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On the Homology Theory of Modules.

By Nobuo YoNEDA.

§ 0. Introduction.

Let A be a ring with unit. In generalizing the notions of torsion products
and extension groups of abelian groups, Cartan and Eilenberg have defined a set
of abelian groups Tor,*(A, B), Exta®(A, B) (=0, 1,----) for any two A-modules
A, B. These groups are in a deep connection with various homology and
cohomology theories of groups, of associative algebras, of Lie algebras, etc.D
The present paper attempts a general study of the groups Tor,*(4, B) and
Exta®(4, B).

The definition of these groups can be sketched as follows. Take a A-free
module X, with an epimorphism®» X;—A,, of which we denote the kernel with
A;. Take next a A-free module X; with an epimorphism Xi—A;, of which the
kernel is denoted by A, Repeating this, we obtain a sequence X, of A-free
modules and 4-homomorphisms:

(X4 s X Xy 1o - 2 X1 X0,
where X,—X,_1 is defined as X,—A,—Xn»-1. This sequence, called a free re-
solution of A, is acyclic with respect to the augmentation X,—A—0. Tor,2(4,
B), the n-th torsion product of A and B, is then defined as the »-th homology
group of the lower sequence X,®aB, and Ext,\*(4, B), the n-th extension group
of B by A, as the n-th cohomology group of the upper sequence Homa(Xy, B).
Both are independent of the special choice of the free resolution X of A.

These groups Tor,*(A, B), Ext,®(A, B)—unless any confusion is likely to
occur we shall omit the letter 4 in the following— may be considered as
giving homology and cohomology theories of module A with coefficient module
B, because of the following properties.

I. Any homomorphism f: A—A’ induces homomorphisms
fx: Torn(A, By—»Tor,(A’, B) (n=0,1,----)
and
f*: Ext(A’, By-»Ext*(4,B) - (n=0,1,---+),
satisfying:

I-1) 4y, #* are identities if 7 is the identity mapping.

1-2) (gof)e=9x° S5 (gof)*=f*og*.

II. If (A) 0454524550 is exact, then homomorphisms

8,: Tora(4, B)—»Torn,1(}1, B (n=1,2,---),
o*: Ext*(A, B-Ext"*Y(A4, B) (n=0,1, ----)

1) H. Cartan-S. Eilenberg, Satellites des foncteurs de module; H. Cartan-S. Eilen-

berg, Homological algebra; to appear soon. This book will be referred to as [C-E] in

the sequel. H. Cartan, Seminaire de topologie algébrique, 1950-51.
2) By an epimorphism we mean a ‘ homomorphism onto’; ¢isomorphism into’ will
be called a monomorphism; and the word isomorphism will be used to mean an ¢ isomor-

phism onto’.
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are defined so that
II-1) the sequences

-+- - Toru(A, B)SToru(A, B)3Toru(A4, B)2Tora_s(A, B)
—Tora-1(A, B)—----—Tory(A, B)»Tor,(A, B)—>Tors(A, B)—0,
0—Ext’(A, B)—Ext (A, B)~Ext(4, B)—Ext(4, B)—----
—Ext*(4, B)DExt?(A, B)SExt (A, BySExt 14, B)—-+-+
are both exact. These exact sequences will be denoted by Tor*(A, B) and by
Exta(A, B) respectively.
II-2) Let two sequences
(A) 05A—>A—A—0, (A') 05A'— A —»A'—0
be exact, and let f: A—A’ be a homomorphism of the sequence A into
A’,i.e., a triple of homomorphisms f:A—A’, f:A—A’, f:A—A’ such that the
diagram
0—A— A— A0
L1
0—A'— A’— A'—0

is commutative. Then fyo={f4 f4 fx} and F*={f*, f* f*} give homomor-
phisms of the exact sequences

f«: Tor®(A, B)—>Tor*(A’, B),

*: Exta(A’, B)-Exta(A, B).

III. Tor.*A, B)=Exts"(4, B)=0 (n>0), if A is A-free.

IV. Tor,®(4, B)=A®xB, Ext),A4, B)=Homa(4, B), and for f:A—-A’, we
have fx=fQ®i® on Tor,®A4, B) and f*=Hom(f, 7)» on Ext,%(4’, B), where ¢
is the identity mapping of B.

These four properties are characteristic for Tor® and Exta.

If we consider the second entry, the coefficient module in Tor2(4, B) or in
Exta(A, B) as variable, then we have the following analogues of I~IV.

I". Any homomorphism f:B—B’ induces homomorphisms

S Torx(A4, B)—»Tor.(A, B) n=0,1, ----),
*f: Ext™(4, B)-»Ext*(4A, B') (n=0,1, ----).
These satisfy

I’-1) 4, * are identities if 7 is the identity mapping.

U-2) wW(goN=xg°xf, *gof)=*g-*f.

II'. If (B)0—»BS5BAB-0 is exact, then homomorphisms

«0: Toru(A, By>Torna(4, B) (n=1,2, «---),

*8: Ext¥(A, B)-Ext"*(4, B) (#=0,1, ---+)
are defined so as to satisfy:
II’-1) The sequences

=+ +=Toru(A, By%Toru(4, By Tora(A, BYSTorn-1(4, B)

3) See S. Eilenberg-N. E. Steenrod, Foundations of algebraic topology, pp. 141,
147. This book will be referred to as [E-S] in the sequel.
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—Torn_1(A, B)—>-- - -—Tors(A, B)y—»Tory(A, B)—Tory(A, B)-0,
0—Ext(A4, B)—»Ext%(A, B)—Ext*(A4, B)>Exti(4, B)—---
SExt(A, BYSExti(A, BYExt (A, BYSExt** (A, By—- -+
are both exact. These exact sequences will be denoted by Tor*(4, B) and by
Exta(4, B) respectively.
II'2) Let f: B—B be a homomorphism of exact sequences:
(B) 0—»B —B —»B —0
LFf J + 4
(B) 0—-B'—B'—B'—0.
Then f induces homomorphism of the exact homology and cohomology sequences
«f: Tor’(A, B)— Tor?A4, B'),
*f: Exta(4, B)— Exta(4, B).
III'. Tor,"(A, B)=0(>0) if B is A-free, and Exts™(4, B)=0(n>0) if B is
A-injective®),
IV'. Tor,MA, B)=AQB, Ext'(4, B)=Homa(4, B), and for f:B—B’, we
have .f=iQ®f on Tor,"(4, B), *f=Hom (7, f) on ExtA°(4, B), where 7 is the

identity mapping of A.
These properties I’~IV’ are again characteristic for Tor® and Exts. Also

we have
V. Homomorphisms fy, f* in I commute with the homomorphisms s F

in I’

Now, it happens in various cohomology theories that 1-cohomology groups
have a close relation with extension theories. In the present cohomology theory,
the elerpents of our 1-cohomology group Ext,!(4, B) are in a 1—1 correspond-
ence with the equivalence classes of module extensions of B by A. Thereby,
two extensions ‘

(E) 0-B—>E—->A—0, (E) 0-B—E —-A—0
are called equivalent if there is an isomorphism E—E’ such that
0-B—E—>A-0
! (=: identity mapping)
0-»B—-E —A-0
is cgmmutative (IC-E]). In this paper we shall define a certain equivalence
relation among the set of all exact sequences of the form
(Ex) 0B —>En1— - > E—A—>0
(E,, +++-, En_y: arbitrary A-modules)
(n: any fixed integer >1),
which we call #-fold extensions of B by A and prove that there is a certain 1-1
correspondence between the equivalence classes of n-fold extensions of B by A
and the elements of the group Exta"(4, B). This will be done in §3.
In §4 we shall introduce a bilinear multiplication
EXtAI'(A, B) X EXtAq(B, C) — EXtA”+q(A, C),
and give some results concerning this including the following theorem: The

4) See for definition §2 of this paper.
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coboundary homomorphism S
0%: Exty"(A, B)-Exty"*(4, B)  (n=0,1, -+-)
with respect to the exact sequence (A) 0—A—A—A—0 coincides with the left

multiplication by the element in Extal(4, A) represented by the extension A,
while the coboundary homomorphism

*3: Exta(4, B)-Exta**Y(4, B)  (n=0,1, --+) _
with respect to the exact sequence (B) 0—>B—+B——>B—>0 coincides with the right

multiplication by the element in Ext,!(B, B) represented by the extension B.

Also some relations between this cohomology theory and the cohomology
theory of groups will be given in that section.

Professor S. Eilenberg has kindly communicated to me some of the resu.lts
stated above on TorA and Exta, and engaged me in this investigation, for which
I wish to express my hearty thanks to him. I publish here however the com-
plete proof of all the results, as no details about this homology theory seem to
have been hitherto published. I wish to thank also Professor Chevalley, who
induced me to work on the subject of §4. .

In what follows, we shall use a certain way of denomination of ‘ma.ppmgs
appearing in diagrams, different from the usual one, as we shall explain in §_1'
We hope that this way of denomination, as well as the notions of the translation

and the translation category introduced also in §1 facilitates the handling with
the diagrams.

§ 1. Categories and functors of diagrams®.

1. Denomination of mappings in a diagram. Let A, B bt? two ver.tices n
a diagram, and let a mapping of A into B be given as A—B m. the dlflgram-
Usually such a mapping is denoted by a letter like f; indicated in the diagram

as ALB ; and f is considered as a left operator on 4. To indicatg this map-
ping, we shall write now AfB or, if there is no fear of confusion, simply AB.
If namely there is only one arrow from 4 to B, we have not to name the map-
ping by a letter like f; it is sufficiently clear to write simply A—B, and name
the mapping AB. If, on the clontrary, there are two or more arrows from A to

B, then we shall write like AZ3B, and denote the mappings with A1B, A2B.

Mapping AfB, AB, or ALB will be considered as a right operator on A,
so that (@)AfB=b5 will mean f(a)=b in the usual notation. The composite of
several mappings A—B, B—C, and C—D is denoted by AB-BC-CD, or more
simply by ABCD. Thus the commutativity of the square diagram

A—B

)

C-D
is written as ABD=ACD.

2. Categories of diagrams. Let % be a category in the sense of [ E-S']”.
A diagram D={A,B, ----; AB, -.-.} consisting of vertices A4, B, ---- which
represent some objects in &, and arrows AB, ---. which represent some map-

b) For definitions of categories and functors, see [E-S, Chap. 1IV].
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pings in & is called a diagram in %’. In the widest sense any subcategory_.o‘f
@’ is a diagram in ¢ but we shall confine ourselves to diagrams which are con-";
nected as 1-dimensional complexes of vertices and edges. Two diagrams D=
{A,B,----;AB, -}, D'={A’,B’, ----; A’B’, ----} are said to be 7somorphic &
if there is a 1-1 correspondence between I and D', vertex-to-vertex, arrow-to
arrow, such that, if A’B’e )’ corresponds to ABe D, then A’ corresponds to A '
and B’ to B. ’
Let D={A,B, -+-; AB --.-} and D'={A’,B’, ---+; A’B’, .-+« } be isomor-
phic diagrams such that A corresponds to A’, B to B’, etc. A set of mappings
f={AA’, BB’, ----} in %’ of which the set of domains coincides with the set
of objects in D is called a translation of D into D’ (notation f: D—D’) if each
square of the form
A—-B
) l (A,BeD, A, BeD)
A— B

is commutative.

