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Abstract
We study the orbits of a polynomial f 2CŒX�, namely, the sets ¹˛;f .˛/; f .f .˛//; : : :º
with ˛ 2 C. We prove that if two nonlinear complex polynomials f;g have orbits
with infinite intersection, then f and g have a common iterate. More generally, we
describe the intersection of any line in Cd with a d -tuple of orbits of nonlinear
polynomials, and we formulate a question which generalizes both this result and the
Mordell–Lang conjecture.

1. Introduction
One of the main topics in complex dynamics is the behavior of complex numbers x
under repeated application of a polynomial f 2 CŒX�. The basic object of study is
the orbit Of .x/ WD ¹x;f .x/; f .f .x//; : : :º. The theme of many results is that there
are hidden interactions between different orbits of a polynomial f : for instance, the
crude geometric shape of all orbits is determined by the orbits of critical points (see [8,
Section 9]). However, little is known about the interaction between orbits of distinct
polynomials. In this paper we determine when two such orbits have infinite intersec-
tion.

THEOREM 1.1
Pick x;y 2C and nonlinear f;g 2CŒX�. If Of .x/\Og.y/ is infinite, then f and g
have a common iterate.

Here the nth iterate f hni of f is defined as the nth power of f under the opera-
tion a.X/ıb.X/ WD a.b.X//. We say f and g have a common iterate if f hni D ghmi

for some n;m > 0. Note that if f;g 2 CŒX� have a common iterate, and Of .x/ is
infinite, then Of .x/ \ Og.y/ is infinite whenever it is nonempty. In light of Ritt’s
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classification of polynomials with a common iterate (see [29]), the conclusion of our
result can be refined as follows.

COROLLARY 1.2
Pick x;y 2 C and nonlinear f;g 2 CŒX�. If Of .x/ \ Og.y/ is infinite, then f D
`1 ı h

hmi and gD `2 ı hhni for some h 2CŒX�, some linear `1; `2 2CŒX�, and some
positive integers m and n.

This corollary can be sharpened at the cost of a more complicated formulation
(see Proposition 3.10). We remark that the nonlinearity hypothesis cannot be removed
since, for instance, OXC1.0/ contains OX2.2/.

In our previous paper [18], we proved Theorem 1.1 in the special case deg.f /D
deg.g/. In the present paper we prove Theorem 1.1 by combining the result from [18]
with several new ingredients.

We can interpret Theorem 1.1 as describing when the Cartesian product Of .x/�

Og.y/ has infinite intersection with the diagonal � WD ¹.z; z/ W z 2 Cº. The conclu-
sion says that this occurs just when there exist positive integers n;m such that �
is preserved by the map .f hni; ghmi/ W C2 ! C2 defined by .z1; z2/ 7! .f hni.z1/;

ghmi.z2//. Our next result generalizes this to products of more than two orbits.

THEOREM 1.3
Let d be a positive integer, let x1; : : : ; xd 2 C, let L be a line in Cd , and let f1; : : : ;
fd 2 CŒX� satisfy deg.fi / > 1 for i D 1; : : : ; d . If the Cartesian product Of1.x1/ �

� � � � Ofd .xd / has infinite intersection with L, then there are nonnegative integers

m1; : : : ;md such that
Pd
iD1mi > 0 and

.f
hm1i
1 ; : : : ; f

hmd i

d
/.L/DL:

When Theorem 1.3 applies, we can describe the intersection of L with the prod-
uct of orbits. Our description involves the following more general notion of orbits.

Definition 1.4
If � is a set and T is a set of maps �!�, then for ! 2� the orbit of ! under T is
OT .!/ WD ¹t .!/ W t 2 T º.

Recall that a semigroup is a set with an associative binary relation; in this paper,
all semigroups are required to contain an identity element. Thus, for f 2 CŒX� and
! 2C, the orbit Of .!/ equals OS .!/, where S is the cyclic semigroup hf i generated
by the map f W C! C; in general, if S D hˆi, then we write Oˆ.˛/ in place of
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OS .˛/. Theorem 1.3 enables us to describe the intersection of a line and a product of
orbits.

COROLLARY 1.5
Let ˛ 2 Cd , let f1; : : : ; fd 2 CŒX� satisfy deg.fi / > 1 for i D 1; : : : ; d , and let L
be a line in Cd . Let S be the semigroup generated by the maps �i W Cd ! Cd with
1� i � d , where �i acts as the identity on each coordinate of Cd except the i th, on
which it acts as fi . Then the intersection of OS .˛/ with L is OT .˛/, where T is the
union of finitely many cosets of cyclic subsemigroups of S .

It is natural to seek analogues of Corollary 1.5 for other semigroups of endomor-
phisms of a variety. We propose the following question, in which N0 denotes the set
of nonnegative integers.

Question 1.6
LetX be a variety defined over C, let V be a closed subvariety ofX , let S be a finitely
generated commutative subsemigroup of EndX , and let ˛ 2X.C/. Do the following
hold?
(a) The intersection V \OS .˛/ can be written as OT .˛/, where T is the union of

finitely many cosets of subsemigroups of S .
(b) For any choice of generators ˆ1; : : : ;ˆr of S , let Z be the set of tuples

.n1; : : : ; nr/ 2 N0
r for which ˆn11 � � �ˆ

nr
r .˛/ lies in V ; then Z is the union

of finitely many sets of the form zi C .Gi \ N0
r/, where each Gi is a sub-

group of Zr and each zi is in Nr0.

When S is cyclic, both parts of this question specialize to an earlier conjecture
posed by the first two authors in [17] (which refines an earlier conjecture of Denis
[12]). This previous conjecture for cyclic semigroups has been verified in several
cases: [2], [3], [5], [6], [12], [17], [18], [24], [25], [33]; for instance, if X DGa �Gm

and S is cyclic, then Question 1.6 is equivalent to the classical Skolem–Mahler–
Lech theorem on zeros of linear recurrent sequences. However, it is unknown whether
Question 1.6 always has an affirmative answer when S is cyclic. We formulate Ques-
tion 1.6 to have a single question which simultaneously generalizes three differ-
ent things: the earlier “cyclic semigroup” conjecture, Corollary 1.5 of the present
paper, and the Mordell–Lang conjecture on intersections of subgroups and subvari-
eties of semiabelian varieties (which was proved by Faltings [14] and Vojta [35]). The
Mordell–Lang conjecture immediately implies the special case of Question 1.6 in
which X is semiabelian and S consists of translations (and conversely, the Mordell–
Lang conjecture follows at once from this special case of Question 1.6). Inspired by
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this reformulation of the Mordell–Lang conjecture, we showed in [19] that Ques-
tion 1.6 often has an affirmative answer when X is semiabelian and S consists of
algebraic group endomorphisms; for instance, this is true if each endomorphism in S
has diagonalizable Jacobian at the identity of X . Note that Corollary 1.5 is equivalent
to part (a) of Question 1.6 in case V is a line, X D Ad , and S is generated by endo-
morphisms �1; : : : ; �d as in Corollary 1.5. In this situation, part (a) implies part (b);
in fact, we know no example where (a) holds but (b) fails (plainly (b) implies (a)). We
do not know any other cases in which Question 1.6 has been resolved. We emphasize
that the methods used to resolve Question 1.6 in these various settings are completely
different from one another. It would thus be of great interest to prove a common
generalization of all these results, thereby connecting the various results as well as
the methods involved in their proofs. In particular, the fact that Question 1.6 has an
affirmative answer in such disparate settings suggests that it may have an affirmative
answer quite often, and perhaps it has an affirmative answer in a single setting which
includes all the settings described above.

One crucial distinction between the results of the present paper and most of
the results described above is that here we treat ramified endomorphisms. In fact,
besides our previous paper [18], all other papers addressing Question 1.6 in the ram-
ified case have used a p-adic analytic approach (and have treated only cyclic semi-
groups S ). However, the recent paper [5] gives a comprehensive treatment of this
p-adic approach, which implies, in particular, that the approach seldom applies to
semigroups containing ramified endomorphisms. By contrast, every nonidentity endo-
morphism occurring in Corollary 1.5 is ramified.

In Section 12 we present several examples in which part (a) of Question 1.6 does
not hold; we do not know any general conjecture predicting when it should hold.
We also explain how Question 1.6 relates to the existence of positive-dimensional
subvarieties of V that are invariant under nontrivial subsemigroups of S .

In the case S D hˆi is cyclic, Question 1.6 fits into Zhang’s far-reaching system
of dynamical conjectures [37]. Zhang’s conjectures include dynamical analogues of
the Manin–Mumford and Bogomolov conjectures for abelian varieties (now theorems
of Raynaud [27], [28], Ullmo [34], and Zhang [36]), as well as a conjecture on the
existence of a Zariski-dense orbit for a large class of endomorphismsˆ. Let Y denote
the union of the proper subvarieties of X which are preperiodic under ˆ. Then [37,
Conjecture 4.1.6] asserts that X ¤ Y if X is an irreducible projective variety and
ˆ admits a polarization; the conclusion of Question 1.6 implies that Oˆ.˛/ \ V is
finite whenever ˛ 2 X.C/ n Y.C/ and V is a proper closed subvariety of X . Results
in the direction of Zhang’s conjecture have been proved by Amerik, Bogomolov, and
Rovinsky [1, Corollary 2.7]. We remark further that, if Question 1.6 has a positive
answer for an irreducible quasi-projective variety X and a cyclic semigroup S D hˆi,
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then any Zariski-dense orbit OS .˛/ is critically dense, in the sense that each infinite
subset of OS .˛/ is Zariski-dense in X ; this concept arose in [21, Definition 3.6] and
[11, Section 5] (see also [3, Corollary 5.5]).

