with i, > i. But then the generators for p"*'M = p{p’M} are

p[invin—lv"' 7i17i0] = [in—lv"' 7i17i0]

with 4, >, >4, thatis i, ; > i+ 1.

Now let j be a limit ordinal and assume that for all i < j, p'M is the
submodule generated by [i,,,%,_1," - ,%1,%] With ,, > . Every element of
M can be written as a linear combination of genrators [i,,,4,_1, " i1, %)
with the coefficents not divisible by p. For i < j, an element will lie in
p*M if and only if, when expressed as such a linear combination, all the
generators have 7, > i. An element lying in

Moo= (p'M
i<j
iq,40] with ¢,, >

is therefore a linear combination of generators [i,,, ¢

7.

o ln—1s"""

O

ProrosITION C.2.3. Let M be the R—module of Construction C.2.1.
Suppose we have an endomorphism ¢ : M — M taking [« € M to itself.
Then the image Im($) has cardinality at least . By [a] € M we mean of
course the generator [iy], where iy = a.

Proof: The idea is to apply Lemma C.1.8, to the map ¢ : M — M.
By Lemma C.2.2, we have that [o] € p®M. Since ¢([a]) = [, we have

#([a]) # 0. Also, we computed in Lemma C.2.2, that p® M is generated
by [ipstn_1," " »i1,%0] with ¢,, > (3. Since there are no such generators
in M, it follows that p®M = 0 and M contains no injective submodule.
Lemma C.1.8 therefore applies, and the image of ¢ must have cardinality
at least a. a
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C.3. The category A(S) is not well-powered

As in Section C.2, let us choose a discrete valuation ring R with max-
imal ideal Rp. Let D(R) be the derived category of all chain complexes
of any R—modules. Let R be the chain complex which is R in dimension
0, zero elsewhere. Let A(D(R)) be the abelian category associated to the
triangulated category D(R), as in Definition 5.1.3.

LEMMA C.3.1. Let {R — x,,A € A} be a set of quotient objects of R
in A(D(R)); see Proposition 5.2.6. There exists an infinite cardinal o, so
that for any representation of any one of these quotient objects, that is for
any {R — y} isomorphic as a quotient object in A(D(R)) to one of the
{R — z,}, there is an endomorphism y — y making commutative the
square

R—— y

Ll

and the image of ¢ : H(y) — H(y) is of cardinality < «.

Proof: Let o be any cardinal greater than the sum of the cardinalities
of all {H(z,),\ € A}. Since we are assuming that {R — y} isomorphic
as a quotient object in A(D(R)) to one of the {R — z,}, there exists a
A € A and an isomorphism of the two objects {R — y} and {R — =z, }.
By Proposition 5.2.6, this means that there exist commutative squares in
D(R)

R—— vy R —— z,
b
R —— z, R—— y

Applying the functor H® to these commutative squares, we get a commu-
tative square of R—modules

R —— H(y) R —— H(z,)
! dl 1 -
R —— Hx,) R —— H(y)

Combining the squares, we have a commutative square

R —— H(y)

TR

R —— H'y)
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where op factors through H°(x 1), whose cardinality is by hypothesis < a.
Thus the image of op has cardinality < a. a

ProprosiTIiON C.3.2. Suppose R is a discrete valuation ring. Assume
{R — z,,X € A} is some set of quotient objects of R in A(D(R)). Then
there exists a quotient object R — M not isomorphic in A(D(R)) to any
of the {R — x,, A € A}.

Proof: By Lemma C.3.1 we can, for our set of quotient objects {R —
x,, X € A}, choose a cardinal « satisfying the conclusions of Lemma C.3.1.
Pick such an «. For this «, let M be the module of Construction C.2.1.
Let 6 : R — M be the map

0(r) =rlal.

This is of course an R—module homomorphism, which we may view as a
map of complexes concentrated in degree 0, in the derived category. For
any commutative diagram

RLM

el
R M
we have that ¢([a]) = ¢0(1) = (1) = [a]. From Proposition C.2.3 we
deduce that the image of ¢ has cardinality at least c.
On the other hand, if {R — M7} is isomorphic, as a quotient of R in
A(D(R)), to one of {R — z,,A € A}, then by Lemma C.3.1 there must

exist a commutative square

R —%— HOM)=M

| ‘|

R —%— HOM)=M
with the image of ¢ of cardinality < a. We deduce that {R — M} is not
isomorphic, as a quotient of R in A(D(R)), to any of {R — z,,A € A}. O

COROLLARY C.3.3. Let R be a discrete valuation ring. The class of
isomorphism classes of quotients of R in A(D(R)) is not a set. Given any
set of quotients, there is a quotient not isomorphic to any of them.

REMARK C.3.4. If R is the localisation of Z at a prime p, we have
shown that R does not have a set of quotients in A(D(R)). But since
A(D(R)) is a localisation, in the sense of Gabriel, of the category A(D(Z)),
it follows that R does not have a set of quotients in A(D(Z)) either.
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C.4. A category &z (SOP,Ab) without a cogenerator

As throughout this Appendix, R is a discrete valuation ring with max-
imal ideal Rp C R. Let K be the quotient field of R.

LEMMA C.4.1. Let a be an infinite cardinal. There exists a non-trivial
extension (a non-split short exact sequence) of R—modules

0 M M K/R 0

so that, for any ¢ : M — N, with N of cardinality < «, the induced
extension of K/R by N splits. That is, if we push out the exact sequence
to get

0 M M’ K/R 0
dl | 1
0 N N’ K/R 0

then the sequence

0 N N’ K/R 0
is split.

Proof: Choose an infinite cardinal 8 > «, and let M be the R—module of
Construction C.2.1. The facts that are relevant to us here are:

C4.1.1. p*M #0
C.4.12. pPM =0.

From Lemma C.1.2, more precisely by C.1.2.2, we deduce that p*M #
p>t1M. Choose an element x € p*M — p®+1M. It corresponds to a map
R — p*M C M. We define the extension of K/R by M to be given by
the pushout

0 R K K/R 0
| | 1
0 M M K/R 0.

Now we need to prove two things. We must prove that the extension is
non-trivial, and also that it becomes trivial after pushing out along any
map ¢ : M — N, if the cardinality of IV is < a.
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Suppose first that ¢ : M — N is a map, and that the cardinality of
N is < a. We have a diagram of extensions

0 R K K/R 0
| | 1

0 M M’ K/R 0
dl | 1

0 N N’ K/R 0

But the map R — M was chosen to factor through p®*M C M, and
by Lemma C.1.7, ¢(p*M) C p*N. Therefore the map R — N factors
through p*N C N. Now recall that the cardinality of N is assumed < «a,
and hence Lemma C.1.5 asserts that

p*N = p*tLIN.

In other words, p* N is an injective R—module. It follows that any extension
of K/R by p®N splits; the extension given by the diagram

0 —— R K K/R 0
I L
0 —— pN N K/R 0
is split. Hence so is the bottom row of the commutative diagram
0 —— R K K/R 0
I | !
0 —— p°N N K/R 0
I I !
0 —— N N’ K/R 0.

This establishes that the extension of K/R by M becomes trivial after
extending by maps ¢ : M — N, with N of cardinality < a.

To finish the proof, we must establish that the bottom row in the
commutative diagram

0 R K K/R 0
| | 1
0 M M’ K/R 0

is not a split exact sequence. Equivalently, we must show that the map
R — M does not extend to a map R C K — M. The image of 1 € R
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under the map R — M is an element z € M, more precisely
x € p* M — p* Tt M C M.

To extend to a map K — M would be equivalent to finding, for all n > 0,
the image of p™™ € K. Let x,, be the image of p~™. We must have

C413. zy==z.
C.4.14. prpi1 = xy.

We must show that there is no such sequence {x,,}.
Suppose there exists a sequence {z,} of elements of M, satisfying the
conditions C.4.1.3 and C.4.1.4. Consider the set S of ordinals, given by

S = {i<a+1|3In>0withz, ¢p'M}.

The set S is non—empty; by our construction, z = z, ¢ p*™*M, and so
a+1 € S. Because the set of ordinals < a+ 1 is well-ordered, there exists
a minimal ordinal k£ € S. Since k is minimal, for all n > 0 and all 7 < k,
x, € pP M. Thus for all n,

Ty € ﬂ P M
i<k
and since at least one z,, does not lie in p* M, we must have
p*M # (P M.
i<k

This means that k£ cannot be a limit ordinal. For limit ordinals k, by
definition of p* M, we have

pEM = ﬂ P’ M.
i<k
Hence k£ must be a successor ordinal. Put & = ¢ + 1. Then for all ¢,
xy € p°M. And there exists at least one n for which x,, & p**'M. Choose
and fix n, so that x, & p*T' M.

But C.4.1.4 asserts that px, 1 = x,,. We know that for all £, x, € p'M;
in particular z,,y1 € pM. Therefore

Tn = PTni e pp'M} = pTlM,

and this is our contradiction; the sequence {x,} cannot exist. i

Before we apply this to the derived category of R, let us remind the
reader of well-known facts.
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LEMMA C.4.2. Let R be a ring, of projective dimension < 1 (e.g. a
discrete valuation ring). Let X be an object in the derived category D(R).
Then

x = ] srH(X) = ][] THUX).
Proof: Choose a projective resolution for the R—module H™(X)
0 P Py H"(X) — 0.

Such a resolution exists since R is of projective dimension < 1. We may
also assume that Py and P; are both free. They are coproducts of the
module R.

Since H"(X) = Hom(X "R, X), the map Py — H"(X) could be
thought of as a map

R = JJ]R—— Hm(EZ ™R X) = H"(X),
AEA

which may be viewed as the functor Hom(X~"R, —) applied to a morphism
in D(R)

>R = J[2"R —— X
AEA
But now we have a composite
>"pp ——— YT"Py — X.
Since P is free, this is a map
> = J[2"R —— X
pneM

On the other hand, applying the functor Hom(X "R, —), we get P, —
H™(X), which vanishes by hypothesis. It follows that the composite

YX"Pp — ¥T"Py — X
vanishes in D(R). But the triangle
P ——— YT"Py ——— YTHY(X) ——— TP
asserts that the map X" Py — X factors, in D(R), as
¥ "Py —— Y¥T"H"(X) —— X.

We have produced a map ¥~"H"(X) — X which is an isomorphism in
H™. Producing such a map for every n, we have a morphism

ﬁ S HY(X) —— X,

ne—oo
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which is an H™—isomorphism for every n. Hence it is an isomorphism
in D(R). This establishes that X is a coproduct of suspensions of its
cohomology modules.

But now consider the natural map

I[ sa"(x) —— ][] =H"(X).
ne—oo ne—oo
It is also an H"—isomorphism for every n, hence an isomorphism in D(R).

Thus X is also isomorphic to the product of suspensions of its cohomology
modules. a

Let R be a ring of projective dimension < 1. Let T = D(R) be its
derived category.
By Lemma C.4.2, any object x € T can be written as

T = f[ ¥ "z, = ﬁ ¥ "z,

n=—oo n=—oo

where for each n € Z, x,, is just an R-module. If f : © — y is a morphism
in T = D(R), then we may write

T = ]O_O[ X", Y= 10_0[ "

n=—oo n=—oo

and a map from a coproduct to a product is entirely determined by its
components. In other words, to understand all possible maps in T, it is
enough to understand the maps

e, —— X"y,

with z,, and y,, just ordinary R-modules. It is classical that these maps
are in 1-to—1 correspodence with elements of Ext"™ ™ (z,,, y,,)-

But what we really need is to understand the maps in £z ({‘J’O‘}Op : Ab).

