11. Homotopv-equivalent stable G-vector bundles. *)

The aim of this section is to extend some of the previous results and
techniques from representations to vector bundles. The group G will
always denote a finite p-group and we are concerned with the question:
When are the sphere bundles of two G-vector bundles stably G-fibre-

homotopy equivalent?

11.1. Introduction and results about local J-groups.

One of the basic questions in the homotopy theory of vector bundles is
the following: Given two vector bundles over a space X, when are the

associated sphere bundles fibre-homotopy—equivalent?

The question has been answered, for stable bundles, by Adams in his

series of papers on the groups J(X) [L] , together with the affir-
mative solution of his famous conjecture (Quillen [128] , Sullivan
[15%] , Becker-Gottlieb [13] ).

We shall extend some of these results to G-vector bundles. We con-
sider G-vector bundles over finite G-CW-complexes. If p : E ——> X is
such a bundle we can choose a G-invariant Riemannian metric on E and
consider the unit-sphere bundle S(E) —— X. If V is a real G-module
we also let V denote the product bundle V x X — X. If pi: Ei-———+ X
are G-vector bundles a stable map £ : S(El)———9 S(Ez) shall be a
fibrewise G-map S(E1 ) V)--—-)S(E2 ® V) for some G-module V. Two G-

vector bundles p; Ei———a X over X are called stably-homotopv-equi-

valent, notation Elan if for some G-module V there exists a G-fibre-

27

homotopy-equivalence £ : S(E1 e V) —> S(E2 @ V). If E and F are G-

vector bundles over X then S(E @ F) is G-homeomorphic over X to the

fibrewise join S(E) % S(F). Using this it is easy to see that E/~E,,

Fl~F, implies B, 2] F,~E, & F,. Let KOG(X) be the Grothendieck ring

*) This section contains joint work with H. Hauschild.



279

of real G-vector bundles over X. Then the previous remark shows that

(11.1.1) TO (X) = {El - E, € KoG(x){ E,~E, }
is well-defined and an additive subgroup of KOG(X). We pose the problem:
Describe TOG(X) as a subgroup of KOC(X). The solution uses the compu-
tation of the J-groups

(11.1.2) JOG(X) = KOG(X)/TOG(X).

We now introduce some intermediate J-groups where homotopy-equiva-
lence is replaced by weaker conditions. Note that a G-fibre-homotopy-
equivalence f : S(E1 e V) — S(E2 @ V) induces an ordinary fibre-
homotopy-equivalence fH for all H-fixed point bundles (H¢ G a subgroup
of G). We therefore consider the following local condition: Two G-vector

bundles E and F are called stably locally homotopyv-equivalent, notation

E ~ loc F, 1f for every H«< G there exists a G-module V and fibrewise

G-maps £ : S(E® V) —) S{F@® V) and g : S(F ® V) — S(E @ V) such
that fH and gH are ordinary fibre-homotopy-equivalences. As before it

is seen that

(11.1.3) 7020 (x) = {e, - ®

a exo (x) |, ~

2 loc 2}

is well-defined and an additive subgroup of KO_(X). We study this

G

subgroup via a computation of

loc (x) .

loc _
(11.1.4) JOg (x) = 1<oG(x)/ToG

The introduction of these local J-groups may seem artificial at

first sight. We offer some justification. Obviously we have a surjective

loc

homomorphism JOG(X)-———9 JO4

(X). If X is a point one obtains from
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Atiyah-Tall [14] and tom Dieck [6%#] that this map is not an iso-
morphism: For p-groups it measures the difference between G-homotopy-
equivalence and G-maps of degree one. It turns out that a computation

of 11.1.4 will yield the main part of 11.1.2. Moreover Jo(l,oc

(X) is
actually computable using the action of the Adams operations on KOG(X)
in the same way as the non equivariant J-groups are computed. So also

from this point of view 11.1.3 is just the correct object to consider.

We now state our results on the computation of the local J-groups

11.1.4. It is expedient to consider the localizations

loc
G

loc _
(11.1.5) JO (xy = KOG(X)q/TO

G q (X)q

where the index g indicates that we have localized at the rational

prime q.

