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Evaluation maps and transfers for free loop spaces II
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Abstract

In [11], we constructed and studied a functorial extension of the evaluation map S x £LX — X
to transfers along finite covers. In this paper, we show that this induces a natural evaluation
map on the full subcategory of the homotopy category of spectra consisting of p-completed
classifying spectra of finite groups. To do this, we leverage the close relationship between this
full subcategory and the Burnside category of fusion systems.
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1 Introduction

In [11], we produced a functorial extension of the evaluation map S* x LX — X to transfers along
finite covers and showed that this induces a natural evaluation map on the Burnside category of
finite groups. The homotopy category of classifying spectra of finite groups admits an algebraic
interpretation in terms of completions of Burnside modules of finite groups, but in [11] we showed
that the natural evaluation map does not extend to the homotopy category of classifying spectra
of finite groups. For a prime p, the homotopy category of p-completed classifying spectra of finite
groups admits an algebraic interpretation in terms of Burnside modules for fusion systems. Our
goal in this paper is to show that the natural evaluation map does extend to the Burnside category
of fusion systems and also to the homotopy category of p-completed classifying spectra of finite
groups.

The notion of a saturated fusion system is an axiomatization of the properties that can be
detected about a finite group G from a choice of Sylow p-subgroup S < G equipped with conjugation
data. There are saturated fusion systems that do not come from a choice of finite group and Sylow



p-subgroup. Every saturated fusion system has a classifying space that is a natural generalization
of the p-completion of the classifying space of a finite group.

The classifying spectrum of a saturated fusion system is built from the classifying space of the
saturated fusion system in a simple manner. There is a close relationship between the classifying
spectrum of a saturated fusion system and the p-completed classifying spectrum of the underlying
Sylow p-subgroup. There is an idempotent endomorphism of the classifying spectrum of the un-
derlying Sylow p-subgroup that splits off the classifying spectrum of the saturated fusion system.
This idempotent is known as the characteristic idempotent of the saturated fusion system. If the
saturated fusion system comes from a finite group G, this construction recovers the p-completion
of the classifying spectrum of G.

The set of homotopy classes of maps between two p-completed classifying spectra of finite p-
groups is isomorphic to the p-completion of the Burnside module of bisets between the two p-groups.
The p-complete Burnside category of p-groups (in which the Burnside modules have been completed
at p) is therefore equivalent to the homotopy category of p-completed classifying spectra of finite
p-groups. The characteristic idempotent for a saturated fusion system appears as an idempotent
in the p-completion of the double Burnside ring of the underlying Sylow p-subgroup. Similarly,
there is a p-complete Burnside category for all saturated fusion systems, and this is equivalent
to the homotopy category of all classifying spectra of fusion systems, which includes p-completed
classifying spectra of all finite groups.

We extend the natural evaluation map of |11] from the p-complete Burnside category of p-
groups to the p-complete Burnside category of saturated fusion systems by analyzing its effect on
the characteristic idempotent. For formal reasons, this provides us with an evaluation map whose
domain is a direct summand of the p-completed classifying spectrum of BZ/p* x LBS. However,
work needs to be done to relate this summand to the free loop space of the classifying space of the
saturated fusion system.

In more detail...

Let AG be the Burnside category of finite groups. The objects of AG are finite groups and the abelian
group of morphisms between two groups G and H is the Burnside module of H-free (G, H)-bisets.
We may formally extend this category to include formal coproducts of finite groups. In this case,
a map is given by a matrix of virtual bisets. The homotopy category of classifying spaces of finite
groups faithfully embeds in AG. For a finite group G, let LG =[]}, Cc(g), the formal coproduct
over conjugacy classes of elements in G of the centralizers. In [11, Section 3|, we constructed
and studied a functor L},: AG — AG with the property that L}h(G) = (Z/k)" x L*(G) (for k
large enough) and a natural transformation L;rl = Idag that extends the evaluation map natural
transformation.

Fix a prime p and let AF, be the Burnside category of saturated fusion systems. The objects
of AF, are saturated fusion systems and, given two saturated fusion systems F on a p-group S
and G on a p-group 7', the morphisms AIF,(F,G) is the submodule of AG(S, T);} consisting of
bistable elements. Just as in |11, Section 3], we may formally extend this category to include formal
coproducts of fusion systems, which we call fusoids.

The category AF, is a full subcategory of the homotopy category of p-complete spectra. Let
f]‘fBS be the p-completion of the classifying spectrum ¥%°BS. Given a saturated fusion system F
on a p-group S, there is a characteristic idempotent

wr € AG(S, S) = [EXBS, £ BS].



We will denote the summand of i‘fBS split off by this idempotent by f]fB}" . There is a canonical
isomorphism

AF,(F,G) =[S BF, S Bg).

Recall that if the fusion system F comes from a finite group G (with Sylow p-subgroup S), then
iiOB]: is equivalent to the p-completion of the classifying spectrum of G. Thus AIF, contains the
homotopy category of p-completed classifying spectra of finite groups as a full subcategory.

Just as with groups, there is a notion of a centralizer fusion system of an element in the
underlying p-group of a fusion system and we define

LF =T Crlg).

9]

It is important to note that LF generally has fewer components than £S because F generally has
fewer conjugacy classes. Consequently £S5 is not the “Sylow p-subgroup” of LF even though S is
the Sylow subgroup of F. Other technical challenges that we address stem from the fact that the
notion of a centralizer fusion system only behaves well for certain choices of representatives for the
conjugacy classes in F.

For e large enough, the evaluation map is a map of fusion systems

Z/p° x (][ Crl9)) = F.
9]

Taking p-completed classifying spectra, we get a map
$°°(BZ/p® x LBF) — ST BF.

Here the free loop space LBJF is modeled algebraically by LF as stated in Proposition [3.12] which
is a result essentially due to Broto-Levi-Oliver [2].

We show that the domain of the evaluation map above arises by two other constructions. First,
applying Idz e X £(—) to the characteristic idempotent gives an idempotent

IdZ/pe X LwF

$°(BZ/p° x LBS) $°°(BZ/p® x LBS).

Secondly, we may apply L{ to the characteristic idempotent wr to get an idempotent

~ Twor ~
S°0(BZ/p¢ x LBS) 2T, $2(BZ/p¢ x LBS).

Neither of these idempotents are the characteristic idempotent for Z/p® x LF, but we prove that
both of these idempotents still split off the spectrum

S%°(BZ/p® x LBF).

Since each map between fusion systems arises as a map between classifying spectra of p-groups
that commutes with the characteristic idempotent, we get a natural transformation

LI(—) = Idar,

of functors from AF, to AF,. Or, said another way, we have extended the functoriality of the
evaluation map to the homotopy category of classifying spectra of fusion systems and, in particular,
to the homotopy category of p-completed classifying spectra of finite groups.

From here, Theorem is proved for fusion systems in a reasonably formal manner as Theorem
We also derive formulas for L), and the evaluation map. These formulas are similar to those
described for finite groups in [11, Section 3].



Theorem 1.1. We construct a family of endofunctors LL: AF, — AT, forn > 0 with the following
properties:

0)

(iid)

(vi)

(vit)

Let L% AG — AG be the functor constructed in |11, Section 3]. When restricted to the
full subcategories of AG and AF, spanned by formal unions of finite p-groups, the functor
L AF, — AT, is the Z,-linearization of L€,

L(]; is the identity functor on AF,.

On objects, LIL takes a saturated fusoid F to the saturated fusoid

L(F) = @/p)" x £"(F) =[] Z/p)" x Cr(a).
acF

The group X, acts on L"F = ngf[n] Cx(a) by permuting the coordinates of the n-tuples
a. Explicitly, if o € ¥, and if o(a) is the representative for the F-conjugacy class of o(a),

then o: L"F — L"F maps Cr(a) = Cr(o(a)) to C]:(a/(\g/)) via the isomorphism CZ((S)) €

AF,(Cr(a), Cr(a(a))).

The functor L}, is equivariant with respect to the Sy-action on (Z/p®)™ x L™(—) that permutes
the coordinates of both (Z/p®)"™ and L™(—), i.e. for every o € ¥, the diagonal action of o on

(Z/p°)™ x L™(—) induces a natural isomorphism o : L =1},

Let € and F be saturated fusion systems on R and S respectively. For forward maps, i.e. tran-
sitive bisets [R, p]L € AF,(E,F) with p: R — S fusion preserving, the functor L}, coincides
with (Z/p°)™ x L™(—) so that

LI([R,¢]F) = (Z/p*)" x L"([R, ¢]7).
In addition, L"([R,¢|) is the biset matriz that takes a component Cg(a) of L"E to the
component Cr(b) of L'F by the biset

(Cra), ¢lcs i & & ) € AF,(Cel(a), C(b)),

where b represents the F-conjugacy class of ¢(a).

For all n > 0, the functor LJT[L commutes with evaluation maps, i.e. the evaluation maps
evr: (Z/p)" x LY(F) — F form a natural transformation ev: Ll = IdaF, -

For all n > 0, the partial evaluation maps devy: Z/p¢ x LPTY(F) — L™(F) given as fusion
preserving maps Oevy: Z/p® x Cr(a) = Cr(ay,...,an) in terms of the formula

Oevg(t, z) = (an+1)t -z € Cgslay,...,ap), forteZ/p® ze Cs(a),

form natural transformations (Z/p®)™ x dev : LL_H = L.

For all n,m > 0, and any saturated fusoid F on S, the formal union (Z/p¢)"™™ x LPTMF
embeds into (Z/p®)™ x L™ ((Z/p°)" x L*F) as the components corresponding to the commuting
m-tuples in (Z/p°)" x L*F that are zero in the (Z/p®)"-coordinate, i.e. the embedding takes



each component (Z/p®)"*™ x Cx(z,y) to the component (Z/p°)™ x Cz/peynxcr(z)(0 X y), for
z e F'l and AS Flml | via the fusion preserving map given by

((8,1),2) = (1, (8, 2)),

for s € (Z/p°)", r € (Z/p°)", and z € Cs(z,y).
These embeddings (Z/p®)" ™™ x LTTMF — (Z/p°)™ x L™ ((Z/p°)"™ x L™ F) then form a natural
transformation L} (=)= L;rn(LIL(f))

n+m

For any finite group G, if we work with the free loop space LG in the context of a fixed prime
p, we may want to restrict our view to only those components of LG that correspond to conjugacy
classes of p-power order elements in G. In general for n > 0, we let LG consist of the components
in L™"G corresponding to conjugacy classes of commuting n-tuples of p-power order elements in G.

The functors L},: AG — AG from [11, Section 3] restrict naturally from (Z/¢)" x L"G to
(/)" x L2G and give us functors L} ,: AG — AG for n > 0.

Separately, consider the canonical functor AG — Ho(Sp) taking finite groups to their classifying
spectra and post-compose this with the p-completion functor for spectra (—)Q : Ho(Sp) — Ho(Sp,)-
The resulting functor factors through AF, giving us a functor (—)2: AG — AT, corresponding to
the p-completion functor for classifying spectra. The (—);,\ takes a finite group to its associated
fusion system at the prime p, and explicit formulas for the functor (—);\ were previously described
in [10].

Our final result describes the interplay between these functors. We prove the functor Lh: AF, —
AF,, when applied to a fusion system coming from a finite group, is in essence the p-completion of

the functor L;rhp: AG — AG.

Theorem 1.2. We have (—);, o Lh,=Lo (=) as functors AG — AT, for alln > 0.

Outline

Section [2] recalls notation and terminology for saturated fusion systems, their Burnside modules,
and characteristic idempotents. Section |3 introduces the technology needed for working with bisets
between free loop spaces of fusion systems. Section [d] proves that the mapping telescope of the
idempotent £"(wr) is equivalent to the classifying spectrum for the free loop space of the fusion
system. Section [5| proves a similar result for the mapping telescope of LL (wx). The proof reduces to
the results of Section [4| by showing that L), (wr) and (Z/p®)"™ x L™ (wr) induce equivalent mapping
telescopes. Section |5| provides explicit formulas for Ll applied to the Burnside category of saturated
fusion systems. Section [6] proves Theorem [I.1] as Theorem[6.9] and finally, Section [7] proves Theorem

[[2] as Theorem [T.5
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2 Recollections about fusion systems

We first recall the basics of the definition of a saturated fusion system. For additional details see
[8, Section 2] or [1}, Part IJ.

Definition 2.1. A fusion system on a finite p-group S is a category F with the subgroups of S as
objects and where the morphisms F(P, Q) for P,Q < S satisfy

(¢) Every morphism ¢ € F(P, Q) is an injective group homomorphism ¢: P — Q.

(77) Every map ¢: P — @ induced by conjugation in S is in F(P, Q).
(iii) Every map ¢ € F(P,Q) factors as P 2 o(P) Indl, Q in F and the inverse isomorphism
¢l p(P) — P is also in F.

In addition, the underlying group S is considered part of the structure of the fusion system, so a
fusion system is really a pair (S, F) of a p-group equipped with a category as above.

We think of the morphisms in F as being conjugation maps induced by some, possibly non-
existent, ambient group. Consequently, we say that two subgroups P,Q < S are conjugate in F if
there is an isomorphism between them in F.

A saturated fusion system satisfies some additional axioms that we will not go through as they
play almost no direct role in this paper (see e.g. [8, Definition 2.5] instead). The important aspect of
saturated fusion systems in this paper is that these are the fusion systems that have characteristic
idempotents and classifying spectra as described below.

Given fusion systems F; and JF5 on p-groups S7 and So, respectively, a group homomorphism
¢: S1 — Sy is said to be fusion preserving if whenever ¢¥: P — @Q is a map in Fi, there is a
corresponding map p: ¢(P) — ¢(Q) in Fy such that ¢|g o) = p o ¢|p. Note that each such p is
unique if it exists.

Ezample 2.2. Let G be a finite group with Sylow p-subgroup S. This data determines a fusion
system Fg on S. The maps in Fg(P, Q) for subgroups P, < S are precisely the homomorphisms
P — @ induced by conjugation in G, i.e. if g7 Pg < Q for some g € G, then ¢,(x) = g~1xg defines
a homomorphism ¢, € Fg(P, Q). Note that different group elements g and ¢’ can give rise to the
same homomorphism ¢, = ¢y in Fg(P, Q). The fusion system F¢ associated to a finite group at a
prime p is always saturated.

Every saturated fusion system JF has a classifying spectrum originally constructed by Broto-
Levi-Oliver in |2, Section 5]. The most direct way of constructing this spectrum, due to Ragnarsson
[7], is as the mapping telescope

YPBF = colim(X2°BS L ©°BS 5 .. ),

where wr € AG(S, S);, is the characteristic idempotent of F (see the characterization below). By
construction, X°BF is a wedge summand of X°BS.



As remarked in Section 5 of [2], the spectrum XS°BJF constructed this way is in fact the
suspension spectrum for the classifying space BF defined in [2,/4]. One way to see this is to note
that H*(BF,F,) coincides with wr - H*(BS,F,) as the F-stable elements, and that the suspension
spectrum of BF is HIF,-local.

Definition 2.3. Let F be a fusion system on S. A virtual biset X € AG(S, S), is said to be
F-characteristic if it satisfies the following properties:

e X is F-generated, meaning that X is a linear combination of transitive bisets [P, (p]g with
p e F(P,YS).

o X is left F-stable, meaning that for all P < S and ¢ € F(P,S) the restriction of X along ¢
on the left,
X3, = [P,¢lp © X € AG(P,9)p,

is isomorphic to the restriction X3 = [P,id]3 ® X € AG(P, S ), along the inclusion.
e X is right F-stable, meaning the dual property to the one above:
X oeP ¢ s =X o[P,id]g,
for all P < S and ¢ € F(P,9).

e |X|/|S| is invertible in Zj.

Whenever F is the fusion system generated by a finite group G with Sylow p-subgroup S, we
can consider G itself as an (S, S)-biset Gg. The biset Gg is always JF-characteristic and is the
motivating example for Definition [2.3

According to [8], a fusion system is saturated if and only if it has a characteristic virtual biset, in
which case there is a unique idempotent wr among all the characteristic virtual bisets. An explicit

description and construction of wx, and a classification of all the characteristic virtual bisets, can
be found in [9).