To this end, we prove the Lemma

LEMMA C.4.3. Let R be a ring of projective dimension < 1. Let T =
D(R) be its derived category. Let o be a regqular cardinal. Put 8§ = T. Let

T A(T) —— Ex(8°P, Ab)

be the quotient map of Section 6.5. Let x and y be ordinary R—modules.
Ifn # 1, then

T(x,X"y) = Ex(SOP,Ab){w(a@) , W(Z"y)}.

That is, the maps in T of the form x — X™y agree, via the natural map,
with the maps in Ex(8°F, Ab) of the form m(x) — m(X"y).
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Proof: We need to show that maps in £x(8°, Ab) of the form m(z) —
m(X™y) correspond 1-to—1 with elements of Ext™(z,y). Since the ring R
has projective dimension < 1, Ext™(x,y) = 0 unless n € {0,1}. Thus we
must show:

C.4.3.1. If n # 0,1, then all maps w(x) — w(X™y) vanish.

C.4.3.2. Maps 7(x) — 7(y) correspond 1-to—1 with R—module
homomorphisms x — y.

The reader should note that the case n = 1 is specifically excluded. We do
not know, nor care about, the maps 7(z) — m(Zly).

It helps to recall what the functor 7 is. From the discusion at the
beginning of Section 6.5, (see also Lemma 6.5.2), we know the functor =
very concretely. The functor m takes an object z € T C A(T) to the functor

T(— x)|g : 8 —— Ab.
What we must establish is that, for any R—modules = and y,
C.4.3.3. If n # 0,1, then any natural transformation
7(_3 ‘T)|S I ‘T(_a Eny)|8
vanishes.
C.4.3.4. The natural transformations
T(=z)ls —— T(=v)ls
correspond 1-to—1 with R—module homomorphisms x — y.
Let us first treat C.4.3.4. The functor 7 takes an R—module homomor-
phism f :z — y to a natural transformtion
T(=0)
7(_7x)|8 — ‘T(_ay)|8'
But there is an inverse. We can evaluate a natural transformation
¢
T(=z)ls —— T(=y)ls

at any object s € 8. In particular, we wish to evaluate it on the free module
R. We deduce a map of R—modules

r=T(R,z) —— T(R,y)=v.
Call this map ¢(R). Clearly, T(—, f)|g(R) = f. What we need to show

is that ¢ = T(—,#(R))|g. Replacing ¢ by ¢ — T (—, ¢(R))|g, we need to
show

C.4.3.5. Suppose n # 1, and suppose we are given a natural
transformation

¢ n
7(_3I)|S I ‘T(—,E y)|S
which vanishes on the object R. Then ¢ = 0.
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Note that C.4.3.5 combines C.4.3.3 and C.4.3.4. We have just seen that, if
n =0, C.4.3.5 implies C.4.3.4. But if n ¢ {0,1}, then any map

¢ n
7(_7x)|8 I T(_7E y)|8

vanishes on the object R, and hence C.4.3.5 implies the vanishing of all
maps ¢, that is C.4.3.3.
We wish to prove C.4.3.5, that is the vanishing of all maps

¢ n
7(_7x)|8 I T(_7E y)|8

which vanish on R. Let ¢ be such a map. Of course, since ¢ vanishes on
R, it also vanishes on any coproduct of R’s, and on any direct summand
of such coproducts. Therefore ¢ vanishes on any projective R—module.

Let s be any object of the category & = T¢. We wish to show that ¢
vanishes on s. By Lemma C.4.2,

o0
s = H TS,
m=—0o0
with s, ordinary R-modules. It therefore suffices to prove that, for any
m € Z, ¢ vanishes on ¥7™s,,. And since s € § = 7% and X7 ™s,, is a
direct summand of s, we must have ¥~™s, € 8. In other words, we are
reduced to showing that, for any R—module s belonging to § = T7¢, and for
any integer m, the map ¢ vanishes when evaluated on X ™™s.
The fact that s is an R—module and s € T% means that s admits a
resolution by projective R—modules

0 P1 Po S 0

with Py and P; of rank < «. This becomes a triangle in 8
> ls P, Py S

Both the functor T(—,x)|g and the functor T (—,y)|s take triangles in §
to long exact sequences, and the naturality of ¢ gives a map of long exact
sequences

T(s,2) —— T(Py,z) —— T(P,z) —— T(E7ls,2)

! ! ! !

T(szny) - ‘T(POaEny) - T(Plvzny) - ‘J’(E*ls’zny)

Now note that in each row, all but four of the abelian groups are zero.
Let us prove it for the top row; the case of the bottom row is parallel.
The point is that T(X~™P,z) = Ext™(P,z). And if P is projective, this
vanishes unless m = 0. Thus the terms T((X~™F;, z), with ¢ = 0,1, must
vanish unless m = 0. This gives two possible non—zero terms. And from the
long exact sequence we learn that T(X~™s, z) vanishes, unless m € {0,1}.
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Now recall that by the hypothesis of C.4.3.5, the map ¢ vanishes on
any projective object. The commutative diagram with exact rows

— T(PLz) —— T(Elsz) —— 0

| ! l

— T(P,X%) —— T(E71s,3%) —— T(Z71Py, X"y)
gives, in particular, a commutative square
T(P,z) —— T(Z71s,1)

o] I
T(P,Xy) —— T(X71s, B"y)
and the map
TP, ) —— T(P1,X"y)
vanishes since P; is projective. But then the composite
T(P,z) —— T (Z71s,z)

l

T(X71s, Eny)
must vanish, and the surjectivity of
T(P,2) —— T(X71s,2)
implies the vanishing of
T(X71s,2) —— T(XZ71s, X"y).
This much was painless.
We also have a commutative diagram with exact rows

0 — J(s,2) —— T(Po,x)

! l !

T(EP,EMY) —— T(s,E"y) —— T(P, X"y)
Because we are assuming n # 1,
TEP,Z) = T(P,Z"y) = 0

this is because P; is projective, and n — 1 # 0. The commutative diagram
with exact rows above becomes

0 —— J(s,2) —— T(Po,x)

| |

0 —— T(S7Zny) - T(P(),Eny)
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Since the map
T(Py,z) —— T(Po,X"y)

vanishes (because Py is projective, and by the hypothesis of C.4.3.5), it
follows that the map also vanishes on the subobjects. That is, the map

T(s,2) —— T(s,Z"y)

is zero. Note that this part of the argument depends on n # 1.
Summarising, we have shown that for any R-module s € 8, the maps

T(s,x) —— T(s,X"y)
T(X1s,2) —— T(X71s, By)
both vanish. But for m ¢ {0,1} the group T(X~™s, ) is zero, and hence
the map
T(E"ms,x) —— T(X™s,X"y)

vanishes trivially. Thus the map vanishes for all m, completing the proof
of the Lemma. a

PRropPOSITION C.4.4. Let R be a discrete valuation ring, K its quotient
field. Put T = D(R), the derived category of R. Let « be regular cardinal >
N,. Put 8 = T*.Then the category EI(SOP, Ab) does not have a cogenerator.

Proof: Observe first that K/R is an object in T¢. It has countably many
generators, namely {p~",n > 1}, and there are countably many relations.
In other words, there is an exact sequence of R—modules

O—>ﬁR—>ﬁR—>K/R—>O.

n=0 n=0
This gives a triangle
I[— J[R — K/R — E{HR}.
n=0 n=0 n=0

But R € 7%, and hence so is the countable coproduct HZO:O R. Two terms

in the triangle above lie in § = 7%, and hence so does the third, K/R.
Suppose Em(SOP,Ab) had a cogenerator. There would be an object C,

so that all other objects inject into products of C. Now recall Proposi-

tion 6.5.3; the category &z ({‘J’O‘}Op,.ﬁlb) is a Gabriel quotient of the cate-
gory A(T). There is an exact quotient map

m AT —— ex({ira}op,ﬂb)
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and it has a left adjoint L. But then L(C) is an object of A(T), and may
be embedded in an injective object I. The functor 7, being exact, takes
this to a monomorphism

C=rnL(C)— n(I).

If C is a cogenerator, any object may be embedded in a product of C’s. But
C embeds in 7(I), and hence any object may be embedded in a product of
m(I)’s. That is, w(I) must also be a cogenerator. We may therefore assume
that our cogenerator is of the form 7(I), with I an injective object in A(T).
By Corollary 5.1.23, the injectivity of I means that I € T C A(T). Choose
and fix such an [.

Now let 8 be an infinite cardinal greater than the maximum cardi-
nality of all the homology groups H"(I), with I € T = D(R), and w(I)

a cogenerator of Ex({T*}°”, Ab), as above. Let M be an R—module as

in Lemma C.4.1, for the infinite cardinal § chosen above. There exists a
non—trivial extension

0 M M K/R 0

so that, for any ¢ : M — N, with N of cardinality < g, the induced
extension of K/R by N splits. Now M may be viewed as an object of

D(R) =7, and m(M) becomes an object in 8:0({70‘}0p,Ab). I assert that

this object cannot possibly be embedded into a product of 7(I)’s.
By Lemma C.4.2, the object I € T admits a decomposition

I = ]O_O[ I

m=—0o0

with I, all R—modules, and since I,, = H~"™(I), then by the choice of
their cardinalities are all < 8. Now the map 7 respects products, since it
has a left adjoint L. Therefore

o0

) = ][ ==L

m=—0o0

But we are supposing that 7(I) is a cogenerator. There is therefore an
embedding in Ex (SOP,Ab)

(M) c I = I] I] ~&"L.).
A

A m=—oc0

For every integer m, this gives a map

w(M) C HTF(I) — HW(EmIm).
A A
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Now Lemma C.4.3 tells us that unless m € {0,1}, all such maps vanish. We
conclude that the following is already an embedding, the other components
being zero

(M) —— {Hw([o)}GB{Hﬂ'(ElIl)}.
A A

Now we wish to evaluate this natural transformation on the particular
object X71{K/R} € 8. In the interest of making the formulas below more
legible, let us abbreviate

K/R=1¢(, thatis X Y{K/R}=%"'0

We have a monomorphism of abelian groups

(oL, M) —— {Htr(zlé, IO)} ® {HU’(Elé,ZlIl)}.
A A

But T(X~'4,%'1,) = Ext?(¢,1,) = 0. Hence we have that the map
T M) —— [[TE1 1)
A

must be a monomorphism. But this map is nothing other that the natural
transformation

n(M) —— [ (1),
A

evaluated on the object ¥~/ € §. By Lemma C.4.3, we know that the
natural transformation above is induced by a map of modules M — [], I,.
But our extension

0 M M K/R=( —— 0

gives a non-zero map L '/ — M, and for any map M — I, the ex-
tension ¥~'¢ — M — Iy must vanish, as the cardinality of I is < f.
In other words, we have found a class in T(3~1¢, M), which maps to zero
under the natural map to J(X 714, T], ). This contradicts the injectivity.

O

C.5. History of the results of Appendix C

The results of Sections C.1, C.2 and C.3 are certainly not new. As far
as the author knows, the earliest version appeared in Freyd’s article [14].
There were also accounts due to Grandis and to Morava, but those never
appeared in print.

The author learned the construction of the large module M from
Boardman. Boardman uses it in his unpublished paper, on conditionally
convergent spectral sequences.
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The application of these constructions, in Section C.4, is entirely new.
Since injectives in the category 8:6(8017, Ab) are new to this book, it is new
that one can use these large modules to show that in general, E:E(SOP,.Ab)
does not have enough injectives.