In our previous paper [18], we proved Theorem 1.1 in the case deg.f /D deg.g/.
The proof went as follows. First we used a specialization argument to show it suffices
to prove the result when f;g;x; y are all defined over a number field K . Then in
fact they are defined over some ring A of S -integers of K , where S is a finite set of
primes; this implies that Of .x/ and Og.y/ lie in A. Thus, for each n, the equation
f hni.X/D ghni.Y / has infinitely many solutions in A�A, so by Siegel’s theorem the
polynomial f hni.X/�ghni.Y / has an absolutely irreducible factor inKŒX;Y � which
has genus zero and has at most two points at infinity. A result of Bilu and Tichy [7]
describes the polynomials F;G 2KŒX� for which F.X/ �G.Y / has such a factor.
This gives constraints on the shape of f hni and ghni; by combining the information
obtained from different values of n and using elementary results about polynomial
decomposition, we deduced that either f and g have a common iterate or there is
a linear ` 2KŒX� such that .` ı f ı `h�1i; ` ı g ı `h�1i/D .˛X r ; ˇX r/. Finally, we
proved the result directly for this last type of polynomials f;g.

We use two approaches to prove versions of Theorem 1.1 in the case deg.f /¤
deg.g/, both of which rely on the fact that the result is known when deg.f / D
deg.g/. Our first approach utilizes canonical heights to reduce the problem to the
case deg.f / D deg.g/ treated in [18]; this approach does not work when f;g;x; y
are defined over a number field, but works in essentially every other situation (cf.
Theorem 8.1). As remarked by a referee, this reduction to the case deg.f /D deg.g/
can be proved by similar methods for some other classes of rational maps, and can
likely be proved for some classes of maps between higher-dimensional varieties.

Our second approach uses delicate results about polynomial decomposition to
obtain the full Theorem 1.1. In this proof we do not use the full strength of the result
from [18]; instead, we just use the main polynomial decomposition result from that
paper. In particular, our proof of Theorem 1.1 does not depend on the complicated
specialization argument used in [18]. We now describe the second approach in more
detail.

Our proof of Theorem 1.1 uses a similar strategy to that in [18], but here the poly-
nomial decomposition work is much more difficult. The main reason for this is that,
when analyzing functional equations involving f hni and ghni in the case deg.f /D
deg.g/, we could use the fact that if A;B;C;D 2 CŒX� n C satisfy A ı B D C ıD
and deg.A/D deg.C /, then C DA ı ` and D D `h�1i ıB for some linear ` 2CŒX�.
When f and g have distinct degrees, one must use a different approach. Our proof
relies on the full strength of the new description given in [38] for the collection of all
decompositions of a polynomial; in addition, we use several new types of polynomial
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decomposition arguments in the present paper. As above, for every m;n we find that
f hni.X/ � ghmi.Y / has a genus-zero factor with at most two points at infinity. We
show that this implies that either f and g have a common iterate or there is a linear
` 2CŒX� such that .` ı f ı `h�1i; ` ı g ı `h�1i/ is either .˛X r ; ˇX s/ or .˙Tr ;˙Ts/,
where Tr is the degree-r Chebyshev polynomial of the first kind. We then use a con-
sequence of Siegel’s theorem to handle these last possibilities.

The contents of this paper are as follows. In the next section we state the results
of Siegel and Bilu and Tichy, and we deduce some consequences. In Section 3 we
present the results about polynomial decomposition used in this paper. In the follow-
ing two sections we prove that if f;g 2 CŒX� with deg.f /;deg.g/ > 1 are such that,
for every n;m > 0, f hni.X/ � ghmi.Y / has a genus-zero factor with at most two
points at infinity, then either f and g have a common iterate or some linear ` 2CŒX�

makes .` ı f ı `h�1i; ` ı g ı `h�1i/ have the form .˛X r ; ˇX s/ or .˙Tr ;˙Ts/. Then
in Section 6 we conclude the proof of Theorem 1.1, and in Section 7 we prove The-
orem 1.3 and Corollary 1.5. In the next several sections we give an alternate proof
of Theorem 1.1 in case x;y;f;g cannot be defined over a number field; this proof
uses canonical heights to reduce the problem to the case deg.f / D deg.g/ treated
in our previous paper, and does not rely on any difficult polynomial decomposition
arguments. In the final section we discuss related problems.

Notation
Throughout this paper, f hni denotes the nth iterate of the polynomial f , with the
convention f h0i D X . When f has degree 1, we denote the functional inverse of f
by f h�1i; this is again a linear polynomial. By Tn we mean the (normalized) degree-n
Chebyshev polynomial of the first kind, which is defined by the equation Tn.X C
X�1/DXnCX�n; the classical Chebyshev polynomial Cn defined by Cn.cos�/D
cosn� satisfies 2Cn.X=2/D Tn.X/. We write N for the set of positive integers, N0
for the set of nonnegative integers, and Z>1 for the set of integers greater than 1.
We write K for an algebraic closure of the field K . We say that ˆ.X;Y / 2KŒX;Y �
is absolutely irreducible if it is irreducible in KŒX;Y �. In this case we let C be the
completion of the normalization of the curve ˆ.X;Y / D 0 and define the genus of
ˆ.X;Y / to be the (geometric) genus of C . Likewise we define the points at infinity
on ˆ.X;Y / to be the points in C.K/ which correspond to places of K.C/ extending
the infinite place of K.X/. In this paper, all subvarieties are closed.

2. Integral points on curves
The seminal result on curves with infinitely many integral points is the theorem proved
in 1929 by Siegel [32]; we use the following generalization due to Lang [23, Theo-
rems 8.2.4 and 8.5.1].
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THEOREM 2.1
Let K be a finitely generated field of characteristic zero, and let R be a finitely gen-
erated subring of K . Let C be a smooth, projective, geometrically irreducible curve
over K , and let � be a nonconstant function in K.C/. Suppose there are infinitely
many points P 2 C.K/ which are not poles of � and which satisfy �.P / 2 R. Then
C has genus zero and � has at most two distinct poles.

We use this result in two ways. One is in the form of the following consequence
due to Lang [22].

COROLLARY 2.2
Let a; b 2C�, and let � be a finitely generated subgroup of C� �C�. Then the equa-
tion axC by D 1 has at most finitely many solutions .x; y/ 2 � .

This result is proved by applying Theorem 2.1 to the genus-1 curves a˛X3 C
bˇY 3 D 1, where .˛;ˇ/ runs through a finite subset of � which surjects onto �=�3.

To describe the other way we apply Theorem 2.1, we introduce the following
terminology.

Definition 2.3
A Siegel polynomial over a fieldK is an absolutely irreducible polynomialˆ.X;Y / 2
KŒX;Y � for which the curve ˆ.X;Y /D 0 has genus zero and has at most two points
at infinity. A Siegel factor of a polynomial ‰.X;Y / 2KŒX;Y � is a factor of ‰ which
is a Siegel polynomial over K .

Remark
What we call Siegel polynomials were called exceptional polynomials in [7]; we use
new terminology because the term exceptional polynomial has been used with a dif-
ferent meaning in several papers (see, e.g., [20]).

Remark
Clearly a Siegel polynomial overK maintains the Siegel property overK . Further, an
irreducible ˆ 2KŒX;Y � is a Siegel polynomial if and only if ˆ.�; /D 0 for some
Laurent polynomials �; 2K.Z/ which are not both constant (recall that the Lau-
rent polynomials in K.Z/ are the elements of the form F=Zn with F 2 KŒZ� and
n 2 N0). We do not know a reference for this fact, so we sketch the proof. If ˆ is a
Siegel polynomial, then the function field of the curve ˆ.X;Y /D 0 (over K) has the
form K.Z/, so X D �.Z/ and Y D .Z/ for some �; 2K.Z/; then ˆ.�; /D 0
and �; are not both constant. Since ˆ.X;Y /D 0 has at most two points at infin-
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ity, at most two points of K [ ¹1º are poles of either � or  . By making a suitable
linear fractional change to Z, we may assume that � and  have no poles except
possibly 0 and1, which implies � and  are Laurent polynomials. Conversely, sup-
pose ˆ.�; / D 0 for some Laurent polynomials �; 2 K.Z/ which are not both
constant. Then the function field of ˆ.X;Y /D 0 is a subfield F of K.Z/, and each
infinite place of F lies under either Z D 0 or Z D1; so indeed F has genus zero
with at most two points at infinity.

COROLLARY 2.4
Let R be a finitely generated integral domain of characteristic zero, let K be the
field of fractions of R, and pick ˆ.X;Y / 2 KŒX;Y �. Suppose there are infinitely
many pairs .x; y/ 2R �R for which ˆ.x;y/D 0. Then ˆ.X;Y / has a Siegel factor
over K .

Although this result is well known to arithmetic geometers, we sketch a proof for
the reader’s convenience.