Given g let r(l),...,r(n) be a set of integers {(depending on q and
p) generating the g-adic units (modulo + 1 if g = 2) and generating the
units Z/1GI12Z *of the integers modulo 1G}. If g = p then we take n =1
and r = r{(l} = 3 if p = 2, and r a generator of Z/pEZ*if p # 2. Our

main result is the

Theorem 11.1.6. Let G be a finite p-group. Then TOéOC(X)q is generated
as abelian group by elements of the form x - q’r(l)x, x GKOG(X)q
i=1,...,n, where q’r denotes the r-th Adams operation.

The proof naturally splits into two parts. First we consider the case
p = g. Here we prove an equivariant analogue of the Adams conjecture
by elementary methods. We use the device of Becker-Gottlieb [13] but
apply it to the universal example: orthogonal representations. We thus

generalize the method which Adams [2] used for two-dimensional
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bundles. Moreover the main theorem of Atiyah-Tall [44] on p-adic A -
rings is used as well as the completion theorem of Atiyah-Segal [12] .
The second part of the proof is essentially concerned with the situation
where the order of the group is invertible. Here we can use the locali-
zation and splitting theorems of section 8 to decompose K-theory into
simpler pieces for which the problem can easily be solved. We should
point out that our exposition contains a computation of the non-equi-
variant J-groups which seems somewhat simpler than other published
versions: We neither need Quillens computations nor infinite loop

spaces.

11.2 Mapping degrees. QOrientations.

This section contains some technical preparation. In particular we

show that it suffices to consider orientable bundles.

An n-dimensional real G-vector bundle E —3 X is called orientable
if the n-th exterior power /\n E is isomorphic to X x R —— X with
trivial G-action on R, Bundles El and E2 of dimension n are said to

n n

have the same orientation behaviour if N E, and A E, are iso-

morphic G-bundles. We put
(11.2.1) kso,(x) = {E; - E, @Ko (X) | E; orientable} .

By a theorem of Dold [?1] a fibrewise map S(E}) —— S(F) is a
fibre homctopy equivalence if and only if it is a homotopy equivalence
on each fibre, i. e. has degree + 1 on each fibre. It is therefore
reasonable to ask for the existence of fibrewise G-maps with prescribed

degree on the fibres.

et S ¢ Z be a set of prime numbers. If E and F are G-vector bundles

over X we write
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(11.2.2) E, «_ E

if there exists a stable map f : S(E) — S(F) with fibre degree prime

to all elements of S. We write

Aad i ey S -
(11.2.3) E gF if E £, F and F s B

We put

(11.2.4) Tog o(X) = {E - F &Ko (X) [E~g 7 ]
(11.2.5) JOG'S(X) = KOG(X)/TOG,S(X) .

If S is the set of all primes then E ~g F means that there exist stable

maps S(E) ——> S({F) and S(F) —> S(E) of degree + 1 on the fibres.

Lemma 11.2.6. Suppose there exists a fibrewise G-map f: S(E) —3 S(F)

of odd degree. Then
E-F € KSOG(X).

Proof. Since Stiefel-Whitney classes are modulo 2 fibre-homotopy in-
variant we have wl(E) = wl(F). 1f wl(E) # O and /\n E is the deter-
minant bundle of E we have a fibrewise G-map S(E & Al E) ——

S(F @ ArlE) of odd degree. We can therefore assume without loss of
generality that E and F are orientable as bundles without group action.
To show the determinant bundles are equal in this case we need only
show that the G-action on each fibre is the same. But ge G acts as
identity on the determinant bundle if it preserves the orientation

and as minus identity otherwise and this distinction is preserved by

a map of odd degree.
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Corollary 11.2.7. TO4(X) ¢ TOL°C(x) & kSO (X).
Let B(G,0(1)) = B be the classifying space for one-dimensional G-
bundles (tom Dieck ). Then assigning to each bundle E its de-~

terminant bundle induces a split surjective homomorphism
(11.2.8) det : KOL(X) —> [x,B]G

with kernel KSOG(X); here E-,—] G denotes the set of G-homotopy classes.

Using Corollary 11.2.7 we therefore obtain natural splittings
(11.2.9) Jo,(x) = Jso,(x) & [x,B] .

with JSO = KSO/TO: and similarly for the local J-groups.