APPENDIX D

Where T is the homotopy category of spectra

D.1. Localisation with respect to homology

In this Appendix, T will be the homotopy category of spectra. For
the reader unfamiar with spectra, Summary D.1.1 lists the properties we
will need in the present section. The properties used in Section D.2 are
more difficult to summarise briefly. What we need there is basically some
familiarity with the results of [24].

SUMMARY D.1.1. The homotopy category of spectra is a triangulated
category T, closed under small coproducts. That is, it satisfies [TR5]. It
has a smash product

AN:TXT —— T
and an object S € T, satisfying the following additional properties:

D.1.1.1. The object S° € T is Rg—compact. That is, any map
1
factors through a finite coproduct.

D.1.1.2. Put S™ = XSO, Let t be an object of T. If for every
n€Z, T(S™,t) =0, then t ~0.

D.1.1.3. For any n € Z, the group T(S°,S™) has cardinality
<Ny,

D.1.1.4. The smash product takes triangles to triangles. That
18, there are natural isomorphisms
{Za} AD ~ Y{a A b} ~ a A {3b},

and given an object t € T and a triangle

x y z Y,
then both of the following are triangles
T ANt —— yAt ZAt {Zz}nt = Z{z At}

tAhx —— tAy tAz tA{Zz} = X{tAx}.
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D.1.1.5. The smash product respects coproducts. That 1is,

:v/\{Ht/\} = [[{zrt\},

AEA AEA
AEA AEA

D.1.1.6. SY is a two-sided unit for the smash product; that is
tAS = z = S°Ax
D.1.1.7. Any map
SO —— zAy
factors as
SO —— 2’ Ay LN Ay

where &' and y' are objects in TN,

LEMMA D.1.2. Let T be the set of suspensions of SO; that is,
T = {S"|neZ}.
Then T C TR0, and T U {0} is a—perfect for all infinite a.

Proof: By D.1.1.1, the objects of S™ € T are all Ry—small; see Defi-
nition 4.1.1. The set T'U {0} is Np—compact, since any class of objects
containing 0 is. See Example 3.3.16. Thus T'U {0} is an Rg—perfect class
of objects in T®0) hence contained in the maximal one TXv.

Now T U {0} is an Ro-perfect class of objects in T®0). Lemma 4.2.1
applies, and we deduce that T'U {0} is a—perfect for all infinite a. |

LEMMA D.1.3. As in Lemma D.1.2, let T be the set of suspensions of
SO. Then

D.1.3.1. The category T satisfies the representability theorem.
D.1.3.2. T=(T).

Proof: By D.1.1.2, the set T generates the triangulated category T; see
Definition 8.1.1. In Lemma D.1.3, we saw that T'U {0} is a—perfect for all
infinite ¢, in particular N;—perfect. By Definition 8.1.2, T is therefore an
N;—perfect generating set. Theorem 8.3.3 applies, and we conclude

D.1.3.1: The category T satisfies the representability theorem.
D.1.3.2: T=(T).
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PRrOPOSITION D.1.4. As in Lemma D.1.2, let T be the set of suspen-
sions of S°. Then for any reqular cardinal c,
T = {T)".

That is, the subcategory of a—compact objects in T agrees with the a—

localising subcategory generated by T.

Proof: From Lemma D.1.3, we know that for our set T, T = (T'). From
Lemma D.1.2, we also have that 7' C T®0. Therefore Lemma 4.4.5 applies.
We deduce that, for all regular a@ > Ny,
T = (1)
O

REMARK D.1.5. Since T is a set, Proposition 3.2.5 guarantees that,
for every regular a;, T® is essentially small. It is the smallest triangulated
category containing all the spheres, and closed under triangles, as well as
coproducts of fewer than « of its objects. This is usually referred to as
the “category of spectra with fewer than « cells”. An object in T¢ can be
constructed out of fewer than « spheres, by attaching.

LEMMA D.1.6. Let « be a regular cardinal. If x and y are objects in
T, then so is T Ny.

Proof: Fix an object y € 7. Define a full subcategory & C T by
Ob@8) = {zeT|zAnyeT}
We will prove that 8 is an a—localising subcategory containing 7', and hence

must contain (T)* = T,
First observe that 8 contains 7' = {S™ | n € Z}. For if n € Z,

SNy = {¥"S°} Ay
= ¥{s° Ay}
= X"y.
We are given y € T, therefore S™ Ay = X"y € T* Hence S™ € 8.
Next note that z € 8 if and only if ¥z € 8. This is because

{Zz} Ay =~ X{zAy},

and so z Ay € T% if and only if {2} Ay =X{z Ay} € T~
Now suppose we have a triangle in T

x x’ " Y,
and suppose z,z’ € §. By D.1.1.4, the following is a triangle in T

x ANy —— ' Ny —— "Ny —— {Zz} Ay
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Since z,z’ € 8, we know that z Ay, 2’ Ay € T* But T¢ is triangulated, and
we deduce that 2/ Ay € T%, that is 2" € §. The category 8 is triangulated.

Let {z,, X € A} is a family of fewer than a objects of §. That is, for
each A€ A, z, ANy € T* By D.1.1.5,

{H:z:)\}/\y = J[{z\ru}

A€EA AEA

But [[ycafzy Ay} is a coproduct of fewer than a objects in T*. By
Lemma 4.2.5, the category T is a—localising: it is closed under coproducts
of fewer than « of its objects. Hence

{HI,\}/\ZJ = [[{zny} € T,

AEA AeA
and [Ty, 7, € 8. The category 8 is closed under coproducts of fewer than
a of its objects.
Since we are not assuming o > Ny, to verify that § is a—localising, we
must also check that it is thick. Suppose z @ z’ € §. That is,

{fzoa'try = {zryto{a’Ay}t e T

Since T¢ is thick, we have z Ay € T¢, that is z € 8. The category 8§
contains all the direct summands of its objects, that is § is thick.

Thus § is an a—localising subcategory, containing 7". Therefore & con-
tains the smallest such, (T')*. But by Proposition D.1.4, (T)* = 7%, That
is, 7* C 8. In other words, for our fixed (but arbitrary) y € 7%, and any
xz €T we have x ANy € T™. O

LEMMA D.1.7. Let a be a regular cardinal, o > Rg. Let x be an object
of T¢. Then for any n € Z, the cardinality of T(S™,x) is < .
Proof: Define a full subcategory § C T by
Ob(8) = {xe€T|VneZ #T(S", z) < a}.
Once again, we will prove that 8 is an a—localising subcategory containing
T, and hence must contain (T')* = T,

The fact that 8 contains T is just D.1.1.3.
Next, we have z € § if and only if ¥z € 8, since

T(S™, ) = T(S"M ).

Given a triangle in T

T Y z Y,
the exact sequence

T(S™y) —— T(S™, 2) —— T(S™, Xx)
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tells us that the cardinality of T(S™, z) is bounded above by the product

{#7(5",y) {#7(5", )}
If 2 and y lie in 8 C 7, this bound is 8y = max(8,v), with § < «, v < .
Thus z must also lie in 8. Since 8 is closed under triangles and suspensions,
it is a triangulated subcategory of 7.
Now suppose that {z,,\ € A} is a family of fewer than a objects of 8.
Pick n € Z. By D.1.1.1, any map

S — Ha:)\

factors through a finite coproduct. There is a finite set A’ C A, and a

factorisation
gn I «» - I1 =
AEA’ AEA

Since the cardinality of A is < «, there are fewer than « finite subsets
A’ C A. For each A’, there are fewer than « maps

S — H Ty
AeN’
Therefore the collection of maps
St —— H Ty
AEA

is a union of fewer than « sets, all of cardinality < «. Since « is regular,
we deduce

#T <S", H :C)\> < .
AEA

Since this is true for any n € Z, we deduce that [ ., z, is in §. The
subcategory 8 C T is closed under coproducts of fewer than « of its objects.
We are assuming a > Ny; the fact that 8 is triangulated and closed under
countable coproducts, guarantees that 8§ must be thick.

Thus 8§ is an a—localising subcategory, containing T'. Therefore 8§ con-
tains the smallest such, (T')®. By Proposition D.1.4, (T')* = 7. That is,
J* C 8. In other words, for every object x € T and any n € Z,

#T(S™x) <
O

DEFINITION D.1.8. Let E be an object of T. The category of E—acyclic
spectra, denoted Ty, is defined to be the full subcategory of T whose objects
are given by

Ob(Tp) = {zeT|zAE=0}
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LEMMA D.1.9. Let E be an object of T. The category Ty of E-acyclic
spectra is a localising subactegory of 7.

Proof: Observe that x € T if and only if Yo € T,. After all,
{Zz}AE = X{zAE}

and x A E =0 if and only if {S2} A E =%{x A E} =0.
Suppose we have a triangle in T

T x " Yz,
and suppose z,z’ € T5. By D.1.1.4, the following is a triangle in T
2ANE —— ' NE —— 2 NE —— {Zz} ANE.

By hypothesis, z A E =0 =z’ A E. From the triangle we have 2’/ A E = 0,
that is 2" € T. The subcategory T, is triangulated.

Let {z,,\ € A} be a set objects of T. That is, for each A € A,
zy NE =0. By D.1.1.5,

{HazA}/\E = [[{zxrE} = o0

AEA AEA
Therefore [[,., 7y is an object of T, and T, is localising. a

Now we come to the key lemma.

LEMMA D.1.10. As above, T is the homotopy category of spectra. Let
a be a regular cardinal, o« > Wgo. Let E be an object of T*. Let R be a set
of representatives for all isomorphism classes of objects in T* N Ty. [By
Remark D.1.5, T is essentially small, so we may always choose a set R
of representatives for any class of objects in T*.] Then any map t — x,
witht € T* and x € Ty, factors as

t r T

with r € R.

Proof: Suppose we are given a map t — x, witht € 7% and x € T. We
want to factor it. The strategy of the proof is first to show that any map
t — x as above admits a factorisation

t —— t — «x,
where £ € T%, and

T(S™tANE) —— T(S™TAE)
vanishes. Then we let 7 be the homotopy colimit of the sequence

t—— Tl — e



D.1. LOCALISATION WITH RESPECT TO HOMOLOGY 413

and show that this r works.
We begin by constructing, for any map ¢t — a with¢t € T* and z € T,
a factorisation ¢ — ¥ — x. Complete t — x to a triangle

k t T Yk.

By D.1.1.4, smashing with F gives a triangle

kAE tAE e NE —— {Sk}YAE.

Since * € Ty, we have © A E = 0. Therefore the natural map is an
isomorphism

kNE —— tNE.

Both t and F lie in 7¢. By Lemma D.1.6, tAE € T By Lemma D.1.7,
for any n € Z, the cardinality of the group
TS"kANE) ~ T(S",tAE)

is < a. Let

A= fj T(S™,t A E).

n=—oo

The set A is a union of countably many sets, each of cardinality < a. Since
a > Ny and « is regular, #A < a.

An element of the set A is a map S™ — kKAE ~tAE. From D.1.1.7, we
know that it is possible to choose k&’ — k and B/ — E, with k', E' € TX0,
so that S™ — k A E will factor as

§n L WAE I LAE.

For each A € A, choose such a factorisation. That is, pick an object k' =
k, € T, and a factorisation

fanl
Y

S —— ky,A\NE kANE.

We have a map

I % k t.

