EQUIVARIANT COHOMOLOGY AND THE SUPER
RECIPROCAL PLANE OF A HYPERPLANE
ARRANGEMENT

SOPHIE KRIZ

ABSTRACT. In this paper, we investigate certain graded-commuta-
tive rings which are related to the reciprocal plane compactification
of the coordinate ring of a complement of a hyperplane arrange-
ment. We give a presentation of these rings by generators and
defining relations. Our presentation was recently used by Holler
and I. Kriz [7] to calculate the Z-graded coefficients of localizations
of ordinary RO((Z/p)™)-graded equivariant cohomology at a given
set of representation spheres. We also give an interpretation of
these rings in terms of superschemes, which can be used to further
illuminate their structure.

1. INTRODUCTION

G-equivariant generalized homology and cohomology theory for a
compact lie group G is best behaved when the (co)-homology groups are
graded by elements of the real representation ring RO(G). In this case
(see Lewis, May, Steinberger [13] for background), the theory enjoys
many of the properties of non-equivariant (co)-homology, for example,
Spanier-Whitehead duality. Explicit calculations of equivariant coho-
mology groups, however, are much harder than in the non-equivariant
case. A telling example is the case of “ordinary” G-equivariant co-
homology theories, defined by Lewis, May and McClure [12]. These
theories satisfy a “dimension axiom” in the sense that the Z-graded
part of their coefficients (i.e. (co)-homology of a point) are zero except
in dimension 0 for all (closed) subgroups of G.

However, calculation of the RO(G)-graded coefficients of these “or-
dinary” G-equivariant cohomology theories has been an open problem
since the 1980s, and these groups carry some deep information. For ex-
ample, for the “constant” Z Mackey functor coefficients, (which means
that restrictions to subgroups are identities), a partial calculation of
the RO(G)-graded coefficients for G = Z/8 was a key ingredient in the
solution by Hill, Hopkins and Ravenel [6] of the Kervaire invariant 1

problem.
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The algebraic calculations made in the present paper are relevant to
the ordinary RO(G)-graded (co)homology theory with constant Z/p
coefficients for G = (Z/p)". We denote this theory by H Z_/p @/ In

the paper [8], Holler and I. Kriz calculated the “positive” part of these
coefficients, meaning the groups

M) LD )

with V' an actual (not virtual) representation for p = 2. A key ingre-
dient in this calculation was the geometric fixed point ring

(2) (q)(Z/p)"Hz_/p)*7

which is the localization of the full RO((Z/p)")-graded coefficient ring
by inverting the inclusions S° — S for all non-trivial irreducible rep-
resentations a (see Tom Dieck [20] and [13], chapter 11, Def. 9.7).

Holler and I. Kriz [8] calculated the ring (2) for p = 2 by hand using
a spectral sequence, and commented that the rings seemed to have an
unusual algebraic structure, and asked about its geometric significance.
They also did not know how to complete the same computation for
p > 2, where the structure seemed much more complicated.

Answering these algebraic questions is the main purpose of the present
paper. Using our main theorem (Theorem 2 below), Holler and I. Kriz
[7] then generalized their calculations of the geometric fixed point coef-
ficient ring (2) to p > 2, and also answered the following more general
question:

What is the structure of the Z-graded coefficient ring Rg of the
(Z/p)"-fixed point specctrum given by localizing HZ/p - by in-

verting the maps S° — S® for a given set S of irreducible (Z/p)"-
representations?
Symbolically, we may write

(3) Rs = ((/\ ™) A HZ/p)\"/P"
i=1
where S = {aq,...,an}.
Then, in particular, the geometric fixed point coefficient ring (2) is
equal to Rg where

S = {061, Ce ,Oépn_l}
consists of all non-trivial irreducible representations of (Z/p)™.
The contribution of the present paper was essential to 1. better

understanding the algebraic structure for the case of Z/2, which was
necessary for considering the case of an arbitrary set .S, and 2. finding
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a graded-commutative analog, which is relevant for the case of Z/p-
coefficients for p > 2 (since in that case, Z/p-valued cohomology forms
a graded-commutative, and not a commutative ring), which give a can-
didate for the Rg. The algebraic computations of this present paper
then gives sufficient control on the structure of this ring to show that
the candidate is correct by a counting argument [7].

What kind of algebra are we talking about? In [8] Theorem 2, Holler
and I. Kriz proved that

(O H7,/2), =

W Zaltala € (@/2)\ (0N (tats + Tty + tatyJa+ 5+ = 0).

Where t, are in degree 1. They proved this by counting the dimen-
sion of the submodule of homogeneous elements of a given degree and
matching it with a spectral sequence. But what do these relations
mean?

Consider the affine space

Ag, = Spec(Fy[zy, ..., 2,)).

Then the elements z,, can be identified with non-zero linear combina-
tions of the coordinates xy, ..., x, with coefficients in 5. Such linear
combinations can, in turn, be identified with equations of hyperplanes
through the origin in Ag . (All possible rational hyperplanes, as it
turns out.) If we remove these hyperplanes from Aj , we obtain an
affine variety with coordinate ring

(5) ( JI ="Ffzr... 2.

a€(z/2)"\{0}

I showed that the ring (4) is isomorphic to the subring of the ring
(5) generated by the elements t, = z,!. This result turned out to be
known (for example, [16], Theorem 4). In fact, the affine variety with
coordinate ring (4) is known as the reciprocal plane of the hyperplane
arrangement {z,} (see [3]).