11.3. Maps between representations and vector bundles.

In this section we construct certain eguivariant maps between
orthogonal representations. The construction is a simple application
of the methods in Becker-Gottlieb [19] and Meyerhoff-Petrie [114] ,
and is essentially well known. These maps between representations will
then give us maps between vector bundles.

Proposition 11.3.1. Let]R2n be the standard 0(2n)-representation. Let

k be a positive integer. Then there exist stable 0(2n)-maps SGRzn)—~9

S(\{»'k P?n) with degree a divisor of kt for some telN if k is odd.

(Otherwise for R°" @ R°".)

Remark. Ulk F?n may be a virtual 0(2n)-module V - W, of course. The

Proposition has to be read that there exists stable 0(2n)-maps
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SCIR2n ® W) ———> S(V). We use similar notations for vector bundles.

Proof. Let T € 0(2n) be a maximal torus with normalizer NT. Then
NT = S, XS O(2)n, where S, is the symmetric group and Xs means semi-
direct product with respect to the permutation action of Sn on O(2)n.

We first show the existence of an NT-map of the required degree. Let
—_ - n -_—
H= {(six;,..ox) esx o |s() =1} .
One obtains a homomorphism
h : H—»0(2) : (s;xl,...,xn)l————é Xy

and an associated 2-dimensional H-module V. The group H has finite
index in NT, namely [NT : H] = n. Therefore one can consider induced

representations indgT. One has
(11.3.2) ind v

where W is the standard NT-module (restriction of the standard 0O(2n)-
module). See Becker-Gottlieb [19]) for a proof of 11.3.2. If k is odd
there is an 0(2)-map g : S(V) —> s(q}kv); if V = € this is simply the

map z —-> ¥ (see Adams [2] ). If k is even then

V’k(V) = My - A, + 1, where %2 is the determinant representation

associated to the standard O(2)-action on R? and where u, is € with

zZ € Sl = S0(2) acting as multiplication by zk and (1 ©

O—l) acting as

conjugation. There exists an O(2)-map g' : S(V) —> S(/‘k)’ the map

Z —> zk as before. Since A and R have different orientation be-

2
haviour there does not exist a stable 7/2-map S{ A 2)———9 SGRl). But

A2 © }2 and R @ R have the same orientation behaviour and there-

fore we can find a stable Z/2-map (and hence 0(2)-map)
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S 22 23 )2) —>» SR ® R) of degree 2. Put together we see that there
exists a stable H-map g : S{(Ve V) — s(qlk(v ® V)) whose degree

divides some power of k.

Induction indgT vields a stable G-map

(11.3.3)  indN'(g) : S(indy" V) = S(W) —— S(indy’ WX V).
In order to finish the proof we need a stable NT-map
(11.3.4) h s S(indgT vy —— S(\Pk(indgT V)

of suitable degree. For a prime p let (NT/T&) be the Sylow-p-group of
NT/T and NpT its counter-image in NT. If p is prime to k then
indgT(\Pk V) and qlk(indgT V) are isomorphic as NpT—modules: this

follows from two facts:

(11.3.5) If k is prime to the index [G : HJ then in general

k. G _ ., .G k
¥ ing = 1ndH WY o
NT . NT . .
(11.3.6) resy 4 1ndH is by the double coset formula of representation
p
. H
theory a direct sum with summands of the form 1ndgpT resys

and since T <K the index [NpT : K] is prime to k.

Using this isomorphism of NpT—modules we can find a stable NT-map hp
in 11.3.4 of degree [NT/NﬁTI . Since the greatest common divisor of
all the {NT/NFE | with p prime to k involves only prime divisors of k
we can form a suitable linear combination of the hp (in the homotopy
group of stable maps) to produce an NT-map h whose degree divides a

power of k.



286

As a consequence of Proposition 11.3.1 we obtain stable maps between
vector bundles as follows. Let E —) B be a real G-vector bundle of
dimension n {(with Riemannian metric). The associated principal 0(2n)-
bundle P — B is in fact a (G,0(2n))-bundle (see tom Dieck [50] ).
We have the following isomorphisms of G-vector bundles

2n

k k_2
R, WEE =P xgoyy ¥ R,

Hence we obtain from Proposition 11.3.1.

