oéwa/e ® —(q¢ —2020




Sub-Gaussion OiswboxionS

I mervarion .

@ &'larahan “f‘ Concarctorion L'ai“”‘*a” x
g |xT-«l _ &lx""“ LX-M[

c{u\?stw

B E -l »%) =P(X> 5% > g15-ul

.bl
- 2 HoeAfdin }
wu:=FX =f"€‘z-“)>c*’) Af J )e- E(e(x u)*
8 «a:=EX ,otes e+ not >
A. Oww—‘v7 Lemma
@ famuav_.
wnfla
HO#DJ" f Gansson . Bemoudl; . Bownled ]-
b

Sadb -Jausr.‘m

P



T Definition and Smufles
I)M ZSé ( S«(,-yws-.rian MM VN'I:A.‘IQ) :

A roadom vanatle X thas raa’:fico one of the
eiu'.leM propersies (U ~(v) in I’ra’ws-)ﬁm 2.8.2
'S called a sub ~ ganssian rondom yoroble

The Sub-ganssion norm of X, denotel IXlly
15 defiael t© 4e phe smadox Kq in propety (v) .
7.e. we alo,f:ne.

2

(RUg <t fore e Tea]

2%01«: (kdaﬁaﬂ to WNJ MWII * Nermal a‘;S‘H‘;AW‘l‘m)

2 2
plixi>e) = p (Bl &) _ oo , B

*° 22

— a 2

< e " E(e "*)
Qv -&3

€20 K¢

Recadl f’mro 282, ZgaJva/anZ' profum’a. of M'ﬂ““"pm
introduce abSoluT @ constents  s.T.
K(‘fcﬁ/', ‘f"ﬂv /éb‘aJ S
If X~N(92.6) e PX>H) < € e

- X
= C(’Gfkq,:ﬂ:ev‘ézf

2 NZlly, s



H ance

G E( exp( X/ URNy) <2
ct®
(o) PR 2F) < 2""?( - “x"f‘,) v €270
(i) Xl <cuxiy g, P2
(v) 14 EX=0, E(p\X) € exp( CA’“X“.E), ¥ A¢R.

2) ptier a)cauflea of mé-ja.uw?aa A str baion s .

a) Berrowlis
Lir X be a réadom vericlle with Symmw}c

Barnouts i Srtribus'on

§y do, 1Zl21 2
2 +
IR ly = nf (K. 22E(ep( ) = E(e*)= e ®]
)
- V2
)  Boundel

Ay bocnded rondom voralle X s rwé—jaas:ﬁan with

“X“q,z < ¢ ".2“4.

Recau alof o{ I)X“% anl “f/’{] e lar reﬂ-S'm:J
fn (A,



L. Geaored Hodf.b‘:j 0 Iaq«aﬁv
’)IZecaa, Lex X,. . Xau be ,‘hbfoo(aﬂ normal  panclom

va~able,, than

N N
S ~ N (o) (‘\
Zz % 2)

,D,grosrﬁon 261 (Sums of .',u(arav/anf sub -yaass,‘m:)

dor X, . Zv be ?m"faﬂlba mean—Eero  sub-gamussan

N

rondom voriebleS . ha, 2 X; o~ adso a

o=l

:ué-aaas'f?an roadon, vortatkle . anl

[1d . a N P
Il gx “4-3 € C Euxu%

')
PL We anfyze te MGF of .Z_.:X'
For Ae R,
~ N 0 .9
Eexp(),lz_;x;) = -‘_IIEC @:m(ro-lm

N 3
£ T esleXiXig )

= exp ( C)gz f'llX.‘ﬂ.;’)

N
Heace@ , ﬂ.,, 2.52 ,~,1,4.'¢, %’ X, s sab- \7&05'8;00' ad
N ¢=

(4 2 2
W2 XNy < €2y, 8.E.0.

o



Theorem 2.-6.2 (W ML@)

Ler X,."*.XJ be 7JTa,a(a&' meon - Zero %-JMSI,‘M
random vovriadley Then ..p'- o,mq v 20,
N
PIZX:|l 2zv) <

ct®
S Qe"f(- Z:ux;“;3)

Skerd of ¢4, v A2,

7/

N
", N _
”(gX‘2t)= P rz=ox;>e}t')

N

2\t r g X
€ e F e
) 2
o e’ T IR, (VYA
< e e V=

b
Mrim e the eponent ad [er x:= Tac ZNEMD

> >
ct

~
-
P(‘zz‘ X 27) £ e r; ﬂx;ﬂ.h '

Grouﬂv (’(‘U‘nk":‘ne/s ""9'7“"""\‘7)
ler X, . X4y be /‘a(?o,w(&d- fM-oaaﬂ:‘an rordon vo-able.
with Zeo means ond wAl verance | anld

le.f a= (a'l/ 9% aM) "‘Ru . Pl'ovz ﬁa: ‘l’r % F‘ Cz,ﬁ)‘

2

(£ a)' <z aXll, < ckF(Za)

where K = max (| X; “gb ol C s an absoldee Constent .

