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CONGRUENCES OF EISENSTEIN SERIES OF LEVEL TI'y(N)
VIA DIEUDONNE THEORY OF FORMAL GROUPS

NINGCHUAN ZHANG

ABSTRACT. In this paper, we first explain congruences of Eisenstein series of level I'1 (V) and character
X. Our approach is based on Katz’s algebro-geometric explanation of p-adic congruences of normalized
Eisenstein series Fsj of level 1. One crucial step in our argument is to reformulate a Riemann-Hilbert
correspondence in Katz’s explanation in terms of Dieudonné theory of height 1 formal A-modules and their
finite subgroup schemes.

We further connect congruences of modular forms in the Eisenstein subspace & (I'1(N), x) with certain
group cohomology involving the Dirichlet character x. When x is trivial, this group cohomology computes
the image of the J-homomorphism in the stable homotopy groups of spheres. We have therefore connected
congruences of Eisenstein series Fop of level 1 to the image of J.
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In [Kat73b], Katz gave an algebro-geometric explanation of the p-adic congruences of normalized Eisen-
stein series oy of weight 2k and level 1. Using a Riemann-Hilbert type correspondence (Theorem 2.4.1)
and a theorem of Igusa, Katz showed:

Theorem. [Kat73b, Corollary 4.4.1] The followings are equivalent:
(1) Far(g)=1 mod p.
(2) The 2k-th power representation Zg’% of Zy, is trivial mod p™.

The first goal of this paper is to adapt Katz method’s to study congruences of modular forms in the
Eisenstein subspace
ER(T1(N), X) € My(T1(N), X) = Mi(Ty (N)X
where y : (Z/N)* - C* is a primitive Dirichlet character of conductor N. The strategy is to study a p-adic
version of this problem and then assemble the congruence at each prime. As we will be working integrally
and p-adically, it is necessary to specify meaning of level structures. Let Mgy (un) be a stack over Z whose
R points are:

Men(pn)(R) = {(C/R,n ) C is an elliptic curve over R, }

1 is an embedding of group schemes
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When N is invertible in R, a uy-level structure on an elliptic curve is (non-canonically) equivalent to a
classical T'1(N)-level structure. Write N = p’ N’ where p + N’. The p-adic version of Mgy, (un) we will

ord

consider is M2*(p”,I'1(N')), whose R points are

M Ty (V') (R) - {(C/R,np,n'>

My hpr — Clp°], 0 :Z/N' > C[N]

Mo (p®, T1(N")) = Men(pun)y when p | N and is an open substack otherwise. Now let x : (Z/N)" - Cj
be a p-adic primitive Dirichlet character of conductor N. Write Z,[x] := Z,[Im x]. x is uniquely factorized
as product x = xp - X’ where x, and x’ have conductors p” and N’, respectively. Let k be an integer such
that (-1)% = x(~1). Let Z;‘f’k[x] be the Z% x (Z/N")"-representation, whose underlying module is Z,[x] and
where (a,b) € Z% x (Z/N')* acts by multiplication by a®-xp(a)-x'(b). The first main result of this paper is:

C is a p-ordinary elliptic curve over R, }

Theorem (Main Theorem 2.6.1). Let Z 4 Zp[x] be an ideal. The followings are equivalent:

(i). There is an Eisenstein series f in Ex(p,T'1(N"), x) with q-ezpansion f(q) € 1+ Zq[q].
(v). The Zx x (Z|N')*-representation ZE*[X] is trivial modulo T.

The proof of the Main Theorem has three major steps:

I. Identify the Dirichlet character x to the Galois descent data of formal Z,[x]-modules C*X over
M24(To(N")). This allows us to translate congruences of Eisenstein series in & (p?,I'1(N’),x) to
those of elements in the Dieudonné module D(C*X) of OFX,

II. Reformulate a Riemann-Hilbert correspondence in Katz’s explanation in terms of the Dieudonné mod-
ule and the Galois descent data of the formal A-modules:

Theorem. (2.4.6) Let R be a flat algebra over Wk for some separable extension r of Fp,, such that R/p
18 an integrally closed integral domain. Suppose R is formally smooth over k, so that it admits a lift
of Frobenius ¢ : R - R. Let G be a formal A-module over R whose reduction mod p has height/slope
1. Write D(G) = (M F:M = ¢*M) and p: n¢*(R) - A* for the Dieudonné module and Galois
descent data for G, respectively. Let T 4 A be an ideal and denote the Z-torsion of G by G[ 1. Then
the followings are equivalent:

(a) There is a generator v of M as an R® A-module such that Fy =+ mod Z.

(b) G[I]=(Gm ®A)[ZI].

(¢) The composition homomorphism pz : 7' (R) & A - (AJT)* is trivial.

From this, we relate congruences of generators in D(ak”‘) to those of the Galois representation [pk’x]
attached to CFX.

I1I. Factorize the character p®X associated to the Galois representation [p*X] and use a relative version
of Igusa’s theorem to reduce the group to Z5 x (Z/N")".

The main theorem implies the maximal congruence of Eisenstein series in & (p”,T'1(N'),x) is equal to
that of the Z; x (Z/N "Y*-representation Z?k[x]. The latter is further related to the group cohomology of
7 x (Z/N')".

Corollary (4.1.8). The followings are equivalent:

(1) T <9Zp[x] is the xma:m'mal congruence of Fisenstein series in E(p®,T1(N'), x).
(2) Hi(Zy x (ZIN') s Z5"[X]) = Zy[x]/T.

The maximal congruences of the Z; x (Z/N' )*-representations Z?k[x] are easy to compute since the
group is topologically finitely generated. The result of this computation is recorded in Theorem 3.1.4. We
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then want to find explicit formulas of Eisenstein series in E(p¥,T'1(N'),x) that matches the congruence of
Zy"[x].

Write x = xp - X as above. When |Im x'| is not a power of p, the maximal congruence of Eisenstein series
in E(p?,T1(N'),x) is realized by

2k &

Ery(q)=1- Z ok-1,x(n)q", where oy, \(n) = Z x(d)d™.
Br,x a1 0<d|n
The argument in paper is therefore a cohomological explanation of the denominator of BQ’C];X , whose arithmetic

properties were described in [Car59] up to a factor of 2.
When |Im x| is a power of p greater than 1, the maximal congruence is realized as a linearly combination of
E , with some other basis in the Eisenstein subspace £ (p”,T'1(IN'), x). In this case, the group cohomology

H(Zy x (Z/N'); Z2*[x]) sheds light on the numerator of B;l;" . One such example is:

Corollary (3.2.6 and 4.1.8). Let p > 2 be a prime and x : (Z/0)* - Cj be a Dirichlet character of conductor
¢ such that £ # p is a prime number and |Im x| = |Im x| is a p-power. Denote the mazimal ideal of Z,[x] by

m. Assume (-1)* = x(-1), % € Zy[x] by [Carb9, Theorem 1]. We then have
By
2k

This relation is reflected in the cohomological computation that

em < (p-1) +k.

. x - Zp[x]fm, (p—1)[k;
1 . 7®k 1 _ p ) 3
He (Zy < (Z[0)" 52,7 [IX']) = { 0, otherwise.
The continuous group cohomology H, Cl(Z; x (Z|N'")* ;Z?k[x]) is on the Es-page of a spectral sequence to
compute the homotopy groups of the Dirichlet K (1)-local spheres, introduced in [Zhal9]:

B3 = BT % (N S22 ) = maves (S (0)™)

These Dirichlet K (1)-local spheres at each prime assemble into the Dirichlet J-spectra J(N)"X, which are
analogs of Dirichlet L-functions in chromatic homotopy theory.

We have therefore connected the homotopy groups of the Dirichlet .J-spectra J(N)"X with congruences of
Eisenstein series in & (I'1(V), x). This explains how homotopy groups of J(NN)"X are related to the special
values of the Dirichlet L-function L(s;x). When x is trivial, our argument gives a new explanation of the
relation between congruences of Eisenstein series of level 1 with the image of the J-homomorphism in the
stable homotopy groups of spheres.

Notations and conventions.

e Denote the Teichmiiller character by the Greek letter w and denote the sheaf of invariant differentials on
various stacks by the boldface version of the same Greek letter w.

e C, is the analytic completion of @, the algebraic closure of the rational p-adics.

e We write G for the constant G-group scheme.

e G, is the multiplicative formal groups, respectively. G, is the additive formal groups. puy and apy are
finite subgroup schemes of G,, and G, of rank N, respectively.

e By a height 1 or slope 1 formal group G, we mean G is étale locally isomorphic @fld, where d is the
dimension of G.

e Let M be a G-representation in an R-modules and x : G = R* be a character. We write MX for the
x-eigensubspace of M.

e We will suppress the Z, in M ®z, N when M and N are both Z,-modules.
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e Let y be a Dirichlet character of conductor N. Write N = p*N’, where p + N’. Then there is a unique
decomposition x = x,X’, where the conductors of x, and x’ are p” and N’, respectively. We fix the
meanings of N, N’ v, x,, and x’ throughout the paper.

Acknowledgments. I would like to thank Matt Ando for advising me to think about the implications of
[Kat73b, Chapter 4] in homotopy theory, which eventually leads to this paper; Patrick Allen for patiently
answering my many questions on modular forms and moduli of elliptic curves, and for correcting a few
mistakes I made in an earlier version of this paper. I would also like to thank Mark Behrens, Dominic
Culver, Charles Rezk, Shiyu Shen, and Vesna Stojanoska for many helpful discussions and comments.