AEA

We define the map ¢t — ¥ from the triangle

I % t i Z{sz/\}.

AEA AEA

Now t € T%, and ], k, is the coproduct of fewer than a objects, each
in TR C T°. The coproduct lies in T, and from the triangle, we deduce
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t € T*. Because the composite k — t — x vanishes, so does the longer

composite
I % k t z.
AEA

From the triangle
H ky —— t —— &,
AEA
we deduce that the map ¢t — x must factor as t — t — . Also, from

the triangle

H ky —— t —— 1
we obtain, by smashing with E, a triangle

{HkA}/\E —  tANE —— IAE.
AEA

But by construction, any morphism S™ — t A E factored through ky, A E
for some A € A. In other words, S™ — t A E factors as

s — {HkA}/\E —— tAE,
AEA

and we deduce that, for every S™ — t A E, the composite

S —— tANE —— TAFE

vanishes.
Now we iterate the process. We define a sequence

in 7%, together with a map from the sequence to x. Define t; — 2 to
be ¢ — . Suppose we have defined, for each ¢ < n, {;, — x and maps
t;_y — t;, with all the morphisms compatible. Then ¢, — ¢, — x is
defined to be

t, —t,—u

as above. Put r = Hocolim ¢,,. Clearly, the map ¢ — x factors as
t =ty — Hocolimt, — =

To complete the proof of the Lemma, we need to show that Hocolim¢, €

TN Tg. In other words, up to replacing r by an isomorph, we may choose
r € R.
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We have a triangle in T

]O_O[ti % ]O_O[ti —— Hocolimt, —— E{ﬁti}'
i=0 i=0 =0

By construction, ¢, € 7. Since o > Xy and T is a—localising, the coprod-
uct of countably many objects in T is in 7. Thus in the triangle, the two
coproducts lie in T¢. Since T is triangulated, Hocolim ¢, € T.

Now we may smash the above triangle with F, and by D.1.1.4, we get
a triangle

{ﬁti}/\ Loshi, {Ht}/\E  — {Hocolimti}/\E.
i=0 >

By D.1.1.5, the smash product commutes with coproducts. The triangle
above naturally identifies with

]O_O[{ti Ay LSt ]O_O[{ti NEY — {Hocohm ti} AE.
=0 =0

But the third vertex in the triangle
[Tt A E} A= shift [[{t: A E} —— Hocolim {t, A E}
i=0 i=0
is by definition Hocolim {¢, AE}; we deduce a (non—canonical) isomorphism

{ Hocolim ti} ANE = Hocolim{¢t; A E}.

We will prove that Hocolim {¢,AE} vanishes. From the isomorphism above,
we deduce that { Hocolim ti} A E vanishes, that is

{Hocolimti} e Tg

Now put 8 = T and let 7 : T — Ex(SOP,Ab) be the usual homo-
logical functor, commuting with coproducts. It takes the triangle

[Tt~ E} A-shift [1{t: » B} —— Hocolim {t, A E}
=0 =0

to the long exact sequence

h o0
— Hw{t ANE} —— s Zﬁ Hw{ti A E} —— mHocolim {t; A E} —
=0
Now note that 8§ = T%0, and €x(8°7, Ab) satisfies [AB5]. The map 1 — shift
is therefore injective, with cokernel colim m{t, A E}. From the long exact
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sequence,
mHocolim {¢t, AE} = colim m{t; N E}.
But this is an equality of two objects in 81:(807” ,Ab), that is two functors

§ — Ab. We can evaluate these at S™ € § = T"0. Recalling that 7t =
T(—,1t)|s, and so wt(s) = T(s,t), we have

T(S™, Hocolim {t; AN E}) = cﬁmﬂ'(sn, {t, NE}).
Now the map ¢; — ¢;,,; was constructed so that the induced map
TS At ANEY) —— T(S" {t;11 A EY)
vanishes. Therefore colim T(S5™, {t; N E}) = 0. But then

T(S™, Hocolim {t; A E}) = 0.
That is, Hocolim {¢; A E} is an object in T, so that every map
S™ ——— Hocolim {¢t; A E'}

vanishes. By D.1.1.2, Hocolim {t; A E} = 0. i

LEMMA D.1.11. Let o be a regular cardinal, o > RNg. Let E be an
object of T*. Let R be a set of representatives for all isomorphism classes
of objects in T* N Ty. Then R is an Ny —perfect generating set for Ty,

Proof: Let us first prove that R generates. It is a set of objects closed
under suspension (up to isomorphism). If z is a non-zero object of T,
then by D.1.1.2, there exists a non—zero map in T

S — .

But " € T% C T and z € T5. Lemma D.1.10 now tells us that we may
factor the above as

Sn r x,

with » € R. Thus there is a non-zero map r — z, in Tg.

Next we want to prove R to be Nj—perfect. Note that T* N Ty is
the intersection of two triangulated subcategories of T, hence is triangu-
lated. And R is a set of representatives for the isomorphism classes. By
Lemma 3.3.5, to show that R is N;—perfect, it suffices to prove that every
element is N;—good. Suppose therefore that we are given a countable set
of objects {z; € T | 0 < i < co}. Let r be an object of R, and suppose we
have a map

oo
S |
=0
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Now r € T%, and the objects of T* form an S—perfect class for every infinite
cardinal (3, in particular an N;—perfect class. The above map therefore
factorises as

=0
| R 1 O
i=0 =0

with ¢, € 7. But for each %, the map f; : ¢, — z, is a morphism from
t, € T to x; € Tp. By Lemma D.1.10, the map must factor as

g; h;

i
t; T Ly

with r; € R. The map r — [[;°, z; therefore factors as

%) oo
oo ng %) H v
1=0 =0
r I [Ir —— I=
1=0 =0

=0

and we conclude that r is N;—good, and since this is true for all » € R, R
is Ny—perfect. |

THEOREM D.1.12. As above, T is the homotopy category of spectra.
Let o be a regular cardinal, o > Rg. Let E be an object of T*. Let R be a
set of representatives for all isomorphism classes of objects in T* N Ty.

Then the following hold

D.1.12.1. Ty satisfies the representability theorem, and Ty =
(R).

D.1.12.2. There is a Bousfield localisation functor for the inclu-
sion Ty C 7.

D.1.12.3. For any regular cardinal 8 > o, we have
{Te}’ =77 N7y = (R)",
and the category T is B-compactly generated.
D.1.12.4. For any regular cardinal 8 > «,
{7/7)° = TPHTR),
and the category T /T g is B—compactly generated.
D.1.12.5. The representability theorem holds for T/T .

Proof: In Lemma D.1.9, we learned that the subcategory T, C T is
localising. In particular, it is a triangulated category satisfying [TR5].
In Lemma D.1.11, we learned that the set of objects R C T is an Ri—
perfect generating set. Theorem 8.3.3 therefore applies; we conclude that
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T satisfies the representability theorem, and that T, = (R). That is, we
conclude D.1.12.1.

Now observe that T, is a localising subcategory of T, and the rep-
resentability theorem holds for T,. The category T has small Hom-sets,
and we can therefore use Proposition 9.1.19, to conclude that the inclusion
T C T has a right adjoint, and a Bousfield localisation functor exists for
the pair T C J. This proves D.1.12.2.

In D.1.12.1, we saw that T = (R), where R C T®. Therefore The-
orem 4.4.9 now applies. If g is any regular cardinal > «, we conclude
that

{TE}B =79 NTy = <R>ﬁ-

Since R is a set, the category {‘J'E}B = (R)B is essentially small. Since
{‘J'E}ﬁ contains R, {‘J’E}ﬁ generates T,. Therefore T is S-compactly
generated. This establishes D.1.12.3.

But Theorem 4.4.9 goes on to tell us more. It asserts that, for all
regular 8 > «, the natural map

rJ‘B/{‘TE}B - {T/TE}B

is an equivalence of categories. It follows that the category {‘J'/‘J'E}ﬁ is

essentially small; expressing it as 77/ {‘J'E}ﬁ , we see that it is the quotient
of two essentially small categories. Now consider the quotient functor

F: 7 —— J/7g.
We have that F_l{’J'/'J'E}ﬁ D TP, For any regular vy > 3,

FH{3/751")

is a y—localising subcategory of T, containing T. Hence it contains (T)".
Taking the union over all v, we have

7o Ur ()

and hence

J{m/ma?) = 77

Y

But then {‘J'/‘J'E}B generates T/T; the two notions of generation coin-
cide. See Proposition 8.4.1. This establishes that /T is S—compactly
generated. Thus we have proved D.1.12.4.

Finally, the category T/7 is well-generated by D.1.12.4. Hence the
representability theorem holds for T/T, by Theorem 8.3.3. This estab-
lishes D.1.12.5. m|
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REMARK D.1.13. From D.1.12.2, we learn that a Bousfield localisa-
tion functor exists for the pair 75 C TJ. The category J-‘J'E is usually
called the category of E-local spectra, for the homology theory E. From
Theorem 9.1.16, we know that there is a natural equivalence

L. = T/Tg.

In other words, in D.1.12.4 and D.1.12.5, we have proved that J-’J'E is B—
compactly generated, and satisfies the representability theorem.

The fact that a Bousfield localisation exists for the pair T, C T was
first proved by Bousfield. What is new here is that we prove, for § > «, that
both 1T, and Tp are 3—compactly generated triangulated categories. Of
course, since the concept did not exist before this book, this is new. But the
concrete consequence is that both J-‘J'E and T satisfy the representability
theorem. This is completely new.

The category T is No-compactly generated, and if § = T™°  then
8x(8°p,flb) has enough injectives. Theorem 8.6.1 applies, and we learn
that the representability theorem holds for the dual of 7.

It is natural to wonder whether the representability theorem holds for
the dual of J-‘J'E and Tp. For T, the answer is yes. Let us quickly prove
this.

LEMMA D.1.14. Let E be an object of T. The representability theorem
holds for the dual of the category T .

Proof: There must be a regular cardinal « so that E € (T)* = T, The-
orem D.1.12, more precisely D.1.12.2, asserts that a Bousfield localisation
functor exists for the pair T, C 7. Let J : T — T be right adjoint to
the inclusion I : T C 7, as in Proposition 9.1.18. Being a right adjoint of
a triangulated functor, J is triangulated, and takes products to products.

Now let H : T, — Ab be a homological functor taking products to
products. Then HJ : T — Ab is a homological functor taking products
to products. By Theorem 8.6.1, the representability theorem holds in the
dual of T. Therefore,

HJ(-) = J(,-).
Now, for any z € 1T, we have J(z) = 0, and hence T(h,z) = HJ(z) = 0.

Thus h € {J-’J'E}J' = Tg, and we conclude that the functor H is repre-
sentable in Tg. i

REMARK D.1.15. It is very natural to ask, whether the duals of the ca-
tegories 1T, also satisfy the representability theorem. And the answer is
that I do not know. There is no simple trick, allowing us to reduce the prob-
lem to a question about T. And since the categories l‘J'E are J—compactly
generated only for large 3, we cannot be sure that, if § = 77, there will be
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enough injectives in Ex (SOP,Ab). In other words, Theorem 8.6.1 does not
apply.

We should maybe stress the nature of our estimate for 8. If 3 is a
regular cardinal, and £ € 77, then the categories Ty and LU'E are both g-
compactly generated. This estimate is not best possible, but it illustrates
that the bound depends on F.

D.2. The lack of injectives

In Section C.4, we saw that if D(R) is the derived category of a discrete
valuation ring R, if «v is any regular cardinal > R, and if § = D(R)“, then
the category Ex (SOP,Ab) does not have enough injectives. Even worse, it
has no cogenerator.