Proof
The hypotheses imply that ˆ.X;Y / has an irreducible factor ‰.X;Y / in KŒX;Y �
which has infinitely many roots in R � R. By replacing ‰ by a scalar multiple, we
may assume that some coefficient of ‰ equals 1. Since any 	 2 Gal.K=K/ fixes ˆ,
the polynomial ‰� is an absolutely irreducible factor of ˆ. Moreover, every root of
‰ in R �R is also a root of ‰� ; since there are infinitely many such roots, it follows
(e.g., by Bezout’s theorem) that ‰� is a scalar multiple of ‰. But since ‰ has a
coefficient equal to 1, the corresponding coefficient of‰� is also 1, so ‰� D‰. Thus
‰ is fixed by Gal.K=K/, so ‰ 2KŒX;Y �, whence ‰ is the desired Siegel factor.

In light of Siegel’s theorem, there has been intensive study of polynomials
ˆ.X;Y / having a Siegel factor. As noted above, a nonzero polynomial ˆ 2KŒX;Y �
has a Siegel factor if and only if ˆ.�; /D 0 for some Laurent polynomials �; 2
K.X/which are not both constant. Especially strong results have been obtained in the
case ˆ.X;Y /D F.X/�G.Y / with F;G 2KŒX�; in this case the problem amounts
to solving the functional equation F ı � D G ı  in polynomials F;G 2KŒX� and
Laurent polynomials �; 2 KŒX�. Using Ritt’s classical results on such functional
equations, together with subsequent results of Fried [15] and Schinzel [31, Theo-
rem 8], Bilu and Tichy [7, Theorem 9.3] proved the following definitive result in this
case.

THEOREM 2.5
LetK be a field of characteristic zero, and pick F;G 2KŒX� for which F.X/�G.Y /
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has a Siegel factor in KŒX;Y �. Then F D E ı F1 ı 
 and G D E ı G1 ı �, where
E;
;� 2KŒX� with deg.
/D deg.�/D 1, and either .F1;G1/ or .G1;F1/ is one of
the following pairs (in which m;n 2N, a; b 2K�, and p 2KŒX� n ¹0º):
(2.5.1) .Xm; aX rp.X/m/ with r a nonnegative integer coprime to m;
(2.5.2) .X2; .aX2C b/p.X/2/;
(2.5.3) .Dm.X;an/;Dn.X;am// with gcd.m;n/D 1;
(2.5.4) .a�m=2Dm.X;a/;�b�n=2Dn.X; b// with gcd.m;n/D 2;
(2.5.5) ..aX2 � 1/3; 3X4 � 4X3/;
(2.5.6)

�
Dm.X;a

n=d /;�Dn.X cos.�=d/; am=d /
�

where d D gcd.m;n/ � 3 and
cos.2�=d/ 2K .

HereDn.X;Y / is the unique polynomial in ZŒX;Y � such thatDn.U CV;UV /D
U nCV n. Note that, for ˛ 2K , the polynomialDn.X;˛/ 2KŒX� is monic of degree n.
The defining equation implies that Dn.X; 0/D Xn and ˛nDn.X; 1/DDn.˛X;˛2/
for ˛ 2C�. Since Tn.Y C Y �1/D Y nC Y �n, we have

Dn.˛X;˛
2/D ˛nTn.X/ for any n 2N and ˛ 2C�: (2.6)

For our application to orbits of complex polynomials, we only need the case
K DC of Theorem 2.5. We now state a simpler version of the result in this case.

COROLLARY 2.7
For nonconstant F;G 2 CŒX�, if F.X/�G.Y / has a Siegel factor in CŒX;Y �, then
F DE ıF1 ı
 and G DE ıG1 ı �, where E;
;� 2CŒX� with deg.
/D deg.�/D
1, and either .F1;G1/ or .G1;F1/ is one of the following pairs (in which m;n 2 N

and p 2CŒX� n ¹0º):
(2.7.1) .Xm;X rp.X/m/ where r 2N0 is coprime to m;
(2.7.2) .X2; .X2C 1/p.X/2/;
(2.7.3) .Tm; Tn/ with gcd.m;n/D 1;
(2.7.4) .Tm;�Tn/ with gcd.m;n/ > 1;
(2.7.5) ..X2 � 1/3; 3X4 � 4X3/.

Proof
Let E;F1;G1;
; � satisfy the conclusion of Theorem 2.5. In light of (2.6), if a pair
.f;g/ has the form of one of (2.5.1)–(2.5.6), then there are linear `i 2CŒX� for which
.`1 ı f ı `2; `1 ı g ı `3/ has the form of one of (2.7.1)–(2.7.5). This implies that
.F;G/ has the desired form, since we can replace E by E ı `1 and replace .
; �/ by
either .`2 ı
;`3 ı �/ or .`3 ı
;`2 ı �/.

Remark
The converse of Corollary 2.7 is also true; since it is not needed for the present paper,
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we only sketch the proof. It suffices to show that, for each pair .f;g/ satisfying one of
(2.7.1)–(2.7.5), we have f ı � D g ı  for some Laurent polynomials �; 2 C.X/

which are not both constant. For this, observe that

Xm ıX rp.Xm/DX rp.X/m ıXmI

X2 ı
�
X C .4X/�1

�
p
�
X � .4X/�1

�
D .X2C 1/p.X/2 ı

�
X � .4X/�1

�
I

Tm ı Tn D Tn ı TmI

Tm ı .X
nCX�n/D�Tn ı

�
.X/mC .X/�m

�
; where mn D�1;

and

.X2 � 1/3 ı
X2C 2X CX�1 � .2X/�2

p
3

D .3X4 � 4X3/ ı
.X C 1� .2X/�1/3C 4

3
:

Remark
Our statement of Theorem 2.5 differs slightly from [7, Theorem 9.3], since there is a
mistake in the definition of specific pairs in [7]. (The terms am=d and an=d should be
interchanged.) The proof of [7, Theorem 9.3] contains some minor errors related to
this point, but they are easy to correct. Also, although the sentence in [7] following
the definition of specific pairs is false for odd n (because implication (9) is false for
odd n), neither this nor (9) is used in the paper [7].

3. Polynomial decomposition
Our proof relies on several results about decompositions of polynomials. Especially,
we make crucial use of the following result proved in [38, Theorem 1.4].

THEOREM 3.1
Pick f 2 CŒX� with deg.f /D n > 1, and suppose there is no linear ` 2 CŒX� such
that ` ı f ı `h�1i is either Xn or Tn or �Tn. Let r; s 2 CŒX� and d 2 N satisfy
r ı s D f hdi. Then we can write

r D f hii ı Qr

and

s D Qs ı f hj i;

where Qr; Qs 2CŒX� and i; j; k 2N0 satisfy Qr ı Qs D f hki and k � log2.nC 2/.
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The proof of this result relies on the full strength of the new description given
in [38] for the collection of all decompositions of a polynomial; this in turn depends
on the classical results of Ritt [30] among other things. By contrast, all the other
polynomial decomposition results we need can be proved fairly quickly from first
principles.

The next result follows from results of Engstrom [13]. (For a proof using methods
akin to Ritt’s [30], see [38, Corollary 2.9].)

LEMMA 3.2
Pick a; b; Qa; Qb 2 CŒX� n C with a ı b D Qa ı Qb. If deg. Qa/ j deg.a/, then a D Qa ı t for

some t 2CŒX�. If deg. Qb/ j deg.b/, then b D t ı Qb for some t 2CŒX�.

We often use the above two results in conjunction with one another.

COROLLARY 3.3
Pick f 2 CŒX� with deg.f /D n > 1, and assume there is no linear ` 2 CŒX� such
that ` ı f ı `h�1i is either Xn or Tn or �Tn. Then there is a finite subset S of CŒX�

such that, if r; s 2CŒX� and d 2N satisfy r ı s D f hdi, then
� either r D f ı t (with t 2CŒX�) or r ı ` 2 S (with ` 2CŒX� linear);
� either s D t ı f (with t 2CŒX�) or ` ı s 2 S (with ` 2CŒX� linear).

As an immediate consequence of the functional equation defining Tn, we see that
Tn is either an even or odd polynomial.

LEMMA 3.4
For any n 2N, we have Tn.�X/D .�1/nTn.X/.

Note that Xd ıXe D Xde and Td ı Te D Tde . By Lemma 3.2, these are essen-
tially the only decompositions of Xn and Tn.

LEMMA 3.5
If n 2N and f;g 2CŒX� satisfy f ıgDXn, then f DXd ı ` and gD `h�1i ıXn=d

for some linear ` 2CŒX� and some positive divisor d of n. If n 2N and f;g 2CŒX�

satisfy f ı g D Tn, then f D Td ı ` and g D `h�1i ı T n=d for some linear ` 2 CŒX�

and some positive divisor d of n.

The following simple result describes the linear relations between polynomials
of the form Xn or Tn (see [38, Lemmas 3.13 and 3.14]).
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LEMMA 3.6
Pick n 2N and linear a; b 2CŒX�.
(3.6.1) If n > 1 and a ıXn ı b DXn, then b D ˇX and aDX=ˇn for some ˇ 2C�.
(3.6.2) If n > 2, then a ıXn ı b ¤ Tn.
(3.6.3) If n > 2 and aıTn ıb D Tn, then b D �X and aD �nX for some � 2 ¹1;�1º.

The previous two results have the following consequence (see [38, Corol-
lary 3.10]).

LEMMA 3.7
Pick r; s 2 Z and linear `; `1; `2 2CŒX�. If r; s > 1 and X r ı ` ıX s D `1 ıX rs ı `2,
then `D ˛X for some ˛ 2C�. If r; s > 2 and Tr ı ` ıTs D `1 ıTrs ı `2, then `D �X
for some � 2 ¹1;�1º.