Let D be a diagram in %7 and ®={D, D', D"/, ----} be a set of diagrams
in %isomorphic to D. For D/, D’ €D, there may be a translation from D’ to
D”. D together with all such possible translations forms a category ED, which
will be called the #ranslation category over D.

Throughout this papper, 4 will denote a ring with unit, not necessarily com-
mutative, and unless otherwise stated, a 4-module will mean a unitary left A-
module. Following [E-S] we denote the category of A-modules and 4-homomor-
phisms by (CQ/’A (Z will always denote the ring of rational integers, and we write
4 for &7 2). Diagrams in “a are also called diagrams over A.

A translation f= {AA’, BB, --+--} of D={A,B, ---+; AB, ----} into D'=
{4, B, ----; s A’B’, ..} will be called epimorphic, monomorphic, or isomor-
phic if every one of AA’, BB’, ---- is an epimorphism, monomorphism, or an
isomorphism®. In what follows we shall often consider diagrams in the translation

category ® over D, D being a set of diagrams in i isomorphic to a certain

diagram D, as
....—.)D.._)D’ —Fe o

{1
<= D> Di'—

In such diagrams each vertex represents a diagram in %Z; isomorphic to D, and

each arrow a translation. We use 0 in such a diagram to mean a trivial dia-

gram consisting of 0’s and 0-homomorphisms isomorphic to D. A sequence
(*) pLo2p

of translations f={AA’, BB, ----}, g={A’A”, B’B”, .---} is said to be exact

if the sequences A—»A’—A’”", B—»B’—B’’, ---- are exact. (*) is called a 0-sequ-
ence if A>A'—A”, B-»B’—B”, ---- are (-sequences (i.e., AA’A” =0, BB’'B”

=0, e )'
Let G(A) be the set of all exact sequences over 4 of the form

. (A) 0—A—A—A-0.
The translation category G(4) over E(4) will play an important réle in the
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following. .
We shall denote with 3(a) the set of all ‘one-arrow diagrams’, namely dia-
grams over A isomorphic to A—B; and with G(d) the set of ‘two-arrm‘v 0-se-
quences’, namely diagrams over A isomorphic to A—B—C, :4, B, C being 4-
modules and ABC being 0. The translation categories (), () will also play
certain réles in the sequel
3. Functors on translation categories of diagrams. We note here' SOIT:C
fundamental lemmas giving functors on translation categories of diagrams in 7S
In what follows we shall identify two diagrams D, D’ over A if there exists an
isomorphic translation D—D’.
Lemma 11. ZL¢t
(1) N->A->Q—0
&
B
be a diagram over A such that the sequence N-A-Q-0 is exact and NAB=0.
Then there is a unique mapping QBe ‘o
(1) ¢—B
satisfying AQB=AB. Any translation in the translation category ovcz' the sct
D) of all diagram in “n of the form (1) induces a translation in B(4), and

thus the assignment (1)==)(1’) defines a functor Dy(A)==>B(4).

Proof. The unique existence of @B is obvious. We have only to prove
that if

N - A - @ — 0

is a commutative diagram representing a translation in (), and if @B, @B’
are so defined that AQB=AB, A'Q’B’'=A’B’, then we have
QBB =Q@'B'. .
Since AQ is an epimorphism, it is sufficient to show A@BB’'=AQ@ B’, which
15 done as
AQBB' =ABB’ =AA'B’ =AA'Q' B’ =ARQQ'B’.
In a similar way we can prove also
Lemma 1.2, Zef

~ B
i
(2) 0->-N—-sA4-5Q

be a diagram over A such that the sequence 0-N-A-Q is exact and BAQ=0.
Then there is a unique mapping BN

(2 B> N
satisfying BNA=BA. The assignment (2)c=(2') defines a Junctor of the trans-

lation category over the set of all diagrams in 77, of the form (2).
Lemma 13. From a ‘onc-arrow diagram’

(3) AL B
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over A we obtain in the obvious way, a commulative diagram

0
!
00—~ N—A—>M—0

(Ker 1) \{ é (Im f)

!
Q (Coker 1)
|

-

0

in which the sequences 0-N-A-M-0, 0-M-B-Q-0 are in G(A) (i.e., exact). Any
translation of (3)

@)

ALB
3" Vol
aLp
can be extended uniquely to a translation of (3)

(3/”) 0 —> N —> A — M

and in this way the assignment (3) == (3’) defines a functor from the translation
category B(A) into the translation category over the set of all diagrams in ‘i
of the form (3').

Proof. We have only to show the unique existence of mappings NN,
MM, QQ such that NN'A’=NAA’, AMM =AA’M’', MM'B'=MBB’, and
BQ@' =BB’Q. Now since NAA’-A’B’=NABB’=0, and since the sequence
0-N’-A’-B’ is exact, there exists uniquely a mapping NN'€ ¢Zx such that
NN -N'A=NAA’, i.e., NN'A’=NAA’ (Lemma 1.2). NAA'B’=0 implies also
NAA'M’=0. Therefore by Lemma 1.1 there exists uniquely a mapping
MM’ € 775 such that AMM =AA’M’. To prove MM'B’=MBB’ for this MM,
it is sufficient to show AMM B’=AMBB’, which is done as follows

AMM B =AA’M'B' =AA’B'=ABB’=AMBB’.
Finally we have MBB’Q'=MM B'Q =0. Thus by Lemma 1.1 there isa unique
mapping Q' satisfying BQQ'=BB'¢’. This completes the proof of the lemma.

In short, Lemma 1.3 states that Ker, Im, and Coker are functors from B(A)
into % Therefore we may speak of kernels, images and cokernels _of trans-
lations.

Let
(4) A—-B-C
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be a 0-sequence over 4. We call the factor module KerBC/Im AB Iz?nzology
Jactor of the sequence A-B-C and denote it by H(A-B-C). Since the assignment

(4) = H(A-B-C) can be composed by the functors Ker, Im, and Coker, we have
clearly d

Lemma 14. The assignment (4) = H(A-B-C) defines a functor from 6()
into ok e

In the sequel we shall denote this functor by H.

Lemma 1.5. In the commutative diagram

Bo"’ Co"") 0
by wd
Ay— B> CG— 0
(8) A

0—- A,— le-—> C,

0— i13"’ lel %
let By-By-B,, Cy-Ci-Cy, Ay-Ay-As, By-By-B; belong to G(A), and let By-Cy-0, AvBr
C,-0, 0-A,-B,-C,, 0-A;-B; be exact. Then a mapping
(8) 4. H(Cy-Ci-C,) = H(A,-A,-Aj)
in % is induced in such a way that the diagram

(8,01
Ker BiC\C, — Ker CiC, —H(Cy-Ci-Cs)
87 d myp 14
Ker B,C; " Ker B,B;=Ker A,A;—H(A;-Ay-As)
is commulative. The assignment (8) == (8') defines a functor from the translation
category over the set of all diagrams in_Ch of the form (8) into B(A).
Proof. The kernel of the epimorphlism
®" Ker B,C,C; — H(Cy-Ci-C,) — 0
is the inverse image of Im CiCi=Im B,CyC,=Im B,B;C, under the map B,C, i.e.
Im BB,UKer B,Ci=Im By,B,>Im A,B;. But we have (Im B,B,UIm A,B))B:B;
=(m 4,B,)B,B,=Im A,B,B,=Im A,A,B,, which is in Ker B,C;(\Ker B,B, and
vanishes if carried over to H(A-A,-A;). Thus-the kernel of (8’) vanishes if
mapped into H(A;-A,-A;). Therefore there exists a unique mapping 4 such that
(&) is commutative. Obviously the assignment (8) — (8"/) defines a functor,
and so also does the assignment (8) == (8).
4. Lemma M and Lemma Bi. The following two lemmas are of funda-
mental importance in the diagram system. '
Lemma M. ZLet AL,B5Chea sequence of translations of 0-sequences in &(A):
A->B-C
.Ao b Bo - CQ
! l ]
(9) A, - B —(C
i o4
A, — By, — C,.
If, in (9), ByC, is an epimorphism and A,-B-C, is exact, and if A;B, is a mono-
morphism, then the induced sequence
H(f) H(g)
(99 H(Ay-Ar-A,) — H(By-B,-B,) — H(Gy-Ci-Cy)
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is exact. .
Proof. It is obvious that (9') is a 0-sequence. Consider now an element by

eKer B,B, such that ()B,C,=c; is in Im GC;. Since B,C, is an epimorphism,

there is an element b,€ B, such that (b)B,CoCi=c1, and we have '
(bl"‘(bo)BoBl)B1C1 = (bl)BlCI "(bo)BoBlcx = —(bo)Bococx =0.

Therefore, from the exactness of A;-B;-C; follows the existence of an element

a,€ A, such that (a)A.By=0,—(b))B,B;, and we have
(al)AxAsz=((11)AxBsz=(bx—‘(bo)Bon)BleZ(bo)BoBle:0-

Thus, by assumption on A4,B., a; is in Ker 4;4, and represents an element in
H(A,A;-A,) which is mapped onto the element in H(By-B;-B,) represented by ;.

This proves the exactness of (9).
Lemma gff. The sequence of homology factors

H(g) 4 H(f)
(10) H(By-B,-B,) — H(Cy-C,-C,) — H(A-Az-As) — H(By-By-B;)

obtained from the diagram (8) in Lemma 1.5 is exact, where f, g denote the
translations

A — DB By, — G
i J % i
. f: Az"‘) Bz g. Bl'—)cl
i 4 ! !
Ag—‘—)B;g BZ-—-) Cz

in (8).

Proof. Let b,eKer BB, represent §€ H(By-Bi-B,). Then H(g) image r of
8 is represented by (8,)B;C,. From the commutativity of (8") follows then that
4r=0. Conversely, let ¢; € Ker C,C. represent 7€ H(Cy-C,-C;) such that 4r=0.
Then there exist @, € A, b € B; such that (b)B,Ci=c: and (a;)A1A:B,=(b:)B:B:.
For the element b,—(a1)A,B; € B;, we have now

(by— (@) A1By) BB, = (b1)B1B;—(a1) A1 B, B;
=(b1)Ble—-(a1)A1Asz=0
and also

(bi—(a)A1B)B,Cy=(b,)B,C1—(a) A1 BiCy= (b)) BiCi=¢;. This shows that 7 is
the H(g) image of the element in H(B,-B:-B;) represented by (by—(@)A,B) in Ker
B.B,, and the exactness of H(g)-4 in (10) is proved.