The reciprocal plane can, of course, be considered over any field, and
the likely reason this significance of the ring (4) was not noticed before
is that the focus of the previous work was mostly on characteristic
0: certainly not on the arrangement of all rational hyperplanes over
a finite field. This interpretation, then, begged the question as to
what happens if we remove just some subset S of hyperplanes from
Ag,? What is the topological significance of the reciprocal plane in that
case? Using the known presentation [16] I rediscovered, Holler and I.
Kriz subsequently proved that those rings are isomorphic to the rings

(3).
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The real story, and the main contribution of the present paper, how-
ever, is for p > 2. From the point of view of algebraic geometry, there
is no difference: As we already mentioned, the reciprocal plane con-
struction is independent of characteristic.

In algebraic topology, however, when we are dealing with character-
istic p # 2, coefficient rings become graded-commutative, i.e.

Ty = (_1)\xlly|y$

where |z| denotes the degree of z. So to solve the structure of the rings

(2), (3) for p > 2, it was necessary to discover the appropriate graded-

commutative analogue of the reciprocal plane, and to prove structure

results analogous to [16]. This is the main result of the present paper.
Very briefly, we consider the ring

Fpla, ... 2n] @ Ap, [day, .. ., day)

where A denotes the exterior algebra. In this ring, invert a set of lin-
ear combinations z, of the elements x,. The right ring turns out to
be the subring generated by t, = 2;' and u, = 2;'dz,. Topologi-
cally, the element ¢, has degree 2 and the element u, has degree 1,
corresponding to the fact that we are dealing with complex, not real,
representations for p > 2. I determine the structure of these subrings
in a way analogous to (but more complicated than) the commutative
case. Holler and I. Kriz [7] then used my structure theorems to prove
that these rings are isomorphic to the rings (3) for p > 2. This is the
main topological application of the results of the present paper. The
very striking geometric interpretation of the reciprocal planes begs the
question what is the appropriate analogue of this interpretation in the
graded-commutative case. The Spec of a graded-commutative ring is a
superscheme (for a survey, see [21]). In section 6, I develop the super-
scheme analog of some of the known geometric structures associated
with the reciprocal plane, which correspond to my algebraic general-
ization to graded-commutative rings. (Again, the algebraic geometry
side of the story is independent of characteristic).

The present paper is organized as follows: In the next section, I
give precise statements of the algebraic results of this paper, which
amount to finding a presentation of the rings in question, in Theorem
1 in the commutative case and Theorem 3 in the graded-commutative
case. Essentially, the proof is by describing an explicit algorithm of
reducing a given relation to the relations in my presentation, which I
do not think was known before. In Section 3, as a warm-up, I give an
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explicit proof of Theorem 1 which can be generalized to the graded-
commutative case. In Section 4, I use this method to prove Theorem 3.
In Section 5, I prove that the relation ideals I, K are also generated by
the relation polynomials Pr,, Pr, ¢ where the L’s are restricted to “mini-
mal” relations. The commutative case is particularly simple. This was
also proved in [16] in the commutative case by less explicit methods.
In Section 6, I discuss the geometric interpretation, including the con-
struction of the superscheme corresponding to the graded-commutative
case (Theorem 3).

Acknowledgement: I am most thankful to J.P. May for comments
and encouragement.

2. STATEMENT OF THE RESULTS

Following Terao [19], consider an n-dimensional affine space A%, over
a field F'. Let z,..., 2, be non-zero linear combinations of the coor-
dinates x1,...,x, with coefficients in F. We can think of the z;’s as
equations of hyperplanes in A%. Then the coordinates ¢; = 2z; ' define
a morphism of affine varieties

7 AR\ Z(21 ... 2p) = AR

where Z1 = Z(I) is the set of zeros of an ideal I. The morphism 7 is
an embedding if the z;’s linearly span the x;’s. Consider the Zariski
closure of Im(7). As we shall see, this variety is a cone, so we can speak
of the corresponding projective variety. This construction, called the
reciprocal plane, has been studied extensively (see [16, 14, 9, 15, 18,
17, 10, 11]). For a survey, see [3].

To understand this construction better, we must describe it alge-
braically, which will also bring us closer to the motivation of the present
paper. Let

R=z" 2 [y, m) = Flag, . x)lz0h L 20

Then we have a homomorphism of rings
hIF[tl,...,tm] — R

with h(t;) = 2z; ' (which is, of course, not onto). Consider the ideal
I = Ker(h). Denote A = {z1,..., 2y}, and put

Rasn = Flt, o t) /1.

Then Spec(R4,a7) is, by definition, the Zariski closure of Im(r). Also
by the homomorphism theorem, R4 4» is a subring of R. Observe that
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I is a prime ideal (therefore a radical) since R is an integral domain,
and hence so are its subrings. Further, if the z;’s generate the x;’s
then
R=(ty - tm>71R.A,A}~

Thus, in particular, in this case 7 is an open embedding of the hyper-
plane arrangement complement into the Zariski closure of its image.