We also need to know the possible decompositions of polynomials of the form
X ih.X/n (see [38, Lemma 3.11]).

LEMMA 3.8
If a ıb DX ih.X/n with h 2CŒX�n ¹0º and coprime i; n 2N, then aDXj Oh.X/n ı `
and b D `h�1i ıXk Qh.X/n for some j; k 2N and some Oh; Qh; ` 2CŒX� with ` linear.

The following result presents situations where the shape of a polynomial is deter-
mined by the shape of one of its iterates.

LEMMA 3.9
Pick f; `; Ò 2CŒX� with r WD deg.f / > 1 and `; Ò linear, and pick n 2 Z>1.
(3.9.1) If f hni D ` ıX r

n
ı Ò, then f D ` ı ˛X r ı `h�1i for some ˛ 2C�.

(3.9.2) If f hni D ` ı Trn ı Ò and ¹r; nº ¤ ¹2º, then f D ` ı Tr ı �`h�1i for some
� 2 ¹1;�1º.

Proof
If f hni D `ıX r

n
ı Ò, then f D `ıX r ı` for some linear ` (by Lemma 3.2). Likewise

f h2i D ` ıX r
2
ı Q̀, so Lemma 3.7 implies that ` ı `D ˇX for some ˇ 2 C�. Hence

f D ` ıX r ı ˇ`h�1i.
Henceforth suppose f hni D ` ı Trn ı Ò and n > 1. As above, f D ` ı Tr ı `

and f h2i D ` ı Tr2 ı Q̀, so if r > 2 then Lemma 3.7 implies ` ı ` D �X for some
� 2 ¹1;�1º, whence f D ` ı Tr ı �`h�1i.

Now assume that r D 2 and n > 2. Then f D ` ı T2 ı ` and f h3i D ` ı T8 ı Q̀.
Writing `h�1i ı f h3i D .T2 ı ` ı `/ ı .T2 ı ` ı `/ ı .T2 ı `/ D T2 ı T2 ı .T2 ı Q̀/,
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Lemma 3.2 implies there are linears 
;� 2 CŒX� such that T2 ı ` D �h�1i ı T2 ı Q̀

and T2 ı ` ı `D 
h�1i ı T2 ı � and T2 ı ` ı `D T2 ı 
. Since T2 D .X � 2/ ıX2,
by Lemma 3.6 the equality T2 ı
D 
h�1i ı T2 ı � implies that 
 ı �h�1i D ˇX and

D�2C .X C 2/=ˇ2 for some ˇ 2 C�. Likewise, from � ı T2 ı ` ı Q̀

h�1i D T2 we
get �D�2C .X C 2/=˛2 for some ˛ 2C�; but also �D ˇ�1
, so since � and 
 fix
�2, it follows that ˇ D 1. Thus 
DX , so we have T2 ı ` ı `D T2 and thus ` ı `D
�X with � 2 ¹1;�1º, and the result follows.

Remark
The hypothesis ¹r; nº ¤ ¹2º is needed in (3.9.2): for any linear `.x/ 2 CŒX� and any
˛ 2 C� n ¹1;�1º, the polynomial f D ` ı T2 ı .�2C ˛2.X C 2// ı `h�1i satisfies
f h2i D ` ı T4 ı .�2˛C ˛

3.X C 2// ı `h�1i, but f ¤ ` ı T2 ı˙`h�1i.

Although it is not used in this paper, for the reader’s convenience we recall Ritt’s
[29, p. 356] description of polynomials with a common iterate.

PROPOSITION 3.10 (Ritt)
Let f1; f2 2 CŒX� with di WD deg.fi / > 1 for each i 2 ¹1; 2º. For m1;m2 2 N, we

have f hm1i1 D f
hm2i
2 if and only if f1.X/ D �ˇ C �1ghn1i.X C ˇ/ and f2.X/ D

�ˇ C �2g
hn2i.X C ˇ/ for some n1; n2 2 N with n1m1 D n2m2, some g 2X rCŒX s�

(with r; s 2N0), and some �1; �2; ˇ 2C with �si D 1 and �
.d
mi
i
�1/=.di�1/

i D 1 for each
i 2 ¹1; 2º.

4. Commensurable polynomials
In this section we analyze f;g 2 CŒX� which are commensurable, in the sense that
for every m 2 N there exist n 2 N and h1; h2 2 CŒX� such that f hni D ghmi ı h1 and
ghni D f hmiıh2. Plainly two polynomials with a common iterate are commensurable;
we give an explicit description of all other pairs of commensurable polynomials. In
fact, we need only assume half of the commensurability hypothesis.

PROPOSITION 4.1
Pick f;g 2 CŒX� for which r WD deg.f / and s WD deg.g/ satisfy r; s > 1. Suppose
that, for every m 2 N, there exists n 2 N and h 2 CŒX� such that ghni D f hmi ı h.
Then either f and g have a common iterate, or there is a linear ` 2 CŒX� such that
.` ı f ı `h�1i; ` ı g ı `h�1i/ is either .˛X r ;X s/ (with ˛ 2C�) or .Tr ı O�X;Ts ı �X/
(with O�; � 2 ¹1;�1º).

Remark
The converse of Proposition 4.1 holds if and only if every prime factor of r is also a
factor of s.
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Our proof of Proposition 4.1 consists of a reduction to the case r D s. The case
r D s of Proposition 4.1 was analyzed in our previous paper [18], as one of the main
ingredients in our proof of Theorem 1.1 in the case deg.f /D deg.g/. The following
result is [18, Proposition 3.3].

PROPOSITION 4.2
Let F;G 2 CŒX� satisfy deg.F /D deg.G/D r > 1. Suppose that, for every m 2 N,
there is a linear `m 2 CŒX� such that Ghmi D F hmi ı `m. Then either F and G have
a common iterate, or there is a linear ` 2 CŒX� for which ` ı F ı `h�1i D ˛X r and
` ıG ı `h�1i D ˇX r with ˛;ˇ 2C�.

By Lemma 3.2, this implies the case r D s of Proposition 4.1. Note that Cheby-
shev polynomials are given special mention in the conclusion of Proposition 4.1, but
not in the conclusion of Proposition 4.2; this is because Tr.X/ and Tr .�X/ have the
same second iterate.

Proof of Proposition 4.1
First assume that ` ı g ı `h�1i DX s for some linear ` 2 CŒX�. Then ghni D f h2i ı h
becomes `h�1i ı X s

n
ı `D f h2i ı h, so Lemma 3.5 implies f h2i D `h�1i ı X r

2
ı Ò

for some linear Ò 2 CŒX�. Now Lemma 3.9 implies f D `h�1i ı ˛X r ı ` for some
˛ 2C�, so the result holds in this case.

Next assume that ` ı g ı `h�1i D Ts ı �X for some linear ` 2 CŒX� and some
� 2 ¹1;�1º. Then we can use the fact that Ts.�X/D .�1/sTs.X/ to rewrite ghni D
f h3i ı h as `h�1i ı Tsn ı �n`D f h3i ı h. As above, Lemma 3.5 implies that f h3i D
`h�1i ıTr3 ı

Ò for some linear Ò 2CŒX�. Then Lemma 3.9 implies f D `h�1i ıTr ı O�`
with O� 2 ¹1;�1º, so the result holds in this case.

Henceforth assume that there is no linear ` 2 CŒX� for which ` ı g ı `h�1i is
either X s or Ts or Ts.�X/. For m 2 N, let n 2 N be minimal for which ghni D
f hmi ı h with h 2 CŒX�, and let hm 2 CŒX� satisfy ghni D f hmi ı hm. Minimality of
n implies there is no t 2CŒX�with hm D t ıg, so by Corollary 3.3 there is a bound on
deg.hm/ depending only on g. In particular, this implies that there are distinctm;M 2
N for which deg.hm/D deg.hM /. Assuming thatm<M and equating degrees in the
identities ghni D f hmi ı hm and ghN i D f hM i ı hM , it follows that deg.g/N�n D
deg.f /M�m.

Let S D c.M �m/ with c 2N, and write ghRi D f hSi ıhS . Since hS ¤ t ıg for
every t 2CŒX�, Lemma 3.2 implies deg.g/ � deg.hS /, so we must haveRD c.N �n/
and deg.hS / D 1. Thus, F WD f hM�mi and G WD ghN�ni satisfy the hypotheses of
Proposition 4.2, so either F and G have a common iterate (so f and g do as well) or
there is a linear ` 2 CŒX� for which ` ıG ı `h�1i D ˇXdeg.G/ (with ˇ 2 C�). In the
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latter case, Lemma 3.9 implies that there is a linear Ò 2CŒX� such that Ò ıg ı Òh�1i D
X s , contradicting our assumption on the form of g.

5. Noncommensurable polynomials
In this section we classify the noncommensurable pairs of polynomials .f;g/ for
which each polynomial f hni.X/� ghni.Y / has a Siegel factor (in the sense of Defi-
nition 2.3).

