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Sub -Gaussian Distributions

I
.

Motivation :

① Exploration of Concentration Inequalities :
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exponential decay
for tail prob.

O , er : ⇐EE matters or not ?

A : centering Iemma

② Summary :
Examples
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sub -gaussian.

P I



I
.
Definition and Examples

1) Deaf . 22.5 - 6 ( Suk -gaussian random variables) :

A random variable XI that satisfies one of the
equivalent properties -Civ) in Proposition. 2.5 -

2

is called a sub -gaussian random variable
.

The sub -gaussian norm of I , denoted " Illya ,
is defined to be the smallest Kc, in property Civ)

.

I. e . we define

Hilly, = int t too : E e E 2 ]
.

I:(Relation to standard deviation of normal distribution )
IIF

IP I #Ist ) = IP ( III > Ea) = please > e

e e
- ¥42

⇐ ( e 'E¥)
Civ) EI
E 2 e

-

n'42

Recall Drop, 2. 5.2 : Equivalent properties of sub - gaussian
introduce absolute constants sit.

Ki E C Kj , tear any l e i -j e 5

If I - NCO . 63, then PHIL > t ) e e
- ¥2

⇒ C 622 G T ka : E e E2)
⇒ Hilly, E C62.
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Hence

eius El exp I #21 HEH
EZ

( is 1pct# Zt) E 2 exp ( - I¥y
.

)
,

ht t -30
.

(ii) II Ille E CHIH 4
,
Tp ,

ht p> I
.

(V) if EI=o , El> I ) E exp I CI 1111124, ) , ht X GR .

2) Other examples of sub-gaussian distributions :

al Bernoulli

Let I $e a random variable with symmetric
Bernoulli distribution .

By def , I # 1=-1 ⇒

It# Ilya := int IK :
23 E (exp ( FI)) = E- (e¥) = e

Te.)
=
1-
I .

b) Bounded

Any bounded random variable I is sub -gaussian with

Hilly E C HEHs

Recall def . of It Elly
,

and apply similar reasoning
in (a)

.
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HI
. General Hoefling 's Inequality

A) Recall
:
Let Ii . ' " . In be independent normal random
variables , then

III. Ii - N lo , sis)

Proposition 2- 6. l ( Sams of independent sub - gaussians )

Let E, .
- ri
. In be independent mean- zero sub -gaussian

random variables . Then ?!
,
Ii is also a

sub - gaussian random variable
,

and
N

III. Ii HEE C -211*1124
.

it

PI We analyze the MGF of ¥, Ii .
For any X G IR

,

E exp ( X Ii ) ⇐ II LE e#i by independence
± ¥

,

exp HII HI
,
)

= exp ( CE NI
,

HEINI
.
) .

Henke
, Prop 2.5.2 implies II. Ii is sub -gaussian , and

z N z

HII Kitty, E CIE. "#ill 4. . a.ED.
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F-harem 2.6
-
2 (General Hoettding)

Let I , . iii. IN be independent mean - Zero sub -gaussian
random variables

. Then for every t 30 .

Pll ?÷Iil It ) E 2 exp ( - ¥7
,
HEINI!

Sketch of Pf; t x -o ,

IP ( ÷¥ IT > t) = pie>¥. # sext)
E e

- *
Ef e

* Eiti

e e-
at ecx.IE, k¥1124. ( tix)

t

minimize the exponent and let x : =T.EU#iTFya1Pl?.EEis.tI⇐ e

- ÷z÷*Ei.
.

Corollary (khintdi.ae 's *inequality)

Lei Ii . ' - i II be independent sub-gaussian random variables

with Zero means and unit variances
,
and

let A. = Car . . - .

.
An ) G IRN . Prove that for any PG [

2.b)
.

( E
.

ai
-F EFI

,

ai# Her e carp ai!
where k = max HII Ily, and C is an absolute constant .
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2) Centering
"

de -mean
"

does not harm the sub-gaussian property :

0bson: HI - EINE E HIVE ( check this ! )

Lemma 2. 6.8 ( Centering) :
If I is a sub- gaussian random variable

,

then I - EI is also sub-gaussian and

HE - ETE Hy; E CHEVY's ,

where C is an absolute constant .

PI Since H 'll ya is a norm CEX
.
2.5-7)

by the triangle inequality ,

HEE - EFE 442£ Hilly, t HEIH 42
d

constant and thus bounded

By discussion on bounded random variables
,

prop. 2.5.2

HE# Ilya E Hillis ⇐ LEI l E EIXI Ell Illya .

Q . E.b.
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Sub - Exponential Distributions
II. Motivation :

Recall that the class of sub -gaussian distributions
is wide and satisfies nice concentration inequalities .
Een particular ,

etfding
IPKII -ul -t) = let -n'jet, e

- t
'

⇐ ( e
#-up
,

m -
-
= I

On the other hand
,

① IP III -ul > E) =p ( e
#" t

>et) ⇐ e
-te et#

-ul

Q
.
Are there distributions generating the above concentration

inequality ?

A : Sub ⇒ exponential distributions

② Consider g = (g . . . - ; gn) Ee a random vector in IRN
,

gi are independent Nco . I) random variables
.

III is useful to have a concentration inequality for

11GHz : = ( Fg
,

GIZ
.

However , note that gi - NIO . D
,
but not gi

-
.

.

(Pk gi
'
> t) =Pllgil > ft) s e

- E
.

the tails of gi
'd
resemble the exponential distribution and are

strictly heavier than sub -gaussian .
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Analogy of Proposition d.5.2 :

Proposition 2.7. I ( Sub - exponential properties)
Lei II be a random variable

.