The ideal I is non-zero when there are linear dependencies among
the hyperplane equations z;. Suppose, then,
(6) L:a12i1+"'+ak2ik:OEF[Zﬂl,...,]}n]
where ay,...,a; € F are not 0, and

1< <o < <

So, in R, we have ;* + -+ f’“ = 0 where k& > 1 (where, in the rest of

this paper, we 1ndent1fy tj=z; ). Thus,
(7) R
Wty iy gty
ti -t
where the hat means an omitted term.
Hence, the numerator Py, of the left hand side of (7) is in I.

Theorem 1. ([16], [3], (5.3)) Let Z be the set of all linear relations L
among the hyperplane equations z;. Then

(8) I=(Py(ty,....tn)|L € 2),
or in other words,
R.A,AT}?' = F[tla s )tm]/(PL(th T ’tm)|L € Z)

i, e agtsy Lt —0ecR

i1 -

Corollary 2. ([7, 8]) For p = 2, the Z-graded coefficient ring (6) of
the constant Z/2-Mackey functor ordinary (Z/2)"-equivariant cohomol-
ogy spectrum with the inclusion S° — S% inverted where o; are real
wrreducible representations corresponding to the hyperplanes z; is

RS - R-AA]?Q'

This was proved in [8] using a direct method for the case of all
2" — 1 rational hyperplanes through the origin in Ag . The authors of
8] asked about the algebraic interpretation of this ring. I found the
above interpretation and proved Theorem 1 by describing an explicit
algorithm for reducing relations. Using this and the commutative case
of Theorem 8 below then led to the proof of the general case of Corollary
2 in [7].
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Both Theorem 1 and the commutative case of Theorem 8 turned out
to be known ([16], Theorem 4). The reason the connection with [8],
and Corollary 2 of [7] were not noticed before is probably that the focus
of [16] and other previous work was not on the case of all hyperplanes
over a finite field.

While the work of [16] (and hence Theorem 1 and the commutative
case of Theorem 8) work over any field, in algebraic topology, those
calculations are not relevant in characteristic p > 2, where the relevant
rings are graded-commutative. In fact, [8] was written entirely in char-
acteristic 2 because the graded-commutative analog of the ring R4 an
was not known. I found this ring algebrically by looking for a “graded-
commutative” analog of the geometric structures described above, and
my reduction algorithm. I then proved a graded-commutative analog
of Theorem 1, (and the corresponding part of Theorem 8), which is the
main result of the present paper.

For the graded-commutative case, consider
Q= Flzy,...,z,| @ A[dxyq, . .., dz,)

where A denotes the exterior algebra over the field F. Then the non-
zero F-linear combinations z; of the x;’s are in the center of €. Now
consider
T=z"'.2'"0>0
This is the graded-commutative analog of the ring £. We are interested
in the subring 7’4 a» of T' generated by 2t 21 ztdz, .. 2 Yz,
Put t; = z; 'and u; = 2; 'dz;. Then we have a canonical homomorphism
of rings
Vi E=Flty, ...ty @ Auy, ..., up] = T.
Let K = Ker(¢)). Note that I C K. Thus, we have

Tasn ==Z/K.
We want to find the generators of the ideal K. If L is again the left
hand side of (6), then
dL = CLileil + -+ aikdzik =0eT.
If we multiply
PL = ailtiz .. ~tik + aiztilt; c. tzk+
"'+CL7;jtZ'1 t,] tlk +"'+aiktil...tik71
by dzj, ...dz; where

(9) S:{jl<"'<jl}g{i1,...,ik},
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some monomial summands can be expressed in terms of the u;’s. If a
monomial summand does not contain ¢;, but does contain dz; , then
use dL = a;,dz;, + - -+ + a;,dz;, to eliminate dz;,. Explicitly, let

PL,S = PLdel Ce del

; g —

- Zs:l ti1 .. t]s .. tidejl . dede c. del.
We have Pp g € Z. Note that, by definition, Pry = Pr. Our main
result is

Theorem 3. Let Y be the set of all pairs (L,S) where L is a linear
relation among hyperplanes equations as in (6), and S is a subset of
the index set as in (9). Then

K = (Prs | (L.S) € ).
In other words,
TA,A}? = E/(PL,S ’ (L, S) S y)

This algebraic Theorem, along with Theorem 8 below was used in
[7] to prove the following result:

Corollary 4. ([7]) For p > 2, the Z-graded coefficient ring (6) of the
constant Z/p-Mackey functor ordinary (Z/p)"-equivariant cohomology

spectrum with inclusions S° — S inverted where a; are complex irre-
ducible representations corresponding to the hyperplanes z; is

Rg =Tyap.

Since the commutative algebra methods of [16] are at present not
available for graded-commutative rings, our proof of Theorem 3 is el-
ementary and in fact is an elaboration of my algorithm used to prove
Theorem 1. As a warm-up, I also include my original elmentary proof
of Theorem 1, which I then generalized to the graded-commutativee
case. Some brief notes on the interpretation of the graded-commutative
result in algebraic geometry are given in Section 6 below.