PS



2) 0«:«'07:7
'3¢'-M¢M" doe. potT harm <the fd—@mrﬁﬁﬂ fl‘?ﬂj

obsavarion: X -EXWI 2 < |lX||La ( ket s 1)

Leoma 2.6.8 C&n—c‘ﬂf‘r\v)
If X s a ub— g omsSian random voraile .

thon _X—EX’ NS also SM-JMW?M anal
IX-EXlly < CURUy,,

wheee  C 7S 40 pbsolut@ ConsTant.

y Sthce "‘ il Ya 'S a4 norm (Ex. 2.&57)
é, vhe 't'ﬂwvle 1‘0271;407,
(| X-EXUq.= WXUy, + WERMy,
é
Consrorc Oawd thas boundal

By discussion on boundal random vorokies,
UHEXUg, € IX). =IEX 1 < EIX| £(Rly, .

AR.5P.

Pé



Sed - Z&Ma[ NSt boerions

I Morvarion .

Recatl +hat vhe closs of Sb-gaussian A st burians
s e and sw?s'Fm ace Concodraneon Pn?m!n‘q.
I pasmicdor

-« HOQ/{{J"." 2 —u)?
bl X -l »v) = p (& “s %) v, e’ E(._o,(x “I)
“w:=X
On vhe other Lﬁnﬂl,
R-«| | X -l

Q PlLIZ-u>% =Ple >cf)§¢"te

Q. Are thee Astriburions Jasororieg she  abwve ConCeurarion
7aegactity ?

A. Sub - e,xfm—anb'ﬂl ol srrlbeet i onS

© Consider 3 = (\751"3 yﬂ) e a rﬁnlﬂm veexs” [n Rﬂ,
g- are ia.nlo,wluz N C0.() rardom venbles.
Tt 'S asefel 4o hove R ConceatErOm Me:ieal;v -
d z
lighy : = (E 3:‘2) _
HNN“.I AQte 'b“.ﬂ;' a;~~(°l l)/ ‘m" M# \7"3.-
-k
(P(9°>¢) =PUGI>&F) = e *

The 1=ils of 17:3 resemdle e exruwu A sTRbgion ard are
S'-hw‘ov;ll {eawiar thon M—dmsﬁaﬂ.

r?



'4'"“(017 of Proposivion 252,

P/vror;#an 2.7 1 ( S«b- exrazcar-‘wl f»arw‘es)

dom X be & randam varakle Thea e -lo/low;a\c? frqoq,ﬁe-f
are eya.:uduuf,- the parameses K >o appea~nq in <hese
propertieS diffe from Qach other by ar sosT an absolure
Con stont factol.

(0 The mils of X satisfy

+
P(IX|>7) <zexp (- W, , V t 2o

(i) T‘Q merof X 5-4,-,‘:.{’1
(Xdp = &K It € wp. VP2l

(i) The MGE o (XI sariofrta N
F exp(MZl) € &p(KXN), A 5T OgAS K

Gv) The MGF o (XI 1 lounded a some poias, nﬂm&{,
Eep(E) <2

Moreover , 14 KX =0 | glaa (2 =-('v are egulvalenT Vo
(v The MGF of X smrisfies
AX 2,3 —4
E' e < eKr)') v A s+ lA‘ﬁ Ks .

PE



Ramark. (MG-F-nca.o aJJm)
Considor geparcl X with EXZ0 oad EX =l Asuma X ounded
E ep OR) = E(1+23+ A‘zz‘ *"‘"3)) ““‘A’“e g
E-X‘:o,fx = '\-.0
® X ~N(o.): exast a,uaby
@ X Sub ~Jansston board fholds for at > (Prep. 252) and
ohorares 2oy sub-GomSsion
@ B qcu- Wanwa.l boaund folds for smad A (ﬁ‘f 2.7 ad
dharatorzey sub - ofmeaial
For lagar X ne y«“/ bad can aosT
for  sub - e,ro,,eﬂ;a_l:_ ( Tt atna +4'S.)