In this Section, we want to transfer all of this to the homotopy category
of spectra. For the remainder of this Section, T is the homotopy category of
spectra. Let p be a prime number p # 2, and let R = Z,), the localisation
of Z where all primes other than p are inverted. The ring R is a discrete
valuation ring. Now we wish to quote some results from [24].

SUMMARY D.2.1. The proofs of the following facts may be found in
[24].

D.2.1.1. There is a functor F' : D(R) — 7, taking a p—local
abelian group to its Moore space. This functor is triangulated, and
preserves coproducts.

D.2.1.2. Note that the category D(R) satisfies the representabil-
ity theorem. By Theorem 8.4.4 of the present book, the functor
F : D(R) — T has a right adjoint P : T — D(R). In [24], we
essentially compute the restriction of this right adjoint, to the sub-
category T, C T, of p-local spectra. The functor P : T, — D(R) is
denoted 11 in [24], but here the letter 7 is reserved for the projection
T A(T) — Ex(8°P, Ab).

D.2.1.3. On the category of p—local spectra, the functor P takes
a spectrum to a direct sum of suspensions of its stable homotopy
groups. Thus, on the subcategory T, C T, the functor P commutes
with coproducts. The functor F' commutes with all coproducts by
D.2.1.1, and takes any x € D(R) to Fx € T,. It follows that the
functor PF : D(R) — D(R) commutes with coproducts.

LEMMA D.2.2. Let a be a regular cardinal, o > Rg. The functor F
above, which takes an abelian group A to its Moore spectrum, satisfies the
hypothesis

F{D(R)*} c T
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Proof: The explicit description of F' makes this obvious. The point is that
the Moore space of an abelian group with fewer than « elements is a space
with fewer than « cells. It is necessary here to take o > Ny, since an Ng—
compact object of D(R) is a coproduct of suspensions of finitely generated
Z(p)fmodules7 which need not be finitely generated abelian groups. The
Moore spectrum on them is made up of finitely many p—local spheres, but
countably many ordinary spheres. If we consider F' as a functor to p—local
spectra, then it is true that

F{pm™} < {7}

It is for this reason, that the computation of the adjoint P is much easier
on T, C 7. ]

LEMMA D.2.3. Let F: D(R) — T and P : T — D(R) be the pair
of adjoint functors in D.2.1.2. For every object x € D(R), the unit of
adjunction induces a map

N, T —— PFux.
This map is a split monomorphism in the triangulated category D(R).

Proof: By Lemma C.4.2, the object x € D(R) is isomorphic to a coproduct
of suspensions of R—modules;

(e o)
n
T IIZ:zrn

n=—oo
Since PF respects coproducts by D.2.1.3, the unit of adjunction
N, T —— PFx

can be identified as the coproduct map

00 H 772"% 0o
I »rz, —= I1 prera,.

n=—oo n=—oo

It suffices to show that, for each n € Z, the map
Nsng, 2"T, —— PFY"z,
is a split monomorphism. Desuspending, we may assume n = 0. Thus we
are reduced to proving that
N, : T —— PFx
is a split monomorphism, where z is an R—module, viewed as a complex in
D(R), concentrated in degree 0.

But now we know both F and P quite explicitly. Fz is the Moore
spectrum on the abelian group x, and PFx is the stable homotopy of this
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Moore spectrum. The map z = H’(x) — H°(PFx) is an isomorphism,
since the zeroth stable homotopy group of the Moore spectrum on a group
x is just z. Now Lemma C.4.2 tells us that H°(PFz) is a direct summand
of PFx. |

LEMMA D.2.4. Let T be the category of spectra, D(R) the category of
p—local abelian groups, as in Summary D.2.1. Let a be a reqular cardinal,
a > Ng. Put

G(T) = Em({‘I"‘}OP,Ab),
GR) = &x({D(R)*}, Ab).

We want to extend the adjoint functors F, P to G(T) and G(R). We will
prove

D.2.4.1. There is a functor F : G(R) — G(7T), with a right
adjoint P : G(T) — G(R).

D.2.4.2. Let x be an object of G(R). The unit of adjunction
n,:x — PFx
is a monomorphism in the abelian category G(R).
Proof: We are given a pair of adjoint functors
F:D(R) — T, P:7— D(R).

By Lemma 5.3.8, these extend to give a pair of adjoint functors on Freyd’s
universal abelian category A(T). That is, we have a pair of exact functors
of abelian categories

A(F) : A(D(R)) — A(7), A(P) : A(T) — A(D(R)),

and A(F') is left adjoint to A(P). Given any object z € A(D(R), we may
embed it by a map f : © — 4, with ¢ an injective object of A(D(R). Corol-
lary 5.1.23 asserts that injective objects i € A(D(R) lie in the subcategory
D(R) C A(D(R). By the naturality of the unit of adjunction n, there is a
commutative square

X L’ (3
APYA(F)z 2DAB 4Py A(F)i
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Lemma D.2.3 tells us that, for objects ¢ € D(R), the map n, : i —
A(P)A(F)i = PFi is a split monomorphism. The composite

f

x e 7

lm
A(P)A(F)i

is theorefore the composite of two monomorphisms, and is mono. It is equal
to the composite

APYA(F)z 2DAET 4Py A(FYi,

and we deduce that the map 7, : * — A(P)A(F)z must be mono, for
every ¢ € A(D(R)).
Now we have to pass from A(T) and A(D(R)) to the quotient categories

G(T) = Sz({ﬂ’“}"p,flb),
G(R) = Ez({D(R)a}Op,Ab).
Recall that, by Proposition 6.5.3, for every triangulated category 7, there
is a functor
71 AT) = D(T) —— Ex({ﬂ'“}"p,flb),

which is a Gabriel quoient map. In Lemma 6.5.6 and Remark 6.5.8, we
even identified the kernel of 7; viewed as a subcategory of D(T), it is the
a—phantom maps. We have diagrams

ADR) 2 A@m and A 2L AD(R))

G(R) G(T) G(7) G(R)
To prove that these diagrams can be completed, up to canonical equiva-

lence, to

ADR) 2 A@m and A 2L ADR))

| I | &

G@R) —E— Q@) GT) —5— G[R)

amounts to showing that F' : D(R) — T and G : T — D(R) take
a—phantom maps to a—phantom maps.
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For F, one reasons as follows. The functor F' : D(R) — T respects
coproducts. By Proposition 6.2.6, so does the functor

T —— GT) = ex({tra}op,ftb).
Hence the composite

DR — 2~ 7T

lw

G(7)
is a homological functor respecting coproducts. But then the abelian cat-
egory G(7) = Ex({ﬂ'o‘}(’p,/lb) is an abelian category satisfying [AB5(®)],
and from Corollary B.2.4, the composite mF above must take a—phantom
maps in D(R) to zero in G(T). So F takes a—phantom maps in D(R) to

the kernel of 7 : D(T) — G(7), that is to a—phantom maps in 7.

Now we want to show that G also takes a—phantom maps to a—phantom

maps. Let f:x — y be an a—phantom map in J. Let s be an object of
D(R)“. We are assuming o > R, and so by Lemma D.2.2,

F{D(R)a} C T
Therefore, F's € T%, and since f : © — y is an a—phantom map, all
composites

F's T ! Y

must vanish. But under the adjunction, this corresponds to

G
s Gx f

Gy.
Since all such composites vanish, for any object s € D(R), it follows that

the map Gf : Gxr — Gy is a—phantom.
We therefore have commutative squares

ADR) 2 A and A 2L ADR))

Tt It

G@R) —E— GO GT) —5— G[R)

and by the universality of the factorisation through the Gabriel quotient,
natural transformations descend. In particular, we have natural transfor-
mations

7:1 —— GF and g:FG —— 1,



D.2. THE LACK OF INJECTIVES 425

and the composites
F 1
¢ . GrG <. @
are both identities. In fact, the natural transformations are given by the
formulas

FGF —L . F

n=man, g = TE.

It follows formally that F is left adjoint to G.
Finally, we know that for every z € A(D(R)), the unit of adjunction

N, :x —— A(P)A(F)z

is mono. But the functor 7 : A(D(R)) — G(R) is exact, and hence
n, = 7N, is also mono. O

ProprosITION D.2.5. Let a be a reqular cardinal, o > Rq. Let T be the
homotopy category of spectra. Then the category G(T) = Ex ({‘J’O‘}OP,Ab)

has no cogenerator.

Proof: Let the notation be as in Lemma D.2.4. Suppose k is a cogenerator
of the category G(T). I assert that Pk must be a cogenerator of G(R).
We know, from Section C.4, that G(R) has no cogenerator. Hence our
contradiction.

It remains therefore to prove our assertion, that if k is a cogenerator
of the category G(7T), then Pk must be a cogenerator of G(R). Let = be an
object of G(R). Then Fz is an object of G(7), and since k is a cogenerator,
there is an embedding

Fr —— Hk
A

Since P : G(T) — G(R) is exact and respects products, we have a
monomorphism

PFy —— Hﬁk.
A

But we know that the unit of adjunction # — PFx is a monomorphism.
Hence so is the composite
r —— PFz —— Hﬁk;
A

we deduce a monomorphism from z to a product of Pk’s. Since z is arbi-
trary, Pk is a cogenerator. O
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D.3. History of the results in Appendix D

The existence of Bousfield localisation with respect to homology was
proved by Bousfield in [6]. Up through Lemma D.1.10, the treatment given
here is, at least in spirit, lifted directly from Bousfield. There are minor
changes in detail, mostly because we do not assume the reader has any
familiarity with spectra. But starting with our Lemma D.1.11, our argu-
ment is entirely different. Bousfield does not appeal to a representability
theorem. He directly constructs the localisation functor, as a colimit of a
long sequence. One problem with the construction, is that it depends on
lifting to models, and does not generalise well to triangulated categories
other that spectra.

Margolis [21] gave an argument based on a representability theorem,
but he used the representability theorem for T. To apply it, one must show
that the category 7/7y has small Hom-sets. See [21] for details.

What we do here, is appeal to the representability theorem for T.
Since the fact that such a theorem holds is new to this book, it is inevitable
that our proof is, at this point, quite different from the older arguments.
And along the way, we also prove the representability theorem for T, T%
and LU'E.

The results of Section D.2, about the absence of injective objects, are
completely new to this book. The reader is encouraged to read Section 8.5,
in particular Proposition 8.5.18 and Lemma 8.5.20, to see what conse-
quences one can draw, about a—phantom maps. All these facts, about
a—phantom maps between spectra, are very new. The theory developed in
this book has new and surprising applications, even to very old problems.



APPENDIX E

Examples of non—perfectly—generated
categories

E.1. If T is Nyp—compactly generated, T°? is not even
well-generated

Assume T is a well-generated triangulated category, as in Remark 8.4.3.
We remind the reader what this means. First, T must satisfy [TR5]. Choose
« a large enough regular cardinal, and let § = 7. By Remark 8.4.3, S is
essentially small and, since « is chosen big, 8§ generates T. Recall also what
it means to generate 7.

REMINDER E.1.1. By Proposition 8.4.1, § = T C T generates 7T if the
following equivalent conditions hold:

E.1.1.1. If x is an object of T and, for all objects s € S,
Hom(s,z) =0,

then x = 0.