Example: Let L = z; + 29 + 23 = 0 € . Then we have
PL=Pry= 2023 bt it
R1%2%3
Now to compute Pr, (2, write
(10)  Ppdzy = totsdzy + titadze + titzdzy = usts + tiug + titzdzs.
Now use
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to express dzy = —dz; — dz3, which we use to conclude
totsdzg = —tits(dzy + dz3) = ugts + usty.
Substituting this into (10) gives the relation
Pr 9y = ua(t1 +t3) — uits — usty.
To calculate P, 21, we start with the expression
prdzidzy = totsdzidzy + titedzidzy + titsdzidze =
= totsdz1dzy + ugug + titsdzidzs.
Using (11) again, we get
totsdzidzg = tots(—dzg — dz3)dzy = totzdzodzs = ugus
and
titsdzidzy = titsdz (—dz — dz3) = uzu;.
Thus, we obtain the relation
Pr 19y = ujug + ugug + uzu;.

The reader should keep in mind that the above derivation of examples
of the relations P, g is used simply to explain our definition of these
relations. Nevertheless, they illustrate the fact that P, ¢ is a relation
in t;*...4 'Z which is contained in Z, and thus is valid in Z.

3. THE COMMUTATIVE CASE

The purpose of this section is to prove Theorem 1.

Lemma 5. The relation ideal I of Theorem 1 satisfies
I'={q=pil1+ - +pnLn|

(12) pi €ttt F bl g € Fltyy ..y t])
Proof. Consider the diagram
(13)
F[th...,tm} i R F[l‘l,...,l’n]
Flty, .. otm, it ot =ty F .t ~— Fl21, - 2

We know ker(7) = (L1, ...,Ly) C F[z1,..., 2n]. Therefore we know
that
ker(7) = 2%, ..., 2 ker(%) = (L4, ..., Ly)
Coyto 27 2,z =t F Lty
by exactness of localization.
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Proof of Theorem 1. Let J be the ideal in I which is generated by all
the P’s. Then we want J to equal I. We shall perform induction on
m (the number of the variables z;). If m = 0, then Rysn = F' and
there is nothing to prove. Let

(14) g=piLi+---+pyvLy €l

be as in Lemma 5. We want to show that ¢ € J. We may assume
L1, ..., Ly are in reduced row echelon form where the order of columns
corresponds to the order of variables z,,, ... 2. Let A" = {z1,...,2m_1}
and define an ideal I' C F[ty,...,t,—1] by

Ruan = Flt1, ... tm]/T

If the first pivot of our RREF is not in the first column, there is no
relation Ly, ..., Ly with a; # 0 involving z,, = ¢ -!. In this case, by
construction, we have a homomorphism of rings

RA’,A} — RAA’}'

Now, we may write each p1,...,py as a Laurent polynomial in the
variable t,,. Since Li,..., Ly do not involve z,,, by Lemma 5, the co-
efficients ¢; of q at ¢!, are in F[ty,...,tn_1], and are 0 for i < 0. Thus,
by Lemma 5, each ¢; maps to 0 in Ra an, and thus, by the induction
hypothesis, is an F[t, ..., t,_1]-linear combination of the elements P,
where L runs through all linear relations among z,...,2,,_1. Thus,
q € J and we are done. Thus, assume that the RREF of the rela-
tions Lq,..., Ly, as described above, has a pivot in the first column,
corresponding to z,,.
Now write p; € F[t1, ..., tm_1,t1 .., t. 1 ][tm, t;:}]. Denote by

’» Ym—1
pir €t .t N Flt, ]

the coefficients of every power t*  k € Z.
Without loss of generality,

L1:a12m+...,
al%OEF

has more than two non-zero terms. Otherwise, the number of nonzero
terms in L would be exactly 2 (since we did not allow z,, = 0). But if
the number of non-zero terms in L; is exactly 2, then z,, is a non-zero
multiple of some z;, i < m. Therefore, if we put A" = {z1,...,2zm_1},
R an = R an, and our statement follows from the induction hypoth-
esis.

(15)
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Suppose, therefore, that (15) has at least 3 non-zero terms. Now
consider the highest k € Z such that p; ; # 0 for some i. Let L) be the
linear combination obtained from L; by omitting the a;z,, summand.

Case 1: k£ > 0. Then

(16)  G=pixlh +pogLlo+ - +pnvily € Flt, ..., tm1].

Note: we do not, of course, claim that (16) is a relation among the
chosen z;’s. However, since the relations are in reduced row echelon
form, and L, has at least three terms, the relation L)} only introduces
a linear relation among at least two of the non-pivot variables of the

relationns Lo, . .., Ly. Therefore, there exist some non-zero linear com-
binations 2z, ..., 2, of some other parameters v, ..., y,,, which satisfy
the relations L), Lo, ..., Ly. Since our induction is only on the number

m of the hyperplanes, the induction hypothesis applies. By Lemma 5,
g € I'. By the induction hypothesis, (16) is a linear combination
w1 Py +woPr, + - +wn Pry,w; € Flty, ...t 1]
Then subtracting
with ' P, + woth Pr, + -+ 4+ wyth Pr

from (14), we obtain an element ¢’ € Fty,...,t,] which differs from L
by an element of J, and for which the number k € 7Z is lower. Thus,we
are reduced to:

Case 2: k£ < 0. Then consider the lowest { < 0 for which there
exists an ¢ with p;; # 0. Then, p1; = 0, since py 2™ has nothing to
cancel out against in (14) (since all the other powers of z,, are < —I.
Thus, since —] 4+ 1 > 0, this contradicts g € F[t1,...,t,].) Thus,

q =pogLe+ - +pniLn € Flty, ... tm)],

and thus, by Lemma 5, we have ¢ € I’. Thus, by the induction hy-
pothesis applied to p; ¢, ¢’ is a linear combination

woPr, + - +wnPpy,wa, ..., wy € Flt1,... ty_1].
If k=1=0, we are done. If [ < 0, we must have
—P1rer1 = afl(puLQ + -+ pneln)
for cancellation, so

(p2yLo + -+ + pnyLn) 2, +
privilizy ™+ a7 (peala + -+ + pyvaLy) L2t
=0ttt Et . )

can be subtracted from (14), thus increasing ! without violating k& < 0.