Now, from the commutativity of (8"/) follows that H(f)-4=0. Therefore it
remains only to prove that Im 4DKer H(f). Let a,€ Ker A,A; represent an ele-
ment @ in H(A;-A,-A;) which is annihilated by H(/). Then there is an element
b e B, such that (b,)B,B,=(a,)A.B;. For this b we have

(B1)B1C.Cy= (b)) B.B,Cy=(a,) A:By,C;=0. Thus (b)BiG=c: represents an ele-
ment in H(C,-Ci-C;) which is mapped by 4 onto a. This completes the proof.

Corollary. Let

(A) ""’“)A—I—’Ao—‘)Al"‘)Az’—’“"
(B) ceve > B> By—> BBy e
(C) ....._)C_l——)co-—)cu—)cz——)....

be infinite 0-sequences over A, and suppose that an exact sequence of translations
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0—-A-B->C—0

| i
OﬂAo‘PBQ’*)ClO“’O
|

.0,_)A1._;B11—)C}—'>0
s | !

is given. Then the z'm‘z‘m‘ie‘sequencc
£ =y H(A ;_j;Ao'Al) - H(B—I‘BO'BI) = H(C-I’CQ'CI)
4
=2 H(Ao'ArAz) — H(By-Bi-B,) — -
is exact. L

5, 1 SO
Corollary. If either two of the above sequences A, B, C are exact, thes
aiso is the rest. ’

Remark. Obviously both assignments (9) = (%), and (8) = (10) define
functors. . ) d in [E-S]

5. Tensor products and groups of homomorphisms. A§ is stated In : _;
tensor product @xA(or A®,) for a fixed Ae %7a is a covariant functor. G .
“x- Therefore we may consider @ A(or A®,) also as a functor .of d;z'lgram
over A. Namely, if D isa diagram over 4, then D@ rA(or AQAD) is a d1agrar£
over A which is isomorphic to D. It should be noted that, for AeGE(4), A®1} .
is not necessarily in G(4). As will be seen in §2, A-modules P of a specia
class called A-projective modules have the property that the functor ®@aP(or P®a)

is exact, i.e. maps G(A) info G(A4). We shall here note the following
Lemma 1.6. ZLet#

7 h
(11) 0-A->B->C—0
be an exact sequence over A, and let Ge “a- Then the induced sequence

, -

ary ARG D> BRAG Y C®4G — 0
is also exact. If (11) is direct, i.e., if Im f is a direct summand of B, then the
sequence

a1’ 0 - A®AG — BRAG — CRG — 0
s exact and direct. (11") is exact whenever G is A-free.

Proof of this lemma is given in [E-S, p. 142, Lemma 9.8] except for_ the last
statement. The last statement is obvious in case where G has a finite baste.
It is easily seen that the proof for the general case can be reduced to this
special case. So we omit the proof of this lemma.

Given two A-modules A,B, denote by Hom,(A, B) the additive group of all
homomorphisms

¢:. A—-B
with addition ¢+ ¢, defined by

(P1+e2)a)=1(a)+¢u(a).

If further 4 is commutative, then Homa(A4, B) has the structure of a 4-module
with the product A¢ defined by '

(Ae)@)=2(p(a))=¢(2a).
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For a A-homomorphism A — A’ written as AA’ we denote by (AA’)* the .
homomorphism
Homa(4’, B) — Homa(4, B)
induced by AA’, while we denote by (BB’); the homomorphism
Hom(A4, B) — Homx(4, B’)
induced by BB’: B—B’. We shall consider (AA’)* as a left operator and (BB’):

as a right operator.
Homa( , )is a functor ©aXx 7 @ A——»”//( G if A is commutative) contra-

variant in the first argument and covarlant in the second. Similarly to the case

of tensor products we have the following
Lemma 1.7. Let

(12) 0-A—->B—->C—90
be an exact sequence over A. Then the induced sequences
AB) 4n),
(12y) 0 —» Hom (G, A) — HomA(G B) — HomA(G C),
(12%) 0— HomA(C G) =¥ HomA(B G) sy HomA(A G)
are exact. If (12) is direct, then the sequences
(12s) 0 — Hom(G, A) —» HomA(G, B) — Homx(G, C) — 0
(12“5) 0— HomA(C G) - HomA(B G) =2 HomA(A G) —0

are exact and direct. (12:2) is exact whenever G is A-free.

This lemma follows from [E-S, p. 148, Lemma 10.8] (The commutativity of
A is not needed in the proof of this lemma).

Those A-modules G for which every sequence (12%) is exact form a special
class of A-modules called A-injective modules. Those A-modules G for which
every sequence (12s) is exact, form another special class of A-modules called
A-projective modules. These special classes of A-modules will be treated in the
next section.

§ 2. Projective modules and injective modules.

1. Definitions. A A-module P is called A-projective if every diagram
P
1
B->C—-0
over A with exact B-C-0 is supplemented by a A-homomorphism PDB to a com-

mutative diagram
P

7|
Ve
B—-C—-0.
A A-module @ is called A-injective if every diagram

0-A—-B

|
v

Q
over A with exact 0-A-B is supplemented by a 4-homomorphism BQ@ to a com-
mutative diagram
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0-A-B

l /
vd
. Q

Clearly a 4-module G is A-projective (A-injective) if and only if (12z) ((12%))
is always exact.

2. A-projective modules. It is obvious that every A-free module is A-pro-
jective. Since any J-module can be represented as a factor module of a A-free
module, we have -« ~

Theorem 2.1 Any A-niodule can be represented as a factor module of a A-
projective module.

We shall call an exact sequence over A

(13) . 0> A1 >X—A—0
a projective representation of A if X is A-projective. 1f in the exact sequence
over A

(14) g 8 0-H->G—->X—-0
X is A-projective, then by definition of A-projectivity there exists XG € %such
that XGX is the identity of X. Therefore the exact sequence (14) is direct. In
particular if (14) is a representation of X as a factor module of a A-free module
G, then X is a direct factor of G. This proves that every A-projective module
ds a direct factor of some A-free module. Conversely every direct factor of a
A-projective module is A-projective. In fact, let X’ be a direct factor of a 4-

projective module X, and let XX’, X’X be the projection and injection respective-
ly; X’ XX’ =identity of X’. Given a diagram

X/
(15) ]
g B—->C—0 ‘
over A with exact B-C-0, supplement this by X, XX’, and XX to
i
(1%) X’
!
. B—-C—0
Since X is A-projective (15') can be again supplemented by XB to
X
[
(157) X’

4 i)

B - C - 0

so that XBC=XX'C, If we define X’B by X’B=X XB, then we have X' BC=
X' XBC=X'XXC=XC. This shows that (15) is supplemented by X’B to a com-
mutative diagram, and thus proves our assertion.

Lemma 21. (i) Ifa A-projective module is represented as a factor module
of some A-module, then it is a direct factor.

(ii) Any direct factor of a A-projective module is A-projective.

(ii) A A-module is A-projective if and only if it is a direct factor of a A-
free module.

(v) The direct sum of A-projective modules is A-projective.
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(v) The tensor product of A-projective modules is A-projective.

(vi) The sequence (11”) in Lemma 1.6 is exact whenever G is A-projective. .

Proof. We have already proved (i), (ii), and ‘only if’ part of (iii); also ‘if’
part of (iii) is clear from (ii). (iv) and (v) are obvious if ‘4-projective’ is re-
placed by ‘A-free’. So we have them as easy consequences of (iii), if we
represent each summand of the direct sum or each factor of the tensor product
as a direct summand of a A-free module.

To prove (vi) we represent G as a direct summand of a 4-free module F to

obtain the translation
0 0 0

d ! !

0— A1®AF — BRsF - ci®AF —0.
In (16) every sequence in a straight line is exact by Lemma 1.6, Therefore
AR AG—-B® G must be a monomorphism.

Remark. It is an open question whether the converse of (vi) is true or not.

3. A-injective modules. As an example of an injective module we first note
the Z-module T of real numbers mod 1. As analogue of Theorem 2.1. we have

Theorem 2.2. Any A-module can be represenicd as a sub-module of a A-in-
Jective module.

The proof of the theorem requires some preliminaries. Let M be a left .1-
module. The additive group Homz(M, T) of homomorphisms of M into the group
T of real numbers mod 1 can be given the structure of a right 4-module if we
define the multiplication ¢-2 (¢ e Hom (M, T), A€ A) by

, (p-(m)=¢p(Am)  (meM).
In fact we have only to check ¢-(Ax)=(¢-2)-2:
(@ - (A2))m) =@ (Antm) = @(A(rm))= (¢ - A)(em)=((¢ - 2) - 1)(m1).

Hom(M, T) taken with this structure will be denoted by M°. If Mis a
right A-module, then Hom(M, T) has the structure of a left 4-module quite an-
alogously to the above case. This we denote also by M°.

The assignment M —=) M° defines in the obvious manner a contravariant
functor from the category of left 4-modules and their 4-homomorphisms to the
category of right A-modules and their A-homomorphisms, or a functor in the
opposite direction. This functor is exact, i.e., if R

0-A—-B->C—-0
is exact, then so is the induced sequence
0—-C°—>B°—A°—-0,
because T is Z-injective.

We now prove

Lemma 2.2. Any me M can be considered as € M°° in the following man-
ner '

m(@)=¢p(m) (¢ € M°).
In this way M is imbedded into M°° as a submodule.

Proof. Clearly M is imbedded into M°° as a subgroup. So it is sufficient
to show that this imbedding commutes with the operation of A, we may assume
M is a left A-module. Then we have

(A-m)@)=m(®-2)= (¢ A)(m)=p(Am)=(Am)(¢),
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where m is c6ﬁsidered as € M°° in the first expression and as €M in the last.
This proves the lemma.

Without any modification we may speak of A-projective right modules and
A-injective right A-modules.

Lemma 23. If P is A-projective, then P° is A-injective.

Proof. Assuming P to be a /-projective right .{-module we shall prove
that, for any exact sequence

an - 0>A—-B—-C—0
over 4, the induced sequence

Qa7 0 — Homx(C, P°) — Hom (B, P°) — Homa(A4, P°) —0
is exact.

In general, for any left 4-module M and any right 4-module N we have

(18) e Hom (M, N°)==Hom (N, M°),
where the isomorphism is obtained by the correspondence

- [4=> 7 (f eHomn(M, N°), f”€Hom (N, M°))

defined by ‘

18" (f(m))(n)=(f"(n))(m) (me M, ne N). ]
Clearly by (18') is obtained the isomorphism of the groups of Z-homomorphisms
Homz(M, N°)=Homz(N, M°).