E.1.1.2.
T=(8).
We remind the reader that E.1.1.1 can be slightly rewritten as
E.1.1.3. Suppose x is an object in T. If
T(—,z)|g=0 € Ex(8°7, Ab)

then x is isomorphic to zero. In other words, if x € T maps to zero
under the functor

J — &L’(S"p,flb),
then © = 0.

Suppose T is a—compactly generated. Suppose further that the category
8x(8°p,flb) has an injective cogenerator. If a = Ny, the existence of an
injective cogenerator is automatic, but not for larger . By Remark 8.5.22,
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this injective cogenerator is T (—,BC)|g, for some object BC € 7. Fur-
thermore, for any object € T, by Proposition 8.5.2, there is a natural
isomorphism

T(2,BC) —— Ex (8%, AB) [T (=, )|, T (—,BO); .
Now we are ready to state the main result of this Section.

ProrosiTioN E.1.2. Let T be an a—compactly generated triangulated
category, and let § = T*. Suppose there exists an injective cogenerator in
Ex(8°P, Ab), and let BC € T be chosen so that T (—,BC)|g is an injective
cogenerator. Then for any infinite cardinal 3, the object BC is not S—small
in the category JT°P.

Proof: Choose a non—zero object x € 7, and choose a regular cardinal
~v > max(a, 3). Let I(y) be the set of ordinals < 7. Here, we do not care
about the order; we consider just the set. Let P be the set of all subsets
of J(y) of cardinality < 7. The set P is ordered by inclusion, and since ~
is regular and « < 7, the union of < « subsets of J(y) of cardinality < =
has cardinality < «y. That is, P is a—filtered.

We define a functor F': P — Ex (SOP,Ab) by the formula

Fp) = [T
1€Ep
Here, p € P is a subset of J(y), and F(p) is the product of T (—,z)|g over
the index set p. For each p € P, we have a monomorphism

Fip) —— [ (=)
i€d(y)

Therefore there is a map

lim 7 T (=)
colimF(p) —— ][ T(=2)ls

Because P is afiltered, Lemma A.1.3 says that the colimit is the same,
whether taken in Ex (SOP,Ab) or Cat (SOP,Ab). The map above clearly is
not surjective. After all, § generates T, so there is a non—zero element f in
T(s,x), for some s € §. Now

IT s

i€I(7)

is not in the image of

lim T ()]s
colimF(p) —— ][ T(=)s

This is clear, since the colimit may be formed in Cat (SOP ,Ab), where it is
constructed pointwise.
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We deduce an exact sequence

lim F T (- 0
colim F(p) —— El;[) (= 2)ls Q ,
i€d(y

with Q € EI(SOP ,Ab) non-zero. Mapping into the injective cogenerator
T (—,BC)|g, we deduce that the kernel of the map

& (8, Ab)

H T(_7I)|S’ T(_vBCNS]

i€I(7)

Ex (87, Ab) [colimF(p) ; 7(-3@4

peEP
is precisely
£x(87,4)[Q , T(~BO)g).
Since @ is non-zero and T (—,BC)|g an injective cogenerator, the group
Ex(87,Ab)[Q , T(~BO)g|

must be non—zero. There is a non—zero kernel to the map

Ex(s,Ab) | [[ T(=2)ls, T(=.BC)|g
i€I(7)

op ' —
Ex (8P, Ab) {czc))éllrjnF(p), T( 7]BS(C)|S].

Now by the universal property of colimits,

op . _ _
Ex(8°7, Ab) [cgéllgnF(p), T( ,BC)S}

liny {Ex(SOP,Ab) [F(p) , 7(-,1@@)\8} } .

Also,
Fip) = [[7=2ls
On the other hand, the functor
T — Em(SOP,Ab)
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respects products by Lemma 6.2.4. That is, for any index set A,

T (-, H\;«) = J[7 )l

s €A
Ex(87,Ab) | [ T(=a)ls. T(=BC)ls

i€I(7)

op : _
Ex (8P, Ab) [C;)éllr)nF(p), T(—,BC)|g

The map

may therefore be identified with

Ex (8P, Ab) [T | =, ] =|| . T(-BO)
iEf]('y) s

lim ex (87, Ab) | T —E[px , T(=,BC)|s
8

Now recall Proposition 8.5.2. The natural isomorphism
T(2,BC) —— Ex (87, Ab) [T (~,)ls . T(~BO);].

allows us to identif
20

1 3 0 1
Y Y
Ex 87, Ab 4T @—, A T (—,BC)|5 = J@ x , BCA
i€l s i€3(7),
J y
8 2 1 39 |
< Y = Y
lim &z 8P, Ab 4T — =z , T(-,BO)s>, = 1lmT z , BC
peEP . y peEP .
1€ s 1EP

In other words, from the discussion above we conclude that the map

7| I] = BC|] —— lim T [[=. BC
i€3(y) pe i€p
has a non-trivial kernel. There is a non—zero map
[+ BC

i€I(y)
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so that, for every p C J(y) of cardinality < -, the composite

H r —— H r —— BC

(4S5 i€J(7y)
vanishes. But if BC were f—small as an object of T°P, then the map

H r —— BC
i€d(y)
must factor as
H A H T I, BC
i€J(7y) i€A

where the cardinality of A is < 8 < . Thus A belongs to the set P. It
follows that the composite

H:C _— H r — Hx —J . BC
€A €I () €A
must vanish. On the other hand
[[e — Il +——1I¢
i€A €I () SN
is the identity, and hence f must vanish, and hence so must

H x H T !, BC.

i€I(7) ieA

Since the map does not vanish, BC cannot be S—small. O

COROLLARY E.1.3. Let T be an a-compactly generated triangulated
category, and suppose 8$({TQ}OP,Ab) has enough injectives. Then TP

is not well-generated.

Proof: Suppose T°P is well-generated. By Proposition 8.4.2, or more
precisely 8.4.2.3,

TP = (T

B

This means that for some infinite 3, the object BC must lie in
BC e {77 c {77}

In other words, BC would be f—small, contradicting Proposition E.1.2. O
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E.2. An example of a non X;—perfectly generated T

Corollary E.1.3 showed us that, if T is Np—compactly generated, T°P
cannot even be well-generated. We can ask if T°° can have an a—perfect
generating set. This at least seems weaker than well-generation. A well-
generated triangulated category T has an a—perfect generating set for every
a; pick TP, where §3 is large enough so that 7% generates.

Let T be Ng—compactly generated. 1 suspect that T°P is never N;—
perfectly generated. But I have never carefully gone through a general
argument. Instead, we will show the following, easy special case.

LEMMA E.2.1. Let T = D(Q) be the derived category of the category
of vector spaces over Q. Then TP is not Ny —perfectly generated.

Proof: Suppose T is an Nj—perfect generating set for T°°. Then T is
closed under suspension, by Definition 8.1.1. The collection T of all retracts
(direct summands) of objects of T is a set, since any object in T has only a
set of idempotent endomorphisms. By Lemma 3.3.3, T is still R;—perfect.
Since it contains T and is closed under suspension, 7T is also an X;-perfect
generating set for T°P. Replacing T by T, we may assume T is closed under
suspension and direct summands.

Since T generates, it must contain a non—zero object; call it . An
object of the derived category of Q is a product of suspensions of vector
spaces. That is,

11 =v.

i=—00

8
|

where each V; is a vector space over Q. Since x # 0, for some ¢ we must
have V; # 0. But then XV} is a direct summand of x, and hence lies in 7T
Since T is closed under ¥ and £~ 1, £°V; = V; must also belong to 7. But
V; is a non—zero vector space over Q, hence must contain Q as a retract. It
follows that Q € T'.

For each object of T' we define its size to be the cardinality of the
direct sum of its cohomology. Since T is a set, the size of the objects of T’
is bounded. There is a regular cardinal 5 > Ng, so that every object x € T
is isomorphic to

o0
e = ] =
1=—0C0
where each V; has cardinality < 3.
We are supposing T is N;—perfect. Take any vector space W. Since Q

is in T', any map

o0

v — o

i=1
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must factor as

HW = H% — Q
i=1

i=1

with z; € T. Applying the functor H°, we deduce a factorisation

i=1 =1

That is, for some vector spaces V; = H?(x;) of cardinality < 3, we have a
factorisation

[Mv =— v — @
=1

=1

Replacing each V; by V = [[;2, Vi, we may assume that all the V;’s are
the same, and the cardinality is the sum of Ny cardinals, all < 8. Since 3
is regular and 8 > N, this sum is < S.

In other words, we are given a cardinal 3, which is determined by the
generating set 7. We want to show that T cannot be N;—perfect. Given (3,
we want to choose a cardinal v and a vector space W of cardinality 7y, so
that not all maps

[[W —2
i=1

can factor as

[Mwv =— J]v — @
=1

=1

with V of cardinality 3. Of course, we can increase 3. Replace 8 by 2°.
It will suffice to show that there is a cardinal v and a vector space W of
cardinality -y, so that not all maps

v ——o

i=1
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can factor as

v =— JJv — @
=1 i=1

with V' of cardinality 2°.
We propose to estimate the number of maps

v — ¢
i=1
and the number of maps
(e’ H fi e’}
i=1 i=1

For the purpose of the estimate, we will assume +y is very large, to be chosen
later.

E.2.1.1. Upper bound for the number of maps

v =— v — @
1=1

i=1

Let us estimate the number of maps of sets with this factorisation; clearly,
the linear maps are fewer. For each

fii W —— V

there are {2°}” choices. This is the number of maps from a set W of
cardinality v to a set V of cardinality 2°. But we are assuming v large, in
particular v > 3. Hence

{27} =287 =2,

The number of maps
v = IIv
i=1 i=1

is the number of countable sequences of f;, that is

{27} = 270 — 97,
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The number of maps

oo

[[V—0

i=1

is independent of 4. The set [[;~, V has cardinality
{20y = 992 _ 98,

The number of maps

[[v—0

i=1
is therefore

{No}{QB} =22

The number of pairs of maps

[[w —=—1Iv [[V—0
i=1 i=1 i=1
is therefore bounded by
2722,

If v is large, then this is 27. Some pairs of maps will, of course, give the
same composite. But we have that, for v large, the number of composites

11+
v =— []Jv — @
i=1 i=1
is bounded above by 27.

E.2.1.2. Lower bound for the number of maps

v —

i=1

The number of elements in the set [[;~, W is 48, But this is also the
dimension of [];~, W, as a vector space over Q. This means we may choose
a basis of cardinality v8. Let 1 € Q be a basis for the 1-dimensional vector
space Q. I do not want to count all the linear maps

v — «

i=1
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Instead, let us only count the ones with a matrix of zeros and ones. In
other words, every basis element in Hfil W goes either to0 € Q or 1 € Q.
The number of such linear maps, all of which are distinct, is the number
of ways to divide the basis into two sets, the elements mapping to 1 and
the elements mapping to 0. There are 27" choices. Since this is only some
of the linear maps, we have that the set of all linear maps is of cardinality
bounded below by 27,

To complete the proof, we need to show that for a suitable choice of a
very large v,

21 > 2,
This will mean that there are more maps
o0
[[W —a
i=1

than maps that admit factorisations

o0
H WA= H V — Q.
i=1 i=1
Now we proceed to show this. More precisely, we will show

E.2.1.3. Let 8 be any cardinal. There exists a v > [ with
27" > 27,

The author would like to thank Shelah for pointing out this argument.
Define a sequence of cardinals c;,7 € N by

E.2.13.1. ¢y =p.
E.2.1.3.2. ¢;, = 24.
Now let v = >7° ¢;. We get the estimate that

Ao >

Ci-1 since ¢; = 2¢i-1

Therefore



E.3. T AND 7°? NOT WELL-GENERATED 437

But we know that 2% > «a, and if o = 27 this yields 22" > 27. Combining
with the last inequality, we have

270 > 927 5 97,

E.3. For T = K(Z), neither 7 nor T° is well-generated.