Proposition 11.3.7. Let G be a compact Lie group and let E —» B be an
orthogonal G-vector bundle. Then there exist stable G-maps S(E) —

k k

S{(¥Y" E) if k is odd (S(E ® E}) —— S( Y (E ® E)) if k is gven) of

fibre-degree dividing a power of k.

One actually would like to have an information about the degrees on
fixed point sets. By the methods of Quillen [128) one can prove the

following equivariant version of the Adams conjecture.

Theorem 11.3.8. There exist stable G-maps £ : S(E) —> S(V’kE) such

that fH has for all H< G a degree which divides a power of k. {(k prime

to IG}| ).

By the results of section 9 and 10 this is easy to see for bundles

with finite structure group.

11.4. Local J-groups at p.

Let G be a finite p group and let r € N be anodd generator of the

p-adic units (mod + 1 if p = 2). Let X be a finite connected G-CW-



287

complex. The main result of this section is

Theorem 11.4.1. The following sequence is exact

The proof consits in a sequence of Propositions. Recall definition

(2.5) for the next result. Let S be the set of all primes.

Proposition 11.4.2. The canonical guotient map

loc
B : JO (x)p E— JO5 {p} (x)p

is an isomorphism.

Proof. Suppose B(E - F) = O. Then we can find stable G-maps

f : SE —> SF and g : SF —> SE of degree prime to p. By a theorem

of Adams [2] , we can find a stable map h:S(kE) —3 S (kF)
of degree one, where {k,p)} = 1. Hence {(using induction} there exists
a stable G-map h' : S(kE} ——> S(kF) of degree pn = |Gl. Since
(deg(f), deg(h') = 1 a suitable linear combination of f and h' will

yield a stable G-map v : S(kE) ——> S(kF) of degree 1. The same
reasoning can be applied to g, and to fixed point mappings. Hence E-F

is zero in Jo(l;oc (X)

P

We now have to consider fibrewise localizations of sphere bundles
in the sense of Sullivan [157] . In order to talk about something
definite we use the following construction for such localizations. Let

E — B be.an orthogonal G-vector bundle and P —> B be the associated
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principal {G,0(n)}-bundle. Let O{(n) act on r" aiRk, k 2 3, through the

standard action on Rﬁ. Let SGRrl eiRk)p be the p-local sphere obtained
from a telescope-construction applied to a diagram

Ky sw®M) ——— L

fl f2

SR

where the maps fi are the identity on s@®™) in s@®" GB]Rk) = SCIRn)vS(JRk) .

+ . . .
Then S(JRn k)p still carries an O(n)-action and

is our stable representative for the p-local sphere bundle associated
to E — B. By abuse of notation we denote this bundle S(E)p. We use
the fact that S(E)p —> B is a G-fibration (G-homotopy lifting property

for all spaces) if E —> B is a numerable bundle.

Proposition 11.4.3. Suppose r is odd and prime to p. Let G be a p-group

and X a finite G-CW-complex. Then

r
(1- ¥ 7) KO (X)p c TOG,{p} (x)p.

G
Proof. By Proposition 11.3.7 there exists a stable G-map
f : S(E) — S(Wr E) of degree prime to p. Since G is a p-group we
have deg gqi O mod p for all H< G. The induced map

fosm — 5 syt pl

p p D
is therefore a fibrewise map and a homotopy-equivalence on each fibre.
By a theorem of Dold [?1] fg is a fibre-homotopy-equivalence. By

8.2.4 fp is a G-homotopy-equivalence and by the equivariant analogue

of Dold [71] therefore a G-fibre-homotopy-equivalence,
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with inverse gp : S(\VrE)p —_ S(E)p say. Since X is compact the

composition

S(wTE) — s(er)p —— S(B),

i
gP

where i, a the canonical map into the telescope, has an image which is contained
in s finite piece of the telescope. Therefore we obtain a stable G-map

g : S(V’rE)-———9 S(E) of degree prime to p. This shows E ~{p} \PrE.

We remark that the proof above actually shows the following

Proposition 11.4.4. Suppose f : S(E) — 3 S(F) is a stable G-map such

that the fibre degrees of fH divide a power of k. Then there exists a

stable G-map g : S(F) —— S(E) with the same property.