PROPOSITION 5.1
Pick f;g 2CŒX� for which r WD deg.f / and s WD deg.g/ satisfy r; s > 1. Assume that
there exists m 2N with these properties:
(5.1.1) ghni ¤ f hmi ı h for every h 2CŒX� and n 2N; and
(5.1.2) there are infinitely many j 2N for which f hmj i.X/� ghmj i.Y / has a Siegel

factor in CŒX;Y �.
Then there is a linear ` 2 CŒX� for which .` ı f ı `h�1i; ` ı g ı `h�1i/ is either
.X r ; ˛X s/ (with ˛ 2C�) or .�1Tr ; �2Ts/ (with �1; �2 2 ¹1;�1º).

Remark
The converse of Proposition 5.1 holds if and only if some prime factor of r is not a
factor of s.

Remark
The pair .�1Tr ; �2Ts/ in the conclusion of Proposition 5.1 differs slightly from the pair
.Tr ı O�X;Ts ı �X/ in the conclusion of Proposition 4.1. The latter pairs are special
cases of the former pairs, but if r and s are even, then .Tr ;�Ts/ cannot be written in
the latter form (even after conjugation by a linear).

Proof of Proposition 5.1
Let J be the (infinite) set of j 2 N for which f hmj i.X/ � ghmj i.Y / has a Siegel
factor in CŒX;Y �. For j 2 J, Corollary 2.7 implies that there are Aj ;Bj ;Cj 2CŒX�

and linear 
j ; �j 2CŒX� such that f hmj i DAj ıBj ı
j and ghmj i DAj ıCj ı �j ,
where either .Bj ;Cj / or .Cj ;Bj / has the form of one of (2.7.1)–(2.7.5).

We split the proof into two cases, depending on whether the degrees of the poly-
nomials Aj are bounded.

Case 1: ¹deg.Aj / W j 2 Jº is infinite
In this case there is an infinite subset J0 of J such that j 7! deg.Aj / is a strictly
increasing function on J0. Replacing J by J0, it follows that deg.Aj / exceeds any
prescribed bound whenever j 2 J is sufficiently large. By (5.1.1), for j 2 J we can-
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not have Aj D f hmi ıh with h 2CŒX�. Applying Corollary 3.3 to the decomposition
.f hmi/hj i D Aj ı .Bj ı 
j /, and recalling that deg.Aj /!1, it follows that for
sufficiently large j we have either

f hmj i D `j ıX
rmj ı `

h�1i
j or f hmj i D `j ı Trmj ı �j `

h�1i
j ;

where `j 2CŒX� is linear and �j 2 ¹1;�1º. Thus, by Lemma 3.9, either

f D `h�1i ıX r ı ` (5.2)

or

f D `h�1i ı Tr ı �` (5.3)

for some linear ` 2 CŒX� and some � 2 ¹1;�1º. It remains to determine the shape
of g. To this end, note that in the cases (5.2) and (5.3), respectively, we have

f hni D `h�1i ıX r
n

ı `

and

f hni D `h�1i ı Trn ı �
n`;

where in the latter case we have used Lemma 3.4. Since f hmj i D Aj ı .Bj ı 
j /,
Lemma 3.5 implies that for every j 2 J there is a linear Òj 2CŒX� such that

Aj D `
h�1i ıXdeg.Aj / ı Òj if (5.2) holds; (5.4)

and

Aj D `
h�1i ı Tdeg.Aj / ı

Ò
j if (5.3) holds. (5.5)

If Aj D gh3i ı h for some j 2 J and h 2 CŒX�, then by Lemma 3.5 there is a
linear Q̀ 2CŒX� such that

gh3i D `h�1i ıX s
3

ı Q̀ if (5.4) holds,

and

gh3i D `h�1i ı Ts3 ı
Q̀ if (5.5) holds.

By Lemma 3.9, there are ˛ 2C� and O� 2 ¹1;�1º such that

gD `h�1i ı ˛X s ı ` if (5.2) holds,
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and

gD `h�1i ı Ts ı O�` if (5.3) holds.

This completes the proof in case Aj D gh3i ı h.
Now suppose that Aj ¤ gh3i ı h for every j 2 J and h 2 CŒX�. Since

.gh3i/hmj i D gh3mj i DAj ı .Cj ı �j ı g
h2mj i/, and moreover deg.Aj /!1 as j !

1, Corollary 3.3 implies that either

gh3i D Q̀ ıX s
3

ı Q̀h�1i

or

gh3i D Q̀ ı Ts3 ı Q�
Q̀h�1i;

where Q̀ 2CŒX� is linear and Q� 2 ¹1;�1º. By Lemma 3.9, either

gD Q̀ ı ˇX s ı Q̀h�1i (5.6)

or

gD Q̀ ı Ts ı O� Q̀
h�1i; (5.7)

where ˇ 2C� and O� 2 ¹1;�1º. Thus, for n 2N, we have

ghni D Q̀ ı ˇ1CsC���Cs
n�1

X s
n

ı Q̀h�1i if (5.6) holds;

and

ghni D Q̀ ı Tsn ı O�
n Q̀h�1i if (5.7) holds.

Applying Lemma 3.5 to the decomposition ghmj i DAj ı .Cj ı �j /, we see that there
is a linear Q̀j 2CŒX� such that

Aj D Q̀ ıX
deg.Aj / ı Q̀j if (5.6) holds; (5.8)

and

Aj D Q̀ ı Tdeg.Aj / ı
Q̀
j if (5.7) holds. (5.9)

Choose j 2 J for which deg.Aj / > 2.
If (5.3) holds then so does (5.5), so Lemma 3.6 implies (5.8) does not hold,

whence (5.9) and (5.7) hold; Lemma 3.6 implies further that Q̀ D `h�1i ı ıX for some
ı 2 ¹1;�1º. But then



1396 GHIOCA, TUCKER, and ZIEVE

g D `h�1i ı ıTs ı O�ı`

D `h�1i ı ı1Cs O�sTs ı `;

which completes the proof in this case.
Finally, if (5.2) holds, then so does (5.4), so Lemma 3.6 implies (5.9) does not

hold, whence (5.8) and (5.6) hold; moreover, Q̀ D `h�1i ı �X for some � 2 C�. But
then

g D `h�1i ı �ˇX s ı ��1`

D `h�1i ı �1�sˇX s ı `;

which completes the proof in Case 1.

Case 2: ¹deg.Aj / W j 2 Jº is finite
Suppose first that e WD gcd.deg.f /;deg.g// satisfies e > 1. In this case,
gcd.deg.f hmj i/;deg.ghmj i//D emj !1 as j !1, and since deg.Aj / is bounded
it follows that gcd.deg.Bj /;deg.Cj //!1. For any nonconstant F;G 2 CŒX� such
that .F;G/ has any of the forms (2.7.1)–(2.7.5) other than (2.7.4), we observe that
gcd.deg.F /;deg.G//� 2; thus, for every sufficiently large j 2 J, either .Bj ;Cj / or
.Cj ;Bj / has the form (2.7.4). For any such j , after perhaps replacing .Aj ;Bj ;Cj /
by .Aj .�X/;�Bj ;�Cj /, we find that Bj D Tdeg.Bj / and Cj D �Tdeg.Cj /. Since
f hmj i DAj ı Tdeg.Bj / ı
j and deg.Aj / is bounded, for sufficiently large j 2 J we
must have r3 j deg.Bj /; applying Lemma 3.2 to the decomposition f hmj�3i ıf h3i D
.Aj ı Tdeg.Bj /=r3/ ı .Tr3 ı 
j / gives f h3i D `j ı Tr3 ı 
j with `j 2 CŒX� linear.

Lemma 3.9 implies f D `j ı Tr ı �`
h�1i
j with � 2 ¹1;�1º; then `j ı Tr3 ı 
j D

f h3i D `j ı Tr3 ı �`
h�1i
j , so Lemma 3.6 implies 
j D ı�`

h�1i
j for some ı 2 ¹1;�1º

with ır D 1. But then Aj ı Tdeg.Bj / ı
j D f
hmj i D 


h�1i
j ı ı�Trmj ı ı�

mjC1
j , so

Lemma 3.5 implies there is a linear Q̀ 2 CŒX� such that Aj ı Q̀ D 

h�1i
j ı ı�Tdeg.Aj /

and Q̀h�1i ı Tdeg.Bj / ı 
j D Tdeg.Bj / ı ı�
mjC1
j . Then Q̀ 2 ¹X;�Xº, so 
j ıAj D

Q�Tdeg.Aj / with Q� 2 ¹1;�1º. The same argument shows that �j ı Aj D O�Tdeg.Aj / for

some O� 2 ¹1;�1º, so O��j D Q�
j . From above, f D 
h�1ij ı �0Tr ı 
j with �0 2

¹1;�1º, and similarly gD �h�1ij ı �1Ts ı �j with �1 2 ¹1;�1º, so gD 
h�1ij ı �2Ts ı


j with �2 2 ¹1;�1º, and the result follows.
Henceforth suppose that gcd.deg.f /;deg.g// D 1. In this case, for j 2 J we

have deg.Aj /D 1 and gcd.deg.Bj /;deg.Cj //D 1; by examining (2.7.1)–(2.7.5), we
see that one of .Bj ;Cj / and .Cj ;Bj / must have the form of either (2.7.1) or (2.7.3).