Definition 2.4. Let F; and F> be saturated fusion systems over p-groups S and Ss, respectively.
We then let AF,(Fi, F2) denote the submodule of AG(Sy, S2);, consisting of all virtual (S, S2)-
bisets that are both left Fj-stable and right Fa-stable. Here Fi- and Fa-stability can be defined as
for the characteristic idempotents above. Alternatively, a virtual biset X € AG(S, 5’2);\ is (Fp, Fa)-
stable if and only if

wr, @XQW}'2 = X.

As a special case, for the trivial fusion systems induced by Si,S2 on themselves, we have
AFF,(S1,S2) = AG(S1,S2),. Hence AF,(S1,S52) is the free Zj,-module spanned by the transitive
bisets [P, @]gf for P < S; and ¢: P — Sy up to conjugation. Similarly, AF,(Fi, F2) is the free
Z,-module on basis elements of the form

[P7 90];-'? =wR © [P7 ‘PE? O Wr,,

where P < S7 and ¢: P — S5 are taken up to pre- and postcomposition with isomorphisms in Fj
and F; respectively (see [7, Proposition 5.2]).

Suppose we have a third saturated fusion system F3 on S3 and virtual bisets X € AF,(F1, F2)
and Y € AF,(F», F3). The composition X ©Y = X xg, Y € AF,(S51,53) is then always (Fi, F3)-
stable, so composition gives a well-defined map

®: AFp(fl,fg) X AFp(fQ,fg) — AFP(.FL.F?)).

Here we use “right-composition” similar as for bisets of finite groups in |11, Definition 3.1].



Remark 2.5. Given finite groups G and H with Sylow subgroups S and 7" and a (G, H)-biset X,
we may restrict the G-action to S and the H-action to T to get an (S, T)-biset Xg:. Let Fg be
the fusion system associated to G on S and Fg the fusion system associated to H on T. The
restricted biset X;*C is always a stable biset and so we may further consider it as an (Fg, Fp)-biset

X7H € AFy(Fa, Fn).

Convention 2.6. As with [11, Convention 3.2] for groups, we allow flexibility when decomposing
virtual bisets into basis elements for fusion systems.

Let F and G be saturated fusion systems over p-groups S and T respectively. Given X &
AF,(F,G), we can write X as a Z,-linear combination of basis elements:

Z CR,p * [R7 QDET
(R.p)

The summation runs over all R < S and ¢: R — T (not taken up to conjugacy). The coefficient
function ¢(_y is a choice of function from the set of all pairs (R, ¢) to Z, such that the sum of
coefficients cps s over the pairs (F,G)-conjugate to (R, ¢) is the number of copies of the basis
element [R, @]?_- in X.

As with [11, Convention 3.2], the linear combination is not unique as several conjugate pairs
(R, ) can contribute to the sum at the same time. If we require ¢(_y to be concentrated on chosen
representatives for the conjugacy classes of pairs, then the linear combination is unique.

Remark 2.7. An advantage of the flexibility in the linear combinations above is that we can use
the same coefficients for [11, Convention 3.2] and Convention at the same time: Given X €
AF,(F,G), we first consider the (S, T)-biset X7 and write this as a linear combination according
to |11, Convention 3.2],
sXr =) cry- RS
(Rp)

Recalling that X is taken to be (F,G)-stable, we can compose with the characteristic idempotents
from each side without changing X:

X=wrOsXrOuwg= Y cry (WrO[R@§Owg) =Y cry R ol
(Ryp) (R.)

Hence the coefficients cg, chosen when decomposing s X7 as an (S, T')-biset also work when de-
composing X as an (F, G)-biset.

Suppose £ and F are saturated fusion systems on R and .S respectively. Because we construct
Y.°BF for a saturated fusion system J on S as the colimit

SPBF = colim(3PBS 25 S°BS “7; )
with respect to the idempotent wr € AF,(S,S), the stable maps from f)fBE to f)fB]—" are given
by
[EXBE,SCBF] = we © AF,(R, S) © wr = AF,(E, F).
3 Free loop spaces for saturated fusion systems

In order to have a framework in which to work with free loop spaces for fusion systems, we introduce
formal unions of fusion systems:



Definition 3.1. Suppose we have a formal union of finite p-groups S = S; U --- U Si. We define
a fusoid F on S to be a collection of fusion systems F; on S; for 1 < ¢ < k, and we write
F=FU--UF.

Given another fusoid £ with underlying union R of p-groups, we define a fusion preserving map
& — F to be a collection of homomorphisms that take each component R; of R to some component
S; of S and where the homomorphism R; — S; is fusion preserving from &; to Fj.

A fusoid F is saturated if each component of F is saturated. Furthermore each saturated fusoid
has as classifying space BF the disjoint union of the clasmfymg bpaces of the components, and f
has a classifying spectrum EOOB}" = cohm(EooBS EOOBS 27, ..., where wr € AG(S, S)p
the diagonal matrix with entries wz, € AG(S;, S;);,.

The classifying spectrum ifB]: is also the sum under S;\ of the classifying spectra i?ﬁB]—"Z for

the components of F where the copy of Sg)\ in each f)‘fB]—'i coming from the disjoint basepoints are
identified with each other.

Definition 3.2. For saturated fusoids £ and F over unions R and S of p-groups, we define
AT, (€, F) similarly as for unions of groups, so that each X € AF,(£,F) is a matrix of virtual
bisets with entries X;; € AF,(&;, F;) for the corresponding components of £ and F. The Z,-
module AF,(€,F) is a Zy-submodule of the module AF,(R,S) of matrices for the underlying
unions of p-groups.

Again we define composition ® in terms of matrix multiplication, and we let the biset category
of fusoids AIF,, be the category with objects the saturated fusoids at the prime p and morphism set
from & to F given by AF,(&,F).

The identity map idr € AF,(F,F) for a saturated fusoid is just the diagonal matrix wr with
entry wg, for each component F; of F.

There is a functor AF, — Ho(Spp) that takes a fusoid F to the p-completed classifying spectrum
f]?fB}" ~ S;\ VX BF, and on morphisms it is the Segal map for fusoids, which is an isomorphism:

[EXBE, S BF] = AF,(E, F).

As such, AF, — Ho(Sp,) is fully faithful.

A word of caution: While the restriction of actions ¢ Xpg — 5, X, defines a map AG(G, H) —
AF,(Fq, Fg) for any finite groups G and H, this does not define a functor AG — AFF,. See
[10, Theorem 1.1] for a description of the functor AG — AF), that corresponds to p-completion of
spectra.

We wish to give an algebraic model for the n-fold free loop space L™"(BF), when F is a saturated
fusion system or fusoid. In order to do this, we first need to specify what we mean by commuting
n-tuples in F, their conjugacy classes, and their centralizer fusion systems.

Definition 3.3. Let F be a saturated fusoid or fusion system on a union .S of finite p-groups.
For each n > 1, we consider n-tuples a = (a1, ..., a,) of commuting elements in S. Note that the
elements of a tuple @ are required to lie in the same component of the formal union S. We say that
two n-tuples a and b are F-conjugate if they lie in the same component of S and there is a map in
F sending g to b, i.e. a map

w: (a) = (a1,...,an) = (b) = (b1,...,by) in F

such that ¢(a;) = b;.
We let FI" denote the collection of equivalence classes of commuting n-tuples in S up to F-
conjugation, for n > 0. For n = 0, we consider FI”) to consist of a single empty/trivial 0-tuple.



For a finite group G and n > 0, let Gl denote the classes of commuting n-tuples of elements
with p-power order in G up to G-conjugation.

Definition 3.4. Let F be a saturated fusion system or fusoid over S. We say that an n-tuple a
in S is fully F-centralized if |Cg(a)| > |Cs(a’)| for all n-tuples @’ conjugate to a in F, which is
the case if and only if the subgroup (a1, ..., a,) is fully F-centralized in the normal terminology of
fusion systems.

When F is a saturated fusion system, and a is fully centralized in F, we define the centralizer
fusion system Cr(a) to be the fusion system over the p-group Cs(a) with maps

Home, (o) (Q, P) = {p € F(Q, P) | ¢ extends to a map ¢ € F defined on
@ and each a;, 1 <i <n, such that ¢|g = ¢ and @¢(a;) = a;}

for subgroups @Q,P < Cg(a). The fusion system Cr(a) coincides with the usual notion of the
centralizer fusion system for the subgroup (ai,...,a,) < S.

When F is a fusoid, and a is fully F-centralized, we define the centralizer fusion system Cr(a)
to be the centralizer inside the component of F containing a. As such, the centralizer Cr(a) is
always a fusion system and not a fusoid.

Lemma 3.5. Suppose a is a fully F-centralized n-tuple, then the centralizer fusion system Cr(a)
1$ saturated.

Proof. This is just |2, Proposition A.6] applied to the subgroup (ai,...,a,) and the centralizer
system Cr((a,...,an)). O

Remark 3.6. The following fact, which we will need for the next lemma, is a special case of the
second saturation axiom [8, Definition 2.5(II)].

If a commuting n-tuple a is fully F-centralized in a saturated fusion system F, and if ¢ in
F takes any other n-tuple b to a, then the map ¢: (b1,...,b,) — (a1,...,a,) extends to a map
between centralizers ¢: Cs(b) = Cg(a) with ¢(b;) = a;.

Lemma 3.7. Let F be a saturated fusion system on S, and let a € S be a commuting (n+1)-tuple.
Write a = (a1, ..., ant1). Suppose da = (aq,...,an) is fully centralized in F, and suppose further
that anq1 € Cs(0a) is fully centralized in Cr(0a), then a is fully centralized in F.

Furthermore, each commuting (n + 1)-tuple b in S is F-conjugate to a fully centralized tuple of
the form above.

Proof. First of all, for any (n + 1)-tuple a the element a1 commutes with da if and only if
ant+1 € Cg(0a), and in that case
Cs(a) = Cog(0a)(ant1)-

Suppose a is a commuting (n + 1)-tuple with da fully F-centralized and a,41 fully Cr(0a)-
centralized. Consider any other (n+ 1)-tuple b that is F-conjugate to a, and suppose ¢ € F sends b
to a. Let 9b = (b1, ...,by,) and let gy be the restriction of ¢ to the subgroup generated by 0b, so that
©5(0b) = da. Since da is fully F-centralized, Remark 3.6 implies that ¢y extends to the centralizers
as a map ¢: Cg(0b) — Cg(0a). In particular 1(by41) € Cg(0a). All elements of Cg(b) < Cg(9b)
centralize by, 11, so after applying 1) we get

¥(Cs(b)) < Cogoa) (Y(bni1))-

10



We proceed to look at the composite

goow_l: (a1, yp, Y(bny1)) = (b1, .. bpy1) = (a1, ..., ant1)-

Note that ¢ o ¢p~! maps 1(by11) to ani1 and at the same time maps Oa identically to itself. The
composite oot~ therefore defines a map in Cx(da) from 1 (by,11) to a1 1. Hence a,41 and v (by11)
are conjugate in C'x(da), wherein a,4+1 was assumed to be fully centralized, so we conclude that

1Cs(a)l = |Ccg(9a) (ant1)| 2 |Cog9a) (¥(bni1))] = [(Cs(b))] = [Cs(b)].

This completes the proof that a is in fact fully centralized in F.

For the second part of the lemma, let b be any commuting (n + 1)-tuple in S. Consider the
truncated n-tuple 0b = (by,...,b,), and choose any preferred fully F-centralized conjugate a of
0b. Let ¢ be a map in F from 9b to a, then by Remark as above we get an extension of ¢ to
¢: Cg(0b) — Cs(a). We have b,4+1 € Cg(9b) and ¢(by+1) € Cs(a). Choose any z € Cg(a) that is
fully C'r(a)-centralized and conjugate to ¢(b,+1) inside Cr(a). Any ¢ € Cr(a) that takes p(by+1) to
z then v extends trivially onto a, hence 1o ¢ takes the entire tuple b to (a1, ..., an, z). Furthermore
(ai,...,an, z) has the requested form — and hence is fully F-centralized by the lemma. ]

We wish to take the formal union of centralizer fusion systems Cx(a) with [a] € FI™ as an
algebraic model for the n-fold free loop space of BF. To show that the centralizers do not depend
on the choice of representatives, we give the following analogue of [11, Lemma 3.12].

Lemma 3.8. Let a be an n-tuple of commuting elements in S, and suppose that a is fully F-
centralized and F-conjugate to a. Any map ¢ in F that takes a to a, then induces a fusion preserving
injective map Cr(a) — Cr(a). In AF), all such inclusions give rise to the same virtual bifree biset

3 € AF,(Cs(a), Cr(a))

that is left Cr(a)-stable in addition to being right Cr(a)-stable.
If & is another fully F-centralized tuple that is conjugate to a (and therefore to a), then

§ € AF,(Cr(a), CF(d)),

and the chosen bisets are compatible with composition

& =cdog.

Proof. The F-conjugation from a to a is given by a unique map ¢: (a) — (a) in F. By Remark
the map ¢ extends to a map
¢: Cs(a) = Cs(a)

such that @[,y = ¢. We define

& = [C5(0), A1ZE © wor@ = [Cs(a), FIE7E)

Given any other choice of extension 1: Cg(a) — Cs(a) that maps a to a, the composite 1 o (@)~
defines a map in F from ¢(Cg(a)) to ¥(Cs(a )) The composite o ()~ maps the fully centralized
tuple a to itself by the identity, so p = 10 (@) ! defines a map in Cr(a) from the subgroup $(Cs(a))
o ¥(Cg(a)). Since ¥ = po ¢ and p € Cx(a), the two maps 1) and @ give rise to the same virtual
biset

Cs(a) Y12 = [Cs(a), po F17S = [Cs(a), 517

\/\_,
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The virtual biset Cg is therefore independent of the choice of extension @ of the map .

We now claim that ¢: Cg(a) — Cg(a) is in fact fusion preserving from Cr(a) to Cr(a). Given
¢ € Cr(a)(Q,P), it extends to C: (a)Q — (a)P sending the elements of a to themselves. The
composite p o ¢ o (¢)~!: $(Q) — @(P) is a map in F that sends a to itself, hence this composite
lies in C'x(a) as required, so ¢ is fusion preserving. Because ¢ is fusion preserving, it follows from
[10, Lemma 4.6] that

(& = [Cs(a). Flcs ) O wer@

is left C'r(a)-stable.
Given a further map 6 in F from a to d’, we have

! C ~ C ! ~ C !
Eo =[Csa), A © [Cs(e), 07 = [Cs(a), 00 3175,
by Proposition since 6 is fusion preserving. The composite
0o @: Cs(a) — Cs(d)

sends a to @ and is therefore a valid choice of extension ‘9/59/0 =fo ©. Using this choice for m,
we then get

& =[Csa). 00 Pl =G0 =

Lemma 3.9. Suppose aq,...,a, and by,...,b, are two choices of fully centralized representatives
for F" and suppose the labelling is such that a; is F-conjugate to b; for 1 <1i <r. There is then
a canonical isomorphism of formal unions H Cr(a;) — H Cr(b;) in AF, via the diagonal matriz
7 %
whose ith entry is cﬁ; € AF,(Cr(g;),Cr(b;))-
Given further choices of representatives, the isomorphisms are compatible with respect to com-
position.

Proof. Let iso® be the diagonal matrix with entries ng. Given a third set of fully centralized
representatives ¢y, ..., c, for F ] the fact that the isomorphisms are compatible,

is0¢ = isol @ isof,

is immediate from the composition of diagonal entries Ciz = ng ® ¢, which follows from Lemma
B.8 -

The inverse matrix to isog is just the diagonal matrix iso; with diagonal entries Qf". The fact
that that iso} and isoj are inverses follows from the equality Cg: ® ng = Cg:. Here Cg: is the

identity element in A(Cr(a;), Cr(g;)) since (g’ is induced by the identity map on Cg(q;) in F. The
analogous statement is true for the b’s. O

Convention 3.10. As with [11, Convention 3.14], we will now suppose that a choice of preferred
representatives for FI" has been made for all n > 0. We require that each representative n-tuple
a is fully F-centralized. Lemma furthermore enables us to chose representatives such that
each chosen representative n-tuple a = (ay,...,a,) satisfies that da = (ai,...,a,—1) is one of the
previously chosen representative (n — 1)-tuples (and a,, is fully Cx(da)-centralized).