Proof of Theorem 11.4.1. By Proposition 11.4.2 and 11.4.3 we know that

J o (1~ Wr) is zero. Hence we have to show that the induced map

loc

. r
0 : Kog (X)p/(l—w ) —— JO,

X)

( p

is injective. We use the results of Atiyah-Tall [1¥J on p-adic A -
rings which we have presented in section 3. We let Ap be the p-adic

completion of the abelian group A.

Let ﬁéOG(X) be the subgroup of elements of dimension zero. By the
results of 11.2, in particular Lemma 11.2.6, we need only show that

the map

loc (X)

~ ~ r ~
0 : KSOG(X)p/(l—W ) ———  Js0g

is injective.
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By Atiyah-Tall [4%] , III. Proposition 3.1, the p-adic and I(G)-
adic topologies on KOG(Point) coincide. This implies that the p-adic
and I(G)-adic topologies on KSOG(X) coincide, if X is a finite G-CW-
complex (use Atiyah-MacDonald [11] ., 10.13). By the version for
orientable vector bundles of the Atiyah-Segal completion theorem

I '2' one has an isor lOIphlSI[l
oK B ( —ﬁ O( ) ’
G )p G

where XG = EG Xq X, EG the universal free G-space.

We now consider the following diagram whose ingredients we explain

in a moment.

¢
~ r sy “an~loC
KsoG(x)p/l-\y) > Js04 (X)p
i *
in (%)
Kso . (x)" (1+%s0 . (x)™) o
G p. 7 & 4 G p M r
=) o
r (% %)
Kso(xG)r. = . >

The index ' indicates that we factor out the image of 1- § T, The

ring ?SOG(X); is an orientable p-adic ¥ -ring; we therefore have the

map gr, as defined in 3.10.7. The map fr P is induced by ggr
on the guotients. Similarly % is induced by o« and t}. r is defined

~ -~
so as to make (%%) commutative. The inclusion i : KSOG(X)p RN KSOG(X);
induces an injective map iF because p-adic completion is exact on

finitely-generated Zp—modules. Since ?r P is an isomorphism by
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3.14.10 we need only demonstrate the existence of a homomorphism Or

which makes the diagram commutative.

Suppose f : S(E) ——> S(F) is a stable G-map of degree zero. Then
EG x. S(E) and EG Xg S(F) are fibre homotopy equivalent hence have the
same Stiefel-Whitney classes. We therefore may and will assume that
they both have a Spin{8n)-structure and hence a K-theory Thom-class.
Applying id x

G f to these Thom-classes and using 3.15 one obtains

o (EG x, E) ¢
with a suitable z € 1 + iSO(XG) and this yields the desired factorisa-

tion.

11.5. Local J-groups away from p.

We now assume that g is a prime different from p and compute the J-

groups localized at g.

To begin with let C be a cyclic group and Y a trivial C-space. We

loc(

can compute JOC

Y)q as follows.

Since Y is a trivial C-space vector bundles over Y split according
to the irreducible C-modules (see Segal [142] , Remark on p. 133).
Since C is a cyclic p-group the splitting of vector bundles according
to the kernels of the irreducible C-modules is preserved by JOloc—
equivalence and by Adams operations. Hence it suffices to discuss that

direct summand of Joéoc

(Y)q which comes from C-vector bundles whose
fibre representations only contain faithful C-modules. We claim that
forgetting the group action induces an isomorphism of this direct

summand with JO(Y)q (if g +# 2) and with J(Y)q (if g = 2 and C non-



292

trivial). Moreover JOlOC(

c Y)q can be computed as in 11.1.6 in this case.

We prove all this.

Let (r,pg) = 1. Then there is a stable C map S{E ® V) — s(yw'E @Y V)
of degree t dividing rn, where V is a faithful C-module and E a bundle
with trivial C-action. As in the proof of 11.4.2 we see that there

exists a C-map st (E @ v)) —> S(tl(Q'rE ® wrv)) for suitable i. Since
loc(x)

(t,q) = 1 we have that (1-‘Pr)(E ® V) is zero in JOC (use also
11.4.4).
Now suppose that E1 - E2 maps to zero in JO(Y)q. For each r generating

the g-adic units there exists an F such that E1 - E2 = (1 —\yr)F, by the
non-equivariant computation of JO(Y)q which is a special case of the
results in 11.4. Hence also F @ V - \yrF ® V' in JOC(Y)q. (We can
actually work with complex vector bundles, because J(Y)q = JO(Y)q if

q # 2 and if g = 2 then C is not a 2-group and the faithful represen-

tations of C are of complex type.) If we choose r such that vi = v

then we see that E1 @V - E2 ®V = (1- \Pr) (F ® V) maps to zero in
JOS‘:OC(Y)q is of the form as claimed in 11.1.6. In general if E1 - E2 =