If feHom(M, N°) is a A-homomorphism, then the corresponding f” is also a

A-homomorphism and vice versa, for we have
F m) ()= (f (m))(n2)=(A-(f (m))(n),
((f"(m))- D)(m)= f"(n)(Am)=(f (Am))(n).
This proves (18). )
The isomorphism (18) is natural in the sense that for a 4-homomorphism
n: My — M, inducing #°: M,° — M,°, the diagram
Hom y(M,, N°)=Hom (N, M.,°)
(19) ADZ% 1 u°
Hom (M, N°)=Hom (N, M,°)
is commutative. In fact, let f,e Homa(M,, N°). Then we have
(31 2) () (my) = (24 f o) (omy)(m) = f o) (0) = f o () (12301y)
=p°(fo/ () ()= 1° £’ (n) ().
This shows the commutativity of (19).
Now by (17) is induced the exact sequence
(17°) 0-C°—-B°—A° -0,
and for this (17°) the sequence
17 0 — Hom (P, C°) — Hom (P, B°) — Hom (P, A°) — 0
is exact since P is A-projective. The above consideration shows now that a7
is translation-isomorphic to (17). So the exactness of (17) is proved.
Now we come to the proof of Theorem 2.2. Let M be an arbitrary left A-

module, M° the derived right 4-module. Represent M° as a factor module of
a A-projective right A4-module P as

(20) 0->R—>P->M° —0.
From (20) we obtain an exact sequence
(20°) 0— M°° — P° — R° ).

M, being a submodule of M°° by Lemma 2.2, is a submodule of P° which is
A-injective because of Lemma 2.3. This completes the proof of the theorem.
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We shall call an exact sejuence over A

(21) 0-A->X"->A' >0
an injective representation of A if X° is A-injective.

To obtain an analogue of Lemma 2.1 we make the following consideration.
If in the exact sequence over A

(22) 0-X—->G—-H—-0
X is A-injective then the identity mapping of X can be extended to a .-homo-
morphism GX, Therefore the exact sequence (22) is direct. Also as in the case
of A-projective modules we can prove easily that any direct summand of a 4-
injective module is A-injective.

Now, if we consider 4 as a A-free right module, then A° is a A-injective
léft module. And if F is a right A-free module, then the A-injective left module
F?° is a direct product of A°’s:

Fe=I14°.
A-modules of this type may be classified as the analogue of A-free modules. We
shall call them A-modules of type 4°. Then it can be seen from the proof of
Theorem 2.2 that every A-module is a submodule of some 4-module of type 4°.
Thus we have proved

Lemma 24. (i) If a A-injective module is represented as a submodule of
some A-module, then it is a direct summand.

(ii) Any direct factor of a A-injective module is A-injective.

(ili) A Ad-module is A-injective if and only if it is a direct summand of some

A-module of type A°.

(iv) The direct product of A-injective modules is A-injective.

Remark. No information has been obtained about the tensor product of 4-
injective modules.

4. Lemmas on projective and injective representations.

Lemma 25. Let

(X) v 0—4,->X—->A-0
be a projective representation of A€ Gy and -

(B) 0-B—>B—->B-0

an exact sequence over A. Then any A-homomorphism AB can be extended to a

translation
(X) 04, -X—>A—-0

(23) ! Lol
: (B) 0—-B -B—->B—-0.
If (23) is supplemented by AB with ABB=AB, then it can be further supple-
mented by XB with XBB=XB—XAB, and A XB=A,B.

Proof. Given ABe ¢, there is a 4-homomorphism X B such that XAB=
XAB, for, X is A-projective. Since A,XBB=AXAB=0, existence of A:B is
clear. If we have ABB=AB, then XB—XAB is annihilated by BB. In fact

(XB—XAB)-BB=XBB—X ABB=XBB—XAB=0.
Thus, by Lemma 1.2, there is a A-homomorphism XB satisfying XBB=XB—
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XAB. For this XB we have
(A, XB—A,B)-BB=A,XBB—ABB=A,XB—A,XAB—ABB
‘ =A,XB—A,BB=0,
which implies that
: % : A1XB=A1.B,
and the lemma is proved.
Lemma 2.6. Let

(A) 0-5A->A—->A-0
be an exact scquence over A, and

Y) 0-B->Y->B'—50

an injective rcj)resentatzon of Be &Z,. Then any A-Tomomorphism AB can be
extended to a tmnslatwn ‘

(4 0-A—-A-A -0
(24) Lol

(Y) 0—->B—-Y - B!'—-0.

If (24) is supplemented by AB with AAB=AB, then it can be further supple-
mented by AY with AAY =AY —ABY, and AYB'=AB".

The proof of this lemma is quite similar to that of the precedmg lemma,
and so it is omitted.

Lemma 2.7. Let '

(X)) 0-4,-X—-A-0
be a projective representation of Ae “nr and

¥ 0-B->Y"'-»B' -0
an tnjective representation of Be “Zn- Then
(1) Zhe two sub-groups

(A1 X)) Homa(X,, BY), Homa(A;, Y2)(YBY):

coincide and
(i) we have a natural isomorphism ’

(25) Homa(A, BY)Homy(A4, YO)(Y°BY)s=Homa(A:, B)/(A1Xo)*Homa(X,, B)

Proof. Ad(i): Given X;B! e Hom(X,, BY), there exists XY°€ Gon such that
XoY°B'=X,B!, for, X, is A-projective. Therefore we have

A1 Xy B'=A,X,Y°B! ¢ Hom(A4,, Y°)(Y°B*)s.
Conversely, let A1Y°e Homa(A4,, Y?). Since Y? is A-injective, there is a 4-homo-
morphism A4,Y? such that A;X°Y?=A4,Y°. So we obtain

A)Y°Bl=A,X,Y°B' € (A, X;)*Hom (X, BY),
which proves (i). . '

Ad (ii): By Lemmas 2.5, 2.6, Both groups Homa(A, B') and Homa(4,, B),
and accordingly both of the factor groups in (25), can be considered as factor
groups of the group Homa(X,, Y?) of all translations X,—Y? in which addition
is defined in the obvious manner. The kernel of the epimorphism

Homx(Xh, ¥°) — Homa(A, BY)/Homa(A, Y)Y°BY);
is obviously consisting of those translations X,—Y" which can be supplemented
by AY® with AY°B'=AB", while the kernel of the epimorphism

Homx(Xy, X¥?) — Homa(4;, B)/(A:X;)t Homa(X,, B)
is consisting of those translations X, — ¥° which can be supplemented by X,B
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with A, X,B=A4;B. Lemmas 2.5, 2.6 now assure exactly that these kernels coin- -
cide, and the lemma is proved. B

§3. The groups Tor, (A, B), Ext? (A, B).

1. Resolutions. Let A be a A-module. A lower sequence of .-projective

modules

(X*) e o X, X1 X —0 .
with augmentation X;—A is called a projective resolution of A if X, is acyclic
with respect to the augmentation XA, i.e. if the augmented sequence

(X*_,A._,O) s s ._,X,_,_>‘)(1——>X0—>A——>O
is exact.
An upper sequence of .1-injective modules
(X*) s X0 XX cee )

with co-augmentation A—X?° is called an injective resolution of A if X* is acy
clic with respect to the augmentation AX?, i.e., if the augmented sequence
0-A4-X* 05A-X"-X'-X?*> ----
is exact.
If we take a series of projective representations
0-A X > A -0,
054, »Xg — 41— 0,
(26) :

00— A, > Xn-1—Ax 10,

and if we define X, X,-1 by XuAu-AnXn-1, (#=1), then the lower sequence

(26") (Xy) +--- - X,—Xi—>X;—0
with the augmentation XA is clearly a projective resolution. Conversely any
projective resolution (26) of A is decomposed into a series of projective re-
presentations (26). Similarly any injective resolution of A can be composed by,
and decomposed into, a series of injective representations

0> A —» X' > A1 0,
27 0> A'— X' - A*> 0,

0 e An—l__;Xn—l_)An =y 0 "

Let now
0—-B —>E, - B — 0,

0—-B,—-FE »>B—- 0,

’

0-— B, — Ey -l'_’lgn—l""0 ’
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be a series of exact sequences over A, and let a 4-homomorphism AB be g.iven.
Then by repeated application of Lemma 2.5, we obtain a series of translations
0o A Xy > A > 0
fobe L1
“0>B —-E, - B - 0,
(29) F0 Ao Xg - A 0

i J ! J
0> B, > B — B — 0,

0 A,- X,.1—>A:1-0
faa NS !
0 ‘—‘) Bn hd En-1 _)Bll—l")O ’

Let another series of translations g, o1, .... of the same exact sequences as
in (29) be given with the sole condition that Af B=AgB. Then the difference
Xof Ey—XogE, is annihilated by E;B, so that there is XpB: with XoBiEy=
Xof Ey—Xo9E,. For this X;B;, we prove
(30) A1)((]Bl=A1fBl—A19Bx ”
In fact we have
(A1Lf Bi—A1gBi— A1 X, B))BLE,= A, f BLEy— A1g BiEy— A X, BLE,
=A1Xoon —A1X09E0'—A1Xoon+A1X’ogEﬂ =0
Since Xj is A-projective there is also X;FE; such that XpFBiE,=X,fEy—XogEo.
The A-homomorphism
X fE —Xi9E— X1 A1 X Ey
is then annihilated by E,B,, for we have
(X f Ei—XogE — X0 A\ X ENE, B Ey= X, f E\B,E,— X19 E\BiEy— X, A1 Xo By BiEo
=}(1A1fB1Eo—XiA1gBlEo—XPlAIXOBlED
=XiAl(AlfBl—AlgB).‘—‘AxX;)Bl)BlEO:O
Therefore there is XiE, with
XEBE =X, f E:—XigE1— X1 A1 X E,
for which we have also
(31) ‘ AzX'lEsz=A2fBz"A2.7B2 .
Thus we obtain inductively a series of A-homomorphisms
XoFr, XEy i vivviy KnBawt g i o
such that
XoErBEy=X, f Ey—Xo9E, ,
XnEn+an+1En_}anan -lEn=anEn—XngEn (n>0)
This proves the following '
Theorem 3.1. Let
(Xy—A-0) seee =X X1 X— A0
be an augmented projective resolution of A, and
(E) coer sE, > FE—E—B—(
an exact sequence over A. Then any A-homomorphism AB can be extended to a
translation

o X X X A-0

A R A
«» - Ey— B> E— B0
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Any two such translations extending AB are chain homotopic®.

Similarly we can prove the following

Theorem 3.2. Let

(E) 0—»A—-E'-»E'—-E*— -
be an exact sequence over A, and
(0—-B->Y* 0—-B-oY'-Y!-Y?— ----
an augmented injective resolution of B€ Za. Then any A-homomorphism AB
can be extended to a translation
0> A— E% El» E*> ...

1 4 4 4
05>B—-Y">Y'5Y?> -

Any two such translationsf, g extending AB are cochain homotopic, i.e., there
exists a series of A-homomorphisms
E'Yyo, E2Y? ..., E*viYR, L.
such that .
E'EYO=FE'fY'—E%Y?",
ErEnsiyn_Eryn-1yn=EnfY»—E"gY " (n>0) .