Suppose that there is some j 2 J with j > 2=m such that either .Bj ;Cj / or
.Cj ;Bj / has the form (2.7.3). For any such j we have

.Bj ;Cj /D .Tdeg.Bj /; Tdeg.Cj //I
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since Aj is linear, this implies that

f hmj i DAj ı Trmj ı
j

and

ghmj i DAj ı Tsmj ı �j :

By Lemma 3.9, we have

f DAj ı Tr ı �j ıA
h�1i
j

and

gDAj ı Ts ı �j ıA
h�1i
j

for some �j ; �j 2 ¹1;�1º, so the result holds.
Now suppose that, for every j 2 J with j > 2=m, either .Bj ;Cj / or .Cj ;Bj /

has the form (2.7.1). For any such j , we have

¹Bj ;Cj º D
®
Xn;X ip.X/n

¯
;

where p 2CŒX� and i 2N0 satisfy gcd.i; n/D 1. Since n is the degree of either f hmj i

or ghmj i, we have n 2 ¹rmj ; smj º, so n > 1 and thus i > 0. Lemmas 3.5 and 3.8 imply
that

¹f h2i; gh2iº D
®
Aj ıX

Qn ı
;Aj ıX
Qi Qp.X/n ı �

¯
; (5.10)

where Qi ; Qn 2N and 
;�; Qp 2CŒX� with 
;� linear. We may assume that j satisfies

min.r; s/mj >max.r; s/2:

Since n 2 ¹rmj ; smj º, it follows that n >max.r; s/2, so we must have Qp 2C�. Apply-
ing Lemma 3.9 to (5.10), we conclude that

.f;g/D .Aj ı ǪX
r ıA

h�1i
j ;Aj ı ǑX

s ıA
h�1i
j /

for some Ǫ ; Ǒ 2 C�. Finally, after replacing Aj by Aj ı �X for suitable � 2 C�, we
may assume Ǫ D 1, which completes the proof.

6. Proof of Theorem 1.1
In this section we conclude the proof of Theorem 1.1. Our strategy is to combine the
results of the previous two sections with Siegel’s theorem to reduce to the case that
the pair .f;g/ has one of the two forms
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.X r ; ˇX s/; with ˇ 2C� and r; s 2 Z>1I (6.1)

.�1Tr ; �2Ts/; with �1; �2 2 ¹1;�1º and r; s 2 Z>1: (6.2)

We then use Corollary 2.2 (which is a consequence of Siegel’s theorem) to handle
these two possibilities.

PROPOSITION 6.3
Pick f;g 2CŒX� for which r WD deg.f / and s WD deg.g/ satisfy r; s > 1. Assume that,
for every n 2 N, the polynomial f hni.X/ � ghni.Y / has a Siegel factor in CŒX;Y �.
Then either f and g have a common iterate or there is a linear ` 2 CŒX� such that
.` ı f ı `h�1i; ` ı g ı `h�1i/ has one of the forms (6.1) or (6.2).

Proof
This follows from Propositions 4.1 and 5.1.

COROLLARY 6.4
Pick x;y 2 C and nonlinear f;g 2 CŒX�. If Of .x/ \ Og.y/ is infinite, then either
f and g have a common iterate or there is a a linear ` 2 CŒX� such that .` ı f ı
`h�1i; ` ı g ı `h�1i/ has one of the forms (6.1) or (6.2).

Proof
Let R be the ring generated by x;y and the coefficients of f and g, and let K be the
field of fractions of R. Note that both R and K are finitely generated. Since Of .x/\

Og.y/ is infinite, for each n 2N the equation f hni.X/D ghni.Y / has infinitely many
solutions in Of .x/�Og.y/�R �R. By Siegel’s theorem (Corollary 2.4), for each
n 2 N the polynomial f hni.X/ � ghni.Y / has a Siegel factor in KŒX;Y �. Now the
conclusion follows from the previous result. (Note that f and g are nonconstant since
Of .x/ and Og.y/ are infinite.)

Proof of Theorem 1.1
By Corollary 6.4, it suffices to prove Theorem 1.1 in case there is a linear ` 2 CŒX�

for which . Qf ; Qg/ WD .` ı f ı `h�1i; ` ı g ı `h�1i/ has one of the forms (6.1) or (6.2).
But then

O Qf
�
`.x/

�
\O Qg

�
`.y/

�
D `

�
Of .x/

�
\ `

�
Og.y/

�
D `

�
Of .x/\Og.y/

�

is infinite, so Proposition 6.5 implies that Qf hii D Qghj i for some i; j 2 N, whence
f hii D ghj i.
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PROPOSITION 6.5
Pick f;g 2 CŒX� such that .f;g/ has one of the forms (6.1) or (6.2). If there are
x;y 2C for which Of .x/\Og.y/ is infinite, then f and g have a common iterate.

Proof
Assuming Of .x/ \ Og.y/ is infinite, let M be the set of pairs .m;n/ 2 N � N for
which f hmi.x/D ghni.y/. Note that any two elements of M have distinct first coor-
dinates, since if M contains .m;n1/ and .m;n2/ with n1 ¤ n2, then ghn1i.y/ D
ghn2i.y/ so Og.y/ would be finite. Likewise, any two elements of M have distinct
second coordinates, so there are elements .m;n/ 2M in which min.m;n/ is arbitrari-
ly large.

Suppose .f;g/ has the form (6.1). Since f hmi.x/D xr
m

and Of .x/ is infinite,
x is neither zero nor a root of unity. We compute

ghni.y/D ˇ
sn�1
s�1 ys

n

I

putting y1 WD ˇ1y where ˇ1 2 C� satisfies ˇs�11 D ˇ, it follows that ghni.y/ D
ys
n

1 =ˇ1, so infinitude of Og.y/ implies that y1 is neither zero nor a root of unity.
A pair .m;n/ 2N�N lies in M if and only if

xr
m

D ˇ
sn�1
s�1 ys

n

; (6.6)

or equivalently

ˇ1x
rm D ys

n

1 : (6.7)

Since (6.7) holds for two pairs .m;n/ 2M which differ in both coordinates, we have
xa D yb1 for some nonzero integers a; b. By choosing a to have minimal absolute
value, it follows that the set S WD ¹.u; v/ 2 Z2 W ˇ1x

u D yv1 º has the form ¹.c C
ak;d C bk/ W k 2 Zº for some c; d 2 Z. For .m;n/ 2M we have .rm; sn/ 2 S , so
.rm � c/=a D .sn � d/=b. Since M is infinite, Corollary 2.2 implies that c=a D
d=b. In particular, every .m;n/ 2M satisfies brm D asn. Pick two pairs .m;n/ and
.m C m0; n C n0/ in M with m0; n0 2 N. Then rm0 D sn0 , and S contains both
.rm; sn/ and .rmCm0 ; snCn0/, so

ys
n

1 x
�rm D ˇ1 D y

snCn0
1 x�r

mCm0
;

and thus

.ys
n

1 /
sn0�1 D .xr

m

/r
m0�1:

Since rm0 D sn0 , it follows that ˇs
n0�1
1 D 1, so f hm0i D ghn0i.

Now suppose .f;g/ has the form (6.2). Then (by Lemma 3.4) for any m;n 2 N

there exist �3; �4 2 ¹1;�1º such that .f hmi; ghni/D .�3Trm ; �4Tsn/. Since Of .x/ \
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Og.y/ is infinite, we can choose ı 2 ¹1;�1º such that Trm.x/D ıTsn.y/ for infinitely
many .m;n/ 2 N �N. Pick x0; y0 2 C� such that x0 C x�10 D x and y0 C y�10 D y.
Then there are infinitely many pairs .m;n/ 2N�N for which

xr
m

0 C x
�rm

0 D ı.ys
n

0 C y
�sn

0 /;

so we can choose � 2 ¹1;�1º such that

xr
m

0 D ıy
�sn

0 (6.8)

for infinitely many .m;n/ 2 N � N. Moreover, since Of .x/ and Og.y/ are infinite,
neither x0 nor y0 is a root of unity, so distinct pairs .m;n/ 2 N � N which satisfy
(6.8) must differ in both coordinates. Now (6.8) is a reformulation of (6.7), so we
conclude as above that rm0 D sn0 for some m0; n0 2 N such that ıs

n0�1 D 1. If s is
odd, it follows that f h2m0i D gh2n0i. If s is even, then we cannot have ı D�1; since
f hmi D �1Trm and ghni D �2Tsn , it follows that �1 D �2, so f hm0i D ghn0i.

Remark
If .f;g/ has the form (6.1) or (6.2), then f n.X/ � gm.Y / has a Siegel factor in
CŒX;Y � for every n;m 2 N. (In fact, f n.X/ � gm.Y / is the product of irreducible
Siegel polynomials.) So the results of the previous two sections give no information.
To illustrate Theorem 1.1 for such .f;g/, consider .f;g/D .X2;X3/. In this case, for
any n;m 2 N, the equation f n.X/D gm.Y / has infinitely many solutions in Z � Z.
However, for any x0; y0 2 C, each such equation has only finitely many solutions in
Of .x0/�Og.y0/. In particular, each such equation has only finitely many solutions

in Of .2/ � Og.2/ D ¹.2
2a ; 23

b
/ W a; b 2 N0º, but has infinitely many solutions in

2N0 � 2N0 . The underlying principle is that orbits are rather thin subsets of C.

7. A multivariate generalization
In this section we show that Theorem 1.1 implies Theorem 1.3 and Corollary 1.5.

Proof of Theorem 1.3
We use induction on d . If d D 1, then L.C/DC, so f .L/DL. Now assume that the
result holds for lines in Cd�1.