Recall that if Z is the ring of integers, the triangulated category K (Z)
is defined as follows. The objects are chain complexes of abelian groups.
The morphisms are the homotopy equivalence classes of chain maps. The
derived category D(Z) is the Verdier quotient of K(Z), where we divide by
the subcategory of acyclic complexes.

It is well-known that D(Z) is Ro—compactly generated. In fact, the set

T={X"Z|neZ}
is a generating set, and is contained in {D(Z)}"° = {D(Z)}(ND). In Corol-

lary E.1.3, we saw that the category D(Z)°" cannot be well-generated.
Now we will deduce

LEMMA E.3.1. The category K(Z)" is not well-generated.

Proof: We assume K (Z)" is well-generated, and deduce a contradiction.
Consider the abelian group Q/Z. It is an injective cogenerator in the
category of abelian groups. For any object x € K(Z), we have

K(2)[z.3Q/2}| = Ab|H "(2),Q/2].
The right hand side vanishes only if H"(x) = 0. In other words,
K@)|e, @2} = 0

for all n € Z if and only if z is acyclic. Let R be the set of all suspensions
of Q/Z. That is,

R = {E™{Q/Z}|neZ}.

In the notation of Definition 9.1.11, R is the class of acyclic complexes in
K(Z).
We are assuming 8 = K (Z)" is well-generated. By Proposition 8.4.2,

§ = Usﬁ.
B

Since R is a set of objects in 7, it must be contained in some 8°. Let R be
the category generated by R. That is,

R = (R).
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We now find ourselves in the situation of Thomason’s localisation theorem
4.4.9. Put T = §/R. Then for any v > 3,

R = (R)”,
and
T =8"/R".

In particular, 7 has small Hom-sets. We are assuming the category & =
K (Z)°? is well-generated. By Theorem 8.3.3, 8 satisfies the representability
theorem. The hypotheses of Example 8.4.5 are satisfied, and we conclude
that the map

§ —— §/R=T
has a right adjoint. A Bousfield localisation functor exists for the pair
R=(R) CS.
By Corollary 9.1.14, we deduce that R = §/R*. On the other hand,

Rt = <R>J‘ = R*, and we computed that this is the category of acyclic
complexes. This identifies R°P as the quotient of 8°? = K (Z) by the sub-
category of acyclics; that is,

RP = D(Z).
But R = (R), with R C R?. This makes R = D(Z)" a well-generated
triangulated category, contradicting Corollary E.1.3. o

Now we want to prove
LEMMA E.3.2. The category K(Z) does not have a generating set.

Proof: Ounce again, we suppose the category K(Z) has a generating set,
and prove a contradiction. Choose a generating set S. The objects are
chain complexes of abelian groups. Since there is only a set of them, we
may choose a regular cardinal a > X exceeding the maximum size of these
abelian groups. The objects of S are chain complexes of abelian groups,
whose cardinality is < a.

By Remark C.3.4, the category A(D(Z)) is not well-powered. Let
8§ = D(Z)“. Since the category &z (SOP,Ab) is well-powered, the quotient
map

A(D(Z)) —— Ex(8°P, Ab)

cannot be an equivalence. By Proposition 6.5.3, the map is a Gabriel
quotient map. Since it is not an equivalence, there must be objects in
A(D(Z)) which map to zero. These objects can be identified with the
a—phantom maps. See Lemma 6.5.6, Definition 6.5.7 and Remark 6.5.8.
There is a non-zero object in A(D(Z)), that is a non—zero map in D(Z)

r—1
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so that the induced map
T(—2)ls — T(=v)ls

vanishes.
In the derived category D(Z), any object 2 can be written as

r = J] =27H@ = ][] = H ().

i=—00 i=—00
We are given a map x — y, that is a map
I[ = H (@) —— ] = 'H'@).
i=—00 i=—00

A map from a coproduct to a product is given, by the universal properties
of both coproduct and product, by a matrix of maps

YLTHY (z) —— YTIHI(y).

Since the map  — y is not zero, at least one of the components is not
zero. Since the functor

A(D(Z)) —— Ex(8°P, .Ab)

respects coproducts and products, it annihilates all the components. In
other words, we deduce that there are two abelian groups C' and A, a
non—zero map

Y0 ——— XTIA,
so that
T(=370) s —— T(= 2774

vanishes.
By suspending, we may assume ¢ = 0. Since the map

C —— X774
is non—zero and Z is of projective dimension 1, we have j = 0 or —1. The
case j = 0 is eliminated since there are no a—phantom maps of abelian
groups C — A. To say that the map is phantom would assert that, for

any abelian group G of cardinality < «, the composite G — C — A
vanishes. Since a > Ny, we may choose G = Z. But to say that

Z C A

vanishes for every Z — C' is to say that the map C' — A takes every
element of C' to 0 € A.
We deduce that there exists a non—zero a—phantom map

¢ —— YA
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That is, the map is non—zero, but for any object x € D(Z)”, the composite
x C YA

vanishes. In particular, if x is an abelian group of cardinality < «, the
composite vanishes.
Of course, a morphism in D(Z)

¢ —— XA

is an extension of C' by A; it corresponds to an exact sequence

0 A B C 0.

To say that the composite
x C YA

vanishes, is equivalent to asserting that when we pull back the extension
via z — C, we get

0 A B’ x 0

0 A B C 0
and the extension

0 A B’ x 0

is split. And this is true for all abelian groups z of cardinality < «.
Now let s be any object of the generating set S for K (Z). Write s as

a complex

Lo T Lo

By the choice of a, each of the groups x,; has cardinality < o.. Suppose we
are given a map of chain complexes

T_q g T ) T3
| | | | |
0 A B C 0

The map factors as

no— o — B
%
N5
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where the diagram

0 A B’ Tq 0
[
0 A B C 0

is obtained by pulling back the extension

0 A B C 0

along the map z, — C'. Since the cardinality of z, is < «, the above tells
us that the sequence

0 A B’ g 0

is split exact. It is the zero object in K(Z). The composite

o
L

is therefore the zero map in K(Z). We deduce that, for any object s € S,
any map

T_4 T Ty Ty Tg
| I
0 A B C 0

must vanish. On the other hand,

0 A B C 0

is not the zero object in K(Z), since the extension of C by A is not split.
This contradicts the hypothesis that S generates. O

SUMMARY E.3.3. In Lemma E.3.1, we proved that K (Z)? is not well-
generated. In Lemma E.3.2, we saw that K(Z) does not even have a gen-
erating set. Most definitely, it cannot be well-generated. Therefore K (Z)
is an example of a triangulated category satisfying [TR5] and [TR5*], so
that neither K(Z)° nor K(Z) is well-generated.
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E.4. History of the results in Appendix E

The counterexamples of Appendix E are, to the best of the author’s
knowledge, all new. The only result in the literature that comes to mind
is Boardman’s [2]. Boardman proves that the category T of spectra is
not self-dual. Since the category of spectra is Ng—compactly generated,
by Corollary E.1.3 the dual cannot be, and we are also able to deduce
that the category 7T cannot be equivalent to its dual T°P. In this sense,
Corollary E.1.3 can be viewed as a generalisation of Boardman’s theorem.
We certainly prove that T and T°P are not equivalent. But we prove more;
we in fact prove that T is not equivalent to §°P, for any well-generated S.



10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.
21.

Bibliography

. Alexander A. Beilinson, Joseph Bernstein, and Pierre Deligne, Analyse et topologie

sur les éspaces singuliers, Astérisque, vol. 100, Soc. Math. France, 1982 (French).

. J. M. Boardman, Stable homotopy is not self-dual, Proceedings Amer. Math. Soc.

26 (1970), 369-370.

. Marcel Bokstedt and Amnon Neeman, Homotopy limits in triangulated categories,

Compositio Math. 86 (1993), 209-234.

. AK. Bousfield, The localization of spaces with respect to homology, Topology 14

(1975), 133-150.

, The boolean algebra of spectra, Comm. Math. Helv. 54 (1979), 368-377.

, The localization of spectra with respect to homology, Topology 18 (1979),
257-281.

. E. H. Brown, Cohomology theories, Annals of Math. 75 (1962), 467-484.
. E. H. Brown and M. Comenetz, Pontrjagin duality for generalized homology and

cohomology, Amer. J. Math. 98 (1976), 1-27.

. J. Daniel Christensen and Neil P. Strickland, Phantom maps and homology theories,

Topology 37 (1998), 339-364.

Pierre Deligne, Cohomology & support propre en construction du foncteur f',
Residues and Duality, Lecture Notes in Mathematics, vol. 20, Springer—Verlag, 1966,
pp. 404-421.

Jens Franke, On the Brown representability theorem for triangulated categories,
(20007?), to appear in Topology.

Peter Freyd, Abelian categories, Harper, Heidelberg, 1966.

, Stable homotopy, Proc. Conf. Categorical Algebra, Springer—Verlag, 1966,
pp. 121-172.

, Homotopy is not concrete, The Steenrod algebra and its applications, Lec.
Notes in Math., vol. 168, Springer—Verlag, 1970, pp. 25—34.

Peter Gabriel, Des catégories abéliennes, Bull. Soc. Math. France 90 (1962), 323-
448.

Peter Gabriel and Friedrich Ulmer, Lokal prdsentierbare Kategorien, Lecture Notes
in Mathematics, vol. 221, Springer—Verlag, 1971.

Jonathan S. Golan, Torsion theories, Pitman monographs and surveys in pure and
appl. math., vol. 29, Longman Scientific & Technical, 1986.

Alexandre Grothendieck, Sur quelques points d’algébre homologique, Téhoku Math.
J. 9 (1957), 119-221.

Robin Hartshorne, Residues and duality, Lecture Notes in Mathematics, vol. 20,
Springer—Verlag, 1966.

Uwe Jannsen, Continuous étale cohomology, Math. Annalen 107 (1988), 207-245.
H. R. Margolis, Spectra and the Steenrod algebra, Elsevier Science Publishers B. V.,
1983.

443



444

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

BIBLIOGRAPHY

Amnon Neeman, Some mnew axioms for triangulated categories, J. Algebra 139
(1991), 221-255.

, The connection between the K—theory localisation theorem of Thomason,
Trobaugh and Yao, and the smashing subcategories of Bousfield and Ravenel, Ann.
Sci. Ecole Normale Supérieure 25 (1992), 547-566.

, Stable homotopy as a triangulated functor, Inventiones Mathematicae 109
(1992), 17-40.

, Brown representability for the dual, Inventiones Mathematicae 133 (1998),

97-105.

Brian Parshall and Leonard L. Scott, Derived categories, quasi-hereditary algebras,
and algebraic groups, Carlton U. Math. Notes 3 (1988), 1-104.

Dieter Puppe, On the structure of stable homotopy theory, Colloquium on algebraic
topology, Aarhus Universitet Matematisk Institut, 1962, pp. 65-71.

Jeremy Rickard, Derived categories and stable equivalence, J. Pure and Appl. Alge-
bra 61 (1989), 303-317.

Jan-Erik Roos, Sur les foncteurs dérivés de lim. Applications, Comptes Rendus
Acad. Sci. Paris Ser. AB 252 (1961), 3702-3704 (French).