2. Torj (A4, B), Ext" (4, B) and their characteristic properties. Let X*
be a projective resolution of Ae &7 . We denote by Hu(XQ@aB) the n-th
homology factor of the 0-sequence X.®aB, and by H*(Homa(X*, B)) the n-th
homology factor of the upper 0-sequence Homa(Xy, B) over Z (over 4, if 4is
commutative). If X/ is also a projective resolution of A" € (/WA ,and if AA’e O
is given, then by Th. 3.1. we have unique homomorphisms (or 4 homomorphisms
as the case may be) )

(32) (AA"Yy: H(X:@aB)—>Hu (X @aB (Somoontr®) »

(AA"Y*: H*Homa(Xy, B))-HHomna(Xy, B)) (Rftammr ™
satisfying the following conditions

(1) (Ad): H(X®aB)-Hi(X:QnB),

(AA)*: H»(Homa(Xy, B))—H"(Homa(Xy, B))
are the identities if AA is the identy.
(ii) For (AA)y: Hn(Xx®@aB)->Hi(XQ1B),
(AAY:  HrHoma(Xy, B)—H"(Homn(Xy, B)),
(A’A")y: Ho(Xy' @aB)—>Hu(Xy'QrB),
(A’AY:  H¥Homa(Xy’, B)—H*Homa(Xy', B)),
and .
(AA’A"Yy: Hy( X @aB)-H(X,'@aB),
(AA’A”Y:  H»(Homa(Xy”, B)—H"(Homa(Xy, B)),
we have
(AA)s (A’A" ) =(AA'A")x ,
(AA¥o(A’ A Y =(AA’A”)* .
Thus we may consider Hu(X3®1B) and H*(Homa(Xy, B)) as invariants of the
pair (A, B), and we write Tori(4, B) for Hu(X:@aB), Ext®(4, B) for
H*Homa(Xy, B)). We now verify the characteristic properties I, II, III, IV, I,
I, I', IV’ and V listed in the introduction of this paper. The homomorphisms
(AA’)y, (AA’Y* can be regarded as giving homomorphisms

6) Cf. H. Cartan, Seminaire de topologie algébrique. 1950-51.
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(AANy: Tord(A, B)-»TorpA’, B)
(AAY*: Ext®(A’, B)-Ext% (A, B),
satisfying: . ..
I-1) (AA)s, (AA)* are the identities of AA is the identity map.
I-2) (AA")-(AA”)=(AA A" )y, (AA"Y*o(A’ A" =(AA’A)* .
On the other‘hand, a A-homomorphism BB’ induces translations
X, Q:B—X. QB
5 v o Homa(X, B)—»Homa(X,, B)
and thus induces homomorphisms
(33) «BB'): HuXx®@sB)-Hu(X,@1B)
*BB’): H*Homa(X.B))—»H*Homx X, B’)) _
Clearly those homomorphisms in (33) commute with the homomorphisms in
(32) and therefore they can be regarded as giving homomorphisms
‘«(BB’): TorMA, B)»TorXA, B)
. X(BB"): Ext}A, B)-Ext}(A4, B)

satisfying:
I'-1) «(BB), «(BB) are the identities of BB is the identity map.
I'-2) «(BB’)-«(B’B")=,BB’B"), XBB')-*(B’B").
V) (AA;)* and (BB’) commute with each other, so do also (AA’)* and
*(BB).
Now let

(B) O——>B.——>B——>E——+0

be an exact sequence over 4. Since each X, in the projective resolution X, of
A is A-projective, the sequences

0— X, @:rB— Xa®aB—-X,QaB—0
0—Homa(X,, 1—3-)—>HomA(X,., B)—Homa(X,, B)—0
are both exact, i.e. the sequences of translations
0> X @2B— X @1B— X, @180
0—Homa(Xy, B)—Homa(X,, B)»Homa(XB)—0
are exact. Therefore, by Lemma 1 and il we obtain homomorphisms
+0: TorA, B)-»Tord (A, B) (n=1, 2, ....),

*3: Ext}(4, B)-Exti*(A, B) (n=0, 1, ....),
and exact sequences :

- —Tord(4, B) *BB)roria, B) *BB)rord A, By
Tor™(4, B3 Tord (A, By>Tord (4, By - -—TordA, B)
—Tord(A, B)~Tor{A, B)—0
0—Exty(4, B)-Ext)(A, B)»Ext(A, B)— ----
Exta(A4, B)-Ext%(A, B)-Ext}(4, B)»Ext?(A, B)—

Ext%*(A4, B)-Exti*(A4, B)— ----
Naturality of the functors B — Tor*(4, B)
B —) Ext(A4, B)
is obvious. Thus II’ is proved. III is obvious since ®4B is an exact functor
if B is A-projective, and since Homa(4, B) is an exact (contravariant) functor
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if B is A-injective. III is also clear, for if A is A-projective we can take as a
projective resolution of A the sequence ‘
. ceve —0—0—-A—0
for which augmentation is the identity mapping of A.
The proof of II requires some preliminary considerations. Let
(A) 0—>A—A—A—0

be an exact sequence over A4, and let

O"’)Al'—)X.o—)A—)O

0— A1 Xy—A—0
be projective representations of Aand of A. Then since X, is A-projective there

exists X,A such that X,AA=X,A4, Put now Xo=X,®X, (direct sum) and denote
by XoXs, XoXo, XoX,, XoX, the injections and the projections for that direc!
sum. If we define XA by
X A=X, X AA+ X0 XA ,
then XA is an epimorphism and the diagram
0— X'o"’ X— X—-0
@ Lo
0-A—>A—>A—0 _
is commutative. In fact, let @ be an element in A. Then there exists zp in Xy
such that (Xo)X,A=(a)AA. Since
(a— ()Xo A) AA=(a) AA—(Z) Ko AA=(a) AA— () Xy A=0
and since XA is an epimorphism, X, contains an element such that
(Fo)XeAA=a—(Z) XA ,
and so we have
(@) XeXo+E) KX KA= () X oA+ (DK XA o
= (50) X0 X Xy AA 1 (50) Xo Xo Xy A+ (T0) Ko X0 X0 A A +(T0) X Xo Xo A
=) XpAA+@) X A=a .
This proves that X,A is an epimorphism. Commutativity of the diagram (34)
can be shown as follows. o
XA=X X % AA+ XXX A=XAA
X, AA =X, X, AAA+ X XAA=XX0A .
Now, if we put trivial sequences 0—0—0—0—0 above and under (34), and
if we apply the corollary to Lemmas Hi, fi, to the so obtained diagram we see
that (34) can be supplemented to a commutative diagram

0 0 0
$ ¥ d
0— A— A— A— 0
& 4 4
(347) 0"’}(0’—) Xo— Yo—)()
Pl
0>A—-A—> A0
(A

0 0 0
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where each sequence on a straight line is exact. Repeated application of the
process to obtain (34’) from A will lead us to the following conclusion:
Lemma 3.1. Given any exact sequence

0—A—A—A—0
there exist projective resolutions X, of A, Xy of A, X* of A, and a sequence
of translations

L O‘AX*’“’X*“*X*"O

Lol
@y 0-A—>A->A-0
B T

0 0 0

which is exact. Since each X is A-projective, each sequence 0— Xn— Xn—Xn—0
appearing in (34"') s direct.
Therefore for an arbitrary 4-module B we obtain exact sequences of trans-
lations dib] s
: 0- X @2B—>X@1B—-X, @480

. 0—Homx(X,, B)»Hom(Xy, B)—»Hom(Xy, B)—0 .
These exact sequences and Lemmas [, g clearly prove the property IL
Finally, if we apply ®aB and Hom( , B) to (26), then by Lemmas 1.6,
1.7, we obtain exact sequences
A,QrB — Xo@aB — AQAB — 0,
A:Q4B - XiQAB — A, @B -0,

An@AB — Xn-1QaB—An1QAB—0 ,

’

and
0 — Homa(A, B) — Homa(X,, B) —» Homa(A4;, B),
0 — Homa(4,, B) — Homa(X;, B) — Homx(A,, B),

0 — Homa(An_1, B>Homa(X;-,, B)»Homa(Ax, B) .
Therefore we have
Image of (Xn+:1:QB-X,@B)=Image of (4,.:QB—X,.®QB)
=Kernel of (Xn®B">An®B) ’
Kermel of (Homa(Xn, B)~Homa(Xp+1, 0)
=Kernel of (Homa(X», B)—~Homa(Ax, B))

'=Image of (Homa(Ar+1, B)—»Homa(Xx, B))
This proves

TorMA, B)=AQ\B , Ext4 (A, By=Homa(4, B) ,
Tor)(A, B)y=Kernel of (A,@Q@rB—Xn_1Q4B) (n>0),
Ext%(A, B)=Cokernel of (Homa(X,_;, B)»Homa(4s, B))  (#n>0)

Obviously, these isomorphisms are natural and the properties III, 1II’ are
proved.

3. Tor)A, B), Ext}(4, B), and resolutions of B.
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Let
(Yo) 0->B—Y—>B-0,

be a projective representation of B. Then, in the exact sequence To
every third group TorA4, Y,) vanishes except TorP(A4, Y,)=AQAYo.
we have natural isomorphisms
Tor; (A, B)=Kernel of (Tor,*(4, B))—Tory2(4, Yo)
=Kernel of (AQrB;—A®AY0)
Tor(A, B)=Torp_,(4, By) (n>1) .

rA(A ’ YO) ’
Therefore

Thus if
0—»>B—>Y—>B—0

0 — B;—» Y;— B> 0
is the series of projective representations giving a projective resolution Y«
B, then we have
Tor2(A, B)=Tor}_,(4, B)=----=Tor{(A, Bn-1)
—Kernel of (AQaBr>A@aYn-1),  (#>0)
But, the last group being naturally isomorphic to HA(AQAY ) =Hn(Y@1rA4)
=TorB, A), we obtain

Theorem 3.3. Tor}(4, B)=Hn(X*®AB)=Hn(Y4<®AA)=T0r;'.‘(B, 4).
Similarly we can also prove the analogue of this theorem, namely

Theorem 3.4. Ext?(A, B) is naturally isomorphic to the n-th homology factor
H(Homa(A, Y*)) of the upper 0-sequence Homa(A, Y*), where Y* is an arbitrary
injective resolution of B.