1. uN-LEVEL STRUCTURES ON ELLIPTIC CURVES AND MODULAR FORMS

1.1. The Eisenstein subspace. Let x : (Z/N)* - C* be a primitive Dirichlet character of conductor N.
We are now going to introduce the Eisenstein series of level T'; (N) and character y, following [Hid93, §5.1]
and [Ste07, Chapter 5].

Definition 1.1.1. Let I" < SL2(Z) be a congruence subgroup. Let T ¢ End(Mj(T")) be the subring generated
by the Hecke operators. Then there is decomposition of T-modules:
(1.1.2) Mk(F)ZSk(F)GBSk(F),

where Si(T") is subspace of cusp forms, i.e. modular forms that vanish at all cusps. The subspace £ (T") is
the Eisenstein subspace of weight k and level T'.

Example 1.1.3. Below is a family of Eisenstein series in &(I'1(N),x). Let x1 : (Z/N1)* - C* and
X2 : (Z/N3)* - C* be two primitive Dirichlet characters of conductors Ny and N. Define the Eisenstein
series: )
xi1(m)xz (n)
G = s _cos 2
koxaoxe (2) (5000 (mNz+n)k

Glx1,x2 18 an Eisenstein series of weight k and level NjNs.

Theorem 1.1.4. Let N > 1 be a positive integer. {Gr y, x(t2) | (N1 N2t)|N, x2/x1 = x} forms a basis of
E(P1(N), x)-

1.2. pn-level structures. As we will be working integrally and p-adically at levels divisible by p, it is
necessary to specify the meaning of I'y (INV)-level structures.

Definition 1.2.1. A py-level structure on an elliptic curve C' is an embedding of group schemes 1 : uy < C.
Denote by My (un) the moduli stack of elliptic curves with un-level structures. Let R be a ring. The R
points of M (un) are

Mol ) (1) = {C/1.)|
Define the space of modular forms of weight k and level uxn by
Mi(un) = HO(Men (), @), My ) = Mi(un )<
where x is a Dirichlet character of conductor N.
Lemma 1.2.2. My (T'1(N),x) = My(un,x) over C.
Proof. This is because M (T1(N))(R) ~ My (pun)(R) when R contains a primitive N-th root of unity. O

C is an elliptic curve over R and
n:uny < C is an embedding of group schemes

Proposition 1.2.3. When N >4, M. (un) is represented by a smooth affine curve over Z.
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Proof. By [KMB85, Corollary 4.7.1], it suffices to show:

(1) The forgetful map M.y (pun) = Mgy is relatively representable, affine, and étale.
(2) Meu(pn) is rigid, meaning that there is no non-trivial automorphism of the pair (C,n: uy = C).

(1) is proved in [KMS85, Section 4.9, 4.10]. (2) is proved in the [KM85, Corollary 2.7.4] when N > 4. O

1.3. The ¢-expansion principle. Let M.;(T')r be moduli stack of generalized elliptic curves over R-
schemes with I'-level structures.

Definition 1.3.1. A cusp in M;(T')r is an embedding Spf R[[¢g] - M (I')r that classifies a I'-level
structure on the Tate curve T'(¢q). The ¢-expansion of a modular form f € H*(M.;(T) g, w®) at a cusp is
its image under restriction map to the said cusp.

Proposition 1.3.2 (The g-expansion principle). A modular form f e H*(M(T)r,w®) is zero iff its
restriction to all cusps are zero. Furthermore, when My (T')r is connected, the restriction map to any cusp
18 1njective.

It follows that congruences of modular forms are determined by their g-expansions at any cusp when
M (T) g is connected. By [Con07, Theorem 1.2.1], this is indeed the case when I' =T'1(N) and R =Z (so
works for any ring R).

Now normalize Ej , , S0 that its coefficients are algebraic integers.

Definition 1.3.3 (Normalization of Gy y, y,). When x2 is non-trivial,
Brixa (@) = X ( > X2(d)xl(n/d)dk'l)q"-
nx1 \0<d|n
When Y is the trivial character X" and y2 = x, we define Ej, and Ej 1o by

z( » x(d)dkl)qn

2k

Ek,x(‘]) =1-

kyx n>1 0<d|n
R . By,
Byoyo(4) = ¢ Brx (4) =co + 1 Z( > (d)d* 1)q o, € Z[x] are coprime and cofey =~ X,
nxz1 \0<d|n

Remark 1.3.4. As Z[x] has non-trivial unit group, the constant ¢ is not unique in general.
Proposition 1.3.5. Eji ., ,(q) € (H* (Mo (un),w®F) ®7 Z[x1, x2])¥/x2.

Proof. By Lemma 1.2.2, Ej y, v, € Mi(pun). It is in the x1/x2-eigensubspace by Theorem 1.1.4. As the
coeflicients of Ek v, v, (¢) are all in Z[x1, x2] by Definition 1.3.3, the ¢-expansion principle Proposition 1.3.2
implies that

Erxixa € HY (Men(pn) *speez Spec Z[x1, x2], w®").
When the conductors of x1 and x2 are 3, their images are {+1} and Z[x1, x2] = Z. When the conductors of
x1 and Y2 are at least 4, the claim follows from Proposition 1.2.3. O

1.4. p-adic modulis. We will study congruences of Eisenstein series in & (un,x) p-adically.

Definition 1.4.1. An elliptic curve C over a p-complete ring is called (p-)ordinary if it has nodal singularity,
or its reduction mod p is ordinary, i.e. the formal group C associated to C has height 1 reduction mod p.

Denote the p-completed moduli stack of p-ordinary elliptic curve by Mg{ld. This is an open substack of
My, since it is the non-vanishing locus of the Hasse invariant.
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Restricted to szld, the p,v-level structures on an elliptic curve C are identified with the corresponding
level structures on the height 1 formal group C. As formal groups of height 1 are étale locally isomorphic to

—_

G, the multiplicative formal group, there is a tower of stacks:
M —— o M) —— M () —— MY,

where MZ3(p?) and MYV are the moduli stacks of the pairs (C,7 : ppe —> C[p*]) and (C,n: G — C)
ord

respectively, where C is an ordinary elliptic curves. The forgetful map M2 (p) — Mg{ld is a (Z/p®)”-torsor
and MU0 Mord is a Zy-torsor. There is a pullback diagram of towers of stacks:

tri d(,2 "d d
M —— - MGAP7) ——— MG (p) —— M

(1.4.2) l l ’ | - l ; l

SpfZ, — - —— B(1 +p*Z,) — B(1+pZ,) — BL}

Proposition 1.4.3. [Kat75; Beh14] When p>2 or p=2 and v > 1, M%d(p®) and ME¥ are affine formal
schemes. In particular, M%7V ~ Spf D,, where D,, is the ring of divided congruences of p-adic modular forms.

The strategy now is to relate congruences of Ej , to finite subgroups of the formal groups and formal
A-modules associated to p-ordinary elliptic curves. Below are some facts about needed in the study of formal
group of a p-ordinary elliptic curve.

Proposition 1.4.4. Let C be a p-ordinary elliptic curve over a Z,-algebra. Denote its formal group by C.

(1) C has a canonical subgroup H of order p, where H = C[p].
(2) The quotient map ¢ : C — C[H is the relative Frobenius map on Mg{ld.
(3) Let f(q) be the q-expansion of a modular form over M2, then ©* f(q) = f(qP).

(4) There is an isomorphism of invertible sheaves F : w — ¢*w over M, where w is the sheaf of invariant

differentials of C.
We conclude by comparing the integral and p-adic moduli problems.
Lemma 1.4.5. If an elliptic curve C admits a py-level structure, then it is p-ordinary for all primes p | N.
Proof. As p, is a subgroup scheme of 1 when p | N, it suffices to prove the case when N = p. Notice pu, is

p-torsion, any embedding of y, into an elliptic curve C' must factor through C[p]. When C is p-supersingular,

C[p] = C[p]. Thus it reduces to showing that there is no embedding of y, into a height 2 formal group.
Using Dieudonné theory of finite groups schemes, we can show the only finite subgroup scheme of rank p
in a height 2 formal group is étale locally isomorphic to a,, which is not étale locally isomorphic to p,. O

Definition 1.4.6. Let M%¢(p?,T'1(N’)) be the stack whose R-points are

M0 Ty (N')) (R) = {(C/R,np,n'>

C is a p-ordinary elliptic curve over R, }
p: ppr —> Cp*], '+ ZIN" > C[N]
Proposition 1.4.7. Write N =p¥- N', where p + N'. Then we have

oo [ MG TN, i p| N
(Mealpn))y = { (Mad(T1(N)). it p kN,

Proof. Canonical subgroups and Lemma 1.4.5. O

Proposition 1.4.8. The forgetful map & : M2 (p?,T'1(N")) = M2 A (To(N")) is a (Z/N)*-torsor of stacks.
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Proof. One can check this by unraveling the definition of G-torsors of stacks. O

Proposition 1.4.9. The stack M%4(p¥,T1(N")) is represented by a smooth formal affine curve over Z, in
the following cases:

e N=p”-N'>4 for any p.

e N=p=3.

e N=N'=3and p=2 mod 3.