12



Since BF, as constructed by [2] and [4], is the p-completion of a finite category, the usual n-fold
free loop space Map(B(Z"™), BF) is equivalent to the colimit over cyclic p-groups:

L"BF ~ c0_1>im Map(B(Z/p°)", BF)

for any union F of saturated fusion systems. In the following we shall replace S with the classifying
space B(Z/p®) for sufficiently large e. We will follow |11, Convention 3.21] and suppose e is large
enough to work for all the finitely many fusion systems in each calculation.

As in [11, Definition 3.11] we introduce an algebraic model for the n-fold free loop space of BF
as a union of centralizer fusion systems:

Definition 3.11. Let F be a saturated fusion system on S. We define L F to be the saturated
fusoid

crr= ] Crla),
[a]e Fln]

where the chosen representatives are fully centralized (according to Convention (3.10)).

By Lemma [3.9] different choices of representatives for the conjugacy classes result in isomorphic
fusoids L"F.

Mapping spaces into BF are described in detail by Broto-Levi-Oliver in their paper [2], and

applying their results when mapping out of B(Z/p®)™ essentially gives a proof that £"F models
the n-fold free loop space of BF.

Proposition 3.12 ([2]). Let F be a saturated fusoid or fusion system. The fusoid L"F is an alge-
braic model for the free loop space L"BF ~ colim Map(B(Z/p®)", BF), that is we have homotopy
e—00

equivalences
L'BF ~B(L"F)= ][] BCra),
[a]e Fln]

where the chosen representatives a are fully centralized.

Before we go through the proof, we make the following observation based on the construction
preceding Theorem 6.3 of [2].

Remark 3.13. Suppose F is a saturated fusion system. The homotopy equivalence in Proposition
is given in terms of maps

fa: B(Z/p®)" x BCr(a) — BF,

for each representing n-tuple a. Each map f,, when restricted to the underlying p-groups, is B(ev,),
where ev, is the evaluation map of |11, Lemma 3.20]

evg: (Z/p°)" x Cg(a) — S

given by evy(t, ..., tn,2) := (a1) -+ (a,)" 2. Because ev, is a homomorphism of p-groups, when
we pass to the Burnside category AF,, the map f, is just

[(Z/p)" % Cs(a), eVal{z peynxir(a)

We will see below in Lemma that each ev, is in fact fusion preserving.
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Proof of Proposition[3.13. 1t is enough to consider the case when F is a saturated fusion system
over a finite p-group S. Let e > 0, in fact p¢ > |S]| is enough. Corollary 4.5 of [2] tells us that
[B(Z/p°)™, BF] is in bijection with the classes of commuting n-tuples F™. For each class in F["
choose a fully centralized representative a. Then Theorem 6.3 of [2] states that the connected
component of Map(B(Z/p®)", BF) corresponding to a is homotopy equivalent to BC'x(a). In total
this shows that
Map(B(Z/p®)",BF)~ [] BCr(a)
[a]e Fin]

for sufficiently large e. O

Lemma 3.14. Let F be a saturated fusion system, and let a be a representative n-tuple. The
homomorphism evgy: (Z/p)" x Cs(a) — S given by

eva(ts, ... tn, 2) == (a1) - (an)"2
is a fusion preserving with respect to the fusion systems (Z/p®)" x Cr(a) and F.

Proof. Any morphism in the product fusion system (Z/p®)" x Cr(a) has the form id x¢p: D — E
for subgroups D, E < (Z/p®)"™ x Cs(a) and where ¢ is a morphism in the centralizer fusion system
Cx(a). Denote the projections of D by Dy < (Z/p®)™ and Dy < Cg(a) respectively, so D < Dy x D,
and similarly £ < Fy x Ea. Then ¢ € Homg,.(4) (D2, E2) by definition of a product fusion system.

By definition of the centralizer fusion system, ¢ extends to ¢: (a, D2) — (a, F2) with p(a) =a
and ¢ € F. Now the diagram

evy

D < DixDy — (a, D)

id x¢p id x¢ %)
evy

E < EixE — (a, E»)

commutes, so ¢ satisfies ev,o(id X¢) = @ o ev, as homomorphisms D — ev,(E). Hence ev, is
fusion preserving. O

Remark 3.15. As homotopy classes of stable maps the isomorphism of Lemma [3.9] commutes with
the equivalence
L"BF = [ BCr(ay).
i

This can be seen the following way since we know from Lemma that the evaluation maps are
fusion preserving:

As mentioned in Remark the equivalence L"BF ~ [[, BCr(q;) is adjoint to the maps
fi: B(Z/p®)" x BCx(a;) — BJF;, where F; is the component of F containing a;. The stable homo-
topy class of f; is represented by the element

Fi
(Z/P)" > Cslai): Valig ey o tay
in AF,. By construction iso® has entries

b, Cx(b;
G = [Cs(a), @i

03
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where ¢ is an F-isomorphism Cg(a;) =N Cs(b;) that sends a; to b;.
As group homomorphisms we have ev,, o(id x¢) = @oev,, since both composites send (t1, ..., t,,2) €
(Z/p°)™ x Cs(a;) to the same element

((@))"™ -+ ((a)n)"™ - B(2) = A(((@)1)™ -+~ ((a)n)™ - 2).-

If we compose (& with the evaluation map for b;, we can use that evy is fusion preserving and
apply the special case of Proposition This gives us

~ Fi
,po eVgi](Z/pe)"XC}'(Qi)

,eVg ]E

J@peynxcr(a,) Si0CE P € Fi.

Taking adjoints it follows that Cgi commutes with the maps from BCr(a;) and BCr(b;) to L"BF
as homotopy classes of stable maps.

4 The functor L£" for the category of fusion systems

Given a saturated fusoid F over a formal union of p-groups S, we can apply L™ to the characteristic
idempotent wr € AF,(S,S). The result is an idempotent endomorphism £"(wr) from LS to itself.

Definition 4.1. Let teln(,,) denote the mapping telescope

LM (wr)

telgn(y,) = colim(SF BLrS Z47), S ppng £167),

).

Then telgn ) is the retract of BL™S with respect to the idempotent L™ (wz) € AF,(S, S).

wr)
Given any (&, F)-stable virtual biset X € AF,(€,F), if we apply L£" to the relation X =
wg © X ©wr, we get
LX) = L we) © LX) © L™ (wF).
This implies that £"(X) descends to a map L"(X): telgn(y.) — telzn(y -
The next step for us is to compare telgn(,,) with the algebraic model for £"F in Definition

B.1T

Definition 4.2. Let F be a saturated fusoid with underlying union of p-groups S. We define a
matrix Ir € AF,(L"S, L"F) as follows:

(I7) 0 if a is not F-conjugate to b,
b =
Flab Cg if b is the representative for the F-conjugacy class of a,

where (Ir)gp is an element of AF,(Cs(a), Cx(b)).
Next we define a matrix Tr € AF,(L"F, L"S) by the formula

(TF)as = Ywr)* € AF,(Cr(a), Cs(b))-

It follows that (1'r)qp is zero unless b is in the F-conjugacy class represented by a. Furthermore,
(TF)ap = L((wF)2)ap by [11, Proposition 3.15], so we can obtain T'r from L£"((wx)3) by deleting
all rows not belonging to the chosen representatives a for the F-conjugacy classes of commuting
n-tuples in S.
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Remark 4.3. In order for Tr to be well-defined, we need {wr)? to be left Cz(a)-stable. This is a
consequence of the fact that wr is F-stable and can be seen as follows:

Suppose P < Cg(a) and ¢ € Cr(a)(P,Cs(a)). Let (a)P be the subgroup of S generated by a
and P. By definition of the centralizer fusion system, we have an extension of ¢, ¢: (a) P — Cs(a),
inside C'r(a) with the property that $(a) = a. If we restrict {wr)? along ¢, we find that

[P,¢]5" © qwr) = [Pincll g © ()P &) © Ywr)?
=[P,inc1]§3 OY(a)P, )3 p © wr)
= [Pinclg'" © ([(a) P, incufa)p © wr)t
= [P inc]§” © [(a) P, incl] 518 © Hwr)®
= [Pincl] 7 © %wr)".

We conclude that 4wx)? is left C'x(a)-stable and an element of AF,(Cx(a),Cs(b)) as required.

We claim that Ir and Tr express L™ F as a retract of £"S and that Ir © Tr = E”((w;)g).
The first claim is proved as Proposition below. The second claim is an easy consequence of
F-stability for wr, hence we shall prove the second claim first.

Lemma 4.4. The matrices Ir and Tr satisfy
Ir O Tr = L"((wF)3) € AF,(L"S, L"S).

Proof. Recall from [11, Proposition 3.15] that £"((wr)3)ap = Ywr). Since wr is F-generated
(Definition , we have L"((wz)2)ap = 0 unless a and b are F-conjugate.
By construction, we also have (I ® T’r),p = 0 unless a and b are F-conjugate, in which case

(Ir O TF)ap = (IF)ae ® (TF)ep = (£ © wr)?,

where ¢ is the chosen representative for the F-conjugacy class of ¢ and b. By Lemma G =
[Cs(a), ]CF(( ;, for any ¢: Cg(a) — Cg(c) in F such that ¢(a) = ¢. Precomposing with [Cg(a), ¢]
is the same as the restriction Res, along ¢. It follows that

(¢ O Ywr)t = YRes, wr)? {Rescs(a wr)? =Ywr)?,

since the restrictions Res, wr and Resgs( o) WF are equal in AF,(Cg(a), S) by left F-stability of wr.
We conclude that (Ir ® Tr)ap = L ((wr)2)ap for all commuting n-tuples a and b. O

Proposition 4.5. Let £ and F be saturated fusoids with underlying unions of p-groups R and S
respectively. Suppose X € AF,(E,F), we can apply L™ to X}% € AF,(R,S) and get a matriz of
virtual bisets L(X5) € AF,(L"R, L"S). Precomposing with Tg and postcomposing with Ir then
gives us a matric in AF,(L"E, L"F) with entries

(Te @ LX) O Ira = Y. L"XR)ey @G = Y. XY 0g.

[v')es [b']es
' ~rb b ~rb
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Proof. We first calculate the entries of Tg ® L™(X g) Suppose a represents an JF-conjugacy class
and ¢ represents an S-conjugacy class of n-tuples in S. We have

Tz © E”(X}%))M = Z (Te)ad © ﬁn(X}S%)d,g
[d]esh

By Definition (Ts)ad = L"((we)E)q.qa. We plug this in above to get

(Te © L(X3))a Z L (we)Bad © LX)
[d]esn]

=L"((weg ® X)?%)@g = (En(X}S%))g,gv

making use of the fact that X is left E-stable. From here we can easily calculate (Te © L(X2) ®
I7)ap, if we recall that (£"(X3))ac = %X by [11, Proposition 3.15]. We have

(Te © LYXE) O IF)ap = Y (L"(XR))ae © (IF)en
[d]eStn

b / b

= Z (lZ”(Xg))g,y O = Z axb O O
p']estn [t']est
QIN]:Q QIN}-Q

Proposition 4.6. Let F be a saturated fusoid. Then Tr © Ir is the identity in AF,(L"F,L"F),
i.e. the diagonal matriz with diagonal entries weo,.(q) for [a] € yaun

Proof. First note that
Tr =Tr © L"(wF)$).

As in the proof of Proposition [£.5] this is an easy consequence of Definition [4.2}

(T]: O] [,n((w]-‘ b Z L£(( W}' Jae ® ‘Cn((w}')g)g,b
[]es

= L"(wr ©wr)ap = L (WF)ab = (TF)ap-

We now apply Proposition with X = wr € AF,(S,5):

(Tr © IF)ap = (Tr O LY(wp)) O Ir)ap = Y “wr) O ¢

[']est
b'~rb

Since wr is F-generated, Q(W]-‘)b, = 0 unless a is F-conjugate to b'. Hence a is F-conjugate to b,

and smce both a and b are representatives for their F-conjugacy class, we conclude ¢ = b unless
Ywr)¥ = 0.

Thus Tr © Ir € AF,(L"F,L"F) is a diagonal matrix. It remains to show that each diagonal
entry (T'r ® Ir)aq is the characteristic idempotent for Cr(a). We will prove that (T’r ® Ir),, has
all of the properties of Definition and is idempotent.

A direct application of Lemma [£.4] gives

Tf@[f@T]—'@If:Tf®£n((Wf)§)®If:Tf®If

0 (Tr ® Ir)qq is idempotent.
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To see that (T @ Ir)a, is Cr(a)-generated consider the orbit decomposition of 4wx)? as a
virtual (Cs(a), Cs(a’))-biset for each [¢/] € S with @’ ~F a. For an orbit [P, ¢], with P < Cs(a)
and @: P = Cs(d), to be summand of Ywr)?, we must have a € P and ¢(a) = a'. Suppose

= [Cs(d)), ]gsg }) ® Wiy (a), Where p: Cs(a’) — Cs(a) is such that p(a’) = a. Then we have
C Cs C C
P.elose) @ & = (IP.eIEse) 0 [Cs(@), S ) @ werte = [Popo dlGES O wor:

Now p(¢(a)) = a, so pop is a morphism in Cx(a). Hence [P, poy] is Cr(a)-generated, and we. (4) is
Cr(a)-generated by definition of being the characteristic idempotent. Consequently the composite
[P,po¢] ®wer(a) is Cr(a)-generated as well. The diagonal entry (T © Ir)aq is thus a linear
combination of C'r(a)-generated elements and therefore C'x(a)-generated.

Next, (TF @ I5)a,q is right Cr(a)-stable because each (;, € AF,(Cs(a’), Cr(a)) is right Cr(a)-
stable. Similarly, (T ® Ir)s, is left Cr(a)-stable because each Ywz)? is left Cr(a)-stable by
Remark [£.3]

Finally, we need to show that |(Tr ® Ir)sa|/|Cs(a)| is invertible in Z,, i.e. is not divisible by
p. According to [9, Theorem B|, we have

q a'| _ |S|
)™ 1= F .5y

€ Z,,

and |F({(a), S)| is simply the total number of n-tuples that are F-conjugate to a.
Since we, (q) is idempotent, |we,(q)|/|Cs(a)| = 1 (alternatively just apply [9, Theorem B] to the
fixed points for we, () With respect to the trivial subgroup of Cs(a)). Hence we see that

Gl NCs@) A sl
Cs(a) Cs@l [Cs(a) |

Putting the pieces together, we find that

[T 0 Ir)aal _ 3~ [wr)] 1]

Gl 2=, 0@ [Cs(a)

a'~ra

-y 5] |
[a]es Cs(a)] - [F((a), 5)]
a'~ra

- 5]
- F((a),9)] 2 Cs(a)]

[a']es™
a'~ra
L 3w
Flla) SN 2
a~ra
1 , )
= T, rtwles &' € S1a ~r al]

=1.

This completes the proof that (Tr ® Ir)a,q is in fact C'r(a)-characteristic, hence by uniqueness of
characteristic idempotents (T © I7)q,q = Wey(q) @S Tequired. O
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Corollary 4.7. Let F be a saturated fusoid over a union of p-groups S. Then Ir and Tr induce
muverse equivalences R
tel['n((w}_)g) ~ EfBﬁnf

in Ho(Sp,).
Proof. By Lemma[f.4 and Proposition [£.6] the matrices Ir and T'r induce maps between the towers

L (wrF) LMwF),

LS LS

and _ )
' FS enE

The composite T ® Ir is simply the identity on the constant tower £"F. The composite [r ® T r

applies L™"(wr) levelwise to the tower L™S £wr) LS £wr) - which is homotopic to the
identity on the colimit tel., (wr)D)" O

Proposition 4.8. The functor L™ on unions of p-groups extends to a functor L™: AF, — AF,
gwen on objects by F — L"F and on morphisms X € AF,(E,F) by the matriz with entries

L'XDap= D>, L"XD)ay @G = D>, X' 0¢ € AF(Ce(a), Cr(b),

[b')esln] [b']es]
bY'~rb ' ~rb

where R and S are the underlying unions of p-groups for £ and F respectively.