If all points of L take the same value zd on the last coordinate, then LD L0 �
¹zd º for some line L0 � Cd�1. By the inductive hypothesis, there exist nonnega-
tive integers m1; : : : ;md�1 (not all zero) such that L0 is invariant under .f hm1i1 ; : : : ;

f
hmd�1i

d�1
/. Then L is invariant under .f hm1i1 ; : : : ; f

hmd�1i

d�1
; f
h0i

d
/, as desired.

Henceforth assume that L projects surjectively onto each coordinate. Then any
point of L is uniquely determined by its value at any prescribed coordinate. Since L
contains infinitely many points on Of1.x1/ � � � � �Ofd .xd /, it follows that Ofi .xi /
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is infinite for each i . For each i D 2; : : : ; d , let �i W Cd ! C2 be the projection onto
the first and i th coordinates of Cd . Then Li WD �i .L/ is a line in C2 having infinite
intersection with Of1.x1/�Ofi .xi /. Since L projects surjectively onto each coordi-
nate, Li is given by the equation Xi D 	i .X1/ for some degree-one 	i 2 CŒX�. For
any k; ` 2N such that �

f
hki
1 .x1/; f

h`i
i .xi /

�
2Li ;

we have .	i ı f1 ı 	
h�1i
i /hki.	i .x1// D f

h`i
i .xi /. Thus, by Theorem 1.1 there exist

mi ; ni 2N such that

.	i ı f1 ı 	
h�1i
i /hmi i D f

hni i
i :

Let M1 be the least common multiple of all the mi , and for each i � 2 define Mi WD

.niM1/=mi . Then

.	i ı f1 ı 	
h�1i
i /hM1i D f

hMi i
i ;

so for any y1 2C we have

f
hMi i
i

�
	i .y1/

�
D 	i ı f

hM1i
1 .y1/:

Since L is defined by the .d �1/ equationsXi D 	i .X1/, it follows that L is invariant
under .f hM1i1 ; : : : ; f

hMd i

d
/.

Proof of Corollary 1.5
Arguing inductively as in the above proof, we may assume that the projection of L
onto each coordinate of Cd is surjective. Thus each point of L is uniquely deter-
mined by its value on any prescribed coordinate. By Theorem 1.3, L is preserved by
�
m1
1 � � ��

md
d

for some nonnegative integers m1; : : : ;md which are not all zero. With-
out loss of generality, assume that m1 > 0. For each k with 1 � k � m1, let Uk be
the set of tuples .n1; : : : ; nd / 2 .N0/d such that n1 	 k .mod m1/ and �n11 � � ��

nd
d
.˛/

lies on L. If Uk is nonempty, pick .n1; : : : ; nd / 2 Uk for which n1 is minimal; then
Uk contains Vk WD ¹.n1 C jm1; : : : ; nd C jmd / W j 2 N0º, and the set Zk of val-
ues �u11 � � ��

ud
d
.˛/ for .u1; : : : ; ud / 2 Uk is the same as the corresponding set for

.u1; : : : ; ud / 2 Vk . Thus Zk is the orbit of ˛ under h�m11 � � ��
md
d
i�
n1
1 � � ��

nd
d

, which is
a coset of a cyclic subsemigroup.

8. Function field case, second proof
We now turn our attention to the following result.

THEOREM 8.1
Let K be a field of characteristic 0, let f;g 2KŒX� be polynomials of degree greater
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than one, and let x0; y0 2 K . Assume that there is no linear 
 2 KŒX� for which

h�1i.x0/;


h�1i.y0/ 2Q and both 
h�1i ı f ı 
 and 
h�1i ı g ı 
 are in QŒX�. If
Of .x0/\Og.y0/ is infinite, then f and g have a common iterate.

Theorem 8.1 may be viewed as the “function field” part of our Theorem 1.1. We
give an alternate proof of Theorem 8.1 by using the theory of heights. In the next two
sections we review canonical heights associated to nonlinear polynomials. Then in
Section 11 we prove Theorem 8.1 by reducing it to the case deg.f /D deg.g/ handled
in our previous paper [18, Theorem 1.1]. Here we avoid the intricate arguments about
polynomial decomposition used in the first part of the present paper; instead our proof
relies on a result of Lang, already used in the proof of Proposition 6.5, which is itself
a consequence of Siegel’s theorem.

9. Canonical heights associated to polynomials
In this section we recall some standard terminology about heights. First, a global field
is either a number field or a function field of transcendence degree 1 over another
field. Any global field E comes equipped with a standard set ME of absolute values
j � jv which satisfy a product formula

Y
v2ME

jxjNvv D 1 for every x 2E�;

where N W ME !N and Nv WDN.v/ (cf. [23] for details).
If E is a global field, the logarithmic Weil height of x 2E (with respect to E) is

defined as (see [23, p. 52])

hE .x/D
1

ŒE.x/ WE�
�
X
v2ME

X
wjv

w2ME.x/

log max
®
jxjNww ; 1

¯
:

Definition 9.1
Let E be a global field, let � 2EŒX� with deg.�/ > 1, and let z 2E . The canonical
height bh�;E .z/ of z with respect to � (and E) is

bh�;E .z/ WD lim
k!1

hE .�
hki.z//

deg.�/k
:

Call and Silverman [10, Theorem 1.1] proved the existence of the above limit,
using boundedness of jhE .�.x// � .deg�/hE .x/j and a telescoping sum argument
due to Tate. We usually write h.x/ and bh�.x/ rather than hE .x/ and bh�;E .x/; this
should not cause confusion. We use the following properties of the canonical height.
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PROPOSITION 9.2
Let E be a global field, let � 2 EŒX� be a polynomial of degree greater than 1, and
let z 2E . Then
(a) for each k 2N, we have bh�.�hki.z//D deg.�/k �bh�.z/;
(b) jh.z/�bh�.z/j is bounded by a function which does not depend on z;
(c) if E is a number field, then z is preperiodic if and only if bh�.z/D 0.

Proof
Part (a) is clear; for (b) see [10, Theorem 1:1]; and for (c) see [10, Corollary 1:1:1].

Part (c) of Proposition 9.2 is not true if E is a function field with constant field
E0, since bh�.z/D 0 whenever z 2 E0 and � 2 E0ŒX�. But these are essentially the
only counterexamples in the function field case (cf. Lemma 10.7).

10. Canonical heights in function fields
The setup for this section is as follows: E is a field, and K is a function field of
transcendence degree 1 over E .

First we note that for each place v 2MK of the function field K , we may assume
that every z 2K satisfies log jzjv 2Q. (We use c WD e�1 in the definition of absolute
values on function fields from [23, p. 62].)

Let � 2KŒX� be a polynomial of degree greater than 1. For each v 2MK , we let

bh�;v.z/ WD lim
n!1

log max¹j�hni.z/jNvv ; 1º

deg.�/n
(10.1)

be the canonical local height of z 2K at v. Clearly, for all but finitely many v 2MK ,
both z and all coefficients of � are v-adic integers. Hence, for such v 2MK , we havebh�;v.z/D 0. It turns out that

bh�.z/D X
v2MK

bh�;v.z/: (10.2)

For a proof of the existence of the limit in (10.1), and of the equality in (10.2), see
[9].

The following result is crucial for Section 11.

LEMMA 10.3
For each z 2K , and for each � 2KŒX� with deg.�/ > 1, we have bh�.z/ 2Q.
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Proof
Since (10.2) is a finite sum, it suffices to prove thatbh�;v.z/ 2Q for each v 2MK . For
some fixed v 2MK , write �.x/D

Pd
iD0 ıix

i with ıi 2K and ıd ¤ 0, and let

Mv WDmax
°
jıd j
� 1
d�1

v ; max
0�i<d

ˇ̌̌ ıi
ıd

ˇ̌̌ 1
d�i

v

±
:

The following claim follows from [16, Lemma 4.4]; we include a short proof for the
sake of completeness.

CLAIM 10.4
If jxjv >Mv , then bh�;v.x/D log jxjv C

log jıd jv
d�1

.

Proof of Claim 10.4
From the definition of Mv and the fact that jxjv >Mv , we obtain that

jıdx
d jv > max

0�i<d
jıix

i jv:

Thus j�.x/jv D jıdxd jv ; but since jxjv > Mv � jıd j
�1=.d�1/
v , it follows that

j�.x/jv > jxjv . An easy induction now shows that

j�hni.x/jv D jıd j
dn�1
d�1
v � jxjd

n

v for all n 2N.

Hence,

bh�;v.x/D lim
n!1

log j�hni.x/jv
dn

D log jxjv C
log jıd jv
d � 1

;

as desired.

Finally, if bh�;v.z/ > 0, then there exists n 2N such that j�hni.z/jv >Mv . Thus,

bh�;v.z/D bh�;v.�hni.z//
dn

D
log j�hni.z/jv C

log jıd jv
d�1

dn
(10.5)

is a rational number (by our convention on j�jv), which concludes the proof of Lem-
ma 10.3.

The following result about canonical heights of non-preperiodic points for non-
isotrivial polynomials is used later.

Definition 10.6
We say a polynomial � 2KŒX� is isotrivial over E if there exists a linear ` 2KŒX�
such that ` ı � ı `h�1i 2EŒX�.
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Benedetto proved that a non-isotrivial polynomial has nonzero canonical height
at its non-preperiodic points [4, Theorem B].