Proof. By Proposition 1.4.7, M°4(p¥, T1(N")) is the p-completion (when p | N), or a distinguished open
substack of the p-completion (when p + N) of Mgy (un). As the latter is represented by a smooth affine
curve over Z by Proposition 1.2.3, the first case of the claim follows.

When N =p =3, M24(3) is affine by Proposition 1.4.3.

When N =3 and p # 3, it suffices to show the moduli problem is rigid as in the proof of Proposition 1.2.3.
Let € be a nontrivial automorphism of C' that preserves a I'1(3)-level structure 0’ : Z/3 - C[3]. Adapting

the proof of [KM85, Corollary 2.7.3] to the N = 3 case, we can show & must satisfy 2+ +1 = 0. This implies

¢ is an element of order 3 in Aut(C). By [Sil09, Proposition A.1.2.(c)], Aut(C) has an element of order 3 iff

its j-invariant is 0. By [Sil09, Example V.4.4, Exercise 5.7], the j = 0 elliptic curve is p-supersingular when

p=2 mod 3. As a result, when p =2 mod 3, there is no non-trivial automorphism of a p-ordinary elliptic C
ord

that preserves a I'1(3)-structure. This shows the moduli problem M%;*(T'1(3)) is rigid at such primes, and
hence represented by a smooth formal affine curve over Z,,. O

Remark 1.4.10. The moduli problem M2/4(T1(3)) is NOT rigid when p =1 mod 3. For such primes, the
j = 0 elliptic curve C is p-ordinary. C' has an automorphism e of order 3. As C[3] is isomorphic to the
constant groups scheme Z/3%?, the automorphism ¢ restricts to an element of order 3 in GLy(Z/3). From

the identity 0 = €3 —1 = (¢ = 1)3 in End(C[3]) ~ M2(Z/3), € is unipotent. Then there is a basis {P,Q} of
Let ' : Z/3 — C[3] that sends 1 € Z/3 to P € C[3]. The

. (11

C[3] under which & acts by the matrix 0o 1)

matrix representations of ¢ shows it is an automoprhism of the pair (C,7’). Consequently, M%7 4(I'1(3)) is
the not rigid and is therefore not represented by a scheme.

Proposition 1.4.11. Let x be a Dirichlet character of conductor N, where N = p* N" with p + N'. Denote the
Eisenstein subspace in the x*-eigensubspace in HO(MA(p¥, T1(N")),w®* ® Z,[x]) by E(p’,T1(N'),x).
Then we have a decomposition:

51«(#%)()22 @ E(p’,T1(N"),Lo00%),
[o]eCoker ¢*

where ¢ : Q(x) = C, is a field extension and v* : Gal(1(Q(x))/Qp) = Gal(Q(x)/Q) is the induced map of ¢

on Galois groups.
Proof. This is a result of the equivalence of p-adic (Z/N)"-representations [Zhal9, Corollary A.3.5]:

Z[x] ®z Ly =~ D Zyltooox]
[o]eCoker ¢*

|
Corollary 1.4.12. Let x1 and x2 be p-adic Dirichlet characters of conductor N1 and No respectively.

Then the normalized Eisenstein series Ej .y, in Definition 1.5.3 defines a p-adic Eisenstein series in
E(P”,T1(N"), x2/x1), where N = NyNp =p"N’ and p + N'.
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2. EISENSTEIN SERIES AND (GALOIS REPRESENTATIONS

In this section, we adapt Katz’s explanation of congruences of Es; as p-adic modular forms in [Kat73b]
to study the congruences of p-adic Eisenstein series with level (pp0,I'1 (N')).

Let x : (Z/N)" - C, be a Dirichlet character of conductor N. Write N = p’N’, where p + N’. Then x
is uniquely factorized as a product x = X, - x’, where x, and x’ have conductors p” and N’, respectively.
Let ka [x] be the p-adic (Z/N)*-representation, whose underlying module is Z,[x] and where (a,b) €
Z, x (Z/N")* acts on Z,[x] by multiplication by a* - x,(a) - x'(b). Throughout this section, we abbreviate
the Eisenstein subspace in HO(M%(p®,T'1(N')), w®" ®Zp[x])’(1 by & (p", T1(N'), x).

Theorem (Main Theorem 2.6.1). Let Z be an ideal of Zy[x]. The followings are equivalent:

(). There is an Fisenstein series f in E(p”,T1(N'), x) with g-expansion f(q) € 1+ Zq[q].
(v). The Z x (Z|N')"-representation ZZ*[x] is trivial modulo I.

The proof of the Main Theorem relies heavily on the Dieudonné theory of formal groups and formal A-
modules, which will be briefly reviewed in the next subsection. A reference for the general theory of formal
groups and Dieudonné theory can be found in [Dem72].

2.1. Review of Dieudonné modules and Galois descent of formal groups. Let R be a smooth Z,-
algebra such that R/p is an integrally closed domain and R admits an endomorphism ¢ : R — R that lifts
the p-th power map on R.

The Dieudonné module D(G) of a formal group Gy over R/p is a triple

D(G) = (M,F: M — ¢* M,V : "M — M),

where M = PH&R(G'\/R) is the primitives in the de-Rham cohomology for some lift G of Gy to R and
FV =p=VF on the respective domains. Formal groups of the same height h < co over R/p are étale locally
isomorphic to each other. It follows that their isomorphism classes are classified by the continuous Galois
cohomology H(w{'(R/p); Aut(Ts)), where 'y, is the height h Honda formal group. The Galois cohomology
class [p] € Hl(wft(R/p) Aut(T})) that corresponds to Gy is called the Galois descent data of GO

When G has height (slope) 1, PHdR(G/R) = w(G) is the sheaf of invariant differentials of G and F :
M — ¢*M is an isomorphism. As a result, the Verschiebung V' is determined by F. In this case, we will
write D(G) = (w(G), F: w(G) = w*w(@)).
Example 2.1.1. Let R be a Zj,-algebra and ¢ : R - R be a lift of Frobenius map. . Denote the Dieudonné
module of G,,/R, the multiplicative formal group over R by D(G,,) = (M,F: M — ©*M). Then M is a
free R-module of rank 1 generated by an element v such that F(vy) =+.

The Galois descent data of height 1 formal groups are described by the following:

Proposition 2.1.2. Hom(wft(R),Z;) is an abelian group and classifies isomorphism classes of formal
groups over R with height 1 reductions modulo p. The trivial map in Hom(ﬂ'ft(R),Z;) corresponds to G,

Proof. When h = 1 Iy = Gy, and Aut(Gp) = Z, is an abelian group. Since p is (topologically) nilpotent
in R, Wlt(R) ~ ¥ (R/p). Since formal groups of height 1 over R/p are étale locally isomorphic to G,
HN (R ) Zy) = H! (wft(R/p);Z;) classifies isomorphism classes of formal groups of height 1 over R/p.
This shows the “constant 1”7 Galois cohomology class corresponds to Gy, over R/p. This Galois cohomology
is an abelian group since Z; is an abelian group. As the étale fundamental group acts trivially on Zj,
have H (n$"(R); Z3) ~ Hom(ﬂ'let(R),Z;). This shows G,, is classified by the trivial group homomorph1sm
in Hom(7{"(R), Z).
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By Lubin-Tate deformation theory of formal groups, height 1 formal groups over R/p have unique defor-
mations to R. This shows Hom (¢! (R), Zy) =~ H(7¢'(R); Z,) classifies isomorphism classes of formal groups
over R with height 1 reductions modulo p. 0

This suggests a closed symmetric monoidal structure in the category of 1-dimensional formal groups of
height 1. Let p; : 7¢'(R) — Z, be the Galois descent data for the height 1 formal groups G;, i = 1,2. Then

the Galois descent data for @1 ® @2 is p1 - p2. In terms of Dieudonné modules, this monoidal structure is
described by

D(@l ® ag) = (wl ®rwsa, FI®F;:w;®rws = go*wl ®u*R SD*WQ ~ w*(wl ®Rr (.«JQ)),

where D(G;) = (ws, F;, V;). Below are two relevant examples in this paper:

ord

Example 2.1.3. Let C be the universal elliptic curve over M2;* and C be its formal group. Cisa

height 1 formal group since C is a p- ordinary elliptic curve. Denote the Galois descent data for C by

pt e mft(MOTd) Z,. The pair (w, F': w — ¢*w) described in Proposition 1.4.4 is the Dieudonné module

of C where F(f (q)) f(g”) on g-expansions of modular forms. Denote of the k-th monoidal power of C by
C® . The Galois descent data for C®* is

kgt (pmordy 2 Zx )" z,
The Dieudonné module of C®* is
D(a@’k):(w@k,F@k:w k—’SD w@k)
where F®*(f(q)) = f(¢?) on ¢-expansions.

As the Eisenstein series we study in this paper have coefficients in Z,[x], it is necessary to work with
formal Z,[x]-modules. Let A be an algebra. A formal A-module is a formal group G together with an
embedding of algebras i : A > Endpe (@) such that the composite

A —— BEndpe(G) — End(w(G))

realizes w(G) as an A-module. We will write the power series representation of i(a) by [a]. Any formal

group G comes with a unique formal Z-module structure. When G is defined over a p-complete ring R, this

formal Z-module structure extends (uniquely) to a formal Z,-module structure, since lim [p”](¢) =0 in R[[tﬂ.
v—>00

Construction 2.1.4. When A is Z,-algebra that is a finite free Z,-module, we define a formal A-module
G ® A out of a 1-dimensional formal group G. The underlying formal group of G ® A is G®", where r is the
rank of A as a free Z,-module. The A-action on G ® A = G®" is given by

A= EndA(A) —> Endzp (Z;‘jr) — EndFG(@@’").

where the first map is induced by A =~ Z®". Write D(G) = (w(G), F, V). The Dieudonné module of G ® A is
D(GeA)=D(G)eA=(w(G)® A, Fel,Vel).