Thus, by repeating this process, we are done.
O
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4. THE ODD CASE
In this section, we prove Theorem 3.

Lemma 6. The relation ideal K of Theorem 3 is given by
K={q=piLi+- +pyvLy+rdLi+---+7rydLy

| q € Eapiari € ‘—‘[tl_l - trinl]}

Proof. Denote Y = F[zy...2,|®A[dz; .. .dz,). The analog of diagram
(13) is

(1) I o 4

where 1 is the canonical map. Then

(18) Ker() = (L1,...,Ly,dLy, ..., dLy).

Now certainly Ker(¢)) D z;'... 21 (Ly, ..., Ly,dLy, . ..,dLy). To prove
the converse, note that exactness of localization works the same here
as in the commutative case. If ¥(z) = 0, z € 2;'...2z.'Y, then
(21, 2zm)N0(x) = ¥((21,. .., 2m)Nx) = 0. Without loss of gener-
ality (by increasing N if necessary), we may then also assume z € Y,

P(x) =0. O

It is useful to note here that in general, for a commutative ring R,
and a multiplicative set S C R

(19) STHAR[uL, .. Um]) = Ag-1glur, . .., U

Proof of Theorem 3: The reader is encouraged to follow along the cor-
responding steps of the proof of Theorem 1, which we shall mimic.
Let

(20) MCK
be the ideal generated by the elements P, g. Again, we prove the
statement by induction by m, the number of hyperplanes z;. For m = 0,
again Ty an = F', so there is nothing to prove. For m > 0, again, put
A/ = {217 s 7Zm71}7
EO = F[tl, e ,tm_l] X A[Ul, e ,Um_l],
T.A’,A% = Eo/K/.
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First we again put Ly, ..., Ly in reduced row echelon form so that the
columns correspond to z,,, Zm_1,...,21. Then let

(21) w:p1L1+--'+pNLN+q1dL1+---+quLNGE

—_
—

and p;,q; € Z[t7',...t,;!]. Again, we may assume that the first col-
umn (corresponding to z,,) has a pivot: Otherwise, consider again the
canonical homomorphism of rings

T.A’A}@ — TA,A;& .

Again, each coefficients w; o and w; 1 of w at ¢!, and ¢ u,,, respectively
are in =’ by Lemma 6, and hence are linear combinations of P, ¢ where
L are the relations among zi,..., 2,1 by the induction hypothesis.
Thus w € M and we are done. Again, we may also assume that L; has
at least 3 terms: 1 term is excluded by z; # 0, and 2 terms would give
Tann = Ruan, and our statement would follow from the induction

hypothesis.
Then
pi = Z(pi,ktfn + Diget i tm)
keZ
and
G =Y (Ginth, + Tt tim)
keZ
with pix, ik, Gk, Gk € Zolty .- t,,]. Let L} be L; with the z,,

term removed. Consider the highest k for which at least one of the
polynomials p; i, Pik > @ik, Gi e is non-zero. Let us distinguish two cases.
(Note that dz,, = t,, t,, so the omitted terms have lower total power
of t).

Case 1:
Suppose k£ > 0. By maximality of &,

(22) prxly +poxlo+ - +pyiln + qrdli 4+ -+ qurdLy € Zy.

By the induction hypothesis this is a linear combination of Pr; s, Pr, 5,7 >
1. Similarly for

(23) prali+DPaxLle -+ PNiLn+QidL+GrdLs - - - +GnrdLy € Zp.

(This time, we are also using u%, = 0.) Subtracting the corresponding
linear combinations of Pr, g, Pr, s from

pixly+ -+ pypln +qurdLy + - + gvpdLy

or
Pigln + -+ DNk + @ rdly + -+ Gy pdL,
we decrease k. Thus, again, we are reduced to
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Case 2:
Suppose k < 0. Then consider the lowest ¢ for which at least one of
the polynomials p; i, Pik, » @ik, Qi 1s non-zero. Let

w=pi el +--+pneLy
p=qedLy + - +qnedLy
p=qdLy + -+ qnedLy

and denote by W', p/, &', p the linear combinations obtained by replacing
Lyi,dLy by L},dL} in (24). Then by minimality of ¢,

(25) WwHpt+w+p=uw +p +0 +7.