, Derived functors of infinite products and projective objects in abelian cate-
gories, (1962), unpublished.

, Sur les foncteurs dérivés des produits infinis dans les catégories de
Grothendieck. Exemples et contre—exemples, Comptes Rend. Acad. Sci. Paris Ser.
AB 263 (1966), 895-898 (French).

, Sur la condition AB6 et ses variantes dans les catégories abéliennes,
Comptes Rend. Acad. Sci. Paris Ser. AB 264 (1967), 991-994 (French).

Bo Stenstrom, Rings of quotients, Grundlehren der math. Wissensch., vol. 217,
Springer—Verlag, 1975.

Robert W. Thomason and Thomas F. Trobaugh, Higher algebraic K-theory of
schemes and of derived categories, The Grothendieck Festschrift ( a collection of
papers to honor Grothendieck’s 60’th birthday), vol. 3, Birkhiauser, 1990, pp. 247—
435.

Jean-Louis Verdier, Catégories dérivées, état 0, SGA 4.5, Lec. Notes in Math., vol.
569, Springer—Verlag, 1977, pp. 262-308 (French).

, Des catégories dérivées des catégories abeliennes, Asterisque, vol. 239,
Société Mathématique de France, 1996 (French).

Charles A. Weibel, An introduction to homological algebra, Cambridge Studies in
Advanced Mathematics, vol. 38, Cambridge University Press, 1994.




Index

abelian categories of product—preserving

functors, 183-214
may not have cogenerators, 403-405
via universal homological functor, 384—
385
are locally presentable, 221-224, 326
coproducts, 191
definitions, 185
do not satisfy [AB5], [AB5*], 209—
210
have enough projectives, 212
homological functors, 204—205
homological objects, 224-229, 258-
262
as filtered colimits of representa-
bles, 226-229
characterisation in terms of vanish-
ing Ext, 258-259
Embedding arbitrary objects in ho-
mological ones, 259-262
stable under filtered colimits, 225
satisfy [AB3*], 186-187, 200
satisfy [AB3], 196-200
satisfy [AB4*], 206
satisfy [AB4], 207-209
abelian categories—review of formalism
[—filtered limits, 321
[AB3* ()] in functor categories, 355
[AB4] does not imply [AB4.5], 361—
366
[AB3*(a)] and [AB4*(«a)], 346
definition of [AB4.5(«v)], 354
definition of [AB5%], 378
derived functors of limit, 345-361
analogy with sheaves, 349-351
cofinal sequences, 358
flabby sequences, 350
Mittag—Leffler sequences, 350-354,
359-361
sequences of length ~y, 348

445

via canonical resolution, 346—-348,
370-371

via injectives, 356

injectives in functor categories, 355—
356

local object, 329

localizant subcategory, 328
basic properties, 332—-334
characterisations, 334-335, 338-339

locally presentable categories, 321, 324—
327

quotient by Serre subcategory, 327—
328

quotient maps and products, 343-345

quotients, 327-345

Serre subcategories, 327

adjoints

A(—) preserves and reflects adjoints,
181-182

Bousfield localisation, 288, 309-318

Brown representability, 286—287

of a triangulated functor is triangu-
lated, 179

Bousfield localisation, 288, 309-318

embedding the quotient, 316317
existence, 288, 318

for homology theory E, 417-418
is selfdual, 315-316

local object, 310

perpendicular subcategories, 313

Brown representability, 275

adjoints, 286

for N1—perfectly generated categories,
282-284

for E—acyclic spectra, 417-418

for E-local spectra, 417418

for dual of E-acyclic spectra, 419—
420



446

for duals of well-generated categories,
303-306
for spectra, 408
for well-generated categories, 285—286
Brown—Comenetz objects, 302—-303, 307

cardinal
of T(S™, z), 410-411
regular, 103
singular, 103
cofinal sequences, 358
compact generating set, 274
compact objects, 130
filtrations by coproducts, 371-378
generators for, 140
in quotient, 138, 143-144
subcategory of, 129
inclusion relations, 129
is localising, 130
compactly generated categories, 274

existence of products, 288

filtrations by coproducts of compact ob-
jects, 371-378
Freyd’s universal abelian category, 153—

182

A(8) is an abelian subcategory closed
under extensions, 161

A(—) is a functor, and preserves prod-
ucts, 177-179

A(—) preserves and reflects adjoints,
181-182

A(8) is a Frobenius category, 169

category B(8) and its equivalence with
A(S), 162-163

category C(8) and its equivalence with
A(S), 167-169

category D(8) and its equivalence with
A(8), 172-173

coproducts in A(8) when $ satisfies
[TR5], 169-171

definition of A(S), 154

example of non—well-powered, 394

functors in A(8) preserve products,
154

relation with &z {T*}°P, Ab , 214-
220

subobjects and quotient objects, 172—
177

universal homological functor, 163—
164

functor

kernel of, 74, 99
representability, 275
for Nj—perfectly generated catego-
ries, 282284
for duals of well-generated catego-
ries, 303-306
for well-generated categories, 285—
286
triangulated, 73

functor 7 : A(T) — E&x {T*}°P  Ab

is the quotient by a colocalizant sub-
category, 216-218, 290

is the quotient by a localizant subcat-
egory in the presence of injectives,
289-290

respects products, 218

existence, 214-215

is exact and respects coproducts, 215

is restriction, 215-216

functor categories

abelian categories of product—preserving

functors, 183-214

may not have cogenerators, 403—
405

relation with Freyd’s universal abelian
category, 214-220

via universal homological functor,
384-385

are locally presentable, 221-224, 326

coproducts, 191

definitions, 185

do not satisfy [AB5], [AB5*], 209—
210

Embedding arbitrary objects in ho-
mological ones, 259-262

have enough projectives, 212

homological functors, 204—205

homological objects, 224-229, 258
262

homological objects characterised
in terms of vanishing Ext, 258—
259

satisfy [AB3*], 186-187, 200

satisfy [AB3], 196-200

satisfy [AB4*], 206

satisfy [AB4], 207209

Freyd’s universal abelian category, 153—

182

A(—) is a functor, and preserves
products, 177-179



INDEX

A(—) preserves and reflects adjoints,
181-182

A(8) is a Frobenius category, 169

A(8) is an abelian subcategory closed
under extensions, 161

category B(8) and its equivalence
with A(S), 162-163

category C(8) and its equivalence
with A(S), 167-169

category D(8) and its equivalence
with A(S), 172-173

coproducts in A(8) when 8 satisfies
[TR5], 169-171

definition of A(S), 154

example of non—well-powered, 394

functors in A(8) preserve products,
154

relation with Ex {T*}°P  Ab | 214—
220

subobjects and quotient objects, 172—
177

universal homological functor, 163—
164

have enough projectives, 153-154

generating set, 205, 273-274
a category without, 438—441
compact, 274
compactly generated categories, 274
generate category, 285
in the dual of well-generated catego-
ries, 302-303
perfect, 273-274
well generated categories, 274
gluing data, 318-319
good
morhism of triangles, 52
object in a subcategory, 113
Grothendieck’s duality theorem, 306

homological functor
as object in Ex 8°P, Ab , 224-229, 258—
262
as filtered colimits of representa-
bles, 226—229
characterisation in terms of vanish-
ing Ext, 258-259
Embedding arbitrary objects in ho-
mological ones, 259-262
stable under filtered colimits, 225
definition, 32
examples, 32

447

into abelian functor categories, 204—
205

universal, 163-166

universal into [AB5%], 384-385
homotopy cartesian square, 52
homotopy colimits

definition, 63

elementary properties, 64—65

of subsequences, 68-70
homotopy pullback, 5455, 183—184
homotopy pushout, 53-54

idempotent splitting, 65

kernel
of functor, 74, 99

large categories, 99-100
limits
[—filtered, 321
local object
in abelian category, 329
in triangulated category, 310
localisation
Bousfield, 288, 309-318
embedding the quotient, 316-317
existence, 288, 318
is selfdual, 315-316
local object, 310
perpendicular subcategories, 313
Thomason, 143-144
Verdier, 74-99, 309
existence theorem, 74-75
size of Hom-sets, 99-100, 137, 318
localising subcategory, 106—107
of small objects, 126
locally presentable categories, 221-224,
321, 324-327

mapping cone
[TR4], 51
definition, 45
modules p* M
definition, 387-388
force large images, 391
respect homomorphisms, 390-391
stabilise eventually, 390

octahedral axiom, 58, 60

perfect classes
definition, 110-111
maximal, 120-121



448 INDEX

new out of old, 111, 116, 119
which are triangulated subcategories,
115
perfect generating set, 273-274
perfectly generated category, 274
D(Q) is not, 432-437
phantom maps, 219-220
and injectives in Ex 8°P, Ab , 299—
300
and right adjoint to =, 301
annihilated by homological functors
into [AB5?] categories, 383-384

as the kernel of D(T) — &x {T*}°P  Ab ,

218-219
definition, 219
existence for every «, 219-220
from coproducts of compacts vanish,
369-370
in D(Z), 438-440
pretriangle
definition, 33
examples, 34
new out of old, 34, 49
pretriangulated category, 29, 70
definition, 29
products
existence of, 288
of triangles are triangles, 37

quotient categories, 74-99, 309
commutative squares, 85-86
compact objects, 143-144
embedding via Bousfield localisation,

316-317
equality of morphisms, 84-85
existence, 74-75, 84
isomorphisms, 90, 92
preservation of products, 107, 110
size of Hom—sets, 99-100, 137, 318
zero objects, 91

regular cardinal, 103
representability of functors, 275
for N1 —perfectly generated categories,
282-284
for duals of well-generated categories,
303-306
for well-generated categories, 285—286

Serre subcategories, 327
singular cardinal, 103
six functors, 318-319

small categories, 99-100, 137
small Hom—sets, 99-100, 137, 318
small object
definition, 123
subcategory of, 124
is localising, 126
is triangulated, 124
spectra
FE-acyclics, 411-412
are well-generated, 417418
Brown representability, 417418
Brown representability for dual, 419—
420
FE-local, 419
are well-generated, 417-418
Brown representability, 417-418
&x {T*}°P,Ab does not have a co-
generator, 425
Bousfield localisation for homology,
417-418
Brown representability, 408
cardinal of T(S", z), 410-411
elementary properties, 407-408
functor to D(R), 420
descends to Ex {T*}°P, Ab , 422~
425
respects a—compacts, 420-421
splitting
idempotent, 65
triangle with 0, 42—-45
subcategory
generated by a set, 103—104, 106-107
localising, 106-107
of compact objects, 129, 130
inclusion relations, 129
is localising, 130
of small objects, 124
is localising, 126
is triangulated, 124
thick, 74, 99
thick closure, 75, 99, 147-149
triangulated, 60

Thomason localisation, 143144
applied to finding T<, 409

TRO, 29

TRI1, 29

TR2, 29

TR3, 30

TR4
equivalent formulations, 51, 60



INDEX

TR5
dual, 63
statement, 63
triangles
contractible, 47, 48
distinguished, 29
products of, 37
summands of, 38
triangulated subcategories
which are perfect classes, 115

universal homological functors, 163-166,
384-385

Verdier localisation, 74-99, 309
existence theorem, 74-75
size of Hom-sets, 99-100, 137, 318

well generated categories, 274

are unions of TP, 285-286

duals satisfy Brown representability,
303-306

neither K(Z) nor K(Z)°P, 437-441

not both J and T°P, 427-431

satisfy Brown representability, 285—
286

449