Fom 10l Pl of frop. 290 G Dw)

WLOG, asume KK =1 . (whky?)
5,,,“,"7 brg,.a.-;,.,l Purcron ja o "".7"’ sarGy
«

- > QA%
Eexrl)\x} = E(1+ 22X + %__2 Y }

oo k [ 2
=1+ Z 2R ((neig g & of B220)
By fep 271 (i, (*%/

k

Xl EIR“s k%, ver o)
Maswhite. k1% (&) & Saring (%3

g(*/)w((*l)h(z -
Ee™ s v 2 LA = QN = #i=¢x 4‘_)3)»
(Kie) k=2 Sor leXMc
it Jexl =z, e t-bfe"e) ¢ (+2)°

To conclude , & e}\x < 6zc>~ , VX with lN‘JZ
2

(|



L. dafiation aed Rolorionsbep w: % Sad - Gaustians
')ag‘. 2.7.8:
A random va~aile X ther sisfie, ene of ¢he a’a"va(m?
propeTics (D -(v) in Preros%"ﬁm 27 is ald
sué —exfondnz‘w‘ rondom vacieble The "‘4"@‘[‘"“"""4 nem
o X Aavoral by I XWg, 1S Adefined to te
(24
IIX““,‘:-.MI- f vo0o. e h € 2 I
2) Reloton aith sSub = Gu s5'an
(D Sub - ﬁ““ £ an =) Saub ~ e)rom-ra(.
@ 51;;4/3 of M-Jaamhn =2 Ywé—@;omwm'a.(

The raverse iS also frae

WMR. 2'7" g

A readom variakle X s sub-~Gaussian L ol ""ﬁ rt
X* »s %—e’roaeam'a(_ Moreover,

NX Uy =NXlly,

Ff: Follew s ca.ﬂ(-’ from He deffni169S .
lz
XNy := np {K.Ee K < 2]
=
WXly, =mf L ECT <2].

Pee



Mure ymwd , the prodes of sub —god ssians s
sub - axroaw-al.

Lemma 277 Lor X ad Y be sub-gansiian random vanastes
Ther XY ;s sub- eyonenak. moreoves.

I=Ylly, <UKU Yy

M weioa assme NElg, =UYiiy, = (why?
It S4fticas ¥o  show

b of y2

4+ E(e ) He) < 2,

than & (X)) <2
22+Y°

Considar BTl ¢ €73 e'\(5,,4’?)

Y x>+ Y P-4

Thon E (e

3) Other exwuflcrap- Seb - eX,Mﬂaf;Al:
8)(,MM'4°( Porsson  (Cheek!)

4) C«wcn':?.
An anelogue of Lamma 2.6.8 .

T+ X s :ué-exfaocm‘d, thar || X - EZI ‘56“&”.,‘,._

rll



W. Corcewior on T aquatity - Bamsresn s Leymﬁv

Theeram 2.8.1.(Bemsrein’s Leqmﬁv)

letr X, . By be mdapa.o(a.:' mean - Zero mé-&‘,mv’w‘
random ve~able Than e wav +20.

p(LZj‘X‘.l 2#) €2 ep ( -C M-?n( ftllalel; ) 3 )>

‘”f_"‘“xf"q,.
whae C%0 ¢ an absolud@ corsTonl,
f_’ﬁ: ¥a>o,
»
p (T X >%) <e
=

=

D E el IW)

D Tt AX,
= e M :ﬂ" FE ¢ by /),(?a.doncc
[ | P

2, e .
<™ T & Wil H A5 WElly vy
) w Prq, 2.7.1 »w
N 2
_ -ap + cAzg-'"-xl\“‘h
= e = ,
=&

We @ hen mnmmze A and (e

L= t <
A mn ( 2Cg> ' Mmoax u xn“ﬂf‘ )
i

whdd ‘7/‘ elds

i_'x;>#)f ¢ =5 ﬁ))

‘ - \
P ( EL e"‘f( C mn ( € 2ma llX.‘l\q,'

Pr



A mwe  comwen:ant A/vrM,.

‘T"\CWM 2.9.2 (erf'e.:n's 7:\7“““'7)

der X,, Xy be :‘Mrualad meon - Zero mé-ex,om-ﬁo{
rordom variables , odd [ A= (61 -, Op) & wr"
7han | for ue.r\7 v 29,

N t'-a %
e {l? Xl 26 ] €2 exp ( ""‘;A(K’Ilﬂﬂ:' K.""-‘C)),

whare K= max (1Xl g,

L lladZ = 7 = il
Whan Ri=N. we obtain a 7;.a4rif7‘e.l (aw of (aqe. nambars.

Gorollarg _2-9-3
v

Let X, . Zn be M?M/&I meaon - Zeso M—Ufa\eaa’lw(

random variable.. Then fﬂl‘ uu‘\/ v=0.

P (l‘i‘q"rz X | 26¢) c2exp (—-CMM( :3, ZA)N),

whare K:= max (1Xllg,

o4

PIS