Remark 4.9. By Proposition we then have £(XZ) = Te © L*(X5) ® I . In particular, we have
Ir = L"((wr)f) and Tr = L((wr)%) for any saturated fusoid F over S.

Proof. Proposition [4.6| states that L™ takes the identity wr on F to the identity on L™F.
Let £, F, and G be saturated fusoids over R, S, and T, respectively. Suppose X € AF,(&,F)
and Y € AF,(F,G). As in the Remark we have

LYXE)=Te 0 LY(X2) O IFr
It follows that

LYNXD)OL(YE) =Te 0 LY(XR) 0 Ir0Tro LYY 0 I
— Te 0 L(X5) 0 L((wr)f) 0 L1 (V) 0 Ig
=Te 0 LYXE O (wr)2 oY) ol
=TroL'(XoY)) ol
— (X o Y)D).
The characteristic idempotent wr disappears from the middle because both X and Y are F-stable

in fact either of these would be enough). Thus £™ preserves composition of virtual bisets between
g
fusoids. O

Similarly to [11, Corollary 3.18], there is also a formula for £™(XZ ), in terms of the restriction
of X € AF, (€, F) to the centralizer Cg(a). We state the formula for fusion systems and the formula
can easily be applied component-wise in the general case.
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Corollary 4.10. Let £ and F be saturated fusion systems over p-groups R and S respectively, and
suppose X € AF,(E,F) is a virtual biset. Furthermore, let a in & and b in F be chosen represen-
tatives for conjugacy classes of commuting n-tuples (according to Convention . Consider the
restriction of X to the centralizer fusion system Cg(a), and write Mgg(a) as a linear combination
of basis elements (recalling Convention @): -

XCs Z CPyp - Cs( )’
(Pyp)

where P < Cg(a) and p: P — S.
The matriz entry L™(X)qp then satisfies the formula

L*(X)ab = Z cpy - [P, 90]05((11) «) © C
(Pyp) s.t. a € P and
p(a) is F-conjugate to b
with P, ¢, and cpy, as in the linear combination above.

Proof. Instead of writing X (]J:g(a) as a linear combination of basis elements in AF,(Cg(a), F), con-

sider X as an element of AF,(Cg(a), S):

S
XCR(CL Z uP?‘P CR(a)
(Pyp)

with a (possibly) different collection of coefficients up. If we precompose with we, (4) and post-
compose with wzr, the linear combination above becomes

S
Xlo(@) = Wee(a) © Xy Owr = D) upy - [P ¢lEy ()

(Pyp)

Thus the coefficients up, and cp,, provide different choices for the decomposition in AF,(Cg(a), F),
but only up, provides a decomposition in AF,(Cr(a), S). We shall start by proving that the formula
for L"(X)gp in the statement of the corollary is independent of the choice of linear combination

f
for X Cela)”

Two basis elements [P, ¢]7, Ce(a) @0d [Q,v]} Ce(a) are equal if and only if @ is C¢ (a)-isomorphic to
P and 1) arises from ¢ by precomposing with a map in Cg¢(a) and postcomposing with a map in
F. The total coefficient in front of a particular basis element [P, go]gg (a) in the linear combinations

for X gg (@) is therefore given by the two sums

E Cp! and E upr -

(Pl7<pl)7 (CS(@)r}—)'COHj' to (P7 90) (Plv‘pl)v (Cg(@)vf)'conj~ to (P7 90)

Hence these two coefficient sums must be equal.
Suppose (P', ') is (Cg(a), F)-conjugate to a particular (P, ), and suppose further that a € P
and ¢(a) is F-conjugate to b. Since P’ is isomorphic to P in Cg(a), we also have a € P’. Let
¢ =7qoypoa with a € Cg¢(a) and v € F, then a(a) = a and ¢'(a) = v(p(a)) is F-conjugate to
©(a) and hence to b.
Let ¢ty = [Cs(¢(a)), IS, then poy: p(Cr(a)) — Cs(b) extends to a morphism p57: Cs(¢(a) —

(
Cs(b) and [Cs(¢p(a)), po'y]g;:((ag = (2 (p)- We next have
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Cs(¢'(a b a
Pl @ o, = [Prevodain@od,

Cs(¢'(a 1 Cr(b Cs(¢'(a
=[P, ‘P]cig‘;)(—) ® [Cs(cp(@)),pov]cg((ég = [P, @]CEEW( ) @g

The pairs (P’,¢’) and (P, ¢) therefore give the same contribution to the formula in the statement
of the corollary whenever the pairs are (Cg(a), F)-conjugate. We conclude that

C a b
>, cpe - [P elcin® © G

(P,p) s.t. a € P and
p(a) is F-conjugate to b

- S upg - [Pl o (4

(Pyp) s.t. a € P and
p(a) is F-conjugate to b

Hence it is sufficient to prove the corollary with the coefficients up,,.
By Proposition we can write £™(XZ )qp as

LMXE)ap= Y, LYXR)ay © Cb/
[b']eslm]
Y~rb

We can then apply [11, Corollary 3.18] with the linear combination for XgR(a) given by the coeffi-
cients up,,: B

[’n(XS ab = § : En XR)a b ®Cb’
[b')es
Y~rb

- Z Z Uupyp - {Pv W]gi((z)(g)) © <7 © Cb’

[p1esl]  (Pyp) s.t. a € P and
Y ~xb ¢(a)is S-conjugate to b’

= 3 upg - [P, ¢lgam? ©Chy

(Pyp) s.t. a € P and
»(a) is F-conjugate to b

Finally, note that £L(XZ ), € AF,(Cs(a), Cx(b)) is left Cg(a)-stable and as such does not change
if we precompose with we, (4):

['n(Xg—)g,b = WCe(a) © ﬁn(Xg:)g,lz

C a b
= > upp - W@ @ [P el © G
(Pyp) s.t. a € P and
p(a) is F-conjugate to b
C a b
= > ury - [P elogo” © Gy

(P,p) s.t. a € P and
¢(a) is F-conjugate to b

Finally, by (4.1) we can replace the coefficients up, with the coefficients cp, to get the formula in
the corollary:

ﬁn(Xg—)g,b = Z cpyp - [P, SD]C‘s((a) o) © C =

(P,p) s.t. a € P and
p(a) is F-conjugate to b
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5 Evaluation maps and L! for fusion systems

Given a saturated fusoid F over a union of p-groups S, we can apply LL to the characteristic
idempotent wr € AF,(S5,S) to get an idempotent endomorphism of (Z/p®)" x L™S in AF,. As in
Section 4], we let tel L (wr) denote the mapping telescope

tel, | = colim(EXB(Z/p)" x £78) 27, S p((z/p0) x £78) L)
€l ) = colim(EFB(EZ/p)" x £18) 22 S (/) x £ng) LD, ),
This is a retract of ifB((Z/pe)” x L"S).
Our next step is to prove that tel ﬁ is equivalent to i‘fB((Z/pe)") A telgn () and hence

to f]ioB ((Z/p°)™ x L™F) via Corollary In order to produce this equivalence, we first need a
technical lemma about the characteristic idempotent wx, followed by a proposition relating the
idempotents LL(w]:) and L™(wr).

Lemma 5.1. Let F be a saturated fusion system over S, and let a be a commuting n-tuple in S.
Write the characteristic idempotent wr, restricted to Cg(a), as a linear combination according to
[11, Convention 3.2]:

(Wf)gs(g) = Z CRy R, @]gs(g)-

R<Cs(a)
peF(R,S)

Then the coefficients cr,, satisfy the following relation for each subgroup R < Cs(a)

S e _{1 if R = Cs(a),
o =

0 otherwise.
Rl~cogaR

PEF(R',S)

Proof. The restriction (W}‘)gs () €quals [Cs(a),incl] gs () OWF- According to |9, Corollary 5.13] the
map 7: AF,(Cs(a),S) = AF,(Cs(a), F) given by X — X ©®wr coincides with the map of Burnside
rings 7': A(Cs(a) x S), = A(Cs(a) x F); given in [9, Theorem A] for the product fusion system

Cs(a) x F. We are particularly interested in

(Wf)gs(g) = [CS(Q)7inC1]gS(g) Owr =m([Cs(a), ind]g*s(g))-

The result is now a consequence of |9, Remark 4.7], which describes how the coefficients of an
element X € A(Cs(a) x S); relates to the coefficients of 7'(X) € A(Cs(a) x F);,. Since 7’ for the
product fusion system Cg(a) x F coincides with 7 for bisets, we have the same relation between
coefficients of X € AF,(Cg(a),S) and 7(X) € AF,(Cs(a), F).

Let crr »(X) denote the coefficient of the orbit [R/, cp]gs(a) in the decomposition of a general
element X € AF,(Cs(a),S). [9, Remark 4.7] states that, since (w}-)gs(a) = ﬂ([CS(g),incl]gS(a)) is
the image of a transitive biset, we have

Z CR’,@(W([CS(Q)7 incl] gg(g)))

R~cogR
peF(R,S)
. 1 if R=Cg(a),
= Z CR/,@([CS(Q)JHCI]%S(@)) = {O otherwise o
R'~cga)R ’
peF(R,S)
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Proposition 5.2. Let F be a saturated fusion system over S, and let n > 0. The characteristic
idempotent gives us two idempotent endomorphisms of (Z/p®)™ x L™S coming from the functors
(Z)p*)™ x L"(—) and LL(—). The two resulting idempotents satisfy the following relations when
composed with each other:

(@) ((Z/p)" x L(wF)) © L (wF) = L (wF)
(i) Li(wr) © ((Z/p)" x L"(wzF)) = (Z/p*)" x L™(wF).
Both of these composites are taken in AF,((Z/p®)" x L"S, (Z/p°)" x L"S).

Proof. Let a and b be representatives for the conjugacy classes of commuting n-tuples in .S. Restrict
wr to Cg(a) on the left and write

WF)Es@ = D cre [Reldga

R<C5s(a)
peF(R,S)

as in Lemma [5.7]
Let us first consider part of the proposition. According to |11, Corollary 3.18] the matrix
LM (wr) € AF,(L"S, L"S) has entries

n C a c
L*(M)q,c = Z Ry IR, SO]CEE:)( Vo Cola)
R<Cs(a)
pEF(R,S)
s.t. a € R and
p(a) is S-conjugate to ¢

for any representative n-tuple c. Let 1,q): Cs(p(a)) — Cs(c) be any conjugation map in S taking
(a) to the representative of its conjugacy class. By the description of (f)(a) in [11, Lemma 3.12],
we then have o (;
LM(M)a,e = Z Ry * [R, Yy(a) © So]cié)-
R<Cs(a)
peF(R,S)
s.t. a € R and
p(a) is S-conjugate to ¢

When we compose (Z/p?)" x L(wr) with Li(wr), we take a sum over all conjugacy classes of
commuting n-tuples:

(@) x £'wr) © Lh(wr) |

= Z ((Z/pe)n X ['n(w]-')g,g) © LIL(W}—)QQ

[esin
e\n Cg(c

= Z Z CRp - ((Z/p ) X [R7 1%(2) 0 (‘D]CZEQ))) © Lj’b<wf)gyb

[Jes R<Cjs(a)

PEF(R,S)
s.t. a € R and
p(a) is S-conjugate to ¢
en Cs(Yy(a)(p(a))

= Y cre (@07 X [Botp 0 Floniar ™) © LE@F)y 0 (o) b

R<Cs(a)

pEF(R,S)

st.a€R
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= Z cre - ((Z/p°)" x [R, id]gs(@))

R<Cs(a)
pEF(R,S)
st.a €R
e\n Cs(Yyp(a)(w(a)))
© ((Z/p)" X [R, @y ol "7 © LE(WE) g, 0 (o) b
. . Cs(Yy(a)(v(@)) . . .
In the last line we have split [R, Vo(a) © ©] Cala) into its transfer and homomorphism parts.

This enables us to now apply |11, Theorem 3.33.(iv)] to note that

e\n Cs(Wo(a o
(Z)p°)" X [R,Yp(q) © SO]RS( () (2(2))

e\n n S S
= (Z/p°)" % LR, Yp(a) © AR ey o@) = LhBVp(a) © PlR) ey (ol@)-

Functoriality of LIL then gives us

ab

(@) > £wr) © Liwr))

= D cre (@) x [RId]E ()
R<Cgs(a)
PEF(R,S)
st.a€ R

= Z cry - ((Z/p)" x [R1d|E () © L (R, Yp(a) © €)% © WF)ab-
R<Cg(a)
PEF(R,S)
st.a€ R

S
© LE([R, ¥p(a) © A R)as, i (0(a) @ LHWF) w0 (o)

The characteristic idempotent wr € AF,(S,S) is F-stable, so restricting wr along the homomor-
phism (¢,q) © ) € F(R,S) on the left is equivalent to restricting along the inclusion incl: R — S.
This means that [R, 1,(q) 0 @)% ©wr = [R, incl]f, ®wr and we can run our intermediary calculations
in reverse:

(@) > £wr) © Liwr))

= > cre ((2/p)" x [R,idIE, () © LL([R,incl]% © wr)as

R<Cs(a)
pEF(R,S)
st.a € R

= Y crp ((2/07)" ¥ [RdIE () © LE(IR, incll})ga © L (WF)ap

R<Cs(a)
pEF(R,S)
st.a € R

= Z CR,p - ((Z/pe)n X [R, incl]gzgg) ® Ll(w]:)g,g
R<C5s(a)

pEF(R,S)
st.a € R

= Y (X ) (@ < R o Hherlas

R<Cg(a) up to Cg(a)-conj. R/Ncs(g)R
st.a € R weF(R'.S)

a,b
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Lemma implies that the sum of coefficients is 0, when R < Cg(a), and the sum of coefficients
equals 1, when R = Cg(a). We complete our calculation with

(@) = £'(wr)) © Li(ws))

ab

= S (N ) (@ RS © T

R<Cg(a) up to Cg(a)-conj. R’NCS(@R

st.a€ R peF(R',9)
e\n . 11Cs(a
= ((Z/p")" x [Cs(a),idIg5() © L (wF)as
= LIL (W}—)E,Q

This completes the proof of part of the proposition.

The proof of part makes use of the exact same tricks as the proof of part By [11,
Proposition 3.31], the matrix LL(w;) € AF,((Z/p®)™ x L™S,(Z/p°)"™ x L™S) has entries

LL(W}')Q,Q
- . ~L(R). (id ind(a. R (Z/p®)" x Cs(p(ak(@R)))
= Z CR,p [evg (R), (i (2/pe)" X ) o wind(a, )](Z/pE)"xCS(g)
R<Cs(a)
oEF(R,S)

s.t. (akF(@R))
is S-conj. to ¢

(/D) % tarr))
_ . Z/p°)"xCs(c
= Z CR7<P . [eVg (R), (ld(Z/pe)n X (1/190(@/%(&,12)) @) QO) o Wlnd(g, R)]Ezfie;nicit)),
R<Cs(a)

pEF(R,S)
s.t. @(aF(@R)
is S-conj. to ¢

where 1),k m)y : Cs(p(aF@R)) — Cs(c) is an S-conjugation map taking ¢(a*@f)) to the rep-
resentative of its conjugacy class in S. We will name this representative z to ease the notation in
the following calculations. Note that z = ww(gk@ﬁ))((p(@k(@ﬂ))) represents the conjugacy class of
@(aF@) and as such depends on R, ¢, and a.