If the height of G is h, let [p] € H! (7' (R); Aut(I's)) be the Galois descent data for G. G® A is étale locally
isomorphic to I', ® A as a formal A-module. Then we have an embedding of algebras:

T End(rh) — Endformal A—mod(rh ® A) = End(rh) ®A g—g® 1.

1 restricts to a group homomorphism on the units (automorphisms). The Galois descent data for GeAis
then the image of [p] under the induced map of i in Galois cohomology.
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2.2. Sketch of the proof. The proof of Theorem 2.6.1 has three steps, which will be explained in details
in the rest of this section. Here is a sketch:

I. By viewing the Dirichlet character x as a Galois cohomology class, we construct a formal Z,[ x]-module
C*X of height 1 over M%4(To(N")) such that
HO(ME (0" 11 (V)0 0 Z,[\])X = HOMEZ (To(N')),w(C*)).
In this way, we translate congruences of Eisenstein series in £ (p¥,T'1(N’), x) to those of elements in
the Dieudonné module of C*X.

II. By reformulating a Riemann-Hilbert type correspondence in [Kat73b] using the Dieudonné theory of
height 1 formal A-modules and their finite subgroups, we relate the congruence of the Dieudonné
module D(C*X) with that of the Galois descent data [p*X] for C*X.

III. The Galois cohomology class [p*X] € H (" (M2A(To(N"))); (Zp[x])*) is represented by a group
homomorphism that factorizes as

x (@.b)=xp(a)x' (b)a”

é or Pl XAy x x

P (ME (To(N))) —— Zy x (Z[N') (Zp[xD)"-
Here p' : w{* (M (To(N'))) - Z is the Galois descent data for C described in Example 2.1.3 and
Anr s TEHMETAT(N'))) = (Z/N')* classifies the (Z/N')"-torsor MA(T1(N')) - MUA(To(N")).

The theorem then follows from the surjectivity of p! x An-.

2.3. Step I: Dirichlet characters and Galois descent. The first step in the proof of the Main Theorem
is to view the Dirichlet character y : (Z/N)* — C,, as the Galois descent data for a formal A-module Ckx

of height 1 over M%4(Io(N’)) along the (Z/N)*-torsor £ : M3 (p¥,T1(N")) — M4 (Do(N')). (See
Proposition 1.4.8 for a proof that ¢ is a (Z/N)”-torsor.)
Construction 2.3.1. Let (C,n,,n") be the universal elliptic curve with the given level structures over

Md(p? T1(N')) and C be its formal group. Then C®* ® Z,[x] is a formal Z,[x]-module of height 1.
Notice that:

e The automorphism group of C®* ® Z,[x] as a formal Z,[x]-module is (Z,[x])*.
e The forgetful map & : M2%d(p?,T1(N")) - M2%E(To(N")) is a (Z/p®)* x (Z/N')* ~ (Z]N)*-torsor.
The Dirichlet character x : (Z/N)™ - C,, then represents a cohomology class

[X] €H' ((ZIN)* 5 (Z,[x]))

ZHl(AUtMZﬁd(FO(N’))(Mglrld(pvv Iy (N,)))7 AU-tformal Zp[X]—mod(évwC ® ZP [X]))a

where (Z/N)™ acts on (Z,[x])* trivially. This cohomology group classifies isomorphism classes of formal
Zp[x]-modules G over M%4(To(N")) such that £*G =~ C®* @ Z,[x] over M (p¥,T1(N')). In this way, the
cohomology class [x] corresponds to a formal Z,[x]-module C*X over MZAT(N)). More precisely, fix
an isomorpshim 7 : £*C*X = C® @ 7,,[x], then for any o € (Z/N)* = AutMo;ld(ro(N'))(Miﬁd(pUJH (N)),
we have a commutative diagram of isomorphisms:

é-x-ak,x o®l o_x-gx-ak,x . é—*ék,x
nl cr*nl D'*’I]l
C%* @ Zy[x] —— o*(C®* @ Z,[x]) == C®* @ Z,[x]
[x(o)]
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In this diagram,

e [x(0)] is defined in Construction 2.1.4.

e o*n=mnsince (Z/N)" acts on (Z,[x])* trivially.

e The correspondence between C*X and x is independent of the choice of the isomorpshism 7, since
Auth[X]((/Z'\‘X”C ® Zy[x]) = (Zy[x])* is abelian.

Let w®X := w(CFX) be the sheaf of invariant differentials of C*X. w®X is a locally free finitely generated

sheaf over M°4(T'y(N")), since it is the cotangent sheaf of a formal scheme that is étale locally isomorphic

to A", where 7 is the rank of Z,[x] as a Z,-module.

Proposition 2.3.2. *whX ~ w® @ Z,[x] over M%4(p¥,T1(N")). The sheaf cohomology of w*X is com-
puted as follows:
(1) HOMEHTo(N)) 0" = HO (M (p, Ty (N)), w® © Z,[X])X " for all N > 1.
(2). When N>3 or N=3 andp#1 mod 3, we have for all s >0:

H (M (TCo(N')), ™) = H((Z/N)" s HY (M (0", T1 (N')), 0% © Zy[x])).
(3). Whenp+ &(N)=|(Z/N)*|, we have for all t >0:

H (ME(To(N')), wh) = HY (MEGE(p", Ty (V) w® © Z,[x])* .

(4). In particular, when N and p satisfy both conditions above, we further have:

S qor HO(MEZGA (", T1(N')),w®* @ Z,[x))X ', s=0;
H(Meud(ro(N’DM'“”‘):{ B i

Proof. The functor w is compatible with pullbacks, yielding

£ = £ w(BR) 2 w(ETHY) = (B B Z,[x]) = w® O Z,[x].
To compute H*(M4(To(N')), wkX), we use the Hochschild-Serre spectral sequence [Mil80, Theorem 2.20]:
(233) B = H((ZIN) HU MY Ty (N'), € b)) s HE" (MEATo(N')), ),

where o € (Z/N)™ acts on £*w*X ~ w®*®7Z,[x] by the Galois descent data 1®x(c). As the spectral sequence
is concentrated in the first quadrant, its Eg O_term receives and supports no differentials. This implies (1).

By Proposition 1.4.9, the stack M°4(p¥,T1(N")) is a formal affine scheme when N > 4 or N = 3 and
p#1 mod 3. It follows that (2.3.3) is concentrated in the ¢ = 0 line in those cases. As a result, the spectral
sequence collapses on the Fs-page and we have proved (2).

When p + ¢(N) = [(Z/N)™|, the group cohomology of (Z/N)™ with coefficients in Z,-modules vanishes
in positive degrees. It follows that (2.3.3) is concentrated in the s = 0 line in this case and thus collapses on
the Eg-page. This implies (3).

(4) is the intersection of (2) and (3). O

Remark 2.3.4. Note that 2 is the only prime p dividing ¢(3) = 2. The spectral sequence (2.3.3) collapses on
the Es-page for all NV >3 and p.

We have proved in Proposition 2.3.2:
-1
(2.3.5) HO (M (0", T (V') w® @ Zy[X])* = H' (M (To(N)), w™X).

Write D(CFX) = (whX, FFX : kX 5 o* kX)) The Frobenius homomorphism F*X of C*X descends from
that of £&*C*X ~ C®* ® Z,[x]. By Example 2.1.3 and Construction 2.1.4, we have

GFRY = Fe1:w® e Z,[x] = ¢*w® 0 Z,[x].
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Notice F®* ® 1 commutes with the Galois descent data 1® x(c) for o € (Z/N)”, we have shown

Proposition 2.3.6 (Step I). Let f € HO(M%(p*,T'1(N')),w®" ®ZP[X])>(1 ~ HO(MA(To(N')), whx)
be an Eisenstein series, then F*X(f(q)) = (F®* ® 1)(f(q)) = f(¢"). Let T 4 Zy[x] be an ideal. Then the
followings are equivalent:
(i). There is an Eisenstein series f € E(p”, T1(N"), x) such that f(q) € 1+ Zq[q].
(ii). There is a generator v € HO (M2 A(Do(N')),w™X) as an H'(M2A(To(N')),0) ® Z,[x]-module such
that F*X(y) =~ mod Z.

This concludes step I in Section 2.2.

2.4. Step II: From Dieudonné modules to Galois representations. One major tool Katz used in
[Kat73b, Chapter 4] to explain the congruences of the normalized Eisenstein series Eoj of level 1 is a
Riemann-Hilbert type correspondence. In this subsection, we reformulate the correspondence in terms of
formal A-modules and their finite subgroup schemes, and then apply it to the formal Z,[x]-module Chx
over M2 4(I'o(N")) we constructed in Construction 2.3.1.