For later purpose we shall give to
nature from the proof given above. T
in the last paragraph of §2. As we have seen earlier at the en
paragraph, we have natural isomorphisms

Ext%(A, B)=Homn(An, B)/(AnXn-1)tHoma(Xn-1, B)
but, the two conclusions in Lemma 27 give usin turn a series of natura
morphisms
Homa(An, B)/AnXn-1)t Homa(Xn-1, B)=Homa(An-1, BY/Homa(An-1, YOXY°B')
=Homa(An-1, BY)/(An-1Xn-2)¥ Homa(Xn-s, BY)
=Homa(An-1, BY)/Homa(An-1, Y)Y By =----
=....=Homa(An-1, Bt)/Homa(An-1Ye-1)(Ye-1B')s
= Homa(An—t, BY)/(An-Xn-t-1)t Homa(Xa—c-1, BY)
=Homa(An -1, Bi*1)/Homa(An-ts1, YYY'BI )=+

of

this theorem a proof of somewhat different
his proof is based on lemma 2.5. stated
d of the foregoing

1 iso-

=....=Homa(A4, B*)/Homa(4, yr-1)(Y?-1B")y
=H~Homa(A4, Y*)) .
This proves the theorem.
Remark. From this proof it is readily seen that if
(Xn) 0 — Ap— Xpog—+-— Xo = A—-0
l 1A l i )

(YY) 0—>B—>Yy—> - yr-1-B*—0
is a translation, then AB"e Homa(4, B") represents
Ext%(A, B)=Homa(A, B*)/Homa(4, yr-1)(Y»-1B"); as A
=Hom (A», B)/(AnXs-1)*Hom (Xn-1, B).

the same element in
LB does in Exti(4, B)

215
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It is not hard to see that TorA, B), Exti(A, B) can be also defined as the
n-th homology factor of the lower 0-sequence X,®AY and that of the upper 0-
sequence Homa(X,, Y*), where X, Yy are projective resolutions of A and B
respectively, Y * an injective resolution of B, and where the complexes X;®aYs
Homa(Y,, Y'*) are defined in the usual way. However we shall not go further
in this direction.

4. Ext}(4, B) and the n-fold extensions of B by A.

Let A, B be arbitratry A-modules fixed once for all. We call any exact
sequence over A of the form

}f‘ G (Ba) 0—-B—FE,_1—----—E;— A0 (n=1)
an n-fold extension of B by A, and denote the category consisting of all n-fold ex-
tensions of B by A and of all possible translations between such 7n-fold extensior'ls
that give identities both on A and on B by %, (A, B). The set of objects in
this category, ‘i'.e., the set of all n-fold extensions of B by A will be denoted b.y
E.(A, B). For two n-fold extensions E., E.' € Ex.(A, B) we shall write E.~~E," if
there exists either a mapping E.’Ev€ (A4, B) or a mapping E.E. € &n(4, B),
E.~E,’ if there is a finite series of n-fold extensions E.=E., E/}, ...., E=E,
€E(A, B) such that E,'~E,**! (=0, ...., k—1). Clearly ~is an equivalence
relation, by which the elements of E.(A4, B) are classified into equivalence classes.

Let now X, be a projective resolution of A. Then, by Theorem 3.1, the
identity of A can be extended to a translation

(Xn) 0 A4 X0 - > X— A0

(34") 4 l ! I

(E») 0B oL, 1— -+ 5 E—A—0.

If £i, f; are such translations extending the identity mapping of A, then

Theorem 3.1 states further that fi, £, are chain homotopic, i.e., there exist A-

homomorphisms XoE:, XiE,, .... Xu_oEn_1, X»-1B, such that
X0E1E0=)(01E0"X62E0 ’
XiE B+ X Xy 1 Ei=X1E,— X2, =1, ...., n—2),

Xn—lBEn-l’i‘Xn-an—zEn—l:Xn—llEn—l‘—Xl—IZEn-l .
Now, as we have
Aan...1BEn_1=An,Xn_11En_1-——An)(n_12En..1——Aan —IAX-'N—ZE"'I
=AnlBE,_1—A.2BE,_1 ,
the difference homomorphism A.1B—A,2B lies in the subgroup (A.X,-1)4 Homax
(Xn-1, B) of Homa(Ax, B.) Therefore in this way we obtain a mapping
(35) E.(A, By—»Hom(An, B)/(AnX,, _1)t Homa(X,, 1, B{(=Ext%(A4, B)

If X is another projective resolution, and if E,E,’ is a translation € ¢n(4, B)

(Ex) 0>B—-E,;1— «+-- 5E, A0

) W ! l

(E.") 0B oE, 1~ «oor E/—>A—0

of E, into another n-fold extension E,’ € &n(A, B), then the identity of A can be
extended to a translation

(X)) 0-A4,/— Xypor= vove — Xy—>A—-0
! Lol Lol
(X)) 02 A, > X1 cvir > X > A0

Then each of the translations X,E, in 34), X\’ X.E,, X.E.E, extends the
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identity of A. This shows firsty that the mapping (35) does not depend on the
special choice of the projective resolution X, of A, and secondly that equivalent
n-fold extension of B by A are mapped onto the same element of Exti(A, B).

We now prove the following

Theorem 3.5. (Classification Theorem) The mapping (35) induces a one-to-
one correspondence between the equivalence classes of the n-fold extensions En(A, B)
of B by A, and the eclements of Exti(A, B)

As we have shown that equivalent 2-fold extensions are mapped onto the same
element of Ext®(A, B), (35) defines a mapping x» of the set E.(A, B) of equivalence
classes of E(A, B) into the group Ext2(4, B). In the following paragraphs we
shall prove that ¥, is onto and one-to-one.

5. Proof of the classification thecorem, I—Construction.

In this paragraph we shall define a mapping

To: Hom,\(An, B) b Eﬂz(A7 B)
such that %uor, is the canonical mapping Homa(Ax, B)— Ext%(4, B).
Construction 1. Let A fBe Homa(A;, B), put W=X,®B (direct sum), and
define a A-homomorphism A, W by
AII’VzAlXoeB(‘—AlfB)=A1XOI’V—A1fBVV X
Cleary A;W is a monomorphism, and we have
AWXy=AXoWX,— AL f BWX)= A X, WXo= A1 X, .
Therefore we may identify A,=ImA; W to obtain the commutative diagram

0 0 0
5] 1 &
0->0—>A=A4 -0
I 4 4
(36) 0-H>B->W—->X;—0 ,
| I
B E, A
g 1 4
0 0 0

where we have put E,=W/A: .
Since (36) in commutative it is supplemented uniquely by BE, and ;A
such that '
BWE,=BE,, WX, A=WEA .

Then, by the corollary to Lemmas Hi & i, the sequence over A

(Ey 0-B—oE;,»A—0
is exact, i.e., E,; is a l-fold extension of B by A; and we now define 7i:
Hom(A;, B)»Ei(A, B) by

r1(f)=E;.
Then, putting X, E,=X,WE,, we have
AfBE;=A,f BWE,;= AiXo WE;— A\WE ;= A Xy WE; = A XoEy

GE A=X,WE A=X,WXA=XA .

Thus we obtain a translation
0->A1—> Xy > A0

L 4 i
g% B =5 By=s A =0
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proving that X,(r,(f)) is represented by f € Homu(A,, B).

Constructions rn. Let now f € Homa(Ay, B). Applying the above construc-
tion we obtain the following commutative diagrams

0 0
! !
An= An
i ! | :
37 0-»-B->W-X,.1—0 (direct)
_ | I d
0->B—->E;,» A, —0 ,
! !
0 0
2 (38) 0> A4, Xy Ap-1— 0
N f
o F 0-B ——-)Ef - A,_1—0,
satisfying
(39) AW=A, X 1 W—A,fBW

XnEr=Xn WE;
The translation (38) can be extended now to
0- 4> Xy > Xy X > A0
- (40) i } I I [
) 0-B = E; — Xy X0 A0,
The second sequence E; of (40) being an n-fold extension of B by A, we define
7n: Homa(An, B)>E.(A, B) by
Tn(f)":E}’ .
Since (40) is a translation, y.7.(f) is clearly represented by f € Homa(Ax, B).
Thus we have proved that %, is one-to-one (n=1, 2, ....)
- 6. Proof of the classification theorem, II. We must prove finally that the

mapping x» is one-to-one (n=1, 2, ....). This will be done if we prove the
following

Lemma 3.2. Let

(Ev) 0B oE, 1 »E, 3> - E/—>5A—0

be an n-fold extension of B by A, and let the identily mapping of A be extended
to a translation )
0— A, X, S Xp_ e X 2> A0
(41) lg | { ) I
0B 5 Ep—EpygomE/—~A>0.
If AnfBe Homa(An, B) lies in the same coset of (AnXn-1)* Homa(Xn-1, B), i.€.s
if there is a A-homomor phism X,_, B such that
AnfB=AngB+Aan_1B s
then there exists a translation
(E}’) 0—-B-— Ef - X -
42 | I !
(Ex")

....__;XD_..)A__)O

Lo
0> BoE, 1 »E g E — A0
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extending the identity mapging of B and the A-homomorphisms Xn-1E'n-a, .. ..,
XoEy, AA in (41), where E} is the n-fold extension v+(f)€ En(A, B) constructed in
the preceding paragraphs.

In short, this lemma states that if X.(E.’)€Ext%(A, B) is represented by a
mapping f € Homa(A., B) then there is a translation E;"E. € Zu(A, B) of

=7.f) into E,’. Thus if for two n-fold extension E», Ex’ € Ex(A, B) we have
Xn(En)=2.(Ey’), then, taking an arbitrary representation /'€ Homa(An, B), we obtain
an n-fold extension E,* € E.(A, B) and two translations E;"Ex, E;"Ex' € &u (A, B),
proving that E,~E,"~E,’ .

This lemma gives us more than the proof of the classification theorem,
namely this proves also the following

Theorem 3.6. Tuwo n-fold extensions En, E.’ € Ex(A, B) are equivalent if and
only if there exist an n-fold cxtension 'En € Ex(A, B) and two translations ' E,E*,
"E.Ex € &h(A, B).

We shall refer later to a dual of this theorem.

Proof of Lemma 3.2. The only thing that we have to do is to define E/E oy
so that the first and the second sequence in (42) become commutative. To do
this we first define WE’,_, by

WE/n-1 =WBE,11—1 + ¥VX1A—1E,1L—I+ WXn-lBE,n—l .