We decompose [ev, ! (R), (id(z/pe)n X (Yp(artar)y © ¢) o wind(a, R)] into

fevg ' (R), wind(a, R)|(Z/0) 5 e ) © ((Z/pe) [R, ¥ p(gitamr) © @) s<z>)

Using the functoriality of £ and the F-stability of wx, we then proceed as in part to replace
1%@@,3)) o ¢ with the inclusion incl: R — S. The main steps are the following:
(Lhws) @ (@/p)" x L)) |
_ . Z e\n R
= > crg-levy (), wind(a, R))ZPE o
R<Cs(a)
peF(R,S)
© ((Z/p )" X R, Y pghtamy © <,0] (z))
© ((Z/p°)" x L™(wF)zp)
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_ . 7./pe)* X R
— Z Ry - [evy '(R), wind(a, R)]Ezfiegnics@

R<Cs(a)
@EF(R,S)
© ((Z/p°)" x L™([R, Yygrary © PR © Wr) ghtar) p)
_ : Z/p*)" xR
= > crg-levy (R), wind(a, R))ZPE o
R<Cs(a)
pEF(R,S)

® ((Z/pe)n X ,Cn([R, incl]SR ® wF)QIC(g,R),b)

_ . . (Z/p°)" % Cs (¥ _k(a,r) (@ &)
— Z CRp - [evgl(R), (id(z/peyn x¢gk<g,R>) o wind(a, R)](Z/pE)”sz(gf

R<Cs(a)
e F(R.S)

© ((Z/pe)n X [’n(w]:)wgk(g,}%) (gk(g,R))7b)
- X (T )

R<Cs(a) R~ogR
up to CUg(a)-conj. e F(R',S)

_ . . (Z/p)" X Cs (¥ k(a,r) (aF(@1)))
[evgl(R)v (ld(Z/pE)" Xwgk(ﬂaR)) o wind(a, R)](Z/pe)nxcs(gf

© ((Z/p*)" x En(wf)wak@,m (@’“(ﬂ’R))vb)‘

We again apply Lemma to remove all summands except R = Cg(a). For R = Cs(a), we have
@) = g and wind(a, Cs(a)) = id(z/pe)nxCs(a)- We finish the calculation with

(Liws) @ (@/p)" x £'(wy))

a,b
— . 1 Z/p")"xC -
= [evy ' (Cs(a)), (id(z/peyn Xa) © wind(a, Cs (Q))]Ezgegnicig)i(i))
© ((Z/p*)" x LY (WF)ab)
e\n 1 Z/p°)"xCs(a
= [(Z/p®)™ x cs@),ld]ﬁzéie%nioi&?
© ((Z/p*)" X L (©F)as)

= (Z/p°)" x L*(WF)ab-
This completes the proof of part O

Corollary 5.3. The idempotents L;rl((w;)g) and (Z/p®)" x L™((wz)2) induce inverse equivalences

(Z/p)" x L™((wF)3)

T

L or) SEB((Z/p)") Ateln(y) -

\/

LE((wr)?)

tel

Proof. By Proposition we can apply (Z/p)" x L((wr)?) and L,T@((w]:)g) level-wise to get maps
back and forth between the two towers

) (B ) (Z/p*)" <L (wr)

S°B((Z/p°)" x L"S SCB((Z/p°)" x L"S)
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and

~ ¥ w e L w.

S2B((Z/p*)" x L"S) LI, S p((z/pe)n x £rg) Lol
Again by Proposition the composite LIL((wf)g)@((Z/pe)” x L((wr)2)) = (Z/p*)" x L™ ((wF)2)
is the identity on the telescope Y°B((Z/p®)") A telgn(, ) of the first tower, and the composite
(Z/p*)"™ x L™((wFr)2)) @ L;rl((w]_—)g) = LIL((W]-‘)g) is the identity on the telescope tel (@) of the

second tower.

Corollary 5.4. Combining Corollaries[{.7 and[5.3, we have inverse equivalences

(Z/p°)" x Ir
T

SPB((Z/p°)" x L"F),

~_

.I.
T]—"

telL;ﬂ (wF)

with — matrices  (Z/p®)" x Ir € AF,((Z/p?) x LS, (Z/p*)* x L"F) and
T]T_- € AF,((Z/p®) x L"F,(Z/p®)" x L™S). These matrices have the following entries:

0 if a is not F-conjugate to b,
(Z/p°)™ x Cg if b is the representative for the F-conjugacy class of a,

((Z/p)" X IF)ap = {

with ((Z/p°)" x 1F)ap € AFy((Z/p)" x Cs(a), (Z/p*)" x Cr(b)), and

(TH)ap = L (@7)S)asb,

with (TF)up € AF((Z/p)" x Cr(a), (Z/p)" x C5(1)).
Proof. We compose the maps of Corollaries [4.7 and In one direction we have the composite

(Z/p*)" < L™((wF)$) (Z/p*)" xIF

SPB(Z/p)" Ateln(yy) Ty SPB((Z/p°)" x L F).

telLIL (wF)

Due to Lemma [4.4] we have
L'(wr)S) 0 Ir =Ir©Tr © Ir = Ir.
Hence the composed equivalence above is simply

(Z/p° )" x1F Soo e\n n
tel ) I S B((Z/p°)™ X LMF)

induced by (Z/p®)" x Ir € AF,((Z/p°)" x LS, (Z/p®)" x L"F), which is invariant with respect to
composition with LL((w;)g) on the left.

In the other direction, we have the composite
Lh(wF)3)

SPB(Z/p)" A teln(yy) ———— tel 1

(Z/p*)" xTF '
n(wr)

SXB((Z/p")" x L"F)
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By Definition the matrix T € AF,(L"F, £"S) has entries (Tr)ap = L((wr)2)ap, Whenever
a represents the class [a] € F" and b represents [b] € SI". Applying Proposition |5
calculate the entries of the composite equivalence:

(@) % Tr) O L (@r)D) = 3 (B % Tr)ae © Li(@P) D
[estn

= Z (Z/p)"™ x En((wf)g)g,g © LL((W.F)%)QQ
[c]estn]

= ((@/p*)" x L"(wr)2)) © LL(wF)F)) .

= LIL((W}')g)Q,Q

This is the matrix T; € AF,((Z/p)™ x L"F,(Z/p°)™ x L™S) described in the statement of the
corollary. Furthermore T]T_- is invariant with respect to LL((OJ}‘)%) on the right. O

We define the functor L}, for saturated fusoids similarly to Proposition

Proposition 5.5. The functor L;rl on unions of p-groups extends to a functor LL: AF, — AT,
gwen on objects by F +— (Z/p®)" x L' F and on morphisms X € AF,(E,F) by the matriz with
entries

LE(XE)ap= D (LHEXR))ay © (Z/p°)" x ),
[b)es(m]
Y~rb

with LL(X{)QQ € AF,((Z/p°)" x Ce(a), (Z/p°)" x Cx(b)), and where R and S are the underlying
unions of p-groups for £ and F respectively.

Remark 5.6. In the proof we shall see that L}, can alternatively be given as the composite LL(X L) =
T o LE(X5) © (Z/p)" x IF).

Proof. We first note that LIL(XSF) = TST ©) LL(XE) ©® ((Z/p®)™ x Ir). We check this by calculating
the entries of the right hand side:

(Td o LL(XF) © (Z/p)" < IF)),,
= > (Thae® (LX) © (Z/p)" % IF)),,

[c]eRM

= Y (LH(wo)d)ae ® (LLXR) © (Z/p)" x IF)),,

[JeRIn]

= (LL((we)R) © LL(XR) © (Z/p°)" x IF)),,
= (Li((we)k © XR) © ((Z/p°)" * IF))

= (LL(XR) © (Z/p)" x IF)),,

= Y L(X)aa © (/)" % IF)a

[d]esSh
= > (LLXR))ar © (Z/p)" x )

[b')est
' ~rb

~—~
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= LL(Xg)a b

It is now straightforward to check that Ln is a functor. First note that LIL takes identity maps
to identity maps since

Li((wr)F) = T © L ((w0r)3) © (Z/p)" x 1)
=T ((Z/p*)" % Ir) = idgzpeynxcnr -
We have used the fact that T]T_- is the inverse to ((Z/p®)™ x Ir) by Corollary

Let £, F, and G be saturated fusoids over R, S, and T respectively. Suppose X € AF,(&,F)
and Y € AF,(F,G). We check that L}, preserves composition:

L (XE) o LL(VE) = T o LL(XR) © (2/v)" x I5) © T © LL(YS) © (Z/p)" x Io)
=Tl oL} (X ) © L ((wr)§) © LE(YS) © (Z/p)" x Ig)
=Tl o LL (X} 0 (wr)§ o Yd) o (2/p)" x Ig)
=T o LL(X 0 Y)§) 0 (2/p°)" x Ig)
= Li(X 0 Y)E).
The characteristic idempotent wr disappears from the middle because X and Y are F-stable. [
We next give a formula for Ll in terms of the decomposition of X € AF,(&,F) into basis

elements. The formula is analogous to |11, Proposition 3.31] and the proof follows the same lines
as the proof of Corollary [£.10]

Proposition 5.7. Let £ and F be saturated fusion systems over p-groups R and S respectively, and
suppose X € AF,(E,F) is a virtual biset. Furthermore, let a in € and b in F be chosen represen-
tatives for conjugacy classes of commuting n-tuples (according to Convention . Consider the
restriction of X to the centralizer fusion system Cg(a), and write MC{:s(a) as a linear combination

of basis elements (recalling Convention @):

Xlow = D cro [Poltea)

(Pyp)

where P < Cgr(a) and ¢: P — S.
The matrix entry LL(X)Q’Q then satisfies the formula

_ . . 7,/pe)" x C' ak(g,P)
Li(X)ap= Y,  cpe- <[evg1(P ), (id(zpeyn x0) 0 wind(a, P(zm)n5csn )

(Pyp) s.t. p(ar@P))
is F-conj. to b

O (/)" % C piar)):

with P, ¢, and cp, as in the linear combination above, and with k(a, P) and wind(a, P) as given
in [11, Definition 3.25] and [11, Lemma 3.29], respectively.

Proof. As in the proof of Corollary .10, we first wish to replace the coefficients cp, with an
alternative set of coefficients that play nicely with the underlying p-groups. View X as an element
of AF,(Cg(a),S) and write X(S;R(a) as a linear combination:

S
XCR(a Z Upp - CR(a)
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with a (possibly) different collection of coefficients up. If we precompose with we, (4) and post-
compose with wr, the linear combination above becomes

Xl = We(@) © Xop OWr = Y upe - [P ¢ll, ()
(Pyp)

We shall then prove that the formula for £"(X), ; in the statement of the proposition is independent
of the choice of linear combination for X (];g (a)? SO that we can use the coefficients up, instead of
CPp-

As in the proof of Corollary E it suffices to prove that whenever two basis elements [P, w]gg (@)
and [P, @17, Ce(a) 8t equal, then the composite

_ . . Z/pe)"xC ak(@P) e\n
[evg ' (P), (id(z/peyn <) o wind(a, P)|Z/2) 5 C0@™ ) o ((2/p°)

b
x C;(@’“@’P)))

and the same composite for the pair (P’, ') are also equal.

Suppose [P, go]gg(a) = [P’,ga’]gg(a) so that (P',¢) is (Cg(a), F)-conjugate to (P, ). Suppose
further that ¢(a®@P)) is F-conjugate to b. Let ¢/ = yopoa with a € Cg(a) and v € F, and where
a: ()P S (a) P satisfies a(a) = a.

Via the isomorphism «, it is clear that powers of elements in a lie in P if and only if they lie in
P’. Hence k(a, P) = k(a, P'), and

wind(a, P) o (id(z/peyn X ) = (id(z/peyn X ) o wind(a, P’)

as maps ev, ' (P) =N (Z)p?)" x P. In S we have p(aF@)) = ~(y/(a¥@F))), and since v € F, we
(

conclude that ¢'(a*(@? /)) is also F-conjugate to b. Furthermore, we have

(Z/p*)" % Pid %9 © (Z/P)" % G, uiaony) = (Z/D)" X G priary

Combining these observations, we get

_ . . 7 /p¢)" x C ’ ak(g,P’)
[eva (), (idgzpeyn <) o wind(a, Pz X630 @ (Z/p)" % ¢ puiarn)
_ . . 7, /e xC ’ ak(g,P)
— [ev@l(P/), (id(z/peyn X (v 0 p 0 @)) o wind(a, P,)]Ezgegnicﬁ) (a ) © (Z/p*)" x C* (P ))
_ . . . Z/pe )\ x C' ak(a,P)
— [evgl(P/% (]d(Z/pe)n Xgp) o Wlnd(g, P) o (ld(Z/pe)n Xa)]glgegnic‘fég* ) ® ((Z/p ) X C;(gk(&p)))
_ . . Z[p¢)"xC ak(@P) e\n
= [evg " (P), (idgzypeyn x0) 0 wind(a, PGP0 XSS @ (2/p)" % i)
where the last equality follows from the fact that a € Cg(a).
As in the proof of Corollary the equality
Z cpy - [P, SO]é':s(a) XCs Z UPp Cs( )

(Py) (Py)

implies that we can replace cp, with up, in the formula

ak(a,P)
> ere (Ieva (P, (i jpeye xi0) o wind(a, P)JZE X8« ™)

(2/p°)" xCe(a)
(Pip) s.t. p(ak(@P))
is F-conj. to b
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O (/)" % Eiamy)

and get the same sum.
By Proposition we can write LL(X;)Q’Q as

b
XD = Y Lh(Xfay © (Z/5°)" x &).
[b')esln]
Y~rb

We then apply Proposition with the linear combination for XgR( ) given by the coefficients
UP,p:

L;rz(Xg:)g,b
e\n b

= S LX)y © (@) x &)

[b']es]

Y~rb

_ . . Z./pe)* xC ak(a,P)

= > ST upy- ([ev;(P), (id(zpeyn x¢) © wind(a, P)){7/0) %cs e )

'S (Pp) s.t. p(ak(eP)

b ~rxdb is S-conj. to b’

O (/)" % Eamy)) © (@0 % )

. , . 25" xCis (P
= Z UPgp <[eV@1(P)’ (id(z/peyn xp) 0 wind(a, P)]EZ%%&CSR((:)L )
(Pyp) s.t. p(ak(@P))

is F-conj. to b

O (/)" % CElamy)):

Finally, note that LH(XZ)ay €  AF((Z/p9)" x Cela), (Z/p?)" x Cr(b)) is left
((Z)p°)™ x Cg¢(a))-stable and as such does not change if we precompose with the idempotent
(Z/p°)" X weg (a)

LIL(Xg:)be
= ((Z/p°)" % weg(a) @ LY (XE )ap
= Z uP)QO : wcg(g)

(Pyp) s.t. p(ak(@P)
is F-conj. to b

_ . . Z/pe )\ x C' ak(g,P)
® (feva ' (P). (idz ey xi0) 0 wind(a, P)| G20 C8 A 6 ((2/p)" % ¢ iar))

) , . 2/p°)" x s (p(aF@P)
= Y ure- ([eva (P), Gdzypeyn x0) o wind(a, )G 00 CE )
(Pp) s:t. p(ah(@P)

is F-conj. to b
O (2/p)" % E ar)
= > ene (leva (P) Gy x) o wind(a, P50 CsiEe )

(Z/p)™*xCg(a)
(Pyp) s:t. p(ah(@P)
is F-conj. to b

O (/)" % CEpiamy)): 0
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Remark 5.8. As in |11, Remark 3.32], we can form a functor LLhift by taking the formula in Proposi-
tionand leaving out all summands indexed by (P, ¢), where P does not contain a. By [11, Lemma
3.27], the summands for which @ € P are precisely those summands where ev, }(P) = (Z/p®)" x P,
and these are also the summands for which k(a, P); =1, forall 1 <i<n.

For saturated fusion systems £ and F over p-groups R and S, and for X € AF, (€, F), we thus
define L} |1i¢(X) € AF,((Z/p°)" x E,(Z/p°)" x F) to be the matrix with entries as in Proposition
except leaving out all summands where a is not in P:

_ . . 7./pe\" x C' ak(g,P)
L (X ) g = 3 Py ([evgl(P), (id(z /ey x¢0) 0 wind(a, P)](7 0], scs o)
(Pyp) s.t. a€P and
@(a*@P)y is F-conj. to b

O (Z/0)" % L ar)
e\n ; Z[p°)"xCs(pla
= 3 ene (1@ Plidigpe <o)
(Z/p°)" xCe(a)
(Pyp) s.t. acP and
¢(a) is F-conj. to b

O (/)" % E))-

Comparing with Corollary we see that L} e (X) coincides with (Z/p®)™ x £™(X). As men-
tioned, we observed this for groups in [11, Remark 3.32] and for the category Cov in |11, Remark
2.11].