Let & be a perfect field of characteristic p containing F, and W, (IF,) be the ring of Witt vectors of length
m on F,. Let S, be a flat affine W,,(x)-scheme whose special fiber is normal, reduced, and irreducible.
Assume S, is formally smooth, so that it admits an endomorphism ¢ : S,,, = S,,, that lifts the ¢g-th power
map on Sy, /p. Then Katz proved

Theorem 2.4.1. [Kat73b, Proposition 4.1.1, Remark 4.1.2.1]
There is an equivalence of closed symmetric monoidal categories:

Finite locally free sheaves F on Sy, | _ Finite free W, (F,)-modules
with an isomorphism F: o*F —> F |~ | with continuous m¢*(S,,)-actions

Proposition 2.4.2. [Kat73a, Remark 5.5] Theorem 2.4.1 holds for affine formal schemes S over W(k)
under the same assumption. That is, there is an equivalence of closed symmetric monoidal category:

{ Finite locally free sheaves F on S } N { Finite free W(F,)-modules }

with an isomorphism F : o*F — F with continuous 75 (S)-actions

This equivalence of Katz is essentially an equivalence of Dieudonné module and Galois descent data of a
formal group and its finite subgroups. Let A be a Z,-algebra that is finite free as a Z,-module and G be
formal A-module of height 1. Let Z < A be an ideal.

Definition 2.4.3. Define G[Z] to be the kernel of all the endomorphisms in Z 9 A = End(G). If G = Spf R[t]
has a coordinate, then G[Z] = Spf R[t] /([a](t) | a € T) as a finite flat scheme. When Z = (a) is a principal
ideal, G[Z] = G[a] = Spf R[t]/([a](t)).

Proposition 2.4.4. Let G be a formal A-module. Write the Dieudonné module of G as D(G) = (M, F, V).

Then M has an A-module structure and the homomorphisms F and V' are A-linear. The Dieudonné module

of G[Z] is D(G)/T := (MJIM,F : MJIM — @*(M|IM),V : o*(M/IM) - M|IM).

Proposition 2.4.5. Let G bea formal A-module over R that is isomorphic to G’ over the separable closure
R*P of R. Let the cohomology class [p] € HX(w$*(R); Aut4(G')) be the Galois descent data for G. [p] is
represented by some crossed homomorphism p : 7{'(R) - AutA(G'). Then the Galois descent data for the
finite flat group scheme @[I] is represented by the crossed homomorphism:

pr ' (R) % Auta(@') — Au(@[Z)),
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where the last map Aut 4(G') — Aut(G'[Z]) is the restriction of the quotient map
Ends(G') — Enda(G")/(Z®4 Enda(G")) ~ Enda(G'[Z])

to the units.

In the view of Proposition 2.4.4 and Proposition 2.4.5, Katz’s Riemann-Hilbert correspondence (Theorem 2.4.1)
can be generalized as:

Theorem 2.4.6. Let G be a formal A-module of height 1 over R, where Spf R satisfies the same assumptions
as in Theorem 2.4.1. Let D(G) = (M, F : M — @*M) and p: nS*(R) - A* be the Dieudonné module and
Galois descent data for G, respectively. Then the followings are equivalent:

(1) There is a generator v of M as an R® A-module such that Fy =~ mod Z.

(2) GII] = (G ® A)[Z].

(3) The composition homomorphism pz : 75 (R) L A% > (AJT)* is trivial.

Proof. Let’s prove the case when R = R/p. By [Jon95, Main Theorem 1], the functor I is an equivalence
over R. The claim then follows from the computation of the Dieudonné module and the Galois descent data
of G, in Example 2.1.1, as well as Proposition 2.4.4 and Proposition 2.4.5.

Now let R be a Wk-algebra. Using the Lubin-Tate deformation theory, we can show there is an equivalence
between height 1 formal groups over R/p and their deformations to R/p. The claim now follows from the
R = R/p-case. O

Remark 2.4.7. Katz’s Theorem 2.4.1 is the Z = (p™) 9 A = WF, case of Theorem 2.4.6.

Remark 2.4.8. We can generalize Theorem 2.4.1 and Proposition 2.4.2 in terms of formal groups and formal
A-modules of height A > 1. In that case, we need to study the Dieudonné module of the height & Honda
formal group I'y, and its finite subgroup schemes.

Now apply Theorem 2.4.6 to the formal Z,[x ]-module C*X over M %(I'g(N")) constructed in Construction 2.3.1,
we have established Step II in Section 2.2:

Corollary 2.4.9 (Step II). Let Z 9Zy[x] be an ideal. The followings are equivalent:
(ii). There is a generator v € HO(M24(To(N")),w"X) such that F*X(v) =~ mod Z.
(iii). C*X[I] = (Grm @ Zp[XDIZ]. _
(iv). The Galois descent data p*X : 7St (M2A(Do(N')) = (Zp[x])* of C*X is trivial modulo I.
2.5. Step IIILFactorizations of the Galois descEnt data. The final step is to study the Galois descent
data p*X for C*X. Recall from Construction 2.3.1, C*X is constructed using the following data:
o &*CFX = 0% @7, [x] over M2(p?, T1(N")), where & : M (p¥, T1(N')) - MA(To(N')) is the forgetful
mabp.
e OFX corresponds to the character [x] e H*((Z/N)";(Z,[x])*)-
Proposition 2.5.1. pFX : 7t(MOT4(To(N")) = (Zp[x])* factorizes as

& or PIXAg x x (_)k‘X(_) X
P (ME (To(N'))) — Zy x (ZIN)" ——— (Z,[x])",

where Ae : 7 (MA(To(N'))) = (Z/N)™ is the character that classifies the (Z]N)*-torsor &.
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Proof. Recall in Construction 2.3.1, we used the following correspondence to construct C*X from the char-
acter x:

1 x| <\ Formal Z,[x]-modules G over M%(To(N")) .
(252) H ((Z/N) 3(Zp|:x]) ) - { SllCh that é—*é\ ~ Cv\@)k ® ZP[X] over Mgfld(pvarl (N/))

Here, the constant group homomorphism on the left hand side corresponds to the formal Z,[x]-module
C® ® Z,[x] over Mgfld(FO(N )). Now we need to describe this correspondence in terms of the Galois
descent data pz of G. On the one hand, since £*G ~ C®* ® Z,[x], the composition

or (E) é or ra X
(2.5.3) T (MG DL (V') T (MGATO(N)) 20 (2, X))
is the same as the Galois descent data for the formal Z,[x]-module C®* ® Z,[x] over M%(p?,T1(N")). On
the other hand, by Example 2.1.3 and Construction 2.1.4, this Galois descent data also factorizes as

(&)
_—

é or v / é or ! ! X (’)k x @ X
(2.5.4) (MY, T1(N')) i (MGHTO(N))) = 2y —— L5 = (Zy[x])™

Denote the composition i o (=) o p! in (2.5.4) by p¥. Since the first maps in (2.5.3) and (2.5.4) are both
wft(f ) and the compositions are the same, the difference of pz and p* must factor through the cokernel of

7t (€). We have the following diagram:

r8 (M, TL (V') TG bt (Mo(To (V7)) 5 (Z/N) —— 1
ra| | p* k////’ng§
(Z,[x])*

As the cokernel of 7{(€), \¢ classifies the (Z/N)™-torsor & : M%d(p?, T1(N")) - Mgﬁd(l"o(N')) It follows
the that there exists a unique character xgz : (Z/N)" — Z,[x] such that for any o € 7{'(M2%(To(N'))),

pe(@) = (0(0)) - (xg ° A (o). ) )
This x# is the character corresponding to G in (2.5.2). Since C*X is constructed using y, we have

P () = (p1(0))" - (x 0 Ae)(0) = () - X(=)) o (p" x Ae) (o)
for all o € 7§ (M (To(N'))). O
Now we need to find the image of p* x A¢.
Proposition 2.5.5. p' x \¢ : 7' (M274(Do(N'))) — Zy, x (Z]N)* factorizes as:

plx)\N/ x (a,b)~(a,[a],b) 7

phx A (ME(To(N'))) x (Z[p")" x (ZIN")" = Ly x (Z|N)*,

where Ay : w$H(MUHT(N))) = (Z/N')* classifies the (Z/N')"-torsor M2A(T1(N')) - MZATo(N")).

2 x (Z/N")

Proof. We prove the factorization by translating Galois representations into torsors over M4 (To(N")).