Then we have
AnWE,n—l=AnWBE’?L—1+AnWXn—1 +AnWXn—1BE’n-X
=Aan—1WBE,n_l—*AnfBI’VBE,n-l+Aan_1E,n—1+AnWXn-1BE’n—1
=—AnfBE n 1+ AwgBE n_1+ArXn 1BE n 1BE
=(—AnfB+AgB+AzXn 1B)BE »_1=0.
Therefore, by Lemma 1.1, there exists a 4-homomorphism E,E’,_; such that
WEE y_;=WE'n., . We now prove the commutativity BEyE'n_;=BE'»-; in
the first square of (42), as follows:
BEFE’  y=BWEE n_y;=BWE,_;
=BWBE/n 1+BWX7, 1Eln 1+BWXn—lBE/n-1=BE/n =1 &
Commutativity EyE n 1E n-y=E;Xn_,E'n-, in the second square of (42) is
equivalent to WEE n_1E n-y=WZEsXn_2E n-, , which is shown in the ‘following
manner:
WEE 4 E yy=WE y 1 E s
=WBE', L .1+ WX E i et WXnaBE n B n_y
=WXn_}Xn—2E,n—2
= WXn -1An _IXn_zE/-z
=WE;An-1Xn-2E n-3
=WE1'1Yn-2E/n—2 .
This proves Lemma 3.2 and completes the proof of the classification theorem.
7. Redefinition of the one-to-one correspondence in the classification theorem
by means of injective resolutions of B. Let Y* be an injective resolution of
B. Then by Theorem 3.2, there exists a translation
(E») 0B Ey 14— Eng—-—E > A0

= L
) (Ilf”) 0-—»]“3—91170 __,ilh e Y1 B2 0
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extending the identity mapping of B. The class AB”" mod HomA(AY”")(Y"”Bi‘):
depends neither on the special choice of the translation E,Y” nor on the special
choice of the injective resolution Y*. So we obtain a mapping

X1 Ex(A, B)-Ext%(A4, B)=Homa(A, B*)/Homa(A4, Y"")(Y”“IB"')a. '

Now if we superpose (34’) on this translation, then we obtain a translation
X2E.Y". Thus, from what we have remarked after the proof of Theorem 3.4,
follows that ¥, and .’ coincide.

If one develops the dual argument of the preceding paragraphs he can reprove
the classification theorem, in which course he will obtain the following analogue
of Theorem 3.6: )

Theorem 3.7. Two n-fold extensions En, 'En€ E.(A, B) are equivalent if a"/d
only if there exist an n-fold extension E. € E.(A, B) and two translations E.Ex,
'E.E.' € ¢(A, B). . -

Remark. For 7i=1, every translation E\E’ in (1(A, B) is an 1somorp.hxc
translation, and so it is invertible. Therefore E,~E,’ if and only if there exists
an isomorphic translation E,E’ which gives identity mappings on A and on B.

§4. Product in the extension groups.

1. Motivation. Let 4, B, C be A-modules. By the classification theorem

the elements of Ext?(4, B) (p>0) can be considered as the equivalence classes
of exact sequences of the form

(Ep) 0->BoE, ;o E,—>A-0,
while the elements of Ext%B, C) (¢>0) as the equivalence classes of exact
sequences of the form ‘
(Fo) 0>C—Fq 1+ F,»>B—0.

Now if we put these exact sequences in a line in tying them together at 3, then
we get an exact sequence

(E,QFy) 0-CoFq_ 1~ e Fy—Ep_1—+ -+ - Ey—A—0 , .
where we have put FyEy_;=F,BEp_;. In this way we obtain a pairing

(44) Ex(A, B)XEB, C)—~Ey. (A, C), .
which we shall call the composition pairing. Obviously this composition pair-
ing satisfies the following conditions.

(i) If Ex~F'» and Fo~F,, then sEQOF,~E OF, .

(ii) O is associative, i.e., for G.€ E,(C, D) we have

(EyOF )OG,=E,Q(F,0G,) .

Therefore this defines an: associative pairing

(45) Ext?(A, B) x ExtYB, C)—Ext?*+%(A, C) .
This composition pairing turns out to be bilinear, and the above definition can I?e
naturally extended to admit the value =0 or ¢=0, To show this we shall begin
with another equivalent definition of this composition pairing. )

2. Composition product. Let X, be a projective resolution of A, and U*
an injective resolution of C. We have seen earlier that the following identifi- -
cations are allowable.

Ext?(A, B)=Homa(A,, B)/(A,X,p-,)t Homa(X, -1, B)  (p=0, X_,=0),
Ext(B, C)=Homx(B, C%/Hom AB, W1 (We-1C1), (g=0, W-1=0),
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Ext?*(A, C)=Hom (A s 0, O ApsaXpsa-1)f Hom(Xpaa-1, C)
=Homa(A,, CH)/Hom (A, W=H)(W'-1C"):
=Homa(A,, CH(ApXp-1)* Homa(X, -y, C*)
(p, =0, X_,=W~1=0)
Now if we define a composition product
Homa(A,, B)x Homa(B, CY)—Homxs(A4,, C")
by the simple composition A,BOBC?=A,BC?. Then this product O is clearly
bilinear and we have also
(ApXp-1)f Homa(X, -1, B)O Hom (B, CYC(ApX,-1)* Homa(Xp-1, cy,
Homa(Ap, B)YO Homa(B, We-1)(W-1C%); C Homa(Ap, W) (W-1CY) .
so that O defines a bilinear product :
(45") Ext?(A, B)xExt1(B, C)—-Ext?+1(4, C) (p, ¢=0) .
We now show the coincidence of (45) and (45") for p, ¢>>0 in proving that
X}l(Ep)Ozu(Fq)= Lp+ q(EpOFQ) ’
where y is the mapping appearing in the classification theorem. Let
0 Ap,— Xp1 e X —> A0
(46) ! i} ! |
0B > Ey.q—--—E—->A—-0,
0>C—>Fyq—--—F, - B0
(47) | 1 1
0->CH>W —..oom W1 lC1—> 0
be translations such that A,B represents X,(Ep) in
Homa(A4yp, B)/(ApXy_1)* Homa(Xp-1, B)
and BC, represents yq(Foq) in '
Hom (B, Cv)/Hom (B, Wa-1)(We-1C; .
Now, by Theorem 3.2, A,B can be extended to a translation
0 - Apea— Xprga—---— Xp — Ap—0
(46") ! J 1 !
0->C — Fq —eeeem Fy > B —> 0
so that A,.C represents Xp.o(EyOFq). Therefore it is sufficient to prove coinci-
dence of the element in Homa(Apsa, C)/(ApsaXpsra-1)} Homa(Xpeq-1, C)
represented by A,..C and the element in Homa(A,, C*)/Homa(A, We-1)(We=1C)s
represented by A,BC1, or equivalently, to prove that Ay..C and A,C1=A4,BC*
can be extended to a translation
0> Apia— Xprgr—--m Xp — Ap—0
(48) ! ] ! !
0—-C — W?° e W lC? — 0
Translation (48) is readily obtained in composing the translations (46) and (47).
Thus the coincidence of (45) and (45’) is proved, and so (45") is independent of
the special choice of resolutions.
Let Y,, Y* be projective resp. injective resolutions of B. If we put Y,
Y* in a line in tying them together at B, then the resulting sequence
(~2B=}
(Y%) N T R YO > Yl —e.--
is exact. (Y% will be called a complete resolution of B.) By Theorems 3.1, 3.2,
A,Be Homu(A,, B) can be extended to a translation
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gl
Hen

0~)A1’+‘1_) XIH-G—:”""*’X,; — Xpgy—oeeo Xg—> A -0
‘ (’"’Av) ' ] l
O b |
< (—B—)
0"’Bq;-——>Y,,_1 —>eeen Yy — Y0P Yl 5 BP0
Also BC?e Homx(B, C?) can be extended to a translation

O-an—»IYq_l—.;....._, Y, ( —E) : Y0 .o YVP-1 5 Br — 0
I T

0-C -—; WD Sereeas Wil 5 Wes... .. Watr-1502%25()
Since the composite of the translations (49) and (50) gives a translation
X+y— U, the three A-homomorphisms A,..B.C, A,BC?, and AB*C*?
represent one and the same element in Ext?+¢(A, C) .

Take now an injective resolution ¥V* of De ¢, and let a?eExt*(4, B) be
represented by A;‘,BeHomA(A,,, B), B7eExt¥B, C) by BC?e Homa(B, C9), and
1€ Ext"(C, D) by CD"eHoma(C, D7). Then, we proceed as follows:

(i) Extend (49) leftward up to ApsesrBasr,

(ii) Take a complete resolution U} of C and extend (50) leftward up to

Bq+rcr ’ ’
(iii) Replace BC? by CD" and extend it to obtain a similar translation as
(50), and finally

(iv) Extend the translation obtained in (iii) rightward up to C?*?Dr.
Thus we obtain a commutative diagram

0-A4piqrrsXp U e e

= Xptqg ——Xpig-1->- o XX 00 o X0 A ———0

(=dpie—)| (=A4p—)
. b &
0->Bq+r ——'YqH'«-l ~'"“’Yfl ~= )’(/—l'_—’""’ 0’—‘—>Y0°—‘"""—’Yp-] Br—0
(=By—) (—B-)
p o
0-C, Ura mes Al =il U, T UT——s e s YT CTHP—0
(=C-) l (=C7-)
0_’13 Vo .___*{,r_lLvr_,_'__,V’.Hq-x__,Vr»rq_,‘,,_,er%p-l_,b"“l“’—»o
(>D"—) (=D 9y

From what we have seen above, it follows then:
(i) Each of A,.eB.C, A,BC, AB?PC%*? represents a*Of? .
(ii) Each of Be.,C.D, B,CD", BC*Dr+1 represents B07r" .
Thus (@?OBYOr" is represented by each one of
Apig4rBes,C,-C,D, Ap+aBoC-CD", ABPCa+eDr+a+p,
while @?O(B077) by each one of
AprasrBosr-Bay,C.D Ap,B-BCDr+%, ABr.BvrCi+pDr+a+s

This proves the associativity (a?OBR)Or = a?O{BOT7) . Summarizing, we have
established the following

Theorem 4.1. The composition product O:
Ext?(A, B)xExt%B, C)—Extr*+1A, C) (9, ¢=0)

defined in (45') is bilinear and associative. For p, ¢>0, O ¢s induced by the
bairing (44).
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Corollary. Exta(A, A) has the structure of a ring in whicl multiplication
is defined by the composition product O.
3. The effect of multiplication by the elements of Ext’ and Ext'.
Theorem 4.2. Let a®e Ext'(A, B) be represented by AB € Homa(A, B). Then
the left multiplication by a°,
a*O: ExtYB, C)—-Ext¥(4, C)
is identical with the induced homomorphism (AB)*. If '€ Ext(B, C) is re-
presented by BCeHoma(B, C), then the right multiplication by 3°
Op:  Ext?(A, B)—Ext?(A4, C)
coincides with the induced Tomomorphism *(BC).
Proof. (AB)* is induced by (AB.)*: Homa(Bq, C)—>Homx(A,, C) obtained
in a translation
024, Xqy > —>X;—mA-0
51) 1o gt 1
0>B; »>Yy, >----—>Yy, —>B—-0
extending AB, while a’O by (AB)*: Homa(B, CY)—Homa(A4, C%) .
If B,Ce Homa(B,, C) is extended to a translation
0—->B, > Yq 4 ——>Yy, > B-—>0
(652) d J J ]
0-C - U —....-U01"1-5C"'->0,
then B,C, BC? represent the same element, say £3¢, in Ext¢(B, C). Combining
(61) and (52) we have now a commutative diagram -
0= Ay — Xaugesorr—s Xy =+ A-30