6 Properties of L]

Before we state the fusion system version of |11, Theorems 2.13 and 3.33], we need to discuss the
auxiliary maps describing evaluation and partial evaluation for £"F, the action of 3, on L"F, and
the embedding of (Z/p®)"t™ x L*"™F into (Z/p®)™ x L"((Z/p®)™ x L™F).

We shall handle all four auxiliary maps at once according to the following common framework:
First the auxiliary map on p-groups gives rise to a map between towers corresponding to suitable
idempotents. The map of towers induces a map between the mapping telescopes in spectra, and
the telescopes are each equivalent to classifying spectra of fusoids. We calculate the induced map
between the classifying spectra of fusoids and confirm that this map takes the form that we would
expect for the auxiliary map in question.

Constructing the auxiliary maps in terms of maps between towers of idempotents instead of
just defining the auxiliary maps for fusion systems directly has one significant advantage: It allows
us to formally, using standard methods, turn natural transformations for p-groups into natural
transformations for fusion systems (see Proposition [6.4]). This allows us to use [11, Theorem 3.33]
for p-groups to prove a significant part of Theorem for fusion systems.

Lemma 6.1. Let F': AF, — AF, be a functor, and let F be a saturated fusoid with underlying
union of p-groups S. Consider the idempotent endomorphism F((wzr)2) € AF,(F(S),F(S)) and
the associated mapping telescope

F((wr)3)

- R s
telp(,,) = colim(EFBF(S) ———> E¥BF(S) Flwr)s),
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We then have a pair of inverse equivalences

Proof. Consider the two towers
g (wr)3, g (wr)3

as well as ) )
Flz, plz,
We can apply (w;)*]g_- and (w]:)f; level-wise to get maps back and forth between the towers, where
we recall that idz is simply (w ]:)f € AF,(F,F). The induced maps between telescopes tel,, . and
ifB]: are equivalences (or even the identity if we used tel,, as the construction of ifB]: ).
If we apply the functor F': AF, — AF), to the elements (w;:)}q_- and (cu]:)fgE , we can apply the
resulting maps F((wz)%) and F((wr)%) level-wise to the towers

w S w =
and y y
F(F) 22 p(r) 22 .

The composites F((wr)%) © F((wr)E) = F((wr)) and F((wr)$) © F(wr)f) = Flwr)) =
idp () recover the idempotents of the towers, so the induced maps on telescopes

F((wr)%)
T
tel ) S¥BF(F)
\_/
F((wr)7)
are inverse to each other in Ho(Sp,,). O

Remark 6.2. If we apply Lemma to the functors L™ and LIL, we recover Corollaries and
with the same equivalences. However, we need those corollaries in order to construct £™ and LIZ as

functors AF, — AF, in the first place.

Definition 6.3. Suppose F,G: AF, — AI, are functors defined on all saturated fusoids, and
suppose we have a natural transformation 1: F|p groups = G|p-groups defined only on formal unions
of p-groups. For each saturated fusoid F over S, we then define a map ng: F(F) — G(F) as the

composite
wr)s G((wr)t
nr: F(F) 289D gy a5, sy L8585 oo,

When F is the trivial fusion system on .5, this just recovers ng, so there is no ambiguity of notation.
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Since 7 is a natural transformation on p-groups, ng fits in a diagram of towers:

FF) — 0 iy
F((wr)$) P((wr))
F((wr)) F((wr))

ns ns

ol _GUePD Lo e
Gl(wr)F) G((wr))
o) —0 . )

The map 7ng induces a map between the telescopes ng: telp,,) — telg,), and as such nr is
simply the composite

F((wr)$) G((wm)l)

nF: SCBF(F) telp(wy) — telauy) — 5% BG(F)

in Ho(Sp,). It is now easy to prove that the extension of 7 to fusoids defines a natural transformation
F = G on all of AF,,.

Proposition 6.4. Suppose F,G: AF, — AF, are functors defined on all saturated fusoids, and
suppose we have a natural transformation 1: F|pgroups = G|p-groups defined only on formal unions
of p-groups. If we extend n to all saturated fusoids by Definition [6.3, then the extension defines a
natural transformation n: F' = G on all of AF,.

Proof. Let £ and F be saturated fusoids over R and S respectively, and let X € AF,(€,F) be any
matrix of virtual bisets. We have to prove that F(XZ)onr = ne®G(XZ) in AF,(F(£), G(F)). Since

AF, — Ho(Sp,) is fully faithful, it suffices to prove this as homotopy classes of maps f]ioBF &) —
5% BG(F).
By the naturality of n7 on p-groups as well as the definitions of 7¢ and nr, we have the following
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commutative diagram in Ho(Sp,):

ne

S°BF(£) S BG(E)
F((we)f) G((we)R)
R
telF(wg) —_— telg(wg)
F(x{) F(XR) G(XR) G(x{)
) telgu)
F((wr)5 G((wr)d)
~ nF ~
EPBF(F) YPBG(F).
Since all the smaller squares commute, the outer square commutes as well. O

As the first of the four auxiliary maps needed for Theorem let us describe the evalua-
tion map from (Z/p®)"™ x L"F to F. Consider the two endofunctors LL,IdMP: AF, — AF,. By
Theorem [11, Theorem 3.33.(v)], the evaluation maps for unions of p-groups define a natural trans-
formation ev: Ll\p_gmups = ldar, |p-groups- We can thus extend ev by Proposition to a natural
transformation ev: LL = Idar, on all of AF,. Let us determine a formula for the evaluation map
evr: (Z/p°)" x L"F — F in this extension.

By Definition [6.3] the biset matrix evr is given as the composite

evr = L} ((wr)F) © evs O(wr)§

inside AF,((Z/p°®)" < L"F, F).In order to calculate the matrix entries of ev r, recall that LL((w]:)fT)

T ; by Remark m, and, by Corollary we have (T })g,b = L,T@((w]:)g)g,b, whenever g represents
a conjugacy class of tuples in F and b represents a class in S.
Calculating the entries of evy € AF,((Z/p®)" x L"F,F), we then get

(evr)la= Y, LL(wr)Fap © [(Z/p9)" x Cs(b),evb]( /ey wcsp) © @WF)E

[blest
= > LL(WF)2)ab @ [(Z/p°)" x Cs(b), V) pernxcsp © WE)E
[blestn

= (L} ((wr)3) © evs O(wr)%)a

= (evs O(wr)g O (wr)d)a

= (eVS @(Wf)g)g

= Z

(Z/p°)" % CS(Q)aeVg]EgZ/pe)nxcs(g) © (wr)s
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= (Z/p°)" * Cs(0), eVal{zpeyxcs(a)

as an element of AF,((Z/p®)" x Cr(a),F).
By Lemma the homomorphism ev,, is fusion preserving from (Z/p®)" x Cr(a) to F. Lemma
[A7] now implies that we can also write

(evr)a = [(Z/p)" x Cs(a), eval{z jpeynxcr(a)-

Thus, the evaluation map evr simply applies the fusion preserving map ev,: (Z/p€)" xCr(a) —
F to each component of (Z/p®)™ x L™F. Let us record this fact for future reference:

Lemma 6.5. Let F be a saturated fusion system (or fusoid) over a finite p-group S (or formal union
of such). The evaluation map evr: (Z/p°)" x L"F — F takes each component (Z/p®)" x Cr(a) to
F via the fusion preserving map ev,. As such, the entries of evr are given by

(evr)a = [(Z/p)" x CS(Q)76VQ]&/]JE)”XC_F(Q)'

Furthermore, the maps evr assemble into a natural transformation ev: LL = Idpr, between endo-
functors on AF,.

We could have easily defined evr directly for fusion systems in terms of the fusion preserving
maps (Z/p°)" x Cr(a) — F. However, by constructing evr via Proposition we know that evr
gives rise to a natural transformation which will greatly simplify the proof of Theorem

The next auxiliary map we shall work on is the partial evaluation map devz: Z/p® x LV F —
L™ F. Note that for p-groups the partial evaluation map devg: Z/p®x L1 — £"S of [11, Theorem
3.33.(vi)], given by

Oevs(t,z) = (ans1)' - 2 € Cs(ai,...,a,), fort€Z/p z¢€ H Cs(a),
QES[TH»I]

coincides with the 1-fold evaluation map for £mS, i.e. we have devg = evong: Z/p® x LY(L"S) —
LS. As such, devg provides a natural transformation dev: LJ{ (L™"(—)) = L™(—) on p-groups. By
Lemma, the maps devy = evonr: Z/p® x LPTF — L"F provide a natural transformation
dev: LI(E”(—)) = L"(—) on all of AF,. The entries of the biset matrix, (Jevr)ap € AF,(Z/p° x
Cr(a),Cr (b)) have the following form for each representative (n + 1)-tuple a = (a1, ..., an, ani1):

Z/p¢xCr(a)

(Bewr) b = {[Z/pe X CS(Q), 86\7@]0}-((117”.7‘1”) if b= (ah cee 7an)7

otherwise.

Note that (a1, ...,ay) is itself a chosen representative n-tuple for F by Convention
According to |11, Theorem 3.33.(vi)], the partial evaluation maps give a natural transformation

(Z/p®)"™ x Dev : LL 1= L}, for all unions of p-groups. By Proposition we can extend this natural

T

il = Ll on AF, with nF given by

transformation to all saturated fusoids to get n: L

nF =L (wr)E) © (Z/p°)" x devs) ® Ll ((wr)f).

We claim that nz simply recovers (Z/p®)™ x dev r for fusoids as well. The calculation is completely
analogous to the calculation preceding Lemma [6.5
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We note that Ln+1((wf)§-‘)g,é = LLH((Wf)g)g,b for all (n+ 1)-tuple representatives a for F and
b for S. Additionally, Remark m implies that LIL((Q)]:)E;T ) = (Z/p®)"™ x Ir has entries

(Z/p)" x (& if a is F-conj. to b,
LIL((WI)g)Q’Q B {0 otherwise.

The calculation of nr the proceeds accordingly:

(@) x devs) © L(@r))) |

(/)™ x Cs(@), (Z/p)" x Deval ) 5™

(Z/pe)" 1 xCs(a) if (a b
b 1)"'7an)'\".7:77
= O ((Z/P°)" X Clar..am)
0 otherwise.
However if (aq,...,a,) is F-conjugate to b, then the two n-tuples are equal as they both represent
the same F-conjugacy class, hence C(bal an) is the inclusion Cs(ay,...,a,) — Cr(ay,...,an).

In total we have

) Z Cr(a yeees@n :
(77.7'-) b= [(Z/p ) " . CS(Q)’ (Z/p ) x aeVJEZ?z "fl XFC('SE ) ) if Q = (ah ceey an)’
) 0 otherwise.

By Lemma Oevy: Z/p° x Cr(a) = Cr(a1,...,ay) is fusion preserving, so

en Cr(a yeeeyQny
[(Z/p°)"T x Cs(a), (Z/p°)" x 36VJE% "LXFC(SE ) "
n Cr(a yeens@
— [@/5F)"™ x Cs(@), (/)" x Do) Z/P) 5 Crtatvman)

and nr recovers (Z/pc)" x devr as claimed. Again we record this as a lemma:

Lemma 6.6. Let F be a saturated fusion system (or fusoid) over a finite p-group S (or formal
union of such). The partial evaluation map Oevr: Z/p® x L'TLF — L"F takes each component
Z/p° x Cr(a) to Cr(ai,...,a,) via the fusion preserving map dev, given by

Oevy(t,2) = (ani1) - 2.

The maps (Z/p®)"™ x Oevy define a natural transformation (Z/p®)"™ x Oev: LIL+1 = L, between
endofunctors on AF,.

Next we establish the action of ¥, on L™F in a similar fashion. Given a permutation o € 3, the
action of ¢ on £"S permutes the components (as described in [11, Theorem 3.33.(iii)]) by sending

Cs(a) = Cg(o(a)) to C'S(U/(E)) via the isomorphism (7% (a), where O'( ) is the chosen representative
for the S-conjugacy class of o(a).
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The action of o defines a natural transformation o: L™ = L™ for all unions of p-groups (note
that |11, Proposition 3.15] is invariant with respect to permuting the n-tuples by o). Proposition
then provides an extension o: L™ = L" to all of AF,,.

As for the (partial) evaluation maps, we calculate that the induced map o = L((w3)) ® 05 ®
L"((w%)) is a matrix in which the only non-zero entries are

(0F), o) = Sote) € AF,(Cr(a), Cr(o(a)),
and where GA(Q/) is the chosen representative for the F-conjugacy class of o(a).

Similarly, by |11, Theorem 3.33.(iii)] the diagonal action of o on (Z/p®)™ x L™S provides a natural
transformation o: LIL = LIZ for unions of p-groups. Again we extend this natural transformation
to a natural transformation 7: L = L} on all of AF,, and we proceed to calculate that nr =
L);((szr)) ©og® LL((wg)) is simply the diagonal action of o on (Z/p®)" x L"F. We record this
fact:

Lemma 6.7. Let F be a saturated fusion system (or fusoid) over a finite p-group S (or formal
union of such). The symmetric group %, acts on L*F by permuting the coordinates of the n-tuples.

If o € 5, then the action of o on L™F sends each component Cr(a) = Cr(o(a)) to Cr(o(a)) via
the isomorphism Cg(%), where JA(Q/) is the chosen representative for the F-conjugacy class of o(a).

The diagonal action of o on (Z/p°)" x L*F gives a natural transformation o : Ll = L, between
endofunctors on AF,.

The final auxiliary map needed for Theorem is the embedding of (Z/p®)"*t™ x L"*™F into
(Z)p)" < L™((Z/p®)"™ x L F). [11, Theorem 3.33.(vii)] states that we have a natural transformation
L LL+m(—) = LI,(L,(~)) for all unions of p-groups, where 1g: (Z/p?)"*™ x L™ —5 (Z,/p°)™ X

L"((Z/p)" x L"S) takes each component (Z/p®)"*t™ x Cg(z,y) to the component (Z/p®)™ x
Cz/pe)ynxCs(x) (0 X y) via the map

((§7f)72) € (Z/pe)n—i-m X CS((LQ)) = (B (§’Z)) € (Z/pe)m X C(Z/pe)"XCs(g)(Q X g)a

for s € (Z/p°)", r € (Z/p°)™, z € S, y € Cg(g)[m], and z € Cg(z,vy).

Suppose (z,y) is a chosen representative (n + m)-tuple in S. Then by Convention the
commuting n-tuple z is a chosen representative in S as well, and the commuting m-tuple y is a
chosen representative in Cs(z) C £™S — note that y is not necessarily a chosen representative in S.

The entries of the biset matrix g € AF,((Z/p®)"™ x L"™S (Z/p®)™ x L™((Z/p°)™ x L"S))
are given by

(LS)@@GS{"*“” J(txw)e((Z/pe)r xLnS)m]
_ {[<Z/p€>"+m x Cs(z,9), ((5,1),2) = (1, (5, 2)) ot Byt

in the component (Z/p¢)™ x Cg(z),
0 otherwise.

We extend ¢ to a natural transformation LL im(—) = L;rn(L);(—)) on all of AFF,, by Proposition
and as such we have

15 = L (@R)F) © 15 © Ll (L ((@r)3))-
As for the previous auxiliary maps, we first note that for any representative (n +m)-tuple (z,y) in
F and m-tuple (¢t x w) in (Z/p®)" x L"F we have

() @) (txw) = (Lh o (WF)F) © 15 © LL (L (WF)E))) ), (1xw)
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= (15 © LI, (L (WF)E))) (@) (txaw)

= > (15) @)t xw’) © L (DL (@F)E)) @) xw)-
t'xw'€((Z/pe)nx L S)Im]

Now the matrix entries of tg are zero except when t' x w’ = 0 x y as m-tuples in the component
(Z/p°)™ x Cg(z) of (Z/p°)™ x L™S. Hence the above equation becomes

(tF) (@), (txw)
= (LS)(LQ),(QXQ) © LI;@(LIL((W}')g))(QXgL(EXM)
_ [(Z/pe)ner " CS(£7 g), ((77 £)7 Z) N (£7 (§7 Z))](Z/pe)mxC(Z/pe)nsz(z)(QXQ)

(Z/pe)"tm xCs(z,y)
© LE(LE((wF)8)) 05y txw)-
If we apply Proposition twice to the basis element (wr)Z = [9,id]% € AF,(S, F), we see that

L;rn (LL([S, idg))@x@:(;xy)

{(Z/pe)m X C(%if)) if (£ x w) represents the (Z/p®)" x Cr(x)-conjugacy class of (0 x y),

0 otherwise.