(The extra terms on the left hand side of (25) have nothing to cancel
against so their sum must be 0.) Therefore, if £k = ¢ = 0, the right hand
side of (25) (which is equal to (21)) is in =y + u,,=o, and the statment
follows from the induction hypothesis and the lemma following this

proof.
If ¢ < 0, for cancellation, we must have

(24)

/ /
a1Pre+1 = —pP — W

a1 (q1e1Um + Pligitim) = —p — W,

using the convention (15) for the definition of 0 # ay € F. Thus,
adding to (21)

0=—(w+p+w+p)z,

—(Pre+1 + Qes1tm + p1,e+1um)2;,€_1[/1

—ai (p+w+w+p)z, L,
which is a t; ...t !Z-linear combination of the elements L; and dL;,
increases ¢, without increasing k.

O

Lemma 7. Assuming the statement of Theorem 8 holds with m re-
placed by m — 1, and L1, ..., Ly are in reduced row echelon form in
the order of columns z,, Zm—1,...,21 with a pivot in the first column
and assume Ly has at least 3 non-zero terms. Then, we have

(26) (Zo + umZ0) NKer(¢) C M + (2o N Ker(v))
(see (20)).

Proof. We want to rephrase the Lemma to say

(27) Zo+ (Pr.s) 2 umZo N (YZ0).

This is possible because if a € Zy and b € u,,=¢, and (a+b) = 0 then
—tp(a) = ¥ (b) € v=y. Then b € u,,Zg Ny~ (YZEy) so if (27) holds, then



THE SUPER RECIPROCAL PLANE 15

b e Zo+ (Prg). In other words, b = ¢+ linear combinations of P g
with ¢ € Zy. Then a+b = a+ c+linear combination of P, g, a+c € E,
Y(a+c¢) =0 (since ¥(Prs) = 0). Thus, proving the statement (26) is
reduced to proving the statement (27).

To prove (27), let R = {p € Zglv(ump) € ¥(Zp)}. (Note that
U R = umZ0 N1 (YZ0).) Let

}/b = F[Zl Ce mel] X A[le e dszl]-
Put Q={pez"... 2, YolY(pun) € ¥(z;" ... 2,1, Yo)}. We have

-1 1y _ -1 -1
2.2 Y =t ot

—_
—
—

and
(28) ot b YYo=t 0 B
Then R C QN Zy. So
d !
(20) o) = B)e(un) = v() B ey
Y(Lh)

Note that ¥(L}) is a non-zero linear combination of the x;’s which is
not an F-multiple by any of the z;’s by our assumption on L;. Then
U, Yo goes to (W(L))) ™' by ¢ and u,, (27" ... 2,1, Yg) goes to T by 1.

Let Q = {p € Yo|v(pum) € ¥(Yo)}. So Q = 2;'... 2.1 ,Q. By (29), Q
is the ideal of all p € Yj such that

(30) V(LYY (p)(dLy) € T.

But since L} is not an F-multiple of any of the z;’s, by (19), (30) is
equivalent to

(L)Y (p)(dLy) € Q.
Also, (L)) € Q is a regular element: let

dL
(L)
We may now assume that the z;’s linearly span the z;’s (since otherwise
we could replace the x;’s by the span of z;’s), so
’QE’YO : YE] — Q
is onto. Let ¥(f1) = p, i € Yp. Thus, by (18), we have
pdL} € iLy + (La,...,Ln,dLs,...,dLy).

Now note that in Yy, L is not a linear combination of Lo, ..., L,, (since
zm # 0), so by basic properties of polynomial and exterior algebras,
writing

}/E) = F[L€l772’ R 77771—1] ® AFI:dL/17d,y27 A ’drym_l]7
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we see that dLj|n € Yy. Also, the kernel of multiplication by dL} is
(dL}), so

p€ (L), Ly, ..., Ly, dL},dLs,...,dLy) C Y.

Thus, we proved

Q= (L), La,...,Ly,dL},dLy,...,dLy) C Y.
By exactness of localization,

Q= (L), Ly,...,Ly,dL},dLs,...,dLy) C z;"... 21 Y.

m—1

Now we need to prove
un(QNZy) CEg+ M
(see (20)). Let v € @ N=y. Then we have
v € p1L) + podL) 4 (Lo, ..., Ly,dLo, ..., dLy) C 27" ... 21 Y,

with P1,p2 € Eo[tfl, Ce ,t;ll_l] Let

k
(3].) L/1 = ZCLjZZ‘j
Jj=2

for 1 <ip < ...,ip <m.

Note that L is linearly independent over F' of Lo, ..., Ly (since z,, #
0). Now subtract a linear combination of Ly, ..., Ly from (31) so that
the right hand side EI has the fewest possible non-zero terms. Without
loss of generality, thus, E, = L} and z,,..., 2, Lo, ..., Ly are linearly
independent over F. Then, choosing a basis for F{z1,..., 2,1} con-
taining {2,, ..., 2, Lo, ..., Ly} and writing elements of t;'... ¢! /=
using this basis, we see that the elements p; L), pod L} must be in =, if
we absorb any monomials from

(32) (L, ..., Ly,dLs, ...,dLy)

containing dL| into ppdL) and any remaining monomials from (32)
containing L} into p;L}j. This means that (recalling that z;,,..., 2,
are the summands of L} with non-zero coefficients), then p; is a Z¢-
multiple of ¢;, ..., t;,, and py is a Zp-multiple of ¢;, ... t;, dz;, ... dz;, for
some {jo < --- < i} C{ia < -+ <k}

Now wpt, ... t;, L} can be eliminated by Pr, (). For

S:{j1<<jl}g{lg,,lk},

umtiz e tidejl c. dZ]ldLll
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can be eliminated by w,, Pr, sugm}. This is because

umPLl,SU{m} =
U, Pp dzj, ... dzjdzy,

l
— Z umtig . tjq e tidejl e dlequ e delem
q=1

— UmtiQ c. tjkdzjj Ce del dLll
= —umtiz c. tjdejl . deldLll
U

Some concrete examples of the eliminations we used in the conclusion
of the proof of Lemma 7 are shown below.