A l ) i
0>By »Y4,—+—>Y, - B0
1 J 1 S

0-C U —....-Ut"1- (C'—0,
in which A¢B.C represents (AB)*3? and ABC? represents a®Of?. Therefore we
have (AB)*R?=aOf°?. :
The latter statement of the theorem can be proved quite similarly.
Theorem 4.3. Let a* e Exti(4, B) be represented by an exact sequence
(E) 0-B->E—>A-0.
Then the left muliiplication by at,
a’QO: ExtY(B, CO)— Ext?*(4, C)
is identical with the coboundary homomorphism 0% with respect to the exact
sequence E. If B'e Ext!(B, C) is represented by an exact sequence
(F) 0-C—->F—->B-0,
then the right multiplication by B,
OB': Ext?(A, B)- Extr*Y(4, C)
coincides with the coboundary homomorphism *8 with respect to the exact
sequence F.
Proof. If we extend the identity mapping of A to a translation
(Xo) 0—- A —->X,—2A-0
! Lol
(E) 0-B—>E —>A-0,
Then we have x(E)=a!, so that A;Be Homa(4,, B) represents al. On the other
hand, if we denote the coboundary homomorphism Ext?(A4,, C)—- Ext?*(4, C)
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with respect to X, with 6%,. Then we have 8,%o(A,B)*=(AA)*s*=5* So we
now prove a'O=4dy*o(A,BY*. If 3" Ext(B,C) is represented by BC*e Homa(B, C"),
then (A,B)*3" is represented by A,BC’e¢ Homi(A,, CY, and «'Op* also by
ABC'e¢ Homai(A,, C%. Thus, d,* being nothing other than the identification
isomorphism
0¥t Ext(A4,, C)=Ext’+'(4, C),
we have proved the first assertion a’O=¢* of the theorem,
Next, extend the identity mapping of C to a translation
(F) 0-C—>F —-B -0
! |
u 0->C—->U-C -0
to obtain BC! representing B'. If are Ext?(A, B) is represented by A,Be€
Homa(Ajp, B), then a?OB' is represented by A”BC!. On the other hand we
have *dar=*g(a?*(BC')), where *3§, is the coboundary homomorphism with
respect to U°’. a?(BC') being represented by A,BC!, and *@, being nothing
other than the reduction isomorphism
*8y: Ext(B, CH=Ext*+(B, C) ,
we have *¢a?=a?Of!. This completes the proof.

4. ¢-product in the cohomology group Ext.(4, B).

As we have remarked before, the composition product O gives the struc-
ture of a ring to Exta(A, A). This is a special case of the following more general
notion of ¢-product in' Exta(A4, B).

Let ¢ be an arbitrary A-homomorphism from B into A. ¢ can be also con-
sidered as an element in Ext(B, 4). We now fix one ¢¢€ Homa(B. A). Then,
¢-product in Exta(A, B) is defined as follows. Let ae Ext?(A, B), Re ExtY(A4, B).
Then aO¢ e Ext?(4, A) so that (aO¥)OBeExt?*%A4, B). On the other hand we
have ¢OBeExt(B, B), and aO(¥OB)e Ext"*%(A, B). Since O is associative these
two elements («O¢)OB, aO(¥OR) equal to each other. So we define the ¢-product
a'yB of a and B as

afB=a0O%0OR ,
Then bilinearity of Y is clear; associativity is checked as
(a9 B)% 1r=(a09OB)O¢Or=a0¢0(BC¥Or)=aF(BFT)
If fe Homa(A, A")=Ext’(A, A’), then ¢Ofe Homa(B, A’), and putting
¢’=¢0Of we have, by Theorem 4.2,
FHEZR)=(*a Y2 (f*R). (&, B € Exta(4’, B))
On the other hand, if ge Homa(B’, B)=Ext*(B’, B), then putting ¢’ =¢gO¥€
Hom(B’, A), we have
*o(a P8 )= (*ga Y (*g ) .
This shows the naturality of the ¢-product.

5. Relation to the homology theory of associative systems.

Let IT denote a group or more generally an associative system with unit,
Z(II) the algebra of II over Z, and let G be a II-group, i.e., a Z(II)-module. As
stated by Cartan and Eilenberg, H,(IT, G), the n-th homology group, and H*(I1, G),
the n-th cohomology group of IT with coefficients in G can be defined as the
n-th torsion product TorZ(™(Z, G) and as the n-th extension group Ext%.,(Z, G)
respectively, where Z is considered as a IT-group on which each element of II
operates identically. As stated further by the same authors, the multiplicative
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structure of the cohomology group H*(I, R)=Extam(Z, R) with coefficients in
a ring R with unit can be introduced in the following manner. Let X.* bc? a
projective resolution of the Z(11)-module Z. Then X,’=X,®zXy is a projective
resolution of the Z(IT x IT)-module ZQzZ=Z. By the diagonal injection II-IIxII,
the augmented sequence X,*—Z—0 can be considered as an exact sequence over
Z(IT). Therefore there exists a translation

Xy —»Z-0

T ) l

X2 Z-0
which is unique up to a chain homotopy.

On the other hand any pair of Z(IT)-homomorphisms X,R€ Homza(Xp, R),
X.ReHomza(Xq, R) determines in a natural way a homomorphism
X,RQX,R € Homzcuy(X,®2X,, R), and thus we have a canonical homomorphism

(53) Homz(n)(X*, R)®z Homz(n)(X*, R)— Homz(n)(X*2, R,
which is compatible with the coboundary operators. Combining (53) with the
homomorphism 7% Homz(Xs?, B) Homza(Xy, R), and passing to the co-
homology groups, i.e., extension groups, we give now a homomorphism

(54) Extsq,(Z, R)®s Extl ,(Z, R)— Extzti(Z, R)
to introduce in Extzamy(Z, R) the structure of a ring.

Finally we shall prove the following

Theorem 4.4. Let R(I1) denote the algebra of 11 over R. Then any R(I1)-
module is automatically a Il-group, and in this sense we have

(1) H.{, G)=Tor¥™(R, G),

(ii) H~II, G)=Ext} (R, G),

(iii) H*(II, R)=Extzan(R, R), .
where Extran(R, R) is provided with the ring structure defined by the composi-

tion product O.
Proof. Let X, be a free resolution of the Z(II)-module Z. The augmented

exact sequence Xy—Z—0 is then direct as an exact sequence over Z, Therefore
the lower sequence
(55) X*®zR == Z@zR(=R) -0
is also exact. Now each X, in Xy being Z(II)-free, Xx®sR can be considered
as an R(IT)-free module, and (55) as a free resolution of the R(IT)-module ZQR=R.
Thus Tor?™(R, G) is defined as the n-th homology factor of the lower 0-sequence
(X4®2R)QranG ,
and Extran(R, G) as the n-th homology factor of the upper 0-sequence
HOIIlR(n)(X,k@zR, G).
We now show identities
(X @zR)® remyG=X3@zmG ,

Homn(n)(X*®zR, G)= Hom zan(Xx» G), . .
which will prove (i) and (ii). Since Xy is Z(II)-ree, it is sufficient to obtain
natural isomorphisms

(ZI)R:R)Q ranG=Z(D)QzmG
}Iomn(n)(Z(H)®zR, G)—_—Homz(n)(Z(H), G) . .
These identities are both obvious, for we have natural identifications
(Z(ID)®zR)QranG=RIN®@=rmG= G=Z(INRzmG ,
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Homzan(Z(IH®2R, G)=Homzay(R(I), G)=G=Homza(Z(1), G) -
To prove (iii) we first replace Z by R in (54) in the following way. Let X
be a projective resolution of the R(II)-module R. Then, quite in the same way
as in the case of Z, we obtain the exact sequence over R(II)
XAH(=X@rXy) > R0,
and a translation

X,—>R—-0
t | 1} .
X»2>R—>0,
through which a bilinear multiplication
(54") Ext? (R, R)®zExté (R, R) — Ext}} iR, R)

is obtained. Obviously (54") agrees with (54) under the identification

Extz(n)(Z, R)=Ext1?(n)(R, R)
obtained in (ii). Therefore what we have to prove is the coincidence of (54") and
the composition product in the corollary to Theorem 4.1.

Now, since the product (54’) and the composition product are both independent
of the special choice of a projective resolution of the R(l1)-module R, we may
take as X, the special resolution ‘non-homogeneous complex of I1’, namely the
exact sequence

6q £
viieer Cqg—> Cqq —++++—> C1 — G -a—> R—-0

0
(—0)
over R(11), where C, is the R(1I)-free module with base

[31, cesey Sq] (Sh ce ey sqell)y
and where we have put

6q[51, & Sq]=51[32, 5% ey Sq]‘{“Zf:l(-—l)i[Sl, ve ooy SiSiely co e S')]
+(—'1)q[51, e ees Sq—x] ’
e I=1
Then a translation t: Cy—Cy*(=C;®=xCy) extending the identity mapping of R
is given as follows:
T[Sty .v .t sal=[ I®Is1, ..., Sq]-{-z‘;’:ll[sx, cees SUDS1 Si[Sta1r eeves Sq]
+sty oo ey Sal®s1 - s 1.
Therefore (54’) is given by the multiplication

Homzan(Cyp, R)x Homzmy(Cy, R)—Homzan(Co+a, R)
defined as

(.f'g)([slr ceeey Spy Spaly cer ey Sp+q])
=1([s1, «evvy SpD)G(S10 e SplSpaty «vueys Spaal)
=f([S1, +vy Sp)S1enr.Sp9([Spaty - o+s Spral)

(fe HomR(n)(Cp, R), g€ HomR(II).(Cu, R))
On the other hand, if we define R(IT)-homomorphisms fi: Xper—Xk (k=0,
1, ....) for given f e Homgm(C,, R) by
fk([sh ceeey Spy Spily cenn, Sp+k])=f([s1, s ST 311])'51- .. -51»[51)4»1: S ooy S}r+41] s
then it is easy to verify
0o f 1= f1x-100p+x (k=1,2, ....),
eofo=1,
so that f={f, fo, f1, ....} defines a translation



On the homology theory of modules 227
<o Cpyq—re oo Cpy— Cp— Rpy—0
! l l i)
eeem Gy e 5 Gy R- 0,
where C,R,R=f. Thus, for g€ Homgam(Cq, R), the composition product f que '
Hompzan(Cp+q, R) which, by definition, represents the composition product of the
elements in Extzan(R, R) represented respectively by f and g is so obtained that
(fqog)([slv ooy Spy Spaly ceeey $p+q])
=g(fa([S1, «vvs Sps Spaty covny Sp+al))
=g(f([S1y +vvs Spl)*S1ene SplSpa1y «ves Spaal)
=f([s1, v vvy Sp]) 510 e Spg[Spsts -y Spar])
This shows the identity f«Og=f-¢ and therefore, the coincidence of the product
in H*II, R) and the composition product in Extran(R, R), g.e.d.
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