Because (z,y) was assumed to be a representative (n 4+ m)-tuple in F, the m-tuple y is a repre-
sentative in Cz(z). At the same time, if the m-tuple ¢ in (Z/p®)™ is conjugate to 0, then t = 0.
Consequently (0 x y) is the chosen representative for its (Z/p®)" x C'r(x)-conjugacy class.

We conclude that (LF) (2,y),(txw) 18 zero unless t X w = 0 X y in the component (Z/p°)" x Cx(x)
of (Z/p®)™ x L£"S. Furthermore,

(¢F) (@), (0xy)

e\n+m (Z/p*)mxC eyn x 2)(0Xy)
= [(Z/p ) + X CS(&? g)7 ((§) t)a Z) = (f) (§) Z))](Z/ze)n-&-mizc/g(;’y)CS( ) ?

e\m (Q )
©(Z/p)™ x C(Q:yy)

exn-+m (Z/ e)mXC eyn £ (QX,)
= [(Z/p)"*™ % Cs(z,9), ((5,1),2) = (. (5,2 g ppermimncineny

eym . 110@/pe ) x O (2) (OQXY)
O (Z/p°)" % [Crzpeynxcs(@)(Q X y),ld]cEZ:e;nxg;(@)(gxg)

n+m (Z/p°)™ xC(z/peyn xCp(2) (OXY)

= (B0 X Os(9). (8.17).2) > (1 (5, 2) ) e e 070,
As in Lemma it follows that the map ((s,r),2z) — (r,(s,2)) is fusion preserving from
(Z/pe)" ™ x Cr(z, y) to (Z/p)™ x C(z/peynxcr(2)(Q X y) and additionally we can write

e\n+m (Z/p*)mxC e)n x £ (QXJ
(L}—)(Ly),(ﬂxg) = [(Z/p ) + X CS(ga g)v ((§) t)a Z) = (f? (§) Z))}(Z/ze)n-Fm;ZC/'j:(;,g)CF( ) :

if we prefer. We record our final preliminary result about the auxiliary maps of the main theorem.

Lemma 6.8. Let F be a saturated fusion system (or fusoid) over a finite p-group S (or formal
union of such). The embedding vx: (Z/p®)"™™ x LMTMF — (Z/p)™ x L™((Z/p®)™ x L"F) takes
each component (Z/p°)"*™ x Cr(z,y) to the component (Z/p°)™ X Czpeynxcr(z)(0 X y) via the
fusion preserving map given by

((8,1),2) = (1, (8, 2))-
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The maps vr define a natural transformation L} (-) = L:rn(L;rl(—)) between endofunctors on

AF,.

n+m

Now we are finally ready to prove that our extension of LIL to fusion systems satisfies the same
properties as for finite groups and finite sheeted covering maps. Recalling |11, Convention 3.21], we
state and prove the following variant of |11, Theorems 2.13 and 3.33]:

Theorem 6.9. The endofunctors LIL: AF, — AT, for n > 0 of Proposition have the following
properties:

)

(iii)

(vi)

Let L% AG — AG be the functor constructed in |11, Section 3]. When restricted to the
full subcategories of AG and AF, spanned by formal unions of finite p-groups, the functor
LL: AF, — AT, is the Zy-linearization of L;[[AG.

LE[) is the identity functor on AF,.

On objects, LL takes a saturated fusoid F to the saturated fusoid

L(F) = @/p)" x £(F) = [ (@/p°)" x Cr(a).
acF"]

The group %, acts on L"F = [],crim Cr(a) by permuting the coordinates of the n-tuples

a. Explicitly, if o € ¥, and if o(a) is the representative for the F-conjugacy class of o(a),

then o: L"F — L"F maps Cr(a) = Cr(o(a)) to Cr(o(a)) via the isomorphism Cg(%)) €

AF,(Cr(a), Cr(a(a)))-

The functor L, is equivariant with respect to the Sy-action on (Z/p®)" x L™(—) that permutes
the coordinates of both (Z/p)™ and L™(—), i.e. for every o € ¥, the diagonal action of o on

(Z/p°)™ x L™(—) induces a natural isomorphism o : Lh S L.

Let & and F be saturated fusion systems on R and S respectively. For forward maps, i.e. tran-
sitive bisets [R, go]f € AF, (&, F) with ¢: R — S fusion preserving, the functor L}, coincides
with (Z/p°®)™ x L™(—) so that

LI([R, ¢)7) = (Z/p)" x L"([R, ¢]%).

In addition, L™([R,¢]L) is the biset matriz that takes a component Cg(a) of LTE to the
component Cr(b) of L"F by the biset

(Crla), plcs 5™ o ¢t

o(a) € AFp(Ce(a), CF (b)),

where b represents the F-conjugacy class of ¢(a).

For all n > 0, the functor LIL commutes with evaluation maps, i.e. the evaluation maps
evr: (Z/p°)" x L"(F) — F form a natural transformation ev: L = IdaF, -

For all n > 0, the partial evaluation maps Oevr: Z/p¢ x LVTY(F) — L™(F) given as fusion
preserving maps 0evy: L/p® x Cr(a) = Cr(aq,...,ay) in terms of the formula

devy(t,z) = (an+1)t -z € Cgslay,...,ap), forteZ/p® z¢€ Cs(a),

form natural transformations (Z/p®)™ x dev : LLH = L.
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(vii) For all n,m > 0, and any saturated fusoid F on S, the formal union (Z/p®)"*t™ x LMT™MF
embeds into (Z/pc)"™ x L™ ((Z/p°)" x L"F) as the components corresponding to the commuting
m-tuples in (Z/p°)" x L*F that are zero in the (Z/p®)"-coordinate, i.e. the embedding takes
each component (Z/p®)"*t" x Cx(z,y) to the component (Z/p®)™ x Czjpeynxcir(z)(0 X y), for
z e F"l and AS Flml wia the fusion preserving map given by

((s,1),2) = (, (s, 2)),

for s € (Z/p°)", r € (Z/p°)™, and z € Cg(z,y).
These embeddings (Z)pe)ntm x LM FE — (Z/p®)™ x L™((Z/p¢)" x L F) then form a natural
(=) = Lin(Lh(=)).

transformation Ln tm

Proof. Both follow immediately from the definition of LIL in Proposition In particular
for n =0 and X € AF, (€, F) there is only a single O-tuple () in each component and
LH(XE) = Ly(XR) = X

in Proposition [5.5

(v)) (722)l|(vie)f These are Lemmas [6.516.8| respectively.
With ¢: R — S a fusion preserving map from £ to F, it follows from Lemma that

X :=[R,¢lf =[R.¢lf
Let a be a representative commuting n-tuple in &, then restricting to Cr(a) we have

X2ty = X piw) = [Cr(@), Plep@)En = [Cr(Q); Pln@)le (@)

where we note that the restriction 90|CR is fusion preserving from Cg(a) to F.
Now Proposition [5.7l and Corollary [4.10] together state that

Li(X)ap
B { (Z)p° [Cr(a), ]gjg‘p 0 Cw(a ) if b is F-conjugate to ¢(a) }
0 otherwise
= (Z/p°)" X L(X)ap
This completes the proof of and the theorem. O

7 L commutes with p-completion for bisets of finite groups

In this final section we compare the functor L}, : AF, — AIF, with the functor L;rl,p: AG — AG for
finite groups, where we restrict to centralizers of commuting n-tuples of p-power order elements (see

[11, Proposition 3.35]). We shall see that these two functors are closely related via the p-completion
functor (=), : AG — AT, described in [10], such that we have
(“)poLl,=Llo(-))

as functors AG — AF,,.
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Suppose S and T are Sylow p-subgroups of G and H respectively. Let Fg = Fs(G) and Fg =
.fT(H ) be the associated fusion systems at the prime p. The p-completed classifying spectrum
Y. BFq is equivalent to the p-completion of X3°BG via the composite

S rg 276 Sopg P, Seop
+27G + + :
Here we first include the summand f)?fB]—"G into f]ioBS , and then include S into G. The fact
that this map is an equivalence is essentially due to [3, XII.10.1] and [2, Proposition 5.5] (see
[10, Proposition 3.3] for additional details).

Via the Segal conjectures for finite groups and fusion systems, we can interpret the p—cg\mpletion

functor (—); as a functor (—),: AG — AF,, where we use the particular equivalence X°BG ~

f]fB}"G described above:

Definition 7.1. The functor (-),: AG — AF), is defined on morphisms by

(—): AG(G, H) — [ BG, £~ BH| O, [SXBFq, S BFy| < AR, (Fa, Fir).
The first map is the Segal map for finite groups, and the last isomorphism is the Segal conjecture
for saturated fusion systems.

If we restrict the (H, H)-biset H to a (T, T)-biset H% the resulting biset is stable with respect
to Fpg, hence H;g € AF,(Fu,Fu). The element H;g is always invertible in AF,(Fpy, Fg) by

[10, Lemma 3.6], and using the inverse, we get the following algebraic formula for the p-completion
functor (=), : AG — AF,:

Proposition 7.2 ([10, Theorem 1.1]). The p-completion functor (=), : AG — AF, satisfies the
following formula for any virtual biset Xg € AG(G,H):

(X)y = X7 © (HFE)™ € AFy(Fa, Fr).

The free loop space L"G has components corresponding to all G-conjugacy classes of com-
muting n-tuples in G, while L"Fs only has components corresponding to G-conjugacy classes of
commuting n-tuples in S, i.e. tuples of p-power order elements. Hence we cannot hope for some
sort of equivalence between £"G and L"Fg on the nose.

However, recall from |11, Proposition 3.35] that we define LG to consist of the components in
LG corresponding to commuting tuples of p-power order elements up to G-conjugation. In this
case, we do have a correspondence between the component of LG and the components of L"Fg.

Convention 7.3. We use the same chosen representative n-tuples a in Fg to represent both the
components Cr,(a) in L"F¢ and the components Cg(a) in £G.

Each component Cr,(a) in L"Fq is the fusion system induced by Cg(a) on the Sylow p-
subgroup Cs(a), and Cg(a) is the corresponding component of £ (G). Consequently the p-completion
functor (—);: AG — AF, takes the group Cg(a) to Cr,(a), and thus takes all of L3 (G) to L Fg.

On morphisms, according to Proposition (=)p: AG((Z/p°)" x L3G,(Z/p°)" x LyH) —
AF,((Z/p°)" x L™ Fa, (Z/p°)" x L™ Fr) is given on a biset matrix X € AG((Z/p°)" x LG, (Z/p°)" %
LH) by

(Z/p*)" xCFyy (b) e\n (Z/p°)" xCrpy (b)) ~1
(O)as = (Xa) 2y xor ey © ((Z/0)" % Cu®) gpernicr o))

42



for representative commuting n-tuples a in Fg and b in Fpg.

Now suppose we start with a virtual (G, H)-biset X € AG(G, H). If we first apply LJLW and
then apply (—);, we get a matrix in AF,((Z/p°)" x L"Fg, (Z/p°)" x L™"Fy) consisting of virtual
bisets

(Z/p*)" xCFyy () (Z/p?) " xCrpy (D) ~1
T A — T H e\n p FH

(Eh(O)an = (EhpXhas) o @ (@00 x Cu®gyicrnm) - ()

If, on the other hand, we first apply (—)g and then apply Li: AF, — AF,, we can use the fact

that L}, is a functor to get a matrix in AF,((Z/p°)" x L"Fa, (Z/p°)" x L™ Fp) consisting of virtual
bisets

LL((X)p)ae = (LLOXEE © (HE™)

= (Lh(xF o Lhugn™)

ab

(7.2)

a,b.

We claim that these two matrices are always equal (Theorem below), and in order to prove this
we will make use of the following lemma:

Lemma 7.4. Suppose H is a finite group with Sylow p-subgroup T and let S be a p-group. The
restriction map AG(H, S),; — AG(T, S); is injective on the subgroup of bifree virtual (H, S)-bisets.

Proof. Suppose we have a bifree virtual biset Y € AG(H, S);), then Y must be a Z,-linear combina-
tion of basis elements of the form [P, cp]%, where P < H is a p-subgroup and ¢: P — S is injective.
Such a linear combination is uniquely determined by its number of fixed points |Y(Q’¢)| € Zp, for
all pairs (@, ) of a subgroup @ < H and an injective group homomorphism ¢: @ — S. Thus the
virtual biset Y is uniquely determined by |Y(Q’¢)\ € Zy, where we only consider pairs (Q,) with
Q < H a p-subgroup.

Furthermore, since every p-subgroup of H is H-conjugate to a subgroup of T', Y is uniquely
determined by the number of fixed points |Y(@¥)| € Z,, for Q < T and ¢: Q — S injective. These
fixed points happen to be preserved under restriction of the left action from H to T, so it follows that
any bifree Y € AG(H, S); is uniquely determined by its restriction [T},id]ff ©Y € AG(T,S)). O

We now prove Theorem [I.2) from the introduction.
Theorem 7.5. We have (—); o Lh,=Lho (=); as functors AG — AT,

Proof. We aim to prove that the matrices described in ((7.1) and ([7.2]) are equal.
Let us for a moment consider the matrix LL(X]]::g ). Since restricting the action of G to F¢ is

given by precomposition with wz,, o [, id]g, functoriality of Ll gives us
F F
LE(XZ2) = Li((wre)F,) © LHXE) © LE((wry)77).-

Since every element in a p-group has p-power order, the functor L;rz,p coincides with L}, when
restricted to p-groups. Using functoriality of LIL,p, we can further decompose LL(X;;’ ) as

F : : F
LE(X7H) = Ll (wre)F,) © LY, (15,1d)§) © L (X&) © LY (T id]}) © L (wr, )7™)-
By Proposition the entries of LIL((w]:G)iG) satisfy
LIL((W}-G);G )Qé = LL((W]’G)E)Q@
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whenever a is a representative n-tuple in F¢, and s in S. For an n-tuple of p-power order elements g

in G and a representative n-tuple a in Fe, the entries of the composite L}, ((w;G)]_-G) oL} »(18,id]§)
satisfy

(L (wre) %) © L p([8,1d]§)ag

= (L ((wre)3) © L, ([57 dJ§ ))g,g

= (L} p(wre)$) © LY ,([8.1d]§))ay

= (Lhp((wre)d O[5, ld] )a.g

(LL7P([S, 1d]g))gg since [S,id]§ is left Fg-stable.

The biset [S,1d]§ represents the forward map incl§: S — G, hence by [11, Theorems 3.33.(iv)] the
entries (LIL,p([S, id]g))%g are given by

. e\n . 1(Z/p°)"xCa(g)
(L p([S1d]§))ag = [(Z/p)" x Cs(a),id] 7t e)n oo

if g = a (following Convention , and 0 otherwise.

To sum up, the composite Ly, ((w ]:G);G) ©) LL,p([S, id]§) is a diagonal matrix with entries

(Lh(@re)%s) © L (1S 1d]§))aa = [(Z/p°)" x Cs(a),id)g)2) kel e, (7.3)

which are left ((Z/p®)"™ x Cr,(a))-stable. This will be the first main ingredient in the proof of the
theorem.