Then the following properties
are equivalent ; the parameter ki so appearing in these
pr parties differ from each other by at most an absolute

constant factor .

(is the tails of I satisfy

IPC#I > t) Ezexp l
- ¥)

,
t t so

.

Iii, The moments of I satisfy
Hilly = Ell#P

)
"IP & Kap Hp> I

y
-

Liii) The MGF of II. I satisfies
E. exp LXIII) E exp (Ks X) , ht X sit. o⇐ as KT

Civ) The MGF of III is bounded at some point, namely
E exp I ) a- 2

.

-

moreover
, if ETI =o , then (i)

-Liv) are equivalent to

(V) The MGF of I satisfies

E e
"#
s e

KE"
,

it x sit- INE Fs
.
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Rieman (mGF near origin )
consider general I with EI and EIZ =L

.
Assume I bounded

.

E exp HI) = Et ( it >It
toIII')) = it nee

>%

I ¥0
EI=o , EIII

-
= I

① I - N coil) : exact equality
② XI sub -gaussian : bound holds for all X ( prop . 2.5-2) and

characterizes sub-gaussian
③ I sub- exponential : bound holds for small X ( Prop . 2.7.17 and

characterizes sub - exponential
For larger X. no general bound can exist

For sub - exponentials . I think about this.)

P¥efProp.z Cii,⇒ cu)

WLOG , assume 13=1 . (why? )

Expanding exponential function in a Taylor series :

E exp HIS = E ( I # XI t 2¥
,
HI÷÷)

2

= It E xk Ext
*⇒ t ( linearity of E and EIEO)

By Prop 2.7. I Cii) ,
**)

k k
\ EIK ④ III E K

"

,
t k > I

. * l)

meanwhile ,
k ! 7 (T)

"

by Stirling .

*2)

App 's¥Ye'a:D, #7,7¥ "

at ?Iexi=HE
for lexlcl

If text Etz, then It 9Ie e ltzlex) -
To conclude

,
E e
"#

E e
Ze
."

,
t x with IX s Ie

.
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I
. Definition and Relationship with Sub - Gaussians

1) :

A random variable I that satisfies one of the equivalent
properties ( is - Civ ) in Proposition 22.7 is called

sub - exponential random variable .
The sub- exponential norm,

et I
,

denoted by 14 Illy , ,
is defined to be

Kelly : -- int t too : E e
"¥
E z )

.

2) Relation with sub -gaussian

① sub - gaussian ⇒ Sub- exponential

② square of sub -gaussian ⇒ sub- exponential

The reverse is also true :

Lem_mab :

A random variable I is sub -gaussian if and only if
I
'
is sub- exponential . Moreover ,

HI- H'4.
= HIVE

.

Pf : Follows easily from the definitions :

Hilly, '. -- int LK .
.EEe±÷ Ez )
¥

H Illy, := int LL : E e
↳ Ez ) .
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More generally , the product of sub -gaussian s is

sub - exponential .

Lemma22-7.tl : Let XI and Y' be sub-gaussian random variables
.

Then I -Y is sub - exponential . Moreover ,

HI'S 114. Ell# 114.4444. .

HI W .Loft
.
assume HEH 42--1141142=1. (why ?)

It suffices to show

2 2

if E. I I
,
EIK 'S E 2

,

then E ( e #
Yl) E 2

.

*2+72
Consider e

# T ' E e-Toohey ?)

)than Elek
'"
) e Ele = Ele e ,

⇐Ele
#
e
't,

E 2.

3) Other examples of sub- exponential :

Exponential , Poisson ( Check !)

4) Centering .

An analogue of Lamma 2.6.8 :

If I is sub - exponential . then HI - E-Illy, ECHEHY . .
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It. Concentration Inequality : Bernstein 's Inequality
theorem 22.8 . I (Bernstein 's Inequality)#

Let Ii . - - -

. En be independent mean - Zero sub -exponential
random variable

.

Then for every too ,

p Iit > t) ezexpl-cminlz.FI#TE.ma!ITIiIy.D
,

where CBO is an absolute constant
.

P¥. # x > o ,
N

-Tt

R ( I. Ii > t) se ET expfx.EE')
ie

= e
-Tt TT E e × by independenceF-i

→t neck"#HI. if XE Heil
, ,V-
i

E e Tt
i- by "prop 2.7 . I N

N z

- it t CK 2- HE'll 4.
= e

=: 62

We can then minimize X and let

X : = min (t
c- )

2C62 i miax 11 IT Illy,

=p
o

my. ' II#114,which yields Is?I
c-
2 Ct

IP ( ¥
,

# i > t ) E
exp l- c mi" (¥

. Tx¥.

) ) -
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A more convenient form ;

theorems ( Bernstein 's inequality)

Let It . - ri

. In be independent mean - Zero ,

sub - exponential
random variables , and let a = ( ai. - -

n

,
AN) G IRN

.

Then , for every b- 70 ,

p t.FI
.

a- *il se 's ezexpl-cminlIITIi.nu#D
,

where K : = miax 11¥44. .

⇒ Half = Nt = Halls
when ai :# Nt

. we obtain a quantified law of large numbers .

Gro4ary2
Let I, . - -

i. IN be independent mean - zero , sub - exponential
random variables . Then for every b-70,

£2

Ip l #FEI Ii 13 t) ezexp f-cminl KT , E) N )
x

where K -
- =

miax 11¥44. .

I l

l l

l iDX :

-1 ⇐
to

: i
Large deviations

'

1 Large deviations'
.

Small deviations

exponential #ails normal tails exponential *ails
p 13