Example 1: z,,+21+22 = L1, m > 2 ;then L} = 21425, 80 uptita(z1+
ZQ) = tdemtth(Zl —f- ZQ) = Um(tl + tg) = Umtl + Umtg. And PLl,m =
Umtl + Umtg - t1U2 — t2U1.

Example 2: S =g so
UmtthdLll = umu1t2 + Um’dgtl.
This is elimenated by

umPL1U{m} = —Uplus — UplaUy

Example 3: S =1so0
Umtltgdzl (le + dZQ) = U, U1U2

is eliminated by

U PrLy {1,m} = UmU1Us.

5. MINIMALITY

Let
L =ayz, +--+ arz,
where
1<y < < <m,
a; #0 € F.
Then put

(33) IL| = {ir, ..., i)
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Call L minimal if there do not exist relations L, Ly such that
Li+Ly=1L
| La|, | La| S |L.
Define shuffle permutations as follows: for sets of natural numbers
Sy ={iy1 <+ <ig}
So={j1 < <u}
S1N Sy =g,
denote by o0g, g, the permutation which puts the sequence
(11, ooy lky 1y -5 1)
in increasing order. Also define for S = {i; < -+ < ix}:
ts =1 ... 1,
Us = Ujy - . . Ui,
dzg :=dz;, ...dz;,
Theorem 8.
I = (Pp|L is a minimal relation)
K = (Pps|L is a minimal relation and S C |L|)
(For the case of I, see [16], Theorem 4.)
Let L be as in (33), S C |L|. Put
Qr,s =t dLdzs.
So obviously, Qr.s € K.
Lemma 9. Qs € (Prr|T C |L|)
Proof. It S # ¢, let 1 € S. Then Q1 s = v;Pr.s. On the other hand,
QLo = Uiy Pry — ti, Pp i)}

In the first summand the surviving term is the term of Py, 5 which omits
t;,. In the second summand the surviving terms are the “error terms”
of the summand of P, which omits ¢;,. All remaining terms cancel. [J

Proof of Theorem 8: Even case : Suppose we know
Li+Ly=1L
| La|, | Lo| S |L.
Then
Py =t P, + o0, Pr,-



THE SUPER RECIPROCAL PLANE 19

Odd case : If L is not minimal we know L; 4+ Ly = L and |Ly|, |Ls| €
|L|. Based on the even case, the first guess for P, g could be

Pr, s,us\s,tiL)\ (|21 |us)Stgn(os,s\s, )

+ Pr,. 5,Us\ 55 b))\ (| L2|uS) 5191 (T 55,9\ 55 )

Si=SN|Ly,S. = SN |Ly.

The terms that match are those when we omit ¢; from t; with 7 €
|L|\ S ori € |Ly|N|Ly| N S. The terms which do not match are for
i € (|Li| M S)\ |La| or (|La| N'S)\ |L1|. Fori € (|Li|NS)\ |Ls|, the

term missing in our first guess is

U\ 55\ {1} Q L, 85 [L\ (1 L]US) STGN (T 5\ 55\ (i}, {i}) 51915\ 85,55 ) -

Symmetrically for |Ls| NS\ |L1|. Thus we have

Pr.s = Pr, s,us\s, L)\ |us)Stgn(og,s\s, )
+Pr, 5,18\ 8, | L)\ (|L2]US) 519N (T 55,9\ 85)

+ 2 ies\s, Us\S2\ (i QLo S2bILN(ILaJUS)
sign(os\so\{i}.{i}) 519N (T 5\ 55,5

+ 2 ies\sy Us\si\{iYQLy s ELIN( L1 |Us)
Sign(os\s,\(i},{1})5ign(Ts\s1,5, )

Use Lemma 9. O

6. THE GEOMETRIC INTERPRETATION

Since the well known paper by W. Fulton and R. MacPherson [4],
compactifications of configuration spaces, and complements of hyper-
plane arrangements [2], became an important topic of algebraic geom-
etry. For a good survey, see [3]. Our geometric interpretation is related
to a compactification known as the reciprocal plane [3], Section 5.1, and
its super analog.

Let us assume the z;’s linearly span the vector space A% (otherwise,
we can replace z1, ..., x, by a basis of the span of z,..., z,). Denote

A={z,...,2m}, As = {zi]i € S}.

Let Raan = Flt1,...,tn]/I (see Theorem 1). We can then similarly
write R 4w where A is a set of vectors spanning the dual of an F-vector
space W. A stratification of Spec(R A,A;i) can be described as follows.
Recall that we have a canonical embedding

(34) A7\ Z(21. .. 2m) C Spec(Raan).
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Call a vector subspace V' C A% special if V = Z(Ag) for some S C
{1,...,m}. (Note: S can be empty.) Put also
Sy ={ic{L....m}VCZ(z)}

(Note [3] that the sets of i’s for which the z;’s are linearly independent
are the independet sets of a matroid. Then the sets Sy are precisely
what is called the flats of this matroid.) For a scheme X, denote by
| X| the underlying topological space.