Lemma 2.5.6. The cham.cter pt s T (MYHT(N'))) - Z classifies the Z-torsor MUY (To(N')) —
Mo (N")), where MZZW(FO(N')) is a stack whose R- pomts are

Mi"(To(N))(R) = {(C/R,n: Gy, — C,H € C[N']) | H = Z/N'}.
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Proof of the Lemma. Recall that [p'] € H(r§'(MoH(T 0(N")));Z,) is the Galois descent data for C, the

formal group of the universal elliptic curve over M2 4(T'o(N’)). The character p' then corresponds to a

Z-torsor over M2 (To(N’)) such that its fiber over the an R-point (C/R,H ¢ C[N']) is the set of triples
(C/R,n:G,, — C,Hc C[N']). O

Lemma 2.5.6 implies that the character p' x A¢ classifies the 7 x (ZL|N)"-torsor M (p? T1(N)) -
Mo (N")), where M (p?, T'1(N')) is a stack whose R-points are

Mi" (0" TN (R) = {(C/R,n,11p,1') | 12 G — Cmy = e — C[p"],0" : Z/N" > C[N']}.
Sitting in between M7 (p¥, T1(N")) and M2%4(To(N")) is the stack M7 (T'1(N')), whose R-points are
MEE TN (R) = {(CIRom, ) |0 G~ Cotf  ZIN'  C[N'].
In the ZY x (Z/N)*-torsor
MG ", T (N')) —— MG (T1(N)) —— MEH(To(N')),
the first map M%7 (p?,T'1(N')) — MU7V(T1(N')) is a (Z/p¥)"-torsor that admits a section:
52 MEF (T (V') —> MU (", TL(NY), (CIR,n,1') — (CIR,mnlagey 1)

The existence of this section implies that p* x A¢ must factor through p! x An: : 7é(M24(To(N'))) -
x (Z/N')*, the character corresponding to the Z% x (Z/N")"-torsor MY/*(T'1(N")) - M2A(T(N")).
The formula of s then yields a commutative diagram:

TMELT(NT))) —2 s 7 % (Z/N)*

plx)\N/l ‘

x x (a,b)~(a,[a],b x 2\ X X
7 x (I Ny LY g ey (ZINT)

Combining Proposition 2.5.1 and Proposition 2.5.5, we have shown
Corollary 2.5.7. pFX : m{t(MOT4(Do(N")) — (Zp[x])* factorizes as

x (a,b)=xp(a)x (b)a”

(2.5.8) P MU (N'))) 22 Zpy x (Z[N") (Zp[x])*-

To relate the congruence of p®X with that of the second map in (2.5.8), it remains to show:
Proposition 2.5.9. p x Ay : ¢t (M2 4(To(N))) — 73 x (Z|N')" is surjective.

Proof. By [Sza09, Theorem 5.4.2], the surjectivity of p! x An+ is equivalent to the connectivity of the Z; x
(Z/N")*-torsor it classifies. As p! x Ay+ classifies the torsor M#(T1(N')) - M24(To(N")), we need to
show M (T (N’)) is connected.

By a relative version of Igusa’s theorem in [KM85, Corrollary 12.6.2.(2)], M 7*(I';(N")) is connected
whenever M2¢(T'1(N")) is. The integral stack M.y (T'1(N')) has geometrically connected fiber by [Con07,
Theorem 1.2.1]. It is also smooth by [KM85, Corollary 4.7.1]. It follows that My (I'1 (N')) is irreducible and
so is its p-completion M.y (T'1(N'));. From this we conclude M2r(T1(N")) is irreducible (hence connected),
since it is an open substack of an irreducible stack. 0

Now by Corollary 2.5.7 and Proposition 2.5.9, we have proved:
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Corollary 2.5.10 (Step III). Let T 4Z,[x] be an ideal. The followings are equivalent:
(iv). The composition pX : 7St(MOT(To(N))) — (Zp[x])* = (Zp[X]/T)* is trivial.
« (a,b)~xp(a)x’(b)a®
(v). The composition Zy x (Z/N") (@D @ ®) (Zp[x])* = (Zp[X]/Z)* is trivial.

2.6. Restatement of the Main Theorem. Combining Proposition 2.3.6, Corollary 2.4.9, and Corollary 2.5.10,
we now restate the Main Theorem:

Theorem 2.6.1 (Main Theorem, restated). Let Z 4 Z,[x] be an ideal. Then the followings are equivalent:
(i). There is an Eisenstein series f € EL(p¥, T1(N"), x) such that f(q) € 1 + Zq[q].
(ii). There is a generator v € HO(M2A(To(N")),w"X) such that F*X(v) =~ mod Z.
(iii). C*X[I] = (Gm @ Zy[XDIZ]. _
(iv). The Galois descent data p*X : 7St(MA(To(N")) — (Zp[x])* of C*X is trivial modulo .
).

a,b)~xp(a "(b)a®
The character 75 x (Z/N')" (@0 (e (®)

(v (Zp[x])* is trivial modulo T.

Remark 2.6.2. When the character y is trivial, we recover Katz’s algebro-geometric explanation of congru-
ences of p-adic Eisenstein series of level 1 in [Kat73b, Corollary 4.4.1]. In that case, Step I in the proof above
is not needed.

3. THE MAXIMAL CONGRUENCE OF EISENSTEIN SERIES

Theorem 2.6.1 identifies the maximal congruence of Eisenstein series in & (p”,T'1(N"),x) with that of
Z2*[x] as a Z% x (Z/N')"-representation in Zp[x]-modules. In this section, we first compute the maximal

congruence of Z?k[x] and then find explicit examples of Eisenstein series that realize this congruence in
certain cases.

3.1. Congruences of p-adic representations.

Definition 3.1.1. Let R be a p-complete local ring and M be a torsion-free R-module with a continuous
R-module action by a profinite group G. M is said to be a trivial G-representation modulo an ideal Z 4 R
if G acts on M/ZM trivially, or equivalently (M/ZM)% = M/IM. The maximal congruence of M as a
G-representation is the smallest ideal Z such that M /ZM is a trivial G-representation.

Remark 3.1.2. The G-action on the quotient M /ZM is well defined since G acts by R-linear maps. Otherwise,
we need to assume Z 4 R is a G-invariant ideal, i.e. ¢Z =7 for all g € G.

Lemma 3.1.3. When the underlying R-module of the G-representation M is R, the G-action of M is then
associated to a character x : G > R*. Let {g; | i €I} be a set of generators of G. The mazximal congruence

of M is the ideal (1 - x(g;)|ieI).
Proof. The maximal congruence of M is by definition the ideal (1 -x(g)|g € G). Notice that
(1-x(g9")) = (1= x(9) +x(9) - x(99")) € (1 = x(9)) + (x(9) = x(99") = (1 = x(9)) + (1 - x(g")).
and that (1-x(g7")) = (x(9) - 1), we have (1 -x(¢9) | g€ G) = (1 -x(g:) | i € I). O

When p > 2, Z7 is topologically cyclic. When p =2, Z3 = {1} x (1 +4Z3) and 1 + 4Z is topologically
cyclic. Let g be a topological generator of Z; when p > 2 and a topological generator of 1 +4Zs when p = 2.

Theorem 3.1.4. The congruences of Z?k [x] have seven cases:



II.

I11.

Iv.

VI

VII
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p > 2 and the conductor of x is p or 1. In this case, x = w® for some integer 0 < a < p— 2, where
w: (Z[p)* - Zy, is the p-adic Teichmiiller character. The image of X is contained in Z,. Then
the mazimal congruence of Z&*[w"] is the following ideal in Zy = Zy[w"]:

vp (k)+1 - a),
(1—gkx(9))=(1—gkw“(g)):{ (p (f) )’ ((ft)heiv)xzi'sg.ﬁ :

p =2 and the conductor of x is 4 or 1. In this case x = w® for a =0 or 1, where w : (Z/4)" — Zj is
the 2-adic Teichmiiller character. As g€ 1+ 4Z2, w(g) =1. Again the image of x is contained in Z5.
Then the mazimal congruence of Z$*[w?®] is the following ideal in Zo = Zo[w?]:

(2492, 3] (k+a);
(2), otherwise.

(1- g (g), 1~ (-1)*w(-1)) {

p>2 and the conductor of x is p* > p. In this case, (Z[p")" = (Z[p)" x Cpo-1 and As x is primitive of
conductor p, Xlc, ., s injective. As a result, Zp[x] = Zp[Cpo-1]. Zp[Cp-1] is a p-complete local ring
with uniformizer 1 — (po-1. Write x|(Z/p)x =w® for some 0 <a < p-2. Then the mazimal congruence
of ng[wa] is the following ideal in Zy[(pv-1] = Zp[x]:

@ 1-Cpo-1), -1 | (k+a);

(=530 = (1= Grogturta = | G G010
p =2 and the conductor of x is 2° > 4. In this case, (Z[2°)" ~ (Z]4)" x Cyu-2. As x is primitive of
conductor 2V, X|c,,_, is injective. As a result, Zo[x] = Za[Cov-2]. Z2[Cav-2] is a 2-complete local ring

with uniformizer 1 - Cyo-2. Write x|(z/1y« = w® for a=0 or 1. Then the mazimal congruence of Z?k[x]
is the following ideal in Zo[Cov-2] = Za[x]:

(1= Cov29Fw(9),1 - (-1)*w(=1)) = (1 = (pv2) for all k and a.

N’"#1 and |Tm x'| is not a power of p. In this case, Imy’ contains of a root of unity ¢, whose order
n' is coprime to p. As 1 -y is invertible in Zy[Co ] € Zp[x], we have the mazimal congruence of
ZEF[X] is the ideal (1) in Zp[x].

p>2, N'#1 and [ImX'| is a power of p greater than 1. In the case, Im X’ is generated by (.. for
some v' > 1. We have ka[x] = Zp[Cpmaxco-1.0n ). Write xplzpy = w® for some 0 <a<p-2. Then the
mazimal congruence of Z?k[x] is the following ideal in Z?k[x] = Zp[Cpmax(o-1.0n ]

(1= Cpneconn ) (p=1) | (K +a;
(1), otherwise.

(1-9"x(9),1=Cpr) = (1= (19" (9), 1= G ) = {

p=2, N 1 and Q2(x") is a totally ramified extension of Qo. In the case, the image of X' is generated
by Cour for some v' > 1. We have ZS*[x] = Za[Comarcor.v-2y]. Write Xal(z/ayx =w® for a=0,1. Then the
mazimal congruence of Z§*[x] is the following ideal in Zo[Comax(or -2y ] = Z2[X]:

(1= Cyor 1 = Covag"w(9), 1 = (=1)Fw(=1)) = (1 = Comaxcervny)  for all k and a.