LEMMA 10.7
Let � 2 KŒX� with deg.�/ � 2, and let z 2 K . If � is non-isotrivial over E , thenbh�.z/D 0 if and only if z is preperiodic for �.

We state one more preliminary result, which is proved in [18, Lemma 6.8].

LEMMA 10.8
Let � 2KŒX� be isotrivial over E , and let ` be as in Definition 10.6. If z 2K satisfiesbh�.z/D 0, then `.z/ 2E .

Definition 10.9
With the notation as in Lemma 10.8, we call the pair .�; z/ isotrivial. Furthermore,
if F � K is any subfield, and there exists a linear polynomial ` 2 KŒX� such that
` ı � ı `h�1i 2 F ŒX� and `.z/ 2 F , then we call the pair .�; z/ isotrivial over F .

11. Proof of Theorem 8.1
In this section we assume the hypotheses of Theorem 8.1. We first prove two easy
claims.

CLAIM 11.1
Let E be any subfield ofK , and assume that .f; x0/ and .g;y0/ are isotrivial over E .
If Of .x0/\Og.y0/ is infinite, then there exists a linear 
 2KŒX� such that 
 ı f ı

h�1i;
 ı g ı
h�1i 2EŒX� and 
.x0/;
.y0/ 2E .

Proof of Claim 11.1
We know that there exist linear 
1;
2 2KŒX� such that f1 WD 
1 ıf ı


h�1i
1 2EŒX�

and g1 WD 
2 ı g ı 

h�1i
2 2 EŒX�, and x1 WD 
1.x0/ 2 E and y1 WD 
2.y0/ 2 E .

Thus Of1.x1/D 
1.Of .x0// and Og1.y1/D 
2.Og.y0//. Since Of .x0/\Og.y0/

is infinite, there are infinitely many pairs .z1; z2/ 2 E � E such that 
h�1i1 .z1/ D



h�1i
2 .z2/. Thus 
 WD 
2 ı


h�1i
1 2EŒX�. Hence,


1 ı g ı

h�1i
1 D 
h�1i.
2 ı g ı


h�1i
2 /
 2EŒX�;

and


1.y0/D .
1 ı

h�1i
2 /.y1/D 


h�1i.y1/ 2E;

as desired.
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CLAIM 11.2
If Of .x0/\Og.y0/ is infinite, then there exist subfields E � F �K such that F is a
function field of transcendence degree 1 over E , and there exists a linear polynomial

 2KŒX� such that 
 ı f ı
h�1i;
 ı g ı
h�1i 2 F ŒX�, and 
.x0/;
.y0/ 2 F , and
either .f; x0/ or .g;y0/ is not isotrivial over E .

Proof of Claim 11.2
Let K0 be a finitely generated subfield of K such that f;g 2K0ŒX� and x0; y0 2K0.
Then there exists a finite tower of field subextensions:

Ks �Ks�1 � � � � �K1 �K0

such that Ks is a number field, and for each i D 0; : : : ; s � 1, the extension Ki=KiC1
is finitely generated of transcendence degree 1. Using Claim 11.1 and the hypotheses
of Theorem 8.1, we conclude that there exists i D 0; : : : ; s�1, and there exists a linear

 2K0ŒX� such that 
 ı f ı 
h�1i;
 ı g ı 
h�1i 2Ki ŒX�, and 
.x0/;
.y0/ 2Ki ,
and either .f; x0/ or .g;y0/ is not isotrivial over KiC1.

Proof of Theorem 8.1
Let E , F , and 
 be as in the conclusion of Claim 11.2. At the expense of replacing
f and g with their respective conjugates by 
, and at the expense of replacing F by
a finite extension, we may assume that f;g 2 F ŒX� and x0; y0 2 F , and .f; x0/ is not
isotrivial over E .

Let d1 WD deg.f / and d2 WD deg.g/. We construct the canonical heights bhf andbhg associated to the polynomials f and g, with respect to the set of absolute values
associated to the function field F=E . Because .f; x0/ is non-isotrivial and because x0
is not preperiodic for f (note that Of .x0/\Og.y0/ is infinite), Lemma 10.7 yields

H1 WD bhf .x0/ > 0. Moreover, if H2 WD bhg.y0/, then using Lemma 10.3, we have
that H1;H2 2Q. Because there exist infinitely many pairs .m;n/ 2 N �N such that
f hmi.x0/D g

hni.y0/, Proposition 9.2(a)–(b) yields that

jdm1 �H1 � d
n
2 �H2j is bounded (11.3)

for infinitely many pairs .m;n/ 2N�N. BecauseH1;H2 2Q, we conclude that there
exist finitely many rational numbers �1; : : : ; �s such that

�i D d
m
1 �H1 � d

n
2 �H2

for each pair .m;n/ as in (11.3). (We are using the fact that there are finitely many
rational numbers of bounded denominator and bounded absolute value.) Therefore,
there exists a rational number � WD �i (for some i D 1; : : : ; s) such that

dm1 H1 � d
n
2H2 D � (11.4)
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for infinitely many pairs .m;n/ 2 N�N. Hence, the line L� A2 given by the equa-
tion H1 � X � H2 � Y D � has infinitely many points in common with the rank-2
subgroup � WD ¹.dk11 ; d

k2
2 / W k1; k2 2 Zº of G2

m. Using Corollary 2.2, we obtain that
� D 0. Because there are infinitely many pairs .m;n/ satisfying (11.4) and because
H1 ¤ 0, we conclude that there exist positive integers m0 and n0 such that dm01 D

d
n0
2 ; thus, deg.f hm0i/ D deg.ghn0i/. Because Of .x0/ \ Og.y0/ is infinite, we can

find k0; `0 2N such that Of hm0i.f
hk0i.x0//\Oghn0i.g

h`0i.y0// is infinite. Because

deg.f hm0i/D deg.ghn0i/, we can apply [18, Theorem 1:1] and conclude the proof of
Theorem 8.1.

Remark
Theorem 8.1 holds essentially by the same argument as given above, if x0 is not in the
v-adic filled Julia set of f , where v is any place of a function field K over a field E .

Remark
One can show that if f is a linear polynomial and g is any non-isotrivial polynomial
of degree larger than one, then Of .x0/\Og.y0/ is finite. This assertion fails if g is
isotrivial, as shown by the infinite intersection OXC1.0/\OX2.2/.

12. The dynamical Mordell–Lang problem
In this section we discuss topics related to Question 1.6. We begin with examples in
which this question has a negative answer. We then show how this question can be
reformulated in terms of the existence of invariant subvarieties.

12.1. Examples
There are several situations where Question 1.6 has a negative answer. For instance,
let S be the subsemigroup of EndA2 generated by the endomorphisms ˆ.x;y/ D
.2x;y/ and ‰.x;y/D .x; y2/. If � is the diagonal subvariety of A2, then �.C/ \
OS ..1; 2// D ¹ˆ

2n‰n..1; 2// W n 2 N0º, which yields a negative answer to Ques-
tion 1.6. A similar example occurs for X DE �E with E any commutative algebraic
group, where ˆ.P;Q/D .P C P0;Q/ and ‰.P;Q/D .P; 2Q/ with P0 2 E.C/ a
nontorsion point: letting � be the diagonal in E � E , and S the semigroup gener-
ated by ˆ and ‰, we have �.C/\OS ..0;P0//D ¹ˆ

2n‰n..0;P0// W n 2N0º (where
zero is the identity element of the group E.C/). One can produce similar examples
in which S contains infinite-order elements which restrict to automorphisms on some
positive-dimensional subvariety of X . However, as noted in Section 1, there is an
important situation where S consists of automorphisms but Question 1.6 has an affir-
mative answer, namely, when S consists of translations on a semiabelian variety X .
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12.2. Invariant subvarieties
The following result connects Question 1.6 with the topic of invariant subvarieties.

LEMMA 12.1
If Question 1.6 has an affirmative answer for some X , V , S , and ˛, then the Zariski
closure of V.C/\OS .˛/ consists of finitely many points and finitely many positive-
dimensional subvarieties V0 � V , where for each V0 there is an infinite subsemigroup
S0 of S such that S0.V0/� V0.

Proof
The intersection V.C/\OS .˛/ is the union of finitely many sets of the form T0 WD

OS0�ˆ.˛/, with ˆ 2 S and S0 a subsemigroup of S . For any such T0, let V0 be the
Zariski closure of T0, so V0 � V and S0.V0/ � V0 (since S0.T0/ � T0). The result
follows.

Note that, if ˆ is a closed morphism of X (as occurs, for instance, when ˆ
is polarizable), and ˆ.V0/ � V0 for some subvariety V0 of X , then V0 
 ˆ.V0/ 

ˆ2.V0/ 
 � � � is a descending chain of closed subvarieties of X , so ˆNC1.V0/ D
ˆN .V0/ for some N 2N0. Thus, in particular, V0 is ˆ-preperiodic.

Conversely, for any X , V , S , and ˛ which satisfy the conclusion of Lemma 12.1,
if each S0 has finite index in S (as happens, for instance, when S is cyclic), then
Question 1.6(a) has an affirmative answer for these choices of X , V , S , and ˛. We do
not know whether this implication holds when S0 has infinite index in S .

Finally, we remark that Medvedev and Scanlon [26] have classified the subvari-
eties V of Ad such that .f1; : : : ; fd /.V /� V for some fi 2CŒX� of degree at least 2.

Acknowledgments. The authors thank the referees for their valuable comments.
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