S

s s _
(1-¢y7)F, then E, ®@V -E, ®V =F, ®V -V

(Fl ® (Vv - v¥)) + ((F1 - ‘PSFl) ® V°) shows that FI® (v - v°) is

S
F,®V

also contained in the subgroup generated by the (1 - W’r(l)) of 11.1.6.

This settles the case of cyclic p-groups C and trivial C-spaces Y.

We now prove 11.1.6 in general for g # p. By 7.7 we have a natural

transformation

(x%)

G

KOg(X) ————— @ y KO,

where (C) runs over the conjugacy classes of cyclic subgroups of G.

This transformation has a natural splitting which is compatible with
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the action of the Adams operations. Let JOé(X) denote the guotient of

KOP(X) by the subgroups generated by (1 - qlr(l))x as in 11.1.6. Then

we have the diagram

KOG(X) > @ () KOC(X )q

b J

' RN e
JOG(X) > @ () JOC(X )q

(2}

| |

I(l) | (3)

loc N loc,C
307 (x) " > @ () 0 T,

The maps (1) and (3) are surjective by construction. The map (2) is
split injective by the splitting thecrem just gquoted. The map (3) is
bijective by the proof above. Hence (1) is also injective hence an

isomorphism. This finishes the proof of Theorem 11.1.6.

11.6. Projective modules.

We are going to discuss the difference between JoéoC and JOG'

Let E and F be G-vector bundles over X. Let [S(E),S(Fﬂ be the set of

G-fibre homotopy classes S(E) —> S(F). Fibrewise suspension defines a
map [S(E), s(F)] —— [S(E® V), s(F ® V)] . We take the direct limit
over such suspension maps and call the limit a:é(E,F), which is the
set of G-homotopy classes of stable maps S(E) ——= S(F). We list some

of the standard properties of this construction.

(11.6.1) a)g(E,F) is an abelian group and in fact a module over

w 2

o (X).
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(11.6.2) A G-map f : Y —» X induces a homomorphism

£* . w(E,F) — w (?(f*E,f*F).

(11.6.3) Composition of mappings defines a pairing
o

o
G (

F,H —> wG

wg(E,F) X W E, H)

which is w 8 (X) -bilinear.

(11.6.4) Whitney sum defines a pairing

o} o] O
w G(El,Fl) X &JG(Ez,FZ) — w G(El [52] E2,Fl =] F2)

which is wg—bilinear.

(11.6.5) There are canonical isomorphisms of w?(X)—modules

o ~ o
wG(E,E) = Q)G(X)
o) ~ o
¥ ow
u)G(E,E) G(E e F,E®F)

Proposition 11.6.7. Suppose E - F € ToéOc (X). Then wg(E,F) is a
proijective wg(x)—module of rank one an wg(F,E) is its inverse in

the Picard group of w g(X) . The module is free if and only if
E - F € TO,(X).
Proof. We have determined the prime ideals g of wg(x) in

We localize at g and show that wg(E,F)q is a free w?(x)q—module
o
Gl

>

o

“a

of rank one and that wO(E,F) R w X)

a F,E)———)wg(EQF,FEBE)

induces an isomorphism after localization at g. But by the definition

loc(x)

of TOG we have for a given H a stable G-map f : S(E) —— S{(F) such

that fH has fibre degree one. Now proceed as in 10.2.6.

From 11.6.7 we obtain an injective homomorphism

po_ (G) : To(l,oc (X) /TO, (X) — Pic w g(x). Note that the source of

loc o
X
o (x)

pOX(G) is precisely the kernel of JO c

— JOG. The Picard group w
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does not change if we divide out the nilradical of a)g(x). We have
seen that a)?(X)/Nil only depends on the orbit category of X. In

particular if all the fixed point sets of X are non-empty and connected

loc(

then we obtain a natural splitting JOG(X) = JO X) ® jo(G).