3.2. Realizations of the maximal congruence. Having computed the maximal congruence of the Z; x

(Z|N')*-representation 7 [x], now we give explicit examples of Eisenstein series in & (p”,I'1(N"), x) whose
g-expansions realize the maximal congruence.
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Let k be an integer such that (-1)* = y(-1). Recall from Theorem 1.1.4 and Corollary 1.4.12 that
Eisenstein subspace & (p”,T1(N'), x) ® Q, is spanned by Eisenstein series of the forms:

2y ( 5 x(d)d’“)q’”),

Bk7X nz1 \0<d|n

Ek,xo,x(qt) = C‘Ek,x(qt) =c (1 -

1N COEDY ( > xIl(n/d)Xz(d)d’“'l)q"t,

nz1 \0<d|n

where

e cis Zp[x] with the smallest valuation so that Ej o ,(q¢") € Z,[x][q].

e x1 and Y3 are characters of conductors N; and N» satisfying x1/x2 = x ! and (N;Not) | N.

By the g-expansion principle Proposition 1.3.2, an element of & (p”,I'1(N'), x) is a Qp-linear combination
f(q) of these Ej. v, v, (q) such that f(q) € Zy[x][q]. Write Ej o , and Ej y, v, for By yo ,(q) and Ej y, v, (q)
respectively. Using the arithmetic properties of generalized Bernoulli numbers in [Car59, Theorem 1, 3], wi
can check

Proposition 3.2.1. In Cases I-V in Theorem 3.1.4, the Fisenstein series Ey  realizes the mazximal con-
gruence predicted in Theorem 2.6.1.

By [Car59, Theorem 1], B’;ﬂ”‘ is an algebraic p-adic integer when N is not a power of p. As a result
FEr(g) does not realize the maximal congruence in Cases VI and VII in Theorem 3.1.4. Instead, we need
to consider linear combinations of basis in the Eisenstein subspace. In general, it is hard to write down the
explicit formulas of Eisenstein series that satisfies the maximal congruence predicted in Theorem 2.6.1 and
Theorem 3.1.4 in cases VI and VII. Here, we work out one of the simplest cases in the rest of this subsection.

Example 3.2.2. Consider the character x : (Z/f)" — Cj, where £ is a prime different from p > 2 and Q,(x)
is a totally ramified extension of Q. In this case, Z,[x] = Z,[(pm | for some m > 1 is a p-complete local ring

with uniformizer @ = 1 — (m. Write the maximal ideal of Z,[x] by m. By [Car59, Theorem 1], k X is an
algebraic p-adic integer. As a result, we can take Ej o, to be:

By, _ "
Eyxox = 2kx - Z( Z X(d)dk 1)q

nz1 \ 0<d|n

Comparing Theorem 2.6.1 and Case VI in Theorem 3.1.4, we should expect to find Eisenstein series of
weight k, level I'1(¢), and character x that is congruent to 1 modulo m = (@) only when (p-1) | k, and
there is no Eisenstein series of level I'; (¢) and character y that is congruent to 1 modulo m?. The Eisenstein
subspace in this case & (I'1(€), x) is spanned by Ej yo ,(¢q) and Ej -1 ,0(q).

When (p - 1) | k, the maximal congruence is the realized by a linear combination of the two basis
Elsenstem series, since neither of them satisfies the maximal congruence relation. As Bix ez »[x], we have

X . FEr € Zp[x][q]. Notice that the coefficients of ¢ in Ej yo , and Ej -
Consider the g-expansion of their sum:

0 are —1 and 1, respectively.

(3.2.3) Eyox + Byt x0 = )X + 2 ang" 2k > ( > (X H(n/d) - (d))dk_l)qn

n>1 n21 \0<d|n

Lemma 3.2.4. Ey 0\ + Ep -1 40 = Brx mod mq[q] for all k with (-1)* = x(-1).

2k
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Proof. We need to show the coefficient a,, of ¢" in (3.2.3) is in m for all n > 1. Write n = £Yn’ where ¢ 4 n'.
Since the conductor of x is the prime number ¢, x(a) =0 iff £| a. As a result, we have

= > (x Mn/d)-x(@d)d"" = Y x(n/d)d* = Y x(d)d*

0<d|n 0<d|n 0<dln
= 2 X Hnfdyd = Y x(d)dE !
£v|d|n 0<d|n’
(set d = £'d’ in the first summation) = Y. x '(n//d)(€°d)* - > x(d)d"!
0<d’|n’ 0<d|n’

Z X—l (n,)x(d,)gv(k_l)d,k_l _ Z X(d)dk—l
0<d’|n’ 0<d|n’

(3.2.5) = (x e ED — 1) S x(d)dt
0<d|n’

Since (Z/¢)” surjects onto Cpm by assumption, ¢ = 1 mod p. This implies -1 =1 mod p. Also, as
x~1(n') #0 is a p-power root of unity, 1 — x~*(n’) e m. Combining these two facts, we conclude

X—l(nl)ev(k—l) 1= X—l(n/) 1+ X—l(ﬂ/)([v(k—l) _ 1) cem

for all n' not divided by ¢. This shows a, € m for all n. From this, we conclude Ej, o, + Ej \ -1
mod mq[q].

— Bk,x
X0 = T2k

Proposition 3.2.6. The algebraic p-adic integer B;,;" wsimmiff (p-1)+k.

Proof. When (p—-1) + k, there is no Eisenstein series in £ (T'1(£), x) whose g-expansion is in 1 + mg[q] by
Theorem 2.6.1 and Case VI in Theorem 3.1.4. In Lemma 3.2.4, we showed all the a,’s in (3.2.3) are in m.
This implies its constant term B;kx must also be in m so that there is a common factor.

When (p-1) | k, Theorem 2.6.1 and Case VI in Theorem 3.1.4 predicts an Eisenstein series in & (T'1(£), x)
whose g-expansion is in 1+ mq[g], or equivalently (Z,[x])* + mg[g]. We can write this Eisenstein series as
@V (aEy yo y + bEj -1 40) for some v >0 and a,b € Z,[x] such that one of them is in (Zy[x])*. Notice the
coefficients of ¢ in the g-expansions of this Eisenstein series is @™ (-a+b). We have b—a is in m**! ¢ m. This
implies v, (a) = vp(b) = 0. Without loss of generality, we can then assume a =1 and b=1 mod m**! cm. Tt

o s in (Zp[x])™.

now suffices to prove v = 0, for that implies Bix | the constant term of Ej o0 o +bEj 1

26
Suppose v > 0. Following (3.2.5), we have
(3.2.7) Ep oy +bEy 150 =Ej 30 o + Ej -1 30 + (b- 1)Ek1X_17X0
_B

(3.2.8) ’“’X + 3 bug”

nx1
(set n=0"n") = ((bx1 NerED 1y S y(d)dE 1)

n>1 0<d|n’

Lemma 3.2.4 and (3.2.7) imply Ej yo , +bEj \ 140 = Bz’“,;" mod mq[¢]. Now we want to find a b, in (3.2.8)
that is not in m?. Let p’ be a prime number such that y(p’) is a primitive p™-th root of unity and that
p’ #(-1) mod p. This assumption implies p’ # £. If p’ = p does not satisfy the assumption (i.e. x(p) is not
a primitive p™ root of unity), then there are infinitely many choices of the prime p’. This is because the

conditions on p’ depend only on its residual class modulo p- £. In this case, we have by (3.2.8),

by = (bx7 () = DA+ x (@)™ = ((0-1) X7 @) +x7 () - DA +x (@)™ ).
Notice:
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Zp[x(p")]-

em”*! cm?, since v > 0 by assumption. We have (bx *(p ) 1) is also a uniformizer.

pt# (- 1) mod p, since (p-1) | k.

We have 1+ x(p")p’*71 ¢ m. As a result, b,y € m —m? and w b, ¢ m. This contradicts the assumption that
@ " (Eg o,y + bEg 1 40) € (Zp[x])* + mq[q] is an Eisenstein series that realizes the maximal congruence.

Consequently, we have v = 0, % € (Zp[x])* when (p-1) | k. O

x1(p') is a uniformizer in Z,[x], since Z,[x] = Z,[(pm |
1 -1
1

o 11—
e bh-
.p/k

Remark 3.2.9. When (p-1) + k, it is possible that ’“ 7 em® for some s> 1.

It follows that when (p - 1) + k, the maximal congruence in £ (T'1(¢), x) is realized by:

2 et Wiciot) y, 2 ( > (o (nfd) - x(d))d’“"l) 7" €1+ malq]

Bl x Brx n31 0<d|n

where be1+mc Zy[x].

4. RELATIONS WITH DIRICHLET K (1)-LOCAL SPHERES AND .J-SPECTRA

In this section, we first relate the maximal congruence of ka [x] to the group cohomology of Zx x (Z/N')*.
This group cohomology is on the FEs-page of a spectra sequence to compute homotopy groups of the Dirichlet
K (1)-local sphere attached to x. This spectrum was introduced by the author in [Zhal9).

Combined with Theorem 2.6.1, this connects congruences of Eisenstein series of level I'1 (V) to chromatic
homotopy theory. In particular, when the character is trivial, we have given a new explanation of the
relation between congruences of Eisenstein series of level 1 and the image of the J-homomorphism in the
stable homotopy groups of spheres.