For the second ingredient, consider the matrix entry

(B idlh) © L (wr,)7™) © LHHED ), |

inside the right ((Z/p°)™ x Cr,, (b))-stable elements of AG((Z/p°)" x Cx(h), (Z/p°)" x Cr(b)),. We
claim that this entry is O unless h = b, in which case it equals the composite

eyn @/ xCr ) oy (/)% Cry 0 1
(@) x Cr®), iz E G © (@) % Cu®)izpycrtv)

Each of the virtual bisets LIL,p([T, id|%), LL((w]:H);H) and LL(H;I}{I )~1 are composites of bifree

bisets and so are bifree as well — note that LIL preserves bifree actions, since the wind-maps involved
in the construction are all injective group homomorphisms. We shall apply Lemma to the bifree
matrix entry

(LT ia1h) © Li((wry)7™) © L (HE) ™)

in AG((Z/P ) x Cg(h), (Z/p°)" x Cr(b)),-
Recall ) from the first part of the proof, and replace G, S, and a, with H, T, and h,
respectively. We then know that LIL((WFH)%,) ©) LLp([T ,id]#) is a diagonal matrix with entries

hb

. e\n . N xCr(h
(L (wr) Fy) © L (1531 = [(Z/p)" x Cr(B),id]g/0 ) el s

From this it follows that restricting the virtual biset

(Ehp(id) © Li(wr, )7 © LLHED )

[A2)°4
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on the left from (Z/p®)" x Cu(h) to (Z/p®)"™ x Cr(h) can be achieved by precomposing the entire
matrix with the diagonal matrix LIL((w]:H)gH) ® L ([T, idH):
e\n - 1(Z)p¢)*xCr(h . _
(@/p)" x Cr(B),id) G20 c 0 © (L, (TidE) © L (ws)7™) © LLHED ™)

Y

Li((wr)5,) © Ly (T30 © L, (Tidlh) © L (wr)7™) © LHHED ), |

(
= (sEgn o iz ™),
(

which is the identity on (Z/p®)" x Cr, (b) when h = b and 0 otherwise.
Because (LIL,p([T, idh)e LL((w }-H)“;H )® LL(H]{E )*1>h , is uniquely determined by its restric-

)

tion to (Z/p®)™ x Cr(h), we conclude that it is zero unless h = b.
At the same time, we can also consider the restriction of

e\n - 11(Z/p°)" xCr (b e\n (Z/p°)" xCrpy (b) -1
(2/p)" x Cr(®),id] G0 5en ) © (/)" X Ca®) oy ccn )

from (Z/p°)™ x Cg(b) to (Z/p°)"™ x Cr(b) on the left:

e\n - 11(Z/p)" xCr (h e\n - 11(Z/pe)" xCr (b
(Z/pf)" x Cr(b),id]E e © [(Z/p)" x Cr(),id)g/0) xer )

ey (Z/p")"xCoryy (0)) 71
® (((Z/p )" X CH(Q))(z/pe nxCﬁZ(b))

)
en (Z/p*)" X Cry (b) n (Z/p*)"xCrpy (b)\ ~1
= ((Z/p ) X CH(Q))(Z/pe)”XC]:i(b) © <((Z/pe) X CH(Q))(Z/pE)”XC'}-i(b)>
= d@/peyrxCr, @) -
We again get the identity on (Z/p®)" x Cx,(b), and again since the bifree bisets are uniquely

determined by their restrictions, we conclude that the matrix LL7p([T, idL) ® LL((WIH);H ) ©
LL(H;;’ )~1 is diagonal with entries

(Lhp(rialh) © L (wr,)7") © LLHED ™) |

en . 1(Z/pe) X O (b en (Z/p*)" xCrpy (b)) ~1
= [(Z/p)" x Cr),idlZ 2] or S © (/)" % Cu)g i) - (74)

This is the second main ingredient in the proof of the Theorem.
The claim of the theorem that ([7.2]) equals (7.1]) is now a straightforward check of matrix entries:

LE(X))as

(7.2) F F—
O (b rhmzn ™)

-2

= (Lh((wr)$,) © L, (8, 1d§) © L, (XE) © L (T id]l) © Li(ws,) 7" © LLHE) ™)

ab

[(Z/p°)" x Cs(a),id]

(7.3) enn . 1(Z/p®)"xCa(a . _
D (@ x st ce ) © (1,0 © L7 dE) © L (wr)57) © L (HE) ™)
™4 (z/p®

£ @

Ny Ce(a e\n . 11(Z/pe)"xCr(b
Lo o (Lhu(XE) o l@/p)" x Cr(b),id G0 o

a) ) ab
Z/p?)" xCr,p, (b)\ 1
o (@) % Ca®)iz)poyic )

(Z/p°)"xCr(b)
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(Z/p*)" xCFy () (Z/p?) " xCrpy () ~1
_ t H H e\n FH
(EhalXE10) gt © (@ 5 OO )
()
= (L], (X))D)ap:
Finally we conclude that the composite functors Ll o (=)p and (=), o LILJ, agree as functors
AG — AF,. O

A Auxiliary results about characteristic idempotents

In this appendix we gather a few utility results about characteristic idempotents and “virtual double
cosets.” The results are mostly elementary. However, to our knowledge, they do not appear in the
literature.

First we observe a simple principle for recognizing fusion preserving maps in terms of charac-
teristic idempotents:

Lemma A.l. Let £ and F be saturated fusion systems over p-groups R and S respectively. Then
the following statements are equivalent for any homomorphism f: R — S.

(1) f is a fusion preserving map from £ to F.
(ii) The equation wg ® [R, f]3 ® wr = [R, f]5 ® wr holds in AF,(R,S).
(i4i) The virtual biset [R, f]3 ® wr € AF,(R, S) is left E-stable.

Proof. The properties and are immediately seen to be equivalent since an element X €
AF, (R, S) is left E-stable if and only if we ©® X = X.

We will show that implies Suppose that f is fusion preserving. We will prove that
(R, f]% ® wr is left E-stable. Suppose that P < R and ¢ € £(P, R) is any morphism in the fusion
system £. Since f is fusion preserving, we have a corresponding map ¢ € F(f(P),S) such that
fop=¢po fasmaps P — S. If we now restrict [R, f]% ® wr along ¢ on the left, we get

[P,elE O [R, flh ©wr =[P, foglh Owr
=[P, goflaOwr = [P,f]Q(P)®[f(P),?0LSv(p)®wf-

Because wr is left F-stable, restricting wr along @ is the same as restricting along the inclusion:

P P .
P, A7 @ [F(P), @py ©wr = [P AIET © [F(P), incllfp) © wre
= [P,inc]} © [R, f]} © wr.
Consequently, [R, f]% ® wr is left E-stable as required.

Conversely, suppose that f satisfies the equation We will then prove that f is fusion
preserving. To that purpose, suppose P < R and ¢ € E(P,R); we shall prove that there is a
corresponding map f(P) — S inside F. Consider the basis element of AF,(P,F) given by the
composite f o :

[P7f090]£: [P?‘p]gG) [R>f]%®w-7:'
By we can add in wg in the middle and we get

[P, plEO[R, fl O wr = [P, ¢]E Owe O [R, fl} ®wr = [P,incl]E © we © [R, fI}, O wr
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These calculations show that the two basis elements [P, f o @] and [P, f]% in AF,(P, F) are equal.
Consequently, f o ¢ arises from f by simultaneously precomposing with some conjugation ¢, in P
and postcomposing with some map 1 in F, i.e. we have:

fop=vofoc

as maps P — S with x € Ng(P) and ¢ € F(f(P),S). We can now apply f to the element = as
well, resulting in
fop=vofocz=vocpyof

Hence ¢ := vpocy(,) serves the purpose, proving that f is in fact fusion preserving from & to F. U

Next we will work towards writing out a double coset formula for composing virtual bisets of
saturated fusion systems.

Lemma A.2. Let R, S, and T be finite p-groups, and consider transitive bisets [H, cp]}q% and [K,¥]%.
Suppose X is a bifree (S, S)-biset. For each x € X the stabilizer of x is given as a pair of a subgroup
Sy < S and a homomorphism c,: S, — S. That is, for all s € S,, we have st = xcy(s). The
composition [H, |3 © X © [K,¥]L can then be calculated in terms of double cosets of X :

HelhoXo[K9E= > [p (Sne (K)),Yocoqlf
z€pH\X/K

Proof. First write the composition [H, ¢]3 © X © [K, )L as
[H, 97" © [pH,idly © X © [K,id[§ © [K,¢]k.

The middle part, [pH, id]g 7 © X ©[K,id)%, is then simply the (S,S)-biset X restricted to the
subgroup ¢ H on the left and K on the right.

Now the orbits of the restriction ,gXr = [pH, id]g 5 ©X ©[K,id]E are precisely the double
cosets ¢ H\X/K. Given a representative x € pH\X/K for any of the orbits, the stabilizer of
x € ,gXf is obtained by restricting the stabilizer of z inside the (S, S)-biset with the smaller
subgroups ¢H and K. Since the stabilizer of x inside g Xg is given by S, < .S and ¢;: S, — S, the
restriction to (¢H, K) becomes the subgroup ¢H NS, N, H(K) < pH and we may restrict ¢, to
the homomorphism c,: 9pH NS, Nc; ' (K) — K.

When we take representatives for all the double cosets p H\ X/ K, we get the following expression
for the restriction ,pXg:

euXK = > [pHNS: N (K), calby
re€pH\X/K

It remains to compose g X with [H, cp]ﬁH on the left and [K,]% on the right. This amounts to
composing with the isomorphisms ¢p: H — ¢H and ¥: K — %K and then inducing the actions
from H and ¥ K up to R and T respectively. Since induction doesn’t change point stabilizers, we
get the final formula:

[H, ¢lp © X © [K, ¢]5

iAo e o (3 [pHNS NG K, el ) © K vl o K, il
v€pH\X/K
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Hidf o (Y S nG ), voc o dll) o WK, i)l
reeH\X/K

= Y [eTHSane (K)o olh O
r€pH\X/K

Remark A.3. Lemmal[A.2]is linear in X with respect to addition/disjoint union of bifree (5, S)-biset.
We can therefore extend the lemma to cover all virtual bifree (S, S)-bisets X € AG(S, S);), as long
as we extend the notation

s€pH\X/K

linearly to virtual bisets as well. The convention will be that each virtual point x € X is assigned
a weight e, equal to the coefficient of the virtual orbit in X that contains z. Explicitly this means
that if we decompose X in terms of orbits

X= 3 er, L5
L<S
p: L—S

then each point of [L, p]g is assigned the weight €7, ,, and the formula of Lemma becomes

[H, ¢ © X © [K,¥]§

= Y e (Sene (K)o oplh
2€pH\X/K

LYY sl Seng W) voeo gl

L<S zepH\[L,p|3/K
a4 \[L.plg/

This formula is then valid for every bifree virtual biset X € AG(S,S),.

Proposition A.4. Suppose that £, F, and G are saturated fusion systems on p-groups R, S, and
T, respectively, and consider virtual bisets [H, o]l and [K, @ZJ]?_-, where H< R, ¢o: H— S, K <85,
and ¥: K — T. The composition of these bisets satisfies a double coset formula following the
conventions of Lemma[A.9 and Remark[A 3

Helf o[K )%= Y e (Senc ' (K)),ocgoplf.
zepH\wr/K

In the special case where K = S and v: S — T is a fusion preserving map from F to G, the
composition simplifies to
[H, ¢l ©[S,91F = [H, ¢ o pl¢.

Proof. By definition of the basis elements [H, @] and [K, 1#]% (see the discussion following Defini-
tion the expression [H, ¢]f ® [K,1]% is shorthand for

[H,¢l¢ © [K,9)F = we © [H, 0]} ©wr O [K,¢]§ © wg.
We apply Lemma to the middle triple [H, cp]% Owr o K, w]g and get

[H, ¢l © K, )5
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—weo (Y TS NG K wo e 0 plk) Ouwg
zepH\wr/K

= Y e US N G (K)o o).

zepH\wr/K

This covers the general case of the proposition.

In the special case where K = § and : .S — T is fusion preserving from F to G, we refer to
[10, Lemma 4.6] which states that wr ® [S,¢]% © wg = [S,¥]L ® wg when ¢ is fusion preserving.
This in turn gives us the required formula:

[H, ¢l ©[S, 9%
= we O [H, ¢l © wr © [, 9]§ O wg
= we © [H, 9] © [S,9]§ O wg
=we @ [H, 10 ¢]p O wg
= [H, ¢ 0 9]¢ O

Proposition A.5. Let F be a saturated fusion system on S and suppose a € S is central in F,
meaning that Cr(a) = F. Then wr only contains orbits of the form [P, |, where a € P (and
p(a) = a since a is F-central).

Proof. Suppose a € S is central in the saturated fusion system F, and let wr be the characteristic
idempotent. In particular this means that if a < P < .S and ¢ € F(P,S), then ¢(a) = a.
Furthermore, we let wr be the a-centralizing part of wr meaning that

. S
WrF = Z cre - [P ¢ls,
aePLS
pEF(P,S)
up to (F, F)-conj.

where cp, € Zj, is the coefficient of [P, go]g in the orbit decomposition of wx. We wish to prove that
wr does not contain any additional orbits with a &€ P, so we can equivalently prove that wr = wg.

The algorithm for constructing wy in [9] starts with the transitive biset [S,id]3 and then pro-
ceeds one (F, F)-conjugacy class of pairs (P, ¢) at a time (in decreasing order) and adds/subtracts
orbits in the conjugacy class of (P, ¢) to make the biset stable at that conjugacy class and above.

The virtual biset wr is then the intermediate result of this algorithm where we have stabilized
[S,1d]g only across all pairs (P, ¢) with a < P. If we can prove that wz is in fact fully (F, F)-stable
instead of just stable for pairs containing a, this would mean that no further stabilization is needed
and the algorithm stops with wr = Wr.

For readers who don’t feel comfortable with the argument above, we will bring a more explicit
way of finishing the proof below — once we have proved that wr is (F,F)-stable.

wr is (F,F)-stable: This is essentially [5, Proposition 9.10], using that F is the centralizer
fusion system of a. The difference is that [5| deals with actual bisets, while wr here is a virtual
biset. We adapt the proof used in [5].

One of the equivalent ways to state (F,F)-stability for an (S, S)-biset X is the property that
the number of fixed points for a pair (@, ) only depends on (@, ) up to (F,F)-conjugation:

| X (@¥)| = | x (@)
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whenever (Q’,v) is (F, F)-conjugate to (Q,1)). The fixed point set X(@¥) is the set of z € X
such that gz = z(q) for all ¢ € Q. Working with virtual fixed points, the same characterization
of (F, F)-stability works for virtual bisets X € AG(S, S);.

If X € AG(S, 5’)2 is F-generated, such as wr or wr, then it is sufficient to check fixed points
for (Q,v) with ¢ € F(Q, S), where we ask that

| X (@¥)| = | x(@id)|

for any F-conjugate Q' to Q.

If (Q,%) has a € @, then the fixed points \wg?’w)\ only depends on the orbits with stabilizers

containing ) and hence a. We thus have
EEY) = WP = ) = 5,
whenever @' is F-conjugate to @, ) contains a, and ) € F(Q, S).

Given any pair (@, ) with ¢ € F(Q, S) and a € Q, the assumption that a is central in F means
that ¢ extends (uniquely) to a homomorphism 1/1 Q{a) — S such that 1/)|Q 1 and 1/)( ) =

Because wr only has orbits with stabilizers that contain a, and since the extension 7,/} is unique,
we get

@) = ),
We already know that the fixed points are (F, F)-conjugation invariant for (Q{a), 12), so the same
is true for (@, ). Hence wr is in fact (F,F)-stable.

This completes the proof that the algorithm for constructing wx stops once we have wr. Alter-
natively, though it boils down to the same formulas, we can complete the proof of the lemma as
follows.

Alternative proof that Wy = wr: Let cpy, be the coefficient of [P, ]S in the orbit decompo-
sition of wr. Hence c¢p, = 0 unless a € P < S and ¢ € F(P,S).

Because wr is obtained by stabilizing the transitive biset [S,id]2. Remark 4.7 of [9] states that

the coefficients satisfy
1 ifP=S
> emy= .

(P, ') up to (5, §)-con]. 0 otherwise,
s.t. (P, ¢') is (F, F)-conj. to (P,id)

when a is in P and P’. When a is not in the subgroups, all the coefficients are zero so the formula
still holds.

If we multiply wr with wx from both sides, the formula above gives us

Wr OQWr ©Owr

= Y cpy (wr @[PS Owr)
(P, ¢) up to (S, S)-conj.

= Y wriaE (Y ey

P < S up to F-conj. o' eF(P,S)
up to (5, S)-conj.
s.t. P' is F-conj to P

=[S,id]% - 1

= Wgr.
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At the same time, wr is (F, F)-stable as proven earlier, so

WrOQWwr QOwr = Wr.

This finishes the alternative proof that wr = wr. O
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