Theorem 10. ([16], Remark 6) For V- C A% special, there is a canon-
1cal embedding

(35) Spec(Rag,, ap/v) — Spec(Raan).
Composing (35) with

ARV Z(=) C Spec(Rag, ap ),
ieS
(see (34)), induces a decomposition of sets (not topological spaces),

(36) Spec(Rasp)l= [ 1AW\ | Z(2)l-

VCA% special i€ESYy
Proof. We have
Raun/(tili ¢ Sv) = Raganv,

which gives the maps (35). (The point is that there is no linear relation
between the z;’s in which all but one term would have ¢ € Sy,. Thus, all
the relations Pr, where L contains a term not in Sy are in (¢;]i ¢ Sy).)

To prove (36), first note that the images of the inclusions of the
components of the right hand side of (36) are clearly disjoint since
they correspond to imposing relations ¢; with ¢ ¢ Sy for some special
vector subspace V', and inverting all other ¢;’s. Thus, our task is to
show that the canonical map from the right hand side to the left hand
side of (36) is onto. To this end, let @ € Spec(R44n) and let

S={jefl,....m}Q € (1)}

V={)2(z)
jes
We want to prove that S = Sy. The fact that S C Sy is automatic.
Suppose j € Sy \S. Then z; = ay2;, +. .. agz;, with j; < --- < jy € S,
ay,...,ar #0 € F. Let

L=z —aizj — - — apzj,.

Let
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By assumption, @ € (;). But in Rqan/(t;), Pr is a non-zero multiple
of
byt
This implies @ € (¢;,) for some i = 1,..., k. Contradiction. O
Theorem 10 suggests that Spec(/447) should have a compactifica-
tion where on the right hand side of (36) we replace each

(Ap/WN U Z(=)

€Sy

with the corresponding affine space (A%%/V). In fact, there is such a
compactification Xgn 4 and it can be described as the Zariski closure
of the image of the embedding

(37) AN Z(2 . 2) T2 T P
i=1

In the terminology of [3], this is an example of what is called a toric
compactification. It was also studied, from a different point of view,
in [1]. Note that while (37) resembles superficially the formula for
the De Concini-Procesi wonderful compactification [2], (37) is in fact
quite different. While the wonderful compactification uses projections
to (typically) higher-dimensional projective spaces, (37) uses inclusions
of the affine coordinates z; into PL.

The projective variety Xan 4 is covered by a system of affine open
sets, closed under intersection,

Uyr = Specsz_lF[ti, z;ili & Sy, j € Svl]/(

JET

Pr

tsyniL|

where V runs through special subspaces of A%, L runs through all linear
relations among the z;’s, and 7" is any subset of Sy. The following fact
follows from the definitions:

Lemma 11. We have
Uvr ﬂ Uy 1 = Uw,ruriu(Sy —Sy)U(Syr—Sy)

where
ViV CwW = (] Z=)
i€Sy NSy
S0

Sv () Sv = Sw-
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O

It follows from Theorem 10 that |Uy.r| are open subsets covering
Xyn 4. To show the affine schemes Uy, are reduced (their coordinate
rings have no nilpotent elements), we have the following generalization
of Theorem 1:

Theorem 12. Let V' be a special subspace of A%.. The kernel of the
homomorphism of rings
Flti, zli ¢ Sv.j € Svl = [[ &' Flzt, - 2l /(2v)
i¢Sy
given by t; — 2", where Zy is the set of all linear relations among the

2;’s, 1 € Sy, 1S
Py

LsynlL|

Proof. Note that by the proof of Theorem 10, any linear relation among
the z;’s which involves a z; for i ¢ Sy involves at least two of them.
Therefore, we can repeat the induction in Section 3 with {1,...,m}
replaced by {1,...,m}\ Sy. O

We also have a similar analog of Theorem 3:

Theorem 13. Let V' be a special subspace of A%. The kernel of the
homomorphism of rings

F[tl, Z]‘Z ¢ SV,j & SV] ® A[U“dzjh ¢ Sv,j € SV]

|

[Ligs, 2 21, 2] @ Aldzi, .. dzn] /(D)

given by t; = 27 ', u; > 27 dz;, where Yy = Zy U{dL|L € 2y}, is
Prs
tsyn|L|

where L runs through the linear relations among the z;’s and S C |L|.

Accordingly, we have a superscheme analog X an.a of Xyn 4. Here
by a superscheme, we mean a locally ringed space by Z/2-graded com-
mutative rings which is locally isomorphic to Spec of a Z/2-graded
commutative ring (see e.g. [21]). X an.A is covered by super-affine open
subsets _

Uv,r = Spec[[er 2 Flti, zli ¢ Sv,j € Sv]
@A [u, dzjli & Sy, j € Sv]/(725).

tra|L|
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We clearly have
Uvr| = Uy
and for |Uy 1| C |Uyr|, UV/ ;v is a complement of the zero set of an
(even) principal ideal in UVT Therefore, X an.A can be defined as the

colimit of the UV,T s in the category of superschemes.
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