4.1. Congruence and group cohomology. Let ka [x] be the Zj x (Z|N')"-representation associated
x (a,b)=xp(a)x(b)a”

to the character Zy x (Z/N')
(Z|N'")"-representation is closely related to its group cohomology.

(Zp[x])*. The maximal congruence of Z?k[x] as a Z, x

Lemma 4.1.1. Suppose (R, m) is a p-complete discrete valuation ring and let @ € m be a uniformizer. The
mazimal congruence of M is the ideal m* such that

co}im((M/wm)G) = corlrilm((M/mm)G) = M/m".
Proposition 4.1.2. When G is topologically finitely generated, the natural map
colim((M/=™)%) — (co,gm(M/wm))G (M [=™)C
is an isomorphism.

Proof. When G is topologically finitely generated, taking G-fixed points is a equivalent to a finite limit
(in the l-categorical sense). As a result, ()¢ commutes with the sequential colimit (-/w®) by [Mac71,
Theorem 1 in Section IX.2]. O

As M is a torsion-free R-module, the total quotient module M /w™ can also be obtained from a short
exact sequence of G-representations in R-modules:

(4.1.3) 00— M — oM —— M/w>® —— 0.
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Remark 4.1.4. (4.1.3) is the colimit of the following tower of short exact sequences:

0 > M —=— M y Mjw —— 0

“ l
1

0 s M —<— M s M|w? —— 0

“ l
1

0 » M —<— M » M|w® —— 0

Proposition 4.1.5. Assumptions and notations as above. When MS = 0, there is a natural injection
§:(M[]w™=)¢ - HY(G; M).

Proof. Apply HX(G;-) on (4.1.3), we get a long exact sequence of G cohomology that start with:

0 > MG s (@ 'M)6 —— (M]@™)¢ —2— HN(G;M) — HXGyw ' M) — -
The fixed points (™M) = 0 since
(w M)C = (colim(M ZME ---))G ~ colim(MY¢ 5 ME 5 ) = o (M%) = 0.
This shows ¢ is injective. O

Theorem 4.1.6. The connecting homomorphism ¢ : (Zi’f’k[X]/w"")Z;X(Z/N,)X - H}(Zy x (Z|N')* ;ng[x])
is an isomorphism.
Proof. In this case, G = Z, x (Z|/N')* is topologically finitely generated, R = Z,[x] and M = Z?k[x].
R = Zp[x] is a p-complete discrete valuation ring since it is isomorphic to the form Z,[(,] for some n.
As Zy[(n] is an integral domain, the action of an non-identity element (a,b) € Zx x (Z/N')* on Zy[(,] by
multiplication by x,(a)x’(b)a”* has no fixed points. By Proposition 4.1.5, the connecting homomorphism &
is injective.

As pis a power of the uniformizer @, @™ ' M = p~' M = Q¥*(x). We now show H_ (Z3x(Z/N')";Q%*(x)) =
0, which would imply ¢ is surjective. Write G = Z; x (Z|N')" = Gin x Gpro, where
o Gy is the maximal finite subgroup of G.
o Gpro =1+ pZy, when p>2 and Gy = 1 + 47, when p = 2.
Since Q2*(x) is a Qp-module, we have HX(Z% x (Z/N'); Q2% (x)) = H°(G fin; H: (Gpro; Q%*(x))). This
is because the associated Hochschild-Serre spectral sequences is concentrated in the 0-line. Let g be a
pro-generator of Gpr,. Then we have

H (Gpros @5 (0) = @u(x) /(1 = x0(9)9")
where ¢ is viewed as an element of Q,(x) via g € Gpro = 1 +2pZ, € Q,(x). The quotient is zero since
1-xp(9)g* #0 and Q,(x) = Q,(¢y) is a field. This implies H} (Z;, x (ZJN")* ;ng(x)) = 0. Consequently,
the connecting homomorphism § is surjective. 0

Remark 4.1.7. Unlike the finite group case, it is in general NOT true that HS(G; M) =0 for s >0 when G
is profinite and M is a Q,-module. Using Kummer theory, one can construct explicit examples G and M
when the group cohomology H}(G; M) is non-zero.
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However, it is true that H(G; M) = 0 when s > 0, if M = Ugce M where H ranges over all open
subgroups of G. Such an M is called a discrete G-module. In this case, we have by [Ser97, Corollary 1 in
§2.2]:

s . ~ : s . H
Hi(G;M) =~ Hg(c);ltrgenH (G/H; M™).

This is group cohomology is zero when s > 0, since G/ H is finite for any open subgroup H of G and M* ¢ M
is a Q,-module. It is straight forward to check that Z,[x]®* is not a discrete Z x (Z/N')”. That is why we

have to explicitly compute H, (Z x (ZIN"Y ;@?k(x)) =0 in Theorem 4.1.6.
Now combining Theorem 2.6.1 and Theorem 4.1.6 yields:

Corollary 4.1.8. The followings are equivalent:

(1) T <9Zy[x] is the mazimal congruence of Eisenstein series in E(p”,T'1(N'), x).
(2) HX(Zy x (ZIN') ;28 [X]) = Zp[X]/T.

Remark 4.1.9. Comparing Corollary 4.1.8 with Proposition 3.2.1 and Proposition 3.2.6, the group cohomol-

ogy H! (Zy < (ZIN') ;Z?k[x]) computes the denominator of Bz’“,;" € Qp(x) under the assumptions in Cases

I-V in Theorem 3.1.4. In Cases VI and VII, this cohomological computation sheds light on the numerator

of Bz’“,;" (still does not determine the valuation in general).

4.2. The Dirichlet K (1)-local spheres and J-spectra. The group cohomology H/(Zy;Z%") is on the
Es-page of a homotopy fixed point spectral sequence (HFPSS):

By = H) (23 28") = mars (KUY ),

where a € Z; acts on the p-adic K-theory spectrum KU, by the Adams operation 1*. The homotopy
fixed point spectrum is equivalent to S%(l), the Bousfield localization of the sphere spectrum at K (1), the
Morava K-theory of height 1 at prime p. The HFPSS collapses on the Fs-page except when p = 2. This
yields isomorphisms

HYZ5 28%0) = 71 (S% 1))

for all primes p. The K (1)-local sphere spectrum is the p-completion of the K-local sphere spectrum SIO{U.
S’?(U by construction is a KU-local E-ring spectum. The Hurewicz image in m(SIO(U) detects the image
of the stable J-homomorphisms in 7, (S°). In way, when the character y is trivial, we have given a new
explanation of the connection between the congruences Fo and the image of J-homomorphism in w51 (S’O)
in Corollary 4.1.8.

In [Zhal9], the author constructed the Dirichlet K (1)-local sphere for each p-adic Dirichlet character
x:(Z/N)" — C,. These Dirichlet K (1)-local spheres are defined by

’ PN
Sk(y(p")"™ = Map (M (Zy[x]), Sk 1) (")) :

In this construction

e M(Z,[x]) is a Moore spectrum of Z,[x] together with a (Z/N)™-action such that the induced action on
mo(M(Zy[x])) is equivalent to that on Z,[x].

o S?((l)(p”) = (KU;\)h(HvaP) is a (Z/p¥)”-Galois extension of the K (1)-local sphere.

S%(l)(p”)hx can be identified with

. ZXx(Z/N')*
S% 1y () = Map (M(Z,[]), KUL) N
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where Z; x (ZIN')* acts on M(Z,[x]) through the (Z/p¥)”* x (Z/N')* ~ (Z]N)*-action on M (Z,[x])
and on KU, through the Adams operations on KU, by Z;. Then the group cohomology H! (Z; X
(ZIN')*;Z&"[x']) is on the E;-page of another HFPSS:

H(Zy < (ZIN') 25 [x 1) = maes (Sky (0)™).
This spectral collapses at the Fs-page under the assumptions of Cases I, III, and V in Theorem 3.1.4. In
those cases, we get
H (Zy < (ZIN")" 25 X)) = w201 (S 1y (0°)"™) -
Like the classical K (1)-local sphere, the Dirichlet K (1)-local sphere is a summand of the p-completions of
the Dirichlet J-spectra J(N)"X where x : (Z/N)"* - C* is C-valued Dirichlet character. It is defined by

J(N)"™ = Map(M (Z[x]), J(N))" N
In this construction:

e M(Z[x]) is the Moore spetrum of Z[x] with an (Z/N)”-action such that the induced action on its zeroth
homomotopy group is equivalent to that on Z[x].
o J(N) is a “J-spectrum of level uyn”. It is constructed with the arithmetic pullback square:

J(N) —— 1, 8%y, (07 V)

J
l lRationalization

9 Hurewicg (I'Ip S?(U/p (pvp(zv)))@

J(N) is a K-local E,,-ring spectrum with an (Z/N)*-action by E-ring automorphisms. This (Z/N)"-
action is inherited from the (Z/p¥)”-actions on S%/p (p”P(N)) for all primes p | N.

The splitting of (J(N)hx)g is parallel to that of the Eisenstein subspace in Proposition 1.4.11. In this
way, we have connected congruences of Eisenstein series in E(pn,x) to homotopy groups of the Dirichlet

J-spectra wzk,l(J(N)hxil) in Corollary 4.1.8. In addition, this explains how these homotopy groups are
related to special values of the corresponding Dirichlet L-function L(s;x).
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